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FOREWORD

This report was prepared by Rocketdyne, a Division

of North American Aviation, Inc., Canoga Park,
California, on Air Force Contract AFO4(611)-8515

under Task No. 3850306 of Project No. 3850, "Total
Impulse Measuring System for Solid-Propellant Rocket
Engine (Research)." Contract AF04(611)-8515 consists
of a program for the analysis and design (Phase I),
fabrication and testing (Phase II), and installation
and testing (Phase IIT), of an accurate (0.1%) solid-
propellant total impulse measurement system for
Edwards Air Force Base, This report is submitted to
present the development status of the system, and
constitutes the Phase I report in the over-all program.
It was prepared by the Research Instrumentation Group-

of the Rocketdyne Research Department,
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ABSTRACT

Discussion and results of the three main considerations
coiprising the initial (Phase I) effort are presented:
(1) study and discussion of the use site and existing
measurement system at FAVB, with recommendations for

the installation of the Rocketdyne system; (2) general
and applied mathematical analyses of spring-mass total
impulse measurement systcms; and (3) mechanical and
electrical design of the Rocketdyne system to be con-
structed. Specific results of these separate but
related program efforts are, reaspectively: (1) con-
currence with the general approach tuken in tihe

existing FAFB system, but disagreement with some specific
design, installation, and operational features of the
system; (2) new and original methematical analyses whose
results justify the Rocketdyne approach to the
measurement problem; and (3) new and original mechanical
and electrical component designa which set & new
standard in accuracy and performance, producing en

over-all error breakdown commensurate with prougram

ohiectiven
chrecilves,
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SUMMARY

The final results of effort in the initial (Phase I) portion of the con-
tract were twofold. First, production of a detailed design for the total
impulse measuring system with the desired measurement capabilities was
accomplished. The results of all associated analyses of this system indi-
cate that its performance, in anticipated solid-propellent studies, will
produce measurements with total errors not exceeding 0..4. Second, the
analytical development undertaken in support of the design effort produced
general quantitative results useful in any design of spring-mass systems
for transient thrust and total impulse measurement systems. The general
trapezoidal excitation of both one- and two-degree-cf-freedom systems,
with viscous damping, was investigated, and the methods used to obtain

the errors expressions and tabulations are applicable to comparatively
short, as well as long engine operating durations. Consequently, the
mathematical results obtained with this program are directly applicable,
for example, to measurements associated with pulsed-mode operations of
space engines. As a result, analytical and design experience was obtained
that appears useful for future applications in dynamic force and impulse

measurements,
The following specific subjects are discussed and/or analyzed:

1. Existing thrust integration system at EAFB;

2. Recommendations for installation c¢f Rocketdyne-designed

system at EAFB;

3. General mathematical discussion of the relationship between
the integrated input and integrated output for certain linear

dynamic systems;

4, Analytical dynamics of a spring-mass total impulse measurement

system (one degree-of-freedom): theory and application;

5. Dynamic response of Rocketdyme thrust and total impulse measure-

ment system (two degree-of-freedom): theory and application;



. Theory and application of parallelogram compresion-type

flexure dquspension systems;

7. Detailed description of the design of mechanical and electrical

system and components;
8. Determination of couplete spring-mass system;

9. Description of the design of additional instrumentation

developed fer operntiocnal use with the total impulse measure-

ment system,




EDWARDS AIR FORCE BASE THRUST INTEGRATION SYSTEM

INTRODUCTION

Discussions and use-site inspections with EAFB personnel have resulted

in agreement regarding the general measurement system approach previously
taken by EAFB in the design and construction of ecuipment and facilities
for solid-propellant evaluation studies (BATES). A total impulse measur-
ing system consisting of a precision strain-gage load cell supplving an
analog signal to a voltage-controlled oscillator, to produce a proportional
pulse repetition rate whose output is cumulatively registered by an elec-
tronic counter, is regarded as basically sound and accurate because of the
continued development such equipment has received in recent vears. How-
ever, very substantial improvement has been immediately realized in this
method through concentrated design and analytical efforts directed at com-
ponent and system refinement. As a result, specific design, installation,
and operational features of the existing EAFB system appear undesirable
and incompatible with the measurement objectives in this contract. A
two-part discussion follows of practical instrumentation engineering con-

siderations and their application to the EAFB system.

PART 1: GENERAL DISCUSSION

Error Factors

The design of a high-precision recording system for low-level signals
requires a knowledge of several factors which are not readily apparent.

The three error-producing elements which are commonly neglected are:

(1) contact resistance, (2) leakage, and (3) thermal emf.

Contact Resistance. Contact resistance is present whenever a coupling is

introduced: connector, terminal strip, program board, switch, relay, etc.

Variations in contact resistance are usually caused by dirt and by "dry



circuit” contacts.  (Dry eircuits occur when the current level 18 tuvo low
io remove oxidation and “powdering” of contact surfaces } Resistance can
be contruiled by goad maintenance and by choosing relavs and switches
which provide good wiping actin between chemically stable contact materi-
als. In most cases, cuntact 1esistance 1s not & gerious problem, but 1t

can hecome serious 1f :t 18 disregarded.

Leakage. leakage occurs vherever a signal lead vwire 13 exposed, and it
13 present at those devices named in the foregoing paragraph on contact
resigtance . (Note: This 1s often called "leakage resistance,” which
makes 1t an 1nverted term. It 1s better to use "leakage” alune as & noun
than toe chance the confusion caused by "leakage” and "resistance' being
of oppesite inclinatien.) Although leakage can be caused by sloppy tech-
miques (dirt, oi1i, finger tracks, ete ), it 1s most often the result of
atmospheric humdity and 13 consequently variable. Its most annoying

characteristic, however, 1s that 1t 1s very difficult to measure.

The reason for this measurement difficulty is that i1f a resistance-meas-
uring device 1s placed across two terminals where moisture 1s suspected,
the voltage from the device causes electrolysis of the moisture. Gas 1s
formed at one terminal (at least), and the measarement shows the resist-
ance of the pas f1lwm. The thickness of the gas fi1lm 1s determined by the
amount of voltage across the terminals. This effect 13 shown 1n Table 1
which gives the leakage measured between four pairs of terminals on a
moistened fanning (terminal) strip. The "low-voltage bridge'" was assembled
in the laboratory and designed to apply approximately the same voltage
across the terminals as ocrurs from a transducer signal. It should be
noted that a device like the Voltohmyst, with 1ts 1.5-volt source, does
not introduce sufficient error tu be seirious, but that the high-voltage

source can give an extremely ercuneuvus result.

The most serious problem caused by leakage occurs when a bridge network

18 used as a transducer. Leakage will reduce the sensitivity, and if 1t
is unsymmetiical, 1t will change the balance point. Very little leakage
is necessary; for example, using & 350-ohm, 3 mv volt bridge, 2.5 megohms

across one leg represents 1% of unbalance.

4
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TABLE 1

LEAKAGE MEASUREMENTS

Approximate Measured

Type of Device Voltage From Source Resistance, ohms
Megger (Biddle) 150 500,000
Ohmmeter (Triplett) 45 100,000
Voltohmyst (RCA) 1.5 6,500
Low-Voltage Bridge 0.01 3,200

(Labl Assembly)

Thermal Emf. Thermal emf is produced wherever dissimilar metals are in

contact. Fortunately, these dissimilar metal contacts come in pairs

and are opposite in direction, so that if the two contacts of the pair
are at the same temperature, the thermal emf's will cancel. For example,
a copper lead wire is connected to one brass lug of a switch. The other
brass lug naturally connects to the copper wire continuation. Basically
(disregarding the other metals in the switch), this becomes a copper-
brass-brass-copper sequence, and the emf generated from copper to brass
is equal and opposite to that generated from brass to copper, provided
that the junction temperatures are equal. This is the function of
Becquerel's Law for Intermediate Metals, which says that a dissimilar
metal may be inserted in a line provided that the junctions are at the

same temperature.

However, the insistance on no AT (temperature difference) between junc-
tions should be noted. The emf generated by a t/c (thermocouple) system
is a(AT), in which & is the difference in potential between the metals

in the thermal emf series. When a t/c is used for measuring temperature,
@ should be as high as is practical, but in any interconnections carrying
low emf, & should be low enough so that ¢(AT) will be negligible, or

care should be taken to keep AT low. At one time, constantan was widely
used for winding resistors, and these resistors created a severe problem.
When connected into & copper line, two copper constantan t c's were formed

and a slight AT between the ends of the resistor produced considerable



voltage, because for copper-constantan, @ is about 20 microvolts per F

of AT. Resistors are now usually made of manganin, evanohm, etc., which
have a low value of &x with copper. Regardless, design should consider
that a series of elements (switches, resistors, relays, etc.) in a low-
level signal line can accumulate erough emf errors to produce appreciable
signal error. Whenever possible, such items as span and balance controls
should be put in the high-voltage (power) lines to a bridge transducer and

not in the low-level (signal) lines.

As an example, tests for thermal emf through the normally closed contacts
of a certain relay showed that it produced one microvelt per F of change
in ambient temperature. When the coil was activated, the heat from the
coil was sufficient to produce 8 microvolts through the closed contacts
after it had stabilized. This is a particularly severe case, but all the

relays tested showed some thermal effect.

The zero balance control can be an awkward source of thermal emf's. This
control is often necessary to bridge circuits, but is awkward because the
control is usually a slidewire (VDR) which is a mass of dissimilar materi-
als: brass terminals, resistance wire, and contact slider (usually a
mixture of graphite and metal). There is one way that the control wiring
can be designed to minimize its effect. First, the VDR should be connected
between the power input terminals, not between the signal terminals. Sec-
ond, it should use a limiting resistor of as high a resistance as possible.
In Fig. 1, Rb is the transducer bridge resistance, Rq is the VDR (zero con-

trol) and Ri is the limiting resistor. When wired in the fashion shown,

Figure 1. Transducer Circuit
the emf's developed at the three VDR terminals will either be in the power
input circuit in which microvolts are negligible compared to volts, or

will be isolated by the ratio of Ri to Rb For this reason, Ri should be

6



as large as possible. It can be calculated by using the maximum unbalance
condition which occurs when the RS slider is at either end, thus putting

Ri across one leg of Rb' For a 350-ohm, 3 mv/volt transducer, 500,000 ohms
for Ri will provide more than *5% zero control, which is adequate because
commercial transducers are *2% (or better) zero balance. Any transducer
which is very far beyond its zero balance specification has something basic-
ally wrong, and should be removed from service for repair. If Ri is
500,000, then the effect of the thermal emf from the zero control will be
reduced by the factor 350/500,000 or 0.07%, and can be neglected.

The worst single source of thermal emf error is the strain-gage transducer.
By their nature, the strain wires and the copper lead wires form t/c's, but
these are partially compensated for by Becquerel's Law. The gage wires,
however, have a finite dimension and the t/c junctions are displaced far
enough so that the signal terminals can be at different temperatures (i.e.,
AT is not zero), and this may be complicated by the presence of internal
zero and modulus resistoras. If the transducer can be located in a protec-
tive temperature-controlled box (e.g., pressure transducers) the problem

is not serious, but a load cell measuring force from an operating thrust
chamber is quite vulnerable. Radiated heat from the flame can reflect

from surrounding elements, convected heat can be carried by swirling air,
and conducted heat can be transmitted from the chamber through the supports.
The most aggravating characteristic of this problem is that it varies inde

terminably during the test and causes errors which cannot be corrected.

There is a simple test to determine the presence of thermal emf. It requires
that a motor be fired without taking data. For example, if a load cell cir-
cuit is in question, the motor is mounted in preparation for firing (the
longest practical duration should be used). A sensitive zero-center

recorder (e.g., -1 to +1 millivolt)is connected to the signal terminals,

and the power is removed from the transducer input. The system is now set
up to record any undesirable emf's. The recorder input terminals are then
shorted together and either the recorder is adjusted to zero or the pen

mark is noted as zero input. Then the short is removed. Any resulting
movement of the pen will show initial thermal emf. With the recorder run-

ning, 10 minutes should be allowed to record prerun thermals, then the
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motor should be run, waiting 10 to 15 minutes afterward to allow stabili-
zation. The record will show the thermal emf's: prerun, run, and post-

run. This test will be indicative of the presence of thermal emf's, and -
should not be used for correction (thermal errors are highly nonpredictable),

but should be used to determine whether redesign is necessary.

System Complexity

Except for the force transducer, the error elements discussed above are
caused by complexity; complexity is in turn usually caused by efforts to
provide flexibility. In attempting to produce a measuring system, it is
advisable to remember that flexibility and precision are not compatible,
especially in low-voltage circuits. Ideally, a strain-gage bridge should
be coupled to its conditioning equipment with four well-insulated wires
with copper-to-copper solder connections at each end. This is, of course,
impossible because it is usually necessary to have zero-balance controls
and similation devices. However, it is possible to eliminate all unneces-
sary interconnections such as fanning strips, connectors, relays, and
switches, thereby reducing to a minimum the possibility of thermal emf and

leakage errors.

PART II: SPECIFIC AFPLICATION TO EXISTING
BATES SYSTEM

Thrust Integration System

"The complete data system as installed at EAFB is impossible to analyze for
the probability of error because there is no way of determining the effects
of the various environments to which it is exposed, especially heat, humid-
ity, and cleanliness. However, the various areas in which error could

occur can be discussed, including an estimate of the amount of error which

can be produced in each.



Calibration. A mechanical loading calibrator is incorporated in the system,
No detailed study of this unit was muade, but in general, it should be ade-
quate within the limits imposed by the load cell. Any calibrator, however,
should be periodically checked for accuracy against some standard (a proving
ring should be suitable for this case). A device which uses mechanical
linkages is susceptible to variation with use. This unit should be accurate

within 0.25%.

Load Cell. This unit is the key element in the system, and unfortunately is
‘also the most susceptible to short-term errors. In severe cases, the load
cell can be as much as 2% in error for short periods. A test to determine
its thermal susceptibility was described in Part I, in the discussion of

thermal emf.

Interconnections. Conversation with operating personnel indicated the pres-

ence of four or five connections. These could be reduced to two. Thermal
emf errors are small in these cases (less than 0.1% in any case), but they
can accumulate. The most serious problem with interconnecticns is the pos-
sible presence of leakage between uninsulated terminals, and this is often
uncontrollable because temperature fluctuations cause a connector housing
to "breathe"” humid air, thereby depositing moisture. Errors of 3% have

been found in "waterproof'" connectors which were not properly tested.

Bridge Completion Unit. Apparently, the equipment furnished by B & F was

originally designed for flexibility to avoid the extra cost of an individual
design for each problem. It is usable with one-, two-, and four-arm bridges,
and is supplied with the necessary boards for completing each bridge.
Although these boards are within a rack in the recording center, there is
still a possibility of some leakage error. Although the possibility is
small, such flexibility should be avoided.

Zero Balance Control. This control is a VDR properly located between the

power leads with a limiting resistor to isolate the control from the bridge.

However, to make this unit usable with bridges of different resistances and

9



sensitivites, the isolating resistor is 5000 ohms. This value will give
reasonable isolation, but the control becomes extremely sensitive. For a
350-ohm, 3-mv/volt bridge, this control gives *500% variation in zero. A
resistor of 100,000 to 250,000 ohms would be adequate. The error from this
unit is probably negligible unless the control knob was accidentally
touched or vibrated after calibration. Wiper motion between wires could

cause appreciable error because of its sensitivity.

Resistance Simulation ("R-Cal") Switch. There is probably no error in this

device, but two factors should be considered. It is a "dry" circuit (i.e.,
low current) and contact resistance should be monitored, and any thermal
gradients between the switch terminals should be avoided. Wiping action of
the contacts should keep the resistance low, and there does not seem to be

any heat-producing element near the switch.

Voltage Calibration. The switch to supply calibrated voltage to the VCO

input is subject to the comments of the foregoing paragraph.

Data Recording and Reduction

The manner in which the data are recorded and reduced can affect accuracy
as much as any other single factor. Figure 2 shows the beginning and end
of a thrust-time curve. (The steady-state period is omitted.) As the
system 13 operated, a gating signal is used to turn the recorder "on" when
the level reaches 10% of design, and "off" when it returns to 10% at cutoff.
In this way, the force indicated from the igniter is not recorded. However,
this introduces several chances for further error. The idea is predicated
on the assumption that ignition and burnout characteristics are the same

for all grains.

With ideal conditions, the grain surface will ignite uniformly, and thrust
will build up rapidly, leaving only a small area (lined shading in Fig. 2)
before the gate "on" time; but if ignition spreads slowly, a larger thrust-

time area is lost (dotted shading). Burnout is even more critical, because

10
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Figure 2. Thrust Analog

no two grains will burn to the case at all points in the same manner. The
lined shading again shows an ideal case, but because there are always small
pockets left as burnout approaches, it would be expected that considerable
energy is left even though the thrust is below the 10% level as shown by
the dotted area. Thus, a biased error is produced which is variable and

consequently uncorrectable.

Another error which can occur is the activation level of the gate. This is
controlled by another system (transducer plus conditioning equipment), and
its use could easily add as much error as is introduced by the igniter. The
burnout level is particularly doubtful because the heat from the burning
grain can produce nonuniform temperature distribution in the pressure trans-
ducer, and this can produce not onliy thermal emf's but will not permit the
temperature compensation to operate properly. The latter is predicated on

uniform temperatures throughout the sensing element.
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A more controllable method of making these measurements would be to test
each igniter type for the amount of impulse it adds and use that value as a
correction. The total impulse could then be recorded and the igniter impﬁlse
subtracted. This would give much better precision, because the variable
errors would be reduced as much as possible and one biased but measureable
error would be added. The correction for igniter thrust need not be highly

accurate because it is a small part of the total.

Without analyzing a large number of high-speed analog records of firings, it
is impossible to determine the amount and variability of error introduced by
gating the recorder. However, the error will be greater for small grains
than for large omes, thereby producing an untraceable variation in specific
impulse (Is)' Furthermore, Is is always in error in the negative direction,
which prejudices performance with respect to design; i.e., the system can

never record all of the available performance.

An element which might have been a factor in the decision to use the 10% gat-
ing level is a-c noise. The voltage-controlled pulse rate generator has a
characteristic which must not be neglected; it does not respond to negative
voltages. Consequently, if pure ac is fed to it, it will count only the
positive portion and will not subtract counts for the negative, so that the
result looks like a positive dc. This characteristic means that if the com-
plete curve is integrated and if a-c noise is on the signal line at the
beginning and end of the run (near zero dec), it will produce an error.

