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ABSTRACT

This paper considers the equations relating errors in inertial
guldance systean measurement instruments to errors in missile burnout
position and velocity and consequently Lo tairgel mlsses., The i1¢letion-
ship is expressod in terms of three linear differential equations
with trajectory-dependent coe{ticients and forcing functions which
depend on the measurement instirument errors. The forcing functions
are presented in forms sufficiently general to accomodate errors
that might arise in widely different types of instruments, both
accelerometers and gyroscopes. Furthermore, the forcing functions
can be evaluated Tor arbitrary instrument orientations. Programmed
on & digital computer, these equations allow swift computation of
target misses for given component tolerances and component orienta-
tion and consequently facilitate the optimization of instrument

orientation. Such a program has been used extensively by the authors

for gyro orientation schemes and general error studies for a number
of ballistic missile inertial gulidance systems.
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A DIGITAL COMPUTER FROGRAM FOR A GENERALIZED

INERTIAL GUIDANCE SYSTEM ERROR ANALYSIS

{-

INTRODUICTTON

The purpose of this report is to describe and explain the use of g digital
computer program which 1s, at present, on the 1103A. Thier program relates inertial
guidance system component errors to errors in position and velocity at burncut and
consequently to target misses. The program has two prime uses, one being to perform
complete guidance system error analyses and the ~ther being to study the optimiza-
tion of instrument orientations. 1In the past, error enalyses and design studies
for inertial guldance systems have been performed either by hand or on an analogue
computer and for specific instrument (accelerometer and gyros) configurations.
Aside from the obvious need i{or speed and permanency, the need was felt for a pro-
gram in which the forms of the error functions arising from the instrument errors
were sufficlently general to accomodate many different instrument configurations
(particularly gyrcs) where the instruments are arbitrarily oriented with respect
to a stable platform. It is felt that this program is sufficliently general to
satisfy this need. The authors wish to extend their thanks to Messrs. Frank Meek
and Vilas Henderson for thelr very capable efforts in setting the problem up on the

computer.

The inputs to the program are the missile trajectory and the corresponding
mlss coefficlients; and the inertial compbnent errors such as accelerometer errors,
gyro drifts, platform misalignments as well as the appropriate angles describing
the oricentaticns of the instruments. The outputs are the position and velocity
errors at burnout and the corresponding target misses. Section 5 is concerned with
a description of the use of the program, particularly the input of instrument errors.

Sections 3 and 4 give the derivations of the equations relating burnout position
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and veloclity errors to component errors and the derivation of the forms of the
forcing functions representing -he instrument errors. Before deriving the error

cquations, the ceoordinate systems wused wlll be discussed in Scetion 2.

Z- COORDINATE SYSTEMS

There are three basic coordinate systems used in this problem. Two of them
arc represented in the diagram below: the XY¥Z system which 1is an earth-centered,
inertial coordinate system (ECI) and the xyz system which is also inertial, but
centered at the missile launch point at the time of launch. The XYZ system is
sucti that the 4 axis is the earth's spin axis and the X axis is such that the X-7
p.ane conteins the launch meridian at the time of launch. The Y axic completes
the orthogonal set. In the xyz system, the z axis 1s the local vertical at the
launch point at the time of lzunch, the X axis is 3Jown range in the direction of
the target, and the y axis is the lateral axis nor.al to the x-z plane and completes
the right-handed system. The angle A is the firing aszimuth measured southward from
the launch meridian to the x axis. ¢1 and ¢L sre, respectively, the geodetic and
geocentric latitudes of the launch polnt. The quantities a and b are, respectively,
the semi-major and semi-minor axes of tne earth, e the eccentricity, and Ro the

distance from the center of the eerth to the launch point.

tan 4
* -
vA py = tan o %)
2
l-¢
QD North Pole *
5= f - 8y
~
_ a (1l - e)
AN o = s
™~ \Jl -(2e - e”) cos ¢I
\\‘ <
AN
Launch i —_ -V
fMeridan ! "“”ﬂﬂ—_\%;‘ﬁg1—kwj7 -

Equator
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The coordinate transformation relating the XYZ and the xyz systems is

X X
yl =M |Y]| +c¢C (2.1)
z Z

where M is the rotation matrix.

[_cos A sin ﬁL* sin A cos A cos ¢L*—T
M= | -sin A sin ﬁn* ~cos A sin A cos ﬁr* (2.2)
| cos o 0 sin g * a
The translation vector C is
s6in & cos A
C =R, sin & sin A (:.3)

-cos B

The third coordinate system is the accelerometer coordinate system XprYpo2pe
The axes of this system are the axes along which the range, lateral, and pitch
accelerometers' sensitive axes are pointed; The accelerometer coordinate sxes
are obtained by rotating first about the z axls through an angle gl, which defines
an intermediate system X13¥qs2q = 2 The axes are then rotated about ¥y through
an angle §2 which defines an intermediate system xz,y2 = ¥yr2ye The final rota-

tion is through the angle §3 about the X, = Xp axis.

