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LINEAR PROGRAMMITG

by Wm. Orchard-Hays (Rand Corp.)
Eel Judd (I.B.M.)
Leola Cutler (Rand Corp.)

A INTRODUCTION
~She linear programming system vhich follews js the modified simplex pro-

- C
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w "
ceodure vith the product form of inveru;‘. It 18 designed to solve the classi-

cal linear inequa‘ities problem and most of its variations om the IBM 704, -

MACEINE RY JUIRKEMENTS
The basic machine needed for this system is the IBM 7Ok with 4 logical
drums, & tapes and 4096 vords of umgmetic core storage. One additional tape
may be used optionally for storing output results. One tape may be used for
input to the data assembly vhich is run prior to using the system, Hence the
imput is from cards or tape and the output is the om-line printer or off-line
primter. The card punch is used by the data agsesbly and also for punching
restart information.
NOTATION
The quamtities displayed in a matrix require two indices, one, for row
and one for colummn, Here a row vector will be denoted by a gemeral subscript,
one of its elements by a specific subscript, asi
°J is a rov vector
‘3
A columm vector will be denoted by a general superscript, one of its

is the element of index 3,

elements by & specific superscript, as:
b" is a column vectar
7::5 {s the element of index 5,
A matrix will be denoted by both a subscript and a superscript, as:
51 is a matrix

J
'3 {e the rov consisting of the element of ivLlex 5 in each colwmm.

\
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a, 18 the column cousisting of the element of index b in each row.

tg is the element in rov 6 and columm 2.

The ranges of values will be specified vhen the index is first menticmed.
Note that ai is the transpoee of .. The transpose of a ma ' ix must be

denoted by defining a nev letter, eo.g., b; = c‘i’ defines b; as the transpose
3

of ad.
For a given matrix of coefficients uj and a columm of constants bi, then,

6 system of m simultaneocus linear equations in n unknowns xJ vill be vritten

.jx"‘bi (i'-'-'l’ ovey -; J-I) LR | n)

n
instead of gcj ¥ <vltoriai, veey M. This summtion convention is used
J=

vhenever & column is multiplied on the left by a rowv. A matrix may de multiplied

on the left by a rov vector to produce a row vector:

i
«d, .
‘1% "%
A matriz may be multiplied on the left by a row vector and on the right by a

columm vector to produce a scalar:
S

Ci ‘J X = g ,
Finally, of course, a matrix may be multiplied on either side to produce ancther
matrix by multiplying by a satrix vith the proper dimensions:

1.J

aJ bk =
h
{

:J'lpn-h

d

li = 0
J J°

Uppercase letters (except T) will be used for sets. The use of le‘ters
for indices is as follows:

h, §, J, k for general indices
f,m, n for limite
P, qQ T, 6 for epecific indices.

When it is desired to index a quantity over time, i.e. iterations, the
index will be enclosed in parentheses, e.¢., a.:(t) is produced from “:(1) after
t-1 transfarmations. The capital letter T will be used as the curremt limit fer

t, that 1s, T {s the current iteration mmber amd t - 1, 2, ...y T.
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FATHET F FRLM

Ve Gefine the standard linear programming prodblem in two forms. Thie is
because it is mandatory to start vith the identity matrix as the initial dasis
in all circumstances. Certain deviations fram these standard forms are d1is-

cussed in the detailed write-up.

STAXDARD FORNM 1

Given: A rov of coefficients 01 a linear form to be optimized
0

3 (3= 1, ..., 1)

A matrixz of restraint coefficients

‘j (1‘1’ seey n) J'l' YY) ')

A column of comstants
o112, ..., w
To find: A columm of values for x° =20 (J =1, ..., #) such that the

variable x° 1s maximized subject to

(101) x°+a§x'j =‘0 (J 31’ X R Y ‘)
(1.2) aj Hevt (1.1, ..., n)

Note that (1.1) is perfectly gemeral since the sum a ) may be minimized or
mximized merely dy changing the signs of the aj. To comvert (1.2) to equali-

ties, we define the variables >0 (- 1, ..., m). Then (1.2) becames

(1.2.) ai xJ L x’#l = bi

J

Ir b; (1 =0,1, iesp B3 h =20, 1; isq, m) is the idemtity matrix of order

»+1 (essentialiy the Kromecker delta), them we can define
0! p | o
a, = 6° and b =0

| b
a‘.‘h - % for h = 1, ee oy ]
(thus defining J =0 anmd J§ = £+1, ,.., I+m = n) and replace both (1.1) and

(1.2*) vy
(1.3) 53 vl (1 0,1, .., mj J=20,1, ..., n).

If the restraimt equations cen be put in the form (1.2'), then scme of the b’

N W At Ek
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are permitted to be negative, if necessary. Howvever the mmber of negative b1
should be small to prevent an excessive mumber of iteratioms.

If the restraints camnot be specified exactly {n the form (1.2) without
an excessive mumber of negative b1 » then the prodbleam should be put in standard
form 2, It should be noted that the slack vectors e

2+h
legitimate. The limit n will be used consistently for the mumber of legitimate

introduced above are

vectors in the systea (besides a: which is an operational device.)

BTARDARD FORN 2

Given! A rov of coefficients of a linesar form to Ve optimiged

©

‘J (J=1, cesp n)

A mtrix of restraint coeffici~vs

Gj (1-2, 5' ecey M} J-ly 2) eeey n)

A column of constants
v 20 (=2, 35 505 W)
To find: A columm of values for x" >0 (J=1, ..., B) such that the
variadble 2° 1s mximized sudb ject to
(2.1) x°+c§x" =0 (§J=1, ..., n)

(2.2) aj !J < bi (1 = 2' ooy .) °

We nov add to the system, artificially, the identity matrix (except 5:,
vhich is always there) and suxiliary variadles ka (k =1, ..., m) and con-
struct an auxiliary form in vhich the varisble x° > is to be maximired first,
i.e. before mmxinizing x°. This process is called Phase I,

The purpose of Phase I is to eliminate the artificially added columme
from the system or at least to make sure that the cmoeﬁmding variables
bdecome :ero.. Eence ve put a vdight of unity on each ane in the row of index

1, vhich wvill become the auxiliary form. Let “riul = bi and for k = 2, .,.,N

»

At least cme artificial column, usually the 6; column, must remein in the
solution at zero level even vhile maximizing the variable x°.
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let amk

i i
3 bl + °L The variobles xmk are to be non-negative except for L a2

vhich is defined by
a
(2.3) ™2 + % =% .o,
k=

+1 k

Clearly x*'1< 0 and 1f x®*! = 0, them a1l x™** = 0. When (and 1f) this con-

dition is attained, the artificial variables are maintained at zero, including

xnd, by comsidering (2.3) as a restraint equation while maximizing x° (Phase II.)

1 camot ve driven to zero, there is no solution to (2.2),:"!0. This con-

1r :n+
dition is called Terminal 1,
The problem at this point can be displayed in the following augmented form

vhere the xJ are shown above the matrix of detached coefficients.

xo !1 e o o !n !n*l xn+2 ij e o » f”‘-
B & ...8 0 o0 O .. 0] ol
©o 0 ...0 1 1 1 ...1 0
o & ...a 0 1 0 ...o0 b2
28)] o & ... 8 0o o 1 ...0]| = 2
‘L_O a:...a:O 0 o °°'1__J _b‘_J

Since the i{dentity matrix gtill does mot appear in (2.l4), we must mnke a simple
rreliminary transformation. First note, however, that setting

xJ-O for }J=0,1, ..., N

(2.5)
xmlx—f'bi and x> =v! fer 122,35 ..., m
e

provides an initial solution in which all variables are non-negative except xml;

This solution wvill remmin valid if wve subtract all equatioms of index 2 through

m frem the auxiliary optimizing form, row 1., Then defining anew
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.}--g‘; fOI‘ J’l, 2’ esey n; bl--Zbl
i 1«2
(2.6)
I:*OO fﬂ‘k’?, 5’ oo-,.
the rov 1 equation takes the form
(207) ‘3 XJ 4+ X = bl (J = O, 1’ LN N n)o
Purth the col 1, e, Al 4 form b
ermcre, colmms & , 8 .,8 o) ccepe) 8 o DoV fars bh .

The data assembly program camputes cj and bl automatically. If same, dut

not all, of the coluns of & occur in a; (J<1n), then these colums should be
indicated as being in the initial basis. The data assemdly will then omit the
corresponding rovs in the sumes (2.6). This is equivalert to adding artificial

columns ai only for those columms of b; vhich are missing.

n+k

1
The vectors ey 8y

in the code and, once eliminated, cease to exist. The basis headings, vhich

are never entered vith the data. They are implicit

are the j-indices of the columms a.; in positiom h = 0, 1, ..., m of the dbasis,
are left zero for all artificial vectors since the position h identifies them
sufficiently, i.e. they are never moved around in the basis. Legitimmte col-
uzms of 5: mAy go out of the basis and came dback in out of positiom. Hence

they must have names, as in Standard Porm 1.

