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SUMMARY

The purpose of this paper is to give a short proof of the
non-negativity of Green's functions associated with certain

classes of differential equations.
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ON THE NON-NEGATIVITY OF GREEN'S FUNCTIONS
By
Richard Bellman

§1. Introduction.

Consider the inhomogeneous equation

(1) u" + q(x)u = r(x),
u(o) = u(l) = 0,

whogse sclution can be written in the form
1
(2) us= " K(x,y)f(y)dy.

o)

We wish to examine the sign of the kernel K(x,y), which we
shall call the Creen's function of the equation, under a suitable

assumption concerning q(x).

This problem has been investigated by Aronezajn and Smith,
1], ueing the theory of reproducing kernels and the result we
gehall obtain 18 a speclal case of a general result contained in
their paper. Since, however, the method we shall use is so simple,
we feel that it is worth noting. Similar results may be obtalned

for equations of the form

(3) Upy *+ Uyy ¥ Uy + alxy,2z)u = fix,y,2),

under corresponding assumptions, either by means of the method
we present here, or as consequences of the general results of

Aronsza jn and Smith.
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§2. Statement of Results.

The result we shall demonstrate 1is

Theorem. Let q(x) =satisfy the condition

(1) q(x) < ¥ -d,d>o0,

where 12 appears as the smallest characteristic value of the

Sturm-Liouville problem

(2) uw' + Au =0,
u(o) = u(l) = 0.

Then

(3) K(x,y) <O

for 0 <x,y<¢l.

§3. Discussion.

The condition in (2.1) asserts the negative definite nature

of the quadratic fomm

% " - 2 _ 12N
(1) ‘{) u(u" + q(x)u)dx ‘O/Lq(x)u u ) dx.

It will be clear from what followe that the truth of the theorem
hinges upon this fact, which 18 also the basis of the abstract

presentation contained in the paper cited.
The corresponding result for the equation of (l1.%) 18

Thecrem. Consider tne Sturm-Liouville equation
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(2) Upy * B U, & U@ 0, u(x,y,z) € D,

us=20, (X,y,&)e b,

where B (3 the boundary of the finite domain D.

If q(x,y,2z) < Rl - d, d > 0, where Al is the smallest

characteriestic value of the problem above, then the (reen's

function asrociated with the operator

(3) Ugx * Uyy * U+ alx,y,z)u

18 non-positive

The proof follows the same lines as that given for the
one-dimensional case below. It {3 clear that a variety of

boundary conditions can be {mposed.

§4. Proof of Theorem.

Congider the problem of minimizing the inhomogeneous

quadratic form

(1) J(u) = uéA [u'2-q(x)u2 + 2r(x)u] dx,

under the assumption of (?.1) concerning q(x), over all function
u(x) walch satisfy trne conditions u(o) = u(l) = O, and for which
the invegrale exist.
The poaitive definite nature of the quadratic terms
ensures the existence of a minimum wnich is determined by the
Euler equation, which 18 precisely (1.1).
A necessary and sufficient condition that K(x,y) be non-positive

18 that u(x) < O for O < x < 1 whenever f(x) >0 for 0 < x < 1.
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Suppose that the minimizing function, u(x), possessed an

interval [h,b] within which it was positive.

u

Consider now tne new‘}ﬁﬂciion obtained from u(x) by retaining
the values of u(x) in the intervals where u(x) < O and replacing
u(x) by —u(x) in intervals where u(x) > O. This does not change
the value of the quadratic terms and decreases the integral

2 U/% f(x)udx. Hence we have a contradiction to the statemernt
tnag u(x) yleldea the minimum of J(u). This change introducec

discontinuities in the derivative u'(x) which do not affect the

integrability of u'? and q(x)u’.
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