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*r-63-347. 
Nawfl of th« komimj of Seioncaa of tho 

USSR Ntth«mtic«l S«rl«t, No. 10, 
(m6). * 

Pi»««" 135-166. 

OB THE THBCBT OF THE EQUATION      y—4-^ = 0 

F. I. Frankl' 

(Prosentod by Ao4d«^.el«a I. M. Viaegradcr). 

Thoro is gXrmtto eolutlon of two boumUrj Talus   problsms for the 
•qustion    y'+^'Q   in tho donaln of th« upper h*lf-plane, adjoinin« 
a segasnt of the hxia of abscissas.    Ths solution is oJtained by asthod of 
a   double layer»  her« there are reaored sevsral liaiUtionr   which in 
othsr works were put on the for« of the boundary of the donsln. 

Introduetio« 

In ths giTsn work there   ars solved two boundary value problems for the equation 

d«. ,d*r    A (1) 

which we shall call the equation of Darboux and Triconi, according to the nsnes of 

the authors inrestigatin« it. 

Solutions are nought in the region lying oaspletely in the half-planes y>0. 

where equation (l) has an elliptic typs. It is assuasd that the boundary of the 

donaln passes partially along ths x axis. As for ths part of the boundary, lying 

insids half-plane y>0, it is tssuwd only that it is sufficiently smooth and approa- 

ches ths x axis at a right angle. 

Thsre will be oonsldsred ths following boundary Talus problems: 

1. Dirlchlet's problem; 



2.    Th« problm in which boundary values of th« unknewn funotloni tr« giTtn on 

th« part of th« boundary, lyin« within th« half-plan« y>0; and on th« part of 

th« boundary paasin« aloo« th« x axie th«r« ar« girm noiml dariratiT««. 

Th««« probl«u i»«r« eon«id«r«d alraady by F. Tricot in work fl], »nd *l«o in 

paper« [2] and [:].    Howwrar, th« «olution i« giT«n th«r« by fairly complicatad 

■•thod« •ith«r with th« UM of th« alt«matln« Mthod of Schwan, or passa«« to th« 

lialt, proc««dim fro« th« dooains, lying togrthar with th«ir boundari«« coBpl«t«ly 

within th« half-plan« y> 3,    In bjth ca««s Tricot usa« two-di^nsional intagral 

aquation« of th«   Fradhola type. 

Th« eacond of th« oonaiderad problem« Ma« r«duo«d by S. C«ll«r«t«dt f7] to 

one-diawnaional intagral aquation« of th« Fr«dhol« typo of a ««cend kind by th« 

■ethod of a doubl« layer and thu« ia aolred.    Here, howerer, 0«ll«rBt«dt did atka 

Halting aaaraptiona about the for« of the conteor: it waa taken that «nda of arc 

L(Fig. 1) coincide with th« area of a certain algebraic curr«, called by Tricoal 

"a noraal curr«". 

In th« giT«n work by Man« of corr««ponding «atiaa^a wa raaore this roatric- 

tion for both probleaa in queation. 

In th« Appendix wa giT« particular aolutiona of the equation (1), refuting 

certain erraaeoua aaoertiona by Triccai, published in his article [2], 

1.    FundMwntal aolution of the equation   y«>x''1'J>'°v^ 

Aa any tWMUaenaional linear equation of elliptic type, the equation of Dar- 

boux-Tricoad can be reduced to such a form that we ahall encounter second deriva- 

tiwea in it only in the form of the Laplace operator, and nuwly, during aubatltu- 

tion of 

,   ' (1) 
equation ^ 

,^+!»Ü_0 (2) 

^ 



t«kM th« form 

(3) 

As is known, equ»tlonB, containing the   LapUc« operator «a a fundamental part, 

posaese eo-called fvmda^ntal solutione, i.e., aolutionB of the form 

Z(*   y. *'. y')~L{x, y; X\y')\nl{x'-xy-+ {y'-yy\+ 

+ M{x.y;x'.y'). 
U) 

where L and N are functions, regular in the neighborhood of point x - x», y - y». 

We shall show that equation (3) possesses fundamental solutions Z and Z . re»- 
1 2'      B 

ular throughout half-plane y^O, with the exception of point x - x«, y - y',  such 

that for erery x 

ZA'.O; x\y')~0, (5) 

^2,(1, y; x'.y^^.e^O. Oy 
(6) 

To construct the fundamental solutions Z and Z we shall first determine the 

Rleaann function of equation (2). When using characteristic coordinates this equa- 

tion takes the following form: 

<'i«',l till-«) V"; ^J      ' 

where (-2__(_y).- . ri„x+*{_.y) 

(7) 

(8) 

The Rienann function in these coordinates takes the form: 

(9) 

where 

(9a) 

Hypergecnetric function F(l/6,  1/6;  1; r) satisfies the differential equation 

(10) 
•(i-«o£ + 0-|c)£~-o- 



Hewtw tb* h7p«rg«aMtrlo difftrwitUl •quation 

poBMtMB, «lone with hfpttfamtric fuaetloa 

•till BMond ind«p«nd«nt solution, 

'(•.*; i;')-P(-.*!i:.)i«*+(;.+i+2i)^(a,6;e;,)Li,      (") 

in aooordaae« with which w« obUia a Mocnd «dution for aquation (7), analogou. to 

a Riaaann funetiont 

«i-n1"«!'-«''«  v«'• c • t'9)- (13) 

Ut u, ocneidar now wlutions u and IT in an aUlptio half-plan«.    If on« wer« to 

introduoa dasi^nationa 

rf-(.--*)•+(/+;)•:} (") 
than paraaatar #   turns out to be equal to 

""k- (is) 

Than inataad of u w« shall obtain the function 

and lilwwia«, Instaad of u", the function 

(16) 

;(*.r.*;y']    (^)h(l.l.;i^y (17) 

where G(i) is a function, which is regular when 0 £ s ^ 1. [4] 

Obviously, 

9-9 + tq' (18) 

/ 



ll i OBdiMBtil »oltttlon of «gaatiop (2). 

We «hall now show that constant e c«n b« telactad in «ueh a nannar that 

q(x, 0; x*, y') or, accordingly, 0 _  turns Into isro. 