Note: The row indices { of a; must have the mmerical values 0,1, ..., m,
but the column indices J =1, ..., n are used above only for expository
purposes. These columns can be identified by any n distinct symbols of five
or less Hollerith characters each which suit the fancy of the formulator of
the problem. One convention has been adopted: legitimate columns of b;

are denoted by UPOOl, UPOO2, ..., for ''Unit Positive"™ vector. This

convention is essential only to the re-inversion code.
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IXPUT

The data assesbly for the linear programming system is designed to be
executed independently of the main code. The options for losding data from
tape or from the card reader, to load witrix elements vhich are punched in
standard form or in a fixed field, or for punching out the matrix on binar;:
cards are not controlled by sense switches., Instead, each bit of a word in
storage, the SENEEB vord, is used to comtrol these functioms. In particular,
the first three bits correspond to the threa options noted above. A zero
wvould correspond to the switch being up, and a one to the switch being down.
A dinary card must be inserted immediately following the tramnsfer card in the
data assembly deck with the SENBES word punched in the 9's left row., If the
data is loaded from the card reader, a one ir punched in pocition £ of the

SEMSE8 word, i.e. a 9-punch in column 1 of the card,

FROBLEY JDRNTIFICATION

The mame of the problem or any suitadle identification is punched in
columns 2 through 72 in Hollerith characters for the heading card. This infor-
mation is punched in a bdinary card along with other data for use dby the main
code vhich prints the informetion as ori.gim]i/p\mched' as the first lipne om all

of the output listings.

FROBIEM PARAMETERS

The essential paramsters needed are punched in the parameter card in nor-
mlized form for ease in key punching, e.g., m equal to 77 would be punched
in columns 1 and 2 vhile m equal to 177 would be punched in columms 1, 2 and 3,

If the mmbers are not in normalized farm on the card, leading zeros must be

punched. The parameter card is as follows:

cols 1 - 10 a (mmber of restraint eguatioms) max m = 255
'o1) - 20 ¢ (mmber of Phase I's desired)

'"21 - 3 q (total number of Phases)

" 31 . k0 T (index of sum row)

' k1 <50 1 (mmber of preliminary transformations)
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If the sum rov is caomputed prior to assembly and loaded with the ether
elements, 2 should be left blank., This is necessary if more than ome Phase I

is desired since there will be as many auxiliary forms as there are Phage 1I's.
If there is no sum rov, leave > blank, not zero.

BASIS EEADINGS

The basis headings are punched 7 to a card using as many cards as needed.
Ten colwms are allotted for each heading (J) vith its columm index (1), The
column index must be in normmlized form or leading zercs must be punched. The
cards Are punched as follows:

cols.l1 -3 1 (columm index for basis heading)

col, bk blank or minus (a minus sign will cause the main cade
to treat column i of the initial bdasis as an arti-
ficial unit vector, and then to bdring the specified
vector J into the basis arbitrarily. The maber of
negative basis headings must agree vith parameter T.)
(5 Hollerith characters to dencte column 1 of the
identity matrix., These unit vectors sust be denoted
. UP0OO1, UPO02, etc. for the reinversion code.)
co0l.10 blank

cols, 11 = 20 as cols. 1 - 10

cols, 61 - 70 as cols. 1 - 10

‘O
Ca

cols 05 o

If ome of the basis headings is punched erromecusly, it can be overwvritten
vithout repunching the entire card by succeeding it with a carrectly punched
version of the herding in error. A heading of zero will be assigned for all

i's not specified.

RIGHT BAND SIDE

The right hand side vector b1 is preceded by e card vith FIRST B punched
in Hollerith characters in columms 1 - 7, followed by element cards for non-
zero entrice as follows:

cols. 7-9 1 (row index in normalized form or vith leading zeros)




col. 10 eign of element (blank is interp.eted as positive)

¢0l.11=> The integral part of the mumber is punched im col.ll on
depending on the muber of columms needed (8191 1s the
mximm integer allowed). The integer is separated from
the fraction by a blank columm. Then, the fractiomal part
is punched using as many colums as needod (a maximm of
seven columms may be used). The remaining columms on the
card are left blank, For example, .025 would have 0425
punched in cols. 12-15., Also, 10.0 would heve 10 punched
in cols. 11-12 omnly.

An alternative method has been provided to load data vhich is punched in
fixed columns as described belov. A one is punched in position 1 of the SENSES
vord if data is to be loaded in this foarm.

Y
colr, 1114 integral part of mmber
col. 15 ‘ blank
cols. 16-21 fractional part of number

If a supplementary right hand side ci is to be loaded, a card with NEXT B
punched in columms 1-6 precedes the element cards vhich are in the same form
as the elememts of b'. .

A TIRST B card must alvays be used even if, for some reason, no b1 are

entered, e.g. vhen assembling a supplementary right side or a new matrix.

RESTRAINT MATRIX

A card with MATRIX punched in columms 1-6 precedes the element cards of
the matrix .j. If no matrix is to be loaded, this step is bypassed by loading
a card vith M0 MATRIX punched in columms 1-9. The non-zero elements of the

mtrix nj are loaded one element per card as follows!

col. 1 alvays blank (corresponds to sign columm in basis
head {ng cards, but must be plus here.)
cols. 2-6 J (a five Hollerith character symbol to idemtify

the column). All of the elements of cach column vec-
tor must be in succession.
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cols. T rov index and element punched in the same form as
{ ]
elements of bi.

A card with BOF punched in columms 1-3 vill terminate loading of the
matrix, A card vith ER in colummsl-3 will cause the data assembly to vrite
the preceding vectors on the tape and start a new record vith the succeeding
vectars. If position 2 of the SKISES vord is a one the data assembly punches
the matrix in binary. When it is loaded by the main code it is possidle to
load part, but not all, of the vectors if they have been separated by the E(R
breakpo!nt (see Deviations fram the standard forms.) Also, & card with
CURTAIN punched in columms 1-7 may be loaded between any two vectors (see

Deviations from the standard farms.)

If a sum rov is used for Phase I, themn the sum of each columm must de less
than 8192, This does not apply to the vi,
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DETATLED WRITR-UP

The codes vhose use are described herein are designed to provide a com-
plete system for solving linear programming and related problems vhere no
special assumptinns are made regarding the structure of the model. B8ince

there are so many ramifications to such a general camputer program, even

for one type of prodblem, it is deemed necessary to include a consideradle
amount of explamatory material. In vhat follows, a general familiarity with
the simplex method vill be assumed, For example, no proofs will de given
for the standard thearems concerning basic solutiomns or the simplex criterion.
Bovever, the algorithm using the product form of inverse and certain special
features built into the codes will be developed in detail.
The subject matter vill be divided into the followiug sectioms.

1 Advantages of the product form of inverse.

I1 Reducing the mmer of terms in the product. (Re-inversion)

II1 Deviatioms f~om the standard forms.

IV  Forms of arithmetic,

v The baeis

VI The inverse of the basis. (Product Form)

VII The pricing operatiom.

VIII Chooeing the basis columm to be roplaced. (Degeneracy)

IX Summary of cyclic operations. (Opne iteratiom)

X  The composite algaritim. (Infeasible solutioms)

XI Parametric programming. (Varying the right hand eide)

XI1 Multiple phases. (Varying the optimizing form)

1 - ADVANTAGES OF THE PRODUCT FORM OF INVERSE

In order to appreciate the advantages of this method, it 1s necessary to
keep in mind the following facts concerning the matrix of coefficients of a

typical linear programming problem and the requirements of the simplex methad.
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(A) The mtrix is usually very sparse, the percentage of nom-zero ele-
monts being typically 5 to 15 per cen!’ of the total mmber.

(B) The given data is almost invariably expressed vith a very fev signi-
ficant figures and is easily scaled to fit in a restricted range of
fixed-point mumbers.

(C) SBome problems have a large number of variables although the mmber
of restraints 1s not excessive. The ratio of mmber of variables to
mmber o7 restraints is often between 5 t0 1 and 10 to 1 and actual
problems have been run with ratios as high as 30 to 1.

(D) If m is the mmber of restraint equations, then the essential manipu-
lations of one cycle of the simplex method involve a change of basis
in Buclidean m-space, vhere two successive bages differ omly by ome
column vector. The rules of elimination in effecting this transfar-
mation are the same no matter vhat particular algorithm is used. Al-
though such a transformation is eagily represented, its total effect
on the numerical representation of a set of vectors, 1.0. a matrix,
my be extensive, Furthermore, the validity of each cycle performed
depends on the accuracy of all preceding cycles.

