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PRICE-QUANTTTY ADJUSTMENTS IN MULTIPLE MARKETS
VTTH RISING DEMANDG.

Kenneth J. Arrow

1. Introduction

In the classical account of the Law of Bupply and Demand, it is
assumed that the price on any market moves upvard i{f demand exceeds
supply and dowvnvards in the opposite case. The discrepancy between
supply and demand is assumed to have a real, if transitory, significance.
Thus a sudden upward shift in the demand curve gives rise to an excess
denand or "shortage," vhich i{n turn causes a rise in price which
eventually wipes it out..2 PFrom the point of viev of market behavior
a shortages manifests {tself as unfilled orders. In the case of a
labor market, this means unfilled vacancies; that is, firms are willing
to hire more vorkers than they can find at the wvage they are
currently paying.

In another ltudgy,3 it has been suggested than an extension of this
analysis explains some agpects of the observed shortage of engineers and

ecientiste in the Urited Btates over the greater part of the post-var

l. This paper is part of an economic analysis of the engineer-
scientist market conducted for The RAND Corporation in collaboration
with A. Alchian and ¥. Cgpron.

2. Bee, e.g., Rarshall 's account of the path to equilibrium on a
corn market, A. Marshall, Principles of Economics, Eighth Edition,
Nev York: Macmillan, 1980, pp. 332-33k. For the interpretation of the
Lar of SBupply and Demend in interrelated markets, see P. A. Samuelson,
Poundations of Bconomic Analysis, Cembridge, Mass.: Harvard University
Fress, pr. -773.

3. A. A. Alehian, K. J. Arrow, W. M. Capron, "An Economi- Analvria
of the Market ‘or Scientists and Engineers,™ The RAND Corporation, R¥-1"1%-RC,
6 June 1G%R.
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period. If the demand curve for a comaodity, in this case the services
~of engineers and scientists, 18 rising over time, the equilibrating
effects of the rising price can be offset by the rise in the demand
curve, vhich ralses the equilidbrium price as fast as the market price
moves towards it. A shortage, in the sense of an excess of demand Cver
supply, may therefore persist for an extended period of time during
vhich the market price is steadily rising.
In the present paper, account is taker of the fact that there is
not one market for engineers and scientists but many interrelated
ones. There are many different types, such as chemical, mechanical,
and civil engineers, mathematiclans, physicists, and many others.
Within each type, there are many grades of ability and specialty. To
a considerable extent, these different types and grades are substitutes
for each other either on the demand c: the supply side or both. Thus,
nany engineers can perform the functions of mrnthemesticians or physicists,
or, if theoretical mathematicians are expensive, they can to a certain
extent be replaced by increased computing, wvhich in turn leads to
demands for electrical ergineers as well us less qualified merthemsticians.
The model, which will be formulated ebstractly, then consists of
a set of markets. On each one the demand {8 £ function of all prices.
a rise {n the price on any nuarket decreases the demand i{n that market
but increnses the demand {n some or all other markets, since all the
comnodities are substitutes. B8imilarly, the supply on each market
is a function of all prices; u rise in any one price increases supply
on that market but decreases it on all other markets, since it draws

the supply to that market., It is assumed tha' the price on euch narket
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obeys the Law of Supply and Demand. In the absence of disturbances,
the prices vill eventually approach equilidbrium, with equality of
supply and demand on all markets.

The paper studies the effect of steady upverd shifts in some o
all demand functions on the edjustment path of all these prices and
quantities. It {s shown thet the shortage on each market increases to
a limiting value, vhile prices rise wvith the rete of increase vhich
itself incresses to a limiting value depending only on supply and demand

conditions.

2. Interrelsted Marksts in the Absence of Trends

We suppose there are n services or commodities vhich can be
supplied from the ssme or related sources and vhich are demanded by the
same or related industries. Let p, ({ «1,...,n) be the price of the
service or commodity on the 1."h market, and let 81 be the supply
forthcoming at any moment of time. The supply of any one commodity
vil]l depend not only on its price but also or the prices of all other
coomodities, since higher prices on other ma:kets will draw supplies

avgy from the given market. We can thus write,

(1) 8 =8 (p,..yp,), vith 38,/ 3p, -0, 38,/ 9p, S0 fort ¢ .

