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ABSTRACT

The methods of geometrical optics are exterded so that they may
be applied to gyrotropic bodies. Various internal and external reflections
are considered at non parallel planar interfaces and means of determining
the ray path or directions of energy flow are derived. Non-planar geo-
metrics may be represented by the tangent planes at the various points of
incidence. A method is given for computing the phases of the various
fields, These values may be used to determine the reflected fields from
such a gyrotropic body.
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GEOMETRICAL OPTICS FOR GYROTROPIC BODIES

I. INTRODUCTICN

A modified geometrical optics method has been developed which
may be used to determine the electromagnetic scattering properties of
finite, homogeneous, isotropic bodies. The dielectric sphere and
cylinder have been used to illustrate the method[!] but is is not re-
stricted to such shapes. It has been postulated thac these same met-
hods may be applied to obtain the electromagnetic scattering proper-
ties for the gyrotropic case. Similar methods would also apply to
any anisotropic body. However, the usual form of geometrical optics
or ray methods essential tc the application of the modified geometrical
optics method is restricated to the isotropic media.

A version of geometrical optics is presented which may be used
to apply the modified geometrical optics method to gyrotropic bodies.
It has been shown for the isotropic case that the reflection and trans-
mission coefficients derived using an infinite planar geometry apply
remarkably well to curved surfaces with radii of curvature as small
as 0.1\, Such coefficients are thus considered to be valid, with the
exception of the region of Rayleigh scattering.

Reflection and transmission coefficients at a sharp boundary have
been obtained by Budden[2]) and Wait[3], and numerical data presented
by Yabroff[4]. Unz has used a boundary value soluticn to study the more
general problem of transmission and reflection at the planar boundary
between two semi-finite gyrotropic media[5], and also to study the
transmission and reflection due to an infinite gyrotropic slab[6].
Since there are generally two reflected waves and two transmitted
waves when a plane wave is incident from free space on an aniso-
tropic medium interface, there are two reflection coefficients and
two transmissions coefficients. These coefficients are different for
the two principle polarizations (parallel and perpendicular) as is true
for the isotropic case. The propagation constants in the gyrotropic
medium for two waves can be found from Snells law

sin €[ = n; sin 0p, = mz sin epz’

where 97 is the angle between the wave normal and the normal to the
interface (see Fig. 1).
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Fig. 1. Plane wave incident on a plasma gyrotropic interface.

Consider a plane wave incident upon the gyrotropic medium from
free space, as illustrated in Fig. 1. The two refractive indices, n
and n,, of two waves in the gyrotropic medium could be found from the
above equation if 8, and 6, are known; but the values of 8, and
depend on the orientation of the static magnetic field Y(YL,YT), which in
turn depends on n; and n,. Solving Maxwell's equations with the sus-
ceptibility matrix derived from the constitutive relation (see Appendix
II) yields the Booker Quartic equation (see Appendix I). This equation
may be factored to find the component of the propagation factor in the
vertical direction (i. e., normal to the interface). The other components
of the propagation factor are those of the incident wave due to the re-
quirement that tangential fields be matched at the boundary. Thus the
major step in obtaining the direction of the wave normal consists of
factoring this well-known quartic equation.

The four distinct roots of the Booker quartic equation are
associated with the angle of incidence. Two of these roots are associated
with the so-called upgoing waves and the other two with downgoing waves.
Two upgoing (or downgoing) waves incident from the gyrotropic medium

1116-45 2




on the "gyrotropic medium-free space'' interface sets up two downgoing
(or upgoing) reflected waves in the medium and two transmitted waves
into free space. Reflection at a second interface not parallel to the
original one requires that Booker's equation again be solved. However,
a transformation of coordinates yields the appropriate values of n,

for the incident wave and thus reduces the complexity of the solution.

The use ¢ 1on-paraliel interfaces represents the appropriate
approximation for determining the angle of refraction and the reflection
and transmission coefficients for two- or three-dimensional bodies with
curved surfaces, such as the cylinder or the sphere. The tangent planes
at the various points of incidence provide the appropriate interfaces
which are used to represent the body to determine these parameters, as
has been demonstrated for the isotropic body[1].

Determination of the refractive indices, the reflection and trans-
mission coefficients, and the direction of the wave normals does not, how-
ever, complete the geometrical optics formulation. It is also necessary
that the direction of energy flow, herein designated as the ray path, must
also be determined, since, in general, it does not coincide with the wave
normal. Application of the concept of stationary phase yields a relatively
simple expression for the ray path.

Conservation of energy now readily yields the magnitude of the
fields, with respect to some reference point associated with any diverg-
ing ray system within the usual restrictions of geometrical optics. The
phase of these fields (9) is readily obtained by using the component of
the vector propagation constant (11) in the direction of the ray path (r),
i.e.,», $ =n-y. Thus the fields may be written as

w(t) = A, %o F(e) TR T,

where .
Ag e3¢o is the field at the reference point,
(1) is the spatial attenuation factor obtained from the
conservation of energy, and
L is the distance from the reference noint along the
vector T {where £ = r in Fig, 4, assumingoasa’
reference point).

The above equation will be discussed in Section II-D.
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II. WAVE MECHANISM IN A GENERAL
GYROTROPIC MEDIUM

A. Wave Properties in a General
Gyrotropic Medium

Consider the case of a plane electromagnetic wave propagating
in a gyrotropic medium at some arbitrary angle, ¢, with respect to
the positive z axis. The usual spherical coordinate system is used
(see Fig. 1) and eJ®t time convention is assumed. Then

1) gkn.r_ -jk(Six + Sy + qz)
where
ln’ = £ is the refractive index,
v
k ==
c 2
¢ = velocity of light in free space,
q = n cos OP ’
n = vector parallel with axis of wave normal, and
r = vector from origin to the point (x,y,z);
and
(2) ‘ n"':Slz -}-Sz2 +q2.

