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ABSTRACT 

A tlapl« ralatlon b«tv««B thm tvo-Jla»n«lomI «•dpi prtti 

eoafflel««%« for •hock and •xpmxxmton i» shovn to apply for Mm «Btiro 

fayforMBie rogla».    As a cooaa^anca, tha hyporsoalc saaJ.l-dlatwWnea 

•xyrattlon« for thaoa eo^ffleUati ara furtkar »Ij^pllflad as 

caleulatiottt of prassara dl«trlbtttlotui oa arbitrary tao*dln»iMilaiaüL 

confi^arationo at hyparaonlc apoado. 

... - '-:■ *&'&**^*kjL^1^ 
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yjmARr 

Over the rmog« of hyp«r»onlc  •Imllarlty pmrtmtmr 0.2 < I < co , 

tb» reduced presaur« coefficients  for coi^prvstlon «si «xp«n*lon hwre b««D 

ot»»«rv«^xo h*v« very nearly ths relatlonshlp 

C      *?        -    ^1 (X) 

where C      an! C      are calculated result« of t«o-dlaenfloa*I hypereoolc 
P. P, 'c 

(1)(?) •aftll-dlrturb«oce theory. It li deaotiatrated that for K > l.b 

fp      *   T*l * -^ (2) 

•ad 

'• 7 K 

Thetfc reduced pressure coefflclects give substantially the saae fore« 

roefflcientf for slaple convex airfoil shapes as those given by either 

tsO'dlaenslonal hypersonic  saail-Ulsturbaore theory or by shock- 

expansion theory.     Tfesir use permits    ocsl.ierable  saviiifs in compu- 

tation tins in calculating force coefficients for two-ilnensional 

airfoils.    Agreen»nt vith llsiite^ rest  data is good. 
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i.   nrrRonmo» 

prmfun coefflcl«ntg for tvo-dljMnslonal flov over th» hyper- 

sonic r«glnt C." ^ K ^ a>  have been d«rir«d b> varlou« «uthors     *   ' 

bA««<2 on the idMM of h/psrsonlc ■■»ll-Jlrtiirb«nee th#cry.    Hi« afpUc*- 

tlon of thtts« eo«fficl*ntt to «pvclfio tvo-dlatmloaal •irfolLi ha« b«on 

wtkde for K -_ l.C by Domnc«^      for ••MotiAlly l*«ntroplc flov« and by 

Unn«ll^^ for 0.1 < K< ID. 
mm •at» 

Tb» prtsent paper Introduce» spproKimtIon» for prossur« cooffl- 

elent« which in general are within two parcant of ahock*azpaMlo& or 

*axaet*      two-dlaswiional hypavaonlc •«all-dietwrbanca valaat.    The 

present equation» are elJ^lei   in addition an axpreaaloe relating the 

byperaonic alailarlty punaaeter X before and after an expansion la 

derived and »oae reaarka on the eorreeponding compression relationship 

are aade.    Hie result is a simplified praetleal way of ealealatiog the 

forces on cwo-diaenslonal airfoils over the entire range of speeds repre- 

sentea by 0.9 i. •* ^ <*> within tbe fraaework -^f the two-ilasuslonal hyper- 

sonic saall-disturbance theory. 

An analysie of the eoaqpression phsnooenoa for the iaectropio «span* 

»ion ana comparison with oblique shock coapre»»loo is aade. An Investi- 

gation into the flow pheoooaoon as to why C      ♦ ?      • r^l is aade.    The 
pc        pe 

relationship between several theories Is brought out together with the 

The derivation of the forces on two>diaensional flat plate by use 

of the piston analogy is aE.de.    The result» agree well with those of 

two*dlmnelooal hypersonl?  smll-disturbance theory,  for X _ 2.0,  ap- 

proxlaately. 

<. .:*i** -* tesr» / *ri trrfb) 
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II.    DISCUS^lOH 

To bring out thm devlfttlcm« of C      -f *      fro» tbft sun r+1.   It   i» 
Pc        P# 

p»rtlD»nt to i^ady elth»r th«   l«rlvmtlve« of ««eh co*/flcl«nrt *A1 coajmrm 

thsir vmri&tlon vltb K,  or to «nwine the lerlvmtlv»» of th* wvm,      Tbc 

iatter «fforoftch is md« h«re. 

For K^   l.C the flow is i&^ntroplr for eo^prostloc •• mil ae •xp*n- 

• lon.    fhlt has been eatablishad by Biiscaum^       to the »eccnd orior and 

by Dorrmace^  '  to the first order in •  and is shove la Fig.   1.    Both 

theoretJcsl treatasnt» follow. 

Including the  sscond nrdsr la flov reflection,   dusensaa give» 

and 

Cp       -    ^ W C2 6 

C -    - C.   5 ♦ C 6 
Pe 1 

(»»a) 

(**) 

fron which 

C") 

where (5) 

/—T" 

v      or 

sad 

(M »N1- 
00 y H oo 

20 oo I) 

Thl»  snggestlon le  scknowleigel with thanks  to Dr. V.  D.  He/as, 
Associate Frofsssor of Asro. Ing-, Prlncetoc University. 

. .^4». Ai^^v^giVä^-fij^»x»i>*»^a 
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■•net tht Smrirutiv  la 

(6) 

whtr« M - K_A , which la r+liV^'  for ©_ ^5 -< ^0, 1.3 ^ M_ < 15 
OO OO WHX 00 

•r ••MBtially for K     <  1.0 («lac ae« rtf.  1).    It la alva^ra oopatlr«. 

locraaalnf poaltlraly toward tmro,  BO that aa M     -»-oo,   It  la MTO. 

