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SUMNUtT 
V 

The prohle« of *•▼« propagation In a iMdloa »Ith fluctuating refractlv« 

lnd«x is considered,    thi« prohle» being of Interest fro« the standpoint of 

the theory of twinkling of «tars and atmospheric acoustic«.    The prohle« ia 

reduced to linearlied equations «stisfiei by the phasf and lo^irlthMlc 

a^plltude    of the propagating waye.    Limiting cases are inTestigated and 

particular exajsples are considered to indicate the llBits of Talldlty of 

the /eoBetric optics treatment and the nature of the corrections required 

to talc« account of diffraction effects.       ) r; 
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S«ll «t.ospherlc inhowiürtl« arl.ln« fro- turtaQ««« ««rt a 

profound influeno. on propagation cf sound and light, causing th. charactT- 

istlc fluctuations of t» i associate fi.ld.    f. A. Ira.llnikoT ' '  ^   has 

inT..tigat.d e^.rl««itally phas. and amplitude fluctuations of sound «ves 

propagating through th. afoaph.r..    SiMlar fluctuation, of light wav.r ar. 

•Xhlblted, for instan«, by th. ph-o-r-on of twinkling of rtars. which ar. 

evidently doMly conn.ct.d with turbul.nt  fluctuations cf ataosph.rlc 

t«p«ratur..LJ' ^ 

R.f.r.nc.s    1,   3 and 8    contain so«, computatlona of th. pha.e and 

ttjlitud. fluctuations of a wa« propagating In a turfcil.nt a^iluji for 

obllqu. incline.    How.Y.r, this work is  bas.d on th« g.o-etric optics 

(acoustics) approximation, which «Tid«itly in certain cas.s Is  inadäquat. 

»nd giT.s rlso to a dlsci^pancy brtw.^   :o-put.d and exp.rla.ntal values. 

For instanc. in the ?.o«rtrlc optics appro^lMtlon th. anplUud. fluctu- 

ations are proportional to th. 3/2 FO"r of th.  (turbul.nt) l«y.r tnlckneae, 

wn.r.as observations  g^.rally Indicate a conald.rabli lon.r ord.r of  grewth. 

In the pr.s.nt paper an attempt is made to consider the frcbl.ir, of 

aaplitude and phas. fluctuations cf  a scalar -av.  field on a ncre Rcn.ral 

basis and by «»ans  of more accurate aprroximations taklnr  into account 

diffraction .ffacts,   to thus clarify the   .im.ts  cf validity  cf  th- g.owtric 

optics approximation. 

1.    Drivation of  the Baalc F.^uatlon«. 

Let  us coneUer a scalar wave  field  flven by  C/(x(   y,   »,   t)  -   / tr,t) 

which  satisfies th-  equation 

*A theoretical analysis of turbulwt  Quctuatlons cf the    atnospheric 
tamrerature and certain ralat.d .xr«rl««r.ta; data can be foun i  In re^r.^ces 
[5-7], 
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where th« propagatlon-Ttloclty c of th« iiaTe is a function of position. 

The tlae dopendcnc« of c will b« neglected,  assuain^ that tha characteristics 

of the medium ar« sickly-varying in tlae (i.e.,  with respect to the carrier 

frequency).    Further it will be supi oaed that the deTlatlona of o fron some 

mean value e  : o 

c^, (2) 

are small everywhere in the medium and for all tlae.    The refractive index 

n    fluctuates around unity 

n - 1 ♦ ^        (n« 1) (2') 

(in this  case it, is possible to speak  of a slight^  inhoawgeneous «ed urn). 

Let us suppose that the half-space    x < 0 is homogeneous  (i.e.,  n " 1 

for x < 0}  and that plane wares are incident at the plane x - 0 from the 

direction of the nefrativo x-arls.    The problem consists of determining the 

diaracterlstlcs of the wave field in the plane of observation x ■ L.    It 1« 

clear that  this problem is  closely related to the prohlsm of diffraction of 

lipht by ultrasonic wavns,  which has been investigated  by 3.  M.  RytovL-J, 

but however differs in that we canrot  assuioe periodic variation of tue 

refractive index. 