The parameter q is the solution of a fourth order algebraic equation
known as ''Booker's quartic'[ 7,8] equation and has four roots. This
equation is given in Appendix A. Two of its roots (qi1, q,) are char-
acterized by

Im(q, )< 0 and Im(q:)< 0.

These give waves propagating in the +z direction and are known as
"upgoing'' waves[9]. The other pair, q3,qs, are such that

Im(qgs) > 0, Im(qs) > 0,
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and propagate in the -z direction; consequently, they are known as
"downgoing' waves. This value of Im(q) indicates the direction of
energy flow, while the value of Re(q) indicates the direction of the
phase velocity vector or the direction of the wave normal. The
paramaters S1 and S; satisfy

(3a) ' Si® + Szz = n sin ep s
q

(3b) COST’='S—1", cos-r”=§§-, and cosep‘—‘- ’
n n n

where 7', and 1", and Gp are the angles between the wave normal and
the respective coordinate axes (x,y, z). The angle ofthe wave normal,
8, shown in Fig. 1 is readily obtained from Egs. {3a) and (3b) when
Booker's quartic equation has been factored, i.e.,

[ 2
(4) 8, = tan”* \S1° 45,
q
In order to set up boundary conditions in as simple a manner as
ig practicable, it is necessary to express all of the fields in terms of
one field component, E,, in the manner developed by Unz{5]. This is
done by first writing Maxwell's equations for the gyrotropic media as

(5) [SlnH=- [I]E- 2~ P and
o
(6) [S]E = noﬁ’
where -
-
0 "'q Sz
- PO
[s]= |q 0 =S1ling= o
"'Sz S1 0 o
and

[I] is the identity matrix.

1116-45 5




The constitutive relation

- 1 — —_
(7) —P=[M]E
(o]

relates P and E, where [ M] is the susceptibility matrix. The
matrices [S] and [ M] are given in Appendix Il as developed by
Budden[10].

Substituting Eqs. (6) and (7) into Eq. (5) yields
(8) {{s}[s]+[1]+[MI} E =o.

Equation (8) is equivalent to three homogeneous equations with three
field components, Ey, Ey, and E,. Expressing Eyx and Ey in terms of
E,, from Eq. (8),

(1 -q*-8"+M_IE + (515, + M, Ey = - (S1q + M, ,)E, and

(S1S; + Myx)}z:x +(1 - qz -8+ MVY)EY = - (S,q + Myz)Ez'

Then
(9a) Ey = E, = -(S1g +M, ;) (1-g? -S1% + M, )+(S1S,+M, ) (S.q+M,,, ) .
) (1-0%- 52+ My N1 - - S+ M ) - (S1S+ My ) (S18,+ My )
and
(l-n%2-8.2
{9b) E =r.E_ = (1-9°-5, +Mxx)(qu+Myz)+{Slq+MXZ)(S),SZ+MYX)
y 'yt

E
l-g2_q.2 2_q,2 z°
(1-q2-5,2+M_ ){1-q3-S1 My )= (8154 M, )(S1S+ M, )

From Eq. (6) one may obtain

(9¢) H = xg =529 g_,
z Z
Mo Mo
(9d) HY=3XEZ = ST g and
o M,




-S,T
E = _2MxtSimy E, .

-/ nO

.:3}.:3
O N

(9e) H,

For each value of q (i.e., qi» 922 g3, q4)» one may obtain a set of
values as my, -n'y, Ny ny‘ N, Ez’ Ex’ Ey' H, Hy, and Hz.

Unz has applied equations of the above type to the boundary between
the gyrotropic medium and free space to obtain various reflection and
transmission coefficients for various interfaces[ 5]. In particular, he
has obtained the reflection and transmission coefficients for plane wave
incidence from free space up to gyrotropic media, from gyrotropic
media up to free space, and from gyrotropic media down to free space.
Without loss of generality, the coordinate system is chosen so that S; =S and
S, = 0. This reduces the complexity of the solution. These coefficients
are tabulated in Appendix III for the convenience of the reader.

B. Direction of Ray Path

One method of obtaining the direction of the ray path consists of
computing the poynting vector in the anisotropic medium. A much sim-
pler method, given by Budden[10], consists of the application of the
concept of stationary phase to compute the direction in which the energy
is traveling.

The phase of the electromagnetic wave in the anisotropic medium
is given by

(10) ¢ =k(S1x + Sy + qz).

The phase is stationary when its first partial derivative vanishes or

30 5

11 8¢ 99 )=

(l1a) 35, k(x+aslz) 0
and

(1) 22 =y +29 5 =0,

3S; 35S,
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The ray path is therefore along the direction that satisfies Eqs. (11) or

1 3] = X = -ig..
(12a) tan gs1 - 5 35,
and

12b) tan 04, =2=-_99 ,
( 82 2z 7Bs,

where 9, is the direction of the ray path measured from the positive z
axis (the normal to the interface as shown in Fig. 1).

Without loss of generality, the coordinate system is chosen as before,
so that S1 = Sand S, = 0. Equation {12) then becomes

0
13 t 0 = . 29
(13a) an Es, 0S) S1=
and
(13b) tan 6, =--3
an gSZ - 382 SZ =0

Booker's quartic equation is
(14) F(f)=o q* +Bq’+yqg?+t8g+e=0,

where the coefficients are functions of S; and S,. For the lossless
case, the collision frequency is negligible and

(142) = (1-¥?) + X(Y;2-1) = (1-Y?) + X(0,° y2-1)

(14b)

W
H

2X(S1Y,Y_+S,Y,Y,) = 245 XYX(S1£14S,2L,)

(14c) Y

~2(1-X)(C"-X) + 2Y4(C*-X) + X[ Y’-cy 2+ (51Y,<+SzYY)2 ]

2
-2(1-X)(C?-X) + 2Y(C*-X) + XY* [1-C2,%4 (S1214S,2,) ]

’

1116-45 8




(144) b= -ZCZX(SleYx-i‘S;_Yzyy) = -2C 3 XY2(514145,L,),
and
(l4e) € = (1L-XNC*-x%)? - C*Y}(CP-X)- CZX(S1YX+S;_YY)2

= (1-X)(C*-X)? - C*Y?(C?-X) - C*XY*(Sit1+S:L5)°

where €3, £,, and £ are the direction cosines of the Y vector with
respect to the x, y» z axes.