Laltooa^^ haa tafcaiatad C? (or b^ of Ref.  9, TfcbU 3) onrar tha raoga 

or Mach matoar 1.1 < M_ *   100.    Hcrm^mr,  alcee tba flow !• x»ftuiatel 

aa laantroplc, tha daflaetlae anfla auat ba hapt avail mao*& ao that 

K     -<  1.0 af^roxlaataly.    Fl^vra 2 ahova tha affact of & on tha raria- 

tlon of 20- with K    .    It «urt ba notad that tba affact of & la ratbar 
2 GO 

fro—wd but tha valaaa of 2C0 ara aonethalaaa lo acraaaant with tha 

othar c«rraa ahovn.    (furthar raacrka on validity vlU auhaaquaotly 

follow.)    Ilia pracaJln« ladiootaa that yorovldad K      - 0(1)f  tha »lach 

r 9mm Incraaa« indaflnltaly oad at 111 yrorida raaaooahls 

it with othar partlatnt laaatroplc thaorlaa. 
r ^ 

Dorraaea haa ahowa iBaf. », B«.  (29)  , that for aaaantiaJLJ^' esan- 

tropic flow», K^ <  1.0, M^ >  5.1^, that oo 

« 2 

"c "oo 

V ■ -ic^-^1» ": 
». 

fro« which ?     ♦ ?      - 7*1 aad y-p— ff     ♦ ?    )  - 0.    Thla naault It 
^c        pe rt »^oo      pc        pt 

ladlcatad  la fl«. 2, 



■5    >«> 

u 

in.   Tvo-PDOfltsioMiL ffirmiccinc J^JUX»PI.'TURaAücg •"HKüRT 
~-— '    ■-  —   —   ■ —     - -   -     ■ -i     -   r in i i ■ »ii i—i —i M     n   HI   —— 

A elBlliur ftnaiytl« bMioa on tb» rvcults cf hypersonic •■BII- 

dlcturbAoc« %\morj      (       cmr b« 3»1«.    Tbt  rerult« ar«  rallj for 

C." *■   K-_ oo And btoce coapJcoent  mn\ «xt«n^  th«  ls«ntz*opic tr«ata»nt 

lb« «qukt lonA are 

(?) 

for obliqua  «hockt and 

or 

7 K 

- y 

«^ 

;> do) 

for 1—Btroyic expanalon.      Tht derivative Is oefatlv* for IC <. O, 

baeoass positiv« for O.1* •-  K -   J.^"  %nd than nagativ« one« sgaic for 

8,55 < K -   oo.    Hcvarer,  xinllk^ tiie Bvuaaann approxlaat ion «hick da- 

penii upon ^^  the preatest  ciiffer«tx?e b^twaan 7      ♦ ?      an^i  p*l  is 
pc Fa 

abotxt   .6 parcer* at K  - ?.T"  over the ranee 0.2 --- f < oo   (Fig.  2). 

.-*    «s- 



IV.    COKPÄRISCW BEWK3T H.-IWROFIC AJO ^ilOCK. CUMF^CSIOB 

To g»lT   *n tnalfht *•  -.o the pfcwnmwnon ?      •*- ?      • 7+1,   It «•• 

tbougbt worlhxhlLe     investigAtlog tba  iseutropic  coafxreseion la the 

region  ,2 -^ K < e»  npl conperloc with the oblique «hock cosprrBulou, 

^q.   (9). 

Aeeults take on the fora of preseure,   lentlty,   tesQMretuire^  I4»ch 

nüBÄ»»r en:  velocity vertat tens vlth K      aad eonperiac thea. 

Thm  ieentropic  compreBBiar coefficient  la by  iefirltiou 

- 1 

' 'a, :     * ♦ "r 

Bq.   (52)   (which foUov») ¥€  have i • -~- ♦ -^ froa which 
00 

K 
X    - 

oc 

1  ♦^K 
oo 

(11) 

(12) 

futtln« üq.   (12)   Into  2q.   (11)  and dlrldii^ by C.    gives 

2 

77 

, 

5
?. 

-1 „2 
^K 

^T 
00 

on 

- 1 

It la ictereatln« to deviate briefly anl note tim\  for 6 ^ < 1 

(13) 

?hla ettCB«stlon was aa.'e by Dr. C.  Oaaley,  Jr.,   'erodynaalclat. 
The RAJT   Corporeti01.,   and   la a kaovled^ad with UmnKa. 

^a 
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c 
DO 

(14) 

.- 'quaticn (1̂ .̂  1» re. isonaMv good evfr . t o f ^ a s i m l l ae u n i t y where i t 

i s about 1C pe rcen t hi&h as ooapared t o t h e v»lu<s g lv^ r by E i . (1*) 

with b • . 1 r a d i a n s and agrees even b e l t e r wi th Bq. (<5) f o r K^* 1 .0 

(Tlg. 1 ) . I t la t c be n o t e i f r o u Sq. {!'•*) t h a t 

the r e s u l t oo t a i ae f f o r i n o t r o p i c expansion by Cole Ref . 2, 5q. (6-16) 

In f a c t , i f compressive an3 expana!ve f lows are des igna ted by p o s i t i v e 

t i r e s l o p e , + 5 ) , 3q. (1H) r ep re»en t6 bo th c o a p r e a f l o c and e r p a n a i o e , 

r e spec t i v e l y . 

The reduced p r e s su re c o e f f i c i e n t tase<! o.i £58. ( 2 ) , (7>), (U), ( 7 ) . 

( P ) , ( 9 ) , ( 10 ) , (13) and (1W) a re p l o t t e d in F i g . 1. 

We p r o e e e i with comparison of p r r s tu i r e , t e a j j e r a t u r e , d e n s i t y ar.i 

v e l o c i t y r a t i o e baaed or ^oxh i s e n t r o j i c and oo l ique shoo* c o r y r e s s i o n s . 