In a linear approximation, ve can write,

n
(2) 8, - L & 4P,

+c, ({ =»1,...,n),
Jol

vith

(3) a, >0, 8 S0 for t éJ.
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Similarly the demands for the different cammodi{ties may be
interrelated: an increase {n the price of one commodity will cause
demand to shift fram it to other comodities vhich are substitites for

1t0

(5) D, = Di(pl,...,pn) vith 9 nl/ op, <0, ) Di/ o) by 2 O for L ¢ J.

Becaise of the weak inequalities in the lust clause, the case vhere all
derands are i{ndependext, that 1is, D1 depends only on Py» is included
as a special case. As a linear approximation ~o (&), we have,

n
(s) D, = Lb

{ 137

+ di’ b
J=l

<0, b, >0 for { ¢ J.

11 1]

On each market, there will be usually a "shortage,” {.e., the

difference betwveer deuand ad supply, vhich we will denote by Xi.

S = .
(6) X, =D, - 8.

(of course, X, might be negative, in vhich case tbere is u "surplus.”)
We asssune thet on each market, the price moves us Airected by the
short uge Xi, rising {f the shortage X1 is positive, decieasing ¢

negative, and remaining stationary if zero. To s iinear upproximetion,

(7) dpi/dt = kX, Kk - (¢ = 1,...,n).

Substit.te from (2) and (5) intc (*).

L

(8) X, = & (b -n\)p‘¢(d

(9) m o o=b, -a, (td), n ed -c.
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" Phen (8) can be written,
)
(10) X, - J§1.UPJ + 0, (Lt «1,...,n).

Prom (9), (3), and (5), ve see that,

(11) m, <O

0 ,muzororifj.

The equilibrium situation is one of equality of supply and demand

on all markets, that is, X, « O for all {. Then (10) ylelds a system

b
of linear equations vhich can be solved for the equilidbrium price. The

approach o equilibriun is described by equations (7) and (10). These

cambine to yleld,

n
(12) dpi/dt -k, )X By 4Py

« k,n, (1 =1,...,n).
Jal 11

Equation (12) constitutes a system of simultaneous differential
equations vhose soluticn ylelds the time paths for each price. We will
assume thet the system {s stable, that is, that each price approaches
its equilibrium vuue.k

Let us revrite the above ln vector notatiou. Le* x be the vector
vith components xi, p the vector vith components Pyo K the matrix with

diagonal elements k, aud off-diagonal elements O, M the matrix with

1

elements By and o the vector with cocponents n, . The: (7), (10), and

(12) can be written,

(13)  dp/dt = Kx,

M. Under the assumptions stated, it cen be shown that stability
follovs from the usual competitive conditions; see P. H. Kohn‘ "Gross
Bubstitutes and tbhe Dynamic Btability of General Equilibriunm,
Econometrica, Val. 26 (1958), pp. 167-170, K. J. Arrov and L. Burvicz,
¥On the Stability of Competitive Equilibrium I,® Econometrica
(forthcoming), Part III, especially Theorem 3.
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=ltote

(14) X = Mp + n,

(15)  dp/dt = Dtp + Kn.

We have ossimed that the system (15) is stable. The stability depends
only or. tiie matrix of coefficients of p, so that we vill also say that

KM {s stable matrix, vhich wve will define as the matrix of u stuble

system of differential equations (with constant coefficierts).
Equivale:tly, « stable mrtrix i{s one whose characteristic roots all
have negative real parts. Also a matrix with the properties (11),
i.e., negative diagonal and non-negative off-diesgonel elements, will

be termed a Metzler matrix.) Bince the elements cf KM are kim t

1y? 1
follovs from (7) and (11) that KM is also & Metzler metrix.

(1F) K( is & stoble Metzler matrix.

3. 8ome Mathemuticul Properties of Stable Metzler Matrices

As a preliminary to the subsequent w.alysls, we wvill :eed some
mathematical properties of stable Metzier matrices. Note that for any
matrix A we cw. choose u constant s sc that 8 + u“ >0 for all {; then
if A ls a Metzler matrix, sl ¢+ A has orly non-negative elements, vhere
I {s the unit matrix. 8uch non-negntive matrices have a number of
convenient properties wvhich vill be used.’

Lerma 1. A principal minor of a stable Metzler matrix 1s o
stable Metzler muntrix.

Proof: Let A be u principal ainor of the stable Metzler mririx B;

obviously A is o Metzler matrix., Choose s sc thrat sl ¢« B is non-negative.

S« L. Wetzler, "Stability of Multiple Markets: the Hicks

J e

Conditions,® Econometrica, Vol. 13 (194%), pp. 277-292.