Equations (14) are valid for all incident angles or all values of
S. Thus

(15) dF(g) = dF(g) =0.
dS: ds,

Differentiating Eq. (14) with respect to S; yields

(16) dF(q) - 3F(g) g +3C #4038 240y 2+80 4 8e =g,
dSt  8q 0951 8S1 9851 - 85 9511 3§

. . . . dF
There is a similar equation for 'HE(;ql in which S; is replaced by S, .

Solving Eq. (16) for aﬁsgl— and evaluating the result at S1 = S yields

)
9B 3,8y 2,80 . B3¢
(17) tan 0, = 5519 55,9 25, % 55 |
8s, 9 F(q) :
9q
Si1 =8
when
[ s =0
9B 3,0y 2 _3_9_ o€
35,9 Y329 *35, ' 35,
(18) tan Ggs = o
2 (q)
9q J

1116-45 9




The derivative of the coefficients of Booker's equation may be obtained
from Eqs. (14).

C. Special Cases

The above system of equations gives a rather complete method of
determining the ray path. Certain useful cases are now considered to
demonstrate the application of these equations. In particular, for
S1=S5, S; =0, the derivatives of the coefficients of Booker's equation
may be obtained in the form

(lga) —=0 3

(19b) %8 . 2818, XY°,

95
(19¢) gg— = [4(1-X) - 4Y% + 2XY2 (12 +4,%)] s,
1
(194) 8% _ 22,6, XY? (1-38%),
05
ana
(19e) 5%5 = [-4(1-X)(C*-X) + 4C*y%- 2Y2X-XY?1,%(2-45%)] s,
. 1

where C* =1 - Sz .

If the static magnetic field Y lies in the x-z plane (£, =0), then
the coefficients B, vy, O, and € depend only onSi. Thus the partial
derivatives with respect to S; all vanish for S, =0, i.e.,

3a _ 3p _dy _ ab _ 8¢
9s, as, 8s, as, 05;

(20) =0

and

1116-45 10




D ]

(21) %Ei?l = 40q® #3Bpq2 +2yq+ 6= 0.
q

Several conclusions may be drawn from the above equations. Substi-
tuting Eq. (20) into {19) yields

tan egs = O

or

Thus the ray path must lie in the x-y plane when the static magnetic
field and the incident ray are in x-y plane, i.e., S1 =S, S, =0, and
EZ =0,

If the magnetic field is directed along either the x or the z
axis, then the four solutions of Booker's equation are related by
ds = ~-q; and g4 = -q2. These relations also hold for normal incidence,
i.e., S1 = 0, without this new restriction on the magnetic field. This
last case is of particular interest since the ray path retraces itself
upon reflection, in the case of the slab, as illustrated in Fig. 2,

Ray Path And Roy Path And Ray Path And
Wave Normal Wave Normal Wave Normal

Z

X-YPlane X-y Plane

(c)

Fig. 2 - Ray path and wave normal of a wave normally
incident into an anisotropic medium
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It is also of interest to determine the special cases for which
the wave normal and the ray path coincide. Thereare three such
cases. If the static magnetir field is oriented in the y direction,
i.e., £, =1 and £; = £5 = 0, then provided S; =Sand S, =0, Eq. {17)
becomes

3y 2+9¢

_ 235 @S
tan O, = sagiitng -

Substituting derivatives obtained from Eq. (14) yields

|4(1-X)-4Y*]Sq*+{ -4(L-X)(C*-X)+4 C*¥*-2¥*X] s
4(1 -X—Yz)q3+2 [ ‘Z(I’X)(CZ-X)-}-Z YZ(CZ-X)'*'XYZ ]q

S

(22) tan Bgs =

u

q

Equations (3a) and (3b) yield

(23) tan 0 = 5,
q

provided S; = 0, where ep is the direction of the wave normal with re-
spect to the z axis. Thus the wave normal and the ray path coincide
for this case of the extraordinary wave, which may also be provad by
use of the Poynting vector,

If the incident ray is normal to the interface, i.e., S3 =S, =0,
and the static magnetic field is oriented in the z direction, i.e., £3 =1
and {3 and L, = 0, then it can be readily shown from Eqgs. (17) and
(23) that the ray path and the wave normal again coincide with
% = 85, = 0. A similar result is obtained when the static magnetic
field is oriented in the x direction, These conclusions are summarized
in Fig, 3.

D. Electrical Path Length in
the Anisotropic Media

The electrical path length is to be referenced to the point of
incidence shown in Fig. 4, which is also the origin of coordinates,
i.e., x =y =2 = 0. Thus the phase of the wave at any point in the
medium is given by Eq. (1) as e IK® 1t the plane of incidence is
the x-y plane, i.e., S; =0, then

1116-45 12
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Norma! Incidence

Fig. 3 - Three special cases where the ray path
and wave normal coincide
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< .
~ a
\\ ~ Uy
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A
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Fig. 4 - Electrical path length in an anisotropic medium
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(24) 6 = k(Sx +qz) =k(n . 1) .
It is seen from Fig. 4 that this can be written in the form
{25) o = knr cos (Gg - BP) .

It should be noted that this method of obtaining the electrical path
length is based on a plane wave incident upon a planar interface. This
is generally true in the rigorous application of Snell's law, but its
application to other configurations has proved highly accurate and
extremely useful. For the present application it is the best available
approximadtion.

E. Modification of S and q on Reflection
from a Non-Parallel Interface

All of the equations for the reflection and transmission coef-
ficients at an interface are based on a coordinate system in which the
z axis is normal to that interface. If a ray is transmitted through
this interface to a second non-parallel interface, as shown in Fig. 5,
it becomes necessary to transform our coordinate system in order
that previous results be applicable.