Considjr the casr when  <p r,  t)   Is a «tncchromatic wave of frequency wi 

/• (r,  t)  - A(r)   exp    -i wt - S(r) (3) 

For the  L^tical problem  (<•,«.,  Iwinklinf of  stars)  the scalar equations 

apply if polarisation effects nay be neglected. 
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«1th »mplltude A(r)  «Ad ph«§« S(r).    It is appropriate to Introduce a 

ccflfilaz function 

f (r) • 5 ♦ 1 In p- , iU) 
o 

so that 

(5) (pir, t) - Ao «qp |l «t - V'(r)    V 

where A    is the aaplltode of the (unperturbed) incident ware.    W« have thus 

pasted fron equation (1) to the elkonal equation (sic) 

{?+)   +idt- L", K--f        (6) 

In the  case of a hoMogenecus aedlua we would have In place of equation 

(6) the equation 

(vrf+iAt^k, (6) 

(V^   is the  equiTRlent  of  V" for a hoaogeneous aedlua).     3ubtractlng (6  }  from 

(6) jrlalda 

where 

r a  ; 

FUrinj? assujwd that   TV' Is of ths order of \i.,   on« has a basis for 
2 

»ctlng terws of order n    In 

obtain a linear equation In    T 

2 
neglecting teras of order n    In tba square brackets on the right.    We then 



T 

2 V^'-Vto ■+- i At' = 2rkt) 
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Ax- 

(7) 

which will scnr« as a baals for the further analysis.    Similar linaarisad 

•ikorval «quaticne wera ainployad for  the first tiae in tha wokic of 3. K. 

191 
RytorkrJ in 1937. 

/ 
We note that   % "^ ■ 3 - S    is the fluctuating (parturbau)  phaaa of 

the waTe braucht about by fluctuation» cf the rafraotiT« Index n,  and 

w/.,.  f' ■ In (A/A ) is the logarithm of the ratio of the anplitudaa cf 

perturbed ani  Incident fields.    Because in the derivation of aquation (7) 

we h«Te supposed only that   v ^ /r. ' - 1, it  is dear that no requirement 

of smallness of jhase and amplitude perturbations  (tilth respect to a and 

A  ,  respectively) ha? been imposed.    What is required is that the change 

of phase and logarithmic aj^lltude over one wavelength  (in an arbitrary 

direction)  be fufflclently  small.       This condltior. is satiafie'l for  Instance 

by the refraction of the primary ray at small angles or by diffuae radiation 

provided the energy of the diffuse co^»onent  Is  small  in cosparlson with 

the energy    f the primary field. 

If one substitutes in  (7)  the function "^   ■ k x,   correspondinp to a 
n 0 

plftne wave pr pagatin^ in the direction  cf the positive x-axis,  there 

results the equation 

of' ' * 
:k. 07   ^   ' 4V     z   -»ke (8) 

Fr  T. this equation it  is possible to obtain the (reoawtrlc optics 

We note that th" classical method  ef solvlnR the wave equation  (1)   by 
means  of f. tnethoi  of p«Tturbatlon  theory,  which  is   often  arflied  in 
scatterinr problems,   becomes  lnap|licable at large I.  becaus» (f  "phase 
pllinr up"  to  values  ccin{>«rable  with 11  (cf. tlOJ). 



T-U7 
7-25-55 

-5- 

FBI «pproxlMtlon In th« my u»«d by V.    A. IrMllnlkoT*!».J.    Let us introduc« 
/       /, 

th« optical p*th Itnfth   • -  S A0 »n* »•    -*t« r««l «nd iamgLatry p»rt« of 
2 

(8),  h«vlnf prarlously divided the whole equation thrcw^h by 2ko . 

*'^(^J-S' (9) 

')/*.(A/Ac) ,   ,' do) 

•>« 
/ 

AasuiKing that for k      —^   oc the quantities    9    and In UA  ) tend 
o 

tovard finite Haiti,  cna obtains in the Unit the equations of V. i. 