The r t -aaining i se r r i rop ic T rope r t i ee were c a l c u l a t e ! f r o a Eq. ( IS) 

by u&iug 

I t CSLX e a s i l y be shown t n a t L l g h t h l l l ' s Eq. ( H ) ' * ^ «nd 5q. ( i s ) 
a rc I d e n t i c a l , though a i t t he st^ne in appearance . 

c 

which i s s i a d l a r in form t o 
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C^)^ (17; 
00 

The velocity rmtlo omn be calculatevl \rf IM« of the eoergy 

cq^Mt'on,  together with the etetlc teajiermtw«  rtttlo obtained fro« 

B^.   (17).    T^ie energy equatloc U 

♦ C 
cc -r * P      CD 

(18) 

Rearnxnglng «• get 

VT 
v_. 

>2 

00 

2 C    T 
1.—H2- i^-i 

Voc 
00 

fro« vtilch 

00 / 
/T 2 5 - 1 

, 
(7-l)Kl       lm nr 

(19) 

It  le   Interest ing ♦IO calculeto Kq.   (l^)   lo  the hypersonic   nwmll- 

•11sturt>aDCe   Holt 

V 

00 

L   - ZT 
(r-l)K 

CD       I 

/ 

62 ♦ & K* 
2 OD 

.^-S ^■4 
'-1 
^^ 

P or 1C> 1,  ;. < < 1, 

V 

00 
/TTOZP 

> 

(13») 
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7b* ob l ique-shock p r o p e r t i e s are now c a l c u l a t e d . F r c a Eq. (9) 

- 1 + 
7 K2 
' /~r 2- I • 

00 
(̂ 7757 

0 0 

(20) 

By the Rank!ne-Rugoniot r e l a t i o n s h i p , the d e n s i t y r a t i o i s 

1 • 

poc 

21± -JL r̂ T p 
0 0 

• 

OD 

(21) 

and by the equation of state we get the shock temperature ratio 

r - -
QD ^OC 

(22) 

For tt»e v e l o c i t y r a t i o ve see (fro.-* 7 i g . 3) 

S -

F i f u r e 3 

that the velocity V after +he shock ib 

v 2 - V" cos" 0 • (V s i n 6 - u») (23) 
. 0 0 V CD w 7 

vhere u , the per^urba t icr. v e l o c i t y f o l l o w i n g the shock wave, i» 

r e l a t e s to the norna l v e l o c i t y u produced b\ the s lope 5 , b> 
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u V      ft 

^  " co.[tl - SI   "   co»(r : 6) (2U) 

S»b»tltutln« Iq.   (?U)  ictc Sq.   (?5)  •• iav« 

5 2 2 Jt 2 2 ,lD S V®   ** \r   -   v     co«   •   ♦ v". »ir   ö   - 2v^ ft -r^rrs rr ♦       B 

H«nre 

V2 2 -1-   -    l-2ftö   4.ft (y) 

CD 

aspuxir^ «.nil ai^lst ft and 9  .     fro-   -'^.   (9) v«  h«v« 

mo thM4 

-jL  .   /i - ftzC7    . i) (26) 

v / T Y~   •    /i - r ft"1 (26«) 
x 

Unit I ->-  oc 

EqvMtlon  (2'«)   1«  quit« tlaliar  ID for» to Bq.   (!'«•).     'rt»  r«iatlon« 

«xpresMi by Kqs.   (!•>),   (17),   (10,   (2C),   (21),   (22),  and   (26)  arc 

p:o*te .   In Flf».  Ua and '-b. 

/"TOT  TLff.   i« the pr««surc rlae   in  lacntroplc  flov  is  greater 

tnar. that  for  ofcllque  ?t»f>ck  coxapr^aslon previously notad b^   lAltone 

. .>., 
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for K > 1>.     It  !• not«:  that  for K -_ 1.%   ♦r>«r«   1»  no  l^rg« cJlfror«nc« 

iu pressure  ratio for «litar t/pe of coispretslon;   • pbeooaencr. not« .  by 

■aji>  writer«. Slrr« p/p       lu«  to »hock ccnpre«Blon  is proportion«! 

to K",   Fq.   (r^C'),  th«n «» K -*•  oc ,  (f       tenrg »,o « flr.lt«  llÄif.     On th« 

other viHr!,   am-visroua  t'^eory  show»   »h*t  *he   lft«ntropi«-   pr-»»sar« r«tlo 

7 — 
5«,   (l"i)     Is  proportional  tc  K     «s  K -♦- CD,   Lenc^  C       tsni«  to  Infinity. 

Pc 
TliP  tewperatur« «ua''  velocity r«*loe   m'll^ste  the  n«ture of th« dlsslp«- 

tlve  shock flnv whor  coriparel  to the  r^spectlr«  issntroplc  r«lstlon«. 

Th«  t«Bp«r«ture rl»»  in hlgh«r for obltqiie  shook wave»  thiUi for Isentroplc 

'low.    The  velocity decrease   la   soall  for SJ«L11  flov   1efl«ctions charac- 

teristic   o'   the  small'-ülsturbance  oblique  ehccks  consider«4,  anl ev-«n   less 

for  Isentroplc  flow.     It   thould  be   PO:9J  ihnt  for  convenience,  K  is 

ganeraiiy MMmA. for K      aithoujth  strictly 4pe*kin4j#   the   lattar  Is the 

free-itreas:  slallaritv paraaa^er. 

4 

I 
t 

! 

i 
j 

i 

I 
i 

! 
* « 
J 

i 

\ 

1 
i i 

i 
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V.    RFOIO» CF VALIDITY OF IJÄITTROPIC FUW 

Th« r«4i»» of Mach mat>mr~<imf\e'z'Aor. an^le owr vhlch tbock flow 

can b« a««uB»<i to be  iMDtropic  1»  lnv«stl4pAt«d o«lcv  (Although thl« 

ha* bmmr. done froa »lightly dLfferant viewpoints previously ). 

