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ABSTRACT

General additive functions called rewards are defined on a '"regular"
finite-state Markov-renewal process, The asymptotic form of the mean
total reward in [O,t] has éreviously been obtained, and it is known that
the totel rewards are Jjoint-normally distributed as t - e, This paper
finds the dominant asymptotic term in the covarience of the total rewards
as a simple function of the moments of the per-transition rewards, and the
"pias" term of the mean tctal rewards, Special formulas for the dominant
covariance term cf "number of visits", and "occupation time" in given

states are also derived,



LIMITING COVARIANCE IN MARKOV - RENEWAL PROCESSES

(5]

Consider a finite-state Markov-renewal process which moves through

states io’il""ik’ik+l"" at times So =0« 8 <... Sk <8, <.
If a reward is earned during each transition from state to state, and 1if
successive rewards are additive, it is of interest to study the total reward
earned during the intervel [0,t]. Typically, the reward earned during a
transition from ik to ik+l might be a random variable which depends
upon the values of ik 5 ik+l > sk+l' Sk , 88 well as on the '"excess
time" t-8, (Sk {t( Sk+l) of any uncompleted transition,

Thus, the total reward earned in [0,t] 4is a random sum of additive
random variables, and has a well-defined, thcugl complicated distribution,

The purpose of this paper 1s to summarize some known results on the

asymptotic form of the mean total reward, and to present some new results

on the dominant asymptotic term of the (co-)variance of the total reward,

These results are useful primarily because a central limit theorem often

holds for the distribution of total reward, as t -+ e ,

DEFINITIONS, NOTATION, AND SUMMARY OF RESULTS

The definition of a Markov-renewal process is that:

Pr(fy = d5 8§ <x+§ |4 =1, 14 1,004, 155 8, §,,...8), 5,=0)

k=0,1,2,,..
= Q . (x) = p, ,F;,(x) {i,,j:l,?,...M}
1J 13719 x>0

In other words, the process may be considered as an imbedded Markov

chain in which the movement between the M states 1s governed by the
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transition probabilitics pij , and in which the transition intervals,

e L) = S

Thus, once the initial state io is given, the bivariate

distribution Qid(') determines the entire process, since Pyy = QiJ@n).

- §  are independent samples from the d.f. Fik { ().
" k4l

For simplicity, we assume Fij(o) = 0,
Let w = t - Sk be the elapsed time since the last transition

(o < u g-T(ik’ ik+l>) and define the random variables

0 / i .
a(t, 4,059 [T, 4 00) end b(d, 4 L5 v, 4,,))

for al1 k=0,1,2,... over the appropriate ranges of the arguments, a

and b (for short) may be thought of as partial rewards which are accumu-

lated after a time uk nas elapsed between a transition from state ik

to ik+l ; 1t is sssumed that the joint distribution function of & and
b 1s known, and that all its moments are finite for finite T,
In particular, dencte the mean partial rewards and the second (cross-)

mcments of a and Y by:

pﬁj(u | 7) = E(a{,d5u | 7)) ; pfg(u | %) = E([a(1,35u | 1)19) ;
AB
pgy(u [ 7) = Bla(d,45u | 7) bL,45u | 7)) (1)
etc,, and let
© M
J=l
M
and p = Zﬂ‘i pi
i=l



be the final transition reward, and its various average values, for all
moments of (1). The m, are the stationary probabilities of the assoclated
Markov chain probabilities, piJ .

The total reward of type A earned in [0,t] 1is defined as:

N(t)-1
Ay () = y 8ty gt Tl L) Ielh 1)+
k=0
(3)
+alty(e)r Ingeyan® Unee) | 7ngeyr nge)a?)

where N(t) = sup(k > O: Bk { t) 1s the number of transitions in [0,t].
(Ir N(t) = 0, the first term in (;, is zero). Thus, the total reward
is the sum of all the total transition rewards accumulated during N(t)
transitions plus the partial reward earned during the excess time, A
similar expression holds for Dio(t) .

