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DYKAMIC  PROOHAIBCDiO,  MONLIXKA*  V4RIATIQNAL 
?R0C28Ma,   AUD 80CCKMIVK APPRGX.TXA'flONS 

Richard B«lln«ji 

1,     IMTRODDCTIOM 

(Xir object  ID  thl« paper it to ahov  that a blend of dynamic 

progroMlng,  «ucoetalve approximation»  vul   Ugltal  oonputere 

enablet us to approach  varloua claatos of nonlinear varlatlonal 

problem« foneerly far beyond our reach. 

The general problea ve wish to consider It one which 

arlaet  In many partt of analytlt, Bathematical phytlct and 

applied Batheaatict,  namely that of Jetermlnlng the Blnimum of 

a functional of the for« 

Jir)  - /lT F(xa(t),...,x1/(t))lt  ♦ 0(x1(T),...,xw(T)), (l.l) 

».rer all forcing functiont    v-(t)  subject  to   relation« of  the 

type 

*.       ^1 - Hi{rl,i2t.,,txv)  ♦ ^(t),  x1(0)   - c1.  1 - 1,2, .H 

1 T 
b.       /      Kj(v1,v2,...,TN)dt ^ bj,     J •  1,2,...,L (1.2) 

o.       P1(x1#...#Jt1(jt) ^ T1(t) ^ q1(x:i,.. .»x^jt),     0 ^ t ^ T. 

1  P km we have shown elsewhere    '   ,   the  coaiputatlonal  solution 

of fuestions of thlt  type  can be transformed by eeans of the 

functional efuatlon  technique of dynamic prog reaming to to problems 
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Inrolvlng  th«  dttemlaatloji of sequence! of function» of    M 

rarlablei ualng  elenentery operetione.     If,  however,     N ^  % 

the  li«lted meaiory   and  tpeed of  current  digit*!  cooputers 

prevents thli fro« being a routine  technique of »olutlon at 

the present  time. 

It  followi   that  If we with  to attack general  problem« 

of  this nature,   we Bujit  Introduce more   refined  techniques. 

?.     THK LIKRAP  CA3I 

The starting  point  of our Investigation  Is  the   result 

contained  In an  earlier paper on  control  processes       In  which 

It   Is  shown  that  In   the  case where   the  underlying  equations of 

(l.2a)  are  linear,   the   criterion  functions    f    and    0    are 

linear, and the  constralnti of  (1.2c)  have  the simpler fon» 

P^O ^ v^t)   < q^t),    0 £ t ^ T, (2.1) 

then ehe varlatloa^al probletn described In the preceding section 

can be reduced to the computation of a sequence of functions of 

one  variable,   regardloss of the  slsc  of     N.     If  the quantity    L 

appearing In  (1.2b)   Is equal  to one,  we   can  do this directly;   If 
4 

It   Is  greater  than  one,   we  eisploy  Lagrango  r.ultlpllers 

It  was  also  shown   that  If  the  functions    f    and     H     are 

linear,  and    0    Is  a   runctlor of only     k    of the    N    components 

of     x(T),     then  a   computational  solution   can  be  effected   in   terms 

of  functions of    k     variables. 

This  fact  Is   Important  In  connection  with  engineering  control 



proo«iMt  Involving   tlirvs—la^i  and •oononlc  control proc«tt«t 

Inrolring * complex of  Induitrlet. 

Thttw  result«   c(»bln«d vlth   the   clft«sic*l  tool  of 

»uco«»ilir« tpprojclnationa will  par-rolt   u*  to tn»*t  varlouB 

pArtt of th« general  p.'obl»«. 

3.     «UCCSMIVl APPrtOXHUTIOHB 

L#t ui now outlln« how th«  ratulti obtAlnad for the   linear 

case,  aided and abetted by ruccettlve  appixixJUnatlone,  provide 

a  feasible  •cheme  for computing the  aolutlons of nonlinear 

problein«f' in  terme  of  aexru«»'^*"-* o? functlont oT one  variable. 