Indeed, on fhe basis of equation (16) 

j (r. o; *'. y) - (tfYFV) ~ rxy.y.l 
(19) 

and on the basis of (17) 

l(*.0:x:y')~(bCyG{l), (20) 

We shall show that 0(1) has a finite value and we shall calculate it. 

Let 

P - F (a, b; e; a). 

then, whan i " 0, 

Cta the other hand, 

Gi+/t + 2s)(a + fr-e)=0. 

Applying now operator     da+dl, + 2^     to the expression 

+ rtrHrw"tl r(c-<'.c-b;c-a-b+i;i~t){i-t)-'->, 

we obtain, when a ■■ b ■■ 1/6, c " 1, i •■ 1 

c()  2r"wr<i); 
where T--P (1)=^ (1+^ + .. . + i-ln n) = 0.577 ... 

^ 

(22) 

(23) 

(24) 

(25) 



Boltr'a ooiwtwt. 

Thus, fundaaniUl solution 

.''-t-W'^ "{-m (26) 

•ctually turn» Into lero whan 7 - 0. 

Lot ui note further that 

3 s 

Thon 

l-0_«}r>-r 

>   « 

(27) 

(28) 

(29) 

(29a) 

Contoquantly, fundaawntal solution 

».-9 + 2 (30) 

has dsrlTatlT« py.  , equal to laro at th« x axLa. 

*•   1***M** of Boundary Valua Probl—s to the C»ss of Zero Boundary Data on 

ths Axis of Abscissas. 

Lot us oonsldsr in plans (x, j)  ths region i), located in ths half-plana j <t0 

and United: 

1) bgr the sepwnt of the x axis, 0 £ x £ 1, 



2) arc L, located in half-plane y>0, with United curvature and without angles 

at the ends, approaching the x axis perpendicularly (Fig. 1). 

In this region we imreetigate two boundary ralue problems: 

A. On arc L 

=-'<"■ a) 

where ■ is the length of the arc, measured from one of the ends in planes (x, y). 

The segment of the x axis 
«=t(x). 

(2) 

Boundary values f(s) and T^j are assumed to be continuous and poesess bounded 

first deriTaWres; there is assumed a finite number of points of discontinuity, 

but under the condition that the solution for s near these points should remain 

limited. The function f (•) should have also second darivatives, limited by or 

seeking oo at the ends of arc thus y'' (0 < « < l). 

B. on arc L 

x=/(,)( (3) 

On the segment of the x axis 

*s = v(x). U) 

Function f(s) satisfies the conditions of problem A; function v(:r)     is assumed 

continous, differentiable and satisfying the relation 

i (5) 
»(I) = 0(1)I"3(1-*)"«. 

In the neighborhood of a point in the segment of the x axis (Oxl) the so- 

lution should rwln limited. 

To execute the uniqueness theorem it is necessary in this problem to add one 

more requirement: 

Let us consider the Integral 

S^v4*. (6) 

/ 



wh«r« c,    is « part of th« oiroiafsrme« &f x2 + y2 -«2 or, accopdingly, (l-x)2 + 

7   -   • , Igrln« in doaaln D, dn li th« <liff«p«itUl of th« normal Un« to thi« clr- 

omfTtio; and th« l«n«th of »re . 1« MMUT«! in pUn« (x, j),    Thmx w «hould 

har« 

i^S«£y^-o. (7) 

W« «hall now prore that !■ 1« powibl« to ll«it our««lT«. to th« eat«, «h«r« 

*■ 00=0 and, accordingly, *  (x)^0. 

Ut u« turn to con«id«ratlon of th« problaas. 

1.    fryttW Ai    *• thall ••l«ct two nuab«r« a and b, such that donain D com- 

pl«t«ly li«« in th« ton« 

W« «hall arbitrarily «xtend function  T(Z)    to th« Nhol« ««gMnt a<x<l,l  but 

in iueh a Mnn«r that function    t (X) rmtin» pi«o«wi«« contiawm« with boundod 

d«riTatiT««. 

W« «hall now «xpand   t(x)   into a Fourior Mri««i 
ma 

^W = 20n»'n«« ^.,,• (9) 
—i *-0• 

than w* can obtain a «olution of equation (2) Section 1, d«t«rain«d in the whol« 

half-plan« y>0 and taking on th« «egnent of th« x axis value« of namely 

i v     t_. r 4 f v i (10) 

""' L    (*-.)J J 

wh«r« X(«)  le th« «olutlcn of equation 

^(0 + U(c) = o. (11) 

given hy Triccmi  [1] and determined by the integral 

Then th« «olution of th« initially po««d probl« can b« pr«««nt«d in the f orn 

r 



«(*.y)-x'(xiy)+c-(Z(y)> (13) 

where i"(x, y) ha« the aegMnt of th. x »I. [0. 1] «.ro bouocUry Tmluee *t *U 

point, of continuity of function ^). For pol it. of diecontlnuity of function 

^(x) it 1. possible to prore that in their neighborhood ..(xf y) rmHn* bounded, 

«d thus function .-(x, y) will posses, the s«e property, whence, in turn, it «y 

be concluded, that the bounded value, of the function, .-(x, y) at points of dis- 

continuity also are equal to .ero. Thl. follow, fro« the fact that the uniqueness 

theore. for Dlrichlef. proble. can be proren en the •.««ptlen of «ch dl.co„tin- 

ultl... THe proof is completely analogous to th. proof of theore. #1 of the work 

of TrlcoBi [1J. 