There are three different ways that thia error can be eliminated without
introducing further errors, but such a design is beyond the scope of this

discussion.
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INSTALLATION REQUIREMENTS OF ROCKETDYNE SYSTEM

CONCRETE TEST PAD

A concrete test pad of sufficient size, strength, and flatness is necessary
for the proper support of the Rocketdyne-designed system. The complete test
stand has over-all dimensions of approximately 20 feet in length, 5 feet in
width, and 5 feet in height, and is composed of two in-line sections having
approximately 13- and 7-foot lengths, respectively. The sections weigh
about 18,000 and 4000 pounds, respectively, and four lifting eye-bolts are
supplied with each cection. All points on the surface of the supporting
section of concrete should be within 1/4 inch of a horizontal surface so
that alignment and leveling problems of the system are not too severe. The
design and configuration of the two existing test stand mounting beams, 24
inches apart and imbedded in the concrete of the BATES test pad, are con-
sidered satisfactory for the Rocketdyne system. Consequently, the system was
designed taking into consideration an identical type of tiedown. A cross-

sectional area of an imbedded BATES tiedown beam is shown in Fig. 3.

ELECTRICAL POWER AND WIRING REQUIREMENTS

Satisfactory operaticn of the hydraulic calibrator and the strain-gage load
cell during calibration and measurement operations requires an adequate quan-
tity, size, and configuration of wiring, and a suitable type of electrical
power, A minimum of 12 No. 18 wires in two shielded cables of 6 wires each
are required for operation of the load cell, and 25 No. 18 wires and 1 No. 8

wire are required for operation of the Ruska hydraulic calibrator.

Electrical power rew:red at the test stand, from an EAFB source, is 10
amperes of unregulated 24-vdec. Regulated d-c power for the operation of
the load cell and calibrator will be supplied from rack-mounted sources
located in the test control room enclosure supplied by Rocketdyne. The 12
No. 18 wires in two shielded cables of 6 wires each required for the load

cell should be in a separate conduit from all other wiring, so that all

13
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possible electrical interference be avoided. All instrumentation wiring,
both for load cell and calibrator, should pass through a waterproof junctibn
box located in the ground about 25 feet from the test pad. The junctions in
this box of the load cell wiring should be the only breaks in the load cell
cables between the load cell connections at the test stand, and the chassis
connections on the rack-mounted units in the control reoom. This single break
in each load cell cable, although undesirable from a measurement accuracy
standpoint, is needed for practical rewiring purposes in the event of a motor
failure resulting in the destruction of wiring in the vicinity of the test
pad. All cable connectors should be of the Bendix waterproof type. Both of
the cable connections at the load cell should use Bendix socket connectors
No. 10-72614-6S, and the junction box connectors in each load cell cable
should consist of Bendix pin connector No. 10-109}114-06P and socket con-
nector No. 10-72614-6S. The Ruska calibrator control wiring connectors in
the waterproof junction box should consist of Bendix pin connector

No. 10-72128-12P and socket connector No. 10-72628-12S for the 25 No. 18
wires, and pin No. 10-72115-3P and socket No. 10-72615-3S for the single

No. 8 wire.

GRAVITY MEASUREMENT

Accurate total impulse measurements, by the Rocketdyne syvstem, require cali-
bration of the measuring system by the hydraulic calibrator. Because very
accurate dead weights will be used to produce the precise hyvdraulic pres-
sures utilized to obtain the calibrating forces, a knowledge of the specific
value of the acceleration due to gravity, at the test site, is required so
that the weights can be properly fabricated. In accordance with these con-
siderations, Rocketdyne requested and received from EAFB the local g value,
to six significant figures, at Test Pad No. 5, Solid Motor Test Area,
Rocket Propulsion Laboratory. The measurement was performed on 18 January
1963 and was determined to be 979.477 cm/sec2. This value of g was utilized
in the design of the calibrating weights by the Ruska Instrument Company,

manufacturers of the hydraulic calibration system.

15



INTRODUCTORY DISCUSSION

Mathematical analysis is an essential part of any adequate effort to design
and build a total impulse measurement system possessing the accuracy required
in the contractural effort. Without this analysis, all design and construc-
tion effort would be based solely upon qualitativé judgment resulting from a
combination of previous trial-and-error experience and guess-work. Its
application ranges from its use to determine both general and specific guide-
lines during the system design phase to its use in an accurate and detailed
evaluation of the system after its construction. The objective of all mathe-
matical analysis undertaken in this contractual effort was the mathematical
characterization of the system for the purpose of a quantitative determina-
tion of its behavior in the performance of its measuring function. The anal-
yses presented in this section of the report consist not only of static equi-
librium considerations needed in motor suspension flexure system design and
constructional alignment operations, but also of dynamic response determi-
nations of the mechanical system to transient force excitations similar to
thrust outputs encountered in rocket motor propellant tests. Accordingly,
the range and type of analyses reflect the variety of inquiries directed, at
various times, to the design aspects of the over-all constructional problem,
and the sequence of the following mathematical efforts corresponds to their

actual chronological occurrence,

The first mathematical effort was concerned with a general treatment of the
relationchip between the actual and measured impulse for certain linear
dynamic systems, including a preliminary discussion of the impulse errors
incurred by less-than-infinite integrations of indicated displacements. No
numerical examples were undertaken in this initial effort because its pur-
pose was a general discussion and elaboration of the basic idea underlying
the measuring function. The second mathematical effort was concerned
exclusively with trapezoidally shaped force-time excitations of a one
spring-mass system viscously damped. Its purpose was to obtain some numer-
ical results with a system-excitation combination which approximated an
actual thrust-measuring system and rocket motor. The results of this under-

taking provided the initial quantitative indication of the adequacy of the
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mechanical syvstem design. The third mathematical effort was concerned with
a more accurate and detailed study of the actual measurement system, con-
sisting of a series-connected massive concrete block, a thrust-measuring
load cell, and the motor and mount assembly. The representation of the
system in this study was the most advanced model undertaken in the Phase I
effort. Its purpose was the determination of the effects on the impulse
measurement error of such characteristics as concrete-block compliance,
variable motor mass (propellant burning), nonviscous damping, and nonlinear
force-displacement calibrations because of load-cell aging and or imposed
bending moments. The results of this advanced study provided the greater

part of the justification of the design employed in the designed system.

The last of the mathematical developments contained in this report was
undertaken to provide an analytical approach to the flexure system design
of the motor suspension. The result of this effort was the determination
of a suitable combination of flexure system and load cell mechanical stiff-
nesses that effectively isolated the load cell from extraneous forces and
moments that would degrade its basically linear performance. The applica-
tion of the results to the flexure design thereby minimized the problem of

nonlinearities in the system calibration.
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ANALYTICAL DYNAMICS: GENERAL EXPRESSIONS

INTRODUCTION AND SUMMARY

Some elementary observations are presented regarding the relationship between
the integrated input and integrated output of certain simple types of linear
dynamic systems. An application of these considerations is the solid-propel-
lant total impulse measurement system designed by research instrumentation
personnel. "The material presented constitutes an elaboration of some com-
ments made in Ref. 1 on the relationship between the total applied impulse

and total measured impulse of such a system.

Three basic mathematical models are considered which represent increasing
levels of generality: a simple model which is appropriate for initial design
studies of the total impulse measurement system, and two more general models

which may be needed in subsequent analyses.

Model 1

Model 1, a damped spring-mass system,is shown schematically in Fig. 4 and is

described by the second-order differential equation

2
md—("zﬁl s M) L) - £y, t2 o0, (1)
dt

dt

where the input force f(t) = 0 for t < 0, and the displacement x(t) of the

mass m is subject to the initial conditions

-

()

dt

x(t)

[y=]

L att-0 (2)

0
O
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Figure 4. Schematic of Damped Spring-Mass System
Model 2

Model 2 is a system described by an nth order linear constant-coefficient
differential equation:

n n-1
113££El + a EL——JEL—l T aox(t) = f(t), t =0, (3)

t
n dtn n-1 dtn-l

where
a #0, f(t) =0 for t <0, and the displacement x(t) is subject

to the initial conditions

O
dtn—l - n
IO .
dtn—2 B n-1
L at t = 0 (%)
x(t) = cl
7
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Model 3

Model 3 is a general linear time-invar.ant stable (physically realizable)
3(t) and fre-

quency response function Y3(w), subject to zero initial conditioms. This

dynamic system with impulse response {or weighting, function W

model includes as special cases systems such as the above, whose input force
and resulting displacement are related by ordinary linear differential
equations with constant coefficients. Variable coefficient systems are

excluded because they are not time-invariant.

For each model, what is ¢f interest is the relationship between the inte-

grated actual input force,

I, - f f(t)dt (5)

4]

and the integrated displacement indicated by the spring,

o

Iy - I x(t)dt (6)

1]

For the case of an idealized total impulse measurement system, the inte-
grated input IA repregents the total impulse ted by the rockev wotur
(the "total applied impulse") and the iutegrated output IM is a measure of
the total impulse measured by the system (the "total measured impulse”).
The indicated limits of integration in Egq. 5 and 6 extend over all time

0 St <=, although in pra-tice, the applied force f(t) vanishes for

t > T, where T is the duration of the run, and x(t) is essentially zero

after some later time.

For the three models under consideration, the following is shown:

Model 1: I, =K1, + Kl(mc2 + bcl)
Model 2: IM = KQIA + K2(ancn L L L

d : = I .
Model 3 IH K} A i7)

21
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where the quantities Kl, K and K, appearing in Eq. 7 are system constants

2’ 3
given by
1
K= x
1
K2 T a
o I o
Ky = . w(t)dt (8)

These results are valid provided that the input f(t) is a sufficiently well-
behaved function and each of the systems is stable (Ref. 2). The conditions
required of the input will undoubtedly always be satisfied by thrust

functions.

RESULTS

Before deriving the results stated in Eq. 7 and 8, some alternative formu-
las are presented for the constants Kl’ K2, and K3 and some of their prac-
tical implications are discussed. It should be noted first that under
zero initial conditions the terms enclosed with parentheses in Eg. 7 drop
out, and for each of the three systems the relationship between the total

measured impulse and total applied impulse is of the form
L/I, = K (9)

where K is a constant determined by the system. Equation 9 implies that
whenever the system is excited under zero initial conditions by an input
£f(t), the ratio of the total measured impulse to the total applied impulse

is a constant which does not depend on the specific form of the input. More-
over, this relationship indicates one way in which the constant K may, in °
principle, be determined experimentally. If possible, an input with known
total impulse IA would be applied (the pointwise behavior of the input need

not be known), I, would be measured, and the ratio IM/IA would be computed.

M
Such an experiment, which may be described as a total impulse calibration

procedure, would be repeated with sufficient frequency to obtain a

22



statistically reliable estimate of the constant K. Measurement analysis

of the "constant" K could then be performed in the usual manner,

A second way {as an alternative to Eq. 8) can now be considered, in which

the constants kl, K2, and K3

to another characterization which has possible practical applications. The

in Eq. 7 may bhe interpreted. This will lead

three gystems under consideration possess frequency response fuanctions
Yl(u), Yz(uﬁ, and YB(U$ which determine the effect of the systems on the
various frequency components of the inputs. For models 1 and 2, the fre-
quency response functions Yl(U3 and Y2(U) may be expressed explicitly in
terms of the coefficients in the differential equations describing the sys-

tems. In fact, the following is true (Ref. 2j:

Yl (“‘) = :

n(iw)® + b(ie) + k

1
Yz(“’) - . D . in-1 . .
an(lué + an_l(luJ ..+ a1(1u) +a (10)

From Eq. 8 and 10, it follows thal

£ = Yl(o)

K, = Y,0) (11)

1ae copstant K; may be written in a similar form. For if Yj(u) denotes
the frequency response functien of system 3, then in terms of the system

irapulse response function Wj(t),

w

Yj(u-) = Jr VS(t)e—iwt’dt, (12)

0

and evaluating Eq. 12 at zero frequency (w=0) gives

Wj(t)dt (13)




Hence, from Eq. 8 and 13,
Ky = Y5(0) (1’*).
Each of the constants appearing in Eq. 7 is therefore of the form

K = Y(0), (15)

where Y(0) is the system frequency response function Y(«) evaluated at

zero frequency.

The above discussion also indicates a third way of describing the constants

Kl’ KQ, and K3° All three systems possess impulse response fun ctions which
are related to their frequency response functions in the manner

Y(w) = fom w(t)e *¥t 4t (16)

That is, the frequency response function is the Fourier transform of the

impulse response function. For w= 0 in Eq. 16

-}

Y(0) = f w(t)dt (17)
0
Thus, from Eq. 15 and 17 it can be seen that each of the constants in
Eq. 7 equals the total time integral of the system's impulse response

function,

@©

X = _[ w(t)dt (18)

0

It is well known (Ref. 2) that if the input f(t) is taken to be a true unit
step

0 for t <O
u(t) B { 1 for t =20
then the corresponding response U(T) at time T is given simply by
T
u(r) = j w(t)dt T20 (19)
0

24



where W(t) is the system impulse response function. Allowing T te become

arbitrarily large in Eq. 19 gives

@
lim U(T) = j w(t)dt . (20)
T~ ® 0
From Eq. 18 and 20 it follows that the constants Kl’ K2, and K3 may be

described as the steady-state values of the responses of the systems to
unit step inputs. This last characterization of the constants appearing in
Eq. 7 indicates another way in which they may, in principle, be determined
experimentally. A step input would be applied to the system (subject to
zero initial conditions, for example) and the input would be maintained at
a constant level until the measured response became essentially constant.
If the step has height A # 1, then the value of the steady-state response
is to be divided by A to obtain the constant K. Again, such a procedure
would be repeated sufficiently to form a statistically reliable estimate of

the constant K and its variability.

It should be noted in passing that if it is not possible to apply a true
step input to the system but only a ramp function

0 for t <¢
£(t) = at for 0 <t <t
A for to s ¢

then the above procedure (measuring the steady-state value of the response
as an estimate of the constant K) may still be applied. A step input is
preferable, however, because it can be shown that the experimental zrror
arising from not being able to pass to the limit T — ®,but instead taking
as an estimate of K the response x(To) at some large time To,is smaller
for a step input than for a corresponding ramp input. The difference in
the errors for the two types of input becomes small as To increases, how-
ever, and therefore should provide no practical difficulties in the appli-

cation of this method.
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DERIVATION OF RESULTS

In this discussion, the results expressed in Eq. 7 and 8 of the introduction
are demonstrated. Mnodel 3 is used first because the result for this case

is almost a matter of defimition and also is used in the other two cases.

Mode I )

A linpear time-invariant stable dynamic system is characterized by its
impulse response function W(t), which represents the response of the system
to a unit-impulse applied at time t = 0. For such a system, the responee
x(t) to an input f(t), with zero initial conditicns, is given in terms of

the impulsc response function W(t) by

[t}

t
x(t) [ " wme - myar (21)
0
Here it is assumed for simplicity that the system is physically realizable
(the response depends only on the past of the input and not on its future)
aud that the input vanishes for t < 0. It is also assumed that the system

possesses & frequency response function

and that the input f(t) has a Fourier transform*
. @

o) - Loiut
Ff( ) Jo (1) dt (22)

*For example, a function f(t), defined for t 2 0, possesses a Fourier trans-
form if it is continuous (except possibly for a finite number of jumps)

@
and if IO lf(t)l dt exiscvs. To avoild complicationa, it is assumed from

this point that these conditions are met by the inputs. Note that the
latter requiremsnt follows automatically frem the first if f(t) vanishes
for all t greater than some T > O, which will certainly be true for all
ipputs to the total impulse measurement system.

26
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Then, if Fx(uﬂ denotes the Fourier tramosform of the output, the frequency

domain relationship (corresponding to Eq. 21) is
F(w) = Y(wpr (o (23)

Now, if Fx(uﬂ , Y(W), and Ff(u) are evaluated at w= 0,

(]

F_(0) = jo x(t)at = I,
Y(0) = j ) w(t)dt
0
Ff(o) j £{t)dt = I, (24)

Hence, from Eq. 23 and 24

I, = (I; w(t)dﬁxﬂL (25)

which is the desired result. It can be observed again that

-]

j w(t)dt = Y(0)

0
Model 1
Considering now the linear second-order constant coefficient differential
equation, 1, with initial conditions Eq. 2: every solution x(t) of Eq. 1
for t 2 0 is of the form

x(t) = h(t) + y(t) (26)

where h{(t) is the solution of the homogeneous equation

o dzh(i) b dh(+t)
2 at

+ kh(t) = 0, ©v20 (27)

dt




satisfying the initial conditions dh(t)/dt = o and h(t) = c1 at t = 0,

and where y(t) is a particular solution of the nonhomogeneous equation

(Eq. 1) with zero initial conditions for y(t). Here it is assumed that the
input is sufficiently well-behaved so that it possesses a Fourier transform
given by Eq. 22. Corresponding to the decomposition (Eq. 26), the total

measured impulse IM may be split into two parts:

= he v Ty (28)

where ®

I = _[ h(t)dt (29)

Mh 0

is the contribution to I, arising from h(t) and

by = ] ovou (30)
is the contribution to 1H arising from y(t). Although for the total impulse
measurement system it seems appropriate to assume zero initial conditions
(in which case h(t) is identically zero and IM = IHy)’ the expression

(Eq. 7) for IM wvhich is obtained i valid in the general case.

Considering first the contribution th to IM which is associated with the
given initial conditions, the solution h(t) of Eq. 27 may easily be
expressed in explicit form in terms of the parameters m, b, and k (for
example, in Ref. 2), but it is not necessary to deal with such explicit
solutions to derive the result (Eq. 7). It need only be shown that by
virtue of the assumption that the system is stable (a condition ensured by
the assumption b/m > 0), the solution n,t) as well as its first derivative

dh(t)/dt approaches zero as t becomes arbitrarily large.

With this in mind, Eq. 27 is integrated over the interval 0 St = T to

obtain

T ,2 T T
mI dhlt dt+b_f Mdt+k_[h(t)dt=0
0 dt 0 dt 0

28



and therefore
T
(wh'(7) + bb(T) } - (mh'(0) + bh(0) ) + k I h(t)dt = 0
0
where dh(t)/dt has been denoted by h'(t). Thus
T
jo B()dt = & (b (0) + bB(0) ) - & (' (7) + bH(T) ) (31)

Now, Gecause 1'(7) and h(T) approach zero as T — ®, Eq. 31 becomes, for
arbitrarily large T,

o

Ly = I h(t)dt = %-(mc2 + bcl) (32)

0

where the initial values c, and <y have been substituted for h'(0) and

= 0).

