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SUMMAKY 

In tills paper ve introduce a new nethod of treating problems Involving 

randan walk processes, based upon the principle of Invariant Imbedding 

which we have Introduced and applied in previous papers.    ?lnce scattering 

processes can often be formulated In terms of random valk, ve have a 

new method of treating scattering processes. 
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PANDOM WALK. SCATTERING AND INVARIANT IMPEDDING—I: 
ONI-v-DIKENSIONAL DISCRETE CASE 

1.  INTRODUCTION 

It Is well l^nov/n ti.at a large variety of Important 

physical processec can be formulated In terms of random walk, 
c, 

of.   C\ andraso'K] av .     In  partlcula:1,  multiple  scattering may  te 

dls^-ussed  In  these  terms,   cf.  Wlgner- . 
12    5    4 In a sequence of papers,     '     '  >' ./e h.ave  Introduced 

and presented applications of a general principle of Invarlance 

which we have  called the  "principle of Invariant  ImLeddln^". 

This Is a simultaneous distillation and extension of tie 

various Invarlance principles used ly Chandrasekhar In his 

book  ,  where  references  to earlier uses by Ambarzumlan are 

given.     In  this paper we wish  to present some  further appli- 

cations of this fundamental approach,  turning ou:* attention 

now to the  fields of random walk processes and  scattering. 

In order1 to Illustrate  the underlying Ideas as clearly 

as possible,  unhampered by purely  technical  detail,  we shall 

consider two one-dlnenslonal  discrete processes.     In suhsequent 

papers,  we  shall apply the same methodology  to  corresponding 

problems  for multl-dlmenslonal   regions and  to   -ontlnucus 

versions.     Since  '-■ontlnuous  versions of  •andom walk  pro^-sses 

lead  to  the  reat equation and  the potential  equation,  we are 

led via  i\ Is  route to a new analytic treatment  of  these 

classical equations. 

Finally,   let us note that as   In Cl and: asekhar's work on 
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I' 
' I radiative t. ans.e ' , t hese pr in ci ples of in va r 1an e ive rise 

to new met l. ods of omputational solu t ion. 

2. INHOMOG~N£0US RAND<Jtl WALK WITH TWO ARSO~RING ARR IERS 

Consider a sto t~astic process in w i cr. a moving pa r ticle 

can oc upy any one of the latti ce points on t he line se ~ment 

(a ,bJ • 

a k b 

k • a + 1, a + 2, ••• , 1. If t · e parti cle is at k at 

any tl~~ t, with probability p(k) lt will ' e at k - 1 

at time t + 1, and witt probablli ty q( I ) it wtll be at 

k + 1 at time t + 1. 

We wish to determine the p ro ~ability that a particle 

sta ting at a point x at t • 0 will land at t he point a 

before landing at L. This is an inhomogeneous ve r sion of the 

"gamble r 's ruin" pt·oblem. 

The classical t reatment of p r·o: lema of t r. is nature, cf. 

Chandrasck .ar5 , Uspensky7 , rega Pds a and as 'fixed 

quantities and x as a var la ~· le quanti ty . The p ro lema ar·e 

then resolved :t means of recurt'en ce ~e l a tiona lnvol vtng a 

function u(k). Anot e . approa c to questions of t t is type , 

also keep1n a and ftxed, is due to Val d8 , usinG 1is 

"fundamental lemma." P t~o'r lema of t ls n tur·e ar·lae f requ ntl y 

in t e theory of sequen la l analy~l~. 

He r we wist-. to p re sent an al t rna ive treatment wh1c 
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r'egards    x    and    b    as  fixed and    a    as  variable.     It wll]  be 

based upon the  Invariante  principles mentioned In the fore»— 

going  section. 

?.     INVARIANT IMBEDDING 

It  la clear that   the  pro:ability we  wish  to determine 

depends upon    a,   u,    and    x.    Keeping    I     fixed, we  introduce 

the  function    f(a;x),     defined for    a  < x  < b,    as  the  required 

probability that a particle starting at    x    lands at    a    before 

landing at    b. 