Thus, we shall prore that function «'(x, y) in the neighborhood of interral 

(0, 1) of the x axis resins bounded. Where . (*) i. . cootinous function, this 

follows fron the unlfom coorergence of series (9) [6], if one were to consider that 

X(5) is a positire decreasing function [7] «id apply the HaiMy characteristic of 

unlfom conrergence [6]. In the presence of points of discontinuity it is sufficient 

to consider the ca.e where  ^) --i ,*«„ -1 <, <0i ^)ml^m0<x<i   etc# f 

and to inrestlgate the benarlor of function .'(x, y) close to th. origin of coordi- 

nates. In this eise series (9) takes the form: 

Let us consider the sun 

iin«r       »in3*T       tinSnr sin(2n+t)nT 
i   + -3   +~r-+•••+—^TTI—= 

•\   (cosri + cos37Tr+. . . + C0j(2n + l)rj:)rfj= C   ilüKi+ÜJi rf, = 
o ,) »mi« 
^ o 

j.in2(n+l)„I(iI_l___L)rfx+J.il^^idx = 

~ ^in 2 (* + ,) ., (-L. _ .1) rfl + i r^", rfy- 

(U) 



Both InUfral» in th« rl^ht part of «quAtloo (U) ob»lou»ly v bound«! Indeprodently 

of n. 

Pro« this and fre« the deoreuo of function x ({)  it folio«, according to the 

Ab«l inoquality [6] that the turn 

^^y)+^x(JJy) + ...+>l!^^l^ (15) 

«!•• i« bounded, Nhmo« follows tho proran one. 

If, finally, we continue function , (*) outside of segMnt (0,1) so that - (r) 

at points x - 0 and x - 1 rosains continuous, then darivatiTes of the boundary values 

of i(x, y) on arc L will be bounded ([1] Ch. II, Sect. 6). 

Thus, it is proren that in tha case of problea A it is possible to li«it one- 

self to the case T(I)-O. 

2. Pyoblam B, Por inrestigation of this probla« let us consider the following 

solution of aquation (2) Sect. 1, used already by Trico«! ([1], Ch. V, Sect, 2): 

*(x.y;o-i(x-o'+yr^-i2<-i|4[(x-^y+y,]-r (16) 

Distributing the singularitiea of these solutions along a segMnt of the axis 

of abaoisaa, 0<x< i, we shall obtain a solution of the following fomi 

i 

*= ^«-(^.y;?) o ({)</«. (17) 

The boundary value of <t   when y - 0 is 

r 

Boundary value of  tt    when y —0 is 

(18) 

/^ 



I 7 

«, (x. 0)-l™{ - I o (!) y« \ [[(x-iy+   A y» ]"-, 

If at point   «=>*     satlafiöB the Ilpochlt« condition. 

l»(0-9 WK-4W s-xi whm '*-*!<•(*). 

(19) 

(20) 

than )•' 

d'. 
;.J1)[,I_().+4v.]"' 

(21) 

Consequently, the second ecnponent of the right side equation (19) seeks sero when 

v -. 0. 

The Halt of the first component will be 
' 7 

For its detensinstion we shall Introduce a new integration variable 

Then 

M..O)~-4Qy-v i^~ -a-iyov [(1T^. 

(22) 

(23) 

Introducing the new variable 

i + i» ' 

we shall obtain 

5 i>    „if rff_     ' u)r (v) 

(24) 

(25) 

// 



Tha», 

*'(X'0)--P«(x), (26) 
wh«re 

Coo8«qu«tl7, iolotion of »quation (2) S«:t 1 

, ' (27) 
«(*.y)---lC«,(z,y.{)v(0rfj 

fiT«g for th« f&mt y-0, 0<i<i 

♦x(x.0).vW. (27a) 

W ^»U now de^ut. hjr f^,) th. bo^Ury ralu.. of function  ^.y)     « 

«ret.   l*.*^lPrW.tl«t««.u-«d.of«xL function f^.) «d lt8 derimive 

f»!(.) r«tin bound«! (th. lan^A of arc ia m^r^d h.r. in th. pUn. (x, y)). 

In fact, 

-'-p-J-p-J, 

wh.r. 
(28) 

P'-(*-{)' + y.( . 

f-^C^-O-EJ' + y.   / (28.) 

whmc. 

'*SSM^ (29) 

Sine, for md. of are L 
x-0(l)y( x-OWj/*.   1 

l-x«0(l)y',   / (29.) 

thi.» 

l-(l-*) + *«0(l)p'+0(l)y._0(1)p 

/^ 

(29b) 



Dlff«r«ntlAtln« fomil* (29) along eurre L, w» obtain 

Contsquently, 

rv-0Vn{l-l)r'i»(~0{i)9-'i>). (30) 

(31) 

/.-^(x.yiOv (1)^-0(1), 

(31b) 

Thus, 

g-Od). (32.) 

(32b) 

dy' ttv,ll) y   tiny 

We calculate^  finally, ralues for  ^{x,y)      and its first derlTative« near point« 

(0, 0) and (0, 1). 

Near point (0, 0) 

■-0{i)x\i-x)[xi   JP-.Jrf;+   J?-dj]=0(l)x(l-*)/J-'=0(l)l 

(33) 

where /? = i« + yt 

and |f-O(l)Sc'(l-t):?-J^ = 0(l)[^ + xV^]-^) 
(33«) 

(34) 

In exactly the aaae way 

(34a) 

/S 



Aaalogoiw CÄlcttLatlons Uk« piac« BMT point (0« 1). 

Cta th« baait of fomLas (33) md (34) w» obUin 

•o that a^plrvMot (7) it Mtitfied. 

Than, Bolution of   j   Mtisfies all cooditieai of probla B.    Cooeaquontlj, and 

= -•?     Mtiafiaa the MM coodltioos, if i utiafiea then. 

that, th«r« is proroa the posBibllity of llaiutlon of th« CAM   V (*) = 0. 

3.   Rodaction of Boandry Yaluo Problww to Cho-KÜamtiTfi-^ 'r-^ol» EonatioM 

of * SMood In»» 

öl th* buit of th« rorolti of th« prModla« paragraph m MBUM in th« futur« 

that in prohlMi« A and B fmction«    '(«)  and   y(x)    Mcordiafly ar« «qual a a«ro. 

By «nalogj with solution of a Dirichlot prohlaa for a Uplao« aquation M shall 

form on th« basis of fundaaratal solutions ^ and q^ dlpolss, i.«,, m shall take 

darivatiT»« for th« noraal to eurr« L of the«« functions    Y'f.   iis*)      changing here 

th« coordlaat« by th« sincular point.    (The noraal is passed in plan« (x, 7)). 

laasmch as Judfnents in eases A and B do not in the IsMt differ, henceforth 

ln«t«ad of ^ ad qj w« «hall writ« q. 