2

b(0). As anticipated, Iy, = 0 for zero initial conditions (c2 = ¢,

Considering the contribution to L, arising from y(t), because system 1

is & linear time-invariant stable dynamic system with frequency response

function
1
(i + v(iw) + Xk
the result obtained for model 3 may be applied to conclude that
[~}
IHy = j; y(t)dt = Yl(O) I,
But YI(O) = 1/k, as seen from Eq. 33, and therefore
1
IHy = ¥ I (34)
Thus, summing IHh as given by Eq. 32 and IMy as given by Eq. 34,
I, = 31 +% (mc, + be,) (35)
M k "4 k 2 1

which is the desired expressicn for model 1. Alternatively, if Eq. 35 is

solved for IA'

29

”




_

IA = klM - (mc2 + bcl) (36)

Before continuing to model 2 consider, briefly, the errors which result

from not being able to perform the integration

[ ]

I x(t)dt = I, (37)

0

over the infinite range 0 S t S, The situation will be restricted to
where f(t) vanishes outside of an interval 0 St =T (for total impulse
measurement T is the full duration of the run). Similar remarks will

apply to the more general case of model 2.

Supposing the response x(t) is known only over the time interval

Osts%o, where to > T, then what is of interest is the error

ot

8, = I, - jo° x(t)dt (38)

t
mede in approximating by ° x(t)dt and also the error A, made in
P 0 A

determining I, from Eq. 36 when 00 x(t)dt is used in place of Iy. The
latter error is given by

8, = Kk, (39)

and is easily seen by subtracting
to
k J.o x(t)dt - (mc2 + bcl)
from the right side of Eq. 36.

Then, from Eq. 37 end 38

"M‘jo

w(e)ae - [ x(0ae = [ x(e)ae (40)

8




Because f(t) = 0 tfor t 2t , x(t) is a solution of the homogeneous

cr

equation

) ;
m d xotl. 4+ b dxit) + kx(n) =0, t2 t'o (41)

at” dt
The problem of determining 6M a2y given by Eq. 40 from the differential
equation (Eq. 41) is entirely similar to the problem of determining IMh
from Eq. 27. Here the initial time t = 0 is replaced by t,r and the
initial conditions dh(t)/dt = Cos h(t) = c, at t = 0 are replaced by
dx(t)/dt = x'(t,), x(t) = x(to) at t =t .

Reasoning as before, the expression
1
OM = % (mx‘(to) + bx(to) ) (42)
is cobtained instead of that given by Eq. 32, Also, from Eq. 39 and 42,
OA = mx'(to) + bx(to) (&3)

It cun be observed further that by virtue of £q. 36, 38, and 42

t
o .. :
x(t)un + (mx'(t

L - x|
Jo o

A - ) + bx(to) ) - (mx'(O) + bx(0) )

(44)

or, if zero initial conditions x'(0) = x(0) = 0 are assumed,

Lt
I, = k jo ° x(t)at + (mx'(t.) + bx(e ) ) (45)

The quantities Juto x(t)dt and x(to) which appear in Eq. 42, 43, and 45
are directly measurable from recorded cdata, and presumably the parameters
m, b, and k would also be known., If x’(to) could he estimated from given
data, or if x'(to) were known to be nearly zero, them in principle GM’
GA’ and I, could be determined from Eq. 42, 43, and 45. It should be
noted that under the assumptions mede in this section, x'(to) and x(tu)

will epproach zero for to -~ o

31
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Model 2

The proof of the result (eq. 7) for system 2 may be carried out in a manner
entirely similar to that for system 1. The solution x(t) of Eq. 3, with
initial conditions (Eq. 4), is represented as the sum of solution h(t) of
the homogeneous equation (with initial conditions, (Eq. 4) ) and the solu-
tion y(t) of the original nonhomogeneous equation (Eq. 3) having zero

initial conditions. Again, splitting IM into two parts,

| IH - LMh * IMy

The result for model 3 is applied to conclude that
IMy = Y2(0) I,

where Y,(0) is the frequency response function of system 2 evaluated at

W= 0. Because, as noted earlier,

1
< an(i(.n.!)‘n + s@an__l(iw)"-'1 + ..+ al(iw) +a

Then, Y2(0) = l/ao and therefore

I - L I
a

My - I (46)

To determine IHh’ the homogeneous equation
n -1
anh( )(t) + an_lh(n )(t) +ouee + aoh(t) =0
is integrated over the interval 0 St < 7T to obtain
T 1
I h(t)dt =— (a_c +a
0 a nn
)

n-1 Sp-1 * cor t2¢y)

_ ;1___ (anh(n-l)(‘r) + &n—lh(n-2)(f) o+ alh(-,-) )
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vhere h(3)(¢) = adn(t)/atd and ;= hG-D(0), =1, 2, ..., n. If this
system is stable in the dynamic sense,®* then as T — @ the terms within the’

second pair of parentheses approach zero, and

-
1
IMh = JO h(t)dt = ;:-(ancn +a _jCip et alnl) (47)

Thus, from Eq. 46 and 47 the desired result is obtained:

L, -1-1 4+ l—-(a c +a c + +a.c
M a, A a, nm n-1 n-1 U 171

*
For this purpose it }s sufficient

roots of a k"+an_llp" + ... +8a A+a =0 have negative real parts.

For model 1, which corresponds to the cdse n = 2 in model 2, the assumption

b B > 0 which was made is equivalent to the assumption that the rocts of
mA“ + bA + k = 0 have negative real parts.

to assume that the (generally complex)
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ANALYTICAL DYNAMICS: SPECIFIC EXPRESSTONS

FREE VIBRATION WITH VISCOUS DAMPING

With reference to Fig. 5, a spring-suspended mass, m, is considered free to
vibrate vertically in a medium offering a viscous resistance, i.e., a resis-
ting force proportional to the first power of the vclocity. Such resistance
is usually termed viscous damping. The mass of the spring itself is con-
sidered smali compared with the suspended mass, so that the discussion is
concerned with the motion of a single particle. In this case, if the mass,
m, be displaced any distance, x, (within the elastic range of the spring)
from its position of equilibrium and then released, it will begin to move

under the action of a resultant force.

X = -kx -cx (48)
where
k = spring c-nstant = force necessary to produce unit extension of the sprin
¢ = coefficient of damping = magnitude of the viscous resistance at unit

velocity.
Newton's second law of motion states that when a force acts upon a given
particle, that force produces an acccleration of the particle in the direction

of the force and proportional to its magnitude. For the force expressed by

Eq. 48, the equation of motion becomes:
mX = -kx - ck (49)

Dividing through by m and introducing the notations

K. and & -

" and = = 2n (50)
the equation may be written in the form

X+ 2nk + Px = 0 (51)

35
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Figure 5. Simple Spring-Mass System, Free Vibration

Thus, for freec vibrations with viscous damping a lincar differential equation

with constant coefficients is obtained.

As @ trial solutien of Eq. 51, take

X = Cert (52)
vhere
r = a constant.
Substituting this trial function for x in Eq.51 results in the auxiliary
onuntian
equation
r2 + 2nr + of - 0 (53)

This cquation determines two values of r for which expression(52) can satisfy

Eq. 51:

r, = -n - Jn2 - ;?‘ (54)

Hence, the general solutien of Eq. 51 becomes:

x = Ae"1Y + peTat (55)
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where

A and B = arbitrary constants of integration.

To attach any physical significance to this solution, two distinct cases
must be distinmuished, depending on whether the radical Jn - ;; in
Equation 5k is real or imaginary, in other words whether n>wor n < W,
Equation 50 indicates that this depends on the relative magnitudes of the
damping coefficient, ¢ and the spring constant, k. Generally speaking, a
large cocfficicent of damping and a small spring constant will result in
real values of r and Tos while, for the reverse of these conditions, r

1
and ry will be complex numbers.

Cagse L, n> W

In this case rl and r2 have real values., To evaluate the constants A and B
in the gencralsolution(Eq55)the initial conditions of the motion must be
known. Assuming, as a particular case, that

X = X, X =0, when t = 0 (56)

0)
it is found by direct substitution into Eq. 55 and its first derivative with
respect to time that:

r.x r,.Xx
A=_20-- B=+—-10 (77)

3
T1 % o

For these values, Eq. 55 becomes:

In connection with this solution, it should be noted that both ry and r,
are negative, ry being numerically the larger. Thus the displacement x

has the same sign &s X and approaches zero us a limit when t becomes infinitely
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large. The motion is not a vibration at all but simply one in which the
suspended mass, after its initial displacement, gradually creeps back toward
the equilibrium position but takes tlieoretically infinite time to get there.
It results from the fact that the damping coefficient is too large compared
with the spring constant and is sometimes of practical interest in con-
nection with certain types of clectrical measuring instruments such 3 the
galvanometer. In the case where n = W, aperiodic motion is also o%*1iined,
and the corresponding value of the damping coefficient ¢ = 2nm becomes

2 wm (59)

¢ ., =
crit

and is called critical damping.

Case 2, n < w

More often, the case is encountered where n < W so that the roots T and Ty
are complex. In discussing this case, it will be convenient to change the
form of Eq.55 to indicate more clearly its physical significance. Remembering

that the concern now is only with the case where n < let
u? - n2 a 032 (60)

Then expressions in kq. 54 become

-n + iW

o ]
L1}

| 1 }
r2 = =N =~ iwl (61)

and Eq.55 may be written in the form
- 1w -1
x = et (Aet Y+ Be ! lt) (62)
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Using the known relations

iz ..
e = cos z + 1 sin z }

e % cos z - i sin z (63)
Eq. 55, in turn, may be written in the form

-nt .
X =¢ (C1 cos Wt + C, sin aﬁt) (64)

where

C1 and C2 = new arbitrary constants.

To evaluate these constants, assume now the initial conditions
X =X, X = io, when t = 0 (65)

Then substituting Eq. €5 into Eq. 64, toscether with its first

derivative with respecct to time, there is obtained

nx

i0 0
C, = x5and C, = 5=+ = (66)
1 1
and the solution becomes
x = e—nt ['( cos Wt + (5:0 * nx0> sin t] (67)
Xp ¢o8 Yt S 4

1

The general solution (64) can be represented in another form by using the

relation
cos (8 - @) = cosB cos + 8inB minyp (68)
to obtain

X = Ae—nt cos (uﬁt - a) (69)
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where
A~ */‘—‘1 + Gy

1 = new forms of the arbitrary constants.

4, C
a = tan E—

1

Using the values of C1 and C2 from expressions {6uU) these new constants become

2
J/ 2 *0 + nx0>
=[x+ —— (70)
* 0(%

and -1 20 "
a = tan | = ¢ af (71)
Ouﬁ 1

A displacement-time curve plotted from Lq.69 is scen to be vibratoery in
nature and represents so-called domped free vibrations. FEquation (67) is
therefore the expression for the vibratory effects of any initial displacement

x. or initial velocity X, when & = O,

0 0

FORCED VIBRATION, GENERAL DISTURBING F{RCE

Vhile damped free vibrations are important, there are many casce fur whick

th: ditferentiai cquatiosn of motion{(51) of o spring-suspended mass in Fig. 6a

{akes the move gencral form:
b'Y +2ni+‘lv?x=q=f(..t) (v2)

wvhere

8

q = - the disturbing force por unit of suspended mans.

In dealing with this equation, a proccdure aomewhat different from that used
previoualy will be followed. Referring te Fig. 6b, it is sasumed thet the

disturbing force, q, per unit of adass is-given by a curve AB., At any instaut,

&Q

_




qdt

-~

EQUILIBRIUM

________ '} A o e N} '

%

Figure 6a. Spring=-Mass System, Figare bb., Yterce-Time Analog
Forced Vibraticen

t', consider oune clemental impulse q dt' as represented by the shaded strip in
the diagvam, This onec impulse imparts to each unit of mass an instantaneous
increase in velocity d% = q dt', regardless of what other foices, such as the
spring force, may be acting on it, and regardless of its displacement and
velocity at the instant t'. Treating this increment of velocity as if it

were an initial velocity (at the instant t') and using Eq. 67, it is concluded
that the corresponding dispiacement of the spring-suspended mass at any

later tiwe, t, will be

4t '
dx = c—n(t t') 9—%%— ain @ (t-t') (73)
\ 1
Since cach impulse g dt' between t' = 0 and t° = t has a like effect, there ie

obtained, as a result of ihe continuous action of the disturbing ferce q, the

total dieplacemeny
rt -n{t-t") .
ge H1n Qi(twt') dat! {n)

This expression still does not include the effect of any initial displacement

x, or initial velocity io, when ¢ = 0. These effects, however, are exactly

hi




those represented by FEq.67 ; hence, for a complete solution of Eyq. 72, there

is obtained

. . + nx - lt - -t !
X = e-nt [xn cos ﬁit + \-Q_hﬁ d>8in aitJ +E§'£) 4 n(t ’ ) sin ui(t_t')dt'

(75)

At first glance it nmight appear that the first term in this expression
represented free vibrations and the last term forced vibrations, but this

is not quite the case, Actually the first term represents only the cffect
of initial displacewent and initial velocity; the last term represents the
complete effect of the disturbing force q = f(t'). The disturbing force
produces, on its own account, both free and forced vibrations and all this
together is accounted for by the integral in Eg.75, i.e., by the solution
(74). For this reason, Eq. 74 and75 are cspecially useful in studyiog the
early effects of a disturbing force before damping has had tim>» to dissipate

the free vibrations,

For convenience in further calculations, jt will be helpful to transform the

integral in Lg. 75 as follows: Using the relation

sin (Wt - wlt') = win Wt cos Wt' - cos Gyt sin Wt (76)

The complete scolution is given ae

X + nx
X = e-nt [l:xe cos wlt +<u>sin wlt]

w
1
e sin Wt t
— 1 I nt! Wt '
+ “ﬁ o 9¢ cos lt dt
M os Wt Lt .
— _f et gin wt dt
- Y o ¢ 1 (77)

Application of this expression to rectangular and trapezoidal force-time

inputs will now be made.




RECTANGULAR FORCE~TIME INPUT

Application of Eq. 77 for a rectangular force-time input to the spring-mazs
system provides a relatively asimple demonstration of the mathematical method
and the results obtained by its use, Although stepped inputs are not
encountered in actual rocket engine performence evaluvatinng, they are em-
ployed for test stand dynamic evaluation tests by the use of fracture links
and snapped wires, Figure 7 shows the shape of the input force-time curve,
The cvnstant-level force duration is arbitrarily taken to be great enough to
dissipate essentially all cscillation of the system produced during the up-
step by the damping (always present in some degree) by the time the down-step
occurs at the input force termination, CSeparate evaluations of Eq. 77 for
the twe steps are made because of the difference in initial conditions and

load existing et the inatants the two steps occur,

Q
777
WA/

Figure 7. torce-Time Input, Kectangular

Case 1, Stepped loading

F
Initial conditions ot t = 0O are"xo =0, io = 0, and q = ;? is constant during

the loaded phase. The subsequent displacement, x, of the mass, m, using

Eq. 77 is
~nt
F.e t t
e [ . nt' , . I nt' . . R
X = mhi 3in Gﬁt J; e co8 uﬁt'dt - ¢o8 “ﬁt 0 e sin uit dt'J
(78)
from which is obtained
~nt
B oD .
X = ..__..Q..,_?[.._é. P e“t -0 s8in &t ~ W cos wlt] (79)
i w1 1 i
me (")
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Multiplying this displacement zquation by the spring constant, k, and
utilizing the relations

u?
kx-F.“a-;l:-,2+w2-l (80)
1

where

F = force indicated by the spring

there re ults

\ n -nt . -nt
F = EO 1 -z sin “it - e coa “it) (81)

1

By integration of Eq. 81 for the duration of the applied step loading an
expression is obtained relating the impulses of the actual input force

and the force measured by the spring.

t [r t n t nt I t at
= o e - in & - - (5] ]
IO F dt FO- dt “1 ja e sin t dt 0 e cos lt dt

o 1
(82)
Since the actual impulse in this case is IA = Fot, Eq. 35, using the
t
notation for measured impulse, IM = j; Fdt, provides the expreasion
F y 2 n2\ .
0 K" 1" ot W at
IM - IA = - —32 e -) € sin lt - 2ne cos 1t + 2n |
o+
1
(83)

Equation B3 indicates that the difference between ihe actual and measured

impulses (error), for the duration of the stepped loading, is a function

of the force level, the damping, the damped navural frequency and the force

duration time,

Case 2, Ste sped Unloading

Teking t = 0 at t?e instant of system uuloading the initial conditions are
teken to be X, = Eg ' ko = 0' and q = 0. Although a zere initial velocity,
at the stated displacement, would thevretically require an infinite time to
obtain, by damping, subsequent to an upstep, it is en irely realistic and

practical te regerd it obteined in & finite time., Fox example, examination

L4




of the derivative of Eq. 79 shows that X = 10"1'6 in/sec in 2 seconds after

a 10,000-pound stepped load is applied to a 175 cps system damped only
5 percent of critical damping.

The subsequent displacement, x, of mass, m, again using Eq. 77 in which

these values are substituted, is seen to be:

F e—nt

=:0[ _11] 84
X K cos uﬁt + “ﬁ sin uﬁt ( )

t
Again utilizing the relations kx = F, Iq = I; Fdt there results

F ” 2
Iy= 72 : 2 K 1 n2> ™™ sin wt - 2ne ™™ cos Wt + 2n] (85)
n® + «“ |

and since IA = 0 for periods subsequent to the stepped unloading, Eq. 85
represents the error incurred during the time t after the down-step. By
inspection of Eq. 83 and 85 it is scen that the two impulse errors asso-
ciated with a rectangular force-time input are equal in magnitude and
opposite in sign, for equal integration times subsequent to the two steps,

and result in a zero net overall measurement error by the system due to

mechanical response., The only restrictions incorporated in the foregoing
application were (1) a constant-level force duration long enovgh tochtain essen-
tially static equilibrium by the time of the down-step and, (2) an equal
integration time after the down-step. Of course, equal-time integrations

for stepped loading and unloading of the system and the statement ko =0

at the time of the down-step are equivalent to stating that the system is

once again in static equilibrium by the end of the integration serformed

after unloading. The purpose of the foregoing exercise was to examine

the relation between system design-excitation and measurement errors,

through a breakdown of the over-all integration into separate integrations.
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TRAPEZOIDAL FORCE-TIME INPUT

The use of Eq. 77 for the more general case of trapezoidal force-time inputas
consiste of its successive use with each of the four separate phases of the
aystem excitation, identified by reference to Fig. 8. Phase numbhering is
based on symuetry considerations rather than on chronological order. The
force-time input excitation consists of two ramps, one up and one down,
separated by an intermediate constant-level force whose durution is again
great enough to obtain essentially static equilibrium at the time of occur-
rence of the down-ramp, Torce-time inputs of this type provide useful

analytical approximations to rocket motor thrust-time curves.