With these observations in mind, tho advantages of the present method can

be stated as follows:

(1) Bince the originnl data matrix is not transformed from itoratiom to
iteration, it 1s clear from (A) and (B) that an elaborate organiza-
tion of the data can be performed at the outset, so that it is in
the most ~onvenient and compact form for use throughout the problewm.
fince the original matrix is referred to only once during .he cycle,
it can be stared on tape, out of the wvay, and its compact form mini-
mizes transfer time as vell as computing time.'

(2) It is clear fram (C) that it would be very expensive in some problems

to transform the vhole matrix on each cyrle since, even if the ratio
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of variables to constraints ie, say, only as much as 5 to 1, it is
still very unusual for the process to take “m iterations. In other
worde, many vectars (activities) are never selected at all and hence
there is no use doing anything to them.

(3) If & full inverse were maintained, it would be Becessary to store it
by rows or else linevar cambipations of rowe would not be readily avail-
able. BRven then, one wvould requirc storage for three vectors simul-
taneocusly in transforming a column. In changing basis, the transfor-
mtion vec.or is a columm and hence the modification and re-recording
of the -2 slements vould be avkwvard and time-consuming, especially if
zeros are deleted. On the other hand, the produrt form requires the
recording of only ome additional ~olumn (plus an index) on each iter-
ktion., These colusms will almost surely contain many reros and may
be cordensed since they are alwvays applied colummn-wise and recursively
to a single vector.

(4) The product form is extremely amenable to modifications of the method
or for generating additional side informetion, since the inverse ar

ite transpose are equally easy to apply.

I1 - REDUCING THE FUMBER OF TERMB IN THE PRODUCT

One apparent cisadvaitage of the product form is that, vhile only one nev
column is recorded each cycle, it is necessary to read T columms to apply this
form vhere T is the mmber of iteratioms already perrormed. Thus, after m
{terations, vhere m is the mmber of restraints, one must read more informatiom
than in reading a full inverse (not taking condemsation into account.) This
18 still profitable for something over Om i{terations as can be seen as followe.

With an explicit inversa, we must read it tvice and vrite it omce
each iteration, giving 3T colusms handled on T iteratioms.

With the product form, ve must read t-1 rolumms twice on iteratiom t

and vrite ome nev column, giving
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2 2(t-1) + 1 - T(T-1) + T - 7° columns haniled on T iteraticns.
tel

Betting T° : 3al gives T = 3m. Hovever scmething must be alloved

for the fact that lees arithmetic accompanies the vriting than the reading.
This disadvantage is more apparent than real, however. After, say, 2m itera-
tions, round-off error will begin to be noticeable on large problems no mntter
vhich form is used. Many problems are solved in 2m i{teratioms or less but, if
it takes more, one can re-invert the basis matrix, at any time, producing not
more than m columns of informations. The time for this inversion is much lees
and the accuracy of the resulting transformations is as good or better than
after the same number of full simplex cycles. (The order of eliminmation for in-
verting is designed to maintain accuracy.) A special code is provided far this
purpose. It is useful for solving any system of linear e uations, especially
vhere several right hand sides are used vith a sparse mmtrix,

It is helpful, wvith t , form of inversion, to comsider the matrix of
coefficients of the restraint equations as a collection, or set, of columm vec-
tors, ignoring the fortuitous orde ing given to the variadbles in the farmula-
tion of the model, Whatever scrambling of columns that may occur in the pro-
coss, is recorded in a list of dasis headings vhich accompany and idemtify the
basic variadbles of & particular solutiom. This point of view is adopted through-

out the present discussiom.

I1] - DEVIATIONS FROM THE STANDARD FORMS

Bome discussiom of altermate ways of starting a problom is indicated., In
S8tandard Foram 1, the inequalities were comverted to equalities in the usual
vay by adding slack vectars. The matrix them contains the camplete idemtity
mtrix (not necessarily in proper colusm erder in “3) and there is no diffi-
culty. The variable corresponding to column i of the identity matrix is eet
equal to bi and the name of the variable is recorded in the i-th word of the

list of basis headings. This is dcue automntically by tho data asseembly pro-
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graa. The preblem is then ready to start with this initial solution. We com-
sider a "solution” to consist of the list of dbasis headings and the values of
the corresponding basic variadbles.

In the usual set-up of the simplex method, it is ascumed that all ele-
ments of the right hand side are non-negative 80 as to insure that a starting
solution vill be feasidble, i.e. non-negative. This restriction has been re-
moved in the 70k program by incorperating a coamezite algorithm wvhich will
remove infeasidilities as vell as optimize. (See section X below.) Thus it

is possidle to multiply through, by minus one, equations vhich have negntive

slacks in arder to meke the slack vectars positive, evem though the starting
solutiomn is theredby remdered infeasidle. However, it is recammended that the
ouber of initial infeasibilities be kept small to avoid an excossive mumber
of iteretioms. There is no hard and fast rule about this since different prodb-
lems vill react differently to the same conditioms.

R If & given matrix does not comtain all columms of the idemtity matrix
legitimmtely, i.0. as positive slacks vith zero cootficicnt‘:c in the optimizing
form, them ene can use Standard Form 2 and have the code perform & Phase I.

In this case, it is necessary that all elements !:1 are nom-negative.
Experience has led to the incorporation ef still another device far ob-
taining initial solutions. Sometimes the formulator of the problem knows a
feasible basis other than the idemtity. Provision is made for introducing,
aditrarily, axy maber of column vectors into the basis at the outset, vith
the machine making the decision as to which colusm of the basis each should
occupy. If the formulator has misjudged and the specified columns produce a
singular matrix, the machine primts oute (amd saves) the pertiment informatien

and staps. If the resulting matrix is nen~singular but the solutiom 18 infeas-

fble (partly negative), then the composite algorithm sutamatically cuts in and varks

toverd fessidility in succeeding iteratioms. This device of arbitrary trans-

formet ions must aet be used in Phage 1.

- sk v
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One other provision of a less absr. lute nature has been made. Occasiamally,
a mode)l is & re-work of an older problem so that samething is known adout its be-
havier. At other times the formulator has certain insights vhich he vould like
to exploit without cammitting himself to absolute statements regarding feasidile- p
ity ar singularity. It may be poesidle to assemble the matrix columns in arder
of decreasing likelihood of use, that is, wvith the moset likely candidates for ea-

try into a feasidble or optimal basis read in fi.st, These can be separated from

the others by a "turtain® vhich is equivalemt to the following instructiem: "If
any candidate for entry into the basis is availadle ahead of the curtain, use it}
otharvise proceed to the others.'' Several such curtain marks may bde used. They
are activated by a svitch so that their use is under control of the operator.
They have often reduced the mmber of iteratioms required But vhen used injudi-
ciously, 1.6. on a mere hunch, may have the opyposite effect.

There are, of coursg, other devices vhich require no special provisioms in

the code, except perhaps for loading. For example, certain astivities (colx-s)
-yunmmmmnmmnmmmumuumm %,
wammarummamammwum \"
ot ey time stuply by releading the data tepe. -
I - N O ARDIREER o _\,.'

The Jrefuct farm of iuverse 1s gemerated, recwded ad aplied e dehbes Ty
precisiem (IP), fleating poist arithmetic. mmmmmm: _"
not retained are perfermed in DP finsdepeint for fusber sperstiem. mmém“‘
muuru«mmnumm.unumuammpy
8 aigite of fractian, Althewgh sush precisien emsesde ¢ * ctumum

‘
te remsber vhen interpretisg results), 1t has been foubd Mecessery uM ,r‘,‘,
MWMNQMMCWMI- ;

mmmm-nuwmmoa-r-‘ nm

s \"l g
(’u “: “-o.l’ ooo'-. e 0'1’ 000..’ “: .b ,".m-%




-

Lasis an’ St Tvom T oy T o el Cen, (e w cootering o ~omrwy -

10 ol R R K
(B e S
o “‘_ [
T ow Imp® e R (-0 en s P r 7 onlhrd o ) ~ope
{
28 o e n Do AELUF ) reoe M o LS e aecon. -
"
o e c ~ ™ o or - 4 L& w2 » o' o
(o)
(.") . N
- . iy
cor T -~ ~1en | ) Te + TIRD ANt o) Sl ARSI 0 N I
™e colygoe 5 Lo v anr : i
()
( 0“') .
]
I .i): (L) e e im0 e L CUY. T T s NeTCBSAYTT S0 N
: . . (7)
he e R o) B n % (T Emow F0 S el e ion b
ed IRsp omt B e, i T al c ] 18N

WIT = P T ARASE L PR e

® . A —— it " —— o ——

We will not be 830 mueh eoncerned with the basis “!15(') on itereation T as

with its inverse which will be denoted by w.:‘(r) s that {s

(6.1) ‘é(r) “:(T) — H:(r) ‘:(T) . 8; .

The matrix xi(T) never exists explicitly but is carried as a product of ele-
unt.u? matrices which are stored in a condensed form consisting of at most
one column plus an index and identification, These columns are themselves
condensed with only non-sero elements recorded. They are called transformation

vectors (sometimes elimination " equations' , see (6.5) ) and denoted by “:(‘).