Consider the phase of Eq. {24} in the original x, y, z coordinate
system. The new coordinates are

(26) x' = (x-a)cos 0+ (z-b) sin O
and
(27) z' = {z-b) cos 0 - (x-a) sin 6,

where z' is normal to the second interface. It follows that

(28) x=x'cosb -z'sinb+a
and
(29) z=2z' cosb+x' sinb+b,

1116-45 14
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Fig. 5 - Ray tracing for non-parallel interfaces

and Eq. (24) becomes

(30) ¢ = kS(x'cos 6 - z'sin ei‘a)¥-kq(g'cos €+ x'sin 6 + b)
or
(31) ¢ = (Scos 0+ gsin 6) kx' + {q cos 8- S sin 6) kz' + kSa + kgb.

Recalling that

(32) S =nsin 8y ; q = n cos 8,

1116-45 15




then

(33) o =kn sin(9p+9)x' + kn c05(9p+9)2' + kn(a sin 9p+b cos Gp),
or

(34) o = kn sin(9p+9)x' + kn cos(9p+9)z' +k(n-r)ato0',

or

{35) ¢ = kS'x' +kq'z' +k{n - r) at 0' .

Note that the x', z'in Fig. 5 for upgoing wave q' are all negative
values. In the following, the notation Si', S;' indicates the value of
S' for ray 1 and ray 2 at boundary B, respectively.

In the transformed coordinate system

(36) q' =n cos (QP + ©)
and

(37) S'=n sin(9p +6).
Hence,

(38) q' = q 225(%*0

cos Bp
and
(39) st = g 2inlpt9

As the two interfaces become parallel, Yvanishes and § = S'
and S1' = S,' = sin 67 as before. However, if 6# 0, then S' assumes
two different values for the two incident waves, as may be seen from
Eq. (39), since 9}',1 and 91')2 differ. Recalling that the coefficients
of Booker's quartic equation are dependent on S, it is clear that two
different quartic equations must be factored to find the values g,

1116-45 16




q3> q3'» and g4 in the primed system of coordinates. There are now

two sets of values for q'. One set of values (qi» g(3,» @ q (),
- is associated with S} at point Oy' (shown in Fig. 5); the other det

(qlil)z’ q'?'.’ .q'(s)z’ q4) is as's?ciated with S.'z at po.int O'z.‘ One of the

valnes (q) in one set and q, in the other) is readily obtained from Egq.

~— (38) for each set. Thas, the two sets of Booker's quartic equations
r>w may be reduced tv two sets of cubic equations, which must be
factored to find the proper values of q3 from one set associated with

- Q) and q) from the other set associated with q%.
In other words, ray tracing is accomplished by means of the
equation

(40) a'q” +B'q+ygP+bigi et =0

for the prime system, where B', y', 0', and €' are functions of S' and
_éfJ, a\{l 851, ael

Ll S gl are all knov uantities. For ray l at point Oy'
AST 85" B’ 25 T ° s point O

(:ee Fig. 5), since q1' is known, Eq. (40) reduces to

{41) ar'q® + g1 Far'q gt Hn' tprta' tar'q®) o

+(6' +yi'q' + ﬁ;'ql'z + Gl'q1'3) = 0,

where @1, B1's y1's and B1' are associated with S;'. Once the three
sol tions, q'f,y» a3's q'(4) » are obtained from Eq. (4l), the relation
has been estggllished that if

:‘Z) qll > ql(Z)l then
L} < 1

and q3' is the solution we are seecking for ray 1, on the assumption that
1Ry and ; Ry are negligible. Once q3' is obtained, the angle g}, is
given by

. ! = Sy’
{43) tan st ——

ds

11:6-45 17




and @'y, is obtained from Eq. (17).

Similarly, for ray 2 at point O,' we may obtain q4' from a cubic
equation similar to Eq. (41), but with respect to S;' and g;' at point
O,'. The coefficients of the Booker's equation may be replaced by
a,', £2's v2's and 8,' in Eq. (41). The g4' is chosen by the relation as
shown in Eq. (42) (if q2' < q{1), » then q4' > q'(3),). The technique
applied for ray 2 is the same as for ray 1. However q'(4)1 1s needed
to calculate |'Ry', and qy), is needed to calculate ' Ry' .

We need to note that the symbols Si', S;' used here should not be
confused with the symbols S1, S, used in Egs. (17) and (18). We have
mentioned that the plane of the incident wave is the x-z plane, hence
we use S instead of S1; and S,, which is zero, will not appear in the
following. When the incident wave reaches the boundary A (shown in
Fig. 5), Sis equalto sin 8. Once the incident wave is traveling in
the anisotropic medium, it will split into two waves. One of them
reaches boundary B at O1' (shown in Fig. 5) as ray 1. The other
reaches boundary B at O;' as ray 2.

At boundary B, the prime coordinate system is used; hence,

Si' = sin g'r, (for ray 1)
and

S,'= sin Q'Tz (for ray 2),

wheré G'Tl, Q'Tz are shown in Fig. 5.

At this point, the effect of the skewed interface has been
completely determined.

III. SUMMARY OF RAY OPTICS FOR ARBITRARY
GYROTROPIC BODIES

All of the fundamentals needed to trace a ray path through a
finite, homogeneous, gyrotropic body, and to compute the magnitude
and phase of the emergent rays, have now been developed by con-
sidering only planar interfaces. This might appear to be a severe
restriction; however, modified geometrical optics as applied to a
general isotropic body is also based on the planar interfaces. Snell's

~J
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law and the various reflection and transmission coefficients are

all derived under the assumption of infinite planar interfaces. Yet
this modified geometrical optics method has been remarkably
successful in computing the radar cross section for isotropic
spheres and cylinders. This modified geometrical optics method
also yields remarkably accurate radar cross sections for the plasma
cylinder with an axial static magnetic field[11].