Q
K" -+

.

| 3 2 4
by e e ety e

Figure 8. Force-Time Input, Trapezoidal

t

Phase 1: Startup Ramp

Initial conditions are Xg = io = 0, and the excitation force is ¢ = K¢,

where K is the slope of the ramp, during the time period 0 < t £ tl. On
substitution of these exprcssions into Eq. 77, the displacement x of the
mass m during phase 1 is given by:

Ke ' at'

nt t n t
X = u{;— Lsin Uit J; t'e t cos uﬁt' dt' - cos Uitja t'e
sin W t' dt'] _ (86)

which results in

nt

Ke—nt ;uit e 2nuﬁent - (n2 - uﬁz) Ain uﬁt - 2nhﬁ coe u&t ]

uﬁm an + u&Q - (n2 . “ﬁ2)2
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On multiplying this equation by the spring consiant, k, and utilizing the

relations given in Eq. 80 there is obtained the expression:

2Kn(e"n cos hﬁ t -1) K(n2 - ui2) e ™ sin Wt
al + “ﬁ wl(n2 + ui2)z

The expression relating the impulses of the applied and measured

F = Kt + (88)

startup forces is obtained by integration of Eg. 88 to¢ Lime t,, that is,

1'
N : &
Kn [ K(n"-4 %) rl o nt
5 1o dtr 5 —aige

n” o+ W ui(n vuy )

s8in Qitdt +

t
1
—2—-2’1—5 J.o e cos Wt dt (89)
n + ai
The integrated result, utilizing the expressions for measured and 0
K
actual impulse during phase 1, respectively IH f Fdt and I, = 33 )

A 2
provides the error expression:

2Knt, [n(n ~30%)
2 2"
n +ui (n +Gi )

-nt
Ey =Ty -Iy- lain we, +

2 _ wlz) e Pt coq W, - 3n2 + wlg] (90)
Eq. 90 shows that the impulse error incurred during the startup phase is

a function of the slope of the startup ramp, the damping, the

damped neatural frequency, and the startup duration time,

Phase 2, Cutof! Ramp

Kt
Initial conditiona are Ty = -El ' io = ¢ essentially, and the excitation force
Kt,

is Q = ——— (t ~ t) during the time period 0 St =t As befure, the state-

9
ment xo = 0 is considered entirely realistic for the contemplated asysiem and
its excitation. It will be demonstrated later that no measureable error is
incurred by stating Xo = 0 at this point of the contemplated trapezcidal exgit-

ation of the planned total impulmse measurement system,

w




On aubstitution of theac cexpressions in Fq. 77, the displacement x of the

mass m during phase 2 is given by:

Ktl n e- sin !-Qlt
X = e e " [cos wlt + al- sin wlt,] ml JO

cos wlt'dt' -

Kty ™ con wyt _[t o Kb ™ ain Wt . o
wlm 0 e sin Uslt dt' - wlm t2 Ot e cos wlt dt' ¢

K'eﬂ (os(.dltJ.
t.c

o T i sin wt'de! (91)
wvhich results in:
Kt e Kt et w et in Wt %
le n ' le he nsn(:.\1 +wlcos_w1
X = " | cos wlt + o sin wlt + ~am L2 5 - 5 5 -
1 wl n H.dl n + (ﬂl
nt nt 2 2
wltc \ 2naie - (n - “ﬁ ) ain uﬂ;f»?"“ﬁ cos “ﬁt ]
2 2 2 2 ,
t2(n +uy ) t2(n + Q)l ) (92)

On multiplying this cquntion by the apring conatant k and again utilizing the
relations given in Fq, 80 there is obtained the expression:
?) :

- ?.Kn(c con w]t. - 1) K(n - W
F - l{t [_Kt. +

3 2 * 27 . (99)
n
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The expression relating the impulses of the applied and measured cutoff

forces is obtained by integration of Eq. 93 to time t2, i.e.,

N R CIRTE IS
fordt_xtljo dt Ktzjot +

K(n B uﬁ ) t e
“ﬁ( 2 aﬁ ) <¥é> I 2 t sin uﬁt dt -

t
2 <t I 2 cos u.‘lt dt (94)

The integrated result, utilizing the expressions for measured and actual

impulse during phase 2, respectively

Kt t

I, = J 2 F dt and I, = 12
M Jp ant Iy 2 !
provides the error exptvession:
2 _..2
Cor Knt, ot n(n® - 5w °) _nty .
= - = e mm——— - — ) ~ 2 i . c sln ) +
27 AT T TR, \t/ 2. | o “
<2 2, -nta <2 27 -
(3n° - w ) e cos Wt, - 30" + W (95)
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Comparisen of the two errvor expressions for phases 1 and 2, Fq. 9) and 95
shows that complete cancellation of the two errors occurs for symmetrici
atartup » - .atoff ramps (i.e., by - tg). With asymmetrical rampa, (i.e.,
t;_1 7 tQ), incomplete cancellation, in general, resulits in a net impalse

measurement error during these two phases of the sydatem excitation, Simie-

lar results are now ohtained for phnses 3 and 4.

Phase 3, Constant-lLevel Foree

Initial conditions of this phane are obtained from the displucement cxpresdion
(fq. 87)and its derivative, at the instant of tevminaticn of phase . The

result ia:

( 2} 2) ""tl --Htl
. n" - W )e sin Wt + 2nl ¢ COn t, — 2n
) _K, e Y “"’1 1 “ Wiy - 2nly
0 oF e L4t CR
uﬁm n uﬁ n Uﬁ
w 2w 2) S e Wt 1(124- 2)n“ntlﬁin t
. K . .ﬂ n \ § Uﬁ.l ni1 hﬁ R .uﬁ':i
% ' Lwl - - 5 5 — L1 (ag)

0 uﬁm (ng ¢ uﬁﬂ) no ¢ uﬁ

The excitation Yorce is Q - Ktl during the time period O % ¢ & ¢ On sub-

3
utitution of these expressions into bq.77 , multiplication of the reaulting
cquation by the mpring conntent, k, and use of the expressions in kq. B0 {he

expreasion for the measgured force, ¥, during phane 3 ia:

Cl ot G, + nC‘ ntl ut -
A = _ . - , NI AL R , : 97\
I KL( I tl)t A uﬁt b 13 ']" Hir Qﬁf ' tlJ (97

where € and € are, respectively, the bracveted torms in Eg. % for and
e

X
l o
The impulse of the measured force I' during phasn 7 ix obteinad hy

X”.

the integration of Eq. 97 to time tj. The vesulting expression, utilizing

the relations ]H Jntj F di and lA K tl b? for the measured and actual

impulses, respectivelyv, provides the error expression [or phase 3, as

shown fallowing.

“




L (n - 3&& )(c tlsin aﬁil + -nt3 sin u’t ) +
“ﬁ( %rw ®)?

aﬁ(jng - uﬁQ)(c—ntl cos Qﬁtl + c-nt3 cos Uﬁts) +
uﬁ(uﬁQ - 3n2) e-n(tl * t3) cos aﬁ(tl + tj) +
-n(ty + t3)

n(3uﬁ2i_ n2) ¢ sin & (t1 + t;) N

“ (“ﬁQ - 3“2)1

-

(98)

Equation 98 shows that the impulse error incurred during the constant-level

phase is a function of the system-excitation parameters previously stated

+

for phases 1 and 2 plus the constant-level duration time t3.

Phase 4, Post-Cutoff Period

Initial conditions of this phase are obtained from the displacement

expression @q. 92)and its derivative, at the instant of termination of

phase 2. The result is:

("1 - n?

on(? - M2 cos uﬁtéj

X [ e nt2 in Wt
b = 2 2 S +
0 wt, (n2 + uﬁ ) 1°2 t2(n2 R uﬁz)
: -nto -nto . .
. . 1 [e cos uﬁt2 . ne sin aﬁtQ ) J;]
0 t2 “ t2 t2

The excitation force during the post-cutoff period is, of course, zero,

On substitution of these expressions into Eq. 77, multiplication of the

(99 )

resulting cquation by the spring constant, k, and usc of the expressions in

Eq. 80, the ecxpression for the measured force, I, during phase 4 is:

-nt C& + nC_ —nt
F = Kt [c e " cos wit + (———2)¢"" sin u:t]
1L73 > 1 w 1

(100)



where C, and Ch are, respectively, the bracketed quantities in Eq. 99 for

3

and x,..

Xa 0

The impulse of the measured force, I, during phase 4 is obtained by

the integration of Eq. 100 to time th' The resulting expression, utilizing

he relations I g 1
the relations v = JO de, A

impulses, respectively, provides the error expression for phase 4:

= 0, for the mecasured and actual

t
1 K 2 2 -nt . -nt .
= (t_) w (% + w2 [n(n - 3647) (772 sin ey + TN sin W) 4
2 ;- -
wl(sn... _ w12) (e nto cos (dlt2 + o nt,, cos wltl,) +
( . 3n2) O_n(tz * ) cos w (t, +t,) +
“ uﬁ “ it Iy
n(3w12 -~ n2) C—n(t2 + t[*) cos ‘Ql(t2 + tl*) +
.2
@ (" -5 ] (101)
The similarity of the error expressions for phases 1 and 2, and for phases

3 and 4, suggests their joint consideration, and useful gsimplification is

obtained by expressing the damping parameter, n, and the damped natural
c

frequency % in terms of the damping ratio h =

1 and undamped natural

c__.
crit
frequency % With reference to Eq. 50 and 59, the following expressions

are obtained:

n=®h
@ =w/f1-n? (102)
1
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The use of these relations in the sum of Eq.90 and 95 esults in the error

expression for phases 1 and 2:

o i
E. + £ = _K__ {[ h (3 - 4h°) ~WBY sin Wty ,“/1--112 +

1 By
W1 - n?
,/l - 0% (n® - 1) (@M cos w1 - he - 1)] -

t, -
= L- h (5 - 4h°) e M2 sin wty 1 - b7

2

2 ]
J1 - B2 (5h° = 1) (702 (oq why 1 - b - 1)]}

Because the actual impulsc for phases 1 and 2 is given by

2

)

I = 1/2 Ktl

Al-2 2
=_’“_1‘°g<f1+1>
2 t2

_ Kty .
+ 1/2 K t1t2 = -T?-(tl -t

the fractional crror for phases 1 and 2 is

o E, +E, 2(51 + Eg)
1,2 I - t

Al-2 0 S

K t1t2 X, 4 1/

and on using the notations

Hl = Jl - h

h(3 - 4h°)
H. -
2 Vl - 2

H hh2 -1
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the fractional error for phases 1 and 2 is cxpressed by

1 -~ h

_ -2 { -whty ., ~wht) .
FI,2 = 6 1[2 c sin u-Hltl - 113(0 cos levl -1)-
uftltg(z— + 1
2
tl whto wht
1 - , _ -whty _ }
: [HQC sin letQ II3 (e cos wH1t2 1)] (107)
Similarly, for phases 3 and 4
-whty . 2 -whts
- - ! 4 - D st
E3 +E, = QRJ.___.D { h(3 - 4h° )( sin @t, /1 - h" + e n wts

./1=h

2 —wht 2 -Wwht= 2
- ! - 1 ) - - -
/1 h" (4h 1) (e cos cutl,\l h™ + e 2 cos wt3'\/1 h)

o _ . —_
/1 = 1 (4h* = 1) ¢ wh(ty « t-’) cos w(tl : tj) \/; -n?

0 - -~ -
h(3 - 4h%) e wh(ty - t5) sin uxtl + _) 11 - n? Jﬁ - n? (hh -1) -

t p————e
o =0 . 4 -
L L— h (3 - ah°) (e wht2 sin Wt ,y,l - h“’ + e “hty

o

. i .
‘l S PR £ A 1) (c whta cos W tQ '\//1 - h2 e-wht)' cos W t},

sin W

,v/l - h® (&h” - 1) c_-wh(t(‘2 tl‘) cos w(t2 + tz,) «/1 - }12 +

h(3 _ 1*112) C-wh (tQ + tl{) sin uxto + t[‘) 1 - 112 -

Jq":_EE (&h> - 1) ] }
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Because the actual impulse for phases 3 and 4 is given by

- 10
Tigy = K tyts (109)

he fractional error for phases 3 and 4 is

F = Ej i E" = E} i E"
347 T, Kt tg

(110)

nd on again using the notations in Eq.106 the fractional error fer phases

 and 4 is expressed by

1 { C-wntl . -Wht . ~w h(ty+ts) N
3.4~ u?t . H2 e sin letl +e 3 sin (.t)Hlt3 - e cos WH (t1+t.3)/
13

H ( ~Wht) -wht ~wh (t)+t3) . S
3 \e cos WHt, + e 3 cos WHty - e cos u-Hl(t1+t3) -1y

t W W
1 [H (c ht2 sin WH,t, + e hty sin WH, t
t2 2 1 1

-w h{to+ty) >
0 -c cos le(t2+tq) -

4

II3 (e_whtz cos WH t2 + e-whu‘ cos WH. t, - e—wh(t2+t’*) cos le(t2+t,‘) -1)]}

] 174

(111)
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DISCUSSION

A discussion of the over-all measurement error is appropriate at this
point. T« begin, it should be stated that a methematical integraticn of
an indicated force-time curve performed to an infinite time will show that
no error occurs in the measurement of total impulse of any kind of
excitation of a spring-mass system. The purpose of this analysis, however,
is to obtain the expression for the error that is incurred for finite
integrations of indicated forces by a spring-mass system trapezoidally
excited. Tt is therefore reasonable to examine the sum of Eq. 103 and

108 (total error) to determine if it does vanish for an infinite post-

cutoff integration time, t Accordingly, for t, = =

Y y =

- -& ht ——
_ K oy (e 03 1 - n2
ET-F1+E2+E3+E4=wQLH2\e 31n°‘-t3./1—h -
~&“h(t, + t,) f— ~Wht
1 37 . . / 2\ 3 / 2
e sin “‘(tl t3) w1 -h" - lI3 & cos “)thl - h” -
—wh(t +t) 7 ~
1 3 w ; 2 Vol
e cos t. - t,) .1 -h '
(t) = t5) / (112)
Inspection of Eq. 112 for total measurement error shows that Etotal - 0 as

tl + t3 - t3' The accuracy of Fq. 112 for the contemplated measurement
system and a very rapid transient excitation is demonstrated by the fact
that E. 1.3 x 10-95 Ib sec for t, = =, for a 175-cps system, damped
104 critical, subjected to a startup ramp of 10,000 pounds in 5 milli-

seconds followed by a constant-level force duration of 2 seconds.

Therefore, for all practical purposes, Eq. 103 and 108 regarded either
separately, or jointly for total error, quantitatively show the relation-
ship between measurement system-design parameters and total impulse
measurement errors incurred by finite times of integration for general
trapezoidal excitations. The only limitation imposed on the entire
mathematical development of these expressions is the statement of static

equilibrium at the time of the excitation downramp, and the insignificance
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of the error resulting from this assumption for the planned system

and its excitation was demonstrated.

Because percentage errors are usually more desirable than absolute
errors, Eq. 107 and 111 arec of more interest for measurement purposes,
Values of error obtained by the use of these equations, when multiplied

by 100, will be in the desired form.

A few statements regarding the actual use of such a measurement system
are appropriate. Examination of the error expressions shows that the
actual operation of the system described will be governed by the level
of error that can be tolerated. Thec percentage of error incurred in the
total measurement, as shown by the sum of Eq. 107 and 111, is a function
of the system's natural frequency, W, and damping ratio, h, the
excitation symmetry ratio, tl/ta, and the individual values of tl’ t2,
t3, and th' All of these design and excitation parameters, except t&,
are beyond control of the system's operator, once a measurement system
is constructed and put in use. Consequently, the duration of the post-
cutoff integration time will be the controlling operational factor in

holding measurement errors below a desired level,

Any decision regarding the amount of post-cutoff integration time, th’
is consequently dependent upon the shape of the input excitation curve,
if errors are to be held to the desired level with the constructed

system,
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ANALYTICAL DYNAMICS OF THE ROCKETDYNE
THRUST AND TOTAL IMPULSE MEASUREMENT SYSTEM

INTRODUCTION

In studies associated with the design of the thrust total impulse measure
ment system for use at EAFB, it was desirable to develop a mathematical
model which more adequately describes the dynamic response characteristics
of this thrust measurement system. The development and analysis of such a

model is described herein.

Because the system which was investigated possessed nonlinear character-
istics, it was necessary to adopt a numerical approach for the solution of
the resulting equations of motion. However, if several appropriate simpli-
fying assumptions are made, it is possible to solve the equations in closed

form for a special case which is outlined in the following analysis.

MATHEMATICAL MODEL

In systems of this type, it is customary to describe the mathematical model
by means of a network of springs and dashpots. In particular, the thrust

measurement system may be represented by two springs and dashpots as shown

in Fig. 9.
/
; M'C r,n-ﬂ———F(t)
‘ | “T1 1
/ c3]— | =l '
/] ! —
;'_’X. © X2

Figure 9 . Two-Degree~of-Freedom System
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In Fig. , the concrete hloch and lead cell have heen replaced by equiva-

lent springs and dashpots. The nomenclature is as followa:

M = masn of the concrete hlock

% = apring conatant for the block evaluated on the banis of
shear deflection produced by a thrust

m » mass of entire motor and mount essembly

spring constant for load cell

b,e ~ damping coefficients (including windage effecta) of the
cell and block, respectively

F(t) - applied thrust

X19%y - the displacerents of the block ard load cell, respactively,

from their equilibrium poritions

It should be noted here that Mo, kp, and k are assumed to be constants,®

vhereas m, b, and ¢ are variable quantities given in the form

m(t)

b })(ﬁ,,)

c : n(il)

DIFFERENTIAL EGUATIONS OF MOTION FOU THE SYSTEM

The equations of motion are derived by Lagrange's methed, beginning with

the expresanions for the kinetic and potential energies of the aystem an

given by
1 0 | o
T : o Mc Xy oty mxu
! 0 0
v g kn 1 ok (XQ - xl) (113)

#
Variable k is treated in the final section of this discussion,
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The resisting forces may be assumed in the form
fl = c(xl)x1
£, -«  b(x,)x, (114)

Thus, in terms of the quantiviesa T, V, and fi’ Iagrange's equations of

motion may be written as

d , 2r N v
at %E;) BT A PR

i=1,2 (115)

wvhere Qi = externally applied forces. With the aid of Eq. 113 and 114,

the coupled equations of motion for the system are
Mc 91 + (kc + k)xl - kx2 + c(il)kl = 0
d ) :
a?’(mig) + k(x2 - xl) + b(ﬁ2)i2 - - F(t) (116)

There are two sets of initial conditions associated with the system (Eq. 116)

to be considered in the present analysis:

1. il(O) = 0 *2(0) . 0
xl(O) -0 x2(0) -0
2, il(o) ~ 0 x,(0) - 0
xl(O) ooy x”(ﬂ) -y, (117)

EVALUATION OF SPRING CONSTANT

The concrete block is assumed to act as a beam built in al one end with a

concentrated load acting at the free end shown as follows,

.



