
^ o 
^ © 

/ 

r 
k  0UMPAKI3OII OF LIIBAR PHUQUIOflMC AMD DYNAMIC 

PftJGWÜtUJIO 

Stuart E. Or«jrfus 

v-mb * 

"COPY      i . OF^T 

HARDCOPV      $. /^^ 
MICROFICHE      $.^^^ 

Jun« 2af  1956 

Apprcvtd #or OT5 fFtej« 

^ 

DDC 



Best 
Available 

Copy 

' 



f 
P-ftt5 

-1- 

A OUMPARIVM OF LIJOAR PftuSRAJMIIIG AMD OTKAMIC PRuGJUlttI iG 

This p«p«r conaiders th« application« «nd int«rr«I»tloM of HJMAT 

•od djrnMdc programinf and attaaptt to piaco «ach Ln a propor p«r«p#ctlTO 

•o that efficient uaa can ba aada of tha two tochnlquaa. 

Tha Phiioaophiaa 

Llnaar programing adopta an intantionail/ ali^pla ■od^l.    Tha 

eoapiaxlt/ of ocononic foraulationa durinf tha paat rmndrad jaara 

haa far outatrippad tha Bathaautician'a ability to aoiva auch 

prohiaaa cooputat'onallj.    Llnaar profrauiBinc rapraaanta aa'attaapt 

to rararsa thia trand and to Tiaw aconoaic procaaaaa aa  intar- 

ralatad, hut  fundajaantali/ aiapla, activltiaa.    Tha opt iad tat Ion 

of thaa« procaaaaa than bacoaas aathaaatlcalijr faaaibia. 

Dynamic  programing coocama itaaif with a ciaaa af 

functional ralationa that arlaa fro« aulti-atafa daciaion procaaaaa 

poaaaaain« certain dafinita atructural charactarlatioa.    The 

charactariatic propartlaa ara axploltad to affact a raduction in 

tha dlnanaionalitjr of tha aathaaatlcal probla«, tharatj aaklnf •ami 

coaq-iax procaaaaa aaanabla to analytic or coaputational tachnlquaa. 

|S«       Tha Modala 

Tha fonaulati^n of a probla» In ■athaaatieal taraa la tha 

initial atap towarda ita solution.     In this,  tha aodal buildlr* 

stags, eara auat  ba takan to aacura two conditional 

1)        Tha aodal auat  ba an adaquata daacription of raalitj and 

t)       tha modal,  if maarioal raaulta ar« raquiron, auat ba aaanabla 
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to coaiMitAtlonal t^chniquM. 

Ai will b« di»CM»«d in )4, CAT« muBt   M t«k«n that  rorvii» ion 

on« 1>  fulflilod Mhoo eot^Morii^ « iinoar pro^rmming forwui^tlon. 

At aotod in ^5« co*p«t«tionAl f#*ilbiiity roprotonH  tM wo9t laportftnt 

conaidorttion who» a (fcrmalc profraaalni aodol if coat«pi«t«d. 

Tho IliMAr prof r■—1 fif aod«! alwajt »••uMt  tho following fomt 

NinlAiMt c^ ♦ e^ ♦   ...  ♦ o^ 

•ubjoet to th« rootrlctlontt      % 

i 
%A ' '«A w 'w J 

(i) 

(2) 

A   c •conoKic  liit«rprotation of thoo« «quatioM rotwlt« 

froB conaidorlns tb« a, to bo aativltj lov«I«t tbo a.    to botho input 

of i« 1 

limlli on roqul 

.lb into th« j      aellrit» and tho b.  to bo uppor 

ota «Ad availability of coHKdltioo.    Thon tho 

»1 ftAtoa t hat «• with to carry on i. product!»• actirltiot, 

uain« tho MMO ■ lialtod roooureo« in «uch a wgr a« to «iatlaia« 

total cost or aaziala« profit«.      laj 

T*M typical djraoAic prognMBdnc foraulatlon appoar« aa 

t f (3). Mat [»(S^)  ♦ f      (8'(P))] (3) 

Thl« ia a racurranco roiatlon and  i» thoroforo partieularljr tultod 

to procottot that occur oror a toqutnca of tiat poriod« or tta^oo. 
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A aaltl^ttAC« proc««s that if tatllj foratUtad in th»«« tmrmm if an 