Z:Zl

Accecterometer Coordinate System Axes
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The coordinate transformation relating the accelerometer coordinate system *A’yA’zA

to the xyz system is

X x

= ) .’-l»
Ya Q 'y (2.4
'z z
gA_J L

where the matrix of rota:ion is

— -
Clpz CZSl S2

Q= -CBSl - ClSZS3 ClC3 - 818233 0253

L__S:LSB - ClC3S2 «-C:LS:i - C3SlS2 CZC3J

where Ci = cos Ei and Si = sin 51; i =1 2or 3. Thus, the accelerometers may
be oriented at arbitrary angles to the xyz system. For convenience, the terms

range, lateral, and pitch accelerometers are retained.

z

A

Yy

Pitch ) I
Accelerometer
j:;/ Lateral
Accelerometer
a/
N x
~
Range C:\{\\
Accelerometer ‘x(ﬁ\\
A

Accealrromater Orirntation
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X Yar 2 An optional means of rotating the accelerometers has been provided in which
the rotations are defined as in Figure 2.0L.
First rotation: 92 aboul y axis.
z
(2.4 . Second rotation: 9] about Zy axis.
N 92 ]
// > yA
/
‘ Yy
/ p A
L/ /
rms
FIGURE 2.0k Optional Accelerometer Orientation

Note that the first rotation has been defined 8.,. The matrix of rotatione is

2
P B
cos Gl cos 92 -sln Ql -COB 91 sin 92
Z = ein Gl o] 92 cos Gl -g8in Ol sin 92
h?in 92 0 coa 92 ]

The first rotation has been defined to be 62 because by setting &l = 6y, 52 = 92,

§3 = 0 in Q (equation 2.5), and taking the transpose of Q, namely Q', one finds
Z = Q'. The computer has been programmed to take advantage of this fact.

hIIllIIlIlIlIIIllIlllIllIlllIIllIIllllllllllIllllllIlllIllIlllIIlllIlIIllllllllllllllllllllllllll



The orientation of the gyroscopes with respect to the accelerometer and plat-
form coordinite systems will be d: scussed in Section &, which is concerned with

the forecing functions of the error equations.

3. ERROR EQUATIONS

In the XYZ system let AI represent the vector of missile inertial acceleraticns

i
E

o

and let A represent the vector of sensed accelerat. ons

Ia
&a

Ata = |%s (3.2)
LaZaJ

Futher, let PI denote the missile position vector

x|

-

1 (3.3)
|2
and let G denote the gravity vector
: [+]
R ||
G=(-g = )P.=-g -— |Y (3.4)
° g3 4 o g3 j
A

”
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where 8, is gravitational acceleration at the launch site, Ro is8 the distance from
the center of the earth to the launch site, and where R is the distance from the
cénter of the earth to the missile. Thus,

| R2=x2+Y2+z2=PI' P, (3.5)

[&)]

vhere: PI' denotes the transpose of the vector PI.

z
3.1)
Missile
Missile /’
Trajectory =~ =%,
/
Launch _
Point
3.2)
—- Y
— Equator
_-—/‘>’
X
3.3)
FIGURE 3.01 M ssile Trajectory
Then, from the relationship
k) Ap = P + @ (3.6)

one obtains




B

MI

and where the errors in sensed sccelerations are

-~ -

S
Ia AaYa

he gravitational vector, is

R 2 R °
= {2 o .
N o= \380 ;E_AR) PI = (gO R3 ) AP]
where -
&1
API = aAY
avA
Equation (3.10) may be written as
ROZ ROZ
— ———r ’ - ———

TR-52-0000=-00647
Page 8

(3.

(3.9

(3.1

(3.1

I
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the expressions in brackete all being scalars. The scalar RAR may be written as

3}
.
~

RAR = XAX + YAY + 242 = P 'aP; (3.13)
Substituting (3.13) into(3.12) yields

5.8) R 2 R c

- o 2
& = (38, 5 P 'aPy) Py - (8, =3 ) &Py (3.14)

Substituting (3.1%) into (3.7) yields the error equations in vector form

R 2 R 2 _
= - O poy - )
oA+ (g 3 ) &7 - (38, > P 'OP) Ppo= oA (3.15,
3-9) |
This equation written in component form is
2 2
e RO“ Ro.-
M+ &8, ;g' M - 350 ;g- X(XAX + YAY + TAZ) = Aﬂxa
3.10)
. R Z R ? _
M+ g ;-3—13-3% -I;B—Y(XAX+YAY*ZQZ)=ABYa (3.10)
3.11) . R R ?
FaVARS &, —;5 N - 380 ;3- Z(XAX + YAY + ZAZ) = Aaza
or three simultaneous linear second-order equations which may be sglved to yleld
the relationship between velocity and position errors (ak,of,82) and (&X,4Y,42)
3.17) and the errors in sensed eccelerations. The coefflcients in the differentlal

equation ere tresjectory-dependent, i.e., R,X,Y and Z depend on the trajectory.

§
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As will be geen in the next section on foreing functions, the errors Aaxa, A&Ya and
AaZa are salso trajectory-dependent for the most part.

In the actual computer program the equations are solved in the earth-centered
inertisal coordinate system XYZ. The position and velocity errors resulting from
the solution are printed out in the XYZ system, the xyz or platform system, and
the XA,yA'zA or eccelerometer system. The target misses are also printed out, but
of course these are independent of the coordinate system. In actuality, the misses
are computed in the XYZ system, the miss coefficients having been appropriately
transformed from the xyz system to the XYZ system.

Since the sensed accelerations are measured in the xA,yA,zAsystem, it is of
interest to point out the relationship between the sensed acceleration errors
AAIa in the XYZ system and the sensed acceleration er-or AAaA in the accelerometer
system. It is, by virtue of relations (2.1) and(2.4),

A, = QAL (3.1
from which it follows that

= M'O!
AAIB. M'q AAa.A (3.1
since the inverse of Q,viz. (QM)"1 = (QM)' = M'Q' where the prime denotes transpose.