Since the index r 1s itself a function of t, it should be written r(t). Nowever
this will not usually be done since it sometimes appears as a superscript in an
array already indexed (t-1) and confusion would result, ~
Ae already indicated, Oreek letters will be used for a basis and its
inverse, and also for all (mel)-erder vectors expressed in terus of the basis,

Likewiee oertain retios and functions involved in decisions concerning the
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basis will be denoted by Greek letters.

i(t)

An explanation of the generation and use of the N, vectors {s in order.

Since we started with “t(O) = 209 for the first iteration, we will have ':(1-1)

on hand to start iteration T. 3Suppose that column .:(T) has been chosen from

i
J

out the following discussion, the specific index r is to be understood as r(T).

a, to replace column h = r(T) in p;(?'l), producing & new basis pt(‘r). Through=-
Superscripts in parentheses will always refer to the entire array to which the
element belongs and are not to be understood as modifying the open superscript.

i
Let °O(T) satisfy the equation

i(7-1) h i
(6.2) TV b e alia

i
Clearly °l(?) can be obtained by

£(1-1) .h

i
(6.3) %a(1) " %(T) *

Now
(6.4) ui(r) 3: - u;(?'l) for h # (1)

since only column h = r(T) changes. However, from (6.2) we can solve for the

exceptional column,

s 1 u
(6.5) W™D = ) ° W@ R g
s(T)
where h
(6.6) qb ) ::%LII ( a:(r) ¥ 0 by choice),
| %y(7)
Now defining
AL -.-1,-—— ;i@ (1 # 1)
A (6.7) o(T)
ng(?) - 3t (h§r)

we can replace (6.4) and (6.5) by
(6.8) “:(T) n:(T) - “;(T-l)

1) becomes column ui(r). Cleqrly only the column “:(T) and the index

r » r(T) need be recorded. Now multiplying both members of (6.8) on the left

i
since a.(
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h(T-1)

by ui(r) and on the right by LY , We obtain

(6.9) ﬂﬂ(ﬂ ‘:(‘r'l) - 'g(r) .

Equation (6.9) is the heart of the product form of inverse. Applying it for

tel, 2, ..., T and using ht to indicate dummy indices, we obtain

i(,) - “1<T) nhcr_l(r'l) . nht(‘) . nbl(l) )
s Re.) Ppo2 hea) 2

Hence an equation like (6.3) implies the recursive generation of its right

(6010) =

member by using the form of ut(‘r) given by (6.10). This is easily done as

follows, using (6.3) for an example.
i -

Lot %(1) " %)
1(1) =h -1
form nb( ) ﬂ.(l) - ﬂ.(z)
(6.11) T -
"h( ) Tg(t-1) * %s(t)
1(1-1) =h - 1
“h( )al(‘l‘-l) © %(1) ° %%(T)
It is easy to see that
Ta(t) = Ta(ee1) * Ta(ted) et aS s Tt =1)8)
(6.12) £
) s e (r e el )

An equally simple rule suffices for multiplying n:;(r) by a row vector on the
left. Suppose it is necessary to compute
i(7-1) _ (7)
(6.13) ti L LN
We use the transformation vectors in reverse order to that of (6.11)

1 .;5‘1)

3 -1 | 5(2)

* Let {

(6.14) o
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t !.\ T-t =(tel

) Tt | S(te)
(6.14 cont.) .

1D a1 . (D)

Again it ie easy to see that
SRR (4 4 5(2-t) )

(6.15)

;it,ol) . ;it) "i(r-t) (r = p(T=t) )

= THE PRICING OPEFATION (Choos index s

The rew vector uir) in (6.13) is called the pricing vector. In the simp-
lest problem (Phase II, maximige xo, no infeasibilities), t » 8 o However,

in a typical Phase I, - 61 » and in general £, = 1 for ssveral i,

The pricing vector is applied to lj ’

(7.1)  w" .j - agﬂ .

(The d, are what are called () (c.1 - '3) in the original simplex method,)

To ohoin l:(.r) to bring into the basis, take
(7.2) 47« atn dg’) <o.
(If the minimum is not unique, the first such index s is retained.)
If all dST) > 0, the phase is complete. In a Phase I, this is Terminal 1;
in & Phare II it is called Terminal 2 and is the point at which one usually

expects to arrive and quit, i.e. the optimal eolution is attained.

1] - ASIS COL T0 LA Index r
Let the current basis be 1(7 -1) » the current optimizing form be row p
and the current solution vector be ﬁi(r 1) i.0.
-l -
a1(‘1‘ ) o "tix(r 1) bh 3

(8.1)
We will assume the solution is feasible, that is

Bi(‘!’-l) >0

(8.2) for L > q
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where row q is the first actual restraint equation., Normally q = pel.

The usual oriterion for choosing r(T) is to choose @ (

r(T) as follows,

Let A be the set of indices i > q for which ":(r) > 0. Then
1(1-1)
min
(8.3) (1) = 1¢a {513_ 20.
o(T

The problem of degeneracy, i.e. multiple values of 1t A for which ai('r'l) -0, s
disregarded except for the following rule which has proved effective for
reducing round-off error. (It ir:identally breaks the tie in Hoffman's examples

of " cycling.") If @ @ 0 and r(T) is ambiguous, choose r(T) so that

r(1)

r%;g is the largest possible (positive) valud, In case of further ambiguity,

take the smallest such index,
We will lodify (8.3) slightly. Let R be the set of indices { > q for

vhich ai(‘r -1) and c have the same sign with c:'(.r) $ 0. Then let

s(T)
1(7-1)
| 18
(84) O, p)* ¢n f{:)—' MG
o (T

Note that (8.4) gives the same resul. as (8.3) as long as (8.2) holds. Degen-

r(T)

eracy is resolved in the same way, that is, 1f O ( )- 0, take c.(,r) > 0 and max,

r(T

Ifno O can be chosen, that is, all ratios are non-positive and zero

r(T)
ratios have negative denominators, then ﬁp has no finite maximum, A class of

solutions exist as follows:

)) * @8y =P

a('r
with the value

(8.6) ﬁp(r.l) -0 af(.r) — +® &8 @ —> +®,

This is Terminal 3. It cannot happsn in a Phase I since clearly zero is an

upper bound for the variable x"*1,
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- SOMMARY OF CYCLIC OP IORS (Oune Jteration
(9.0) Test for end of a Phase I or for arbitrery halt (external switch.)

(9.1) Determine valuse of f, (discussed further below.)

(9.2) Porm ui’) -1 ui(r'l) by (6.14).

(9.3) 4Conput.o dST) - ugr) aj and choose df{%) e min dST) <0 or
teminate if all dST) >0,

(9.4) Compute a:(.r) - ‘;(T-l) .2(‘1‘) by (6.11).

(9.5) Choose Or('r) by (8.4) or terminate.

(9.6)  compute ni{T) by (6.6,7), transtorn g1(T-1) 1o g3(T) by one
step as in (6.11) and record s(T) for JS.H.) 5

(9.7) (Optional) Print results of iterstion

(9.8) Condense and store n:(‘l') and r(7).

(9.9) (Optional) Check solution and print

X - THE COMPOSITR ALGORITHN (Porming ti)

Suppose that a basic solution has been udtained which is infeasible,
that row p is the current optimising form and that q is the smallest row
index of the actual restraint equations,

Suppose a vector ui( has somehow been chosen to bring into the basis and

s(T)
that (8.4) 1s used to determine r(T). After the change of basis, the new
values of Bi are

(10.2) "M w9 _ >0  (the valus of x*(T))

r(T)
N 3°r) _ A(T-1) _ i
(10.3) 8 B orm % (1) (1 4 n(T) )

Now for 4 > q and 1( F, (10.3) gives 51(7) > 0. However, for L €P, there are

two cases,




P-842

pe.2)
(10.4) If4€F and c:(r) < 0, then pi(T) 5 gi(T-1)
(10.5) If L€P and a:(r) > 0, then pi(T/ ¢ g1(1-1)

Hence by (10.,2) and (10.3), no infeasibilities are created. By (10.2) and
(10.4), some infeasibilities are improved or removed altogether, However,
by (10.5) some may be made worse. To overcome this difficulty, consider the

function A = % ai < 0 which is a measure of the infeasibility of a solu-
i¢F

tion., We wigh to maximise it to zero and hence we may replace the maximisa-
tion of Bp by the maximization of

(10.6) o= ap ¢ A< Bp
provided o is monotonically non-decreasing. When o reaches ites maximm, if
A =0 then ’p is maximum. If A < O, then ap is too great and A must be in-
Frouod without regard to decreases in 5’.

] ificPor{ep, £ =0 othervise. Then, as caii be seen

let N

i
from (9.2,3,4)

b

o(T) <O0.