O-h-f ~—~1--0

DS AN AN

By definition, the apring constant for the beam is
k = ©P/8 (118)

vhere 8 is the static deflection due to a load P. Because the cross~
gectional dimensions of the block are of the order of wmagnitude of the
length of the bloock, the deflection due to the effect of shear must be
included in addition to that due to bending.

From Ref, 5, the following expresesion is obtained for 6:

3 " .
A - §§if [1 0,71 (0/4)% - 0.10 (n/4)? ] (119)
c
where
Ec =  Young's modulus for reinforced concrete
L = lengih of heam

moment of inertin of crovys-section nbout axis 00

1)
{en)(h/2)” 3/,

3

Thus, the equivalent spring constant for the concreie block is given by

k -~ p/8 )
3E¢1/‘3 Ll s 0.71(n/0)* - o.xo(n/&)*]

- (l/h)En(h/L)1 e/ Ll P 0.71(n/0)" - 0.10(h/£)3] (120)
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A computer program has heen written to solve the coupled syntem (By. 116)
for o wide variety of functions m(t), F(t), b(%), and n(é}. Parameter
atudiesn and impulue error estimaten uaning this program will be deacribed

snbsequently,

SPECIAL CASE: ONR DEGREE OF FREEDOM, VISCOUS
DAMPING, AND TIME-VARYING MASS

If the ansumplion is made that the conciete block is so "staff" Chat its
motion can be neglected, then the mystem of equatiocns (Eq. 4) reduces to

a #ningle-degree-of-freedom systam given by

L fmi,) 4 ke, 4 b(RE, - - F(2) (121)

In addition, if the damping factor b(%,) = b - constant, and m(t) is
assumed in the form m = m - at, t < mu/a, a > 0, the abhove equation ia
linearized and closed-form solutions are pesaible.
Considering therefore, the linear!zed equation

(m, = at)¥, « (b - a)k, + kx, - = F(t) (122)
write 5 - m_ - at

0

Thus, Eq. 122 reduces Lo

AX) b B X, A, u3F(s) (123)

vhere primes denote differentiantion with respect to s,

a - (a-b)/a
8, - k/a2
a3 - ~l/32




Bquation 123 may be identified with an inhomogeneous Bessel's equation of

a special kind. The homogeneous solution (x2)H of Eq. 123 is

(x,)g = [AJv(ﬁ\/E) + BYb(B«/E)]s(l'al)/Q (12u)'

-

where JV and Yb are respectively Bessel functions of first and second kind

of order V.

v = b/a

(2/a)Vk

@
Il

Applying the method of variation of constancs, the general solution to

Eq. 123 is:

xg(s) = sb/Qa[AJv(B\/E) + BYb(B«/E) - 83Jv(3«/§) jmﬁ(Y)Y-h/QaYp
(B/y)dy + m aBYU(B\/E) j;F(Y)y-b/QaJv(B\/§)dy] (125)

4]

In terms of the time t, this may be written as

b/2 —
(mo-at) ‘ u[AJV(B mo—at) + BYV(R mo—at) ]

x,(t)

+

/e et
” asa(mo—at)b laJU(B\/mo—at) J (mo—aT)_b/QaF(T)Yv(ﬂ«/mo—af)dT
o

o t
maa(m -at)® %y, (B at) jo (n -a7)™> 5 (r)s (B</ar —aT)ar
(126)

The constants A and B are now to be determined from the initicl conditions

stated earlier in Eq. 117.

Case 1

iQ(O) 0 = 12(0)
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It is readily shown for these conditions that A = B = 0, and thus the solu-

tion is given by

x,(t) = 7 a3a(mo-at)b/2a[Jv(B\/E;:;£) jt(mo-af)-b/QaF(T)Yb(ﬁ«/;;:gf)df

t
- v, (Bv/aar) [ (m )25 (r)s (8/a ar)ar] (127)
Case 2
iQ(O) = 0 x2(0) = Y,

These conditions yield
(m,)"/ 243, (B/a) + BY (B<a) | = u,
(v/20) (-a)(m,) /20 as (8/a) + B (Ba) |

. Bta - a .—ﬂ—-)-—-a § =
N (mo)b/QQ[AJ"} (B/m_-at) é—f;\/_; + BY_'(B+/m -at) " ﬁo-_acJFO 0

Solving for A and B obtains

A

(7 Buy/2)(m ) (20)/20 v (a/a)

B o= - (7 Bay/2)(m) B2 (au) (129)

Thus, x2(t) is given by

xp(8) = (m -at)” 28 (wu, /2) (m ) O0V/28 5 (g /ommi)y | (BvA)
- Yb(B “mo'at)Jv-l(B\/;;)]

) t
+ ﬂaBa(mo-at)b/za{Jv(R\/mo-at) Io(mo-ar)ab/QaF(T)Y&(B\/mo-af)df

- V(B\/g::;£)JZ(mo—aT)_b/QaF(T)JU(BQ/mo—aT)dT]
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The solution for this special case should provide some insight in inter-

preting the results of the numerical treatment of the general case
(Eq. 116).

MODIFICATION OF EQUATIONS OF MOTION
FOR VARIABLE SPRING CHARACTERISTICS

If the load cell spring exhibits nonlinearities, the equations of motion
derived earlier must be modified by assuming first that the force-displace-

ment relation for the spring is given in the form

f = kx + & x3

where k and & are constants to be determined from information given by the

lcad cell manufacturer or from direct static calibration.

Thus, the potential energy stored in the load cell spring now becomes

Xo™X]
\Y = J f dx
8 o
1 2 1 4
= 3 k(x2-x1 * % a(xz-xl) (131)

With this modification of the potential energy, the revised equations of

motion are:

t
o

MCYI + c(il)il + (kc+k)xl - kx2 - a(x2-x1)3

) -F(t)  (132)

d . © Ve
Ez-(mxg) + b(x2)x2 + k(x2-xl) + a(x2—x1

The coupled equations {(Eq. 132) represent a two-degree-of-freedom system,
with the specified general type of nonlinear damping, the load cell spring
of which has the specified general type of nonlinear force-displacement

characteristic,
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DESCRIPTION (F COMPUTER PROGRAM

Introduction

An IBM 7094 computer program has been written which numerically integrates
the preceding equations of motion (Eq. 132), determines the cumulative
impulse, and estimates the error in the latter. The program includes a main
program and four subprograms, all written in FORTRAN. 1In operation, the main
program simply calls the principal subprogram, SOLVDE, once for each set of
data. A brief indication of the operations performed within each subprogram

is given below.

SOLVDE

SOLVDE is a subroutine-type subprogram which serves the dual purpose of an
executive routine and an integration routine. It is executive in that it
"reads in" the input data and control cards, prints out headings and results
according to the control cards, and calls the other subprograms. In solving
the differential equations, it uses Runge-Kutta type integration formulas.

A Runge-Kutta technique was selected for convenience of starting the solution
and because of its natural stability property (such tecniques are always
stable for a sufficiently small step size). Because various forms of the
integration formulas are given in the literature (Ref. 6 and 7), the for-
mulas are written as follows, in vector notation, with no further discussion.

The coupled equations of motion are written as one equation:
¥ = G (t, x, %) (133)

where x, x, x, and G = two-dimensional vectors. The given initial condition

on the displacement is:

x(to) = X (134)
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The step-wise integration is performed accordingly as

. h
xn+hxn+-6-(A+B+C)

nel T
% = %x +%(A+2B+2C+D) (135)
n+l n 6
where
A = hG (tn, X xn)
h h A
B = hG (tn +o X vo X, X+ 35
h h . B
C = hG (tn o X +o Xk + 7 A, X +3
. h .
D=hG(tn+h,xn+hxn+2B,x+C) (136)
and h = the step size.
RTSID

RTSID is a function-type subprogram which is called by SOLVDE to evaluate

the right side of Eq. 129, It has arguments i, t, Xpr X and i2, and

!x!
hence evaluates the i’ component (i = 1,2} of G at the gpecified values of
time and of both components of x and x. The proper evaluation requires
information regarding the time variation of the system parameters and input
excitation. For the system-excitation combination under consideration, the

mathematical expressions for time dependence were:

1. Mass of entire motor and mount assembly:

m -at for t St

m(t) =) ° B
- >
mo atB for t tB
where
mo = 1initial mass
a = burning rate of propellant
tB = cutoff time
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2. Thrust excitation (trapezoidal):

- 1 2
F(t) =
p(t5-t)
for t, <t <t
t, -t 2 3
3 2
0 for t3 St
where p, tl’ t2, and t3 = 1inputs to the program.

If a more general thrust function is desired, it can be put into the pro-
gram in tabular form. A modified version of RTSID has been written which
evaluates F(t) by linearly interpolating this table. 1In all other respects
the two versions of RISID are identical. The trapezoid in the above iigure

used by the modified version by inputting the table given as follows:

t E(t)
0 o
tl P
t2 P
t3 o
t& 0

where th must be at least as large as Nh; N is the number of integration

steps of size h.
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Damping

The damping functionsa b(%”) and c(kl) associated respectiveiy with the
motor-ioad cell combination and the concrete block, were exprosned in the

following form:

h.(x.) - A, tanh (Bi xi) e

(i - 1,2) (137)

This expression is versatile in that either n constant damping coefficient,

£,y chn he nred (Ai 0), or the function can become arbitrarily close io a
step function with a discontinuity at i, 0.
IMPULS

IMPULS is a subroutine type of aubprogram which computen the cumulative

impulse to time T, mathematically expronned hy
r T ) 3
1{T) o (k [xg(t,) - x’(t)! ' ﬁ‘[‘xu(t.) xl(t,)j ), (13m)

and which alro estimates the error incurred, expressed by

]

E(T) jr(k l_xg(l.) - xl(t.)} | o sz(t) - xl(t,)r) dt. (139)

where T * t,ﬁs and k and & are defined by the force-diaplacesent relation

f - kxt @y (1h0)

It should be emphasnized that the kind of error identified is Lhe errvor
incurred only by failure to mathematically integrate to infinity to obtain
the maximum value of I(t). A mathemstical integration inherently compen-
sutey for the nonlinear forve-diaplucement chavacterintic of the snyatem, An
electronic integration of an indicated force-time plotl, by means of only a
voltage--controlled oscillator and a counter, cannot sepnrate the errovs

incurred by departure from calibrabion linearity frwn the errvors incurred
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hy premature termination of iutegration. Additional information would
neceasarily have to he supplied with an electronie integration of a ayatem
pordruping & nonlinear foree aisplacement characterisntic, 1f accurate mean-
urements of total impulse nre to he achieved, Considerable complication of
equipment. vorld be involved with the necesnary antomatic electronic compen-—
sation. Hence, all possihle effort was made in tbe pyearem demign to obtain
n load cell and voltage-controlled oacillator with the highent posnible
degree of linearvity, in order to avoid this tvpe of uwyntem complexity, To
ohtain information regarding the error associnted with an eleetronic inte-
gration of a thrust aignal obtained from a wvatem exhibiting a nonlinear
ealibration, the computer program ineluded imegrationn of the expresaion

for several values of departure from & linear characterintic, specifically:

L]

. 3
B, = f al_xgu)nxl(z) dt (141)

in wvhioh smeveral values of & are utilized. The practical usefulness of
this kind oi oomputation vesults from a judgment of the allowable error of

this type, before a load-cell replavement or system mechanical realignment
la raquired,

Additionnl remarke are appropriate to the discussion of the "normal" type

of error, obtained by termination of the integration.

The integrand of Eg, 138 oscillates about zero, for t & by vith the area
of eaoh lohe smaller in magnitude than the preceding one and eventually
tending to zero., For this reason I(T) can be treated as a convergent
elternating seri¢s if the values of the inlegration limit, T, are required
to correspond to gero values of the integrand, The maz{mum error term of
the merien is the area A(T) of the next lobe, so that the impulse error
(Eq. 139) ia velated as follows:

L
Bne

B(T)

A(T)

(142)

The outpul of the IHIRIIN subprogram is a table of the values of time T,
correaponding to the zero values of the Integrand, and the corresponding

valuas of 1(7), A(T), and 100 A(1)/1(T). The latter value in the percent

71




nf error in the measured total impulse associated with termination of the
integration. The trapezoidal rule is used for the integration. Hence, if
the atep mize umed is too large, the computed valuen of A(T) may not. he
monotomically decreaning in magnitude, However, if the integration in SOLVDE
has bean ainble, the computed valueas of A{T) will manifesai n geneval

decrenning itrend,

CRTOUT

According to previous options, determined hy input parameters, SOLVDE can
call the subroutine CRTAIT to give cathode ray tuhe displavas of the detlec-
tion of the lond cell and, if desived, of the detlection of the conerete
block, Fach diasplay in photographed so that the results are preserved on
9-inch by 9-~inch photographa. CRTQRIT determines the acaling, denzity of
the points, ete., according to input paramwetera. The points are connected

with lines using libeary tape subprograms.

APPLICATION O THEORY TO THE
ROCKETDYNE SYSTHEM

Nuwerous combinations of design and operational parameters have heen pro-
vaased in the computer program to wmake a preliminary determination of the
acouracy of the measuvement of total impulse., The various parameter values
used in thene determinations represent the best pouwsible estimates, prior
to the actual construction and testling of the measurement ayatem, of thenre
variables, The parameter values listed in Cane IA below were regarded as
nominal values and woat of the computer "runs" for ocase 1 consisted of
varying one of these parameters while holding the others at Lhe nominal
values., To conserve compuling time, Q.3 wan held at two seconds for most

of the runs hecause Lhe worat parcent errors are associated with the short-
eat excitation times, other parameters being held conatant. Input excita-
tion timen of 5 and 10 seconds were aluo computed with appropriate corre-
sponding valuen of tl’ LQ, and propellant burning rate (a). The parameter
values and asseciated lmpulee error resulta liated in Case IH 2re restricted
to those of linear (viscoun) damping, lincar load-cell displacement. chara-

evintica, and variahle motor e Muring escilalbion. mee 2 contains
t { . d ‘inbhle mot oty Y] Lal ¢ Ay Lai
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vilues masociated with nonlinear system calibrations and nonlinear damping,

together with the associnted impulse measuvement errors,

Case 1: Linear (viscous) damping and linear system calibration

A. Nominal values of paramcters {(Run No. 1)

Mv - mass of concrete block, 357 salugs (IJ,GOO pnunda)
(]
kv - apring conatant of concrete block, 1.02x10) 1b/ft
' (50 times stiffer than load cell)
€4 - conatant dgmpjng of concrete block,
1,812 x 107 1k mec/ft (damping ratio = 0,17%5)
Co = constant damping of load cell, 1.2 x 103 1b aec/ft
k ~ spring constant of load cell, 2.0k x 107 Ib/ft
m. » initial mass of motur and mount asgsembly,

15.55 slugs (500 pounds)

I ath = terminal masa of motor and mount assewmbhly,

o 13.35 alugs (430 pounds)

p «» amplitude of applled thrust, 10“ pounds
bl = rise time oI applied thrust, 0.005 second
tg + cutoff of applied thruat, 1.95 seconds

t3 = total time of applied thrust, 2 seconds
x(0),%(0) -~ initinl conditions, 0

The resulus obtained with the above nominal values of parameters are given
in the accompanying plota (Fig. 10 and 11) of load cell and concrete hlock
displacement and in Tahle 2. An error of only 0.00117% is incurred by

tarminating the integration concurrently with motor burnout (2 seconds ).

B. Other values of parametern (all those not liated were held
et the nominal values): all iisted errora are those incurred by

terminating integration at hurnout (2 seconds).

Run No, 2

e AT £ 4 ks w0

-

¢ conerete hlock damping, 1,208 x 107 1h wee 'ft

(308 less than numinul&



Impulae error (at 2-seconda integration Limv): -0.00118%
Run No. 3

——— -

Cy = concrete hlock damping, 2 A4l6 x 107 1h ﬁoc/ft

li\._qﬁn No,

k =
¢
[ =
]
Tmpulse

Run No.

k =
[

Impulsae

Run No,

(30% more than normal)

h

conerete hlock apring conastant, 6,12 x 10/ lh/ft
(only 3 times stiffer than load cell)

)
concrete hlnck damping, h.hh x 10" 1h rec/ft
(damping ratio = 0,175)

error (at 2-seconds integration fime):  =0,000004.