P^rca fig.   1|   It i« evident  that for K < 1.0,   -ha  Halting ieentroplc 

cowprveelon  ccseffIclpnt,  Bq.   (I1»),   (for 5  • 0   )  and  the  «hock coef- 

ficient,   ?!q.   (c),  arc  eubatant lally the tuuat.    Sljie« K       «Mi,  and 
'       ^        ' ' CD 00 

• lore  the  two-dlmneiODal hjrporecDlc  sBall>dierurtance  theor^r 1« 

valU  for 5 •  •  1 »ay t ♦   C.2,   »everal important  deiuciicra car; be 

laie.  The  flrat   1^  that  C       « -w— ^  3.1 for   Luentroplc  coapreeelon 
Pc 

(•t K - A.O).  The correijwnälnö AÄch nvnber noraal to the »hock 1» 
& 

M »In Q        M 9    • K «^ fro-u which MC- 1.7!»  (»nd  deereaeee with w w 5 w y 

decreaelrm K) . 

The above  cotervaMone  reeult   in Fig.  '-.     "^je  upper  saall- 

^isturba&ce   Halt for ö   is  taker, A» C.2 ralla&e,  while the   lower 

Halt  1« ^   • u.    TIM left-band   limit  is for »bock sttachswnt while 

the  right-hana   Halt becoswt r  -^   C as M -►- • . 

An  ioportant feature of the flow nentlooed briefly abore,   is 

that   leectropic conprfjsion results  In less compression  than shock 

co^nreesion below r. ^ 1.0 approxiaately,  for b ;> 0   f-leper.'In« on 

the aagnitui« of t), although the reverse  is true for K r 1.0  (fig. 

^a).     It   Is  neec that  the greater the  flow oevietlon  in leentroplc 

-oppressive  flow,   the  les« the  compression.     Laltooe^   '   in comparing 

appr.xi».  ••   BJlatloos of obll<jue  shock and  isectropic  coa^retslon 

Indicate'  this K effect   in s  Jlfferent  way.    That   is,   for  eaall flow 

..' f*^»—r.,  . ^u.»-t-A^-^ .'feAkl 
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d e f l e c t i o n s and f o r 1.3T, i s e r i t r c p i c c o c ^ r e t a i o n produces 

>$reater pr«B«ur'* i n e r e a s - s than the obl ique shock vave ev*;i f o r very 

s n a i l l e f i e c t i a n a n g l e s . However, ' o r > 2 . ' ; , '.ha ob l ique shock 

wave produces a flsach smal le r p r e s s u r e inc rease t han i s e n t r o p i c com-

p r e s s i o n , even f o r v'ery l a rge flow d e v i a t i o n s . 

The value of F i g . 5 i s brought out in F i g . 1, by observ ing 

Busemnr. 'a r a s u l t s . That i s , in o rder t o e s t a b l i s h the v a l i d i t y 

of Busenann's r e s u l t s in the f - K p l a n e , an exaapla c a l c u l a t i o n , 

T) - C.10, and 0 . 0 1 , was t axen . Here i t i s seen t h a t f o r K <. 1 .0 , 

t he r e s u l t s cf t h i s theory vie not d i f f e r g r e a t l y from tly; o t h e r s ahovn, 

in f a c t , ag rees t o w i th in 6 . 3 pe rcen t cf t he i t e n t r o p i c compression 

value of Hq. (1?) f o r h •» 0 .10 a t K • l . C , and heno~ i s c l o s e l y 

r e l a t e d t o o the r t h e o r i e s . I t oust t « no ted : ha t the B u w a u a 

r e s u l t v a r i e s scswvhat with f l e v d e v i a t i o n a e l a e t e a , a l though only 

f o r K < C .5 . For example, f o r 5> - 0 .10 the compression ana expansion 

c o e f f i c i e n t s a re h igher than those f c r K » 0 . 0 1 by 16 pe rcen t and 1^ 

^•ercar.t a t K - C.2C but t h e s e d i f f e r e n c e s decrease u n t i l f o r K -»• C.50 

' hey ar® n e g l i g i o l e . The a g r i e a e n . between d u j - a a r r . ' s r e a o l t s f o r 

*> - .01 ann the o t n e r i t e n t r o p i c r e s u l t s a t K =» C .2C i s e x c e l l e n t . 

I t appea r s , t>ec , that, f o r a s e l e c t e d : ' U 6 i » n n ' s s o l u t i o n ag rees 

b e t t e r wi th o the r t h e o r i e s as 0 , even thouga M oo . This 

a u r r r i s i n g r e s u l t lea.Je one to b e l i e v e •ha t the s m a l l - p e r t u r b a t i o n 

e f f e c t Is perhapc oorc i o a i n a n t than i.ne Mach nuaber e f f e c t , a t l e a s t 

i n t n i s i a a e . F igure 5 i n j i c a t e s toe Mach nussber-def l e c t i o n a;:gle 

r e l a t i o n s h i p g r a p h i c a l l y f o r I sen+ropic f l ow . f o r K • l . C . 

I t i s noted t h a t Kq. (13) p rov ides a rew a o l u t i o r f o r the r e g i u s of 
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t > 1,  *• ««11 a« fitting  into the prtrlovu thecrle» for K<  1.0. 