(10.7) dET) -1 a

Consequently, after change of basis, the new value of o is *

(10.8) ofT) < o(T-1) O (1) (™ 5 o1,

If the set F is void, then (10.8) is the same as

T -1 T T-1
(10.9) ap( e Bp( A = gr(r) d£ ) > pP( )

which is the usual formula for the change in the maximand.

Now, however, if all dgr) > 0, we cannot claim Terminal 2 without check-

ing to see whether F is vold. If F is not woid and all dST) > 0, it may be

because (10.9) dominstes (10.8) .o In this cease, we may scale down fp » perhaps

1(T)

®  Note that if ai(‘r-l) < 0, then 8 <O for {€F and | g r(T).

®  that s, gf"“l) .j > |, u?(r'l) .3 for hEF.
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to zero, until such time as A = O, If all dgr) > 0 with fp e 0, then no
feasible solution exists since A < O is at a maximum,

Even though A\ = 0, it is scmetimes desirable to set fp <1l, Of course,
tolerances must be built into the code in testing dJ > 0 since, 1f it is
sufficiently small in magnitude, it ought to be considere: zero., Varying
fp has the effect of varying this built-in tolerance, Provision has also
been made for setting {p < 0 which causes Bp to be minimised instead of maxi-
mized., This is often convenient when experimenting with a model. The value
of fp is entered on s binary card subject to & switch,

If 0 < 87 is at & maximum and fp $§ 0, the machine will set tp' e 0 and
stop so that other values may be loaded {if desired. If A = 0 and fp 0,
the machine will set fp = 1 and stop,

The variable ap is checked for monotonic behavior each iteration, accord-

ing as fp >0or fp < 0. This test is suspended if A < O or when making arbi-

trary transformations wvhen the behavior of Bp is unpredictable.

X]I - PARAMETRIC PROGRAMMING (PLP)

Provision can be made for parametrizing the right hand siie as a linear

function of 0 > 0, i.,e,

(11.1) .j xJ e bl sl

where, if 'a Phase I was used, cl must be formed in the same manner a- b1 in (5.26).

To do this, first find an optimal solution for @ = 0, say

(11.2) “:I(T-l) Bh(r-l) e bt e pi(T-1)

Let

(11.3)

_ﬂ;(T-l) LIS

i i
Now using Yy in place of a.(T) in (8.4), a value or(T) 40 can be found such

that




hy ol i
) e b e or(T) c

(11.4) “;(7-1) (g"(T1) - Or(ry ¥
with

(11.5) Bi(r-l) - Or(‘l') 71 >0 fori>q
and

p T o gy YT 20 (rer(m ).

The parameter ¢ cannot be increased by more than Or(r) with the basis
p;(r-l) without violating (11.5) but (1ll.4) is an optimal feasible solution

to (11.1) for this value of @. Let

A(T) M- O gl
(11.6)
g} o g4(T1) _ o) A
1(T1-1)

To increase 6 further, . must be removed from the basis and replaced

1
with some a.(T)

r(T)
to form a new basis pt(r) so that

A1) A0 G D)

is also an optimal feasible solution to (1ll.1) for the same ©. The whole

process can then be repeated.

The index s(T) is determined by the rule used in the dual simplex algo-
ritha. Let D be the set of indices j for which n;(T-l) .S‘ <0 (rer(1)).

Then choose Q'(T) by

u ﬂg(r-l) R,
11.8 S >0 (rer(1)).
(13.8)  8y7) " yep | D) j}‘ 2 e

ote that
Note a(T)

]
’U(T) B '“r(T)
s

and (11.8) is the analogue in the dual problea of (8.3).
If the set D ie vold, then © is at a maximum., If all y! < 0 tn (11.3),

then © can be increased without bound. These are the only two automatic
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terminations in PLP, The following theorem is of interest.
Theorem: If the choice of r(T) for (ll.4) is unique and {f D 1s not void,
then there exists a finite range of 0, or(T) <0< °r(r)‘f , for whieh

the solution obtained by replacing ptE;;l) by 5:(7) , where o(T) 1»s

determined by (11.,8), is both feasible and optimal,
A proof can be found in Reference ...
A separate control code for the ocomputer is used in doing PLP, It always
starts from s prior optimal, feasible solution. Dus to (11.8), the iteretions

are longer than the regular code.

XI1 - MULTIPLE PHAJES

It is somevhat difficult to parametrize the optiniz}ng form since the
analogue of 71 would be a row vector of n+l elements. As an alternative,
provision is made for multiple optimizing forms which can be made to differ
by finite amounts in any desired way, Of course, it is not contemplated that
two such forms will be drastically different since that is equivalent to two
different problems. In such a case, it would be better to start the second
one from the beginning or from the end of Phase I.

It is also possible to split Phase I into multiple phases. This will
not be discuessed further since its application is limited and it generaliszes
easily from the discuseions given.

It will be easier to describe the use of multiple phases if a specific
example is used, Let it be required to optimize three forms and to start the
problem with a Phase I. Then the auxiliary form must be

(12.1) '3 xd + x™ao (3 =3, &y oeep W)

The form to be optimized first (after Phase I) must be

(12.2) 2 . aj x) a0 (maximize xz).

p-842
p026




P-842
pe27

Similarly, the other two forms to be optimised in turn must be

(12.3) x* . ai xJ 0 (maximize xl)
(12.4) ° . ag xJ =0 (maximize xo) .

The initial restraint equations will be

(12.5) adxdex™ont (el 5, si @y Se3, 4 e, ).

Thus the initial value of q is specified as q = 4 (total number of phases)
giving p = g-1 = 3 (number of " Phase II's" ), The other two parameters
required are z = 1 (number of " Phase I's'') and 2. 3 (index of sum row,)

A’ the end of Phase I, p, q and 2 will all be reduced by 1 giving
P =2, q=3,z=0 o0 that x2 will now be maximized disregarding xl and xo,
(12.1) will now be considered a restraint equation the same as (12.5), and
the phase will be recognized as a Phase II.*

When 12 reaches a maximum, p will be reduced by 1 to p = 1 but q will
renain at 3 eo that x1 will be maximized disregarding x2 and xo. Similarly,
when xl reaches & maximum, p will be reduced to p = O with q still remaining
at 3 so Lhat’xo will be maximized disregarding x2 and xl. In other words,

p is reduced sach phase but q is reduced each phase only as long as z can

also be reduced., All three must remain non-negative, obviously,

® A Phase I is terminated when the variable being maximized reaches gero,

A Phase II terminates when all d, > O. These criteria are not always equi-

J
valent even in Phase I, I1f b1 is representable with fewer than m of the

columns .3 (1, 3> 0), then seversl artificial columns may remain in the

basis at zero level at the end of Phase I, In this case, the dJ corresponding

to the Phase I pricing vector will not all be non-negative. If Phase II

starts with artificial columns in the basis (other than aé and ‘iol)’ then

may be eliminated in Phase II but one ci’

nek will always remain,

.1
nel
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CGAHITTTON OF THE ~ODES

The cate asgembly code, .o tlie none fmml ez, - on asserblr nrom~-n and
containg “he unsucl ~onversion rout nes, e*:, us vell us severnl srmerial sub-
routines denirmed Tor ‘he part’~ular ~anvertionn nszed ‘n ‘his erctom, ! dee

]
teileé deserintion of its orran’zation wo:ld gerve no seful purposc here,
fomplete 1lis* inge o the rropram arc ave’ lehle for *hose vho have a 4echnicnl
‘ntereet in the coding. The prenuration o the inpur are jescribed under
TI'PUT and the output ie ¢ isrussed rnaer CPWIATION OF THE CODES., Ye will mere-
1 note herc *hnt catn isc proregscd 2ither f"-am. ‘aric or from tepe © and +hat
output is 'o :aps ° and mmehe. ~aris (binar:.) Sin-e the entire prorram e
o0 lons for the availuble part of core storare, 2 part of the data wssembl:-
pro~rarn is stored on érum 1 (autome* ~111ly, <-inr loadine) and rezalled to
ecore s.orare when noeccod,

The ~on=<e>n “are ip p'tt o° Timsyt s pt oorpaaizition of the.mn’n

ront.inaer, at e8~T U )

Comceptually, the high-speed store (M3S) is divided into twe main

soctions;: (1) the programs, constants, parameters and temporery storage,
(11) the data, both original and transformed.

Similarly, suxiliary storege is divided into two parts, one part as perman-
ent storage for (1), the other as permanent storage for (i1). Thus the
eatire HSS is in a eense ®temporary storage' . In prectice, & considerable
part of section (1) of HSS remains intact throughout a run but can be re-
stored from auxiliary storsge (drums) if necessary. The advent of the
extremely reliable core-storage, however, makes the need of mt.orln. unlikely.
When HSS resches the sises now contemplated (that is, 32,768 words of care m)',
auxiliary storage for the code and for certain dats will be unnscessary. 7The
main use for auxiliary storage is for the -} matrix and the q:(") vectors.
Magnetic tapes are used for both. On the IBM 704, three tapes are actually



used for the y

1(¢) vectors as explained delow,

The data section of HSS is divided into four regions;

the H-region for the basis headings: mel woprds
the V-region for the values pi of t» current solution, main-
tained in double~precision, floating point: 2(mel) words

the W-region for work space in gemsrating u:( ) and u{” and other

T
purposes; 2(mel) words.

| 1(¢)
J r
or as much as possible of either: the remainder of section

the T-region for temporarily holding the a, matrix or g vectors

(11) which should be at least 4(mel) words.”