KraeilnikoTi 

that  ii 

...   "  "' 

r / r , 
9    -  j      n ti» (ll, 

A 

or,   oubstitutlng (11)  into  (12), 

A 'o (12) 

-'iJ(L-^v ^ (13) 
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wh«r«   A   ^ r" ■*" rr     !• th» ■trutwrM" Uplao« op«rfttor.    BvtalAlag Mm 

dlffmotloa Urm   - ^~A IJU A/A}\     ^ «qxiatlon (9) ■*!»■ poMibl« ■or« 

(•atral ratulta by approzlMtlog UM warn afftoti and thus paralta oom to 

obtain «atlMiUa of th« liaJt« of KrasllnlkOT*« tbaory. 

A «olutliB to equation (6) will ba aoucht of tba for» 

V=    e*fi^0*)*' (U) 

Subatltutioa of (H) into (8) ibova that v aatiaflat tba inho»og»»oua 

wave equation 

Aw + £* = - i(*>y>x) (i5) 

whara 

f    =   -''/' ^   «*/>(-'*.«). 
It ia well known that tba  aolutioo to aquation  (15) eaa ba vrittaa in 

e 
tba for« 

w(F).^///'i^/^M,, (16) 

whar« T ia the doaain of intafration and 

ia tba diataaoe between the point of obaanration ?{,*tj,\) and tba variable 

point H( ^ ,T[tC,).    If J* now paaa back to the function   r ,  we find 

i 
Tba question of what oondltlona to iapoa« on w to exclude  singular 

aolutiona will not detain ua bare.    In conarete exaaplea it ia not difficult 
to rarify  that other  aolutiona  (which ooctain tana of 'advaaoad potential■ 
type)  lead to phyaloalljr abaurd azpreaalona for ^ 
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Titas wt u*« fUOMasful in obtaining an exact aolutlon to equation (8), 

ttom  aoura* fonetion being of the  for» - 

4n r 

For UM further iovaatigation wo restrict oureelTea to the ease where 

the waveTength, though finite, la several  tiaea aaaller than the ch&racUr- 

istio dimnsions of the perturbation,  that la,  to Fresnel diffraction.    In 

this oaae one naturall/ aasua»a that the field at the point (L, 0, 0)  results 

only fro« the contributions of the asdluB inside a narrow oone with Tsrtex 

single   l < < i and vartex at the  souroej  in other wirds it is possible  to 

neglect the scattering at large angles (in particular, the backward scattering). 

Setting . 

on«  sees th-    our assuaptions aean that the essential contribution to  the 

integral  (17) cones fro.z that region for which 

x - $   > O and £<<*-{; 

i.e.,   p/x ~ £   < •C   1 

It then follows that 
i 

T   ^   (^t)   + f- ds) 

Adnlssibilitjr of Talues of e  can be decided by nsans of the scattering 
lodlcatrlx.    for the case  l/X > 1 and weak perturbations this can be computed 
by  the asthod of K.  S. Shifrln. 
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If om r»plao«i V«" i» f» Integrand of (17) hy j—— «ad r-(»- ^ ) by 

tb« Moond order t«raa of •quatlon (18)» than in ttaa roglon of laporUat 

oontrlbutiona to ttm timid «t  (L, 0,  0) ox» has approxlaKtalj 

~ ey ]~a/ir. {>-*)]]* —f^[-Z—ff-J (19) 

Tha «xpratslon for y {x,y,t) can than bm vrlttan approzlaataly M 

0   (20) 