-l

concrete hlock spring conatant, h,08 x IOQ Ih/1t.
(200 times stiffer than load cell)

P I3
concrete block damping, 7,624 x 107 1 sac/ft
(damping ratio = 0,175)

error (at 2-meconds integration time): ~<0,00108%

6

T . S e

¢ L

2

Tapulae

Run No,

« s

2

Tmpulse

Run No,

k 3
' o
2

Impulse

Hun No

I) =

Impulae

load cell damping, 1.029 x 107 1 Ao/t
(damping ratio = 0,030)

error (at 2-seconds Integration time): -0,001194

i

toad cell damping, 1,371 x 101 Ih mec/fH1,
(damping ratio = 0,040)

error (nt 2-apconds integration time): -0.00115%

B

load cell spring constant, 1.8 x 107 b/t

load cell damping, 1.125 x 103 Ih mec/ft.
(damping ratio = 0,035)

error (at 2-seconds integration time): -0.001174

.

amplitude of applied thruat, 15900 pounds
rrror (8t 2-weconds integration Lime):  ~0.00117%
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Bun No, 10

tl « rise time of applied thrust, 0.025 rsconds
t, = culoff of applied thruet, 4.325 secondn

t.3 = total time of applied thruat, 75.000 aeconds
a - propsllant burning rate, 0.4467 alugs/sec

Impulse error (at F-seconds integration time): 0.000%1%

Run No. 11
tl = rlae time of applied thrust, 0,050 seconds
L2 - rutoff time of applied thrust, 9,90 aeconds

t3 ~  total time of applied thrust, 10,00 seconds
a »  propellant burning rate, 0.2222 slugs/sec

Impulee error (at 10-seconds integration time): -0, 00006%

Case 2: Nonlinear damping and/or nonlinear syatem calibration

Rupn No, 12 (nonlinear load cell damping)
A, " maximum ohange in load cell damping, 42.9 1b rec/ft

Bg ~ rapidity of change in load cell dnaping, 1()2q sea’/ft,
(damping ratio ia 0,075 10,010)

lopulse error (ot Z-meconds integreation tlme):, -0,001132

Run No, 13 (nonlinear foroe-fisplacement relation)

Nonlinearity coeffielient, =7.5 x 1"10 b/ ou ft

Impulse error (at Z-seconds integration time): -0, 088%
(error caused by using linear ealibration)
Run No, 14 (nonllnvnr force-displacement eguation)

')
Nonlinear coefficient, =14 x IUI“ b/ eu ft,

Impulee errvor (al 2-scconds integration time): -1, H2%
(arror caused by using linear calibration)
Run No, 15 (both dawping and force-displacement, nonlinear)
s ]
Ag anid “g srme as in Run No, 12
Same as Hun No, 14

lmpulse orrvor same as in Hun No, 1A

0
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Integration
Time, seconds

t9 B3 2 1S 1D 1D ) o 19 1 1 KR oW 19 12 R 1D D 1D 3 12 o 1D 1 o

N

(]

.0000
.0025
.0050
.0075
.0100
.0125
.0155
.0180
.0205
.0230
.0255
.0285
.0310
.0335
.0360
.0385
L0415
L0440
L0465
.0490
0515
.0540
.0570
.0595
.0620
L0645
L0670
.0700
.0725
.0750

TABLE 2

TOTAL IMPULSE MEASUREMENT DATA
NOMINAL)

(CASE 1A:

Cumulative
Impulse, 1b
19725.
19725.
19725.
19725.
19725.
19725.
19725.
19725,
19725.
19725.
19725.

o © O N O N

[T

[
e
-3
t
\o
. . . . . .
— et et et et b pd

[
e
-1
[ f=)
~t
—

. . . . . . . . . . .
it [ [a— e p—t - — — st — —

secC
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Error,
1b sec
-0.25
0.20
~0.18
0.15
-0.13
0.13
-0.10
0.089
-0.078
0.067
~0.063
0.050
-0.045
0.059
-0.054
0.032
~-0.025
0.022
-0.020
0.017
-0.015
0.014
-0.011
.0098
--.0086
.0074
- .0070
.0055
- .0049
.0043

Error,
%
~0.00117
0.00103
-0.00090
0.00078
-0.00067
0.00064
-0.00051
0.00045
~-0,00039
0.00034
-0.00032
0.00026
-0.00025
0.00020
-0.00017
0.00016
~0.00013
0.00011
-0.00010
0.00009
-0.00007
0.00007
-0,00006
0.00005
-0.00004
0.00004%
-0.00004
0.00003
-0.00002
0.00002



TABLE 2

i Continued)

Integration Cumulative Error, Error,

Time, seconds Impulse, 1b sec 1b sec ¢
2.0775 19725.1 -.0037 ~0.00002
2.0800 19725.1 .0032 0.00002
2.0825 19725.1 -.0030 -0.00002
2.0855 19725.1 0025 0.00001
2.0880 19725.1 -.0022 -0.00001
2.0905 19725.1 .0019 0.00001
2.0930 1¢775.1 -.0016 -0.00001
2.0955 19725.1 .0015 0.00001
2.0985 19725.1 -.0012 -0.00001
2.1010 19725.1 .0011 0.00001
2.1035 19725.1 -.0095 -0.00000
2.1060 19725.1 -.0082 0.00000
2.1085 19725.1 -.0077 -0.00000
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THEORY AND APPLICATION OF
PARALLELOGRAM COMPRESSION-TYPE FLEXURE
SUSPENSTON SYSTEMS

INTRODUCTION

Analysis of compression-type flexure suspension systems was made primarily
for design clarification purposes so that a suitable suspension system
could be provided for the BATES motor in the Rocketdyne-designed test
stand. The need for such analysis was established by the dual design
objectives of high system dynamic response to transient thrust forces,
and a high degree of linearity in the measurement system indications of
static forces. These two objectives resulted in the propoced use of a
load cell having no compliant in-line flexures or ball joints with a
motor suspension system whose operational deflections resulted in suit-
ably small load cell bending stresses. The objectives were accomplished
through the use of a flexure system whose static translational and ro-
tational stiffnesses were suitably related to those of the load cell,

The design criterion was based on the load cell electrical response to
the bending moments imposed on it by mechanical system distortions re-
sulting from motor thrusts and weight changes, calibration forces, and
thermal expansions. Accordingly, mathematical expressions of the flexure
system translational and rotational stiffnesses as functions of flexure
component and svstem dimensions were derived. The complementary stiff-
nesses of the proposed load cell and its associated electirical responses
were obtained from its designer, the Baldwin-Lima-llamilton Corporation.
The load cell-flexure system combination was then examined to determine
the flexure system dimensions which'produced a force and moment distribu-
tion yielding the nece- » 'y low level of load cell bending moment associ-
ated with the needed low level of measurement error. The results of

this process consequently vielded the proposed flexure system design,

and the steps in this process will now be discussed.
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DERIVATION OF FLEXURE SYSTEM STIFFNESS EQUATIONS

With reference to the figure below and Fig. 12, the following equation

in which E = Young's modulus and § = deflection, have been developed

for a flexure-strut combination.

Vertical Stiffness

Fr

i

RIGID MEMBER
ELEMENTAL

W I w FLEXURE

2 2
- ~— STRUT
- w Py

| | ELEMENTAL

RIGID MEMBER FLEXURE

1.

Fach pair of elemental flexures:

%

Fr

{
_— FT/A _ F[/wt _ Fr %
v /4, XV - '
6‘/ I 6‘151 5v wt
Vertical deflection:
8 = FT Ll
v E wt
2. Strut:
Eo= Fr/a FT/WT Fr L
d - 6n / L &' /L 6n wT
v v v
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Vertical Deflection

L
v EWT

3. Total vertical deflection of a flexure-strut combination:
A
2FT 1 F. L

N ol
E wt EWT

On
i

26 4+ &6 =
v v

On
"

eih, L (143)
E wt WT

Therefore, the vertical stiffness of the combination is:

i 7 E
=_-T———-
5 2L
Wt T WT (144)

Because two flexure-strut combinations are incorporated in the parallelo-

gram suspension system, the vertical stiffness of the flexure system is:

kK = 2E
v 2 Il L
wt T WT (145)

y } l |
R, | ! '
Ti— |, —=te L ole— |, —~
M l Gp | | X
“ - - | —[ | 3
- \'\ \ec r} 1 l l
! N | sb | |
- P > | g '«26
X ] :\§§:l | : B c
m
I\lc [
n : | —]
I STRUT ‘ I
¢ FLEXURE Fal
Bir
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In the case of a composite beam constructed of two relatively short,
rather thick, flexure sections separated by a long, thicker strut, all
junctions of the sections are builtin and the displacement of the movable
support is considered to be translation only (no rotation). The curvature
of the entire flexure-strut combination is therefore symmetrical about

a line through the center inflection peint C, parallel to the planes of
the two supports. Consequently, the displacement of the movable support,
associated with the bending force F_, is twice that of the center point
C. Considering only bending of the flexures, the vertical reaction at
the fixed support is Rl = FB and the couple exerted by the wall is Ml =
-FB (L + 241). The bending moment at any cross section mm of the flexure
adjecent to the fixed end is M = M, + Rx. Using the well-known differ-

1
ential equation of the deflection curve of a bent beam,

2
EI, =% =M (146)

|

there is obtained, by substitution for M:

9}

i
|2
|

-Fp (L +24)) + Fyx (147)

where I1 is the moment of inertia of the flexure section about a horizontal

transverse axis through its section., A first integration gives the slope

equation for the flexure section:

dy

i (148)

EI, -Fy (L + 241) x +F

B & 1
and because dy/dx = o at x = o, it follows that C1 = 0. A second inte-
gration gives the bending deflection equation for the flexure section:

2 3

EI, y = -Fg (L + 2¢)) %— + Fy %— + Cy (149)

1

and because y = 0 at x = o, it follows that 02 = o, The slope and de-
flection of the bent flexure section at the junction point P at the end
of the strut are found from the above equations by substituting x = Ll

Because for small angles tan R~ 9, it follows that
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P P EII
deflection
2 5,3
s - -Fy (LLl *5 4 ) (150)
P EI,

However, for beams whose thickness is an appreciable fraction (> 1/10)
of the length, a substantial additional deflection is produced by shear.

At the point P, the slope and deflection due to shear alone are:

d, _ k FB
P AE
{4
5 = _k_fﬁ__l_
P AE_ @51)
vhere
A = cross-sectional area of flexure
Es = shear modulus
k = numerical factor (3/2 for rectangular section)

Consequently, the total slope and deflection of the flexure at point P

due both to bending and shear is:

slope
) = 6' 6"
P pt p
3,2
0 - .r <L{’1+2"1 +_g_>
p B ET; AE,
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deflection

6 =6 4 &
P P P

2 5,3
L1.°+21¢ k 4
- 1 6 1 1
6p B 'FB< EI, T AE ) (152)

The deflection of the strut in bending is obtained in similar manner,

The vertical reaction at the end of the strut (point P) is R, = Fp and
the couple exerted by the flexure is M2 = -FB (L + Ll)' The bending

moment at any cross section nn to the left of the center point C is

M = M2 + R2x, where x is now the distance of section nn from the end

point P, Again, using the differential equation
Er, &% -y (153)
there is obtained, by substitution for M:

Er, ¥ - -Fy (L+4)) + Fy x (154)

where 12 = the moment of inertia of the strut section about &8 horizontal
transverse axis through its centroid. A first integration gives the

slope equation for the s.rut section:

EL, %ﬁ = -Fg (L + Ll) x + Fy %E +C)
and because
%5— = ep at x = 0, it follows that
€, =-F [% (L4 + % Lla) + KE}:Ia ] (155)
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and therefore:

2
dy _ x_
El, 3 = -Fy (L + Ll) x+ Fp 3
I k EI
2 3,2 2
Fa [ I, (Ld) +547) + AE, ] (156)

A second integration gives the deflection equation for the strut section:

2 3
= - x_ X .
Bl,y = -Fp(L+4)) 5 +F ¢
I k EI, -
r -2 3, 2 2
F — L 2
BL T, LA +547) + iE, Jx+c
and because y = 6p at x = o, it follows that
I k EI, 4
_ T2 2 5,3 2 Y1 J
Cp = -Fy [ . L4 +z 4+ AE_ (157)
and therefore:
x2 v3 I 3 2
EIey = -FB (L—#—Ll) 5+ PB ral FB Tl— (LLI + 5 Ll )
I k FE1, 4
Io 2 5,3 21 ]
“Fa [Il (=54 + AE_ (158)

Because the strut thickness-to-length ratio is small (< 1/20), deflection
due to shear is negligible and the deflection of the bent flexure-strut
combination at the center point C is found from the above equation by

substituting x = L. The result is:

2
2 2 .
) e I L4 - o k EI, ¢
5 .3 1 2 1 7 .42, 5,3 2 1 ]
-Fy [ wml+ 3 1 (v +ed)+ AE
8 =
c E12
(159)
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The total deflection, 8 , of the flexure-strut combination in the horiz-

B
ontal longitudinal direction, is, by symmetry considerations, twice that

of point C, and the stiffness of the combination is, numerically:

r - ;E _ E12
1
L % 12 1 ) _ ok EI. 4
24 4 I1 1 2 1 3 71 AES

(160)

Because two flexuﬁg-strut combinations are incorporated in the paral-

lelogram suspension system, the horizontal longitudinal stiffness of the

flexure system is given as follows, where

3 3
A - W17 - _3
=7 Ip=175 A=vt andk =3
have been substituted:
k. = 2WT3
Lo 3 3 BT 4
343 2 Wr— .2 n 2 5 3] i 1
5L+ 3L Ll + 12 wt} LL Ll + 5 L Ll + 3 Ll + Eq —
' ‘ (161)

Horizontal Transverse Stiffness




In the case of a beam which has a large thickness at all parts compared
to its length, so that the deflection is due both to bending and to
shearing, the composite beam consists of relatively short, deep flexures
separated by a long, deep strut. All junctions are builtin and the dis-
placement of the movable support is again considered to be one of trans-
lation (no rotation). The curvature of the whole flexure-strut combina-
tion is therefore symmetrical about a line through the center inflection
point M, parallel to the planes of the two supports. The deflection of
the flexure-strut combination is due in part to bending, 66 , and in part
to shear; 6§ , of both the flexures and the strut. The deflection due

to bending can be stated by using the expressions already obtained,

with regard to the proper expressions for the moments of inertia I1 and
12 which are now

tw

™w? (162)

Pl P

and the expression for the total deflection of a flexure-strut combina-

tion due to bhending alone:

i

3
-Fs[ Doesfe 2™ 12
tw

2 5,53
12 1 w340 ]

6n - -
B ETW
) (163)

The deflection of the flexure-strut combination due to shear is obtained
by the use of the expression dyl/dx = kFQ/AEq with both the flexures

and the strut where:

dy

“1 . . .
el alope of the shear deflection curve of the section considered,
k = numerical factor by which the average shearing stress must

be multiplied in order to obtain the shearing stress at the
centroid of the cross section. (k = 3/2 for a rectangular

section)
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Fs = shearing force
A = cross-sectional area of the section considered
Es = shear modulus of the material

For a single flexure,

3
dvl ) _ %1 _ 2 Fe (164)
\ “dx - Il T Wt E,

and for the strut,

3
( Ei;) = Eig_ = - g_ii (]5:)
\dx /s L WTE g

Therefore, for the two-flexure-strut combination, the total deflection

due to shear is:

3 3
6"-26*6 __2FSL1 _?_FSL
s sl s2 wt E_ WTEq
3F L
woo.2s 1L L
6s -T2 ES ( wt WT) (165)

Thus, the total deflection of the combination, due to both bending and

shear, is:

t - " t
6s = 63 )
5 3 3 7,2 5,3 ]
5L+ 1L { 12 M (L L + 5 LLI + 341
s tw

= -F_ =

§ ETW’

+ 3 ( i + I‘_ )

2 Rq wt wT

L _

(167)

91




Because two flexure-strut cowbinations are incorporated in the parallelo-

gram suspension system, the horizontal transverse atiffness of the system

i8:
2
- Fs_ SETW-
TN 55, 3120 . 12 (120, + L1t 2 4 347) FEND (1, L)
2- * 1t ) 12" t 3% *ax-:q Gt oWt/

Rotational Stiffness Aijout Horizontal

Transverse Axis

Rotational moments about a horizontal transverse axis displace the
flexure system in tension and compression, and because two flexure-strut
combinations are equally stressed in opposite directions, the suspension
system stiffness expression is:

2 2

F_. D

T L~ p - 25 "2 K
8/3 '

v

T, ‘fr‘ (169)
2 (2—1 + [—->
wt  WT

Rotational Stiffness About Vertical Axis

A transverse couple about a vertical axis displaces the flexure system
in shear-hending, and because two flexure-strut combinations are equally
stressed in opposite directions, the suspension syvstem stiffness

expression is:

2
F D 2
r = sD - Fs _ D k. (170)
v D 26 2 T
6 /5 s

]2
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D2ET\~'3

T = —_

v - ) - ‘5 {1
~y ) - ™ 2 7 2 9, 3 IETW’ /7 L
L7+ 6L LI + 2’4;“3’ (L {’l + ELLI + 3‘(—1 ) + Eq ot h—"r/

(170 Cnntinuod)

Rotational Stiffness About Horizontal

Longitudinal Axis

This stiffness eapression was not developed hecause moments about this
axis are not expected to be encountered in apprecishle amounts, aund

also because the losd cell response to torsio .al moments is negligible,

The flexure system stiffnesses, expressed by the ;receding equations,
are related to the corresponding load cell stiffnesses hy the design
requirements based on measurement error-s. The complementary B-L-H

proposed load cell stiffnesses are given below:

1. Axial stiffness: kL' = 1.67 x 106 b in,
2. Transverse stiffnesses: k. = kT' = 10° 1n in.
3. Rotational stiffnesses: T ' = Tl' = Tv' =25 x 10" 1p in. ‘rad

The electrical responses of the load cell to transverse loads and

bending moments are as follows:

1. A 500-pound transverse load, or a wmoment of 2500 1b, in,, causes

a maximum sensitivity change of 0,15% of full scale,

2. Cell responses to torsional (twisting) moments are negligible,

DETERMINATION OF FLEXURE SYSTEM STIYFNP~S
REQUIREMENTS

The design of the flexure syvstem is largely determined by the anticipated
degree of departure from a perfect thrust calibretion and measurement

svatem, An ideal syster is one in which no-error calibration forces are
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impoaed exactly on the axis of a noncompliant force-measuring transducer
which responds onlv to axial forces, connected to a suspension system in
vhich the motor thrust axis is perfectly aligned with the ideal transducer.
With such a system no errors would result from misaligned calibration
links or motor thrust axis, and the load-measuring tranz:ducer would
identically indicate equal calibration and thrust forces, The linearity
of the transducer calibration would be solely dependent upon the trans-
ducer linearity itself, However, actual calibration and measurement
systems employed for rocket motor thrust determinations must necessarily
depart somewhat from the ideal svstem described, and the purpose of

this discussion is to identify the nature of the departures and quanti-
tatively describe their effects upon the calibration and measurement

svstem accuracies,

Identification of Causes »nf Bending Moments

It should be stated, first, that an accurate emplovment of a load cell
is obtained by merely imposing identical load conditions upon it during
calibrations and measurements, With only 2n accuracy requirement,

the presence or ahsence of transverse forces, along with couple bending
and/or twisting moments on the load cell is not material, provided that
the transducer loading conditions are duplicated in the calibration

and operation of the measurement svetem, However, the calibrations

of such systems are, in general, nonlinear. Accuracy plus linearity

in the calibration and use of a system requires considerably more
attention to svatem design detail, All direct-reading electromechanical
transducers require axial compliance in some degree for their operation,
and they are sensitive in some degree to transverse loads and couple
hending moments. The cause of such loads and couple moments is not

only fabrication and assembly tolerances, but also cperational variables
such as shifting motor thrust axes, decreasing motor weight (burning
solid propellant) and differential thermal expansions. Because these

loads and moments result in calibration nonlinearities and measurement
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errors, it is useful to list and quantitatively discuss their sources

as follows:

1. Bending moment produced by flexure svstiem axial stiffness

2. (onstructionally misaligned calibration and, or motor thrust

forces

a. Horizontally and or vertically offset forces parallel to

load cell axis

b, Forces angularly inclined to load cell axis in the horizon-

tal and/or vertical planes
3. Motor test and environmental conditions
a. Decreasing motor weight (burning propellant)
b. Shifting motor thrust axis (unusual propellant cumbustion)

c. Vertical and/or horizontal differential thermal expansions

Ten or more sources of load cell bending moment have been identified,
and it is useful to regard them as equally probable., As already stated,
2500 1b in, of bending moment on the load cell produces a possible

0.15% change in load cell sensitivity, Load cell sensitivity changes
are directly related to calibraticn and measurement nonlinearities and,
therefore, measurement errors. Because it is desirable to limit the
total possible error, due to load cell nonlinearities, to values of
0.01% or less, it is appropriate to require that the maximum transverse
load and the maximum amount of bending moment necessarily supplied by
the load cell with each single source he limited to 10 pounds and

50 1b in. respectivelyv. 1In the following discussion, the individuai
sources are examined and the flexure system stiffness requirements

are determined on the bhasis of these limitations.

