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Tb» fKDftxul fl«ld of eoBBunloAtlon provlAtt a rieh •euro« at 

ooiblnatorlal probltM, a nuribtr «f vhloh arlM In connection vlth 

the Atilgn and utlIl»»tlon of m—mil cetlon nctvoxicf.    Sewnd 

ela«Ma of «%y—Ü problou are dltcmaeed    Including the iMkftlng 

of alnlBal oort tpannlnc notvorko, the finding of optlaal path« 

through netvorki,  and the optlaal routing of aeteege« In natvoxiti, 

along vlth verloiie geaer^lliatlone. 

Tke aethoda eaployed Involve curloue ateiztures of the functional 

equation ayproaoh of ^jmoKie jirngi—fng, linear progr««lng,  and 

rarioee ad hoc procedure!.    Tntereet centere on obtaining aethode 

vhleh are either efficient fro« the point of vlev of aaohlne 

coBputatlon or which «qphaelte the underlying etruoture of the 

eolutlono. 
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I.    HfTRODUCTION 

BM ff«D«ral fl«ld of ««■wnlofttion provlAtt a rieh touro« of 

probl«M in appllod ■Bthgaetitt.    The»« «ibrftoe funAAatntal eon- 

• Idtratlonj of tbo  ei—niM ?ation proooti  it—If, [ 50 j ,  a vld» 

tpoetnai of •elontlfle and toehnologleal problaaf, and «till other« 

involving the deelgn and utllliatlon of large-eoale natvork«.    The 

rather aodeet objective of thle paper 1c to drav attention to eeveral 

elaaeee of ci—mil cat ion netvork probleae,  of »am Ij^portanoe In the 

applleatlona, which lead to eoahlnatorlal probleae of varylz^ degrees 

of complexity.    Generally «peaking, theae probleae are oonceme^ vlth 

the optlaal design and utilisation of ci—m loatlon netvorks In which 

the c««q>lex Interaction« eanctg uaere'  AtmmnA» for ear/lo«,  «xetea 

oapaoltle«, and eooncBdo factor« must be reeolved.    Pioneering effort« 

along these line« are aaeeelated vlth the naaee of A. K. Erlang, [ 7 j  , 

T. C. Pry, [iß]  ,1. C. Hollna, [27 j , R. I. Vllklneon, [ 53 ] , 

and J. Plordaa, aaoag other«. 

Probleas of the type Mentioned have been a««\ad.ng Inereaelng 

l^portanoe la reeent year« due to the rapid expansion of oommleatlon 

«ystea«,  involving large capital lnv««ta«nts.    Wide-»treeping tech- 

nological jj^roi —ent« In both «vltohlng and tran«Bl««lon faellltle« 

will vastly alter the nature of the network«.    Lastly, the advent of 

the high-speed large —wry digital ec«q>utlng Bachlae hae foreed a re- 

evaluation of the very anxhods 9f analysis and design which are In 

current use.    Tboufh the aodels which we shall discuss are highly 

slspllfled, their analysl« aay point the way tovard the treataent of 

■ore refined and realletlc one«. 
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lb« problmmM to b« dliou«»«d lead, froa th« ■attuMti—I point of 

Tl«vf to tht dotorviBatlon of iTtr—■ froa •■on« flnJUly Basy oboleot, 

■o that no qutotlooo ooaoominf oxiBtone« of »oJutlons arlo«.    Intorsit 

Motors rothor on obtalniBf djorlthao vhleh load to offldont ooMpu- 

tatloaal •ohonos for obtolniBC iolution*, and vhleb ttaod light on tho 

■ti-ueturo of tho aoltftlesa.    Finding aolutlona In thoao probloaa through 

tho aoro OBBMratloo of oaoot, aa r«Mrkod by Sulor In hla faaoua papor 

OB tho KoBlgahorg brtdg» protoloB, la at bort ooorcua and unaatlafylng 

and In Bany aituatlmu lupoaalbla (ovon vlth tho aid of a hlgh-fpood 

oo^utlmg Baohlao), aa vlll boeoa» avldont. 

Tho f irrt typo of probloa vhleh vo shall oonaldor If that of 

dotondniag wtnlBBl ooat oozmootlng notvorki.    OlTon a notvork, »aeh 

link of vhloh haa a cost aaalgxMd to It, find a oonaoctod notvork vhleh 

laoludoa all the atatlono and haa least total ooot.    Solution» havs 

boon pressed by Ki-uskal, \_2k J , PrlB, i 29 | , and Kalaba In th« foraa 

of algorltbBa vhleh lend thsswelves veil to hand and aaehlno ca«putatlcm 

and vhleh provide aueh Insist Into tho nature of the solution.    This 

prdblsB eon be goaerallBod along various lines. 

Tho seeeBd type of problsa Is that of dstemlrlng an optlBal chain 

oeoBeetlag too points la a notvork.    Psrhepe tho slaplost version of 

this typo Is to find a shortest chain eonnoetlng tvo tomlnals in a 

given notvork, eaeh link «f vhleh has a preserlbod time of transit. 

Solutions have boon provl4sd by BtUaan,    c    , through the use of 

fenotloBal equatioDs, Bantcl^,  110 I , using a linear pngr—dag 

appropoh,  and ford, [ ^ 1 •    CM probleB Bay be BOdlflod by requiring 

that tho chain pass through several spoeifled Intemedlate points, and 
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it •till reswlns «Benable to treatacat.    furthtraore, Bellmn Mi Kalaba 

th have proponed a aethod for firv'.ln« the n      abort«8t chain leading fro» 

one point to another in a netvork,    M. 

The ■rthodj to b« AltooaMd MUM poMibla th« tolution of oortain 

optimal chain probl«M involring probahilitic com 1 do rat ion«.    In 

particular,  th« prob la« of determining a path throufh a n«tvork vhidh 

maxlmlxee tbo probability that th« Um   of transit batvaen tvo glvar. 

points b« no greater than a protoribad tlma t la eolvad,  using 

functional «quatioa«, under th« aaevaptlon that th« times of travera« 

at th« varlou* branch« • arc Indapen^nt randoa variabl«« vith knovn 

probability daneltlee.    In addition MM application« to the theory 

of blocking in netvorke are provided,    2r 

Th« last typ« of problem dlecueeed involvoc the optimal routing 

of meeeagee in netvorke,  K0 j •    Under oortain condition« one m«y 

formulato this as a linear programing problem for vhich Banttig's 

sijqplcx method is available for maserlcal solution, provided th« 

network is not too large.    A method of solution based on an idea of 

Ford and Puikerson,    161   , «akas possible th« niaeerleal  solution of 

preblcsM involving about 1*0 links.    Finally,  SOBM related problama 

involving Interoffice  trunkIng and the augmentation of netvorke to 

t Increased ilsmenfls for ssrvio« are Aiscussad, aij. 