T' 
wbara T*  it UM rafflon auch that x- <£ > 0 (l.«.f situatad batwaan tha aouroa 

of tha wava and tha point of obaarrRtion).     Wa raaark that fonula (20) 

tonatitutaa tha axaot aolutlon to tha aquation 

vhiob differa froa (8) oolj In that tha 'transva-aa" Uplaca oparator A^V' 

appaara inataad of ay    (i.e.,  tha tara in —-.   la oaltUd).    Tha affaet 

of naglecting tha tara £J(  bat an affaot on tha aclution aiailar to that 

for tha purely periodic perturbation Juttifiad bj i>. M.  Rjrtor [9 j • 

At a aaant of ooEfaring tha raaultt glvan by tha foraula  s20) with thoaa 

following froa tha gaoaatric optlct approximation va coapata tha phaaa «ad 

«aplitud« perturbation« at tba point  (L,  0, 0) for tha following ineraaant 

to tha rafrattiva  indaxi 

(21) 

Wa oon now extend fonvalljr tha integration ovar tht  whole  apaoa T*, not 
only in tha interior of the control cone, becauae outaida thi« oone tha 
nouroe function  (both approziaate and praciaa)  rapidly oaclllatat,  to that 
integration over tha  apace outtide tha  cone yield« negligible  contributior- 
for tufficiantly  saooth Taristion of ^(x,y,i). 
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(Tb«  IICAI« i «Tldantlj characUrli«! the traoaverae dlaanslon of UM perturba- 

tion. ) 

Parformlng the  Integration In t| and «^ In  (20) yield« 

In Tlew of (21) thle expreaalon oaa be put in i       formt 

L 

V{LD O] = / is- t/f^^Wf - (22) 

The pbaae fluctuatlona are glren by the flrat auBMaod on the right-hand 

aide of thla expreaalon and the fluctuatlona of the logarlthale amplitude bjr 

the eecood ausnaod. Thla reeult dlffara froa formulas (11) and (13) obtained 

under the geoaetrio optloa approximation by the preaanoe In the integrand of 

the factor l/ f 1 ■» (L - ^ ) A * )J • It followa that the geoiaetrlo optloa 

formilae give the correct reault for the caae l/i*^ )<< !• Introducing the 

wavelength X = 2v/k    enable a one  to write the criterion Juat given In the fora 

fix   < < 12ii t    • 

Thla aeana  that the  fint Preanal  tone ought to  be  considerably leas than the 

tramrrerse  dlaension of the  perturbation,    for a given wavelength X the   geosetrlo 

optloa approxlaau  foraulfas hold only for dlatancea oonalierably less than the 

critical length L      c 2«t /x.    The  abaoluta aagnltude of phase and amplitude or 

fluctuations are,  at one expects,   less affected in theory  by diffraction effects 

than  in the  geoMtric optics approximation.    Ue   shall return to  this natter 

after  a  statistical   treataent of   khe problem. 
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2.    SUtiitioiI Treat»Et of tb« Prahle». 

Op till now w  h*w  «uppoMd that the rait»a of the rafractlra indaz 

n(x,f,%)  coDitltuU a known function of ooordlnataa.    In fact,  howarar,  all 

charaotarlatlca of tha aedlaa (Including tba rafractlva Indax n) ara oonatartly 

undaifolng ohaotlo cbangaa in tine and apaoa,  ao that a propar dafinitioo of 

n(x,y i,t)  can onljr ba made  on a atatiatioal baaio.    TY» rola of tha  "inpoaalbla1 

value n ■ 1 will ba that of the aean Talue of the refractiva index, i.e.. 

»U.y,») n-n. 

In Tiaw of the  ata'.iatical chi-ractar of the refractive index fluctuation« 

p(x,]r,i)  = (*{M)  WO  Introduce tha oorraapondinf ooTariacoa function 

BO^,  ^) = K(K1)t.(M2)     . (23) 

In the  aequal it will   be aaaiaed that p(M)  ia a atatlonary proceaa ao that 

B(Mj,   K^)  can be written aa B(r), where r ia the dletanoa between the pointa 

M} and Hj. 