The same assumption made in developing the modified geometrical
optics method in these previous cases would also be made here for this
general anisotropic case. That assumption is that the planar interfaces
of Fig. 5 would represent the tangent planes of any curved body at the
point of incidence and the point of reflection. The ray technique which
has been developed for finite homogeneous anisotropic bodies will now
be summarized.

A ray is incident at the origin as shown in Fig. 5. The value of
S is obtained from the incident angle 91as S = sin gy and C = cos 9y,
where it is recalled that the incident plane wave is given by

UI = UO e‘jk(SX+CZ) .

The parameters of the gyrotropic plasma medium are given by
X and Y which are given in Appendix II. The direction cosines, {1 and
L5, of the magnetic field vector are obtained in the x, y, z coordinate
system. These represent the physical parameters of the anisotropic
body to be treated. If that body has a curved surface it should be noted
that S is a function of the point at which the ray enters the body for a
partiéular plane wave incidence; or, conversely, that the coordinate
system of Fig. 5 is always chosen sothat the z axis is normal to the surface
at the point of incidence which coincides with the origin. Thus the
values of S, C, L1, £;, and £3 are all functions of this angle of
incidence 07,

Once @7 is found, values of S, C, L1, {;, and ! are readily
obtained. These parameters uniquely determine the values of the
coefficients of Booker's quartic equation (@,H, y, O, €) given by
Egs. (l4a-e).

It should be recalled that for our present case {, is set equal to
zero to maintain the refracted angle in the plane of incidence. This is
not an essertial step but simply reduces the complexity of the solution.
The more general case of £, # 0 would follow the procedures given




without any complication.

Once @, B, Yy, 0, and € are obtained, Boocker's quartic equation,
Eq. (14), may be factored 2za the four values of q obtained.

The two roots qi, q:(for which the signs of the ray path angles
le and fg, are the same as @) are the ones being sought since they
represent waves traveling in the positive z direction. Values of q;,
q; may not always be positive and represent waves traveling in
positive z direction. However, the ray follows the path along which
the energy flows. This is a practical way to check whether the qi,
4, are correct.

The values of the angles g, and g, are obtained from Eq. (17).
These angles are the directions of the two ray paths associated with q;
and q;, respectively.

The angles 9p1 and GPZ of the refractive index n will be useful in
the following calculations, and are readily obtained from Eq. (23)
using values of q1 and q,, respectively. The values of n) and n; are
obtained from Eq. (3). The relative phase of the ray at the point of
intersection with the second interface is obtained by use of Eq. (25).
It is necessary to determine this relative phase since the phasor sum
of the various scattered field components is to be computed to find the
total scattered field.

In order to specify the magnitude of the ray at the point of
intersection on the second interface, it is necessary to compute the
transmission coefficients at the first interface. These are given by
Eq. (49). At this time the reflection coefficient, which would be
associated with the direct reflected ray, may also be computed at the
first interface.

The fields associated with the two rays at their point of inter-
section with the second interface are given by

and

UT = UOliTZ e"jk[nz T2 COS(GPZ"GgZ)] ,
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where r; and r; are the lengths of the ray paths. The direct reflected
fields are given by

R _ -jk(Sx-Cz)
n Uil (a) = Uo JRyo © i
: and
R -3k{Sx-C
i “U-L(A) = Uo 4Rip © Jk(Sx- Ca)

It is now necessary to determine a new set of parameters associ-
ated with the transmission and reflection at this second interface. The
first step is to transform the coordinate system such that the z;' axis
is now normal to the second interface, as illustrated by the x1', yi', z)
coordinate system for ray 1 shown in Fig. 5. The values qi' and Sy’ of
the ray incident on this second interface in this primed coordinate
system are given by Egs. {38) and (39). The subscript (1) on the
coordinate axes refers to the system associated with q1'. A second
coordinate system designated by x,', y,'s 2z;' is associated with q;' for
ray 2. This is necessary because ray paths r1 and r, differ.

SIS ol ——

The value C1'2 =1 - §,** and the values of the direction cosines
£,' and f;' of the magnetic field are readily obtained in this new co-
ordinate system. The coefficients of Booker's quartic equation {a',
B', y's 0', €') now may be obtained from Egs. (14a-e).

I P o

For ray l, these coefficients are functions of S;' at point O1';
thus Booker's equation must be factored to obtain the roots qi' q'(?-)l’

Qs q'( 4) . However qi' is already known and Booker's equation
reduces to a cubic equation: Eq. (4l). This equation is factored to
obtain the remaining three roots q'(z);, g3, q' (4)1- The coupling term
is to be neglected in the following work but there is no real need to do
so except to minimize complications,

The desired value of q'3 is chosen so that if q'1 > q'(2);,» then
q's < q'(4)1, and the associated pair {(q'1, q's) is being sought. Now
(for ray 1) 8'e,, as shown in Fig. 5, is found from Eq. (17), and @'
from Eq. (43). The index of refraction, n'y, is found from Eq. (32).
The same technique can be applied to find q'y from q'; at point O,
for ray 2.

-4

f.