We shall  consider firat  th^  oaae  w-here ire are  intereated 

tn  tendnsl  control  with    0    linear in  ite argimantfl.     Let 

w.   (t)#    i • I,  2,   . ..,  U,    be an  initial  choice of forcing 

function aetlefying   (1.3a} and  (1.3b)  and  let  the  function! 
0/     ^ i,   (t)    be determined  by neane of the  equationi 

ta' 0, j^- • Ht(x1,...,iJ|) ♦ Vj  (t),    ijCO) • o1, 

To obtain  the next approximation,     v.   (t),     coneider  t 

problem of mlnialring    (J(x, (T) ,x?(T),. . . #xN(T))    over all 

functiona    v^it)     aatiafying  (l.2a)   and   (l.2b)  where   the 

functlona    x-lt)     are  now detemlned  by  the approxljnating 

linear relationa 

(M) 

he 



11nce theee -.ua t1one are linear, and 0 haa been u.,..d to 

1 be linear, the a1n1a1a1nc -..uence, v1 , can now be oa~~~Nted 

v1a Mquencee ot tunct1one ot one Y&rtable. In .-. cuee,the 

eolut1on can be obtained an&l7t1call7, ct. 5•6 , thua areatly 

et.pl1ty1ng the application ot th1e .. thod. 

Once the new tore in& tunct1one, v~( t), have been 

detenaJ.ned, the new etate tunct1one, x~(t), are deteralned 

by wa7 ot (,.1), with v~ repla ed by v~. 

eeq\Wnce ot torc1n1 tunct1one, 

etate tunct1one, x~(t) • 

-. JIOIIO'fOIIIClTY 01 APPROXDIA'l'ICII 

V1thout preJud1c1nc oureelvee 1n the .. tter ot convergence, 

1t 1• euy to ehow that n have 110n0tonoc1t7 ot approa-tlon 

1n the MnM that 

••• 

• • • 

To ••• th1e, ob•erve that 1t v1(t) 1• taken -.ua1 to v:(t) 

1n (,.2), w obtain a 878t• ot linear ...-tlon• whoH eolutlon 



ia olearl.7 ~ • x~. It rollowa that a aet or rorc1n& runotiona 

vi which a1n1a1M 111at peld a •u• or O(x1 ('I'), ••• ,x,(T)) 

which ia at .oat O(x~('!'), ••• ,x:('!')). '!'he general reault 

follow. 1nductively. 

lft11a .onotonioity or approximation ia not aurpria1nr;, 

conaider1n& that w are e•Mntially carrying out an appron.&t1on 

1n policy apaoe7. 

To be&1n w1 th, .. note that the general probl.. deacr1bed 

1n (1.1) can alway• be r-.ducecS to a tenainal control prooeaa by 

the introduction or a new depencSent variable x,...l c1et1ned by 

the ds.trerent1al r-.lat1on 

(5.1) 

It G ia nonlinear, but contain• only k or the M co.ponenta 

or x(~), then, aa indicated above, the approximation procedure 

rectucea the COIIPUtational probl- to one involving Hquencea ot 

tunc tiona or k variable a. 

6 • 1tOIILIDAR CJUTBRIOif 1'111 C'l'IC* II 

Altemativel.7, we can approxi .. te to 0 not only by Mana 

ot linear tenu, but 110re accurately by Mana ot a aecond d.egree 

expreaaion. Havin& done thia, w can take advantaae ot the tact 

that the a1nta1zation or a qua4ratio tunetiooal ot the to~ 



J(~) -~' ' [(x,B(t)x) + (x,b(t)) + (v,C(t)v) 
0 

+ (v, o(t))]iit + (x(!),Ox(!)) + (x(!),g) 

where x and v are connected by Mana or a linear equation 

~ • A(t)x + v, x(O) • c, 

(6.1) 

(6.2) 

with no othe r oonLtrain t a, dependa upon the aolution or linear 

~tiona} or. 5 where olaaa1oal teohniquea are .-ployed. 

Dynasio progranming techni,uea, u t ilizing t he fac t that the 

minimua ia a ,uadret1o function or t he ci, the oo.ponenta or o, 

can alao be applied. 

'rhil atrorda a n•'W approach to ao~~e general oluaea or 

nonlinear e4Ju&tiona and nonlinear variational probl ... which 

we will diacuae 1n greater deta~l aubaequently. 

7. DiaCUISIOJf 

"nlere are a maber or other types or approxt.ationa which 

we cannot })reaent here due to llaitationa or apace. !here are 

alao a large number or 1ntereatins analytic queationa conoernln& 

convergence, local mint.&, rapidit. or eonversenoe, eto., to 

be diaeuaaed at a later date 1n oonneotion with the rorecoin& 

teohniquea. 
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