Flexure Svatcin Stiffness Requirements

Flexure system stiffness requirements will be determined on the basis of

errors produced by the most unfavorable circumstances of svstem
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construction and operation. Considering first the forces and moments

which can occur in a vertical plane containing the load cell and motor

axis, in the figure below. the concrete abutment is considered fixed, and the
initial motor weight is simply supported on the flexure system heneath

with no associated restraining forces or moments supplied by the load

cell. If a weight W' is subtracted from the original weight, the changes

in flexurc force are Fl and F2 respectively and the associated transverse

load and pure moment supplied by the load cell are R and M, respectively,

LOAD
CELL
MOTOR wl
\ I s * -
c " ABUTMENT
g - BUTMEN
t"'t ¥F2
X ) <
At equilibrium,
W' =F, +F,+R
RS = (Fl - Fa) n/2 + M (171)

A 70-pound weight change due to burned propellant should be considered,
letting S = 24 inches and D = 30 inches. Because hoth a transverse
load and pure moment are supplied by the load cell with this single
source, the maximum permissible values of R and M should be 10 pounds

and 50 1b in., respectively,
Then:
70 = F. + F. + 10

1 2

240 = (r1 - Fe) D/2 + 50 (172)
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Therefore, F, + F, = 60 and the flexure system vertical stiffness is
seen to be about wix times the load cell transverse stiffness. In the
same manner, (Fl - F2) D/2 = 190 and the flexure system rotational

stiffness about a horizontal transverse axis is seen to be about four

times the load cell bending stiffness.

In the next case, (below), & perfectly aligned 10,000-pound calibrating
force compressing the load cell and deflecting the motor flexure sus-
pension system in the thrust direction is considered. Denoting by f the
backward force exerted by the flexure svstem, it is seen that fh = M = 100
and for h = 15 inches and M = 100 1b in., { # 6 pounds. Therefore, the
axial stiffness of the load cell should be at least 1700 times the

flexure system horizontal longitudinal stiffness.

MOTOR LOAD ;>
\ CELL [
10k 2
h‘ - M .~ ABUTMENT
L~
{ \/
¥ T ¢ é
[~
“
-

Next, a motor thrust force of 10,000 pounds vertically displaced a

distance d from the load cell axis is considered { below ):

M -
€ -{ e = 10,000 LB.

= o
N\ e

XF, ke, ABUTMENT




At equilibrium:
Fj - Fp =R (173)
and the moment equation about cg is:

10,000 d = (F, + Pa) D/2 + M + RS (174%)

1
Assuming that d = 1/4 inch (abnormally large misalignment) and
S = 24 inches,

2500 = (F, + Fe) D/2 +M + 24 R (175)

So that the transverse force R and the bending woment M supplied by
the load cell are 10 pounds and 50 1b in., respectively, the flexure
system rotational stiffness about a horizontal transverse axis should
be 44 times stiffer than the load cell bending stiffness, and the
flexure system vertical stiffness should be 15 times the load cell
transverse stiffness, By consideration of a I/A-inch, horizontally
displaced, 10,000-pound-thrust force, the same conclusions can be
reached regarding the flexure system rotational stiffness about a

vertical axis and the transverse longitudinal stiffness,

On the basis of the foregoing considerations of possible misalignments
that can occur in motor test operations, the following design criteria

are given for the flexure system stiffnesses:

1. Vertical stiffness: about 15 times the load cell transverse

stiffness (same for horizontal transverse stiffness)

2. Horizontal longitudinal stiffness: about 1/1700 of the

load cell axial stiffness

3. Rotational stiffness about a horizontal transverse axis:
about 45 times the load cell bending stiffness (same for
rotational stiffness about a vertical axis for transverse

couples)
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APPLICATION OF THEORY

Flexure System Design

The application of the foregoing flexure system design criteria was
made to the Rocketdyne design of a test stand using the BATES motor
for propellant studies. The practical use of the flexure stiffness
expressions suggests that suitable allowances he made for fabrication
equipment limitations. Accordingly, it was reasonable to ingquire if
flexure dimensions that were reasonable from geometrical and machining
standpoints were adequate to provide the desired flexure system stiff-
nesses, Therefore, a determination of flexure stiffnesses was made

on the basis of the following dimensions:

1. Flexure component dimensions, inches:

L, = 1/2
v =16
t = 1/8

2. Strut dimensions and spacing, inches:

L=13%
W= 16
= l//’|
= 30

A"

Material: steel, E = 30 x Iﬂb psi and E = 12 x ]06 psi

The flexure system stiffnesses, along with the ratios of flexure svstem

to load cell stiffness that were obtained are listed helow:
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Vertical Stiffness,

6 .
k, =z —— = 13.3x 10 1./in.

k
Ratio: =, = 13.3 (176)

Horizontél Longitudinal Stiffness,

2EWT3
ky, = 3,
3 = 3EWT
53 2 WT~ .2 12,53 1
5L° + 3L Ll + 12 3 (L Ll + 2LL1 + 34 ) + ot
wt 8
k, = 1000 1b/in.
k
. L _ 1
Ratio: E;, = 1670 (177)
Rotational Stiffness About a Horizontal Transverse Axis.
N
T 24
2(__1 + L_
wt WT
- 9 :
Tp=3x10" 1b in./rad
TT
Ratio: =, = 120 (178)
T
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Rotational Stiffness About a Vertical Axis.

D2ETW)
Tv: 3 2 w3 2 7,2 5,3 3}‘1\'3 Ll 1
3 - + PunARn ..’_L - : — ._:_
5L7 + 6L7L) - 2h—5 (L4, » 5LL,7 + 341 ) — (o + kr)
tw s
) 8 .
T. = 6.4 x 107 1b in., rad
TV
Ratio: =, = 25.6 (179)
. v
Horizontal Transverse Stiffness,
2ET¥'3
kT=53 2 1\-‘3 2 2,2 53 31:1\.'3 "'1 I
= + A 2 _I_L + p) ) 1 L
sL° + 3L7L, 12— (L4 + gld4" 3t )+ T (F v iF
tw <
. 6 .
kp 33 x 10 1b/in.
kT
Ratio: —, £ 3 (180)
T

Al though this last ratio is only 3, compared to the requirement of 15, it
is considered adequate in view of the magnitude (1, % inch) of the

assumed thrust misalignment,

Because the obtained ratios of flexure system stiffness to load cell
stiffness compare verv favorably with the desired ratios, determined
on the basis of measurement errors, the stated flexure dimensions

are used in the suspension system design.

Flexure Bending Stress and Column Strength

Because the flexure system supports the motor and motor wmount assembly,
an examination of the design was made with reapect to flexure bending

101



stresses and column strength, Considering the flexure system diagram given
in the figure below, the maximum bending stress of the flexure occurs at

the junction point, A, with the strut. Its value is obtained as follows:

o = EI16 _EE} : r.—-
[Fm ol

|
(181) E L
!

where

L

M = bending moment at point A

I = flexure moment of inertia

8 = angle of deflection of the system = y/h
P = axial load on flexure

Ll = flexure length

but
SI
M= 275 (182)
where
S = bending stress on flexure surface
t = flexure thickness

Therefore, by equating the two expressions for M and solving for the

stress S, there is obtained:

) y JSEE; (183)
h vﬁ::-sin <?f%3%§EZ§>

and for y = 0.006 inch, h = 14 inches, P = 275 pounds, E = 30 x 106 psi,
w = 16 inches, t = 1/8 inch, and 41 = 1/2 inch, the result is:

S

S %= 15 psi (18%)
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With regard to column buckling, the expressions for the critical loads,
Pc' which cause buckling of long columns are given as follows for

various end attachment conditions:

1. One end fixed, one end free: P = ——

2. Both end pinned: P

3. One end fixed, one end pinned: P

4, Both ends built in: Pc = -Zégl—ﬁ
(0.5¢)

where:

E = Young's modulus of elasticity

I = moment of inertia of cross section about a transverse axis

o
]

column length

The application of these expressions in discussions of flexure and
strut design requires a judgment not onlv of the applicable expression,

but also of its limit of applicability,

Single Flexure. Considerations of the end conditions of an elemental

flexure lead to the use of the expression P = a1
c 2
(2 1)

on the conservative side of critical loading. The limit of applicability

in order to remain

in calculations can be established by dividing the expression by the
cross-sectional area, A, and letting r = ¢I/A. Then because the

critical stress is Scr = Pcr/A’ there is obtained

P
e = 5T TE (109
“(1?)
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This equation is applicable as long as the stress Scr remains within
the proportional limit. For structural steel with a proportional limit

of 30,000 psi and E = 30 x lO6 pei,

o~

L 50 (186)

r

Consequently, the critical load for a steel flexure with one_end fixed

1 2k
and one end free, having —% Z 50, is calculated from P = ET

1
Now, because
r = fI/\ = Ezz— = —E-
= VI/A = it 2J3
L 2t ./3
1 1~ -
T Tt (187)
For the flexure dimensions Ll = 1/2 inch and t = 1/8 inch, the slenderness
ratio is:
Yo
r =178
Ll
- - 13.6 (188)
Ll
Because - < 50, the flexure will not fail in buckling.

Strut. Consideration of the end conditions of a strut separating two

elemental flexures leads to the use of the expression Pc = gI to

L
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remain on the conservative side. Thus, for a proportional limit of

30,000 psi for steel, it follows that:

ool
L

<= 100 (189)

Consequently, the critical load for a steel strut with both ends pinned,
mT<El

L2

having % z 100, is calculated from Pc =

For thp strut dimensions L = 13 inches and T = ljh inch, the slenderness

ratio is:

(190)

o B o
1]
fo—
-1
-]

L . AU . . . .
Because v > 100, the strut will fail in buckling before it fails in
compression., However, for a strut with the stated dimensions,
PC = 37,000 pounds or 135 times the ncrmal weight supported by each

strut,

Differential Thermal Expansion

Tt is useful to investigate the possible vertical differential expansion
of the concrete abutment and the steel-aluminum motor mount and sus-
pension syvstem, With reference to the ligure bhelow, the vertical expansion

are calculated and compared.

LOAD CELL
MOTOR—\\
! CONCRETE
ALUM. h I - ABUTMENT
; ]
STEEL ‘I




If the load cell attach holts are removed and the whole avstem is heaven,

the vertical shift of the motor centerline is:

) = A .
Rp = (He +ha) bt (191)
where
H = initial height »f steel flexure svstem
h = initial height of aluminum motor mount assembly
o, = thermal coefficient of expansion of steel
o= thermal coefficient of expansion of aluminum
At = temperature change

The vertical shift of a point of the concrete originally on a ievel

with the motor centerline is:
E, = (0 + n) a bt (192)

Using the following values (from the Handbook of Chemistrv and Phvsics,

1960-61)

o= 10,0 x lO-b in.in, degree € (5.6 x lﬂ-b in.,/in. ‘'degree F)
-6 . . . = = -6 . SR
Qk = 2h.0 x 10 in. in. degree € (13.3 x 10 in,,in./degree F)
-t -6 . ‘.
o= 10 - 14 x 107 in. in. degree € (6.7 x 10 6 1n./1n./dogree F)

and H + h = 32 inches, I = 18 inches, and H = 14 inches, and using the

average value of N;, for a 25 F temperature rise there is ohtained:

ST
1

0.007 inch

E = ¢.0055 inch

Therefore, the indicated differential expansion of 0.0015 inch will

reault in a slight up-bending of the local cell, producing a transverse
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force on the load cell. However, no change in the electrical calibration

of the load cell will occur because the load cell will be rotationelly
positioned to electrically cancel the signals produced by the stresses

accompanying transverse loads and bending moments in a vertical plane.
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SYSTEM AND COMPONENT DESCRIPTION

The thrust total impulse measurement system is generally described in two

ways, functionally and constructionally (Fig.13 through 15 ).

FUNCTIONAL

The solid-propellant motor, when fired, produces a thrust force which
compresses a strain-gage load cell, producing a d-c voltage which is
directly and accurately proportional to the thrust level. This d-c volt-
age equivalent of the motor thrust controls the generation of a train of
pulses with a repetition rate directly proportional to the d-c¢ voltage,
and, therefore, the motor thrust. An electronic counter records the num-
ber of pulses produced during the propellant burning time, and the total
pulse count is directly proportional to the thrust total impulsec of the
burned propellant. The calibration of the entire electromechanical
system is accomplished by using hydraulic pressures produced by accurate,
remotely operated, dead weights and supplied to a precision piston to
produce accurate static forces. The transmission of these forces to the
wmotor support is accomplished by two long tie rods extending through a
concrete retaining abutment. The total impulse calibration of the entire
system is accomplished by counting the number of pulses generated in one
second by a specific calibration force on the motor support table. The
calibration constant is obtained by dividing the number of pulses gener-
ated in one second by the value of calibration force. To obtain the most

accurate use of the measurement system, calibrations are made immediately

before and after each motor firing.

CONSTRUCTIONAL

The general configuration of the mechanical system and components of the
20- by 5- by 5-foot, 22,000-pound, two-piece test stand is shown in
Fig. 13 . The large, 13-foot, 18,000-pound section consists of the

following.
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Motor Support System

The solid-propellant motor is directly supported by two adjustable aluminum
support blocks that enable alignment with the load cell axis. The support
blocks are supported by a welded aluminum I-beam and plate assembly which
includes a braced thrust plate in direct contact with the head end of

the motor. The entire assembly is supported by a steel compression-type
parallelogram flexure system which is compliant in the thrust direction

and rigid in and about the vertical and transverse coordinate axes. Level-
ing jacks at the bottom of the flexures enables the initial alignmeﬁt of

the motor-mount assembly during construction of the system.

Thrust Dome Assembly

Motor thrust forces are conducted to and away from the load cell trans-
ducer by a conical-steel load collector and a load distributor, respect-
ively. Symmetrical wminimum-size slots enable the installation and re-

moval of propellant igniters in the motor head.

Concrete Abutment and I-Beam Frame

Motor thrust forces are transferred to a welded [-beam supporting frame
by a 5- by - by 4-foot, 11,500.pound rewnforeed-concrete block. Forces
enter the block through 12- by 12- by 2-1 2-inch imbedded steel plates
and ufo transferred to the supporting frame through o 2-inch-thick steel
hasae plate. Reinforcing rods 3 h-inch diameter, are spaced at b-inch
intervals from top to bottom and are welded to the base plate. The
10-inch-high, I-beum frame is constructed of three lengthwise sections
welded together by I-beam cross beams. Six tiedown bolts connect this

frame to the test pad.



Calibration Piston Assembly and Tie Hods

The hydraulic piston assembly is supported from the concrete abutment
and supplies coaxial calibration forces to the motor-mount assembly by

means of two rods extending through clearance holes in the concrete

abutment.

The smaller, 7-foot-long, 4000-pound, section of the two-piece test

stand congsists of the following:

Master Pressure Standard (Dead Weight Tester)

This unit produces the accurate hydraulic pressures transmitted to the
calibrating piston. The production of the pressures is accomplished by
the placing of dead weights, with remotely controlled lifters, on a

piston in a hydraulic cylinder.

A hydraulic pump, operated either by a hand wheel or an electric motor,

maintaina the proper supply of o0il in the closed hydraulic system.

Weather-Tight Enclosure

The precision calibration system is protected from dirt and water by an
air- and water-tight enclosure containing two sealed access panels on

each side.

The general configuration of the electrical system and its cowponents

is shown in Fig. 14 . The enclosure contains the load-cell power supply
and bridge balance, the integrating digital voltmeter which performs the
electronic integration of the thrust-time curve, contreol equipment for
the operation of the calibration system, and equipment which enables
satisfactory tape recording and playback of the pulses produced by the

voltage-to-frequency converter section of the integrator.
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REALISTIC ERRORS

A realistic error breakdown of the entire measurement system is presented

in Table 3.
TABLE 3

REALISTIC ERROR BREAKDOWN

(Entire Measurement System)

Load Cell

Linearity, % 0.03

Hysteresis, % 0.02

Repeatability, % 0.01

Temperature (10 F), ¢ 0.02
Bridge Balance

Resolution (1pv), % 0.02
Power Supply

Stability (2 C) % 0.01

Time-drift, % 0.0t
Integrating Voltmeter

Linearity, % 0.005

Stability, % 0.01
Calibrator

Accuracy, % 0.05
Mechanical Misalignment

‘Total Error, % 0.01
Dynamic Response to Rapid Transients

Total Error, % 0.01

Root-sum-square error, ¢ less than 0.02



LOAD CELI

The precise determination of the wolor thrust-time curve depends dirzctly
on the quality of the transducer which converts moter thrust to an equi-
valent electrical voltage. The need for the greatest possible accuracy
and linearity of this tranaducer 18 evidenced hy the over-all asystem
errar limit of 0.1% in the measurement of the area under the PATES motor
throst-time curve (total impulse). Efforts to fulfili this need to the
greatest possible degree led to direct technical discussions with the
Baldwin-Lima-Hamiiton Corgporation, Waltham, Massachusetts, The result

of these technical negotiations was a proposed design of a load cell

with an accuracy exceeding that of the Baldwin-Lima-Hamilton precision

units, The performance specifications are as follows:

Model: Special C3P2B (double bridge)

Full scale: 10,000-pounds compreasion

Full scalc output: 3-mv/v input (*0,15%)

Input resistance: 73550 ohws neminal

Nonlinearity (terminal methud): 1less than 0.03% full scale
Hysteresis: Less than 0.02% full scale

Repeatability: Less than 0.01% full scale

Temperature effects:

1. On zero output: less than 0.15% full scale/100 F
2, On sensitivity: leas than 0.08% of load per 100 F

Full-scale deflection: less than 0.006 inch

Jwportant additional calculated data of this unit were obtained con-
cerning mechanical stiffness to transverse :o0ads, benoding and twiating

moments, and are as follows:
Mechanical

1. The transverse stiffness is in the order of 1 x 106 1b/in. in
any direction for a load applied at the top of the rell (5 inches

from the base).
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t .
¥, The tersicnal stiff ess 18 in the order of 20 x 107 1b in., radé

3. The bending stiffness for a couple applied to the end of the
cell, tending to hend the uxie of the cell, is in the order of

25 x 10° 1 in. ‘rad in any direction

Electrical
1. The cell response to a HUO-pound transverse load 18 a maximum

span (sensitivity) change of '0,15% of full scale, and Lhis
change increases and decreases sinusoidally as the direction

is rotated about the cell,
2. Cell response to torsion will be negligible

3. A woment of 2500 1b in. applied at the end of the cell has the

same effect ag item 1.