The point of intersection of these ray paths with the next interface
may then be found for the geometry being treated. In the example of

- R " |

| 1116-45 21




Fig. 5, this is the original interface. Calculation of phase at this
intersection follows the method described above. The reflection and
transmission coefficients at this boundary, i.e., at the point O' of
Fig. 5, are given by Eq. (50). At point O'1 the values q'1» q's» q'(q,)1
are used to calculate 'Ry’ and ;'T{, or.); at point U, the values q'z »
q's» q'(3), are used to calculate 'Ry’ and ;'T{y or.)-

The fields transmitted into free space at the second interface
are given by

"U"'I(‘IB) = U, T1 1 T, e I o-jk(Six)" +Cy'zy ),

IIU}‘(]_B) = Up yT1 1I'T, e—J%1 e-jk(Sl'x1'+ C'z;")s
and

uU}sz) = Uy ;T2 2 T e 3?2 o~ Jk(S2x."1C 'z, ") |
where

¢1 =knir, c0s(9pl - 8g,)
¢, = knpr, cos(6p,-0g,)

and all phases are referenced to the original origin of coordinates at
point O, (i.e., x; =y =2z =0)., The fields of the ray reflected back
to the anisotropic medium to the point O1'' and O,'" are

1 ¢
U(?B) = UO ,|Tl 1 Ry e"J(‘f’l +¢71')

and

R B '
U(ZB) = Uy, Tz 2tR4t € j(@z t92)
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A

where
| 4  § 1 1
Q1 = kn3 I3 COS(e.‘;)3 -9g3 )
and

@2 = kng rgcos(6p, - 6, )

and all phases are referenced to the original origin O.

By the use of ray optics for the anisotropic body, a ray incident upon
the body from the external medium has been considered and followed com-
pletely through one internal reflection. All of the fields associated with
this case have been given; and any additional internal reflections may be
treated simply by repeating these same steps. In addition any coupling
terms may also be readily included in any case where coupling becomes
significant.

Any changes in amplitude introduced by diverging ray systems;,
i.e., spatial attenuation, have been neglected. However, this
problem can be handled by the modified geometrical optics method.
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APPENDIX 1
BOOKER'S QUARTIC EQUATION

The wave form is

EXP{-jk(S1x + S:y + qz)} ,

and we may write symbolically

0 .

ax - TS
o .
——z—kS)
3y JKO;

and

8 .

— = -jkq,
0z I*q

where Maxwell's equation give

" .

(44) 0 -q S;; ! E, Hy
q 0 -8 Ey|=n, Hy |

5 s of E {H, |

Combining the above equations ard using the relation

= [P)=[M] [£],

€o

we get
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-

!

-
- -

! I
(45) 1-g°- 5%+ Myx  S15:+ Myy  Sig + My, E,
S1S;+ Myx l-q2-812+ MYY S;q t MYZ ! Ey =
|
2
Sig t M, S:q t M, CHM, | | B

The form of the above equation becomes
(46) Flq) =aq* t B +yg®+bg+e =0,

which is the well-known Booker's quartic equation.

Using the elements of [ M] we obtain

QR
i

u(u®- Y% + X(¥2- U?),

v)
|

=2X (S1Y, Y, T SZYzYy) ,
y =2U(U-X)(C?U-X) + 2Y}(C*U-X) +

X (Y°-C'Y5 + (81 ¥x45,Yy)7} ,
b =-20x (Si¥,y 4y, Y ),

and

m
]

(U-X)CPU-X)? - CPv?(C?U-X) - C*X (S1YxS2Yy )" .

All symbols X, Y, U are defined in Appendix IL
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APPENDIX II
THE SUSCEPTIBILITY MATRIX

U - l-—jz = l—J B— ’
w= operation frequency, €, = permittivity in free space,
V = collision frequency, Lo = permeability in free space,
YH=cyclotron frequency, N = number of electrons per
unit volume,
wyn=plasma frequency, € =charge of an electron,
m = mass of electrons, and Ho =applied static magnetic

field.

The constitutive relation

-€ X E=UP+j(YXDP)
or

&[E] =[Y] [P],

where
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"y

(47)

gives

where

(48)

1
€
o

[P] = (Y] [E] = [M] [E] .

-X

M] = gy

'jUYZ-Yny

jUYY‘ Ysz

and P is electric peolarization.
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APPENDIX III
REFLECTION AND TRANSMISSION COEFFICIENTS
AT PLANAR "FREE-SPACE GYROTROPIC" INTERFACES

The coordinate system used in this Appendix is chosen so that
S1 =Sand S; = 0. There are four possible waves in the gyroptropic
medium; paired as upgoing waves, designated by subscripts
(1) and (2), and downgoing waves, designated by subscripts (3) and (4).
Thus a wave (1) or (2) in the gyrotropic medium may be reflected as
wave (3) or {4), the reflection coefficient of which is designated 1R3,
1R4,2 Ry, Or 3Ry, etc. The quantities n, w are obtained from Eq. (9)
by setting S; = 0.

A, Wave Incident From Free Space up
to Gyrotropic Medium

For parallel polarized plane wave incidence (Ey = 0)

ET ET

_ - 2C 1
{49a) T =—2bL = C 2B = 22 (wy,- —=ny ),
0ol I 2 c™
nH} ExI Dy
I T
E, E 2C
(J2= —% =C T =- 0 (M- T M)
MHy Ex
_BR _gR _ 1 3 1 -
R T BT EJ —D_L[(ﬂxx’”'y.z Myathee) (M e~ Mocy)
- Clmymy, ~yyTy, ) - (T Ty, Ty, ) ]
and
ER >
R_ - S e e k't TI - “
L noHyI Dy [ Yl X2 nXIT{Yz]

For perpendicular poiarized plane wave incidence (EXI= 0),

(49b) - Eq! 2 (my,- C
.LTI - El = - Dy ( X2~ nyz).
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E, T _2
{49b) 1Ty = 22— =5 (mx +Cny ) s

(cont) EYI

- _ 1 !
R =Y 5 [ -(x1 My, -nylnxz) ¥ Pl (%1, 3 T, )
)

- Clmyyy, -nyrry, ) ¥ By, = Fyav, )

and

_ Mot _ 2
LRy = {— = D1 (T3e1My, "My, ) 0

wherxe

1
D = (nxlnYz -nmeZ) - E(Trmﬂx?_ Ty Tx, )

- C('n',ﬂny2 -nylwyz) + (WXleZ -fyxwa) .

Transmission into the gyrotropic medium yields coefficients of the
form ,Ti, T, 0 where the subscript u designates the polarization of the
incident wave and (1) or (2) designates one of the upgoing waves. Conven-
tional definitions of polarization are used so that subscript u or L means
that the E vector is 'parallel to' or is "perpendicular to' the plane of
incidence, respectively.

