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SUMMARY

In tnis paper, we wish to intfPoduce a new method of treating
problems involving neutron multiplication by fisslion, with spe-—
cial regard to questions of critical mass and distribution of
neurrons. Our results derive from applications of the principle
of invariant imbedding, which we have Intrcduced and <lscussed
in two previous papers, the {irst of which contains a brief
discussion of the close 1nterrelation between the mathod we
employ here and the point of regeneration technique empioyed by

Bellman and Harris.
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ON THE PRINCIPLE OF INVARIANT IMBEDDING AND
ONE-DIMENCIONAL NEUTRON MULTIPLICATION
By
Richard Bellman, Robert Kalaba and G. Milton Wing

§1. Introduction

In this paper, we wish to introduce a new method of treating
problems involving neutron multiplication by fission, with special
regard to questions of critical mass and distribution of neutrons.
Our results derive from applications of the principle of invariant
imbedding, which we have introduced and discussed in two previous
papers,l’g’the first of which contains a brief discussion of the
close interrelation between the method we employ here and the point
of regeneration technique employec in Bellman and Harris’

In order to present the essentials of the technique, as free
as possible of analytlic difficulties, we shall consider first only
one—dimensional flux of neutrons. This case i8 of interest in 1t—
self, from both the physical and mathematical point of view.

We shall consider first a one—velocity case, deriving partial
differential equations for the generating functions of the proba—
bility distribution of "reflected" and "transmitted" neutrons,
(those terms will be defined precisely below), and ordinary differ—
ential equations for the moments. Although the moment equations
can be used to determine critical length, an inspection of the first
and second moments shows that these yleld only a very imperfect
plcture of the actual distribution of neutrons. Classical treat—
ment 1s based on expected values.

We then turn to a two-velocit, case, to i1llustrate the
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applicability of our methods to the movre realistic situatlions
where fisgion and fisslon products are energy dependent, as
~ell as situations where several types of particles are {nvolved.

It will be clear from our dlecussion and previous papers
hos our procedure can be modified to take into account absorption
of neutrons and inhomogeneity of the medium.

In subsequent papers, we shall first consider the depen-
dence on time of the distributlion of neutruns and the case cf
continuous dependence on energy for the one-cimensional ccae,
and then turn to a discussion cf the two—d‘meneional plane

slab, the cylindrical case, ana the spnerical case.

§2. Description of the Process.

n

Consicer a finite one—dimensional "rod", tne interval

[»,0], conetituted of » material with the property that a
neutron traversing &n infinitesimal interval, [y+dy,y , has, to
first order terms, tne probabtility &dy of splitting into two
neutrons, of the same type as the original. one goling to the
left and one to the right.

Assuming a neutrorn, the "trigger" neutron, enters from
trie left, as pictured below, w~e wish tc determine tre number of

neutrong emerging from the left, "reflected" neutrons, and the

number of neutrons emerging from the right, "transmitted" neutrons.

trigger neutron — | |
b 0

reflected neutrone <« — tranamitted neutronc.



§3. Matnematical Formulation.

Let us define the two seguences of probabilities,

[ I ? .
sDn(x)f,zqn(x)‘(, as followe:

pn(x) = the probability that n particles will be reflected
from an interval of length x, over all time, &as a

result of one neutron entering at x at time O.

q. (x) = the probatility that n particles will be transmitted

n

through an interval cf length x, over all time, as a

result of one neutron entering at x at time O.

Thne essence of the technique of invariant imbedding is to
regerd the process describad above as a member of a family of
procegses of tre eame type. The mathematical statement of tnis
invariance will ylelt a set of equatlons governing the process.
Thlie 1s accomplist.ed readlily In tnls case by regarding x as a
parameter capable of asauming all positive values.

§4. Basic Punctlonal kguations.

Let us beylin by deriving relatione connecting memhers of

the sequences {pn(x+a)} andfpn(x)i for small 4.

= +— |

X +A X 0
Referrin, to t:e diagram atcuve, ~e see that, to flrst order

FEMMEs po(xen) = (1-ad)pg{x).