Obviously,  Sq.   (1^)  4oes not break  dovn   »i bifh K «nd  la  •♦•n to ^c 

beyoni  the bounis of Fig.   5  (for eaairple th«  •olutlor for 6 • 0.10 

for K > l.C). 

i 
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VT..    CVJJKJt Or SDCLAFITT PARAMSTER THROUGH A SHOCK OR All ECMMSIOH 

It has be«Q previou«ly pointed outv   '   that  for ««»«ntlnll^  iMn~ 

tropic  flow where K .    1.0, M  -• 5.1°»  that press ire coefficient» oxxx be 

cAlculated and  Integrated over two-dirstnaiortal nirfoila to obtain force 

coefficients without regard to the nunber and tjrpe of wave front» pre- 

ceding the  local »lope   (»e« Ref.  U, F.q.   (29)).     Because of  Isenlo^y, 

It  1» posslblt to calculate free-streaa pressure coefflcleDtb a» a 

function of K      baaed on M      and local »lope  ehlch In turn   mkes per« oo en 

slble the closed form solution» for varlou»  shaped airfoils.    This 

technique  Is used In gettlag force coefficients in lloear two-dlaen- 

slowl  flovs and has been known for son« tlae.     ' 

However, for K >■ —«^  ,  the floe is characterized by strong shocks 

and It 1» no longer possible to disregard the shock fronts, eonaequently 

it has not been possible  to relate the local pressure coefficient  directly 

to free-streaa conditions  In closed foro.     It «as necessary,  therefore; 

to find the local similarity paraastsr baaed on local slope and  local 

Mach neotoer la order to calculate local pressure ratios through a wave 

front.    These ratios can be related to free-streaa static pressure by 

a consecutive series of  suitIpllcatIons of the local pressure ratios at 

any dovnstreaa position progressing s/stenatleally upatrean until free- 

streaa conditions are reached.    A closed form solution  is derived  In 

Sec.  VIII  whirr, applies  to convex airfoils. 

The relationship for the change In K through an oblique shock has 

been calculated (Ref. 2, Sq. (3-27)). It Is useful In the developosnt 

which follow»  <n . ec.   VIII. 

1<2r r- iW-M (?7*) 
OD ~QC      '      " C ^i 

^3 
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or 

v   2 r ^ 1 ^2     ! * 

pc     00 "> 

Th»   ilr«e*  rtlAtiorship hov«v«r,  be*,w«*r «IsilLarlty pRrfa->c*or 

bvfor» «nd aft«r *"   l»«n*r3plc  «xp»nBlon  ♦hrcugh  M*«  ar^jitr  5  is   ;«rlrei 

b«lov.    Thi r«tlo of  local  «tfctic prvisurr  r«tlo thrcugh *n ejcpat.sior. 

[froa Ref.   6,  Bq.   (5.«9)1   la 

JL    .        ^«. (28) 
pcx '     1 

"w — 

?roa F»f.  2,  Sq.   K-17),  for i^- 0(1) 

r- 

-:,     Ä -L-    -    (i . ZiiK    )'-1 (2.) 
p f?      or 'oo 

Eqt»Mn«  Bq».   (2^)  »ad  (?")   result«   In 

.?       y-1 _2   "^ 7-T 27 

» ;  .     n .     (l-ZZiK    )'-* (jo) 
B2 ♦ ^i K2 2       ^ 

froa which 

1 - -^^ ^ i f OD 

t  

for »J <.  1, the final equation tucoae« 

cr: no 

(31) 

1 !        2^1 1 2*1 /.,    v 



Vslng ncjt. (2?) ani (lc) the sinilar rxprecaicr. for cosprtssicn is 

i 1 * ( 2 r } K<x> (52) 
JS. 

X / ' ( 1 • ^ ^ ? r -
0 0 , / - * ® 

which fcrr K > 1 ar.J 6 -*• 0 becoaes 

1 1 7 - 1 
K •• 1 f ' 1 ? 2 (*•23) 

Squa^ion (^2) l a seen t o agree very wel l with 3q. (27) f c r ( C, 

K <. 1 .n (Tig . t ) . I t rruat be noted t h a t Eqs. ( !1«) a m ( ; 2 a ) a r« 

. l i r r o r images of each o ' h e r about the l i n e . I t i s i n a t r u c -

1 1 ' 0 0 
t i v e t o net«s the l isLit va lues of - a* - — npproaches i t s x i n i o n a 

A fv 
0 0 

v a l u e . For coatnreseion, as K-*- TO, ( i . e . H C) K remains OC v oo 

finite dtie to the fact that Mach number iecreaaes through a shock 

or lr. lsentropic eonpression. An the other y»nJ, for the sxpanalor. 

process a t - 5 . 0 , the r e s u l t i n g K • oo. P h y s i c a l l y , t h e n , t he 

flow w i l l expani t o M » JO when K - '^.C at the beginnir.g of an oo 

erpar . s lon , becauas the l oca l t empera tu re , benee, *h» spee i of acux.d 

goes t o r e r o . 

Another r e l a t i o n s h i p f o r t h e change In s i m i l a r i t y parameter 

through a ahock i t der ived in Sec . V I I I . I t la oaaeS en Sna. (2) 

and (2Tb) and i s c o n s i d e r a b l y s impler in form. 
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VII.    ArmOXlMAT^  P^r^-jR» 5CWTICI51frj 

ApproxlMlt« «»xpr^ssiori«  for i;r««»jr«  coeffJcie»*;  c»n be   ierlv«^ 

Efl.   (9)   öy eiporidioe   lato  8«rla« which  roriverge   for ^oth K ?    —^• 

The  mMcAl  lr. Eq.   (9)   can h*  written 

whlrh  ~ODverB»a for K-    —«•   . 