The sise of these regions is a function of the number of restraints. Their

origins are computed by the data assembly program. In PLP, V-region is

used as & second W-region in pricing. 4 duplicate of K- and V-regions, as

P-842
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well as the original bi, is kept in auxiliary storage. This allow re-starting

after an error and checidr; a solution by computing and printing

& - “11!(1) RICONINY

Por PLP, it is also necessary to keep c1 and 11 in auxiliary storege.

The program section of HSS is divided into seven regions:

(a)
(b)
()

(d)
(o)
(1)

Temporary storage called COMMON.

The main control region, called the MCR.

A sub-routine for doing double precision, floating point addition,
called DPPADD.

A similar sub-routine for multiplication, called DPMMUL.

A routine called the distributor (DISTRB), explained below,

Space for the largest sub-routine. The first location is called

SRORIG,

¢ The origin of T-region has been arbitrarily set at 2048 for all problems.
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(g) Universal constants, paremsters, origins etc., called K-region.
The need for COMMON, DPFADD, DPPMUL and K-region is obvious. Their loca-
tions are permanently fixed and may be referred to frca any program in the
systeam. All sudb-routines are closed. The K-region containes certain calls’
whose contents are fixed only for part of an iterstion or other sub-sequences
of the problem. There are conventions on when and by what routine these are
to be changed. OOMMON is always available to any routine.

The f'nction of the MCR is to make the ma jor decisions and call for
the proper sequence of operstions. Most of the actusl work is delegated
to sub-routines, Besides the NCR for the main algorithm, there is one for
PLP and one for re-inverting a basis. Other suxiliary programs are o'uih
created by coding a new MCR.

The MCR calls for s major operetion by linking to DISTRB with a peeudo-
operstion. DISTRB calls in the proper sub-routine from auxiliary storage
and loads it into H3S starting at SRORIG. Control is then transferred to
the sub-routine which returms control to the MCR after completing its func-
tion. If some other arrangemsnt for linking to sub-routines is desired (as
for example, when HSS is very large) it is only necessary to change DISTRB
to arrange for the proper routine to take over in the proper way.

There are fourtéen standard sub-routines. Others mgy be added for
special purposes if desired, up to the limit of suxiliary storege to hold
thea, More importantly, if an improved or a special wersion of one is
developed, it can replace the old one merely by exchanging the proper binary
cards, These sub-routines, together with DPPADD, DPPMUL, K-region and a
epecial loading routine, exist in binory cards which constitute a basic deck.
The origins card produced by the data assembly is put ahead of,and the MCR
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behind this basic deck.

As soon as the special loading routine is in HSS, it takes control

and loads the remainder of the basic deck and the MCR, storing thea in

suxiliary storage (drums). Since many of the sub-routines require addresses

to be set which depend upon m, & loading interlude is performed to do this

initialisation. This is accomplished by an initialicing routine which goes
vith a sub-routine, the two being loaded simultaneously into H33. Control

i{s then sent to the initialising routine which does its job once and for all

and returns contrsl to the loader . The loader stores the initialised sud-

routine in

auxiliary storage and tuilds a catalogus of locations into DISTRB.

The NCR takes over control when loading is complete.

The fourteen sub-routines (called " codes?®) are as follows. Some are

used for multiple purposes which are controlled by intermnal switches.

Code

Code

Code

1. Load the tinary cards produced by the data assembly and
store in appropriate places. If the uj card.o are included, they
are transferred to tape. Subject to a switch, a value may be
loaded from a special card for fp. By means of an internal switch
and t:he use of control cerds which it loads, this load routine ie
able to distinguish various cnn,_inn.hl start, re-start, start
of PLP, re-start of PLP, 80 that the proper information can be
stored in suxiliary
2. Store the current solution in auxiliary (drums). The
" current solution" 4is defined as K-, H-, and V-regions.
3. (Normal) Porm the row £, in W-region, and record wvhether any
variables are infeasibls.

r

(During PLP) Porm 32 in V-reglon and 57  in W-region.
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Code 4. (Mormal) Compute w.i(’r) - fi n:,(‘r'l) in W-region,

(During PLP) Compute -
x‘;(r 1) n V-region and xli.(r-l)in wW-region.

i
J

L}
as described in Part A, Sect. XI.

Code 5. (Normal) Price the matrix s and choose dﬁr).

(During PLP) Choese Pe(1)

Subject to an external switch, recognize " Curtain'' marks in oj .
Subject to instructions from the MCR, mska the following check;

(Normal) If dgr) # 0, (during PLP) if ';'(T-I) lj # 0O for J# 35'{3)

then test for j occurring in Jgr-l). If it does, an error has

ocourred. This check is very valuable for detecting errors before
much more campvting is done. It does consume some amount of time,
however, which increases with n.

Code 6. Load a:( from o}

T) J
precision, floating point veotar.

matrix into specified region as double-

1(1-1) b

Code 7. Multiply LY o(T) (or any vector in specified region).

Code 8. (Normal) Choose the index r(T) as discussed in Part A,

Sect. VIII. Por arditrery transformations or inversion, thoose

r(T) by:
r i
%e(1) %(T)

where A is the set of indices 1 for which 3&”7-0 (artificial).

{ (1-1
s(T) ) to

max
16a

Code 9. (Normal) Compute n:(‘r) from a and trensform 51

51(1) .

Bi('l’-l)

(PLP, first entry) Compute 31(7) and 8. from » r(T) and

(T)

v AT (part a, geot. XI). Then compute bi(T) o pi{(T-1), °r(!’)ci'

® v part A" is used here to refer to DETAILED WRITE-UP.
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(PLP, second entry) Compute n:(r) froa ":(r) and transform
11(1'-1) to yi(r). (A1l these operations are very sinilar, even
more than appears at first glance. The variations are merely
ewitches,)

Code 10. Delete seroe froa n_:.(r) and index non-sero slemsnts. S5tore
condensed vector in auxiliary storage (drums; cf. Zode 13).

Code 11. Multiply out u:;(‘r) ph(r) ol . (1 taxing p:l('f) from
(T) i

original ‘j matrix by referring to Jh . ¢ 1s left in T-region
and b1 in W-region for printing.

Code 12. Print program. This program is -~ 'ite elaborate and longer
than the other codes. 3Special provisions for it need not be dis-
cussed here .. .cept to say that appropriate captions and identifi-
cation of columns are printed for each type of print-out, of which
there are 14. The print output can also be put on the fifth tape,
if desired, for later printing. In all print-outs, there are 5
columns of which the first three are: JiT), ﬂi(r) and { = 0, ..., &,
The last two are the contents of W- and T-regions.

Code 13. This performs an 'end-of-stage' i1 which some of the
qi‘_(t) are transferred from drum to tape., See below,

Code 14.-18. (Undefined , except for code 1L used with a special M'R,)

Code 19, Automatic restart program for recovering after an error by
returning to the beginning of the iterstion. Clearly, this is
highly dependent on the particular machine. The important points
to note are that all programs, the original data, the current

1(T)

solution at beginning of the iteration, and the e vectors must
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be intact somewhere in the machine. Also t:ds code must have

been previously instructe{ where to return control to and te slle

to restore all equipment (e.g. tapes) to the .roper positions.

It must, of course, be activated by some external means,
Besides the physical orgarization above, there are also dynamic groupings,
several of which have already been discussed: the iteration, the phase,
maximisation of A<O, arbitrary transformations, etc. Another grouping is
called a stage and always corsists of an integral number of iterations. It
has nothing to do with phases or other mathematical aspects but is simply an
operational device. It was devised for the IBM 701 and has been carried
over to the 704, for slightly different reasons. Some analagous arrangement
1s probably necessary on any machine,

Most of the advantage of condensing the qi(t) vectors would be lost {f
8 separate access to auxiliary etorsge had to be made for eacn one. It is
desirable that as big a chunk of ther~ transfomation vectors as possible be
recalled at one time. The limiting factor is the size of T-rejon. Hence.
as the n:(t) are generated, they are stored on a drum until or.e mores would
exceed the capacity of T-region. At thie point an end-of-stage procedure is
performed. DBefore describing this, it is necessary to explain the use of
three tapes for the q:(t) vectors.