A apeoial notation for tha real and iaaglnary part» of tha  kernel of the 

integral   (20) will now be  introducadi 

*i       I T, n        ja    ) *i'    , J nn Jc/ n a 

Then tha Integral   (20)  can ba written   >8 

o '      I      I    X i f)/    '  1' S (2X) 

U    - A ~-    ^^^[fÜi-lf]"^^^!^.    (25) 
C) 0      1  ■   r, 
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Squu-ing rieht «ad left aides of (2^)  aad (25), swreging and replacing 

UM lengths L,  p and so on by the diaenslonlesa vmlues L E k L,   p <■= k p 

and to on (i.e., X/2« Is unit for all lengths), wa obtain the following 

expressions for the  statistical paraaaters of the phaae and aaplltude 

fluctuations'. .    , 
  *-    L .;.••___ 

^ 
Ah — 

where 

/•    '   - . 

i 
(n    ;,j  .  i 

Tbe change of rariables y = 1/2  (^   + ^J   1 c »^ - n2»  » x l/2 ^ + ^^ 

(-, a   ^1*^2      "akes  it possible to perfonr. the  Intagration in jr and a.    For 

that purpose im mkj employ  the faalliar eipresslon fro« probability thsory 

i 
i 

^^* 

('The result of eocToluting  two Okusslan laws is again a Oauaslan law.") 

Substituting first  in this expreaalon 7^ - J^ ' b/^i  »i = »2 =  l/2 S J 



T-<7 
7-28-55 

-12- 

Sj « lOj» S2 = - lOj;  Md than y1 « y2 «=(l/2i|; •1 «= •2 = 1/2 : | ^ = i^j 

S    = liU-,  adding and subtracting tha  r««ultlng two equations and »plltting 

off in both case« the real part«, on«  la led to the expreaaions 

(( ^, 

2 .2 ^    2 
where p    K   C,     ♦ 1  • 

It thua followa froa (26) and  (27)  that 

where 
L    L      „     „ 

I,- 'Mi $, 
^-, <- ^ 

^   M.   ^ 

i/Mlfl.^'V^M^ 

*.      *2 

'= H'v-'.^/] 

(28) 

(29) 

(30) 

(31) 

(32) 

M )0 I j   j ^(.M^M.p^M'/cv^^        (33) 
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The foriula« obUlwd MM to b« rath«- g*nT*l and c»n b« UB«d to oo«put.« 

phaw and aaplltud« fluctuation« for oorwlation funotion« B(r) of arbltrarr 

form.    kB an exaapl« lat ua eonaldar tha  following correlation function! 

2 

B(r) » tfnfiGQ  " Bo ^ (' "^T j ' (30 

whara B   « ^2 and r la tha dlatanc« batwean the point« »^ and Mj. 

Oaa «ay think that aeyapUitic lava which are approprlata  to «uoh a 

oorreUtlon fUncUon hold also (with piecl«lon to raluea of nu-rlcal co- 

afficlant«)  for any othar aufficiently  »ooth oorralation function B(r) 

which dacraaaaa  «ufficlantly npidly at liflnity. 

Sabatltutln« U»  function OO Into formula. (32) and  (33) enable, one 

to explicitly perfor» the  integration in n "d - . 

Returning now to the prerioua dlaenalonal quantltiee,  w»  find 

r  '* -T: ,'' 

p 

One obaerrea that  the factor erp      ^ 1-S\     inaide the Integral 

repreaent. the  correlation function of the fluctuating Index of refraction 

along the x-axia  (i.e.,  along the  direction of propagation of the  incident 

wave). 

f-r L >>   ^  the doubla Integral  appearing In (35)  and   (36)  can be 

reduoad to a eingle  integral by ualng  the fact that the  function differ. 
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Maaibljr froa .*«ro onl    in a n»rrow strip about tht 11M •*.   -   So*    '*'• 

corresponding •«yi.:)totlc rsprasantatloo la eaiiljr obtained by a ahang«  to 

th« rarlablss x * l/2(<1 ♦ s2)    and    ^ «   ^ -   52.     If L » tj^, tbs 

^ - Intagration can be srtsnded to the whola real axis with negligible 

error.    If It even happens that ^t^»   1,  then It is possible to negleet 

the suBoaad   [l,   -   ^ )   /ko*l    with r,,P,ot to unity I because of UM 

exponential factor the contribution of the denoalnator for v^i   - ^o)^^ *1 

la aaall  In general J .    Hence there easily follows the  following aaymptotlc 

representations of the Integrals I,   and  l., for L>'t and lc0
4i>;> 1  (!•••» 

t1» K/(2e) ). 