Ackncerl«djM«nt.     During th« preparation of this paper th« author 

has had th« benefit of many diseussisns vith R.  Bellman,  0. Danttig, 

D.  R. Fulkorson, and M. L. Juncoaa and exprossas his sinoere thanks 

for their friendly interest and suggsstions. 
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ii.   icrrDUL cowr CONCTCTHIO mnvoRKa 

A tftlrrlslQ* bro«dea«tlAS ecapany vlshM to l«uw vlteo links to 

that its rtetlon» la rwriouM «ltl*t may b« formmA into a toontfrUd n«t- 

vork.    AftauBii« that ih» ec»t« for tho individual links, all different. 

aro kaovn, va vlsh to shov hov to CMnstmot the nstvork at alnlisal 

aost, [l j •    (Contlaalty ooosldsratlsos enable one to rsaove the 

rastrittloi that ths satts bo different, but, as vlll bo«aM evldant, 

unlqusnass of ths solution OBJ bo lost.) 

Various solutions for this problsa vlll nov bo dlsouasod and SOBS 

sxtonsloas vill be indloatod. 

2.    aolutioa 1^ 

Kruakal, [^U] , has propoaod ths follovlng solution, ths slapllolty 

of vhlsh is quits remarkable.    Porfoom the folloirlnc stop as often as 

poaslbls:    ABOOC the links not yet included in ths oonnootlng nstvork, 

choose ths lowest prised link vH oh doss not fora any loops vlth ths 

links already shossa.    Ths proof, vhlsh follows.  Is by contradiction. 

If there are N stations In ths nstvark, It is svltont that a 

■lnl—1  cost connect In« netvorit,  denoted by K,  oootains no loops and 

consists of exactly N-l links.    Lot the links chosen aoeording to ths 

abore alfortittam be dsnotod by e., s«,   ..., s    .;  slnos ths oosts are 

all different froa each other, this ssqusnos is uniquely dsterained. 

Tkls sot of links is dsnotod by 1^ ,. 

If Kffcj,^; let e1 bo ths link of lowest indax of LN_1 vhich is not 

in K.    If e    is addad to ths sot K, a loop is forasd of vhich e    is one 
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link.    Thli loop also eostaixui a link, f, vhleh la not in i^     but 

vhleh la In K.    rurtharBora, tha link f doaa not oloaa a loop vhan 

adAad to tba aat a., a    ..., «J 11 for ^^ tbaa« llnka, InaluAln« f, 

11a In tha aat K, vhleh oootalna no loopa.    But acoordln« to tha 

alforltte •    la tha lowaat prload auch link;  oonaaquantly 

(1) prlaa (f)> prloa (a1). 

Thla l^pllaa that tha natvork conairtln« of tha union of K and 

a. frai vhlah f hm» baan dalatad, vhloh alao eootaina N-l llnka «nd 

doaa not aontaln any loopa, la avallabla at lovar coat than K, 

contrary to aaavHgptlon.    aanea tba Kruakal traa 1^      - K la tha 

unique minimi coat connecting natvork. 

5'    aoltftlOM II «>d III. 

In tha aaaa papar rafarrad to abora, Kruakal alao propoaaa tvo 

addltlaaal conatruction«.    Lat 3 ba an arbitrary, but fixed and non- 

«■pty aubaet of all tha N atatlona to ba joined Into a contacted 

natvork.    Parfom tha follovln< atap aa often aa poaalbla:    Aaong 

tha llnka not yet choaen, but vhleh are eoonaatad either to a «tatIon 

In S or to a link already choaen, ahoooa tha link of lovast prloa 

vhleh doaa not font any loopa vlth tha llnka already choaen,    Thia 

raduoea to tha eooatruetloa of Saetlon 2 If S oooalata of all the 

atatlona In tha netvork. 

Tbti other oonslata In date mining the llnka not In K by ehooalng 

aa Many tlaea aa poaalbla,  froa aaoog tha llnka not yet choeen, tha 

■oat axpenalva link vhleh doaa not dlaeannaet tha netvork.    Tba aat 

of linka not eventually choaen forms tha ■Iniaal ooat connecting 
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network K.    Thl« may ** «rUbllfhed by showing that It it alvmy» posalble 

to r^ort a ilak frxm oonsldorntloo for »MberBhlp in K if the link is 

ths aost sostly link vhoas rsaorsl from the nstvork dost not dlsoosmsot 

it.    Lot A be the set of links vhlob een be rsaoved vithout dis- 

eoimeeting the netvork, end let e be the one of greatest cost.    Suppose 

• to be In K.    The rsMond of ths link s frxm ths set K dissonneots 

this netvork, vhloh ess, however, be rseosmeeted   by the addition of 

a link f vhieh is osntained in the set A and Is different frea s; for 

if this vere not the osss, e could not be sn element of the set A. 

Consequently, the union of K end f, fros vhloh e is deleted, vould be 

amilahle at lover ooet than K, vhieh result« in a contradiction. 

U.    Solution IV. 

Still another algorlthn is available in Vhloh ve proseed fro« one 

eooneotlng netvork sont&ining no loops to another of lesser ooet until 

the optlJBal nstvork K is attained.    Seleet any connecting netvork vlth 

prseisely H-l links.    Add snother link to this netvork m that a loop 

is fonwd sad ellnlnate fro« the loop the BMt costly link.    Repeat 

until no further changes in the ooaneotlng netvork are possibls.    The 

resulting nstsork T is the optlaal nstvork K.    For suppose TyfeC and 

that e    is the link of —lift index in ths iCruskal oeostrustioc of 

Seotic» 2 vhloh is net in T.    Add «^ to T te fom a loop.    This loop 

■ ■rtslni St least SM link e^ Sid* is in T but is not In K.    rwthemore 

adding e* to ths sot of Eruaknl links •,, e..   ..., e   . ennnot ooaplete 

s loop sines all these links,  including e^   lie in ths netvork T, vhloh 

is free ef loops.    Therefore 

(2) prise (ej< prtss (e;), 
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•o that UM al^orltia call« for «Adlng e    to T emd ellBlnAting «'   fi 

T, *hl#i it urti'MT to tho mia^Uoa, mter tbt ruloo of tb» alcorltte, 

thot ae fvrtter ilwuii IB T art yoMlbl». 