The tapes on the 704 can be back-spaced and additional recoris can be
added to an existing file. However, they cannot be read in a backward
direction and the back-space is somswhat slow., Hence the records are stored
in reverse order on a second tape for use in computing ngr). The third tape
is used alternatoly with the second from stage to stage. Tiiough thls costs

some copying time, it does provide a spare (and checked) copy of the tape at
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The end-of-stage procedure is as fu..cws:

(1) Compute ¢l

(1) Y

(2) Print Ji”, 8 i, b, ¢

(3) Transfer the “:'(t) on drum to an aciitional record on the
forward tape.

1(t)

L on drum to the first record on the free

(4) Transfer the n
backward tape.
(5) Copy old backward tape to remainder of new backward tape.

A 1(T)

(6) Punch out binary cards containing A-region, Sy amd ¢ s

During PLP, also punch bi(T) and yi(T).
(7) Adjust the necessary bookkeeping parameters.

An end-of-etage may be forced by an external switch. It also occurs a* the
oend of Phase I and terminations. “teps (1) and (<), above may be forced
without the others at the end of a cycle by an external switch., This would
be desirable adove tajpe manipulations.

To restart from the end of a stage, it is only necessary to use the
punch-outs to replace the corresponding original data cards and put the
tapes back on the same units.

Similar s!mple hand collating of blocks of junch-outs with the original
data cards (binary) and changing of the MCR are all that are necessary to
set up the deck for PLP or re~inverting the basis. osSpecial short MCH's are

usually accunulated for such things as: transforming a new right hand side,




computing and printing tbe dJ, altering a vector in “he basis, otc. A

special routine is provided for copying ¢ nt.(t) tape in reverse order 80

that ¢ problem can be picked up after bad luck with tapes.
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,track of first and last locaties ef each .eutime exceyt fer MIR's, amd uses th s "‘"?;?

OFZRATION OF TER CCOND
DADA ASEBELY COE
The data assesdly pregram (vhich vill de discussed only briefly) resds
o idemtificatiom card follewed by & card with the 5 parameters. After this
oamss the dasis headings, 1f any, FIRST B, the b, eto. as descrided umder Vo
DOUE. Only aon-sere elamemts are emtersd, vith their preper imdioces.(Zwrs *
mabers vill cause 3o difficulty, enly « vaste of time and space.) The jwe-
gren pnches in dimary oards: L=t
Tho ldemtification oard (bimary ceded) wvhich mist be placed after :

the mtrix trensitiem card before leading by matn oede.
A e0)f lmding erigine card méeded by the leder far the maim few

tines vhieh must be placed om the front ef the min ceds Geck, ;‘
Tve blank separatars. (diseard) i 4{.,
Initial X-, B-, and V-regiens fellewed by  blak (retain.) B fé

Right hand side for leading in W-regiom.

(Opticoal) Blask, auxiliary right hand side fer loading in Veregiem.

(Optiemal) Blank, matriz fer leading in T-region. Maltiple receards we
separated by blasks (retaia Lut nmet after last recerd.)

Mtrix trassition cerd (9 pumch im col.57 emly.)

Y& wrer detectiem, see list of stope.

CEPERING OF WAIN CODE DCK
The erdering of the cards is very impertast. If ‘emporary cevwesdien
m.mw,myntmummmmwdtM-“

they lead inte the highest pusbered cell used by the reutime. THhw leader heeps ,"3;1
-

" "

infarmatien for loading the reutines on the drums eaj building the tedle for use ' "

by BIFIRB. Foliowing esch reutine, a title cerd idewtifies the cede Jwst loeded, .
. , ik

The 9 rw left is dlmk. m9mﬁmmmmmma~”4

—.'.‘

-
.

.
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mnt, Sbd-ICR's are identified dy zero and ICR's by minus gero in 9 rov right.
The print program is loaded om drum 2 firet as though it vere a sub-NCR. How-
over, this causes no difficulty since DIGTRB does not recall the print program
to NBS directly. A pseudo-code 12 (losded in the mormal vay) recalls the real
print program from the known location at the begimming of drum 2. The primt
pregram occupies the high part of T-region vhen in use, If another sud-MCR is
lcaded later in the loading sequence, DISTKB recalls this when Code O is called
far by the }CR. DIBTRB dees not recognize’Code -0°%,

The bisary cards are idemtified by Bellerith characters in cels. 73-80.
The basic deck is as fallews.

CIR NID8 1 card self-loading program to clear index registers and
load next card. (Preceded by erigims cerd punched by data
assesbly which leaves index regs. ia, roperly for NIABSLIR.)

KIABSIIR 1 card self-loading load program fer loading LPBAESE.
LFBASEO) Beveral service routinest DEBOOT, a drum " bootstrap'' for

‘ activating Code 19; DPFADD; DFFMUL; DISTRE wvith blank tadle;
1LPBABK] 3 end RXEC1ID, the actual lead progrem discussed adbove.
LFBAKETS Transitiom card to give comtrol te EINCLD.

LIRINT01--IFRIFTR2S The actual primt program.
IFRINTTL Title card fer print prograa.

1XCD0101--1FCD010%5 Code 01 ’
1JCDOLITL Title card

1ICDO201 --1LICDOR202, LICDOTL Code 02, ete.
1XCDO301--LFCDOPOS, LICDOPEYL
LICDOM1--LICDO410, LICDOMTL
1IXCD0501--11CDO511, LFCDOSTL
17CD0601+=LFCDOG03, LPCDOGYL
LICDOT01--LICDO706, LPCDOTTL
LICD080) --LICDOBOS, LICDOOTL
LFCD0901--LFCDO909, LFCDO9TL
LACD1001--LIACD100s, LICDIOTL
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LICD1101--LFCD1109, LICDIITL

LFCD1200 Pseudo-code 12 fer callimgprint program into KBS,
LICD12TL Title card.

LFCD1301--LFCD1309, LICD13TL
LPCD1901--LFCD190A, LICD19TL

LPEINVOl1 Sub-)iCR for inversion code. May be left in dasic deck if
desired, as long as no other suwb-ICR is used in which case
the capacity of the drums might be exceeded.

LPSTNV1O
LPSTIVTL

THE TEREE MAIN MCR's
The basic MCR is for the composite simplex algoritim including Phase I,
multiple phages and arditrary transformatioms. The cards are idemtified dy
LPFCOMMO1--LPCONO0 5, LFCOMMTL.
These follow the basic deck described above.
A special MCR 1s used for PIP. The cards are idemtified dy
LPPLPMO1--LPPLINQO0, LPPLPMTL.
When starting a run to do FLP, these cards are us¢d instead of LFCOMNO1, etc.
Another MCR 1s used to re-invert a givem basis. Put LPEINVO], etc, at
the end of the basic deck (see above) and use the fellowing MCR cards.
LPTHVMB1 --LPTNVIQS, LPINVITL. (
The sub-MCR operates first to erganize the wark. Hovever, the operatiom of this
is automatic. LPFBINVO1--LPBINV1O, LPSINVTL, LPINVMOl1--LPTNVM1D, LPINVMIL can

all be left together and considered as one MCR, if desired.

SWINCEING )CR's DURING A RUN
It 1s sometimes desiradie to start with eme MCR and them switch over to

another ane wvithout getting off the machine. It is not necessary to use the
punchecute and reload the basic deck to do this. Nowever, if a ewitch-over
is to be made to the inversion MCR, the sub-)CR must have been loaded vith the

basic deck initially.
The special svitch-over procedure uses Code 19, sense svitch 6 and a special
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transition card, There are tvo of these, one for use vith LPCOMM or LPTNWNX
marked PIXUP TN. The other is far use vith LPPLPM explained below.
To svitch over to either LPCOMM or LPINVM, proceed as follows:

l, Put the following sequence of cards in the reader:
MCR wvithout title card
PIXUP TN
Blank caril
Matrix tramsition card (9 im col. 37)
Jdentification card punched by data assembly
Three blank cards

2. Put B8witch 6 down.

5. Push CIRAR dbuttom.

b, Push LOAD DRUM butteom.

5. Mcr is read in and machine halts. Put Svitch G up.
6. Push START buttom to proceed.

If it desired to reead a scale factor card (rp), then Bvitch 6 is left down in S
and the fp card is put after one of the dlanks folloving the identification card.
To svitch over to LPPLPM, the procedure is the same except for the cards

used wvhich are:
LPPLIMO] --LPPLP10
The ci cards punched by the data assewbly (vhich load te Veregiom)

FLP EPECL PIXUP ™ (card is punched this way) and two blank cards.

An fp card cannot be loaded for FLP in this manmer.

LENOTH OF WUN

The codes have been designed to operate contimiously until either

(a) a phase is ceamplete,

(b) ewiteh ) 1s put down (arbitrary end-of-stage and halt), (also sv.6, see
(¢) the value of f_ must be changed, or bolov.)

o
(d) an errar is detected.