ij >   bT B0 /, *C L . (37) 

"— 7     3 / 2 L \ 
12 ~ ^   B0   /,   lc0   ar<ta*   (^-Jij (38) 

Ue remark that we Introduce  the  dljeanBlonlass p&raaeter 

,2       ' 
o' 

(39) kS 
where  it has naturally benn aeBuiwd that L>>t and <•, > > X,  and  that it can 

in general  be allowed to  take arbitrary ralues in computing  the asyaptotic 

representations of  I,  and  1... 

fro«  (30),   (31),   (37),  and   (38)   follow« the asy»ptotic expressions for 

the nean square  fluctuations of phase  and logtirithaic aaplitudei 

J*Af ./." hj,^L[1-3-"^) (a) 
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In«t«ad of tb*  oonTertlonaJ  "radius of correlation*  t.   It 1B poaaibl« to 

introduce  UM  "intagratad acal« of tha  perturbation,a  i.at,  thm  InUfral of 

tha oorrelatlon fur.otlon along the rajr 

, - /        r'   1 ^     . 
(42) 

Replacing besidt* the waT» nuabar k    by tha wavelength V = 2v/k  . one 

can writ«  the paranster as 

(O) 
2K2 

and the formulas be cow 

LL (/./-,„■./.,.3| s^ a ;.-rrr —^ [' <-p-,< ■; u * Vj i (u) 
A 

I.A. ~  ]      ^     .. n)     H   —^      /-   IT '" f   ''--   ^V 4 o       f     \ J) 

2 ~ 2 We recall  that here B    ^ p    x.  (n-n)     is the aean square of the refraotlv« 

index fluctuations. 

Let us  Kw consider the limiting  oases,     for  aaall  values of the  parameter 

D (for  D<t 1) 

arctan D   D, 1 " "D"    *rot*n D ^ ~3~ D 

and the oorresponding Kan square  values are 

.2     -   (.n^^^-1- OT    -   ii'..   4^ 3'       M'^ .t 
1 ? 

-■'r''. ;z7 ^      ^ 
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cr       -^      lL-\h 

i*(A/Aj^ ^      "   \fj W 

^a»" *ln{A/A )» % ,l^• m*D •<»u*r« «in»« of th« r««p«otlT« qu*ntl!!••). 

A« oi» «xpcoU, tbaM *r« wall known foneul*« of gvoswirlo optic«  (»xprasalou 

(i6) ud (A?) a«r«« with thoM obUio»d by T. A. Kraallalkor [« j).    Th» MM 

DV<1 oorrwapoads to coapAratlwly Mail ralusa of U« dlaUnM L,  ri»., 

L^Lorf vtaar. Lcr «= l2/(l/2). 

Tor D»l  U.a.,  for L»^) *» haw aroUn Dä-|- , »nd fonmlaa  (iO) 

and  UD gin 

L ( 
(ia) 

^  \' ,      ,•• r   /   J U9) 

Tbua for large  raJuaa of L tha forauia for tba  pbaaa  fluctuation« 

aiaipllflao to th«  oorraaponding formula of tas gaoaatrle optloa approxlaa- 

tlon, dlffarlag fro« tha  lattar ooly In the  numarlcal factor 1/ fT'dn 

particular tha proportionality of ög,  to the  aquar« root of L la paraaarvad). 

