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1U CCIIBDIA'!'IOI OP 'l"DCI SKRDS Am> CROSS·S!C'l'IQJ DA'l"A 

D IftDIIIUI'!RY PLOW AIIALYSIB• 

..... til J. Arrow \ 
lt.aford \llftre1t.r 

The r ll vi.ng proble111 aroee ln t.a. eourM of a l&raer It~ -¥bleb e ougbt 

t o explain tbl varlatlou of lDpat-o-.tput. rat1oa nr tt•. (- ta. ~~~t 

ratio or loduatry 1 t o 1DdU8try J • u •ant tbe ratl or tbat. part o r the - -
P r acb a It~, tt.re are tvo t.n-1 of data available. For all ,earl, tblre 

are a.aUable (lde&lly) o.atpatl aD4 final deMDd1 (tbe rtoal deaaand f or an 

lodu.try eoaalltl or all _., ot ttl procluet ot.btr tban ln otber ind\&8trlel r 

itlelt) tor all lod\18trlel. '!'be 

(Me ["'J bel ) fora an C lne :aplete) 1yetea or 1111Dllt.aneoua relatlona vhleb 

y be lit 1.aated by I ftrlion or tbt .. th of aaxt.ua llkellbood 1r r eompu-

tatlonal reu ne, tbe liQ1le-equat1on ll.mlted·1nt'orat1on •tbod il tbe nly 

one ikely t.CJ be ~). · llownr, f or 10• year1, w baYe ad .lttonal lnrurmatlon 

tn tbl r na or kn vtna tbt aet•l lnterinduetry ·nove, vbieh clearly ahould 

1ubet..nt1a l.y 1nereue tbl aeeuraey or r 11tiaate1. 

'!'be 1 le1t teebniqYII 11, or e ree, t o Ul\&11111 tbat tbe " rue• input-output' 

r t1o r r aey year r r vblc b tl data are available 11 exactly equal the 

obM!"ftd input• tput l"&t1o f or tbat year. '!'be Ul\&llpt1on blnd tb11 11, hovenr, 

o tradle ry o tbe M81e poetulate that &ll tbl relatione t nY\llYed are nl1d 

n up t o a 1toc~t1e tera. 

It. 11 tberer re or lntereet t o e utcter aore expltel tly tbt lntertnduetry 

tlov 1 1 p led ln t.bt UM or both tt. Mrlel aod 1nter1r.d\18try tlov data f or 

• 'l'bll paper aroN out or a et.\141 eon4ue-u4 by till JIAII) Corporation. l aa 
i ndebted t o R oald w. sa.,b&rd, nov o r tbt &aDdla Corporation, r r ra111nc 
tbt preble • 
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equation are tben derhed, 1n the Hnae or be1nc expreaHd u tbe eo uti n 

ot a ayateo ot a1aall.taneoua equat1 ne. Unfortunately, t.beae equation• are 

ratber cw:iberea., and 1t 11 h pe4 tbat •~ reuonably etr1c 1ent m~tt b d or 

1. A lloctel With Conatapt lnput+tput Coet!1eJ.entt 

Por expoaito17 reaso .s, we will at.art by uaumi.nc that t.be 1nput.-out.put 

ratloe an cOMtaat ower t.t•· .. cOMtt.r t.1111 Htla'tloe of a el...U 

one of the alanee eqU£t1ona ot the input.-ou put. table. Let 

x
0

t = derived demand tor co.-,ciit.y 0 at t.i.me l• i.e., tot &l. net output. 

leas !1nal dsand, 

xJt • ou put or ca.mod!t.y J at tt.e l tor J = , ... , ~. 
ijt • input of ~ty 0 to 1nc1uat.r"J .1 a t t e l• 

Ve have the lc1entity, 

where I 1s '"he mmber of co~t1ea o her t han co~ty 0. The &UUIIption of 

input-ou put. coetticients conatant over tiM can e wri tt en, 

where ujt 11 a d.ieturbance, c11atr1but ed norul..l.y with •an r.ero. rroa (1) and 

(2), we h&•• tbe balance equati?n tor induatry 0, 

where 

(4) 

The d.iaturbanee ut is tbere!ore noJ"''I&ll.y c11st.r1buted with Man 0. 