5.    Bolwtlop V^ 

Though tho algorlthat atntloood above rathor clearly thov the 

■truoturt of tht aliilaltlnf netvork, they art not the bott insofar a« 

rapid oat^utatlon of tht tolutlon It eoaotmtd.    In tfalt regard, a 
r T 

■ugflptftiOB of Prla, , 29    ,  involving a «oablnation of algorlth«« I and 

II, !■ probably bttt, for It avoldt eontldtratlont of loopt and 

eocatottdBttt, and aaktt rather aodttt —tnrj  rtqulrMtntt on a 

e«vutinc «101x100. 

It it a tlmple aattar to dtttztdnt tbt »Ott oo«tly •onneetlng 

nttwork using •imiiar prootdurtt.    Prla bat alto oalltd attention to 

tbt fact that tht «inlÄlaing oonneoting nttvork K alto «Inimlaee ell 

inortatlng wymmtrie funetiont and ■axiadtee all datrtating ijiitrtc 

funetitnt of tht link ootta, aaong all connecting nttvorkt vitb no 

loopt. 
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III.    OPTDUL PATHS THROUGH NÄTWOHKS 

In tUs •action \n shall dUcu*« a variety of probl«u Involving 

thm d*termlnation of optical path« throufh natvorko.    The first of 

thaae,  and parhaps the eljapleit. vhloh vlll be attached In aaveral 

vaye,   inrolvai the datennlnation of a path of alniaai tlat of tran«It 

batwaen tvt> point» of a natvark.    It ia aaavnad that the tlaa of 

tranalt of each link ia knawn.    It la than ahovn hov the n— fhortaat 

path (or patha)  can ba data rained.    The fbmer problem if cloeelv 

relatad to finding a path between tve point« in a natvork vhiah has 

minim« probability of bain« bleated,   given the probabilities that the 

Individual link« are blocked,  and the fact of the  independence of the 

individual llaks being blocked.    Lastly an intaraating extension is 

Indicated «blah ecnalsts in determining a path between tvo points in 

a natvork vhlch maxlmlM« tha probability of being travarsad In a tliw t 

ar leas, being given the probability dansltlea for tha tiaas of tranalt 

of tha individual links and the information that tha time« of transit 

are Independent. 

It is alaar that problems of the type« Just mentlooed are of 

laportanoe in tha -tudy of natrorka vhars tha possibility of alternate 

ranting exists.    Oils vlll baeoaa even more apparent In Part IV in 

vhlch it is shovn that these problcM are Intimately oonneeted vlth 

the general problem of optimal routing of maaaagas in netvorks. 

6.    Formulation and Solution. 

01 van a netvork aonslrllng of N stations and intarconneeting 

links, vtaare the time to traverae link (1J) is V . > 0, t  . - 0, find 



6-3-59 
9 

a ihortmtX path frca point 1 to point If.    Rot« that t      ntod not «qual 

t  ,  azid that V . na«d not b« proportional to tba diotano« botwMU pol tit« 

1 and J.    Our first approaoh It baaad upon that glv»n by Btllnan, [ ^ j  . 

In »hi oh tht original  prob Ian It lifcodAtd within tbt elatt of probltnt 

of drtervininc tht thox^ott patht frcai azxy point 1 in tht nrtwork to 

tho point H. 

nie proble« It a coablnatorlal one  In vblch vc teek the ainlna of 

tlnei of transit of a finite mmbcr of paths.    For N of the order of 

tventy,  the enuneratlre approach become» quite onerous,  to that w« oust 

detemin« »ore efficient nethoda of obtaining the extreaa. 

Denote Hi« tiat of trantlt froa 1 to N via an optlioal path by u. . 

a^ploying the principal of oytlaallty, ' 1     , vt art ltd to tht  eye tea 

of conlintar tquationt 

(1) 

To rttolrt this tyttta, following BoUaan.vt retort to tht atthod 

of iucotttivt approBdaatlont.    At an Initial »pr rax 1 mat lor. vo »et 

(2) uj0)  - t^,  1 - 1,  2,   ..., N, 

vhieh oorrttpondt phytloally to t:av«rtlnc tht dlrtot linkt froa point» 

1 to point N.    Tbt hl^ntr appraalaatlena art then obtadntd through uae 

of tbt f oxvulat 

r
u(k4l)   . Min   r<k      . „(k) 

(5) 

1 J^i 

„(-) . 0. 

(Sj  + UJ     )    '  i  " ^  2-   •••'  N"1» 
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f«r k - 0, 1, 2,   ...   .    It Is rudllor M«XI that u|k) It tht BinlMLl 

tiJM tf traaalt froa point 1 to point H via k IntoratAlat« polots. 

Simm th« aoquano« u       .0 1« MODOtoot noL-lncreailn^ in k, tha 

•oquana« •anvirg*» to a aolution of •quatlon  (l)  In no sort than N>2 

Itaratlooa bajood tha initial ooa.    FvtrtbarBora> aa BtllMin haa ibcwn, 

tba •olutloo it unique,   though an optimal path need not be. 

This fumlahat •  faasibla aathod for ■aohlM calculation vlth N 

of tba ordar of Mvaral hundred.    Sine« only aAdltiona and ooapariaona 

are required, tha coaputatlon prooaoda rapidly.    Moreover,  the mumory 

requirement for tba  eeBputatlor of u.   ^     1e aodaet,   tinoe for aaoh 

value of i oolor tba 1— rov of tba aatrlx (t    )  is required in addition 

(k) to tba previoualy ooqputad values uv 

J 

It Is alao poaelble to obtain a Boootooa inoreasin« saquenoa of 

approKlafttlona,     Lot 

iV 

'    (0)      Kin    . 4,5 v. 
Uj       ■   ./^       ij'     1  ■ i.»   <:,   .../   «-x, 

^ . o, 

bo the initial approxiaatlon,  and let tba addltlonaJ  approKlaationa ba 

deteralned by tba relations is equation (3).    Va can saa induotivaly 

that tha saqusaoe is ■oootone non-dacreaeln« and furtbenaore that 

(5) ^^-^^  l - ^ 2,   ..., V,      k - 0, 1, 2,   ..., 

vbare u    is the solutieo of equation (1).    For k - 0 tba Inequality  (^) 

is valid.    Hanoe if v« aaauae it balds for k « n; ve obtain 
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f,s (ml)      Kin    f. (■)!   .  Mln     L ^ (6) Ul -J^l   (Sj^l    )-  J^l    flj^j^l   ' 

vhloh oo^plrt«! the induction and •rtabllibftt tht Bonotozw «oaverganec 

of the Mqueno« defined by equation*  (3) and (U). 