*Uoc»tion problf« whar«, ft «aeh fta^f, rMOurcff f r« r«inr«ft«d in 

auch f wfjr aa to aaxljalaa total pajaff orar tha laogth of tha procaaf. 

for axaapla, auppoaa wa ara givan a quantity z of a raaourea that mj ba 

dlvidad into two non-nafatitra part a j and x-y,    Ourinf ata^a 1 wa obtain 

fro« y a ratum gij), at tha axpanaa of raducinf 7 to ay whara 0 < a < 1; 

fro« (x-y) wa obtain a ratum Kx-j) at tha axpanaa of raducing (x-y) 

to b(x-y)    whara 0 < b < I.    Tha procaaa ia now rapaatad with tha now 

initial quantity ay ♦ b(x-y)# and ao on for I parioda.    Mow can ona 

allocata ft aach atafa aa aa to ■axial»a tha total ratum obtainad ovar 

tha antira procaaa?   Tha functional aquation daacribii^ thia particular 

procaaa ia 

(y)*b(x-y)*f||-1(ayb(x.y))]    (4) 

■ara f (x) ia dafinad at tha ratum froai an l-ftffa procaaa, ftfiting 

with raaourea x, and uaing an optiaal policy.    c(7)^(x-y) ia tha ratum 

fron an allocation of raaoureaa into parta y and (x-y) at ataga !• 

ay*b(x-y) rapmaanta tha ranaininf raaoureaa and if tha initial condition 

for tha (H-l)  atafa procaaa.    Tha aquation atataa  that tha raturr; fro« 

an R-ftffa procaaa if tha fun of tha ratum froa ftag« 1 plua tha ratum 

fro« tha raa^ininc (1-1) ata<aa w hara tha initial division of raaoureaa 

ia chofan ao aa to aaxiaist tha f uai. 12 1 

f3."     f»f Woaanciatura 

la viaw of tha abova axanplaa, it ia    aaay to appraciata tha 

choioa of noaanclatura.    ProfraHfing, of couraa, aaana allocation 

in aach eaaa.    In tha linaar pmgraaaing Modal liaitad maoureaa %ra 
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alioc^fd to rarlou« Activitl««.    In d/naalc programing r««ourcM 

*r9 i^ioc«t»<l At Mch of MToral tljw poriodt. 

TtM t«f«  "li*Mr"  «■phaoli«« tiMt tho application« corvsam 

altnationa wbara tha inputt and outputs of various    aatlTitiaa ean ba 

astuMd to Oa proportional to tho ioral of tha actitrity. 

Djrmmic prof rill nf takoa ita naaa fro« tba fact that tha 

functional aquation and ita aaaociatad computational tochninoaa ara 

darlvad from, aod adaptad to, a procaaa changing ormr a diacrata or 

eontlnuoua tiaa intanral. 

Two azoaptlonc thould bo aotod.    It if poaaibla to expand ttw 

■tatle pictura daacrlbad in tha diacuaaioo of tha liaoar prograadx^; 

■odal to ineluda aoraral limm parioda    bj tha addition of a now aat of 

rattrietiona raflaetini constralnta fait at aach tiaa intanral.    It ia 

laportant to oota, howavar, that avao utoara a d/naMic •ituation la bain« 

eonaidarad, tha antlra procaaa ia daaoribad by ona aat of aquaticna 

aad aolvod aa ona iarga problaai. [_3j    In a dyrmmie   profraaainc forau- 

latlon an itaratlon of tha functional aouation corraaponds to aaeh 

tiaa intanral, ao that a loncar duration of tha procaaa oiüjr antaila 

additional  itarationa.    Hano« douhJLin« tha lanfth of tha procaaa aaral/ 

raquira« tvica tha coaputatioo tiaa but aa additiaaal  famtlational 

aooaidaratiooa.    Sacondlj, djmaaic progrtaaif^ doaa not naeaaaarilj 

Inroiim procoaaaa changing orar iimm.    It ia a ■ulti-atafa tachniqua, 

but aftan tha atagaa ara artiflcUii/ intraducad bp conatdarlni tha 

c(aipon«nt actiritiaa Indlrlduail/ althoi^h tha/ actual!/ occur 

• lj»ütAoaoual/ in tin«,    for an axaopla, aaa raf. fD 
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Qk,       Th» Wodtl >i | pttcription of R»4iity 

LifMAr prognamlng, r«pr«t«ntin< • •impl* «od«!. It fMeettarii/ 

r«ttrlct«d M to th« g«n«ralUj of problm» that can b« att&eit«d. 