Thus, equatiox {3.15) becomes

R Z R’
My + (8 3 ) o - (38, ;5—?1'&1) Pr = M'Q'M, (3

Equation (3.19) then expresses the relationship between the position and velocity
errors in the XYZ system and errors in sensed acceleration in the accelerometer
coordinate system. The next section 1s concerned with the form of AAaA and 1its
relation to the trajectory being used.
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L. FORCING FUNCTIONS

The term forcing function will be applied to the vector M'Q'AAEA and denoted
by the vector F. Thus,

¥ = 1~1'Q'm&A (L.1)

. The errors in sensed acceleration in the platform system, Ma.A’ may be expressed

a5
DAy = Ep + 3A 0 » (4.2)

where EA is the vector of errors arising due to accelerometer inaccuracies such as
bias and scale factor. The ternxiAaA represents acceleretion errors due to angular
errors in the platform. @ represents the platform angle matrix, and QAQA expresses
the spurious accelerations sensed by the accelerometers due to the platform mis-

orientation resulting from either initial platform misalignment or from gyro drift.

3.17)
The § matrix is
_ . I
o 4, B
3.18) _ )
8- |4, © # (1.3)
€, ¢ -¢ O
L y X .
where the angles ¢x’ 'éy and yﬁz represent rotations about the Xas¥p and Z, axes,
respectively, :
3.19)

From (2.1) and (2.4) it is seen that A_, may be oxpressed as

al

Aop = WA, (b.4)
but from (3.6) Ay = A, + G B0 that

A, = Q (A -0) (4.5)

e
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Thus, from (4.1) and (4.2) above, the forcing function F may be expressed as
F = M'Q'E, + M'QEM (A; - G) (k.6)

Section 5 1s concerned with the general forms of EA and § due to accelerometer

errors, platform angles, and gyro drifts. DBefore proceeding to Section 5, it will

be helpful to describe the gyro and accelerometer axes.

Two two-degree-of-freedom gyros have been assumed and their orientation restric-

ted to cause the three input axes to form an orthogonal set. The axes hl, fl, f2 are
the axes of the number 1 gyrc with hl the input axis. The axes h2’h3’ f3 refer to

the number 2 gyro with h2 and h, the input axes. With respect to the Xpr Ypr Zp

3
system and consequently with respect to the xyz system, the gyros may be arbitrerily
oriented, subject only to the constraint as mentionedabove, so that the three input

axes form an orthogonal set. Figures 4.0l and 4.02 illustrate these orientatlions.

GYRO NUMBER 1

z, angle about when

T =
2 v, z axis V. =B, =0
\ 2 A 2 1

. w2 fl axis fil =0
1
; Bl hl axis l
L T
- 7 /*
— 1




GYRO NUMBER 2

A

R ok g et b i o A7

FIGURT k.02

Thus, the orthcgonal set hl’hz’
matrix.

e

cos wz cos Wl

(~-cos Bz sin Wl

R =  -sinp, sin ¥, cos ;)

(sin ﬁz sin ﬁl

-cos B, sin *2 cos Wl)

h, is related to the x

3

TR-59-0000-00064 T
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about when

Bz f exis

Gyro Orientation

cos vz sin *l

(cos 52 cos vl

A

1 Ypr Zp svstem by the rotation

sin *2

s8in 52 cos va

-s5in Bz sin *2 sin Wl) (4.7)

(-sin B, coB ¥,

-co8 Bz sin *2 sin Vl)

cos 62 cos *2
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a
h h
3 2
i
\ YA
hl
*A
FIGURE 4.03 Gyro Orientation

Thus, rotations about the X,,y,,z, axes, ﬁx,ﬁy,ﬁz, are related to rotations due

A
to gyro drifts sbout the h,,h,,h. axes, say ¢1,¢2,¢3, bty the relationship

3
(8] (¢ ]
bl -wr |%2 (4.8)
_ﬁz_J ,¢3_J

where R' is the transpose of (4.7). It can be shown that as a result of (4.8)

the § matrix, (4.3), may be written as




z
i
!

i

{
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Thus, the forcing function (4.6) may be written ae
F = M'Q'E, + M'Q'R'$, RRM(A, - G) (k.10)
where $, 16 the matrix .n (4.9), viz.
" ‘ 7
Qh = "3 0 ¢l (‘hll)
‘ﬁz ".#1 0—

It should be pointed out that the gyro arrangement need not necessarily be two
two-degree-of -freedom gyroe. Any arrangement wherein there are drifts about three
orthogonal gyro exes may be used. As a matter of fact; meny cases of non-orthogonal
axes may be treated by using one set of values of the anrles in the matrix R for
the number 1 gyro and in an independent computer run use another set of angles in

R for the number 2 gyro.

Certaln types of accelerometers and velocity me'.ers are such that the plane
in which the pendulous element moves and which ccnte..ns the sensitive axis mey be
at an asrbitrary angle with respect to the Xps¥pr%p system. Denote the axes of
the meter itself as 1,2,3, where 1 is wne gensitive exis and axes 1 and 2 define

the plane of motion of the pendulous element. Axls 3 completes the orthogonal set
and is the axis about which the pendulous element rotates

3

D )———— ———m— 1 Sensitive Axls

a~ ,,):E;

Pendulous Element
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Figure 4,05 illustrates two possible orientations of the 2 and 3 axes for

the pitch accelerometer.

Orientation 1

//// i
3
1 Y
3 A .
Orientation 2
21
*A
FIGURE 4.05 Accelerometer Alignment

Due to the physical nature of the meters and the unequel accelerations along
the Xpr Vs and z, @xes, there may be some preferred orientation which minimlzes
the cross-axls accelerstion errors. For this reason, provisicns in the program
have been made for arbitrary orientations of the meters about the sensitive axes.