6. These properties are collected conveniently in 0. Debre. and
I. N. Berstein, "Nonneget!ve Square Matr-ices,” Bconometrica, Vol. 21

(1993), pp. 997-07.
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The characteristic roots of sl + B are s larger than those of B;

since, by hypothesis, the real part of any characterist!c root of B

is negative, it follows that the real part of any characteristic root
of sl + B must be less than s. Por any non-negative metrix, there is &
real characteristic root ).0 such that X 5 )‘o for all characteristic
roots A. Let )'o be this root for the non-negative matrix sl + B and

A, the root for the non-negetive matrix sl + A, vhich is a principal

1l
minor of sI + 3. Then (see Debreu-Herstein, p. 600, last tvo lines),

(17) A Sh, < s

If L. 1is any characteristic root of sl ¢ A, then | e A;; since the
real part of \ is necessarily not greater than ')A/, {t follows from
(17) that the real part of A is less than s. Bince the characteristic
roots of A are s smaller than those of sl + A, their real parts are
all negative, so that A is stable.

Lemna 2. If A is a stable Metzler matrix, then Ax < O implies
x>0 andAxfO melielx-‘o.

Proof: Choose s as before so that sl + A is non-negative; let
B =88] ¢A. Let y s -Ax > O. The characteristic roots cf B are less
than s in absolute value by the same argumert as in the proof of

Lemna 1. Then (Debreu-Herstein, Theorem III*, p. t01),
(s1 - B)! 2 0.

B8ince (sl - B)-l i{s pon-sirgulur, each rov mist haove at least one

non-zero and therefore positive element. Bince y O,

(oI - l)'1 y - O.
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If ve substitute for B and y, wve find that x > O. 7The second part of
the lemma follows by continufity.

Lemms 3. If A 1s & stable Metzler matrix, then -A-l i{e non-
negative,

Proof: Let x be the 1t'h calumn of -A-l; then the vector 2x has -1
in the 1th place and O elsevhere, by definition of an inverse. Hence
Ax = 0, so that x = O by Lemma 2. B8ince x 18 any column, the lerma
holds.

Theorem. If A iz a stable Metzler mrtrix, b = 0, y{(0) a 0, and
dy/dt = Ay + b, then y(t) @ O for all t = O.

Proof: Buppose the set of times t such that t 4 0, yJ(t) < 0 for
some J {s non-null. Let to be tlie greatest lower bound of such t-
values. If t >0, then by definition y(t) 20 for t < t,» 0 that,

by continuity,

(18)  ¥t) 2 0.

If t =0, then (18) nolds by hypotheeis.
The functions yJ(t.), _‘;'J(t) (- dyq/dt) are analytic. Por each
there {g some open interval beginning with to in vhich the; li-ve

constant sign. By choosing t. - o but sufficiently close,

)l

(17) yJ(t), }J(t) have constant sign over the open inierval (to, t.l).

Let 8 be the set of {ndices J such that yJ(t) - 0 1in (zo, ‘1)‘
by definition of t'o' S must be non-null., If }J(t) 2 0 over (to, tl),

then yJ(t) > 0 over tne same interval by (18). Prom tle defir tion of 8,

(20) 95(‘) 0t (t, v),
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vhere the subscript S means the sub-vector composed of components of
8. Let B be the principal minor of A wvith rows and colums {: 8,
C the minor of A wvith rows i S and columns not {n 6.

From the hypothesis as to the differentiual equation satisfied by

y(t) and (20), we conclude that,

(21) C 'yBQByBOCyB ¢bs for t {n (t.o, Ll),

vhere yB contains all components of y not in 8. 8ince A is a Metzler
matrix, C contains only non-negative camponents. By definition of S,

g 2 O, hence Cys i O. By hypothesis, bB > C. Therefore, from (21),

(22) By, < O.