In order to obtain  the functional  dependence upon    a.    we 

make  the observation that  the only way  in which  tl e particle 

can arrive at    a    kefore arriving at    i      is  for it  to land at 

a  •♦• 1    before landing at    i ,    and tuen,   starting from    a -f 1. 

to proceed to    a    before ever- landing at    h. 

The mathematical  translation of tl.ia  logical decomposition 

is the functional equation 

f(a;x)  -  f(a«fl;x)f(a;a-H). (3.1) 

'♦.  ANALYTIC SOLUTION 

From O.l) we obtain the equation 

f(a;a+r) - r(a-H ;3+2)f (a;a+l) O.l) 

Combining  Uls with   tte   relation 

!(a;a4l) - p(a+l)  ♦ q(a+l)f(aja^2), (^.2) 

we obtain t:o rejurrence relation 
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u(a)  «= p(a+l)/(l-q(a+i)u(a+l)), (-.3) 

»   • • wl ore    u(a)  =  r(a;a + l),     valid  Ccr    a  «1   - 3,   i   -  ^ 

It  Is easily  seen  trat    u(b-2)  »  n(b—l).     Thus  the   sequence 

|u(a)[     is aeto'Tnlned. 

Retur-nlnp;  to   (3.1),  '/e see  trat 

x-1 
r(ajx) - TT u(k). (h.h) 

k=a 

S     INfHOKOC^KHOlJS   RANDOM WALKjSL^I-INFIMTK  lUT.-y.VJkL 

As our second example,  consider  t?;e  process  iesc:ibed 

above  In  the  .'ace  where    t   = oo .     We  now wish  to df-te:r.lne  the 

expected value  of  the   time  spent  Ly  a   pa;ticle  startln-T a4"     x 

at   tine zero In  reaching the point    a. 

Let    r(a;x)     denote the expected  time.    Then,  as  In ^ 3, 

we oltain the  functional  relation 

r(a;x)   =  r(a+l;x)  + r(a;a4l) (o.l) 

To  ol tain an  analytl •  expression  Cor     r(a;a-fl),     we   combine  the 

two expressions 

r(a;a+l)   =   p(a-»-l)   + q(d+l ) ^r(a;a+?)   +  l] 

r(a;a+?)   »   r(i-H;a-f2)   +  f(a;a + l). 
('.?) 

and  derive  tie   relation 

r^a+1' -Frr^TT + t&Hr<a+1=a+?>- <■•?> 
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Iteratlon of this relation yields the  Infinite series 

q(a-*-l)q(a-»-2) . 
pta^pTOTTpTSTTT + ••' * 

In order for tMs expression to converge,  there must be a 

"drift" to the left.    The condition    p(k) - q(k) > d > 0    Is 

clearly sufficient  for the convergence of (5.^), but clearly 

much weaker conditions will suffice. 

6.     CHARACTERISTIC FUNCTIONS 

Following the operational principle  that characteristic 

functions can be determined   by the same techniques which 

furnish expected values,  let us Introduce  the function 

g(a;x)  - E(e102), (6.1) 

where    z ■ z(a;x)    is the random variable equal to the time 

spent by the particle  In going frorr.    x     to    a. 

Since    z(a;x) - z(a'fl;x) •♦• z(a;3"fl),    we have the 

functional equation 

g(a;x) - g(a-»-l;x)i7(a;a+l). (K2) 

Furthermore, as above,  the two equations 

g(a;a-»'l) - p(a-»-l)el3 ♦ q(a+l)el£V((a;a-t-2) 

g(a;a+2) - g(a+l;a'»-2)g(a;a-»-l) 
(' .3) 

yield the recurrence relation 
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.r(a;a+l)  - p(a+l)c1G     [l  - q(a-H)e15 C(a+1 ;a+2)] . (• .• ) 

7.     DISCUSSION 

The  foregoing  tecf nlques  can  ) e extended  to  treat   tv.c  case 

where there  Is  a general distribution of ^mnps at each  stage, 

and the case whore we  Introduce  time  dependence hy  requiring 

the orobaMllty  that  the particle  enerre at    a    on  o:   1 efore 

a given tlrre    T.     Thefie matteis,   as well ac those mentioned 

In ^ 1, will  be  disouDsed in su1. sequent  papers. 
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