The cross-axis accelerations {accelerations slong axes 2 and 3) are

azx 0 Ccos ex gin Ox axAW
- e . , (4.1
azh sin Oy 0 cos ey LN ( 2)
LaZzJ -sin Qz cos Qz Q azA
— P - -
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where 8oy is ¢he acceleration along axis 2 of the x or range acceleronmeter, azy
the acceleration along axis 2 of the y or lateral accelerometer, and where Ox is
a rotation about the seneitive axis of the range accelerometer, Gy is a rotation
ebout the sensitive axis of the lateral accelerometer and Qz is a rotation about
the sensitive axis of the pitch accel¢rometer. The angles are described in
Figure 4.06. Although the accelerometers used here for illustration have a pendu-~
lous element moving in the 1-2 plane, the relationships given in (kL.12) and (4.13)
may be used for other types of instruments for the study of cross accelerations.

PITCH
2
Ya
Zp
,/
Xy LATERAL
ZA
RANGE —
1 YA
2
ey
2
Y . s Gy
A
3

FIGURE 4.06 Accelerometer Alignment
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The next section describes the forme of the elements of EA and ¢ and.@h in
terms of missile accelerations and actual component tolerances and the manner

in which they are identified and entered intc tie program.

5.  SIMULATION OF ERROR SOURCES

The purpose of an inertial measurement unit is to provide, as its output, a
true indication of any acceleration (excepting gravity) the unit is experiencing.
To accomplish this, the function relating accelerometer output to input should
be well known; and the orientation of each accelerometer, with respect to some
coordinate system, should be well defined both in space and time. When these
conditions sre not satisfied an acceleration error appears, and it is the purpose

of the vector
F = M'Q'EA + M'Q'R'«phnqm(AI - G) (5.1
to evaluate this error.

Broadly speaking, acceleration errors can be catalcgued into two classes. The

errore arlse because:

CLASS 1: The accelerometer output-input relation is not well
known (e.g., scale factor uncertainty) or is non-
linear, or the accelerometer is misaligned with respect
to the platform.

CLASS 2: The stabilized platform on which the accelerometers
rest 1s initially misaligned or has rotated from its
correct orientation.

The two classes can be associated with the two parts of the vector ¥ as was
discussed in Section 4. Thus, to simulate Clase 1 errors EA must be evaluated;
while for Class 2 erroxs Qh must be formed. The rest of this section will be con-
cerned with the simulation of each class with attention being focused first on

Class 1 errors.
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Clasgs 1 Errors

Exror sources which fall in this category are:

| {(a) Accelerometer misalignments with respect to the platform.

i (b) Uncertainty in zero setting (null shift or bias).

i (¢) Linear scale factor uncertainty.

i (d) Non-linear teyrms in the input-output relation - proportional to square,

cube, cross-products and absolute value of acceleration.

To simulate Class 1 errors the following general vector has been programmed
for evaluating E,.

A
11
Ep = Mgyt Z MeiAet (5.2)
=2

5.1)

where the MEi are 3 x 3 matrices, ard the AEi are vectors whose elements are

functions of accelersation.

FElli FElo—’ FEzo Ear Ezg ';‘xAﬂ rE30 By E32_ i‘va)gd\j
EszEbl = Bt 5E23 Ean Eas| |%ya iE33 3 F3s iabzfA
J3 e Ec"326 a1 Fag) %z E,E36 B7 Eyn) %
(B0 By Byp| [oa] Eo For Esp| |
*1B3 By Bys 53A * P53 Fou Fos| |AEs
3




TR~55-0000-0004 T

Pege 20

Equation (5.3) continued
*_‘ - T -- — -~ ' T
Ego Pa1 Ega| ||oaxle % Foo Boz Eoz||leax! - 2xa

E )

* 1B Faw Bas| |IPay|- %yal * [Boz Bon Fos||[P3y] - %ya
| Bss For Faa) %2zl % Zo6 Bo7 Fog)|[P3] - ®aa
- ~ o~ - , -
Ei00 Fior Fioz Ej10 Ein ’311:2T

* 1B103 Fioh Fios| {%E10| * [Fiz Fawy Fuis | | 2en
| 106 Fi07 Fro8) | s Bair Eas ) |

axA’ayA’azA are range, lateral, and pitch accelerometer sensed accelerations; and
8oy Boy gy B3y B3y B, BTE defined in equations (4.12) and (4.13) with Byp Bypr
e\ again defined to be sensed accelerations. Note that provision has been made
for simulating any function of acceleration by leaving AEﬁ’AElo’AEll undefined.
Thus, regardless of the error source, if it can be 2xpressed as a function of

acceleration it can be simulated in this program.

By use of this general vector the error sources listed above can be simulated

in the following wayes.

8, Accelerometer Misalignments with Respect to the Platform

Figure 5.01 shows the miso-lentations of the accelerometers that are to
be simulated. Bxy is the angular rotation, in radians, of the x accelerometer
toward the Yp axls, ﬁzx is the rotation of the z accelercometer toward the X
axis, and similarly for the others.

I



FIGURE 5.01

The acceleration errors resulting from such misorientations are simulated by the

foliowing.