•bcpanlln^ ».h« radical on th«  rl^b^-hAod  tld«  into • seric» results 

In 

y i ♦ (-i*)    -  i ♦ ir,K)  . toi  + o ! i^ii-        o) 
2> 2' (2^ 

, .2 

Hmieo   th« approxijante  ejfpr«s«lrr. for Trt.   (9)  berrotvs 

r -.2 1 _ 

*nrt  by  U««  Of £q».   (1)   «im   (y,)   , 

re 

3qttfttlon»   CA)  ttnd   (56)  äT»  qul-.e  slailar to Eq«.   (7) mnd  (8)   (•«• Flg».   7 

»ni     ).     ^b#  prc<*«dur»»   1«   ♦-be   - inr   fer  oto*^lcln« ?       In  ♦"he region 
?- 

K  - —v am r««ults  in 
?♦! 

? - ^ 
c 1 1 .   ^   !       2 

-    -♦  y ir ♦ C      p        . (»7) 
("Kl (     K) '   (-JC)     ' 

-V', ^.w^S 
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p e 
rTT 7 * ( n i r (rs) 

— y < & < ~ 
7- f l — n v r-r (38) 

2 
"T? rK 

K>£ 7-

I t can be shown that £ ca lcu lateu by flq. (5fi) i s equal t o 

that for t c t a l raeuus for K - . %nd U l e s s for K 
/ ' 

j r e a t - r than t h i s value. This 1» not phys i ca l ly p o s s i b l e . In th ie 

°ase, the C was taker as «qua! tc - - which corresponds tc p « 0. 
' 7 X e 

Troa an <?nglnecrin« viewpoint , there la no p r a c t i c a l d i f f erence essen-

t i a l l y In force c o e f f i c i e n t ! c a l c u l a t e s by Eqs. (37) and (}3) and those 

oy 'exact* w ] 1 - d i s t u r b a n c e theory, Eqs. (9) and pO). Exaaples of 

force c o e f f i c i e n t s ca lculated by 2qs. ( 2 ) , ( 5 ) , ( 3 s ) , (>6) , (37) and 

(35) w i l l f e l l o w (Fi«js. 7, 8, 10, 11, 12 and 13 ) . 
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VIII. fftESoORE DISTRIBOT105 0V5R A COBYEX AIKFOIL 

As •sntiorwd in Sec. VI, a clot*J for® solution for convex a i r f o i l s 

w i l l be derived using present resu l t s . For I > 1 there *111 be • strong 

attached shock on either or both aides of a thin a i r f o i l in supersonic 

f l o e . Thus a aathod of relating the local pressure, p, to the free-

II"rsew pressure p , i s needed to coapute the aerodynaalc c o e f f i c i e n t s . 
QD 

Only the Boroai force coefficient Is treated hers, It being typical. 

Other coefficients can be similarly calculated. A selected airfoil of 

arbitrary convex shape at angle of attack is shown in Fig. 9* 

'<<,> 'O 

Figure 0 - Schematic of an Air fo i l at Angle of Attack 

Tte following treats the selected case of a strong shock followed 

by as lseatropic expansion (or one side of the a i r f o i l ) . Using Eq. (2) 

resul ts in 

P , c 
P • 1 • — 5 

OQ 

7<r+i)id 
2 4. ? =- , K 0 0 > l.k (39) 
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F*roc. gq. (16) v® have for lsentropic expansion 

CD 

- 0 K0D > T* 00 — 7-J 

(16) 

Using Eq. (27b) we for the similarity paraarter ratio through a 

•bock 

K r 

-r ! • 1 + j V1®'"11 (27b) 

which is eixplified by subrtitut ing Eq. (2). Solving for K we get 

K • / ' K ^ •***_ 1 * Cw) /. yS(,-u . Sjgcll 
V 00 

the result of Eq. (**0) is plotted In fig. 6. 

It aust be noted that the characteristic sngla (for K^) la 

Eq. (Wo) is based or. the i n i t i a l angle between Leading-edge slope 

and free-streaa. This angle d i f f ers , In general, for the upper 

and lovvr surfaces and i s respectirely. 

u.oc % » 6 - a 1 u,x-o 

and 

b . - I - 5/ • a ; (Hi) <,00 I < , * - c 
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Ho* Eq.   (If)   Is appllcAbl«  In the  laentropi»?  region after the ehock 

th To notfttioo of the ratio of the presture et the 1      point tc that 

diately behind  the  ahock 

th The ratio of the preeewe p    at 1      point  to that iaaediately behind 

the «hock p la expreaaed in tenaa of the known qua&titiea M after  the 

ahock *n' the net change  lr alopa or net  taz*ning angle.     The  Maoh nuober 

M i—di>teXy after the  ahock  la readily c&lcuiatel by dlvlUng Eq.   (MD) 

by Eqa.   f-i;   for the upper and  lower aurfacea,  raapeetireiy.    By eonae- 

rvtiTe sail♦ 1 plication 

Pl XP1 
pa, 

(^5) 

Therefore,  by subetitutioo into -q.   \**]  there reaulta finally 

p«> 

i"Jxaci       /        ty ! ^     y(y»l) r 
(y-l)lft,-ö 

^«J      L 
(U) 

It  nuet be noted  that S     is the only  verlaole eith ehor'ivlae  poaition 

for either aurface.    The  rjoraal force coefficient la 

*••£?/,   ^^ 
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Hence "F    can b« calculated by robatltutlnc Eq.   C1*1*)   («pplied to wpyr 

uii lower  surface«)   into tq.   (•*')-     Kxfllcltly 

1 

2 

oo 

r 

. m' * 
CD i 

,X*« 

•r,x»o 

L. 

1?i 

.y oo,;,x-oj 

■ 

2. Ililil ti ,. 
2 oo , /, 

r" 

x«o 
(r-i)(6 - ä   , 1. y ) 

Q,X«0 7^ 
_J 

^?r^Es 
^ 

»*» 

] T^     oo,u, x-o ,   to (^) 

Squat ion  (46)  c»o be written as 

,   A     1   .B(ft/>1   -*lfXm0) 1^ -c; 1. D (6 a,i-« u'1 

l?T 

O v 

(^6*) 

dx 

• 
where  the   cmly  rwc-ift b 1* B  aire 

^ 
*... 