From Lerma 1, B is a stable Metzler matrix; by Lemma 2, then,
yg O for t in (to, tl). But this contradicts the definition of 8.
Hence, the supposition that the set of non-negative t-val.es for which
yj(t) < O for some i {s nou-null has led to a contradiction, and the

theorem {g proved.

h. The Adjustment Process vith Bteadily Increasing Demmds

We shall nov examine the process of adjustment described {n
sections 1 and 2 vhen the demand {s shifting steadily upwvuards {1 time
on some or all of the interrelated markets. PFor simplicity, ve assume
that the supply curve {s not changing; however, the folloving
analysis would remain valid {f the supply were also shifting .pwards
in time but not more rapidly than the demand. W will also assume that,

to begin with, supply and demand are equal.
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We shall then continie to ass roe that (2) holds, bit (9) becones,

(23) D, « LU +d, ¢+ e, t, Db

The defin:tion of the shortuge X1 remains ns before, and the
adjustment f prices continues t¢ bLe descridbed by (7). The: the
following discussion reoains valid with slight mxdification. A term
e, t s added co tne right side of (2) amd, eq.ivalently, of (10).

Let e be the vector whose components wure e, Thei., {: vector notation,

(13) rema.ns valid, while (14) becowes,
(k) X = Mp ¢+ 11+ et

M still satisfies (11). Purther, wve will ossiwe that the syslem
defined by (13) and (24) wvoild be stuble {n the nbsence of trends,
{.e., if e » 0, 80 that (1t) remains valid. The characteristic ro ts
of Bl are the same as those of K-I(Di) K « MK, 80 that the Latter is
nlso stable; it 18 cleaily u Metzler matrix, si:ice {t {s derived from M

by miltiplying each column by a poeitive consta.t.
(25) MK is a stable Metrler matrix.
Differentinte (24) with respect to time,

(20) 2 wMpee,

vhere, {t will be reculled, dots deiote differenti{ation with respect

to time. Bubstitute for p from (13) tnto (27);
(27) X e MK x ¢+ &

Proc (25), we see that the sol:ition x(T) of *he 1{fferertial eq.ution

(2) converges to a 1{mit, which must be such thut x = 0.
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(28) tlimﬁx(t) - - K-H-lc.

The assumpti{on that s.prly and dem:nd are eq:ul at the beginning can

be expressed by saying that,

(29)  x(c) =0,
vhere t « O !5 tanken as the beginning of the process. Let ' = in

(27); from (29) and (23),

(30) x(0) = e = 0.

Differentinte (27) with respect to time.
(31)  Ax/dt = MK x.

We can apply the Theorem with y replaced by i, b by 0, nnd A by MK,
the hypotheses are satisfied, according t~ (2¢), (30), and (31), so

that,
(32) x(t) =0 forte ",

Thus tl.e shortage o:. each market increases from *he {.it{nl va. e €0

tovards the ssymptotic limit given by (24). In prtic.lnr,

(33)  x(t) =  for t o0,
Prom (13) and (33),
() Pt)=o0rforteo,

8Cc that the price on each market {8 ‘necrensing over t.me. D!fferent!inte

(13) with respect to time.

(35)  4ap/at = Kx.

Substit.te for x from (2€).



(3+) dp/dt = OAp ¢ Ke.
Prom (1t) wnd (3), 1t follows thut p converges t_ « limi* 8 t
npproaches infinily.

(37) L2 n(e) e - (M) ke = - W le,

t— 1

From: (34) wnd (37), wve corclude tlat prices rise ~u all murkets and the

{i.crease aprroonches n constunt rute which will usumlly be posi®ive on

nll merkets, even those which do ot themselves have wn upword shif* in

demend, the limiting rate of price increuse depende “nly o s.pply wu.d

dezrid conditions wid ls liudejerndent of Lhe speeds of wllustoent.

At w1 time t, let p* be the vectir of prices wvhich would clenr
N4 I Y p

the murket, {.e., make tle shortage zero. Proc (Z’,L‘),
(32) O -)tp.¢ cL 4 et.

Multipl~ throgh in (33) by K.

(35) C = KMp + Ko & Ke*.

Substitute from (24) tnto (13).

(L) ; = KMp + Ki. ¢ Ke*,

Finally, le' Q be the differe:.ce betweer the market-clearing price p

[
and the mctual price p, ‘.e., } - p. BSubtract (kD) from (39),

(hl) - x.) = KMg,
or,
() g = - (0075

Proc (1) ond Lemmn 3, - (Kl)-l {6 A non-negntive matrix. Then from (34),
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(43) q(t) = 0 for all t = (,

vhile from (42) and (37),

(k) Hz () = (00 e @ i te,

L - O

Thus, the actual price is olvays below the price walch would cler the

market, the difference approaching s limit vhich (s less the fuster the

speed of reaction on the different markets. It car. also be show: thet

the difference between the actuiul und the market-clearing prices

videns as tim goes on.