EA = MEZAEZ =

o |

[ =

X
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Bzx\ /
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\/,f” ‘byz y
/7 o~ A
A1 “-Jﬁyx
Re, 7/ !
Y, /
/ 5xy
/
/
/

Accelerometer Misalignments

- -

axz a’xAT

Byz ayA

0 a 2A
- - -

(5.4)
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b. Uncertainty in Zero Settiug (Null 8hift or Bies)

If.ax,ay,az represent the shift or bias in the zero settings of the

three accelerometers, then the error in the indicated output can be represented

by

R
xQ
X
EA = HEl - ay (5.5)
s_az_J

c. Linear Bcele Factor Uncertainty

Uncertainties in scale factor setting give rise to errors which can be
simulated by setting the elements of ME2 to

ex Q (0]
My, = 0 e 0 (5.6)
O 0 &
then
Ey = MpAg,

where cx,cy,ez are the uncerteinties in the range, lateral, and pitch accel-

erometers, respectively.,

a. Non-linear Terms in the Input-Output Relation

To illustrate the simulation of non-linearities, the hypothetical relation
- 3
a 8, + Ka7p + K, ENEEN (5.7)

out

vwill be assumed for each accelerometer. Then
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N P P _/‘3 r
AuA UL s 3y hlJA + hz [aA

Y {5.8)

represents the error in the accelerometer output. BSuch errors can be simula-

ed by setting

i
| T e
1x 0 0] aa
i . 3
5) Ea = Mmfpn * Meefps = |0 Ky O 55
: 3
¢
L ° “z LBZAJ
K,, © 0 laxA‘ .8,
+ 10 sz 0 |ayA‘ . ayA
00 Kyl (%l -t
6)

where Kli’K21 are the coeificients for the ith accelierometer. More examplies

of such simulations will be presented in Section 6.

In all of these illustrations, in fact wheaever the vector EA is being used,
1t is necessary to specify the angles gl,§2, §y or 91,92, depending on the cption
being used to specify accelerometer orientation (see Section 2).

Class 2 Errors

Error sources considered to fall in this category are:

(a) Initial platform misallgnments.

(b) Piaiform rotations due to platfiorm elasticity.

7 (c) Platform rotations due to constant or accelerstion-dependent gyro

drift rates.
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When pla*form rotations are considered to be small, the acceleration error

can be found from
M =-g xR (5.10

where 3 denotes the anguler rotation vector of the stabilized platform with
respect to its proper orientation. Expanding the vector cross-product in a

coordinate system defined by the axes h

l,hz,hS ( see Figure 4.03), and putting

the result into matrix form, yields

oy = §ihy = §RA, = B RQM(A; - G) (5.11

where §, is defined by equation (4.11) and R, defined by equation (4.7), rotates
accelerations along accelerometer coordinates into the hl 2,h3 axes, Multiplying
by R' rotates the acceleration errors into accelerometer coordinates, and multi-
plying by M'Q' completes the rotation into ECI coordinates in which the differential

equetions are solved. To simulate Class 2 errors the rotation vector, z; must be

» h

evaluated, To accomplish this, a general vector G has been programmed from which

¢ is evoluated by either of two options.

Qgtion 1:
— ' - “
$1 Gy
g=|8,| =6=]6, (5.12
P G
L 3 _ 3d
— _
gEtion 2 \/5
G, dt
. 1
$, | °
t t
$= |4, =f Gdt"fGth (5.13
o o
¢3J t
[ o
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1,
1 = 5. 1
G =M.+ >44 Mashoy (5.1k)
i=2
5.10)
: in which the MGi are 3 X 3 matrices and the Agi are vectors whose elements
{
l are functions of acceleration.
|
|
= 9 - = _ - - - — -
Gy %10 Gon Gy Gyl '.%3; C39 G531 G3p ahﬂ
i
S 1) G = G2 = Gll + 023 qu G25 a5 + |633 G3h G35i !ufl
¢ ﬂ 5
!
o3 | 12 %26 271 Y28 'Lan3_1 36 G317 38| %y
Gy Gy Gp.: |a N G.. G.. G..| &..a
L 40 L1 2 £3° ®ng 506 51 52| '®h1i %1
: i
Y 1%3 %u Sus| 1%n2c ®n3] * %3 Osu Oss| (810 fpp (5.15)
i ’ |
. -~ D S s o~ -l ;f [e]
G Guy (‘uo! T3t 23 L(‘jo Gsr G'g_ Urzs %
[ i P I
S60 S61 C6p) A S0 %71 %72 !
\ * %3 Y6 Ces| |Pael * |73 Su C1s Ac7l
D.12) i ! ;
S5 %1 %) || |06 orr o |
As in the vector EA’ provision has been made for simulating any function of
acceleration desired by leaving AGé and AG7 undefinei. The acceleration vectors
sppearing in G are defined by
5.13)
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- - — 1 and
813 fxA ®n1 N
8, =R B a1 =8 aa (5.16)
L 3] ®zA | ®re | | %24 |

The matrix S is identical to R except that BZ must be replaced by Sl ( see equation
L.7). Reference to Figures 4.01 and 402 shows that the effect of the matrices S
and R 18 to rotate accelerometer accelerations into the axes defining gyros 1 and
2, respectively. Note that the matrix R is also used in the vector F to obtain

accelerations along the three gyro input axes, hl,h sh_; or, from another viewpoint

3
it is used, as shown in equation (4.9), to obtain

é = R'QhR (5-17)

vhere § is the matrix containing rotetions about platform Xx,y,z axes. It is impor-

- ‘--l- -l

- 4 A A
Y DTG Add [TV VIV O VA Wi

[¢]

a. Initial Platform Misalignments

Normally, initial platform misalignments are given about platferm Xx,y,z
axes as 6_ ,¢ _,p . By settingy, =¥, =P, = 0 in R, in which case R become:
XC" " YO0 © O R
the identity matrix, the vector g becomes, from equation (4.8),