Th« potential of th« double layer, i.e., th« lajrar of dipolos with aaasnt i'W- 

will b« 
j 

'-T^('')rf>'. (1) 

If dlff««ntial dn« hM the direction of th« inUrnal noraal, than the boundary 

ralu« of 1 on the inside of are L will be 

-HW+f JKO^-. (2) 

Conaequantly, fmction    v- («) is d«tendn«d fna th« integral «qaation 

fW + ^MO^^'-ZW. (3) 



which Is an integral equation of fredhola type of a •econd type. 

In Sect. 4 w» shall show that nucleus    ii     satisfies the estimate 

^ = Ö(l)ln(p). ^ 

Consequently, to this nucleus the theory of Fredhola is applicable.    It still 

reaains to prore that the rnmber j-   is not the characteristic number of Integral 

equation (3). 

IMs proposition is oquiTalently one that uniform integral equation 

^(0 + l^(Otf4^ = 0 (5) 
has no nontrivlal solution. 

We shall prove by raductlo ad abawrdun.    Let    H(S) be such a nontririal solu- 

tion.    As shall be shown in Sect. 4,  such a solution would satisfy the evtimates 

whence it should be that the corresponding solution of the uniform boundary value 

problM 
7:  1=0   ^ Z,, r=0 on seg^nt      y=o,0<x<l   ) 

or ■ (7) 

5:1=0   ,„ L.^-Q on sepmi     y=0.0<i<l   j 

satisfies the valuations 

where R ia the distance of the given point from one of the ends of arc L. 

But in this case we would have 

(8) 

lim   \  tyy'l'ds^O, ^ 

and in this circumstance the uniqueness of the solutions of problems A and B is 

proven ([1], Ch, II, Sect. 7).    Consequently, we would have 

1=0 (10) 

/s 



•ad th«t on eurr* L 

in -0. (U) 

Lrt ut eonaldar now pot«ntlal •, fornwl •ccordln« to fonula (1), outilde 

euTT»   L.    By for«« of th« eontlnuitj of noml doriTttlTe* this potential would 

Mtitfy th« boundary cooditioaa 

A: ^-0 on   ^»"-O       on   y = 0; 
whanÄ->co: 

(12) 

'2:   ''"'-O   Ä-    f   «6 = u      on  y = u; rfn-0  on  ^. j-.=0     on y = 0; 

Furthtmora, naar th« and« of arc L condlticna (8) and, cooaaquantly,  (9) 

would b« aatiaflad. 

»it und«r th««« condition« partial intagration giTe« 

o-SS ■(^:;.+:TÖ'"*-(T)- \>i-%<"- <»' 

-SHKi)^C;)']'">•=-»['O-;)■+0;)■]"■"■ 
whar« th« double lnt«gral« extend along an lafinite domin outside arc z.(> > 0).  it 

follows fron thie that outside arc L we hare * ~0. 

Discontinuit: of function T along arc L is equal, howorer, to 2rÜ(J;.     Thua 

MO^O. (U) 

q. e. d. 

Thua, the inhoaogeoaoua integral equation (3) haa a unique solution. 

As will be proren in Sect 4, it satisfies estiaates (6), and the ccrreopooding 

potaatial (1) satisfies «stimtes (8), so that there is satiafied also condition (9), 

if only f(s) satiafiea «atiaates (6). 

Urne it is proven that boundary value problaas A and B are really eolred with 

the help of integral aquation (3). 

There r—Ins still to prore the estiaatas used. 



4.   Proof of IrtlmtM 

For proof of the ottimt«« ■«ntlcned in Sect. 3 ther« are required, first of 

all, certain ertiaatea of the fumUaental solution <t and ite deriratlreB for n*, 

■ ', n and • «here both point«, deteralning these fundamental funetlcna lie on con- 

tour L. 

Let u» ri—her that fucdaoantal aolution q can b« written in the font 

(1) 

where 

C = DP(a.b;c; S)Lt-A;c.,,    D^^ + ^l^. 

First of all we estlaate the function 

1' dn"       Ti ' dn'ät '     dJ'' ' di>''o7> ' 

for which, in turn, it is required to estimate the following Magnitudes: 

f (a), C(0);    F'.G'i    F'.C;    F'", C"; 

i.  je   du     a*»      tC2*'}3 i f^'V   J>L. Clsl\J 

n" dt'dn'dt'dnäj'     äs \ tx J    ' d*'\ / J     ' dn'dl   \ ^ J      ' 

dn' 

3 In e     a In e    d'lut    a-lnc    "^In c 
"in'   ' ~ir ' Jn7!»   '     c*»:     ' On' ds- ' 

To estiaate functions F, G and their deriTatires let us note that 

Pk)~AF, + (i-cy-'-'DF,. (2) 

where    F => F(a,b\c;c),       hypergeoaetrlc functions F. F, hare as their arguaent 1—c , 

and coefficients A and B depend on a, b and c.    Accordingly we obtain 

C(<0 = .D(/lF.)-r(l-cy —^(ß/-.). (2*) 

Then for the ralues a ■ b • 1/6, c - 1 

// 



Bat InMBUch a« 

C{c)^D{AF,)+{l-c)rD{BF,), 

P'{o)~CFt + H-ppEFt, 

G'{o)~D{CF.) + (i~t,)"ZD{EF,, 

F'{c)~IF, + {i-oy^KF„ 

G-{c)^D{IF,) + (l-o)-^D{KF,). 

F"(») = Z.^, + (l-o) ^MF,), 

C-'(o) = D {LF,) + (1 _ o) ■ » D[MF,). 

> 

1-« «w' 

than frca «quatloot (3) follow the eatlartai 
F{i)~0{l).~G{o). 

^"(0)-0[77$7]-C-(o). 