B. Wave Incident From Gyrotropic Medium
Up to F'ree Space

For wave (1) (Ezal = 0)
T 1
I A S o
(50a) 1 T, = TE;IT s Ezll = —D_z {Tl'x1("lx5ﬂy4-ﬂy3"1x4) - Mixi (n’x"‘lyfﬂysfxd
T 0y (Taey Mo~y T, ) F Corey (Tyy My =My gy )

- CTTYI('“X3'|']Y‘-'I']YSWX‘) + CT]YI("XSWV‘-ﬂ'ySfx‘ )},
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T
E 1
(50a) 1T, = —L_

D, {ﬂyx(’lxﬂyr’lysnxﬂ = Ty, (T Y3TlysTy;Ty,)
(cont) Bzl :

1 -
Ty (T o~y ) E"Xl(“nnm Ty Tyy )

1
12

C Tr}’1(" %3 4" ey Toey) = G Mty (Mg Ty TysTxa)}s

E, R
1R3 =% =
z]

1
- é [("lxl’]y4"‘1y171x4) + E("Tx1’1x4‘ﬂx1'“x4 )
2

* C("YIT'YIT]YI”W) + ("xx“'y4""y1"x4)] ,

and

1Ry =E245 =1 [ My, -Ny M )+—l—(vxnx ~TNx T
EZII DZ X1'ys V1 X3 C 11X,

X3)

+ C(TrYIHYs'nyl"Ys) + (“Xlﬂ}’s-w}’l"xs)]'

For wave (2) (E,I=0)

1
nH,T T =
(SOb) ZT” = —EXI—=_ EXI =—C {”xz(nx37]y4-"]y3nx4) - nXZ(TrX3ny4_T]Y3wX4)
E,, C E;,l D,
+ g, (wx3nx4-nx31rx4)+ Cmy, (wy3ny4-ﬂy3wy4)
-C Ty2 ("XanYé'nY3"X4) +C nyz(wxaw}’f"}’s"m)} !
EYT 1
2Ty =—= = B‘{“’xa(nxﬂyrny_gnxﬂ " M, (Tyany -y my,)
E,, 2

1
+ Ty, (w}’snx,{nx3"¥4) T C™x, ("Y3nx4"nxsﬂ}’4)

1
* E"Yz("xsnxfnxavm) - Enxz(wxsw}’f’r)’s“m)} ’
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b Fd e

'

[~ S s T . e

_ -1 1
%50bt)) 2R3 ——D—z [(nx2ny4-ny2nx4) +— C (r “x, My N, 7 x4)
con

: C(Wznm Ny, y4) (e, Ty, - Ty, ) .

and

B R
2R4 "E,] D, [y, -y, M,) ( 23 "M,y

t Cmy,m ) + )1

Y3YY3 (XzY szs

where

_ 1

T (7, Ty - Ty my,) -

The dominant reflection coefficients are 1R; and ;R4y. Coefficients 1Ry
and ;R are usually negligible.

C. Wave Incident From Gyrotropic Medium
Down to Free Space

" For wave (3) (EZ4I = 0)

_ nH,T Exl _-C
(51a) 3Ty = 'i:z—yf = - C EXI =Dy {73 (Mx1My, =My 1T, ) = My (Toey My, - Ty 1 ,)
3 z3

“r

+ 11y3(“'x1‘1x‘,_""]x1w:\:z) C "xs(n}’ln}’z My1%y )

¥ oty My, -ny Tcy) = Colyy (ms Ty, -mryymy )},
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{51a)
(cont)

and

1116-45

EYT 1

3Ty = Ez3 D3 {ﬂY3(r'x1 y2” Ylnx-») - ’]x3(77y1"1y2 qyl )
l
* nYz‘"Y1“Xz'“x1nYz) ¥ C (.n'YlTlxz 1 YZ)
1 1
- T Tys{mx1nx, -1k Tx,) + C M (M1 Ty 2 Tya T, )
Ele 1 1
sR1 E,.L i E{(ﬂxz“yz—'vz"&) " Uz Ty T )
Z3
~ Clmyany,-ny mys) (M, Ty, =Ty 1))
E,R ]
3R = _E—ZT = = {-(g;"y, Ty17x,) * (HXInxs M1y
Z3 1)3
+ C(m

4Ty = TIEI'ZIT =-C E:; = - 33- {"XAL(TIXIT]Yz-nYlT'Xz)
e (T My, My o) F Ty (T M, ™My T,
- C"x4("Y1"yz'“Y1”Yz) + va4(1rxlny2-nyl_w,<2)
- Cny4(“’x1‘"y Ty Xz)}
ehr ;;-:TT i 513— Ty ey Ty, Ny fisey) = Meglmy Ty, -ny )
3

1
+ ny4("y1nxz‘nx1"yz) + E"x.;("ylnxz’nxl"yz)
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1 1
- § 51b)) 'E “'n(“x{qxz gﬂxz) Cnx4("xx Yz~ yf‘xz)}’
cont
E,R 1 1
4R1 - EZ4I = E {(nxzny4-nyznx4) - E(wxz nx4—nx2‘uX4)
-C (W}’znyfn}’z TTY4) * (KXZKYA'"YZ N
and
E, R

=1 —DZ'{ (M My Myix,) T ( x4~ N1 )

tClrymy, MyiMya) - (x T ye Ty1%4

where
Ds = (Myyly, Ty M) - = (Moo= My Ty) = C (Mg My Mgy )
x1'y2 "Ny 'Ix, X1 X2 Ixy X2 y1'ys Yl

In this case the dominant reflection coefficients are 3R1 and 4R;. The
i coefficients 3Rz, 4R1 are usually negligible.
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Lockheed Electronics

ATTN: Mr, Robert Schaeffer
U.S. Highway 22

Plainfield, N,J.

MITRE Corp. - A Bldg.