(4,]  [4]
bal = | by (5.18)
%3] |22

and ¢ = 6h from equation (5.17). As can be geen from figures k.0kand 4.02

such a choice of angles does indeed cause the h, axes 10 lie along the x,y,2z

i
gxes. The simulation is completed by choosing Option 1, 1.e., ﬁ = &, and

Y v S —
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) Ve
%10 Bro
16 =
) 611 ¢yo (5-19)
1
G12 Br0
in equaiion (5.15).
If, however; the initial platform misslignmsnts were given sbout axes
other than x,y,z, say accelerometer axes, which were rotated through angles
!l,§2,£3, then the simulation would be effected by setting
v [ [ ¥
! b 0 b0
L7) .
VoI = |8, » 6 = 6 and @, = ¢20 (5.20)
B ¢ g ¢
2 L3 L 1<) |- 30,
In effect, the h1 axes have been placed parallel to the accelerometer axes,
acceleration errors computed, and then rotated back to platform x,y,z axes \
and finally, as is done in all cases, into BCI cocrdinates,
b. Platform Rotations Due to Platform Elasticity
If the platform rotates when accelerated, the indicated acceleration
errors can be found by choosing the angles *1’ *2 snd Bz, such that the hi
q axes lie along the axes about which the platform rotates; and using the
¢ )
) vector G to simulate the axpressions which relacve rotations about the hi axes
to rccelerations along these axes. For example, if
B) = Kyfyy + Kooy + Kazpoeg
= . 2.
g, =0 (5.21)

“
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the simulation would be effected by choosing Option 1, i.e., ¢ = G, where

- - - o~ -
P(l o K| [ag 0 Ky 0 [agy-mp,
I

G=MG2AGZ+MGhAGh= 0 0 0 ool + 0O 0 0 ahzoah3 (5.2
‘O Kh K5 ah3 Q0 0 (¢] ah3- af3
(- o L_ J _J

NOTE: 81 = Br3 ( see Figures 4.01 and 4.02)

In the two examples given thus far, the matrix R has served as a means of
obtaining accelerations slong the h1 axes with no mention of gyro exes. The h1
axes have been used as an intermediate set which in some cases are more convenient
to use than platform X,y,z or accelerometer axes. In the case of gyro drift rates,
the h1 axes will be used to represent the three axes stabilized by the gyros. The
matrix R, though still ueed in the vector F to obtain accelerations along the h1
axes, 1g looked upon more as a meens of obteining accelerations along the axes of
g€yro 2. The matrix 8 is, of course, -.sed to obtain accelerations along the axes
of gyro 1. Because the simulation of gyro drift rates is dependent on specific
gyro orientations and drift rate equations, examples will not be given until
Section € in which a specific gyro system will be simulated.

Before proceeding to Section 6, it should be pointed out that the vectors EA
and G can be used simultaneously, but that only one optic i may be used for evalua-

ting § ror any given simulation.

6. DETAILS OF COMPUTER PROGRAM

To use the program it is necessary to provide a tape on which are recorded the
sensed accelerations, position, and range from the center of the earth of the missil
as & function of time, all in ECI coordinates. It is adventageous, but not neces-
gary, Tto have recorded, at burnout, the missile velocity components in ECI coordin-
ates. Once such a tepe is made avalleble, the input required for evaluation of
error sources 1is:

(8) General Input

1. Azimuth angle A
]
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(n) Generai Input (continued)

j 3 4 a . n) o nd
‘. Gravity components in ECI coordinates if (hlo"ll’blz) or (G

are to be computed (see examples for use of this feature).

1000217032

(1) For Vector E,

1. Angles £,E8,.8 or 91.9

1772 73 2

,a. ) are being used

6,8, it (8,,8,08, ) or (8,838,

2. Q.,
x' Ty’ Tz
3. Elements of the ME matrices

{c) For Vector G
1. AﬂSles vl) vzy ﬁllﬂz
2. Whether Option 1 or 2 is being used
3. Elements of the MG matrices

Elements and angles not specified are assumed to be zero. All angles should be

given as positive numbers in degrees,

¥igure S.Qlchove how cutput informetion ie¢ presented. Blocks 1 and 2 repraduce
whatever _nput has been provided to the program, while Blocks 3 and 4 present the
errors ccmnuted as a result of this input. Position and velocity errors are printed
in accelerometer, platform x,y,z, and ECI coordimtes; and if burnout velocity has
been recorded on tape, perturbed pocition and velocity vectors ave printed in
ECT coordinates which can be used in free-flight programs to determine the target
miss. The target miss, in terms of down-range and cross-range miss, is computed
in Block L4 if mise coefficients are provided.

The term "coupled or uncoupled” 1s used to denote the form of che differential
equations being solved. That is, one has the option of solving equation (3.16) with
8, + 0 or 8, = 0, in which cases the equations are said to be couplec or uncoupled.
Uncoupling the equations eliminates whatever effect AG (equation 3.12, gravity