Obeerve that If a thortert path aonneetlng 1 to N through one 

Intenwdlate point,  ■,  In required,  the solution Is given by the SUB 

of the ehortert ohalna connect lag 1 to ■ and ■ to N.    Should tvo Inter» 

■edlate points, ■ and n, be fpeolfled,  the solution Is the shorter of 

the chains (l,«,n,N)  and (l,n,«,N) vhere each pair of nodes,   (!,■), 

(m,n),   (n,NM, etc.  Is joined by a shortest chain.    If the n\ab«r of 

Interaedlate points Is saall, then a shortest path can be detenCLned 

through enoMratlon of casee, the acaputatlon of a shortest path 

between tvo specified points being effected as above. 

7.    Solution II. 

Another technique for solving the problea posed at the beginning 

of sectlen 6 Is contained In an algorltha described by Ford,  j I1* 1 > &°A 

others.    It le, of course, ilaply another vay of solving equations (6.1) 

and runs as follovs.    Assign the value C - u   to the node N and u    -   o 

to the nodes 1  •» N      Hunt through the natvork until a pair of points 

1 and J with the property that 

(1) Vül^u 1J        J 

Is found,  should there be any such.    Then replace u.  at    the node 1 

vlth the SMuLlsr value t      ♦ u..    Repeat this step until no pairs 

fulfilling the Inequality (l)  remain.    The maibers u    then assigned 

to the nodes 1 represent the elnlBal tlJies of transit frosi these nodei 
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to the sod« N.    Thif win DOV be proved. 

Let 1, I-,  1,,   ..., N be an aptijml oh&ln frcai 1 to N.    We hew 

(2) ^ - ^i t^ , 

vlth flidJar inequelltlef holding for every link in the ohein.    Through 

addition of ell theee inequelltlet ve  ri:id that 

(3) ^ 1 eir.leal tlM of treaeit fron 1 to N. 

On the other heod, for every node mjs thert !• e link froe ■ to e 

node n for vhleh 

All nedea txoept N vert initially aeeigned the valuea   oe,  end theae 

valuea have been moaotovt* deoreeain« (or elae have not ohen^ed at all) 

At the laat deoreaee in u   there ia an n vhloh atlll haa the aaaa 

value.    We oen traoe a chain fraa i to N coatpoeed of linka for vhich 

aqualitiea aueh aa that in cquatiea (h) hold.    The valuea at the nodei 

are decreeaing.    Sventually the point N auat be attained.    Along thia 

ohaia 

A auMation yielAa thet 

(6) u1  - tlJM of  tranait of thia ahain. 

Coaaequeatly thia ia a aherteat ohain. 
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AB «XtSBBt v«r»lon of this algorltla ha« b««n §uwt*4. by Dttntilg. 

It «nablrt  OM to AtUzviiM th» minima:.  tlBM of tranalt froi 1   to N 

and tb« path« to b« tr*v«r»«d through  as« of a eosistruotlv» proo^dure 

rvminltomrt of Kruskal'i algorltfaB.    Plrrt d«t«ralai a olo«ett point 

to N,  »ay p  , and peoord th« tias of tranBlt fro« P.  to N.    Than 

datemln« a oloaert point to P.,   Mty Q, and also a point «blob is tavond 

doaaat, via a direct path, freu If, aay R.    Datandna tha aaallar of 

t     and t        + u,   .    This ylalda P?, tha iecond oloaaat point to V, 

and em optiaal path frca v , to v .    A canpax^aoo aaong tha tlmi to 

traval to H from tha oloaast unohoaan point to If, via a diraet path, 

and tha oloaatt points to P.  and P?, aontinulng froa P.   or P   along 

tha paths already salactad, ylalda P., and so on. 

If there are N stations in tha network, this pzooadura vlll result 

in solution after at aoct 1^2+  (lf-1)  • -5- J? coaparlaons.    TSils 

assxaes that for each node in the natvork the maalnlng ones haw 

been azTanged in order according to the tlaes of troneit f n» tha 

glren node to each of the ethers. 
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8-    3g EZ BgE!g$ caudna. 
th It ba« W^n aotod by Ballaan that th« n— «borttrt pathi MD «1«O 

b« MBTwaltntlor d»t«raiiMd through ua« of funetlonal •qurtloo«.    The 

t^pwliiti «f tki« rMidM im th« fact that this «mblM u« to •#• how 

MasltiT« to cha&ct tlM tlB*t of transit ar« for patks la ^«ignborhoods 

of oprtiaal pathf.    This has iBplleatioas for the gewral theory of aulti- 

•taf« doclsiott proctB§m» 1*1 ck vill b« dlscu«s«d «itevtero, [^J • 

Vi dtflaa a.,  1 - 1,  2,   ..., K, a« la tha praviou» Motion a&A 

lotroduoa tha quaatltl«« 

(l) v    ■ tlae of transit of a Moood shortaat path froa 1  to v;. 

for 1 ■ 1,  2,   ..., N-l. 

Next v« obaarva that if tha flrat link In a MOODA ohortaot routa lo 

tha link  (1J) than tha oantlnuatlon frta J to N «uat ba along aithar 

a path vhiah alnlaltaf tha tiaa of tranait from J to N or vhioh ' ■ a 

eeoond ehortart path froa J to R, no othan being pooalbla.    Thaoa 

lead to total dvmtUaa of tha route« froa 1 to N of t   . 4 u. and 

t. . 4 r. raapactlmly.    Senae r.  la equal to tha aaallar of tha 

follorlng two valuati    tha oaaoad ill ait value of t      4 u.,  j^l 

and the —1]tat value of t      4 r , J^l.    If Kln^ refer« to tha 

th operatic» of taking tha k~ «jaallart valua of a giver,  »at, vlth 

Ida.   - Mln,  tha raaultlng equation* are 

(2) '1->«l«\!?(*lJ*»j).^2(*1J*«j) 

for 1 - 1,  2,   ..., H-l. 
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The guMjmllMtlcn to thm oadoulatlon of tho o— short«rt poths 

Is «rldoBt,  thowsjh vurlou« quottloc« «onosmlnc tb« nnHrl««! »olatlon 

of  the  •quatioaf arl»«. 