To obtaln the equatlions for pn(x+a), ~e consider reflection of

n neutrons from [x+A,O; as composed of tne following occurrences:

a. trensmiesion of the reutron thru [x+a,x,, reflection
of n neutrons from [x,(], transmistion of n neutrons

thru [x,x*A].

(1)

(1)
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b. transmission of the neutron through [x+4,x], reflection

of k neutrone from (x,0,, k=1,2,...,n, fieslon of one
of these k neutrons in [x, +A], reflection of (n—k)

additional neutrons from ([x,0].

¢c. fission of the neutron in [x+A,x], reflection of (n-1)

neutrons from [x,0].

This verbal statement i{s equivalent to the mathematical rela-

- n
p,(x+6) = (1-an) [p_(x)(1-a8)" e

*

to firet order terms {n 4.

Letting A > 0, the 1limiting equations are

p(x) = —ap(x)

' n

e kel
Similarly, we obtain tle recurrence relations

n

]
a, &) = —anq (x)+a kflqu(X)pn—k(X), nal, 2, ..,

with qogx) = 0.

9s.

Partial Differential Equations for Generating Functlons.

Let us define o . o !
v'x,r) = I p (x)r, v(ix,r) = Z q (x)r".
n n
n=0 n=1

The recurrence relations of (4.4) and (4.5) yleld tne equations

u = au(r-1) + arur(u—l),

v = ar(u—l)vr.

These equations can be explicitly resolveld using the method

of characteristics. The detaile are not trivial, how~ever. we

shall discuss these matters in detall subsequently.

§6 .

Critical Length and Moment Equations.

The concept of "critical length" can be introduced as the

'-fEIe {s equivalent to the fact that in an infinitesimal

interval it 1s sufficlent to consider only first order processes.

p.(x) = —(n+1)apn(x)+apn_1(x)+a 2% kpk(x)yn_k(x), n> 1.

(2)

+ah I kpk(x)ph_k(X)]+aApn_l(X). (3)

(4)

—
el
—
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smallest value of x for which the expected number of reflected
and transmitted neutrons 1s infinite.
Setting
U(x) = uplnys V(%) = vl g (1)
we obtain from (5.2), via differentiation and setting r=1, the
equations
ul(x) = a(Q+U?),  Vv'(x) = auv, (2)
with U(o) = 0, V(o) = 1. From these equations we obtain U(x) = tan ax,
V(x) = sec ax, showing trat the critical length is w/2a.
In a similar fashion, we find the differential equation for

the second moment,

au, 2
35 = 28U + 2aU” + 3aUU,, U,0) = O, (3)

which shcws that U, = O(l/(caeax’) as x —» v/2a. It follows that
the expected number of neutrons is z2n unreliable measure for x near
v/2a.

§7. Two-Velocity Case.

Following tne usual approximation to the physical situation
where a neutron possesses a direction and an energy varying contin—
uously over certain limits, let us assume that there are Jjust two
types of neutrons, "fast" and "slow", and that in the fission
process, either can give rise to the other.

To simplify the equations, let us assume that fast neutrons
have a probability apdy of splitting in {y+dy,y}, and that when
they do split there 1s a probability 1/2 of a fast neutron produced
goling to the right and a slow neutron produced going to the left, and
probabllity 1/2 of a slow neutron going to the right and a fast
neutron to the left. Let tnhe same situation prevail with slow

neutrons with ap replaced by ac.
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Let
p(ig(x) = the probability that m fast neutrons and n slow (1)

neutrons will be reflected from an interval of
length x, over all time, as a result of cne fat
neutron entering at x at time O, witnh p(ig(x)
defined similarly for a slow trigger neutron.

Ther, as above, we have
(s

iz J ! 3l e) @)

p(;,),(xm) = (1-aa) !Lp(f:,))(X)(l—aA) + I p,g

-

C
with a similar equation for p(;g(x+a).
Passing to the limit, we obtain recurrence relations which

permit us to obtain partial differentlial equations for tna generating

functlions, u(P)\x,r,t)a z p(zgix)rmtn and us(x,r,t) = I p(ig(x)rmt”.
From tnese we obtain ordinary differential equatlions for the
moments, and thus can determine critical length. At the present
we have not been able to solve these equatlions explicitly, though

numerical solution would be stralghtforward.
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