We shall denote the mean and second (cross-)moments of the total

rewards A and B by:
Ri(t) = Bla (£)) 5 Eoo(e) = B([A (£)1%) 5 Roo(t) = E(A,(t)B (£))
(4)

ete,

It 1s straightforward to calculate the joint distribution of A(t)
and B(t) from the Joint d.f. of a and b, However, in this paper, we
shall concentrate on the limiting forms of the means and (co-)variances
of these total rewards, as t -+ o ., These are important, since it is
well-known that in most '"regular" cases of an MR.P. the limiting Joint
distribution of several additive functions such as A(t) is the multi-

6
variate normal[u][ ]. Thus, knowledge of the dominant terms in the means
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and covariances gives a very good approximation to the Jjoint 4.f, for
long observation times; and, it is these terms which are useful in dynamic
prograxming of an MR, P, with infinite horizons[zl

We shall restrict our ettention to the case in which all the steates
ir the imbedded Markov chain are positive recurrent, and in which the first
two moments of the first-passage time d,f.s, GiJ('), are fiaite; 1t
is also convenient to assume that all the Gij(') are non-lattice,
although this is nct restrictive if the limits are defined correctly[5][6].
For reoferences to cases in which the limiting distribution may not be
normal, see Reference 6,

The dcminant term and the nextterm (here called the "gain (rate)"
and the "bias", respectively) have previously been found for the mean of
A(t), as t =+ o [2][6]. In Reference 4, MILLER finds also expressions
for the dominant covariance term for semi-Markov processes (p11 =0, all i)
with M=2 and 3 states, In Reference 5, PYKE expresses the dominant
covariance term for general M. R.P.s by finding & closed form for the
second moment of that pertion of A(t) between successive returns to
a given state; the results are expressed in terms of a renewal function
for an asscciated M.R.P, with an absorbing state,

The main contribution of this paper is expression of the dominant
covariance term as an explicit function of the bias term of the mean
rewards, - that is, in terms of the first two moments of the first-passage
d.f.s. This expression also includes the excess partial reward in (3),
which is not cornsidered in the othe. references, As special cases,
explicit formulas are found for the variances and covariances of the number

of times a given state is entered, and for the occupation times of a
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given state.
Special results which are needed for this development are given in the
Appendix,

MEAN TOTAL REWARD

It is easy to show that the mean of (3) is given by the renewal

equations:
M
A A A t
NORTEEACE: ; IREE W (5)

for al1 t > O , and for all starting states h , A similar expression
holds for the mean total reward of type B,
The transient term in (5), oh(t) , 1s:

M
o) = ) [ty - mye 101 a9, 0 (6)
J=l

which we define for all mwoments of (1). Under the finiteness assumptions

of those moments, we have lim  _ oh(t) =0 ; we set:

M
[ -]
0

Jal

which are finite,

Let NJ(t) be the number of times a transition is made into state J

during [0,t], and define the renewal function, th(t) = E[NJ(t) |1o = h] ,

~ (-
and its (LaPlace-Stieltjes) transform, th(s) = \jp exp(-st) thJ(t) .

0
From equation (A.7) of the Appendix, the (LaPlace) transform of (5) can

then be written as:



M

M
R) = ) (s) (e) - ) (8) GhGa) )
J=l Jal

where the tilde 1s used tor the transform of the appropriate functions,

It is well known[l] that:

Lim |, (M () = (b)) = ayy +o(1)

o ey UM
Hig i

with the limit possibly being taken in the Cesdro sense, (In (9),

th
uj(.l;) is the k moment of the first-passage-time d.f,; see the Appendix).

In terms of the renewal function bias, w, 30 it 1s then possible to
(7]

usz a theorem due to Smith"'“, or the usual Tauberian limit theorems

of transform calculus to chow tha.t[2]:

lim [Rﬁ(t) - gA‘c] = wﬁ + of1) (10)

t o

with the reward gain rate being given by:

M
e ) /) (11)
J=l

and the reward bilas as:

M M
A A A
¥p = Z %Py T Z (8y /myy) - (12)

jal j=1

A similar result holds for the asymptotic form of the mean total reward

of type B . Notice that neither of the domiant terms in (9) or (10)
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depends upon the starting state; this is a consequence of the assumption
that the imbedded Markov chain is ergodic, and may be generalized, if

desired [5][6].