9. Solutiooj bv Analogu» Ca^pntatlon. 

The problea of drtermlnlrxf the thortort path batvoon tvo polntt 

In a netvork Bay alao bo «olvad by coaitruetln« a rtrlng aodtl, [ 3^   .  IA 

vhlch Inaxtonsibla string« of langtbs proportional to the tlset of 

transit are  oonnected botvoan all pairs of nodes In a netvork.    A 

path of ainlJBal tlas of transit botveen tvo nodes Is then detemlned 

by separating the selected pair of nodes to the greetest extent 

poaBible.    The link« In chains vhlch are stretched taut fom optljMl 

paths;  and the dlstano« of separation of the points Baasurss the 

tlas of txmslt over an optlaal path. 

•vlectriüaJ azkaloguas  san also he «aployed.    Eaeh branch of the 

uetvork  is replaoed by gas tubes whose breakdswn voltage Is proportional 

to the tlaes of t.-niiait, and the tersdnals of a currant source are 

oonaeotad to   points undor consider»tier..    Th« paths over vhlch 

ourrent flairs ara qptiaal. 

See also [26J for a disouasion of related aattars,   including 

of aoap-fllB Bodel«. 

10. Same Stoohastic Probl 

V« new turn our attention to SOMS extensions in vhlch various 

probabilistic eleasnts ara Introduced.    Considsr a svltchlng netvork 

in vhlch the probability that a link from a to n is available for service 

Is p    .    The proble« Is to dsteralne a path fro« 1 to If vhlch 
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ha« tha crMUit probability of b«lnf, avallabla for Mrvlo«  (l.t., 

uaklookad). 

W« iBtroduot a sat «T rarlablat P1,  1-1,  2,'   ..., N, dsfliwd by 

tha ralatloa 

P    ■ the probability of no blooklng on an optlJMl path 

^ trm 1 to tha point H. 

Thli Icada to tha rtlatlana 

'Pl   "   J^l P1J   PJ'    1   "   ^   2'    ••"   H-1' 

(2) 

^-^ 

vhlah, slallarly to tha «qxiatlona dltcuaaad «arllor, aan b« ratolvod 

through uaa of the auoooaalY« approodaatlon« 

r    (k+l)   ^  MU (k)      ,        ,      9 N   , P I        " J^l    P1J  PJ     i  * - 1*  2,   ...,   N-l, 

(5) < 
p(^l)  m 1 

for k ■ 0# 1, 2#  ...|  along vlth tha Initial approadaatlon 

I ^i      " »IB  ' 

(M 
IP(O) - X. 

The aaquanaa It Qlaarlj ■onotoo» Inartaalng. 

9ov lot ua ivqppoaa that tha tla» to travara« tha link fr«i 1 to J 

la a randan varlabla t.. vlth probability danalty function ?,/•',   1»»:    §10, 

and that tha tlats of tranalt of tha varlooa llnko are Indapandant.    Tha 
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trtataent of the prob lot In vhlah v« fte«k a patli frca 1 to N for vhloh 

the av«r«g» tine of trnnelt it BixiiauB ti evldtnt.    Let us therefore 

txim to the problea in vhloh «e require a path connectinc the point 1 

to the point N vhloh Baxiaites the probability that the tlae of 

transit If no grtater than a (Iven tiae t.    Asgaln using the prlnolpal 

of opt^jrLLity,  after introdueinf the functions u^(t),  1 ■ 1,  2;   ..., N 

to be the probability that the tlae of transit fron 1 to N If no 

Creater than t^usin« an optlaal path, ve find 

t 

(5) 
c 

^(t) - 1. 

Once again ve Bay retort to the aethod of suooesslve approKlaatlons 

to resolve this nonlinear systea: 

t 
u(rl)(t) ■ J^ S pij(t"§) ujk)(i)di' ^ -o, i, 2,... 

0 
(6) 

\u^      (t)  - 1. 

As initial approotiaations ve take 

t 

uj0)(t)   - f  P1H(s)dS;   1  -  1,   2,    ...,   N-l, 

0 
(7) 

ui0)(t) - 1, 

vhioh yields approaciaatiotis that are aonotone Increasing.     :^s Initial 

appraxiaatlon 
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^0)(t) - JJJ \  Pij^)*1-' 1 - 1. 2, ..., 5-1, 
0 

(8) 

ui0)(t) - 1, 

yield» Bonotoot dtoreaslng «pproxlaatlons. 
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IV.    OPTDOL ROUTIUO PROBLEMS 

A probloi of oonBldarabl« lJBport*ji(» in thm operation of oiiimt- 

aatlon syrtcBS It that of tho dster&lnatlon of the routine doctrine to 

be uMd in haadllng the ■•••«kgef.    Large ■ytteBe frequently eaploy a 

central traffic contra]  unit for this purpose.    Infoimtion oonoemlng 

baeklogi of BteMcet are periodically tent to this control unit,  aa is 

Information eoaoemlng the state of the ciiunloatioo systea itself 

(vires Bay be dovn, equipssnt say be Balfunctionlng, etc.).    On the 

basis of this Information plus predictions conoemlng the nev IISMIIIIIIS 

for service, declelons are nads eoneemlBg the vay the aessages cure to 

be routed through the netvork.    Inefficieneies In the routing of the 

■essages are reflected in the need for greater quantities of equlpnent 

for a fixed grade of servise. 

Tbe papers referred to in the  introduction,  SOBM of vhloh contain 

extensive bibliographies, indicate a smtheaMrtieal treataent of three 

Probleme based on probability theory.    Interest centers on fluctuations 

in the traffic.    Sere ve shall consider a steady state foraulatlon for 

theee problem which leads to a linear prograsssing setting.    A further 

V. 
Even for aoderately sited netvorks of about thirty stations the 

problems beeeme eo large that solution Is not feasible through use of 

the general simplex method uf George Dantslg,  j 11 1 •    Instead ve 

resort to use of a modification of the eimplex method vhich vas 

originally proposed for multi-ccaeodlty flov problems and vhloh is 

due to Ford and Fulkereoo,    1'     .    First the general approach is 

sketched and then a simple optimal routing problem is worked In 

discussion can be found la 
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dt tall for lllurtratlv* purpcs«i. 

11.    Probla« Foraulatlon and Mtthod of Solution 

We DO¥ r»du«« this wralon of the problaa of tha routing of 

(••«*•• In a natvork to aathsaatleal fern.    Introd\iee the quantltl«! 

(1) ^ii a ^^ n^BBber of ■aftMgu available at 1 vhlch art 

dtrtlntd for J, 

(2) a.. - tha umtbmr of ataaaftt thlah oan b« aant ovar the 

diraat link froa 1 to j. 