At the  aaaa  tine the dapandenoc  of the aaplltoda fluctuation« on L ohangea 

aharplj^  upon croea.ng tha value  LorJ    In the  aaaa faahlon a« with  Mall 

Uvalue« the paraMter  «^(A/A   )    incr,*,*i Proportionally to L3'2 and  la 

independent of wavwlength  (in agreaaent wlih  tha  theory of geoaatrlo optlca). 

for largar valuaa jf L the  fluctuations of the  lofarlthalc Mplltuda follow 

tha  s&^e  law a« the phaae  Tuctuatlon«!     o.   ,^    .  1« proportional to VIT 

and  in addition begin«  to depend on wairelength. 

Wa noU aoreoyer  that, acoording to tha  abore formula«,  la %rmry oaM 
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•ln(VO< V < *jk whar« 

Th« dapandtDO« on waTvlcogth  (or frequency)  glvvn by th« theory MH b« 

ua*d to ««plain tba phai.oiMDOD of color changaa is  twinkling atAri. 

la conclusion M  «hall   «itiBata  tba order of »agnltuda of L      for or 

twlnklln« of atars.    Aaaua»  that  th« light wawlangth X  la 5 x lO-5 am. 

and  that  4 (tba   "InUrnal acala* of the aUoaphario torbulenea)  la 2 am. 

TOT UMM raluaa L     « 1.6 x ICT  CM. = 1.6 loi.    n» T»loa of  Lbe ac*la  ao or 

obtalnad coaparaa with tha  thlcxDaaa of that lajrar of the  tropoapbara uhara 

ona axpftcta tba great «ajorltjr of the  taaparature  fluctuation« and con- 

aaquantly tba fluctuation« of refractWa Index.    Thua •r%a in tba problea 

of twinkJlng of atara wbara   It would appear that one  ahould find a TTJ 

farorabla  altuation for ualng gaonatrlo optloa aetboda   (ainca X << 4^)   du» 

to tha  great thtckneae of tha  lajrer one encountara dlffraitlou effect«  (In 

tha aanae of fraanel). 

WuAlltatlTa  confirmation of  tba raaulta of tba praaant Inreatigatlon 

o«n ha  gleaned froa arpariaantal  data on aaplituda   fluctuations of eound aad 

light vatraa In  tba ataoapbara.    Thua ■aas'irair.anta of tba   aound aaplltuda 

carried out by IraallnlkoT i 2    abow that tba  finotuationa of phaaa and 

logarltbalc a«! lltude are of tha  suae order of aagnitude  but that tba latter 

are  aoaewhat la.s.    The growth of the  logarithmic aaplltuda fluotuationa 

with Inoraaalng fraquancj la alao  obaarvad.    Ua also obaanra  In IraallnlnoT'« 

raaulta [2  J tha   » L-growth of the logarithalc aaplltuda fluctuation« of tba 

aound ware for larger L  (but not tha  la« L '   \   thla latter law of growth 

abarply  oonU-acict« all ot aarTationa).    in analogoua deduction can be drawn 
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fro» Sl«a«ntopf'• rnla*«iuram«oU of lim  Inteniity fluotuatlona of light 

r«oeiT«d froH diiUjJt aouroma. 

Only q\ULlit«tiv« deduction» froa tba  propoaAd theory O*D ^ oonaldarad 

bora.    For » qoantltatlf« ooapu-isoc baaad on ezperlasntal raaulta It la 

QBoaaMj-y firat of ail to carry out calculatlona for whaUvtr paxtlotJLar 

oorralation function la charaeUrlatlc of tha fluctuations of tha ataoapbarlo 

rafractlm Indax.    Tha convaraa problaa la alao of conaldarabla   intaraati 

To obtain eitlaataa  for tha   char«ot«rlatlca of ataoapbarlc turbulanoa 

(Int^nalty,  a^Ia) froa atatlatloal aaalyaia of obaamd light, IrUnalty 

fluc'.uationa (twinkling of atara) or tha aound flald oharaetariatio of 

«taoapherlc turbulanoa.    Conaldaration of thaaa problaaa falla outaida  tha 

aoopa of tha praasot  papvr,   houatar. 

OSSR icAdaay of Soianoa 
QaophyaicAl Inatltuta fUoalwd 2$ loraabar 1952 

UCHioAg 
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