·-~ PaceJ 

I\ 1• u---s t.bat there are tow tn»es or obeenaUone, one 1n which onl)r 

tbe Yariable• x.:Jt (j • 0, ••• , I) are obMn'ed and one 1n which the variable• 

iJt are &leo obMrYed. Let 0 be the •et or Te&r• ot the tint tn»e, V the aet 

or 7M1'1 or the eecood tn»e: 1n application, v contain• onl7 the 78&1" 1947 

plua po•a1b17 the 7e&r 19)9. Let. 

iM+J,t. • xjt tor any t E V, 

x,. be the ~1u.t vector with COIIpOil.,t.• xjt (j • O, ••• , I), 

~ t.be oo1uam vector with co.poraeota ijt (j = 1, ... , 21), 

't tbe co1u.o vector ot the predetermined variable•, 

tT t.be l'eCI'f'NiOO •t.rix or Zt, on It,, 

:;r t.be reareaaion •t.rU or it on ' t. . 
Tbe reduced forM tor ~ · it can tberetore be wri.t,teD, 

(5) ~ • 1T &t. i' Vt.• 

- - -( 6) xt. = Tr 't. • v t., 

.taere the vector• vt' ;t. are eacb cliet.rlbut.ed r .. oi"Mll7 with •.n• aero and 1.n4e­

pendentl7 or St.. 

Let ff' J be the J t.b row or 7t', 1f J the j t.h rov or ~. BT eul •at.i t.utin& ( 5) 

a (6) into <1> a <2> ..a equat.inc coetnc1ent.a or 't 1n the uiU&l -.c .. · CIJ), 
I 

( 7) 1To = ~1 

(8) "J = O(J 17j (j = l , ••• , 1). 

rra. t.be det1n1t.~on or ~j,t' 



(10) t(~) • kliA I i up l-<tHxt, - 'Tf •t>' A<xt - r,r •t>]. 

(u) a<~> = k21Jq' exp [-<tHit - 1T •t>' X<~ - ;;r •t>J. 

i-~ 
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where k1 and k2 are conetante. For t 1n U, zt 1• observed; tor t 1n V, it. is 

obMrYed . Hence, the Ukeahood t'Wlction L 11 obt.ained (a•w.1.n& aerial 

independence or the diaturbancea) by .ultip~ toaether all expreeaiona or 

to~ (10) with t E with all expreasiona ot to~ (11) with t E: V. 

(12) l og L = C t (T/2) log IAI - (i) L (xt,- 'Tr zt)' J\... (~- fT zt) 
t f:. u 

+ (S/2) l o I .7\.j - (t) [ (i - ;;: •t)' A (x8 - 1F •t), 
·~ v • 

where T and are nuabera of obaervationa 1n U and f, reapeet1•elT· 

The aia, then, !a to ux1ciz log Lw1th reepect to rr,lf, oc.
1

, ... ,c:a(
1

, 

A, and A, su ject to he res r&i.nta (7-9). ~e reeul.ting Yaluea ot 

2 . 10 8 

I. e ne ral, ea n 1 - vu r to 18 n!IWDe ) r •t .. linear ·o~1 a 

nunber r o r V8r' . ..- lea. Le w , ••• J WK e he var! e• n b1ch t 

i nput- u e • .. . y .:>ne c t'f1cie .!l& epe. 0 nl_y I OM 

or t ae varia ea · e J( e he •• or var1ab e 0 1 nO' epen •· For 

I Up 1c1 y or 0 l!l 0 ' 0 
e he ne n 1, D IIWDe tba K ~ c a1nl 
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0 for all J. 

(l)).ad (2) can be written, 

Let. 

~~J,t = •tt xjt (k = 0, ••• ,I; j a l, ••• , J). 

P·9itl . 
hi• 5 

For k • 0, Uda cSetWtioo correaponcSa t.o the earller one, aUlce "ot • l tor 

all t. U.O, let 

-(15) .. k+J,t a ").(k-l)+j,t (k. 1, ••• , l+la J = l, ••• , 1), 

~ be t.be col.n vector wboae co.pon•t.• are xJt (J a 0, ... , 1(1+1)), 

~ be t.be oola.m •ector wboH c__,DGecta are 2Jt (J • 1, ... , 1(1.-2)). 