How«v«r, if applleabX«,  it has M»oeUt«d with it a ▼•17 powtrful 

ooaputAtion&l drrle«, th« •iapl«jc aiforltr», which e*n «fflcUntlr 

•olr« larg« t/ttMU contAinlnf buodrtds of «qufttiona.    pyn*alc 

progrumlnt, on th« oth«r hand, it an «Ktrtatij f«n«ral Uchniqu« 

of foraulttion, but etrrl«t with it t auch •crw ii*itod coaputttionftl 

•chtat.    Thit ttction will dltcutt thrt« ttptct« of probltat which a*j 

mtLkm t linttr programing aodtl not tpplictblt but which art handled 

with aomm ««t« by d/maie progrtMmlng* 

Tht linttritj tMuaption it toBttlatd ioralid «hto tpplltd to 

induatriAl procttMM.    Th« dtriation fro« limarltf, and tht dafr«« 

•f axactnttt raqulr^d froa th« aodal, thtn d«ttrain« th« applicabiiltjr 

of lint»r profrasainf.    A problaa involrinc aat-up oottt it a rwpr«- 

ttrstatlvt aaabtr of th« elatt of non-Iiaiar proc««t«t.    Hart th« 

tituation it auch that th« cott of oarryin« 00 an actiritj at ttro 

laval  it ttttntiaiij tare.    Howrrtr tha uaa of UM activity at avtn 

a aaaii laval incurt a larg« coat aaaociatad parhapa with tha rttooi- 

ing of a production Una or adainlttratlvt cotts of placing an ordar. 

Onca iris panalty haa b««n asaaaaad tha aaauaption of proportional 

coat a aay bacoaa valid.    Turning now to th« functional aquation (3) 
• 

of dynaaic progrtilng, th« policy, P, aay b« t nought of aa tha 

activity i«ral.   Whan f (3)  it coaputad, tha policy tpaca it t«arch«d 

for a aazlalting policy P.    If tha ratum or eoat  function R(StP) 

ia giv«n in tabular fora a diacontlnuitj   at th« origin r«pr«aant« 

no difficulty.    If R(S,P)  1« a function appilcabia ararywhara axoapt 
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at tum orlfia, it* campvfr cod« mu»t inelud« • t«tt for f • 0 And 

tht •ubttitutlon of o coot of aoro for tbo functional eott In thot 

fpOClol   CAOO. 

4 oocond conoid« rot Ion, dlocrotonooa of th« toliitlon, t«ado to 

coapllcoto tbo ilnoor progrumint fomdotlon.    Soao probl«M of o 

raibor thoorotlc notur« roquira tbot th« oetlTltio« OOOUBO onl/ Intofrol 

roluo«.    for «xoapiof in a eorgo loodinc problM onl/ tarn Intogrol 

niMbor« of ooch it« ao/ bo ioodod and tbo optLial flitlnf tO|«*,n«r of 

th« oorgo «tbjoct to « wolf hi or «poco root rlct ion« u.«n bocoaoa • 

dl«cr«t« mmtomr theory probloa.    Thl« »ort of o rvotrictloo lo nicoij 

«alt«d to djmoale programming uainf o dlfltol co«putorf for oaigr Intogrol 

MBb«ro of th«   policy doaoin P n««d bo con«ld«r«d «ad th« function f (3) 

a««d oni/ bo co«putod for fix«d ilac rot« ralooa. FiTj 

flmlijt tbaro la a largo faaii/ of problaa« «h«r« tha ratum 

•aaocUto-j with an activity la known oruj aa a atocbaatic function 

of tlM actlvlt/ ioTol.    Horo again, aacapi In apoeial caaoa, iiaaar 

profraaMlng tochniquoa aro not applloabl«. 

QWKmtatloi*! Solution of th« Hodol 

Juat aa tha prarloua ooctlon «aa darotod alaoot oatiroij to «roaa 

«rhoro ilnaar profraaniof aa/ not bo applleablo, thia aactlon vill cooeom 
i 

Itaolf prlnarlljr with th« computational pltfaila of dynamic prograaadnf. 