THE DOMINANT COVARIANCE TERM

By the use of arguments similar to those which led to (5), cne may
show that the second (cross-)moment of total reward is given by the

renewal equations:

M
AB AB AB ta B
R (t) =p " - o (t) + Z fophj(x) R(t-x) 4Q ,(x) +

J=l (13)

M M
' JZl fo phJ(X) R?(t-x) thJ(x) + ;lj; R, (t-x) thJ(X)

for all t > O, and all starting states h,

By taking the transform of (13) and using (A.7) and (8), one may
then find an explicit expression for EQB(S), in terms of gij(s)
and the various rewards similar to (8); we shall not reproduce it here
since it includes at least six rather complex terms,

The procedure is then straightforward, although tedious: the limiting
forms of each of the terms are then examined, and Rﬁb(t) is found to
be asymptotically of the form k2t2 + klt + kO +0(1l) . The limiting

form of Rﬁ(t) Rﬁ(t) , obtained from (10), is then subtracted, and the

quadratic terms cancel, The dominant covariance term (14)
(A, (t); B (t)) A (£)-Ra(6) B, (6)-Ro(t)
AB Cov )
Cp = lmy, = T 'lmt»oE{[ A }[ J ]}

-T=



is then found to be, after a great deal of algebraic manipulation, and

use of the formulas of the Appendix:

e —

AB
P

chB .

L

R

M M M
A B B A
¥ z Z zﬂipij loy 0Py + Py 03Py ] (15)

< i=] jalk=l >

A BA
_ (XpB + X P )

v

fcr all h , with

A n ;z }Z Jf oy (%) 0Q, ,(x) (16)

1=l jul

and

) ) mpvyy vy = EE(,9) (17)
il j=1

AB
As might be expected on intuitive grounds, CQB = C is independent
of the initial state h ,
A somewhat simpler expression results if we substitute the appropriate

gains and biases from (11) and (12):

G 1 F i ( ]
=3 MyPyy °1J"J * °1J J
A B, A A
+8 (SB - XB) +g (8 =) .

In either case, the correct dominant term for the variance, CAA ’

is obtained by setting B equal to A,

dgs



HUMBER OF VISITS AIND OCCUPATION TIMES
As important special cases, let us consider the asymptotic means

and (co-)variances of: the number of times a state J is visited

in [C,t], NJ(t) ; and the total occupation time of a state J 1in [O,t],

TJ(t), defined as the total time for which state J 1is the last state
visited, For definiteness, we shall consider only states 1 and 2,
although the results can clearly be extended to any (sets of) states.
The starting state is always h ,

We have already indicated that:

i, | {{E[Nl(t) |1, =h) =M (t)} - ('n’lt/v)} =y, +o(1) (19)

where we have used the fact that My = v/nJ , (A.2). A similar

formula applies for state 2,

It is easy to show that: (20)
lim o (E[Tl(t) |1, = n] - (mvy t/v)) =,V - (ﬂlV§2)/2v)+ o(1)
where
M
"1(k) = Eme{[z(i,J)]k} (k=0,1,2,3...)
J=1

To find all the (co-)variance terms, we substitute in the appropriate

N
terms for the mean rewards. (For example, pig(t 1) = &y, » &nd pig(t | 1) =
N T il
1 1 (2) 1
byt , for all j, and all o<t " =0; 8 =mV, /25 AT =
T
s cal (2) .
mVy AT = U and so on,] We find:
N N
cl?. 2 (q + A, ) ER=)
v (M%2 * Tty .