Whenever a stop occurs, hitting the START buttom will cause the progrea to do

the "right thing'', insofar as possidle. This may be either
(a) to comtinue the calculatioms,
(b) to try again the sequence of operatioms in which an error vas detected, or

(c) to lock-up and do nothing.
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If the machine has performed everything required, it will leocke«up vith all feur

somse lights an., If the errear is such that it

tic drum restart (Code 19) may be used to repeat the iteratiom.
vated by clearing 88 (CLBAR button) and pushing the LOAD DIRTM buttenm.

svitch 6 1s up vhen doing this.

All stops are descrided in the list given

cannot be cerrected, the automa-

This is acti-

Be sure

later delow. The onee normally

to be expected are 0, 1, 6, 7, amd 27. After certain stops (e.g. 5, 122) Bwitch

1 must be put down bdefore hitting BTART (to get an eni-of-stage) in order to

stop the machine at the proper point. The job

after any end-of -stage and restarted from this

may be taken off the machine

point, The punch-cuts replace

the correspend ing oariginal binmary data cards, i.6. K-, H-, V-regiems and, for

PLP, V-region (bi(?)). The bimary data cards for COMIR and PLPICR are compared

below.

CRDERINO OF THE BINARY DATA CARDE

These cards follov immsdiately after the MCR title card,

LPCOM LrrLm
K-region (Replace K-regiem
H-region v H-regicn
V-region — Yeregion
Blask card
outs v 1(,))
Sor -region (d -
'F‘l’-ree'ien (71(1)) * ins

restarting) ¢ o
- - - - = T = = = e >to
Blank card . Blank card start
W-region (b") Wereogion (ci) nr
Blank card Blank card

i
J

Matrix transitiom card
Jdentification card
Plank card

f_ card
P

2 bdlank cardg

(Optional)

a, mtrix (T-region),

(Optional)**

;A .3 Msas man bomn ol wavd wacon

{

aj mtrix (T-regiom)

Matrix transitiom card
ldentification card
Blank card

f_ card
p

2 blank cards
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(Xeyed from last page)

Current 71(') vecter does not exist initially. For starting PLP it is
substituted for by a card which is blamk except for 9-punch in same (any)
column 38-72. This does not replace the blank following.

*®  Read enly if 8vitch 6 dovm, The two vords in S-row a~e the value, the
bimary poimt being between columms 26 and 27. If fp is to be negative, put
a 9-punch im both columms 1 and 37.

To start an inversion run, use same data set-up as for LPCOMM vith the
punch-outs wvhose H-regiom specify the basis to be inverted. BEverything is
sutamtic provided the designatioms UPOOl, UPOO2, etc. have beem used far
legitimmte unit vectars b.i ’ 5,‘1,  0tc. If any Jh< 0 are left ov.r "rom

oariginal set-up, they vill be treated as rero and discarded.

BRINTED OUTTUY

The captioms om the print-outs describe the reason for printing. The
idemtification card is always printed first, followed by a lime with iteratiom
maber (T), stage mmber less ane (1.0. mmber stages campleted), form muaber
of maximand (i.e. current value of p), caption amd, for scme primts, *3I8 _ '
wvith apprepriate vector nams filled in., This means aé Just came into the
basis ar is to be multiplied by 6 for unbounded solutioms. ZThe third line
18 a set of headings for the five columns of printing of vhich the first three

are alwvayse!

J for .j(iT) 3 BETA for Bi(r) ;

I for running index 1.

The fourth column may be headed by any of the following:

3 tab (o T 1n prp)
t  tor ni(T)

o Ny
otk 71(1'-1)

i
A for “e('r)
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The fifth columm may b@® either

R for 51 (error) or

T
P1 for tg)

or, in one instance, blank.

The fourteen captioms vith the corresponding headings for the fourth and

rifth columns are a8s followve:

1. CYCLE FRINT SIS _ B FI (forced by Switch b)
2, NEW SOLUTION 81S__ B PI (occurs every iteratiam in
FLP unless 6_ = 0.)
3. CHECK SOLUTION B ER (forced by Bwitch 6)
L, XND OF PEASE OKE B R
5. KND OF STACE B R (drum 3 full or Bvitch 1 down)
6. WO FRABIBLR BOLUTION B ER (see stops 2 and & below)
7. TFRASIBIR 8QLUTION B R (see stop 3 below)
8. OPFIMAL SOLUTION B B (no stop umntil after 9)
9. FPRIMAL-DUAL BOLUTIONS B PI (fimal print after 8, 13 or 1h)
10, UNBOUMDED SOLUTION S8 1I8 __ A PI (Terminal 3)
11. RIGRTEAND BIDEOPEN S I8 6 FI (ome of 2 pessible FLP termima-
tioms, similar to 10)
12, MATRIX SINGULAR I8 A (blank) (Inversion or arbitrery trens.)
15. BASI" INVERTID B R (proper termimatiom for imver-
sion, no stop until after 9)
R4, THETA AT MAXIMIM B B (the other possidle FLP tsrmim-
tion, similar to 8; no stop
until after 9)
SERBR SWITCHEB
(12 om)
l, TYorce end-of-stage and halt.
2. Omit the dJ check in Code 5.
3. Put all primt ocutput on tape 6, including any printed om-line, and
do & cycle print (to tape) every iteratiom.
b, On-line cycle print.
5. Recognite ' curtain'' marke in a; .
6. a. While loading or after stops 2 or 5: 1loed value of tp ‘frem card,

b. VWhile ruming: performs & check primt at end of iteration and
halt. (This is independent of cycle print and fellows it.)
c. When using Code 19 (autamatic pick-up), losd nev MR and halt,
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R STOFE AND OTHER EALTS

There are many er~or stops built into the codes. In arder to facilitate
de-bugging of problems, they have been lef't separate and distinct and idemnti-
fir3 vith a mzbexr. Due to the vay the codes are crganized, italg not feas-
idle to {demtify these stops by the HES location. In any event, this wvould
not permit easy reference, Instead, the etops are all ''Halt and Proceed''
adete vith the stop maber in the address. Nence vhen the machine stops,
the identifying mmber appears in the address part of the Storage Register.

All references to these stope are in octal.

EBror Stops in Data Asseably Progrea

(VY Tape 6 (input) will not read properly after 5 tries.

naH2 Zero overpanch on non-zero digit in aj.

6666 |ay| =810

T700 i>a fer a;,.

TT70 t>m for bl ar el

T i>m far basis heading.

10421 Tape 5 (Jjust written) will rot read properly after 5 tries.

This is only checked wvhem the matrix is punched in cards.

Eror Btops in Main Routines and Other Halts

T se are systemiged as follovs,
less than 100 - Legitimate stope in the MR
100 series - Error stops in the IR
200 series - '' during pricing operatioms (Codes L, 5)
300 series - 'Y 4n Code 7 (transformation of column)
%00 series I L ' 4n Coade 9 (mnking ,chunge of basis, etc.)
500 series - 1 '¢ 4n Code 11 (recamputing right hand side)

600 series ] Pt '* during loading.
700 series - Ut '* from tape check failures.

The complete ist 18 1in the folloving table, The abbreviatiom e-o-s 1s used
for enc-of-stage and ' Bex/START' for ' Put Switch x down befare hitting

START button.
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The remainder of the tape check error stops occur in Code 15. Ritting START

arter these stops causes the progrem to contimue us though there hnd beem no error, at

the operator's risk.

762 Bew record just writtem oo tape 2 will not read correctly.

763 Newly written tape > may be no good (tape check on tape u)
763 X " te K v e X " LK "o e 5)

765 162 and T63 ceosbined.
766 762 and 768 combined.

There are tve othexr error stops.

TTTTT Autematic restart from drmm (Code 19) tried too early durimg imversiom
run., Reload deck.

T1TTTT Cede 19 got a check sum error in restoring HBS frem drums. This check sum
is cerried on K-, E-, and Veregions omly. The first 7 in this error mmber

is in the tag field of the Bterage Register,



It is impossidle to give any realistic time estimates om a job. Time per
iteration goes up with m, wvith n nnd with the muber of iterations already pere
formed., Klaborate formula have been worked out for this dut they are not werth
wriling down although they have provided same camparative information. Nor is
past experience a relisble guide. An mvu'oicn run on 4 195 arder system (m = 195)
has been cbserved clipping along at 1 1A secs. per iteratiom. A 51 arder system
toock 20 mins. to reach an optimal soclutiom. Clearly these mmbers de not bear a
simple relatiom to one amother. Ome of the critical facters is the demsity of the
‘matrix. The following statemsnts can be made, hewever,

1. The inversion MIR is the fastest in operation, at least tvice as fast as

the COMI ICR for a givem prodblem.

2. The COMM ICR performs simplex cycles faster than amy other knowa code

considering the size of problems allowed, the accuracy mintained and

the flexibility provided for.
3, FLP is invariadbly slower after a given mmber of iteratiens tham the
COMM MCR, It is probadly vise to re-imvert the optimal dasis cbtained

by the COMM MR before bVegimning extended caloculatioms vith FLP.
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