Aad juat aa It waa aaaort«d in th« laat a««tlon that alao«t any concalrabl« 

procoaa aan bo foraulatad In taraa of d/naalc    progr*a«lnf,  it «heuld aow 

bo undarotood that by aaana of too alaplaa and aa«o«iat«d algarittaM 

ilnaar profraanlng problaa« •rmo of foraldabl«    ala« can b« autonatlcall/ 
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•utdu«d and th« tolution« «xhlblt«d.   fj] .    This should b« not«d, 

•Inc«, th« «ntir«!/ tucetstful atpoctf of «ach t«ehnlqut btin^ IItil« 

diseu«t«df ono Bight arrlv« at th« aiitakan eodbluaion that Mlthar 

taehnlqua of fared such af practical ralua.    On« m—d onl/ rafar to th« 

wall known contribution« of tha aldar and b«tt«r uadaratood linear pro- 

graming approach or to aaction 7 to aaa th« «id« applicabilitj of both 

tachniqu««» 

L«t ua raconaidar th« racurranca relation 

f^x) -    Max  t(y)*h(x./)^1(vb<»^r))]       (5) 

Wtaarioal aolution la obtainad by first obaar^ing that tha return 

froa a 1-ataga procaaa ia alaplj the Mi— af iiy)*h{x-j) ainc« f  , 

tha O-ataga ratum, is  identically taro.    A table of ^(i) ia cosputad 

for all «aluea of s fro« 0 to x.   Wa are real!/ aajing that although 

we don*t know what our reaourcea will be when wa find that tha procaea 

baa onl/ one ataga left (this  depending on our aj jet undetermined 

policy during tha first (N-l) stagea), for any initial reaourca,  t, 

our final alloeation and the return froat it are known.    Once M«)   for 

all posstole t ia oalculatad,  f2(t) can b« ooaput«d ualr^ aquation    (5) 

which,  for 11-2, rslataa f   to f..    By workij* backwarda thru tha 

aaqoence of functions tAt) we finally arrive at a table of f-C«), 

0 < t < x,    whare fH(x)  is the desired solution, the V-ataga return 

anploying an optiaal policy.    Hence for an »-stage procaea the l-«tage 

computation ia naraly perf^raed I tinss, which pr«ssnts no difflcultiaa 

for the digital conputer prograaner. 
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One« ttM nxmbmr of tlM inUrr&i« hM b—a r«l«fAt«J f it« 

prop«r plac«, tbt pr»bl«i it r«du««d to lit tru« dimmtmioo». It« 

tmo diaMMloB it prtoit«!/ tht q«tntit/ of ia/omttioa ooodod to 

doocrlb« ooapioiti/ tho titottioo tt Mgr MM portlc«ior tttf«.    In 

tht tOOTO «st^plt, «, tho quAÄtlt/ of rooourco tvoiiotit, dofloot 

Ihm tttto of tho tfttta tt OQJ tttfo of tho procoot.    Siaoo z it A 

tcolor oimoor, tht profclt« it tomod on« rtltntionol tod prooonto no 

eoaputttiontl difficultiot. 

UowoTor, it it oot/ for oroo thit roducod ditMntlontilt/ to 

boeOBO Ion«*    In tho Joh-obop tehodulinc prohi««, ditcutttd in   ^6, 

for «BMplo, tho diMMlotlltj it oquoi to tho ntthor of Btctdooo 

Lo tho thop, tineo ooo autt  kaow tbo tttto of «tcb atchioo In ordor 

to uodorttoad tho tt*to of tho t/tttB.    To tehiooo t toiutio« t tthio 

of tho function f. (5) autt bo coapntod for til pottibit ttttot S ond 

ttorod for uto it eoaputio« t .{5).    Wbtr« 9 it, ttf, 10 11—liOMal 

tad otii tttuBt 100 vtluot in «nob Mmtmijim, tho Wbaltr ttortft of 

1^6) wa^ld roquir« 10010 MMorj oolit, for bo/ood tho rtnft of 

procoot fooorttioa oo«putort.    So tho d latntiootlit/ of the proooM 

■uct bo tbout 4 or lot«  for djrntaio progrotMini to bo tpplietblo 

in t purely cctputttloaal atnnor.    Tht cctuol porfonaoaeo of tho 

■txlMtttion prttonlt furthtr intorottiof difficult lot« ptrtituiorlj 

Mhoro It It to bo porfomtd oror t 2 'Jr 3 diaootiootl rofian. 