Hofw deriTttlTaa of   o  ara astlmatad, w« ahall show by the oxamplo 
0(») o(th O(fi) fm 

EatlMting al^Urly   the reoainin« dari»»tlTei of    e( w« obtain 

(3) 

(4) 

(5) 

(6) 

Purther O(v') 00«, 

Ettimtlng »l^larlT the remalninc darlTatiTae of (-)',    wa obtain 

(7) 

/r 



For darlTstlre of  „       m obtain 
^Ino      „,„       ^in 

din« i a 

d« In« J j 

j.«   ^ ~{^riyr+^T^r*r+0(i'>• 

(6) 

hiring •atlatta« (5),  (6),  (7), (8) it la posBlble, finüly, to obtain ••ti- 

aate« for q and it« dwiTativo«, namaly: 

p  

3- #-T(0"[l'%^+']+Ki?M.^-^). 
'•JÄ-T«7[KI+']+ 

Q , --; . 

+4[ÄCf)'f<')+(^)4f'">.L:](^T-^)- 
s 

^ä.-^C.);[|'";>I]+ 
+M^ cr)4"»+(v)4"' <='.-s co4"' w'-;} 
.(•_L '_,_■)_ 

-^(D^'^^^(?)T^^L^v-^ör] 

(9) 

In the future there will be required other estioete« of the flr«t deriratiT«« 

for «• of the coeffieient« in(-'77-/',-) ■ »-andln« in fonmla« (9) and aI«o of 

fir«t and «eoood deriTatiTe« for a' of coeffieient« in f ~1 i     1 in  the 

foraola«. All the«« estiaate« we tak« under the condition that 

/? 



h<y'<3jy (10) 

(u) 
Thm, uainc the abore-oentloned msthod«, w* obUln 

rf*7 y ' </i'" » ' a»'" y« ' • t/»' " v ' I 

*Vfc0(l) ^^OO) öl/ OH) O'U 0(1! | 
^»^       y«    '     rt»'13   v«   •     ei,'"   y    >     »«'«"'jr- •   J 

For th« coefficient« P, Q,  R, S,  T, U we obUln the following eatlaatae; 

s^o^c-y, T-^(ty. u.ovtfy.] 

Utlng oondltion (10) we can reduce «quAtione (12) to the form 

P-O(l). <? = 0(1)P Ä-211', 5-0(1), T-Zip,U~0(i). (12*) 

Now oo the baale of eetlmtae (9), (11), (12) and (12a) we «hall derive a 

Mrlee of estlaatee for Integrale of the form 

leads'. 

First of all we shall prove the following theoreas: 

THEORY I   Let     t^. CO  be en intearated. bounded function; then functica 

6 

f.W=S>.(0«" 
(13) 

Mtuaaa tfiadscla ssBafcUap» 

ft-oof.    »t 

Than, by (9.2) end (9.4) 

" •    "     ..-■ i « 
■   i »1-,- 



(15) 

+ 0(1)   \\\n\s--S,\\ds-<0Wy^,[st-\^.+ 

+;in(s-.I+*-)l]rfj+0^(s'-s')"<0(1)Js   3ds+ 

+ 0(i)(J.-^'-0(i)(St-^) + 0(i)K-O'<0(i)(^-^. 

which was requlrod. 

Tti^RBi TT-    kBSi     '''^   taÜftll H61d«r't coodltlon.    Then function 

!■ differentl*ble, irtiere in the deriTttire satisfies the estimate 

KW 

We shall prore first that the deriratire exists and is equal to 

M '      J dn' ds (., (j')£fs'. 

(16) 

(17) 

(18) 

(The integral in fomuln (18) is understood as the principal value in the sensr of 

Canchy). 

For this purpose let us consider the integral 

(17a) 

whose derlTatire is equal to 

(5 +S)^n^ds' + f.,{s-h)in.[s.s-h). 
0    »(A 

(18a) 

^/ 



Pwoticn -^    hM the f on 

♦Sr-rrJ+OOHiini.-i'K^i). (19) 

Thartfora 

»•. (« + «) 7n-. (», » + «) + ^. (» - J)?,...(»,»_ Ö) » 
- f. (* + 2) [7„.. .(.., + J) -f j,,.. (,. ,_,:)] + (20) 

= C»(l)[;in«| +i] + o(|);-ij.| 

Mhmc« whan A->0thar« ramtlti comrarffanc« of lAtagral (18») to intagr»! (18) and 

baaidaa it la unl/ora In tha naljihborhood of point a - a, 

Wa nr  5 furthar that 

wh«Ma 

(22) 
*, (»- '0 4«' (*. '-h)-}*,{i+h) y«. (*. t + /.) - 

•'f.('-Ä)(?n-(*, «-A)-,,.(». « + A)l + 7,. [(!,(»-/i)-Hl (» + /,))- 
-0(l)/»[|lnA|+lJ+0(l)lnA. A«. 

Conaaquantlj, tha ata of tha «acoi.d and third taraa In «xpraaslon (18) aeeka 

•are whan /i->0 and baaidaa It ia «ran unifom in naighborhood of point a - a. 

Thua, foTBula (18) la proran. 

Wa ahall now prora aatlaate (17). According to aquatlona (9.4), (11) and (12) 

(23) 

K(0 = ^Wr'[iini|+i]+0(1)^+ 

- 1« i 

+(H>^+<?<*'')S^'+ 

"1 

0 3. 
1 

+ Q:i*.'')\ ?,(*■)df --^-+0(1)1,lnyl+l]+0(l)(llny|+l) + 
$ ' 

1 v" 

az 



THBOBEM III.    If > ooptimiouij bcggUd function    H.C«)   pos——* a dTlTatlre, 

■atitfyliii ggtiM^g (17)i th«n tht dTlvtiT» of function 

e   . (2A) 

utlsfiet Holdtr'i condition: 

IK(0-!'i(s.)l<-v;(».-*.)•.  (y.<y,. o<t<i). (25) 
V 1 

For proof w» thall apply partial Integniion. 