All aatlan it attuaad to take plaoe during a given tljat internal.    Next 

label all the dl re<rt*»4 link« in the netvork ^f ^^   .... 1^, and label 

all the dlretted routet In the netvork vhlah lead froti a aouroa to a 

dtttinatlon R.,  R^,   ...,  R  .    We dttorlbe the ooapoaltlon of the 

routet In teat of the linkt through uae of the ■■ ■   Inoldenee aatrlx 

i\s)t v**™ 

(3) .„ -i 
1,  If link 1  liet in route J 

0,  othenrlae. 

If the  link frca 1 to J It labelled t,   «e tet 

At each  «ource 8    It  It oonvenlent to »odiry the original netvorlt by 

(r) Introduolng n tet of fletltloua touroet;  S*     , vhleh are connected to 

(r) 3.  by fletltiout directed llnka, each flotltlou« tourot S:      corresponding 

to asssaces originated at 1 vhlah art dattlnad for the station r.    T^e 

aapaallgr of each flstltleus link (sjry, 1)  Is dir.     If 4      is sero, 
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then t;.e fictltloua souroe and link are not  introduovd.     In thli vay 

>ill mestag«! &r«  eonoeiv«d of »• arising at fletltlou« sourcai;   the 

BMsaag«! flov over the  flctltloi« llnkf and then the actual  llnki to 

their deitlnatlonj. 

Hence ail conetralnte,  ae In relation!  (6)  and (7)   ^elov,  appear 

as  capacity oonatmlnti ,   including those that are due to the lislted 

supplies of aessages available for delivery.     All  routes lead froa 

fictitious sources to their destinations,  and ve shall assuae that  tne 

incidence aatrix  (a..)   has reference to the «odlflcd netvork.     In 

particular ■ Is the t\m of the mmbers of actual and fictitious links. 

We  shall henceforth not distinguish betveen fictitious stations and 

actual stations.    Lastly ve let x. be the nunber of aessagas vhlch flov 

over the route  J,  J  - i,  2,..., n. 

■Rie problesi Involves the aaximlratlon of the nvmber of delivemd 

messages 

(^ d -    ^   x 
J-l    J 

subject to the  constraints 

(6) x   > 0,  J - 1. 2,   ..., n ♦ a, 

(7) L&4X.+X        • e . 

Here ve have denoted the amount of unused capacity in link s by x   , r n^s 

s  -  1,   2.   ...,■. 

If the problea is to ■axialte the  revenue derived fron the operation 

th 
and r.  is the  return Irca sending a aessage over the  J— route,  then 

J 



6-3-59 
22 

the objtetiv«  for» b« 

(5') r -   i:   r. x. 
>1    J    J 

KM VHS r«»irk.od •arllcr, n       i© n\aib«r of routes beocaMS so large 

even ir. moderately sifted nrtvorks,  that It  it not possible to determine 

an optimal linear program through use of the  simplex method in its 

most general form, even if use of a high-sp««d digital conputer Is 

coctenrplated.     The memory requirements for storage of the matrix  (a. .) 

alone become excessive.     Hence we  retort to a modification of the 

simplex method in which only ■ columns of the matrix,  the basic 

vectors,  need be stored simultaneously.    At each stage of the simplex 

algorithm the new vector to be brought into the basis is determined by 

several applioations of one of the algorithms described earlier for 

determining a shortest path connecting two points in s network 

From the general theory of linear  Inequalities we know that there 

it an optimal routing of the messages in which no more than m of the 

aotivltitt of sending a message over a route or storing capacity on a 

link are raised above the tero-level.    Using this fact we can plaoe 

the entire algorithm am quite an intuitive basis.    We start b>  storing 

all capacity on all links,   so that x        ■ o   .  S - 1,  2     ...,m.    We 

then show how to improve the routing doctrine at any stage of the 

process by raising soas favorable activity from tero-level to SGBM 

positive level which is high enough to drive the level o.' some other 

formerly nonÄero-level activity dewn to sero-level.    To determine 

vhloh new activity to introduce we consider the   'skadW   prices which 

are induced on the capacities as s  result of noa-rero actirlties which 
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are a&rrl«d out at a particular ataga.     öaa i 12    for a ganeral diBcuasion 

Tha prioas  that ara asaignad to tha flctitioua linkt nay b«  thought of 

&a baijag fracchla« prlcat,  that is,  unit  prioas of tha right to aooapt 

■ataaget at on«  statioa daslinad for anotaar.    Prioaa aaaignad to the 

actual link« are unit prlcaa for tha aqulpaant. 

Let p. he tha value of aaeh unit of capacity in link J.    For each 

additional  »end ng of a aeaaage over a route J.   J  - 1,   ?,   ...,   n,   the 

nvaber of laaaaagea delivered ia  increaaed by unity.     Vhe unit prioea 

of the capcicitlea  In the linka along tha  routes used »uat therefore 

am to unity, 

(8) ^    a      p. - 1,  J auch that x. > 0,  J< n. 
a-d    aJ    8 J 

On the other hand there is a aero return for atoring oapaclty ao that 

Ttxe equations  (8)  and  (9) d»*tennlne tue n prioea p.,   p   ,   ...    p   . 

Let us now Introduce an antrepreuaur vho ajcwBinaa the ayrtem 

oapaoltlae,   the uaer-a'  daawnda aad the price atructure  in an effort 

to determine whether or not It la poaaibla to buy capacity fro« tha c 

nicatlor. netvork opareti.g cc«pany,  according to the  price achedule  [p 

and deliver BMaaagea hlaaelf at a profit,  a delivered aeaaaage 

being vorth one unit.    1%at is,  tha entrapreoaur vlahaa to aaoartaln 

whether or not there  ia a route J  for vhleh 

(10) I   a      p   < 1,    J - 1,   2.   ...,   n. 
a-1      c 

If there ia aucli a route,  though,   it would be ad. an tag« ou« far  the 
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op«ratlDC 9Cmp*tff to MDd B«BML^«S  owr that  route to the  greateit 

«xtent pottlbl«.     In genertil  sending ■•■»•£•■ over rout«  J vlll us« 

oapeclty that vat b«ln« ua«d for ««ndln« other BsseA^ei,   go that 

•oat other aotlvlti«i «a/ hav« to b« curtAll«d, until finally at leaet on« if 

reduoed to  iero-]«ve: .  and to la «llKinat«d.     In any e-.ent    capacity 

const mint» prevent %. from inoreaalng Indefinitely. 