( 

• 

and Vi - <& (^7) 
«,1 

and  ILII the  oti*»r qwaatlliet.A,   S,   Z,   D,  are fixed for «  »elected free- 

• trt»an Mach mcfear,  an^l«  of  attack,   profile and  ratio of  specific  heats. 

For a  sTBssetrlc  airfoil about   thi     '.or*   line,   local  slopes  at a giver. 
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chor^lvlM   »tAtlon   mm rvLstei by 

8/,i " -Vi 

fcr the CM« of no «hock vmre at the  leedln« el^*.  Bq.   (It)   U dlrectl/ 

applicable. 

1 

•      t.'ft^.*-    w      ^k< 
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IX. H&.ULTS 

The F l a t Plate 

The f l a t pla f.a (»»her*» K - K a) i s e s p e c i a l l y easy t o t r e a t . 

In t h i s cas*, "he l i f t and irag c/m be ca lculated oy the use of 

Pqi. (5") ac2 (Vi) for K< , and by iqa . (37) on.''. (*3) for 
k 

K > . However, the c a u for K > l.*v, r e su l t* l r an ex^reaeiy 

i i n p l e expression for * , nar* ly froa. 2qs. (?) and (3) we get 

(krj) 

- (T * 1) * —^jr 
r K 

The r e s u l t s of 2q. ( a r e p^otte i In Tig. (7; alrtjg with thoeu c? 

tvo -d i«sns lona l hyp*rscnie snr. i l -disturbance theory, l lnaar theory 

ana the iaectrcrpic r e s u l t s from gqs. ( 7 ) , ( 6 ) , (35) , (5*) , (37) «a3 (56 ) . 

I t rust be noted that In c a l c u l a t i n g 7 for a f l e t p l a t e , for 

ex*nple, the expression tor Lq. (U ;) i s the acs t p r a c t i c a l t o 

u*e (X ;> l . 1 *) . The expression for pressure c o e f f i c i e n t s as expressed 

"oy Eqs. (2) and (5) are the s i e r l e t t ir. pract ice ax»i Involve n e g l i -

g i b l e error for K > 1.^, for a l l cntves worked out here in . 

I t appears that the combination of Eqs. ( 2 ) , ( 3 ) , (35) and (3M) 

achieve e x c e l l e n t agroeaer.t- with other theor ie s througnout the er.'. ire 

ra:«ge of K. Ihe s i m p l i c i t y of £q. (49) aloug with the accuracy shown 

ir. Pig . 3 mkes I t u se fu l to X as low as 1 .4 an>_ with l e s s •hac 5 

percent d i f f erence fr©3 the ' exac t ' Sqs. (9) and (10 ) . I t w i l l t>« noted 

tfcst 
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for a flat plate,  with: .  the «naU-an«!« approxlafttioo. 

/.  Double Welfg 

A coayiarltor of theory aoJ tett f* a* > Ir. Fig«. 10 »nd 11. 

Calculatlooa u«!rv Bq«. (^,^> anl (3' ) for K - !.♦ and Koo. (2) aua 

(?) for K ^ I.1* ar« co«p«re1 vith thoee of •hock-erpaiitloii theory an- 

revult« of vlnd-tunnel teat« on a double-vedf» alrfcll wltij mu aopect 

ratio eqval to one In the Laa^Iay ll«lnch hjT?er«onlc wtai tucael. In 

feaaral, the pretent aethod it In good a^raeaant witL •hock-txpauairr. 

theory,   the error varying frca C at a - (pt,o l.*; percent high at a - 2^° 

for C,.    Tbe eaae trena holiB for C- vlth the —irli— error varying 

frca C at a - 0 to ahout one-half per'^ant at a • 2k0, 

The Moüif lad Half Wedge 

The praeent reealte are ccaparai with the  theory of cole and 

Van Dyke as «ell aa the ahock*expanjion  U«eory for a aodified oalf 

we^e for IT     • 16 ID flga.   12 aad 13.    Aa difference« in the reaulta 
OD 

are  not  thought tlgalfleant,  there being general  agreainent over the 

rang* of angle of attack  ahovn. 

..»••i—.;•   .«'««   «        .uiw*t'.tÜA--i 
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IX.     COBCLCSICHS 

7b« follovlng ••pecto of flow for r.2-c  K-c oo  hav« be«D pointed 

out: 
» 

1.    "Twr«   la  a unique relutlonehlpDatVÄeti the reduce preasur« jni« 

coofficlent» 7,      +7      • 7+1 c-tr the mr^e 0.2-^ K< ac. 

2.    T^IB  Isentropic region of linear trJ  •«^•iiJ-rmler tlieorle» 

la a functlcr. of K a!«d o   (Fiß.  *)).    tt»e Koch  ;:wi«r CAT. IHJ nuch greater 

tTAn one  for  lacntropy. 