(2) 2
o T. - (gy,)
11 _1 1/ M 11
& v lemay, - v { )2 } (22)
H11
(23)
: ; N
2_1L ] 2
- v{ Zplavla Fze ”2“12"%"23‘%1 vy s )}
J=l Jml
M 2
T T 2(m, )
111 1 (2) (2)
c- "= { VI Piin t Ty v)a ey (24)
jul
M (2)
N.T TV
12 L/ . _o1ev
¢~ = 3 {7’1*’2“’12 i "22 PosVo iy v } (25)
J=l
nhooL { f (”1>2V1(2) 1
AR Vi *M/ PP c Ty ) (26)
jol

To obtain the above forms, some formulas of the Appendix must be used,

particularly (A.12):

v, L
Wy =By - Tyt lpik%
k=l

Formula (22) above is well-known, but it is believed the others are new,
For a 2-state semi-Markov process (p,; ™ P, = 0) , formulas
(22), (24), (25), and (26) agree with MILLER[)J']. The others are not given

by him,

MARKOV CHAINS WITH SINGLE-INDEX REWARDS

Consider a discrete-parameter Markov chain in which the rewards



depend only on the state entered, {i.e, pij(t IT) = pi , for all

O<t¢T=1, end all 3, Then (15) becomes:

AB | AB B A ,
i=1 1=l j=1

where, of ccurse, the w now have a simpler solution, since all trans-

ij
ition intervals have unity length, If we make the substitution:

cij = 7fbij + ﬂjubi - ”1613 (28)
then M
AB AB A B S
¢ = §Z7chl 3 + }Z }: Cyy P (29)
i=] i=1 j=1

which 1s a slight generalization of a formula in KEMENY AND SNELL[5]

(Theorem L.6,3%,, p. 87).

We note that (9) does not agree with KEMENY and SNELL, since their
limiting process is over the integers k=C,1,2,,.., and in our notation

they obtain:

li"k:o,l,Q,...oo[WJ“‘) (k/u‘j‘j ] =+ (12 “‘JJ) + o(1) (30)

and similarly for (10). This affects only the bias term .

NUMERICAL EXAMPLE

As a nunerlcal example of the calculation of the varlance, consider

the example of Reference 2, in which a two-state alternating process

(p12 Spae 1) represents & running machine (State 1) or one that has

T



broken down, The two (maintenance, repair) policies which tied in gain
rate, g , were:
I. (cheap maintenance, expensive repair) for which

a{l,2; u|T) =100u (0K ugT); Ha’““”

a(2,1; u|lTt) = -100 - 200u (0 < u<T) ; vy =1 day

and II, (expensive maintenance, expensive repair) which changes transition

(1,2) rewards to:

a(l,2; ul1) =8l (0K ugT) ; Vip ® 5 days.

Note that these are deterministic, linear rewards, giving simple forms
for (1) (2) (6) (1) and (7). Letting o2, = v\ - (v, 1% ve the
variance of the transition time, we find the asymptotic forms of the mean

reward (10) to be:

Policy I: 3l(t) ® 20t + 150 - 8 °fe re2oy + o(1)
Ry(t) % 20t - 190 - 8 ofe + 22 ogl +o(1)
- 2
Policy II: Rl(t) = 20t + 151 2/3 - 51/3 9+ 18 1/3 021 + o(1)
- 2 2
Ry(t) =20t - 168 1/3 - 51/30, +181/3 0, +0(1)

It is important to note that 052 would, in general, be different in

Policies I and II,
In Reference 2, we resolved the tie in galn rates for deterministic
transition intervals (all ofj = 0) in terms of the bias of Policy 2.(151%

If we now compute the dominant term of the variance of reward, we obtain:
Policy I: Var Ah(t) » (1,280 ofe + 9,680 cgl)t +o(t)
(hsl,2)
~ 2 2
Policy II: var Ah(t) = (682 2/3 0ot 8,066 2/3 021)t + o(t)

-12-



which are of rather large magnitude for moderate t (100,say), and
exponential transition time d.f.s, If we attempt to resolve the tie

on the basis of minimum variance, we see that different values for

02 in the two policies could break the tie either way, Of course,

12

deterministic transition times give zero for the dominant variance term,

CONCLUSION

As indicated 1n the beginning, 1t is possible to extend these
results to more general M R P.; however, it is clear that soon certain
terms retain their dependence or the initial state, or cease to exist,
It is also possible to find the next ('bilas") term of the covariance
explicitly; however, this term depends upon the initial conditioune, and
appears to have little practical interest,

The primary application of these results would seem to be in the
fact that vartavles ([A (t) - B (£)1/ V&) 5 ([B,(8) - RA(£})/V2) 5.
have a limiting multivariate distribution with zerc mean and (co-)-
variances CAA , CAB , etc. For instance, this might make certain problems
of estimation easier, Another possibility might be the selection of
"independent" rewards as linear combinations of other conflicting,

covariant goals, for a given Markov-renewal process,

-13%-



APPENDIX

We surmarize certain formulas on M.R,P.s which are needed in the
text, Uume of these formulas are from References 1 and 5. (In all that

follows 1i,J, =1,2,...M).