ATTN: ESSJC (Lt, Joseph F, Elefritz)

Box 208
Bedford, Mass,

Pastoriza Electronics, Inc,
ATTN: Mr, James Pastoriza
285 Columbus Ave,

Boston 16, Mass,

RAND Corporation
ATTN: Dr, Cullen Crain
1700 Main St,

Santa Monica, Calif,

Raytheon Company

ATTN: Mr, Leonard Edwards
1415 Bostor-Providence Turnpike
Norwood, Mass,

Raytheon Company

ATTN: Mr, Richard ¥, Daly
40 Second Ave,

Waltham, Mass,

RMS Engineering, mc
ATTN: Dr, William Wrigley
P.O. Box 6354, Station H
Atlanta 8, Ga,

No. of Copies




1116 Distribution List - p, 6

Code

190

191

1145

N 26

N 27

N 28

N 29

N 30

U 142

Organization

General Applied Sciences Lab,
ATTN: Dr. Manillo Abele
Merrick & Steward Aves,
Westbury, L.I,, N,Y.

Sylvania Electric Co.

ATTN: Mr, John Don Carlos
500 Evelyn Ave,

Mountain View, Calif,

Dr, Hilliard M. Wachowski
Aerospace Corp,

2350 E, El Segundo Blvd,
El Segundo, Calif,

Office of the Chief of Naval Operations
ATTN: Mr, Malcolm Moore
Wash 25, D.C,

Office of Naval Research
Naval Research Field Projects
Earth Sciences Div,

ATTN: Mr, John Kahe

Wash 25, D, C,

Office of Naval Research

Dept . of the Navy

ATTN: Mr, Thomas Dennison, Code 418
Wash 25, D.C,

U.S. Naval Research Laboratories
ATTN: Mr, Malcolm Gager
Wash 25, D,C,

U.S. Naval Ordnance Laboratory
ATTN: Mr. V,E, Hildebrand
Corona, Calif,

Massachusetts Institute of Technology
Lincoln Laboratory

ATTN: Dr, James H, Chisholm

244 Wood St,

Lexington 73, Mass,

No, of Copies




Code

List G-A
with G-O List

Organization

AF 2

AF 12

AF 20

AF 23

AF 28

AF 33

AF 40

AF 43

AF 48

AF 49

AF 5]

A.U. Library
Maxwell AFB, Ala

AWS (AWSSS/TIPD)
Scott AFB, Ill.

Hq. AFCRL, Oar (CRTPM)
L.G. Hanscom Field
Bedford, Mass. 01731

Hq. AFCRL, OAR (CRMXRA) Stop 39
L.G. Hanscom Field
Bedford, Mass. 01731

ESD (ESRDQ)
1..G. Hanscom Field
Bedford, Mass. 01731

ACIC (ACDEL-7)
Second and Arsenal
St. Louis 18, Mo. (U)

Systems Engineering Group

Deputy for Systems Engineering
Directorate of Technical Pulbication
and Specifications (SEPRR)

W-P AFB, Ohio 45433

Institute of Technology Library
MCLI-LIB, Bldg. 125, Area B
W-P AFB, Ohio

Hq. U.S. Air Fozce

No. of Copies

1

Please ship under spearate cover
as they must be sent to our
Documents Unit. (5 copies)

AFBSA, USAF Scientific Advisory Board

Washington 25, D.C.

AFOSR, SRIL
Washington 25, D.C.

Hq. USAF (AFRST)
Washington 25, D.C.
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Code

U 143

G 144

U 145

U 146

U 147

Organization

University of Michigan
Engineering Research Institute
Radiation Laboratory

ATTN: Mr, Ralph E, Hiatt
Ann Arbor, Mich,

University of Michigan

Institute of Science and Technology
ATTN: Mr,., Richard Jamron, BAMIRAC

Ann Arbor, Mich,

Stanford Research Institute
ATTN: Dr, David A, Johnson
Menlo Park, Calif,

Stanford University
Radio Science Laboratory

ATTN: Dr, Oswald G, Villard, Jr.

Stanford, Calif,

Princeton University
Dept, of Astrophysical Sciences

James Forrestal Research Center

ATTN: Dr, Edward Prieman
Princeton, N.J,

No. of Copies




List G-A -p. 2
with list G-O

Code

Organization

AF 58

AF 64

AF 151

F 50

F 97

G2l

173

U 136

Remaining copies to:

ARL - AROL
Library AFL 2292, Bldg. 450
W-P AFB, Ohio

Hgq. AFCRL, OAR

Mr. M.B. Gilbert, CRTES
L..G. Hanscom Field
Bedford, Mass., 01731

Hq. OAR, RRY

ATTN: Col. James A. Fava
Bldg. T-D

4th St. and Independence Ave.
Washington 25, D.C.

Defence Research Member
Canadian Joint Staff

2450 Mass. Ave., N.W,
Washington 8, D.C. (U)

Scientific Information Officer
British Defence Staffs
Defense Research Staff
British Embassy

3100 Mass. Ave., N. W,
Washington 8, D.C. (U)

" No. of Copies

1

"Technical/Scientific Reports will be
released for military purposed only and
any proprietary rights which may be
involved are protected by U.S./Canadian
Government agreements.' 3 copies

"Technical/Scientific Reports will be
released for military purposes only and
any proprietary rights which may be
involved are protected by U.S./U.K.
Government agreements.' 3 copies

Defense Documentation Center {DDC)

Cameron Station
Alexandria, Va. 22313

Aerospace Corp.

10 copies, plus
DDC Document Receipt Notice Card

ATTN: Library Tech. Documents Group

P.O. Box 95085
Los Angeles 45, Calif.

The University of Michigan

Institute of Science and Technology

ATTN: BAMIRAC Library
P.O. Box 618
Ann Arbor, Mich.

Hq. AFCRL, OAR (CRUI, M. McLeod

L.G. Hanscom Field, Bedford, Mass. 01731

i