3.    Tha  limiting  znar of  laentr^plc coapretalon B  • 0,   Is a fcUlle 

to thn b«hATlor of  'he   obllque-ahock phkooaenon fcr C.2«r  K <:   oo ,   t>cli3£ 

caarly rgual tc oblique  ahork lr. nature for  K <   1.0 acU  iodleatlxm the 

nature  of etr   upper bour.J  for  reversible'co^urt a si ve  flows  for K ^ 1.0. 

t.    Ttaa 'iae of  Sqa.   {2),   (5),   (35)  »nJ   (M)   ^re quite accurate 

for «nglnaerlnc calculations  fcr surprlalnsiy  luxge     flow lavlatlcna 

when  coapared  tc  llslte     test    ata,   as  wall  aa other  theories, for 

0.* ^  I < oo   . 
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f-) ^ «r n (i-D 

The fare* of the pirtoc on UM air i» 

d ' -

31oc« 

* * dt »p ; °co ** ** 1 2 'V ( T " 2 j • ao / > 

dy - dt (I-5a) 

I B ' 

°P " V
ffi ^ ^ <*-*> 

by »ubstit«*tlng Zq«. (1-3) into (1-2) and integrating, 

a t r \ o 
p • i - * » P __ ac / 

• p v 2 ?> dt f dx 
/ 00 CO 

V 

( p ) V 2 5 5 * ( u - u Jt (I-H.) p OL ao ^ « p v ' 
CO 

Proa R«f. 2, 2q. (5-2*0, 

u * - (zr) - y ^ f v" • <4 
and noting that 

t • , (1-6) 
CO 
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tarn tctAl tiat of  impalo»,  by «u^ftltutlos of Bf«*   (1-5) «nd (1-6) 

tnto üq.   (I-k), 
n 

/ 5  
1)     «2 „    1 

'a> li^a.^,)--»,'^'*    Z^'    5^M. 
00 

(1-7) 

Fro« gq.  (20) 

J  ♦ Zip£**yt/l.   (iji)    I2 
(I-«) 

«na fro« AMlrlM-Iuco&lQt shock theory, Zq,   (?l)r  v« h»ve 

1 ♦ i; i^; 
er 

r-A    P, CD 

(1-9) 

Sftoc« Mbrtltwtij* lq.  (I-'))  larto (I- ') «nJ tbo» (1-9;  lato (1-7) 

2 "ao    oo 

( 

m     2 

—N 

W \ 

1 ♦ ♦1 
7-1     P OO 

L^1  '» J 

r.. "i 

^ V ~   ? 
J 

(I-ID) 

.^..     . ^ä^ t-k-UJ 
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It vl31 be noted that 

11* EL • 7+1 ( l - l i ) 
K co 

which ie » »«ll-tncvn hypereoolc resul t . gquatlon (1-10) expresses 

forre coef f ic ient Its hypersonic sialletf-ity for*., of the pietoe on 

the ( u ; hence i t i s also the fore# of the f u on the piston tod i s » 

positive fore* for positive 5. Comparison with the resul ts of h/por-

sonlc-saall disturbance theory, Bq. (9)» i» deferred unt i l la ter . 

The fol lowii* U the CAM for the withdrawing piston at constant 

•peel, ty , which slaulates the expansloc side of a two-dlnenslonei 

f l a t plate, Figure 13 1llustratae this situation. 

a. 

Fig. 15 A ?v©-Dl*jriSloani Expansion 

Is this ceee, both the velocity and the speei of sound alon$ the * 

axle vury l i n e a r l y ^ through the fan eo that £4. (1-2) upon integra-

tion becooes 
a t 

r m p V dz / ( - 2 - ! a dx (1-12) 
* ® J \*m' 
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.A^ 

QD ^ oo (1-15) 

and  in th« ton fÄnft^tof. 2,  E*,..   (6.5«), ^  (i,-^);. 

•    •    •      ♦ 
■-^  - x 

- T v1 - S-V'- (v " '« > 

1 

CD 

(1-14) 

^'CD1   *   iVV 

Hbtl^ t*.t «^ . up . . 5  V^  .r.d .^.tltutmg Ef..   (1.15)  «d a-lU) 
iAto Eq.   (LIP).  ^ ^t 

» __<P    CO ^**' ' r— ; Ä    I        ! v^- J 

•_t  - x 

1 
i 

J 

A 

•biet «has iirtacrmWd b*c 

-  ^ P      c •      ai    I r 

— J 

(1-1*) 

I) 
. 

wM^t l. tu far« of tb. plato» on the air-low tLro^ tb. 
(1-16) 

ior 

J 

fttfi 

2 
7-1 

(1-17) 

■j 
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• Tor X > -Jr It  will b- act«-   that Eq.   (1-17) «AT»«! «xactly with Coie'» 

rtsalt,  Eq.   (^). 

-    P. (1-19) 

la auabla^ up *..V present rerul*« of the piston applleatlcn f«r 

coaprvtaicr.,   Iq.   (I-1D), e. 3  cxpa:.slcmt   f?q.   (i-17).   It  !■  »«en  that 

they ©owpar«  farrrmtly vlth byp«r»oalc  ««tll-dlaturbAac«  thsory, 

except   for  the arpanjlcm caee for K -    2.0.     At K •  l.C tb»  pr^aen* 

erpanelor   rceali   1«  4n percent  lev  vhile  »t K « 2.0  it   1«   i«*   percent 

lav «n  cOEpweJ  elth • ?      of Eq.   (10).     Thli t^icen tc  be  en   Inilca- 

tlon that  at K ^   2.0, the lie« of  InJepanäant flova  1c the  transvert« 

iirect'.rn   Is  belA^ rlolatel  to ar appraclabl»  3a4pr*e  for axpanelve 

flow».    The  arK>clc  raault» of the plstot,   Eq.   (I-1C),  e^ree  viyry well 

with the amll'dlatur^anre raeuit of ^q.   (?.,   thrc^fhout  the rtu^e 

1.0 -^ K -    OD . 

It  ahould be note-1 that,the relatione «rptraaeed hy fqe.   (1-5) 

for ^,   end K,.   (1-8)  for p/p^ ,  ca« he eralqate« by If.   (2).     The 

force coefficient for a platen In coeqprcselor.  'correepaadlag to 

Kq.   fl-10)}   le then 

-     (r.l*-^) 
7^ 

! . 2£ (lljtÜ r2 ♦ 2) ] 
(l-io) 

. J 
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