Let vfﬁ) and uiﬁ) (k=0,1,2,,) be the k™" moments of the
transition intervel d.f., Fij(') , and the first-passage time d.f.,
Gij(') , respectively; the superscript of the first moment is suppressed,

and it is assumed that the first two moments are finite, We define the

averaged moments successively as:

M M
SCID W R SN
J=1 i=1

where the m are the stationary probabllities associated with the

imbedded Markov chain, These two sets of moments are related through

the Py by:
M
Hyg =Vy * Zpik“kj (A.1)
k=l
-
: M M (
(2) _ (2 Z z 2)
kg = Vit 2 ) PV v/ Padhyy (A.2)
k=1 k=1
kA ki

By summing (A.1) and (A.2) when multiplied by g the simpler diagonal

moments follow:

UJJ = (V/7TJ) (A.Q)

~1h4-



( ) = (1/m { @, Z Z"ipikvik""k.j} (A.3)

1=) kel
kg ;

Let N 7' be the number of times state J is visited in [0,t],

and Geil. = ihe reneval function M, (t) = E{NJ(t) lio = h) (Thie is

more than the renewal function used in References 1, 2, and 5),

By
By direct arguments:
Mh,j(t) = 5 Z f ij(t-x) dqhk(x) (A.4)
k=l
Define ;‘(s) as the LaPlace transform of f(t) , or the LaFlace-
t
Stieltjestransform of F(t) = f f(x)dx . Then (A.4) has the transform:
M 0
mh () = 8.5 thk(s) mKJ(S) (A.5)
k=l

By direct arguments, the indices under the summation can be changed

so that:
M M
Y G (8 () = ) Ry () G (6) (8.6)
k=l k=1

for al1 h, Jj, and s > O, Denoting the corresponding matrices

by dropping the subscripts and the transform argument, (A.6) reads:

qm=amgq , and from (A.5) we get the inverse matrix:
~.-1
(I -q] =m (s >0) (A.7)

with I the identity matrix, (A.7) is particularly useful in solving
the renewal equations of the text.

It 1s well known that, under the assumption of an ergodic imbedded
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Markov chain, non-lattice Gi,j(') with finite first and second moments, the

limiting renewal function has the form:

Un, L, M,0) - (th )] =g, +0@) (A.8)
with (2)
W My
= -J.L =) —51- + B (Ao9)
Cn 2 hJ
2(uy,) Hyg

(With lattice G, J(. ), (A.8) still holds as & Cesdro limit,)

It then follows from (A.5), (A.6), and some Tauberian arguments that:

M
1 Z 1
= = p, (=) (A.10)
K kJ
33 o Mk
zp =\T P +-v—h-z-l- ) JERY (A.11)
ncky = L%k T, g kd'k '
k=l k=l Kml
Vh M
A e T s z Prck (A.12)
Kml
M M
1,.(2)
z Z"ﬁhg‘%x’ 2 V) (A.13)

i=l J=l

These last four formulas are believed to be original; they are particularly
useful in reducing special forms of (15).

Simiiar forms obtain for the gain, g , and tias temrm, Vo of the
mean reward (10), (11), and (12). We have:

16~



M
g = Z (o, /b, ) = &
k=1l

M
vy ), - (SY)
k=1

M
Wt 8Vy ey z Poc¥x
k=1
M M M
Z Pk = Z z D Py gPy + Y, = SV
k=1 k=1 b=l
M M
1 z N
"V L, TPk iPy
kel f=l
M M
1 (2)
) ) mrgngy mp e s

i=] Jj=1

Equation (A.16) is used in the policy-improvement portion of an

algorithm for dynamic programming in a Markov-renewal process

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)
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