(14) oan be written, 

( 16) iJt = r ac " 4 lt lk+J t ( J = l' ••• ' I). 
kE.I .._ ' 

J 
Define 1r and lr, u before, u the recreaaion aatricea ot ~ and ~· 

reapect.iYelJ, on the Yector of predetel"'lined Yariablel St • Since _,It of the 

~enta ot the two Yect.ora are to~ u a product ot two variablea, there ia 

. 
.-.a, M~U. u 1t \be7 wn UDIU' D0..-.1 lMd8 to eo.lMeat eattatee 

( ... L}J, p. 57k). Beoee, eq\1At1 M (5 ) and (6) 11rtll at1ll be regar ed 

.. .al1d. Since (l) at1ll bolda, (7) 11 • t tll .altd. Subatttuttns (5) and 



(6) lato (16) Ttel.4a tM tollmr1Ac analcJ. ot (~)a 
I 

(J • 1, ••• , 1). 

Fina.l..l)-, (15) i.apllea that, 

(18) 7Tik+J: '1T"I(k-l)+J (k: 1, ••• , 1+-1: J: 1, ••• , 11). 

P-~ 
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The likelihood function has tbe •- !ora u before. Hence tbe ux1••m 

likelihood estimate• are o tained by Nx1"' zing (12) aubjeet to tbe restr&inta 

(?), (1?), and (18). 

J. Reatrict.iona on t he Covtritpce lttricea ot the Reduced Fora piaturbl!loea. 

It can e argued that the above ~el i..llpl.1ea certain relatione between 

the covariance matrices ot the reduced !onu ( 5) and ( 6), i.e., .JC1 
and A -1 . 

Since (15) ia an identity, 

(19) ¥ = v (k • 1 , ••• , ~1: J: l , ••• ,I) 
lk+J,t i(k-1)+-j,t 

1At .. 1j be the covariance or vi and v J• v1J the covariance or ;1 and v j" Then, 

!1"011 (19) 

-'llk~j, llk'tJ' • "'J(k-1)+-J, l(k'-1}tjt (k,k' • l, ••• , lt+l• J,J' • 1, ••• , I) 

which can also be written 

(20) ~~. '1~,J~ (i = 1+1, ••• , l(lt2): j = 1+-1, ••• , ll(lt-2)). 

Sia1l.arl7, since (1) 1• an identity, 

• c21> • 1 = E ; <1 = 1, ••• , •<~+1)). 
0 ~·1 J,i•l 

It would be reasonable to il:lpoae the conditions (20) and (21) upon the 

Mx1 _, aation o! the likelihood !unction. However, tbi a would greatl7 co.pllcate 
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the forw of the eat~tion procedure. ,..u-ther, 1! ve vish to usuae th&t the 

inter1nduat17 nova are obaerYed onl7 vith error, t he relation (1) beco•s a 

.t.ochut1c relation (it ijt 1a taken t.o refer t.o t he obaerYed rather than t he 

.ct.ual now), md the ar~t. 1Qd1ng to (21) breaks dovn. Por t hese reasons, 

ve wU.l c118J"eprd the restriction• on t.he co•ariance •trices of the reduced 

forw c11at.urbanees. 

4. Tb! Derivation of t.he l!t1•tea 

lwrite (18 ) .. 

(22) ;r, • 7rj-N (j • ~1 ••••• 1(~2)). 

We viah to •rlahe (12) subject t o (7 ), (17 ), and (22). We use the 111ethod of 

Lacrance .ultipl1er1. There are alto1et.her 1(1•2)~ 1 restrict ions, each a •ector 

reatriet.ion vith u many C0111p0nent1 u there are predetenzd.ned variables. To 

each reatriction ve uaign a W&range .Ut.ipller, itaell a vector. Let A 

eorreapoad. t.o (7), ~j t.o the jth restriction in (17), and V' j to the j t h 

reet.rict.ion in (22). The Z..Uancian ..:r then be written, 

- (1/2) [ 
af V 

(i - 1F a ) '.A (i - lf s ) a a a I 

.tet •u be the ~~atrix of auaa or croas-producta or x and a • ~tion extend.1.nc 

oYer all obaerTationa in U, 

K be the •trix of 8UIU of equares and croaa-producta or tbe 1' 1 • .w.ed 
II 

OYer obHrTationa in 0, 



~ be the matrix of auma of cross-products or x and z over V, 

X.r. be the matrix of 8UJU of squares and croaa-products of the z 'a, 

~ over V. 

low differentiate A successively ~th respect to~, 1rlktj (k • O, ••• ,1; 

j = l, ••• , J), T.?j' and equate the results t o 0. 