Th.n    ^w-c^bÄ^^v^^"-:^"--..^)^'-'- 

Henceforth we «hall aatume that 

', ,      3», ^ ». 
0 = "2 '    6 = T •   '' = s. - 'i < "/; ■ 

Let us note that when T ^ s   - V 

-5 i,—J = ^ Q,. (5; s -r (s - s) /) rf< =■ — , 

as 1 —1 

v, 

0| l| - 

and whan *'-M>'; 

^5 

(26) 

Oo a 
I« 

-<? (s. *) 1.^ (i') 1" (6- J) -^ (a) In (1 - 0)! + C (•'. -0 5 K (s') I" >' - v '■'■>• -:■ 
Ü 

.    b b 

+ \9~pds' + ^V {*,,■) r,{s')ds'     {fl<5<6). (27) 

(28) 

(29) 

iQ<'-'y_V±~\[Q<A*;'-rV-*)')± (2<*) 



)'-</* + (30) 

Farthtr, w« h*Ta 

C ''. »') 1 1* r»C) 
'-' » - »    J  wa J(»- »'r 

'1 «■ 

_0(l)f>.-_.,|      «/^Ifj-V' 

|v(,.o:>.(o<v»(Y+^ )(5,^(f.)(/J'+ 

1,1 1 

•i ' 

•,-•      J 

(31) 

•i- • |_ »j^l , 

+ 0(1)   \,   j/''Mnij'-^|(/j' + (9(l)   C   j/''^ln;f'-51 rfs' = 

^^.-^'., (32) 

(33) 

Hi« r«iroltlaf «quatlaat (27-34) giv, thus: 

^(».)-KW-0(l)^-''--. (35) 

q. •• d. 

agSBB iy.   g ^il     SaU«^*! coadltioa« (I?) *nd (25). th«n function 

K.W-^:'«(*')^' (36) 

*/ 



DotM»— s »•cond drltatlTt. -t^fyin« th» ••timf 

<i^0^. (37) 

For proof Itt us not« that ^;(<) can be «jcprmod bjr  /.^ naars of fonula 

(27).    Inasauch *• :<r,c)     Mtiaflca Holdar's condition, fom.ila (27) allows formal 

difftrantlation; har«, in fact, thara it obtainad a gaeond darivatir«     '    ..which 

is prorad »imilar to the proof of difftrantiability of r ;>,v   In fonula (2?) lat 

us assuM that 
"=.-..     ^= , = . • (38) 

oonsidering these liiiits to be constant, on ehuging during differentiation. 

We shall conaider that when 'J'-j:> ^ 
_^''l_ K., OJ_l_l .      0f\)      _, oi)\ /ogj 

when 't'-'\ < r 
*   Q(t.t')-Qii. s)      Oft) 
di .'-^7 = ~y, (40) 

3i 

3« 3. 

Hanoc 

js- 

(a) 

/' e  ' (i»2) 

£ Q(t.i') _ O(i) 

<" '-'7 "  y ' (/♦3) 

(44) 

(45) 



(46) ...     0(1) v'*0/ 

q. •. d. 

Thus, froa Th«ortas I—IV it follow that 407 ■olatlon of th« honogeneous 

•quation 
a 

^W+iJ^O-^'-O (47) 

miti itittj Mtlaatct 

W« pMi| finally, to proof of MtiaatM for funoticni 

whvrt 
1L    CJ 

ut 

whor« 

Aeoordiitfly z^x. + z,. 

where e e 

D^ailod ealevlation ■hows that  f.i° 0(l)1 + ''''>', 

o^ 

(W) 

z-i^VuVjcf,'. U9) 

?"•-?«• 1+jm, (50) 

'"■'-^[©^(^^^[(^//(.)]. j (51) 

(52) 

(52a) 

(53) 



0(1)(t-' lln fli) 
(54) 

+ £?/',1) ^:lnIs'-J.'i^' = 0(iJ (1+ iln/f i:)- 
» 
'2" 

It  <?'  la the angla at which aegmant (a, s') of arc L la aean and 'r; la the 

anfla at which the alrror laage of the aegaant la aeen then 

lliua, 

r-0(l)(l+lln/(;-). (56) 

For eatlaate   '--',  -'      let ua note that 

?'>''ic=<>;r
l7'.>i'=9'-,ii + j,.,i:,  ] (57) 

o - ' . I 

whara 

^L(?),,/'^ll"«-f4-rr^V,//^l    ] (57a) 

- v  -i y ,1'-' j 

v  .y   ^ 

"■' "v   V •-, y 

Detailed calculation ahowa that 

■=-,   (l + .lr.;. ),      j ^„«^»M + ür..,^.       1 (58) 

'-■"""•p'l.yrC ^ :in? )• j 

If we were to Introduea now the dealgnatlona 

<Z7 



S 
6 

~ If* 

(59) 

ihm wa obt*ln 

i.H-0(l)(l + ;ln/?:)Q + ny + 

ll 
v 

0        J. 

+ >,5l"|»'-r^' = 0(i)I-:^ÄI 

(60) 

•nd ualogoualj 

(61) 

W» ■h4U introduce l«ter InttMd of coordlnataa z «nd 7 coordliute ■ and n 

(Fl«. 1). 

x    / 

W«. 1. Pi«. 2. 

Than (Pi«. 2) 

d        t*     ds  .    d     tin o  ''   .      "in H cy 
dx      Oi    Oz      On    vz • On  ' d'•     Os* i~ n ^ C'! 

d Ö       <*'   x      <*       c"n  __       f'C'f ^ ** "3     '* 

By     0$    cy     on    uj dy    os      ' '    ^ ur\' 
1 — n - 

(62) 

(63) 

•ad* eonaaquaatlj. 

Jf 



« tin?    > 

1 - n   - 
i/.« 

^ ro« •)   • •   « -      '       i 7-,,,,: = — -?n..1,-,inß9f,,n,:,, 
1 - «_■ 

'""'    I 

wher« 

(60 

(65) 

accordingly we introduce the designations 

..:?=   '  ^.j„.,.,:a(s')(/j'. 

J 

We consider now that 

then 

9 '.n -,' _  „ ro-; 

i^' n o!         i-~ s' 

..vr^F + Od). I 

,--rO(l). J 

v,^^"'-y^(c^-o",, 
1 

.it 

= 0(1) \*". -^(I) \^^""    \   Jnrct«^-5. 

(66) 

(67) 

(68) 

(69) 

(70) 

.    0'!)    J. 