Fortuatttlj Btoj «pporontigr oa«plox procotooo «to bo roduood to OCM 

or two dlBtntiontl probloa« tad «olvod by dyntalc progrtüatim    vhil« 

in to«« hifh«r itaontlontl probl«ttt th« «tructuro of tht optiatl 

policy sty bt 4oducod «ntlytietlly» tbut tlapiifyiAC tht ocaputttion. 
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Ab.        foraiAiAtlop of • 3^pi» ProbX— 

Th« folloviof it a varUtion of * pi%>bim dlscuaMd bj Naricowits 

and ManiM 16J .    Conildor a taall •eal« job stop.    Thor« aro 6 aachinat 

or rotourcaa.    TVantj-ona dlffarant kljida of liaaa can b« aanufacturad 

ualng tt» «achinaa.    Lat x. ba tha laral of tha Jth actlirlty, i.a., tha 

ir of itaaa of tjpa J to b« producad.    •      la tha aaount of tiaa 

on tha 1     ■achlna ra*^ulrad to produca 1 of tha j     Itaau    e. la tha 

raturn fro« toa unit laral of tha j      activlt/.    b   la tha total 

tiaa arailabla on tha 1th aachina.     Furt ha r, lat ua aaauaa that it 

■akat no aanaa to produca a fractional nuabar of itaaa.    Finaxlj, wa 

aaaart that tha purpoaa of tha procaaa is to Müdalsa tha total raturn 

by chootinc an optiaal nuabar of aach itaa to produoa. 

Viavad firat on a linaar prosrasüji^ ao4al «a navat 

a 

P Jt. (tha raturn) 

aubjact to tha raatrietlona 

21 

Ya   x   < b       for 1 • 1, 2, 3, 4 
A- »J 4 - i 

. 5, 6 

• 

whara tba actirit/ lavala z auat ba non~nagativa and iotagral. 

At djnaalc profravdnc our aodal appaarat 

fa(VV*#*'V ■ mm f hVWh^VS -•2ixi---'Vm6i*i) J 

^s^ir    r ) 1 V 11        bl' 

x    an intagar 

•/ 
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Th« prooMt introlrlnc H itmu hat b—n ftxpni»«*d in t«rM of th« 

flr«t liaa *nd a proeMi involrlnc th« r«a«lnlog 20 lt«aa. 

At ditcusstd in th« t«rtt th« Iin««r progruMlng tolution 1« 

■ad« difficult by th« int«fral rvstrlctlon, *h9r*m* d/naalc pro- 

gnaming is ob«tnict«d 6/ th« ^-diMntionaXit/ of th« proc«««. 

Application« 

Containad in this aaction Kill b« found th« atataasot of 

aavaral probloM that har« t>««n «olvvd bj «ith«r lin«ar profraaaif^ 

or Ijmamlc profraHtinf.    R«f«r«nc«a ar« «ad« to papara containi.'xi 

■or« d«tail«d dlacuaaiona of tha «olutlona.    Thi« aaction la 

included for tiro purpoaat:    to daaooatrata th« catholic oatura of 

both t«chniqu«a and to aid tha raadar in d«cidii^ which approach, 
i 

if aithar, might  prova rewarding if appliad to problaaa ha aaj ba 

facing. 

So«a problaaa aolT«d by linaar prograaaing. 