Should the price of & certain link b« negative,  then thie aay b« 

Interpreted to aaan that the coMmnlcation «yetea operating concern 

vould b« vllllng to peor the entrepreneur a subeidy to take thie cipaclty 

frees it.    Rather than do thie, thie  capacity ehould be tent to etorage. 

eo that if Pi  i> nagatlve it le advantageous to raiae x     . above the 

lero-level. 

Aaeuaing that all the prices are poaitiv«,  bov can the entrepreneur 

determine a route for vhlch ooodltlon (10)  le fulfilled?     Since each 

unit of oapaaltj 1« aatlgned a prle*,   including the capacity of the 

flctltloua linke,  he haa aerely to determine a Icveet-price rout« 

froi each source to dastinatlan.    A«  soon as one is found for vhich 

the price  is less than unity,  aa aany Besaages as poaeible ehould be 

sent fresi this sourc« to destination.     If there it no euch route,   then 

tha  routing  doctrine rx-lng aaployed is  optlaal,   as orte sees  fron the 

duality theorea of linear programing.     Thie ides constitutes  the 

essence of the delightfully simple suggestion of Ford and Fulkereon. 

To svMHLrise; the  st«ps in the algorltha are 

1.    U&dar th« current price aehedule detemlne a favorable 

activity to Introduce.     If a price is negative,   store as auch as 

possible of the corresponding oapaaity;   othanrise deter-rlne.   via 

on« of th« algorithaa dleouss«d in Part III, a rout« having cost 
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losi than unity,  and Introduo« Ifc Is activity.    If thar« la none,  tlie 

routing doctrine Is optlaal. 

2. Increa«« the levol of the favorabl« activity until  ton« 

activity vhloh vaa prevloualy at a nontaro-level  la driven to taro- 

level.    Thla dateralnee the nev routing doctrine and the number of 

■eaangea vhloh are thereby delivered. 

3. Determine the nev achedule of unit prlcee on the capacltlea 

and return to 3tep 1. 

An llluatr«tlve exnarpla la provided belov to llluatrate thla  tecJinlque 

If the total mmber of llnKa,  Including the fictitious onea,  la 

of the order of 1^0,  the atepa of the algorithm are poealble for 

loplaawntatlon on a high-speed ooaiputing autchlne.     It  la difficult 

to try to eatlaate the rate at vhloh the approaclnntlona coverage to 

an optional  aolutlon    since the  number of ohalna might be numbered 

In the tons of thouaanda.     SOBM mmwrloal experimentation la undoubtedly 

called for.     In actual coaputatlana.   great advantages might be 

realized by being very aelectlve vlth regard to vhlch favorable 

activity la to be Introduoed at each a tage. 

12.    Solutloa of an Illurtrative Optional Routing Prob las. 

Conalder the four-station netvork ahovn belov In Fig.   1    in vhlch 

the capacities of tha links are as aosam.    We assume that tfce link 

capacities are undirected rather than directed,  a matter of no 

Importance Inaofar aa the method la conoemed.    Conalder th^t 

station   .  haa 5 meaaagea deatlned for station ? and atatlon 1 has 
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Flg.  1 - A C»i»clt«t^l Four-SUtlon N«tvork 

■•■•agat dartin*d for itAtlon .3.     This  It accounted for in Flg.  2 In 

which tb* appr«prlat« artiflolal station« and link« ar« IntroduMd. 

Station B ha« Besaagas dastlned for 2 and station A has asssages 

dsstlnsd for 3.    Slnos thsrs are six links, thore is an optional 

solution with no aors than six aetivltlss raised abovs the  tero-le ©] 

Tig.  2 - Tbe Netvort Including th« Artiflolal Elaasnts 

To start the algorlth« v« put all  capacity In storag«, vhloh 

oorrsspoods to baoklogglng all asssa^as.    31no« no asssagss art 

daUrsrsd,  all «apaoitiss hava prices of ssro.     By inapactlon,  ve 

is« that tha unit cost for tha  routa   (A,  1,  2    3)  is  taro;   con- 

ssqusntly three Besaagas are sent over this route.    This eliminates 

the activity of storing oapacity in link  (1,  2).    letting the unit 

price of capacity In link  (B,  h) be p.,  that in  (A,  1)  be pp    and 
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so on, as shovn in Pig. 5, ve find that the prlcas satisfy th« 

equations 

(1) 

Pl - P2 ^ P3 
PU - P6 - 0, 

P2 ^ P5 ♦ Pi, - 1 • 

The situation Is sham In Fig.  7 In vhlch the asounts of capacity 

UMd are  shown aber.« the horltontal lines on th« links and the 

capacities below them.     IT.e prices  ioplled by equations  (l) are 

No.   of Mags 

5 

Route 

(A,   1,  ?,   3) 

5 aags.  delivered 

Fig.   3 - -Hie First Stage 

The unit price of the rout« (A, 1, k,  3) is aero.  Go« aessage 

is sent over this route, vhlch ellÄlnat«« the activity of storing 

capacity along the fictitious link (A, 1) (i.«., the activity of back- 

logging Messages at A is «liminatad) . With this routing schedule 

the equations for the nev prloes becomes 

(2) 

?! - P5 - P;, - P6 " 
0- 

P2 > PC) ♦ Pu - 1, 

^2 *  P6 * P3 
1. 
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No.   of Magi Rout« 

5 (A,  1,  2.   5) 

1 (A    1,  U,   5) 

igt.  tollvered 

PI«.   -  - lb« S«ooDd Gt*gß 

Ihm unit prlot of th»» rout«  (B,  4, 5,  2)  It t«ro.     Tiro Bsatage» 

&r« MSt ovtr thl« rout« vhloh uturet«t link  (3, 2).    The nev prlo«« 

ftr«  le^rmlaed fron th« «quation« 

P,  - P, - P/: - 0, 

(3) 

P2 * P5 ^ Pj,  - 1, 

P2 + P6 " P5 " ^ 

Pi  + P^* Pk - !» 

vhloh lead« to th« sltuatloo of PI«. 5, 

1 
5 

<!) 

p^ V1 

.'■ 

er- 
v-1 

! 
<d) 

No.  of M«g«. Rout« 

3 (A,  1,  2,   3) 

1 (A,   1,  4.   3) 

2 (B.  k,  3,  2) 

6 ■«««. d«llv«red 

Pig. 5 - lb« Third SUg« 
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nine« tbm unit prl&t pt   la negativ«,  the activity of itorln^ 

capacity on the link  (I,  2)  li relntroduood In the aaount z.    To find 

vblch activity li «llainated v« not« that  3-z aeeeage« are then aent 

over the route  (A,  1,  2,  3), vhich oauaes 2 + t tc be »ent over 

(B,  k,   3,  2),  to avoid Introducing the storage  of capacity  on the 

link  (2,  I).    The ntmber of aeeaagee sent over  (A,  1, -*,  3,) nuet 

be Increaaed to 1 •*■ z to avoid introducing the baoklogglng of 

aeaaages at atatlon A.     T\er. an exaxtlnatlon of the flow« over each 

link «hows that z can be lncr«aa«d to 1/2, at vhlch point the link 

(*,  3)  !• iaturated,  «o that etorage of capacity on thla link 1« 

ellMlaated.    lb« nev routing and price «ch«dul« are shewn In Fig.  6. 

