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SUMMARY

The purpose of thi~ paper is to 1llustrate how
the technijues of the theory of dynamic programming
may be used to convert a number of eigenvalue problems,
#here one 1is interested only in maximum or minimum
values, into problems involving recurrence relations.
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EIJENVALUES AND PUNCTIONAL EQUATIONS

Richard Bellman

§1.\ JINTRODUCTION

7] 'LJ/
The purpose of this paper &8 to illustrate how the technigues

of the theory of dynamic programming.:‘.'u’may be used to convert
a number of eligenvalue problems, where“GdEjis interested only in
maximum or minimum values, into problems involving recurrence
relations. |

~La—burn-ue shettr treat Jacébi matrices, some special types
of quadratic forms possessing certain features of regularity, and

finally 8turmm—Lionville problems.  The connection between -Sturw-

Licuville problems and dynemic programming has already been dis—

cussed in [2], using an approach/different from that we shall

present. e -
fg/fhe method discussed @@®w 18 not only useful for computa-

tional purposes, but provides a method for studying the analytic

dependence of the maximum and minimum eigenvalues upon the analytic

structure of the matrix.

§2. JACOBI MATRICES®

Let us consider the Jactbi matrix

b| dy 0
a, bg ag

(1) J =
0

A1 Pper B
an_1 °N

ther computational technigues are treated in papers of W. Karush,
4] and C Lanzcos, [DT
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and the associated (uadratic form

(2) Q(x) Nba 2N—1
Qlx) = ggl K t kzl A %% X+ 1

Define the sequence of functions

fa(y) = Max [bNx; + 2ny] ,
1
(3) E

N N-1
) = M 3w v e 2 S ]

where the maximization is over the region

N
(4) k;Rx:-l

The maximum characteristic root of J is clearly ,;(0).
Let us now show that we can obtaln a recurrence relation con—
necting the members of the sequence {fR(y)} . Write

N
(5) fgly) = Max [ﬁ X2 + 2yx, + b x% 4 2a_x,x
R (x} LRR *R k-§+1 kK R*R*R+1

N-1
& 2k-§+1 avxkxx+1 ]

Once Xp has been chosen, the problem of choosing the remaining X,

i8 juite similar to the original, with R transformed into R+l and

the constraint on the remaining X, taking the form

N
(c) ; x2 « 1 — x2
kmR41 K R

Let us then 3get

(7) x, = jiiig 2., K = P4l,...,N ,
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8o that the constraint oi. z, 1is ; z; - 1.
K=H+1
We then have
28pXpZp41

(8) fgply) = Ti? [bnxﬁ + 2yxg + (1-xg) [x-§+1 i * Jl;igh

N-1
+ 2 ; az 2 ] .
kefls1 K K K+l

Buploying the "principle of optimality," [1], #e obtain the

recurrence relation

(9) fR(y) = Max [bﬁxg + 2yxg + (l—xa)rR*l(aRxn/Ji:fg ] p

<
for = 1,2,...,N1.
A similar recurrence relation may be obtained for the minimum

eigenvalue wit}). Min replacing Max.

§3. EXTBNSIONS

Similar recurrence relations, of more complicated form, may

be obtained from the consideration of matrices of the form

by a3 ¢y N
0\
a, bp ap Cp \

4
(1) S = Cy, ag by ag Cy

\ *

The basic seguence i3

N . N—1 N-2
(2) fR(u,v) = Max [ kZR WK t e kZR a.X X ., +2 KgR CL X X4 0

+ 2 uxR + 2va+1].
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Q4. OSOME SPECIAL CLASSES OF QUADRATIC KFORMS

Consider the following three special classes of Quadratic forms
(a) Q = (axy)® + (x; + ax2)¥ + ... + (x; + xg + ”.+xw4-+aﬂﬂ'
(1) (b) Qa = x§ 4 (x;, + axg)¥ + ... + (x; + axg + ... +aN'1xN)',
(c) Qs = x% + (x; + axe)® + (x; + axp + (a+b)xs3)?+ ...

+ (x; + axg + (a+b)xs + ... + (a+(N—2)b)xN)' .

For the first quadratic form, define the sequence

(2) faly) = Tif [(y+axR)°+(y+xR+axR+l)“+...+(y+xﬂ+xR+1+...+xN_1+axN)’],

N
over the region ) xﬁ - 1.
k=R

As above, we obtaln the recurrence relaticn

. - a R x®
(5) rR(y) Niceh [(yh'lxﬂ) +(1-x2)rp,  ((y+xg)/[1-x2 )] :
R
Recurrence rclations of similar form may be obtalned for the other
quadratic torms and for the minimum c..aracteristic roots.

Many other speclal classes of quadratic forms can be constructed

to yleld simple recurrence relations. The fomn

N o
(4) kgl (xk—ak)3 + bK(xk—xk_l)a]

1s discussed in [3].
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§>. EIGENVALUE PROBLEMS

If ¢(x) 18 a continuous function over [0,1], uniformly
positive sc that ¢ {x) > a® > 0, the problem of determining the

values of A which yleld non—trivial solutions of

u" + Ad(x)u = 0,

(1)
u(0) = u(1) = 0,

18 equivalent to the problem of determining the rcelative minima
of

(2) J(u) = / u'? ax,
0]

subject to the constraints

(a) J) d(x)uddx = 1,
o

(3)
(b) u(0) = u(l) = 0.

We shall consider here only the absclute minimum. Using
a different approach, a functionzl ejuation connected w~ith this
quantity was derived 1in [2]. Here we use the following approximate

technique. Consider the problem of miniunlzing

N
(4) Jo= 3 (wu ) A

Kml
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subject to the restrictions
N—1

(8) Z éku}’(A- 1,

| K]
(5) (b) ug = x, uy = 0.

Set ¢k - gﬁ, X = gM, ., and absorb the A factor, obtaining

the problem of minimizing
N X X =

&y g _ O ’
oty k§1<3k 3k—1>

subject to

N—-1
(a) x: -1,

(7)
(b) X, = 28, Xy = 0 .

Defilne the sejuence

X X 2
K K—1
(8) rg(s) =mn § (K- Tkl
‘R k=R 9 1 '
¥ .
with x - Zg over x> » 1, x, =0,
R-1 R-1’ SR K * °N
We have
(9) fylz) = M_i_rla(——z

= Min [ﬁ( S Z)'. ( L + Z)z ]
g ]
«nd

(10) fg(z) = '{4;'}1 [ (%R— Z>2 + (i - "?QfRn("R/ &R jfi}) ]
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