These mechanical and electrical data enabled an adequate design analysis
to be made of a suitable motor-suspension flexure system. Figure 16
shows the dimensions of the load cell and the detail of the special
heavy end mounting plates containing alignment center heles and threaded

holes for bolted attochments,

POWER SUPPLY

The low over-all system error limit of 0,1% in the measurement of i{hrust
total impulse imposes severe requirements on the load cell bridge ex-
citation voltage. Measurement-system accuracy 18 directly related,
through the load cell sensitivity, to the power-supply stability. Ef-
forts to obtain a suitable strain gage power supply led to technical
negotiations with the Systems Research Cerporation, Van Nuys, Caiiforma.
The result of these discusaions was 8 proposed new design of power supply

with performance swvecifications as follows:

Model: 3512

Input power: Q5-135 vac, 90 cycle
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Figure 16. 1load Cell
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Dutput: Digitally aelectable 0 to I8 vde, O to 200 milliamperes
Regulation: 0,01% NL-FI, and 95 to 135 vac

Ripple: 0.05 millivolt rms

de 1soluvion: 10,000 megohms

Stabiiity:  0,005% C

Noise at bridge (350 ohm=): 2y

Overload protection: fugsed

Overvoltage protection: limits outpnt voltage to 18 vde
Current regnlatioen: available hy jumpering at rear chassia

Rize: 3-1 2- by 19- by l0-inches

This supply has a solid-state construction incorporating balanced differ-
ential amplifiers and temperature compensated .ener circuitry for sta-
bility. Outpul voltage is digitally selected in 1-millivolt stepsa by
means of decade switching of precision voltage dividers connected in a
Kelvin-Varley arrangement, By accurate selection of close-tolerance
resistors, superior accuracy in obtainzd and resolution te five signi-
ficant figures or one part in 100,000 is more fthen adequate for the ap-
plication. Two excitation outputs are available at the rear terminals.
Tsolation to ground is extrewely high as 4 result of design care 1n the
layout of the circuity components and the unit io made completely float-
ing with reference to ground. Design care s slzo tuken to keep capaci-
tive ~oupling to a minimum. Fxcellent isolaticn to line is achieved by
using transformers with a cowmpletely box-shielded primary, Special
features of overload protection are included to limit the supply output
to 18 volts, regardless of conditions, as & result of zener dicde effert-
ing the feedback loop to the regulating series pass transistors. Low
ripple is achieved by heavy negative feedback coupled with preregulator
filtering. The digital programming porlion of these units provide:r a
precision operation and excellent application where exact power rmettings
are required. (peration is simple because the voltage desired appears
immediately a2t the rear terwminais after selecting the five front panel
knobs. This is a distinct advantage over a continuously variable control
becaugse it takes time to reach the voltage setting desired as well as

expensive additional rcadout equipment. The addiiional advantage 1s

that any specific velue of voltage can be selected giving operational
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simplicaty and elimination of error. This feature of excellent repeat.-
ab1lity is useful 1n applications of repeoting test conditions,

Figure 17 akows the general front panel configuration.

BRIDGE BALANCE

The over-all system error limit of 0.1% also imposes severe require-
ments on the circuitry employed for the load cell aviput zero signal
control. Bridge balance muat be accomplished with a resolution of
approximately ! microv~'t if load eell signal orrara of 0,01% are not

to be exceeded with 1500-pound thrust levels. The Systems Research
Corporation, Van Nuys, California, proposed a design of an adequate unit

with performance and description as follows:

Model 4700
Input: Three wires to bridge
Resolution: Balance to microvolt with 350-ohm bridge

Size: 3-1/2 by 19- by 6 inches

Six front panel mounted controls will allow nulling bridge unbalances
to t5%4. Precision-tolerance resistors of excellent long-term stability
are used throughout. Quality switches of low-contact resistance ensure
excellent repestability. .As in the power supply, the system used is
decade switching of precision voliage dividers connected in a Kelvin-
Varley arrangement. Terminals uare provided for a limiting resistor if

desired, otherwise these terminale are jumpered.

Figuree 18 and 19 show the front panel configuration and circuit de-

sign and reepectively.

INTEGRATING DIGITAL VOLTMETER

The measurement of the ares under a thrust-time curve is readily accomp-
lished by the use of a voltage-to-frequency converter and a counter. A

thrust (F) on the load cell produces a dc voltage (V) into the converter,
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which in turn produces a pulse repetition frequency (f), and the indivi-
dual prlses are electronically counted. As a result, the total number
of counts {N) is proportional to the time integral of the force (total

impulse). Mathematically, this is expressed as

b r b ¢ b
N =J\ f dt = C : Vdt = C, C | F dt
o 1 Jo 1 72 Jo
therefore
N = CIT
where
C = C1 C2
ot
and IT = Jo F dt

To comply with an over-all system error limit of 0.1% in the total im-
pulse measurement, the linearity and stability of the integrating equip-
ment must be of the highest possible degree. Also, the total number of
counts obtained with the expected minimum thrust (1500 pounds) during

an expected minimum burning time interval (2 seconds) must be suffic-
ently great so that one count represents a negligible error when com-
pared to 0.1% of the total number of counts obtained. If one count is
required to be only 0.01% of the total number obtained (with the minimum
thrust and time conditions), then the total number must be at least
10,000 or 5000 pps. Consequently, any converter-counter combination
which yields 5000 pulses per second, with the minimum thrust levels to
be encountered, is adequately sensitive for the application. Linearity
of the converter-counter cuomwbination, like the load cell transducer,
must be the greatest nossitli« because nonlinearities occurring anywhere

in the system produce errors ia the total impulse measurement.
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The Dymec Model DY-2401 A integrating digital voltmeter, manufactured

by the Dymec Division of Hewlett-Packard Company, fulfills these re-
quirements when used in conjunction with the special Baldwin-Lima-
Hamilton load cell. Its superior linearity (0.005% is obtained at the
expense of sensitivity (0.1 vdc vields 100,000 pps), but because the
special Baldwin-Lima-Hamilton load cell produces 54 millivolts with
10,000-pounds force, its sensitivity is sufficient to produce the de-
scribed negligible error (0.01% with minioum thrust and time conditions)
with the one-count resolution common to high-quality electronic counters,

as the following statements demonstrate:

vco sensitivity is 100 millivolts—9100,000 pps

load cell 10,000—» 5% miliivolts—54 ,000 pps
1500—8.1 millivolts ———p 8100 pps

0.01% of  1500—8.1 - 10~ millivolts— $0.8 pps

Therefore, in 2 seconds the total count is 1.6. Consequently, the
Baldwin-Lima-Hamilton load cell and Dymec integrating digital voltmeter
combination sensitivity and resolution are consistent with the assigned

error limitation of 0.01%.

The performance features and specilications ol the Dymec 2401 A unit

include the following:

1. Better than lh0-decibel effective common mode rejection at all

frequencies, including de

2, Active integration minimizes error caused by superimposed noise

and provides average reading of input over sampling period

3. Five-digit readout provides up to one part in 100,000 reading

resolution, Minor changes accommodate 106 counts.

4. 0.005% linearity, stability 20.03% of full scale per day on
most sensitive range (0.1 vdc) with cons‘sat temperature and
*10% line voltage change

Temperature sensitivity *0.002% of reading per degree-centigrade
on the most sensitive range (0.1 vdc)

A
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Figure 20 shows the front punel configuration.

CALIBRATION SYSTEM

From a meuasurement accuracy standpoint, the most important single compon-
ent of the entire measurement system is the eguipment used for calibra-
tion, The accuracy, linearity, repeatability, stability, and all other
ingtrumentation performance parameters, can bhe determined only by reference
to an accepted standard, The over-all error of the svstem can be no less
than the error incurred in i1ts calibration, Efforts to obtain the most
precise force standard possible for this purpose led to direct technical
negotiations with the Ruska Instrument Corporation, Houston, Texas, The
result of these discussions was a proposed design for a combined master
pressure standard and a precision hydraulic piston for the production of
six forces in the 0 to 10,000-pound range. To obtain the most accurate
calibration of this equipment possible it was also proposed that this
equipment be calibrated by the National Bureau of Standards, Washington,

D. C.

The operating principle of this equipment is the production of accurate
hydraulic pressures by means of precision dead weights supported by a
vertical piston, and the transmission of these pressures to a second
precision piston oriented to use the accurate output forces with the
equipment. to be culibrated, The opplication of this principle to the
calibration of a horizontal thrust measuring system constitutes the wmost
accurate method known for this purpose, because it eliminutes all pivots,
bell cranks, bearings, flexures, lever arms, etc,, necessary to produce
horizontal forces with dead weighta alone. The operational flexibility

of this equipment in the Hates motor test stand enables remotely controlled
calibrations of the entire measurenment system to be made immediatelv be-
fore and after a motor firing, with -11 controls mounted on a single panel
and located with the remainiag electronic equipmeni of the syatem. Th~
calibration equipment control wiring will enable operating 1t from either

.he test stand or the control room.
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The specifications of the equipient include:

[

-l

6.

Six calibration points: 1000-, 2000 L000-, 06000-, 8OOHO-, and

10,000-pounds force (dead weights manufactured to the local g

value at Kdwards Air Force Base test site).
Accuracy of each force point: +0,07%
Resolution: 0.02% of full scale

Float time of dead weight gage and force piston ¢ylinder shall

be ut least 1 minute for each calibration point

Hydraulic pump capacity shall be sufficient to provide at least
one complete calibration (ascending and descending), including

any leakage, without refilling

Visual means shall be provided at the control console to indicate
when the dead weight gage is floating and a calibration point

may be taken

Weights shall be applied in ascending or descending order select-

able through a multiposition switch

The piston cylinder of both the dead weight gage and force piston

cylinder shall be of the same material,

Figure 21 shows this cquipment.
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CAICUIATION OF COMPLETE SPRING SYSTEM

The mathematical analyses described in preceding discussions provided
the initial justification of the detailed design of the entire measure-
ment system. Hcwever, practical consideration of system and component
fabrication and assembly, system calibration, and motor irstallation and
operation, require some deviation from the simple, 1deal image of the
system as a 1- or -degree-of-freedom system. These deviations were
held to a minimum, however, not only to design the system as close Aas
possible to the systems which are more amenable to mathematical analysis
but, more important, because the simpler the system the fewer sources of

error,

It is useful, therefore, to estimate the stiffness and weights of the de.-
signed components so that a more accurate picture may he obtained of the
dynamic system, The purpose in such an effort is to (1) determine how
close the designed system came to the simpler models used in the mathe-
watical analyses, (2) provide a more accurate basis for possible addi-
tional analyses, if needed, and, (3) identify pessible sources of unde-
sirable dynamic performance which can be corrected by minoer changes dur-

ing fabrication and assembly.

CALCULATION OF COMPONENT STIFFNESS

Concrete Abutment
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The deflection of the concrete sbutment, fizxed at the base, is obtaimed
by the use of the following equation (Ref, 8 ):

3
) IR
6 = Plx%r + i€, /

where

6 = deflection of point O relative to base
= static load (10,000 pounds)
E,E_ = concrete modnlug of elasticity (3 x 106 psi) and shear
(1.35 x 106 psi)
= moment of inertia (1/12 wh’)
= constant (3/2 for rectangular cross sections)
length of beam (32 inches)

= cross section parallel to base

> 2 K
u

Substitution afthese values into the equation yields the value of stiffness

o{ the concrete abutment.

Because load cell stiffness is k = 2.04 x 1074%%

The stiffness ratio is

;f— 7.27 x 10°
2,04 x 107
= 3.5 x 10

kc

‘i— - 35-6
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Lead Distributor (Steel)

)
45°
P
]o“ v— —-—u—===j— ‘—-—f—- "
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Conical Part. Area of elemental cross hatched circular slice dA = wr2

_F/dA _ F dx F dx

E = =~ Xy = iy £X
d8/dx ~ dA-d8 ~ ad -

dx

2
r

.odb =

3

The total axinl deflection (8) of the conical part associated with
force (F) is

5 - F j'3dx
TE

° (x A 2)2
- F (3
6 = e (10)

Cylindrical Part. Cross-sectional area is

Y
Toh
P - JFA  _ Ft
t AA
. A = Ft
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Total deflection of load distributor obtained with force (F) is

JE R L3t
bvbegwm *m “F 0w *m)

Substituting the appropriate values yields the stiffness value

F
k= g = 336 x 107 1b/1¢

+

The stiffness ratio is

k 7

tD o 336 x 107 165
2.0k x 10

Load Collector (Thrust Dowme)

The stiffnees of this component was estimated to be approximately 1/4
the stiffneas of the load distributor. Therefore

&0

Rocket Motor Case

IIIITRIRIIIRTIIAINIISINIIIII)

—o

o
1]

N
Q.

o° 12.75

~F————~———AZ 2 20. 2" —— s
EA (30 x 10%) (“02 - "12)
=7 " % (20.2)

o, = 25.2 x 107 Ib/ft
Stiffness ratio is

.
E"gga 25.2x107 15,
2.04 x 10
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DIAGRAM OF COMPLETE SYSTFM

On the basis of the estimated component stif 'nesses &nd weights, the
complete spring-mass system is given below. Damping values are those

regarded as nominal in the computer program.

Fo(e)
4 3%k 165k k 40 & 2k
4L———w-—-r AAAS W AAAAS—G— A 300 |f—rAaaa— 85 H———Fa(i)
] 1, scoLe 30 LB 1508 7S L8 L8 121 LG LB
~
’1——-——4]-u———4L—7
~

LOAD LOAD MOTCR MCTOR  (NOZ2LH
ABUTMENT DISTRIBUTOR | LOAD CEW MOUNT CASE ASSY
4- 4%-

The model (nominal) used in the computer program was:

SOk

wsoo R s00 |, (o

€1 ¢2

The two-degree-of-freedom model used in the computer analysis is a simpli-

fication of the actual system., Lumped masses were used in the model
which were comparable to the distributed masses of the concrete abutment

and solid propellant motor,

The load distributor and collector springs were omitted from the computer
model altogether, and the distributed spring and masses of the motor were
simply lumped as a mass, Nevertheless, it is felt that the two-degree-
of -freedom computer model represented the essential features of the system,
because the computer results showed the impulse error sensitivity to
abutment stiffness to be very slight. Therefore, the unification of the
load distributor and abutment springs is entirely reasonable. The
correctness of the unification of lecad collector and motor springs and
masses into one single wass (500 pounds) is not so apparent. To further
complicate the assessment of the computer model correctness, the motor
thrust is not all applied at one location, Approximately 70% of it

(F) (t) in the detailed diagram) is applied at the head-closure end of
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the motor case, and the remaining 30% (F2 (t) in the diagram) is applied
at the nozzle essembly and it is transmitted to the head end through

the coaparatively coupliani rocket motor case (12 times the stiffness

of the load cell). Consequently, the dynamic behavior of the part of
the actual system between the load cell and the motor nozzle could con-
ceivably be quite different from that of the lumped wass representing

it in the computer studies. However, most of the wmisrepresentation is
associeted with the motor hardware, which is outside the test stand
design and therefore beyond Rocketdyne design control. 1t is felt that
the dynamic behavior of the motor hardware should receive additional

attention in the future evaluations of the constructed meamurement

system,




ADDITIONAL INSTRIMENTATION

VCO PULSE MODIFIFR FOR TAPF PLAYBACK

Because a standard tape recorder cannot record and playback pulses of
short duration with good fidelity, it is necessary to modify the pulse
characteristic at the input and/or output of ithe recorder. The reason
for this is thatf the upper frequency limit of the recorder is near the
natural ringing frequency of the head, which causes the svstem to ring
electrically when activated by a pulse, Therefore, when a pulse is
recorded, the playback of that pulse will e adamped oscillatory wave

with a frequency equal to the ringing Trequency of the system, and the
rate of decay (damping) determined by the Q of the system. Tf the plaw
back pulse is being read hy a counter, it is quite possible to obtain
wore than one count per initial pulse hecause the excursions of the im-
mediate subsequent ringing can be of sufficient amplitude to activate t e
counter. The amplitude reselution of the counter cannot he predictahly
set to discriminate between the firs* and the second cycles of the damped
wave because a slight change in playback pulse amplitude will cause the

counter to either miss or to produce multiple counts.

A possible method of solving this problem has been tested at Rocketdyne
and proved practical. The pulses can be first modified to a constant
amplitude and duration ofabout 6 volts and h microseconds hy use of a
monostable multivibrator (one-gshot). These pulses can he recorded on a
tape recorder with a flat frequency response of at least 100 kilocycles
such as an Ampex FR-100 used on direct record mode. Figure 20A shows a
train of three pulses as they would be fed to the recorder, and Fig. 228
shows the approximate characteristic of the playback. Figure 234 shows
one of the playback puises expanded on a shorter time hase, This signal
can be fed to two parallel circuits &3 shown in Fig, 24 (the 10 kilocycle
hipass filter is present to remove most of the noise). The signal of
Fig.23A can be fed to one side of the aumming amplifier, and through a
delay retwork to the other side. In this way the two signals which will

be added together look like the wave forms of Fig.23A and 23B, The delay
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can be adjusted until 180 degree phase shift is produced (for 100 kilo-
cycles this will be 5 microseconds) and the amplitude adjusted until

the first half-cycle of the delayed signal (23B) is equal and opposite

to the second half-cycle of the original signal. When these conditions
exist, all succeeding half-cycles will cancel and the sum of the two
signals (Fig.23C) will be zerc except for the first half-cycle, thus
effectively recreating a singl- pulse. (Some small amplitude trash will
remain as a result of harmonics, but will be negligible.) The delay net-
wvork must be adjustable near 5 microseconds and some amplitude control
is necessary because no two tape recorders will produce the same wave
form on playback. However, once set for any particular recorder, no
further adjustiment should be needed unless the system is to be used with

another recorder., Figure 25 shows the general appearance of this umnit.

1x1
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