©: <?% 

* 
Ky 

li 

p.- - 
3     ■ 

€) No.   of Msgs 

^^ 

P5.O 

: 
5 

2i <b 

Route 

(A.   1,   2. 3) 

(A,  1.  h. 3) 

(B,   k,   3, 2) 

2 1/2 

1 1/2 

2 1/2 

6 1/2 sags, delivered 

Fig.   6 - The Fourth Stage 

The prices are determined frca the equations 

pl " Pt  " p6 " 0' 

oo 
P2 * P^  ^  Pi,   -  i. 

Po   +   PA   *  PT   - ir 

Pl + P3 * pli   - 1- 

The route  (B,   h,  1.   2)  n»f has zero unit price,   so that 1/2 

■essage Is sent along this  rout«, vhloh eliminates storage of capacity 
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l^ik  (1,  2).    Thl» iMdJ to the •Ituatlon of Fig.  7 

k 
r 

?6* 

T*'T 

P^ 

I 
3 

<D 
PU.O| 2 

1 

■<D 

Wo . of Mtgi. 

2 1/2 

1 1/2 

2 1/2 

1/2 

FtoirU 

(A,  1,  2,  5) 

(A,  1,  k,   5) 

(B,  k,  5,  2) 

(B,   h,   1,   2) 

7 Bftgfl. dtllvmred 

Pig. 7 - The Lart 9tag« 

The prices are dsteralned frcai the equation« 

h "»6 o, 

(5) 

P2 * P5 * PU - 1 

P2 - P6 * P3 - 1, 

P1 > P3 - PU - 1, 

P1*P6 >P3 - 1. 

"Sie eolutlos It   orptimkl,   for, es le seen fit» the figure,  no 

price* are negative and no paths frcm origin to destination exist 

vhloh have unit ooets of less than one. 

By the vaj of eosMexxt it should be pointed out that in solution 

of large scale probleae auoh aore effieient aethods of jcsputlng the 

prices and determining the nev activity levels,  as ve proceed fron 

stage to stage,  are available.    The method adopted here is for 

illustrative purposes only. 

The unit prises shown in Fig. 7 shew vhere the real bottlenecks 

in the syrten are.    Thua for t sufficiently small,  if the capacity of 

link (l, 2) is inartaeed by the amount 1,  then 1 additional messages 
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can be Bent over tne rout«  (is  h, lt  2).     TJie taae hold« tn« for th« 

link [h,  5),  though this 1B not »o obvious.    This rest« on th« ob««rvatlon 

that th« «olutlon 1B not unlqut.    If »«••«£•§ art r«c«JLl«d along «aoh 

rout« fron B to 2,  a« 1« clearly possible,  «ino« th« flew on each link 

1B both inereased and daoreassd by x, then for 2 x - i 8uffial«ntly 

«■all; th« Bessages vhioh are than hack]egged at A could be Bent via 

the route  (A,  1,  k,  5) to their 4««tination. 
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V. DISCUSSION 

Th« problMM ■•ntlonsd ••rll«r should b« vl«v«d Btrtly u 

•ucc**tlv« of a hort of oth«r •■•«ntlally ocsblnatorlal problaiu 

vhlah arlM la th« gantr&l field of ei—iinlciitioo.    V« ihall now 

»lac".« out a f«v for furthor dltoufttlon}  rtlll others can b« found 

by «htoklim the list of rtfsrsosss provided,  not all of vhloh ars 

rsforrsd to in ths toxt. 

A routing problsa vhioh has bssn studiod «rtsnsivsly !• th« 

on« vhloh requires the deterBinatlon of the aexima iteady state 

flow of a hs»egenecus   ■—otity   through a oapaoitated netvork 

froa a aouree to a sink.    Boldyreff's flooding teohnique Is 

described in,   [6]   ,  and the minim» out HUKIMUB flew theoroa is 

provod in,     lr   , vbere additional   refcrenoes  can be found. 

It It apparent that mmsty eoabiaatorial problsas aria« in the 

design and uiilisation of svltehing netvorks,     2?,  19 In the 

absenoe of sviitable analytis teohniques for hand"! 1 ng saoh prcblens, 

one frequeatljr resorts to the use of siBulatian devloes knovn 

as    throvdovn'  naefcines,  I 17 J .    Wit'i rsferenoe to blocking in 

networks,    9,  251 ,  it vould be of Interest to find general and 
L J 

efficient teehnlqucs for caloulating the probability of finding 

at least one path available freu a given point i to another point N 

in a natvork,  under various assvaqptions eonoeming the probabilities 

of finding thü inoivldual links available.     The I'unetioneJ equation 

teohnique    of Part III does not appear to be liiilately applicable, 

r.t  in the deteraination of a path with hlgheet probability of being 

available. 
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Inter^ttln« treataantt of the effects of eongeatloc  In the  netvorks 

fn» etlll a different vlevpolnt,  o&n be  found in Wardrop. i  32 J      Prefer 

i r i 28 j ,   and Charnee  and Cooper, [ 8 j  . 

■Rie  •olutlon of  the optlaal routing proble« dlecueeed In Hart IV 

can be directly applied to the determlnatlcv» of optlBal Intertsfflc« 

trunkIng arr&ngeawnt« aa Is  Indicated in i  21 j  .    Other mthode of 

solution,   based on the priaal-dual algoritha,  are discussed  in 

W.  Jevell's M.I.T.   doctoral dissertation  (19^8). 

Lastly asntlon aay be Bade of the problea of detemlnlru  mlnlaaJ 

cost augsentations to be maAr to a given  eystesa to provide a satis- 

factory grade of service in vlerw of anticipated increases  In future 

deaands for servloe.    "Riese are given a llnaso' prognualng forBulst'on 

in ^1 Much work reaalns to be done,  bowerer,   is order to find 

efficient aethods of solution 
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