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SUMKARY 

Ttie purpose of thln. paper la  to Illustrate ho* 
the techniques of the theory of dynamic programming 
may be used  to  convert a number of eigenvalue problems, 
«rhere one  Is  Interested only In maximum or minimum 
values,  Into problems Involving recurrence relations. 
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KiaKHVALUES  AND FUNCTIONAL EQUATIONS 

Rlctmi ;   Bellman 

^l.\ IINTRQDUCTIQN 

"Rie purpose of  this  paper A* to  Illustrate  how the  techniques 

of  the   theory of dyntuuic  programming^^A^  may   be  useü   to   convert 

a number of eigenvalue problems,   where"one  is   interested only  in 

maximum or minimum values,   into problems   Involving recurrence 

relations. 

III \wm* as  ■hall  treat  Jacobi matrices,   some  special  types 

of quadratic  forms possessing certain  features  of  regularity,   and 

finally Stum-Lionville problems.    The  connection between Stcur»- 

Liuuvlile  probleme and uynamlc  procranoning has   already been dis- 

cussed in   [2] , usli.g an approacj)/different from that we shall 

pr»«ent. 

"^i The method discussed ••■Pw is not only useful for computa- 

tional purposes, but provides a method for studying the analytic 

dependence of the maximum and minimum eigenvalues upon the analytic 

structure of the matrix. 

$2.  JACOHI MATRICS^ 

Let us consider the Jacobi matrix 

aN-l bN 

Qtner computational techniques are treated in papers of W. Karush, 
[4] and C. Lanicos, [^J . 
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and the associated  quadratic  form 

N W 1 
(2)     Q{x)  - ^b^  + 2 £ ^Vk+1   . 

Define  the  sequence of functions 

fn(y)   -    Jax   [b,^ + 2yxN]   , 

{i) N 

rR(y)  "    W   L^R "^ + 2yXR + 2 k^ »kW+J     . 

rfhere the maximization Is over the region 

N 
(M 

.^R^-1- 

Tne maximum characteristic  root  of J Is clearly  f^O). 

Let us now show that we can obtain a recurrence  relation con- 

necting the members  of the sequence   {^(y))    •     Write 

N 
(t>)    fp(y)  - Max R-    w VR 4 2yxR + kXi bkX' + ^H^^i 

N-l -| 
+ \ki w^ -I • 

Once  x-, has  been  chosen,   the problem of  choosing  the  remaining xk 

is   .julte similar to  the original,  with R transformed  Into  R-fl uid 

the  constraint  on  the  remaining x    talking  the  ^orm 

N 
(o) 

k .L^-1-^ • 
Let us  then  set 

(7)     xK  - fl-x^     zk,   x  - P>1,...,N   , 
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N 
BO  that  the cons tralnt  01.  z.   la      T      z"  • 

K        k-R+1    K 

We  then have 

(8)    fR(y) - M.iJt bRxg  ^ 2y^ ^   (1-x«)   [    <      b, z» + -ä^T^1 
R R     ^      ^ LK-K+I K k    i^ar J1-^ 

N-l -i 
+ 2       ;       a, z, z.    , 

k-Ä+1    ^ k k+1J 

ftnploylng the  "principle of optlmallty,"   [l] ,   -*e  obtain  the 

recurrence relation 

(9)     fR(y)  -    Hax    [bRx« + 2^ +  (l-x«)fR+1(aRiR/Ji^5]   , 
^R   i 

for R -  1,2,...,N-1. 

A  almllar  recurrence  relation may  be  obtained  Tor  the  minimum 

eigenvalue  *rlth  H\n  replacing Max. 

§^.     SXTgWSlONS 

Similar recurrence   relations,   of more   complicated  form,   may 

be obtained  from  the  consideration of matrices  of  the   form 

(1) J - 

The   basic  sequence  la 
r    N N-l M-2 

(2)     fR(u,v)  - ^x   [ ^  bkxj + 2 ^ akxkxk+1  . 2 ^ c^x^ 

+ 2  ux«  -f  2v UXp   4    ^VXj^^ 
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^ .     HOHE SPECIAL  CLARES QP  QU^HATIC  KQRKL. 

Conalder the   following three  special classes  of  quadratic  forms 

• • •  ▼ x«j •«   'T ajCw ^   r (a)     Qi   ■   (axi)8 -♦■  (xi  -f ajca)*  ■♦-   ...  4-   (x!   -f x»  -♦- 
_ M i 

(l)     (b)     Qa - Xi   -»•  (xj  ■♦■ axÄ)a -♦■   ...  +  (xj  + axt +   ...  ■♦• a      xjj)t» 

(c)     Qa  - x?  +   (xj  -f  axe)1  -f   (xx   -♦- axa  -f   (a+-b )x3 )*■♦■   ... 

-♦■   (x!   + ax»  -f   (a-fb)x3 +   ...  ■♦•   (a-f(N—2 jbjXj.)1   . 

Vor the first quadratic  form,  define the sequence 

(2)     fR(y)   -Max   [(y-»-axR)a+(y>xR-faxR+. )*-♦•.. . + (y+xR+xR^1-»- 
\x] 

N 
over the rtglon     >     x* - 1. 

k-R    ^ 

As above,  we  obtain the  recurrence  relation 

• • ^^fci    5 "TdlJC 

(i)     f.(y)   -    «ax       ( R x»<  1 
:y.axR)«+{l-x')fR+1((y+xR)/n^)]   . 

N)']- 

Recurrence  relations  of almllar  fonn may  be obtained   for  the other 

quadratic   rorms  and  for  the  mlnlinura  characteristic   roots. 

Many other special  classes of  quadratic  forms  can  be  constructed 

to yield simple  recurrence  relations.     T^e form 

m 
N 

k-1 ^k^k^ +bkK-\-l)a 

Is alscussed In [^]. 
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^.     EIQSKV/LLÜE PRQBLQtS 

If ^(x)  la  a  contlnuoun  fLinctlon over  [0,l],  unlfonnly 

positive 8c  that k\^) ^ a* > 0,   the  problem of determining the 

values of  ^    which  yield non—trivial  solutions  of 

uH  +   7\ ♦(x)u - 0, 

(1) 
u(0)   - u(l)  - 0, 

la equivalent to the problem of detern.lnina; the relative minima 

of 

(2)      J(u) - / u'1 dx, 
o 

subject  to  the  constraints 

(a) f   ^(x)uadx -  1, 
o 

O) 
(b) u(0)   - u(l)  - 0. 

We shall  consider here only   the   absolute minimum.    Using 

a different  approach,  a  functional   equation connected   with  this 

quantity  was  derived  in   [2] .     Here   we  use  the   following approximate 

technique.     Consider  Ihe problem of  minimizing 

co        J - 1  K-VI)
1
 A. 

K"l 
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subject to the restriction» 

K-l 

(5) 
k-l 

(b)  u0 - x, uN - 0. 

Set ^ ■ gj» *!, " Sir^» an(i absorb the A   factor, obtaining 

the problem of minimizing 

k-l ^ 8k  sk-l 

subject to 

(7) 

K-l 
(a) ^xj.: 

(b)  xo " zgo' XN " 0 ' 

Define the sequence 

N  . x,. 

k-R ' gk  t; 
(8) rR(z)   -Hin I (^-^iV , 

k-l 

N 
with x^1  - zg^, over ^ xj - 1, x,, 

We have 

9)  fM(z) - Mm (/ - zY 
N     x?f-l 

VsN 

- Mln ( i-- z) , { i-+ z) 
g N S N 

c nd 

(10)  fR(z) - Mln 
R      (x} (\-zy * ^-^^ICVSRJ^O 
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