computation errcrs) may have on the final position and velocity errors.
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&y (£t/sec”) R, aunch (z¢) ‘L (aeg)
#1 (deg) 5 (deg) A (deg)
ECI
BLOCK 1
Miss Coefficients (;t/ft) (ft/ft/sec) >
My X N & & N M
Mo & oA Az X N
_______________ /
Title 10ptionalf Coupled or Uncoupled \
& t2 43
el 92 all angles in deg.
Trajectory
Identification ex (] Gz
Number Y ALOCK 2
*l "2 oY ’
Bl fi.z
elements of matrices in G
elements of rutrices in IEZA <
Errors in t A% oY Oz (rt)
Accelerometer .A .A .A (ft/ )
Coordinates A’_‘A AYA AZA sec
on .0 -t :“!GEC"\
o%, o, aZ (0
Errors in Launch t ax oy 0Hz
Point Coordinates OHX \q Oz
(x,y,2) &% oy OZ
Errors in ECI t &X oY favA ) BLOCK 3
Coordinates X aY A ’
oX oY VA ,
Flemants of @ t gSl ,‘,2 63 {red) i
Elements of ¥ ’Sl ;52 ,63 (rad/sec)
EC1 Position and t X Y 2z (fe)
Ahcceleration R (rt) ¥ Y Z (£+/sec”)
€I Prrturbed t X Y 2 (re)
---- Ation ¢ klocity X Y Z (ft/sec) Y RLOCK &
oen M (ft) Me (re)
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Though not indicated in the output format, provieion has been mede in the
program whereby initial conditiones can be pleced on AK,AN,AZ,A*,A&, and A7,

Figure 602 indicates the manner in which the computer input is utilized and
how the program operatea. A test for non-zero matrices is made thereby eliminating
time consuming operations with matrices that are identically zero. -te the follow-
ing abqut the mar.er in which output information is printed:

(a) Block 1 is printed only once for any given trajectory.
(v) Block 2 is printed only once for any glven case.

(c) Block 3 only is printed at optional printout times.
(d) Block 4 is printed only at burnout.

7. EXAMPLES

To demonstrate the use of this program, several examples of error sources that
have been simulated with this program will be presented.

Class 1 Errors

Non-Linear Terms in the Input - Output Relation

The accelerometers used in one guidance system are of the pendulous type
shown in Figure 1.0k and are oriented on the platform as shown in Figure 4.06.
Three axee, 1,2,3 are used to describe the accelerometer, with axis ) the sensitive
axis. The equation

Byt = Co * 8y * Cpay ¢ Czial|al + C3|az\al + Céazal + Chla3|al

3, cial !
+ Cgay + Caoy - (Cy8) + Cpley) 8 + Cgley)8y + Cz8 « Cyley 6

+ 0551 " cgglz) (7.1)
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has been used to relate output to input acceleration for any given accelerometer
vhere 8, = a, the acceleration along the sensitive axis, and 8y B, 53 are gravity
components af:pea.ring along the three axes at launch. The error in the indicated

accelerometer output is then
.S -8 (7.2)

For demonstration purposes, and because the rest of the terms are simulated in a
similar manner, only terms involving C_,C! and C_ will be simulated. For these

3’73 5
terns
Ep = Mgy * Mpghpg + MpApy + Mphpy
E c..0 0 | ict.o o
10 3x 1Baxl 2xa 3x 82x ZxA
' )
Ell +10 CByO |‘2yl ayl\ + [0 C3y0 e'2y a‘yA
| | v
Ein 0 0 Cy l_aZzl azA-] 0o o C3;J ®2z B2
pr— — 3
5x 0O © 8la
+]lo c.. o0 a3 (7.3)
S5y YA
3
f 0 CSz_‘ azA
wvhere
P 3
L}
I”3101 C3x Baxd Bxa * C3x82xBxn * CsyBia
3
E = - {C + C! + C b
11 3y 182yl By * C3yBayByn * CoyByn (7.3
3
1
LEIQ C3z|622]szA ¥ c3z€2282A * c5zguy
In addition, the angles §l,§2,§3 or 61,92 must be 3pecified to define the accel-
rnrometer sensltive axes (xA,yA,zA) with respect to the platform (x,y,z) axes;
arnt the anglers ex,ay,ez mist be given to define axis 2 of each accelerometer with

Best Available Copy
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respect to the (xA,yA, zA) system. If, for example, axis 2 were along the z, axis
for the range accelerometer and along the YA axis for the pitch accelerometer

(see Figure 4.06), one would set 6, = 90°, 9,

= 180°.

Except for special orientations, the gravity components 51,32,33 are complica-

ted functions of the_argles specified above, thus necessitating a lengthy computa-
To eliminate this computetion (especially
desirable for optimization studies where the angles are being varied) the computer

tion to evaluate eguation (7.4).

has been programmed to perform this operation at t = Q.

The computation is made

as follows:
- 2 3
El(; € | &
2 3
Byal = - M2 |8 |* M3 (&a|*MEw || * -
2
Eye €2a €24 | 33:.1\ Y

In other words, the acceleration vectors appeering in E, are computed at t = 0

A

in terms of gravity, matrix multiplications and summations are carried out, and

the negative of this sum put into the cells used for the elements E

E

1O’Ell’ 12°

To use this feature, gravity compcnents existing at launch, and expressed in ECI

coordinates, must be provided.

Figures 7.01 and T7.02 are examples of the ocutput obtained when C

c5z are similated individually. Th: elements EJO and Elz have been machine
computed by use of the feature deecribed mbove. The following input was required.
Figure 7.01 - C B, =0.1x100 8 =20° ¢ = 315° & = 4s°
3% 80 : x 1 *2
. ~ -6 ) B o &0
Figure 7.02 - €} E,, = 0.1 x 10 6, = 10 £ = 315 £, = U5
. N -6 PR o
Flgire 7.92 - Cg, Eg < 0.1 x10 &) = 315 £, = b5

pon, wravily comnonents

3x’céy and

and miss coefficlients were provided.