^^ 



3 

0 

a 

J 

J 

Mh«r« 

(7U) 

« < S  < *'    or   ,- < ,• < j; 

»<»"<*' |'<S"<». 
or 

L«t us not« that   #,■ + (/---.,- it ui IncrMMlAg function of   Is'-s;, so th»t 

^^^(< 
(72) 

«id 

Sines 

6 6 
r.^om (^.(Wi)^',«''_)•/' v.   od) ,.o(i) (73) 

'"X.J«   -Li.,,+ 00,37,.l!( ] (70 

- cojß   - .    ,- ( 
.„ij« jjiiu—»in?;,.,}, 

th*t fre« jquatlons (70) «ad (73) It foUows that 

z,„~°P. 1 (75) 

i^flaallj, femolM (60), (61) sad (73) wiu gin 

SO 



(76) 

I» order to •Bilarta deriT«tlT«B of £',     and     i?1',   we th«!! «xpress th« by 

• of fonulM (62) Md (63) by    ^  «nd ^. 

W« BhAll first ••tlatt« 

(77) 
"<M - V. J  '  J y «^ lA h / J   "'' 

♦ 

Khtre   ?> and ?   ar« valuet of     ? , correapoodlng to ■• - « and •• - ^ . 

The flrat and third intagrala of tha right aid« of aquation (77) are aatiJMtad 

a«      ?yi.    For the sMood we obtain the axpreasion 

ii(?)s'-<^f)^-(»);'-M?(osr,'>      (78) 

V I 

v 

+ u-a^:':y/,..c)-|-(J,)^|      ^^ 
JO'   L ^ ?i y        Wjr\   WM !t.-coriii    ^    ' 

We have (Fi«. 3) 

Pi«. 3. 

(79) 



CoMtquntlj, th« firft ten of th« right tid« of »quation (78) i« attlaatoa 

Zxl,    Th« MB« goes for th« ■aeand tor».    Further (Fig, k) 

(80) 

Consaqumtlj, 

'*'' I .«in f' 

rfs'  ,  ,      sin^'ecy  , ,       r        »' —/ 1 

Fi«. 4. 

1C ^sv 

(81) 

(82) 

Bat 
;' [Gf)JF^]-v^L-^vi -•*•" - -S' <:" l- N. Pi / J      V   s ?' •       y'.tl.'i ;    ^ *   v. TTI 

(83) 

■o that ^(^)V(^(o^=T-^L>^ 
(84) 

Jls 



Thu, from «quailons (77) «nd (84) it follow« that 

1=.. 
Lat ua turn to tha aatioata ot   ,/>  '   t 

t 

+ (ArfvVr(S);(S')l^i      rf?'- 
' J ds' L \ ?. /   ^ ' ■  ^   ' j ds  |f-con»l 

We hava 

o-^-Ol1);,' 

Conaaquantlj, 

(85) 

£~d+^[(#^^]^j'- 

(87) 

(88) </H   ?'. crnM        ^ os/ Cosy 

(89) 

.0(1)   L0(l)   j   _      y_        y     i (90) 

+ (1 _ n ^    5 " ^ [ (tf) 1 /•' (^ (O ] [ 0 (1) </$• -W orcun'l;-' ] - 
( %• *   - 

O(i) ,     OMI     v ^OCj 

Fro« aquatloaa (62, (63)« (85) «ad (90) wa obtain now tha aought for aetinataa 

of tha darlvntlTM: 

S3 



.?'•>      .'-:. _o(i> (91) 
/,  •     „/ - jf ■ 

Plj»ll7# «watloiv« (76) md (91) «IT« 

(92) 

Hi««, «r« d«riT«l *n ««tlaat«. by which In tht prwrtin, pw^raph it «M 

that   -(s)^^. 

Purth«, on th« »Ml. of Theorems  I-IV, it in •-y to .how that ..tiaatoa, 

d«lT*l initl*ll7 f« ü   and i, tako plaoe alto for v and 
6 

fro. which it follow, that ■(x. y) bolon«. to tta. cU.. of tho.. .olution., for 

which tho unlqunoM thvor«* la prorm. 

Appendix 

On Certain Particular Solutions of the Equation 
v ?!' + ''••' = o 

M ahall ÜT. «xuplea of aolutioo. of the equation y^i+^;. o which re- 

fttta thrw arromoaa theoreaa contained ia the article by inemi [2] 

»• fiwt of th«M theortM ([2], Sect 2) etateat 

n>f wtit^. tf «w^   iMlMll <*-*—<-^n** i* *... „^^ 
teULM twUta^ fffotiralT .IMUIA, ^^^ fi^n, |, ^ r ,-r1| 

Trto<«i 3^1. a point '•tfcti^U ainfular.- if it oMMt be turned into a 

mulai. «e. cl-n.ini the «Hue of the function «nly of thl. point.   Here Trio«! 

a priori ll«ita hin^lf to conaidemtic. of hnlf-plane y > 0;  it i. in thi. aena. 

that the laolation of a elnfuUr point, ia underatood. 

The theorea ia refuted by the exaaple of the function 

r=.7 ■m- 



wh«r« 

Raalljr, for thli function 

- 0 Mhen y - 0, x > 0 and 

(r) 
wh« y=0, i<0, 

and at «11 raaaining points of half-plan* y> 0  th« Taluo of ■ 11M botwom th« two 

indicated values. 

DoriTatlTO of -• are finite and are eentiimoaa alon« the whole x axle with 

the exception of the origin of ooordlnatea. Indeed, 
<■;     <>..■•' '. 

Srror can be corrected. If to the prerequisites of the theorem there is added 

the requireasnt that la the Mntioned isolated sinfular point function s(x, 0} re- 

■ains eontinuotts. Then the proof of Triccal will renain in force. 

Rafardlnc the two rs—1nlng theorau, then apparently, eren with »ore precise 

definition of the prerequisites they rsaain erroneous. 

The second theorea of ([2], Sect. 2) states: 

Let there be ilven a solution a of equation \  "7:  "T! ^Q ^ > ^'    regular 

in the neighborhood of the origin of coordlnstee. which differs at this point (i.e.. 

with any approxlaation to this point seeks either ' r?0'   or >. - co ). -^^ 

wh*f * is a constant and a0 is a funotlcn« regular at the origin of coordinates, if 

function    *(J)— (-.0) ^ iategmtible in the neighborhood of point x - 0. 