Tranaportation Problaa; 

Thar« ar« ■ aourcaa of an Itaa and N ainka.    Tha raquira- 

■ant of «ach «ink la known, and tha coat of ahipaant batvaao 

•ach aourea and «ink ia gi«*n.    A ahipaant policy it daair«d 

to «•«! th« N u«aanda at ainiaia ahifBMl 9ft,    [i^ 

AaaInfant Problaat 

M «aploj««« ar« to ba asalgnad to M dlatinct joba.    Tha 

aptltaia of aach «aplojaa for «ach job la known.    Which «aplo/«« 

ia asaignad to which job in ordar to aaxiaia« tha total aptitada 

of all «aploj««« for th« job« ♦ «y  ara flllix«?   [?] 
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Pttroltug Bi»ndiA£ Probli«; 

Crud« oil produc«« £*•••, ttriigrt-run gaaollne,  3 «•Ight« 

of dlftlilAt« and mtlduo.    Tb«»« products m%.j b* vis«d for fuel 

oil bloiKlinf or In »•vvr&I othor proe«t««s.    Th« ralwo of th« 

total output of th« intorralatod procos« is to bs ■tziaisod.    i_8] 

Trsvsiiag 3«lo—an Problsgt 

To detsrmin« a path of mlnisuja langth touching 49 principal 

c it las of tha Ü. 3.    [?] 

Hstwork \ roblaat 

Conaidar a natwork conoactin« two fivan points by «a/ of 

a msabar of intanaadiata points, whara a«ch link of tha natwork 

haa a nusibar aaaignod to it raproaantinf its eapacit/.    Aaavs^nc 

a staady stata condition,  find a aaTJaa)   do« fro« oaa firan 

point to tha othar.     [lo] 

problaas solvad by dynamic profraoainf. 

^rio Loadim Problag: 

A TMsal of «sight capacity i is to ba loadad alth an *aaort- 

■ant of itaM.    £ach itaa has a Msifht W.  and valua f..    Tha valoa 

■ay ba a non-linaar or stochastic function of nuabar loadad.    To 

dataraioa an intagral nuabar of «ach itaa to load in ordar to 

■axiait« tha mlua of cargo subject to th« w«ight restriction,   [u] 

Hissils Allocation Probisa: 

H Bissiles ar« to b« ailocatod to N targsts.    Targsts ar« of 

▼arious tralu«« and d«f«ns« isvals.    Probability of a aiaaila sur- 

viring daf«ns«s and dsstroying targat ia an axponantial function 

of tha nuabar allocated.    No« mmny aiftailaa should ba allocated 
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Qpti^i giab frotim-. 

What path thould am tirpiaiM  follow  In oru«r to ainlAii 

tlM-to-cllJib trm takooff to coabtt ooodltionaT    [li] 

fUi»r protoction cirolo arc eon«truei«d arouivl oach of A 

coaplcx of alrbMo«.    hrotoction «ffordod «aeh baa« la a function 

of th« radlua of ita clrcla.    A aat of radii it daairad which 

afforda tha ba»a ocaplaz • flxad protaotion at aiaiaua dafanaa 

ajatM parlMtar.     [I1] 

Hxan^alua C^iculatiop Probl—: 

Tha «Ifanra^uaa aaaoelatad with tha dlffarantlal aquation 

u1   ♦^l'4. u-o ara otoiaiood.   Wa ara intarMtad ia tha raiuaa of 

X2 which jriald no»-trlTial aolutiona a.   [^i] 

Tha potantiai uaar of aitnar of thaaa profraadof tachniquat 

ahould flrat eonaidar tha factora diacuaaad in tha pracadlnf aactiooa. 

If tha probl« ia aaaaatiallj linaar in it« aaauMptiana# thara ia 

littla doubt that linaar progrmmaing offara tha auparior aaaoa of 

aolution.    If tha proaaaa ia of a ■uiti-atafa natura and ita %rua, or 

raducad, dinanaion ia not iarfa, djmanlc prograaainc ahould ba capabla 

of proridinf a aolution unparturbad by non~linnar, atochaatlc, or 

intagriu raatralnta. 
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It »houid b« not»d,  hoirvTvr,  that both t«cnnlqu«t,  wh«n 

Ärtfuiljr applied, h*T« •olvtd probl«aa that At  first fianc« did 

not fall wunin it» iimltad do«aina daacribad abor«. 

finalij,  it !■ important to realist that both linaar and  , 

djmaaie prograa&ihc raprasant powarful anal/tic tools,    lataraitinc 

thaoraaa hava baan prorad and ttructurat of aolutlon» which ara not 

coaputationallj obtainabla hart baan danonatratad bj aathaaalical 

application of tha »impiax or dual-ainplaz algorithaa of linaar 

profraiMin« and functional aquation thaory    of djmanic profraiaaioc* 
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