Best Available Copy
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' In another guidance system the accelerometers are oriented such that their
sensitive axes lie along the platform (x,y,z) axes, i.e., I P g3 = 0, The

| 3
x| i equations used to describe the error in their outputs are
" |
5 = 2 3
- : By = Koyt Kpa + Ko Y Ka + K (2531
[ o]
» 2 3
L =K +K a +K a“+K,a .6
. ': Boyn = Poy * Payty * Raydy 3y (7.6)
> A M, =K +K a +K.=8 c + K. & 3 + K a8
é é ZA ~ oz 1z z 22 2 3z 2 bz l x z'
g o
2 32
& 9 Since |axaz| = exaz for this system, the equations can be simulated as follows:
w
Ey = Mgy + Mpahpp + Mp3fps * Mplp, * Meriey
z Y ' ™ B ( .
» Kox |¥ix O o-} ox© O 3x 0 O Ky, 00
c | '
. =l N ¥ A 1 ¥ 0 A+l x. o 4 . +ln O A
oy' 10 Kap @ P fmet(® Ry ? fmst (Y Ry © i'm*" 00 ey
K 0O 0 K 0 0 K ¢ ¢ K ¢ 0K
b i
§ i ; (7.7)
S | 'where o_ = 90°, o_ = 270°.
2 x z
>
2
«Q
<
[ =
- :
1 E ‘Class 2 Errors
|
| Platform Rotations Due to Platform Elasticity
o
: | The platform in one guidance system is such that when subjected to accelerations
ﬁ ! it tends to rotate, with the rotaetion being directly proportionsl to acceleration.
-
i
i

(7.8)
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From equation (4.0) when ¥ = ¥, =P, = 0

AEEES
¢3 L¢z

With such a choice of angles, the error source is similated by choosing Option 1,
i.e., §=G; and

; o )
i 0 ) dax af3

G=Mhgp= 0 © O g | (Bpg = 8y = 8))
[?z 0 O_J L?h3

The only input required to simulate this error source is

-1
]
(2]

A
(o]
L1
&

G = O
26 z

Figure 7.03 is an exsmple of such a simulation where ax =a, = 0.2 x 10-6. Note

that since all angles are zero, none have been ﬁrinted.

e Tiaod Lok Pprapa—.
IO LILL UV nEauveb

o

A typical gyro can be defined by three orthogonal axes, S, IW, W, as shown
in Figure 7.0L,
8

-

(7.9)

(7.10)



The acceleration-dependent drift rates about axes IW, OW can be represented for a
certain system as

1w = Bgey * Ogepy - Bopueg - Kuagary
(7.11
fow = Bs®ow * Bow®s - Kowdstow

B,,G,,BG, are ball, gimbal, and ball-gimbal unbalances along the 1" axis, and

Ki = (KS - Ki) is the difference in compliance bctween the spin and 1th axis.

A platform can be stabilized by two such gyros oriented with respect to the
platform as shown in Figure 7.05.

z
(vertical) N
A y
it
GYRO 1
/ \r
. B
v /
Jv N\
-8
( slaved)
8
(\ CYRO 2

\/
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‘s commconly used to define the (-8) axis of To 1 (ritch &T0).

-3 . G - 33 . ‘
®51%w1 T VsitrWd r1%:1 " Ka®sitraa
= + 0 - BG -
Ss2%1w: ¥ Ogefrwz T T9twalsz - Krwz®setIwe

= RN -+ -
BeoBouz ¥ Powz®s2 - KowzBszBowz

I is sleved; thus, tiree Arift rate equations sullice to descrite

(7.12

Tnis orienvation cen be simalated in the error analysis progresm by choosing

Wz, and 8, ené defining the gyro axes as shown in Figure 7.06 (refer to Figures

(R

O

GYRO 1

GYRO 2
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It 15 necessary to add the 2700 offset in defining Bl because in the simulation Bl

is used to define axis :t‘1 with respect to the (-x) axis, where ﬁl 18 measured

counterclockwlse about hl' When defined in this manner, the angle p, defined in

Figure 7.05, 1s equal to 7. Equations (7.12)now become
#1 = Bg1ny * Og1%1 = Boru®es - Kpn®eoty
Bo = Bgotyp * Ogofyy - BOpyners - Kyyoteae, o (
B3 = Bgolys * Boygles - KoyoBeasy s

Under the assumption that &, & 0, then 83 = 8y = 0, and equations (7.13) reduce to

£, = Bopee, (dropping the minus sign)

$, = Bgotpa + Ogotyp ("

.u =B

P3 T “co®n3

t
Equetions (7.13) can be siiilated by choosing Option 2, 1.e., ¢ =\jr Gdt end

G = Myohse + Yogho3 * Muhoy * Mosas

—~ - —~ T
0 0 o | (B.. + G,.) © -BG
81 " Ys1 W)
= |-BOpy, (G82 + Gsz) 0 As, + |0 0O 0 A03
_Bouz ) Bgy _9 o o |
. - _ -
0 0 0 0 0 Ky,
* 1*Kwe 0 o Ay * |0 0 O A5 (1
0 0 X 0O 0 O
L oMz) a _
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6

Figure 7.07 shows the errors that arise due to BGryu» where G = 0.301ik x 107,

32
1 By = 322% corresponding to B = 52°.

Constant Gyro Drift Rates

! Constant gyro drifts are simulated by choosing the same angles and option and
; setting.

(7.13) P10

o L"30~

Though drifts due to gravity are not subtracted out at launch in this cystem,

provision har been made to evaluate the elements GlO’G in terms of gravity

117%12

can be evaluated in the E, vector.

(7.14
1 ) components just as the elements ElO’Ell’Elz A

(7.15)
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