IS 



Thli prvpoaition 1« r«fut«d by «xu^xl« of th« function 

-'•^[^•M^K'+f)]' * 
m» «autloB differ» «t th« origin of coordinatM, but cannot be preeented In 

the for«   c-.-.^T .    Oi the x ude (^4=0)  . it reMine regular, einee 

when 
v"r,G-T c 

function  v(T)) a, it i. e*«y to aee, ie integrated in the neighborhood of 

point x - 0, 

The third theorea ([2], Sect 4) atatea: 

Thf Bfoeaaarr and euffieient sag^g» of the «drtenoe of a eolutico of the 

Canohr nrohlf for eonati«,. nf y!, -i-^-0  m the rntLoamy>o. ?--rh'<- 

it *rhm  wnytieity of funotiop 

/1(.%}--r,.,^.., r , r_T.-~ I 

*> Maaeot      . where 

In realltj thi» condition i» neoeaaary, but not auffioient, aa it ia eaay to 

•atahliah hjr the example of the fundaaantal eolation brought by «• for 

«hen y- - 1/2, x« - 0. 

I eoneider it neeeeaary to aake certain correctione and aupplananta to vj pre- 

ceding worka. 

In the work «^ t^. gMSte FThT". No. 8 (19U), 195-224. 

rormlA (10) on page 197 ahould be replaced by the following 

«pie example ia taken fna a aeriea of aolvtiona of equation 
of nain Moire of Tricot ([1], a. Ill, Sect 4). 

J^ 



.■-GHK/W-'O'- (l0) 

In (120) on ptg« 218, and also In (120a—120f) on pac« 219 on« should replace fac- 

tor  (."-/.)-•. with  ( - j /> «ad decrease the exponents of the degree of the 

differencs ^-). by 1/3. 

In the woric Toward a theory of Ugj. ngrOes; -Mo. 9 (1945), 387—4^2. 

In (15) and (16) on page 416 one should replace coaponent  r^< by 7, ~ « In 

aoeordanes with this in (19) on page 416, (5), (5a), (8), (8a) on page 417 the fac- 

tor ]/3 stands not in the nnserator but in the denonlnator. In (3) on pag« 416 

one should change the signs of the first tons of the right sides. Function ;.(•) 

(Met, 6, (14)) can be expressed by theBessol functions (see [8])i 

A 1 V 'I • 

i0 r 

Aa S. V, Palkorlch showed as (see also in book [9], page 58), the hypergeo- 

■etric function F(l/3, —1/3; 1/2; t) is algebraic: 

G--hhO- ^rc^i-, \   I - 

2 

in connection with this conclusions of   paragraphs 3 and 4 can be considerably sia- 

plified. 

Subaitted 
4 October 1945. 

Literature 

1. P. Triooni,    Sulle equasioni lineari alle dorlvate parsiali di sece^o 
ordlae di tip© atato, Nmorie della Eeale   Accademia Nasicaale dei Lincei. (V). 
Vol. XIV, 1923. 

2. F. Tricoed.    Ultsrlorl rieerohe eaU'equasione       ©^ Rsndiconti 
del Cireolo aatsmtloo di Palerao, LII, 1928. 

3. F. Triooni.    Ancora sull'equaaioae ,',.■■'"• Rendioonti della Reale 
Accademia   Nasicaale dei Lincei, VI, 1927. 

4. K. Holagran.   3ur «a probleas aax Unite« pour I'equatlon  y-  ''   ,r'   n 
ArkiT for Ifetsnatik, Astronoad ooh Pysik, 19 H. 1926. dJ' 

Jf 



5. E. GUTM.    Course of imhcn*tlc4l tn»lyai8, Moscow-Leningrad,  1933. 

6. Witteker-W*taon.     Course of contemporary arvalysls, Moscow-Leningrad,  1933. 

7. 3. Cellerstedt.    Sur un problems aux limites pour uns equation lineaire 
aux derivees partielles du second ordre de  type mixte, Uppsala, 1935        ilne*lre 

8. V. A.  Fok.    Airy's Tables, Moscow,  1946. 

9. J. Kampe de Feriet.    La fonction hypergeometrique, Paris, 1937. 

F. Franicl. On the Theory of the Equation 

(9!: 

Svsmjrr [aigllah-Language] 

In this paper we solve  two boundary problem»  for the equation which we call 

Darboux-Tricomi's equation after the authors who dealt with it. 

^T.+^-.^O (1) 

The solutions are sought on a donrain lying within the semi-plane y > 0 , where 

the eq,xation  (1) is elliptique.    The boundary of the domain is supposed to coincide 

with x-*xi8 somewhere.    As to the part of the boundary that lies within the semi- 

plan« y > 0,It is supposed to be sufficiently sncoth and to approach the x-axls nor- 

mally. 

The following boundary problems are her« considered: 

1. Dlrlchlet's problem. 

2. The problem in which the values of the unknown function are given on the 

part of boundary lying within the  semi-plane y > 0,   while the normal derivatives are 

given on the ^art of the boundary which coincides with the x-axLs. 

These problems were already considered by F.  Tricomi in [1J,    as well as in the 

p*per« [2Jand   p J , with the use of considerably complicated methods:     the author 

either used Schwarz's alternating method or passed to the limit having proceeded 

from the domain« lying,  together with their boundAries, within the semi-plane y>0. 

In both cases Tricomi used two-diB«n»ional integral equation« of Fredholm's type. 



The aecond problem was solved by S. Gellorstedt  [7J by reducing it to one- 

dimensional Fredholm equations of the  second kind.    Gellerstedt,  however, assumed 

that the ends of the curve L (see Fig.  l) coincided with arcs of a certain alge- 

braic curve which Tricomi called "normal curve."    In this paper wo  remove this re- 

striction by means of some suitable estimates in both problema in queLtion, 

In Appendix we give three particular -jolutions of the equation  (l) which refute 

some false assertions by Tricomi in  [2 J . 
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