(24) 
0 o A/17' =X <• - 7T 1t ) ~ ~ ' • o. 0 -~ zz 1\ 

(25) 0 A/ d 1J' • .J\.!ik'"j (I - 1T I ) +or. .u j' v 1 (k+l)+J' • o 
Nk t j u u kj r + ' 

{k • O, ••• , l; j • l , ••• , N). 

(26) o .; :rr =...I\.. J (i_ - w i > - n J • - x = o < j z 1, ••• , N > • J -xz r.z ~ 

(27 ) OA/ ~ =..Aj (i -1f i ) - vj • = o (j = Nt-1, ••• , 1(1+2)). 
j JS Zl 

Here, each equation represents a rov vector of derivati•ea. In (25) , i t ia under-

stood that 

Define rov vectore, 

a-

and ~&&tricea, 

(31 ) 
Po Ro 
pl Rl 

p = R • • • 
• 

PJ(I#-1) iv(lt2) 

Then (24) and (25) aq be written, 

(J2) _A(~ - 1T lln) • P, 

(k c 0, ••• , I; j : l, ••• , N) , 

• 



( 26) and ( 27) beca.e 

{JJ) .A. (i - 'iF i } = a. 
~ .. 

rra. (29} and (30}. 

Define 

'~ ­
P-ee 9 

(JS) ~ • O, ~k~J,J • -C(kJ' ~+j,l(k•l)tj a -1, ~ktj,q = 0 tor all q ~ j, 

l(k+l} ~ j {q • l, ••• , 1(1+2): k : O, ••• , I; j • 1, ••• , 1}. 

Let Q be~ .. trix with el ... nta ~ (p • 0, ••• , l(l+l)a q • 1, ••• , 1(1~2)). 

X..t Q be the ool~ vector with~ • 1, ~t.1 • -atkJ (k • 0, ••• , I; j : 1, ••• , II). 

Then (.34) can be writt en, 

(36) 

It we OOIIbine (32) and (36), 

lote that Q and depend on!¥ on the O(kJ'•· In ettect, the unknown Lacranae 

par._ter1 iJ\ ,~J (J = 1, ••• , 1), 11 J (J • lt-1, ••• • ( .. 2)) have been 

tran.to~ into the unknown Mtrix R and vector P0 • {JJ) and (.37) are the 

renlt1 o! t he ditterentiation ot the W&rancian (2J) with re8J)ect to the 

regreacon .. trice• 17', W. low di!terentiate with reapect to ex kj• 

()8) 17" lk•J ..,Mj • 0 (k : O, ••• , I; j : 1, ••• , 1). 

With the aid ot (29) and (30) • (.33) M¥ be r.writt.en 

()9) 77'llrt-J (Rj + P
0
)' : 0 (k • O, ••• , l& J : l, •••• 1). 
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We can el:iminate P0 aa follows : l n (37 ) , multiply on the l eft by -, E, 
{' • A-1 . where lJ Le 

Jiote th&t 6 ill a scal.&r. Then , 

Fin&lly, we ma:r di.ff rentiate A w1 t.h respect to t he aatrlcea A , .7\ 
the in•erses of the co•&rlaoce u t rlcee of rec:iuead form disturbances in the 

equation s in the o senation s ot U and V, reaP-CtiYely. Let ~ • A -1 
• Th 

aa in Ander son and Rubin ( see n . 2) , 

<4J) E = ii_ - i_ .,., - -:;r ii t ;;r i ;;:• . 
XX U zi zz 

e ~• then to solve equati.one (JJ) , (3? ), 09) , {4.2) , and (43 ) for the 

unknowna.A • .A, -. ' r . 1f. and 7Y. where p 0 is ellaina t ed wit h the aid of 

(40) and (41). Actually , we are only in ereated in (note t hat the matrix 

ia completely e!ined y the •ector - ) which 1nvo1Yea the a ructural coefficients 

t o be eati..llated. eae equations ee conaiderably .ore difficult t o handle than 

the corresponding ones of Anderson and u in . 
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