CLEARINGHOUSE FOR FEDERAL SCIENTIFIC AND TECHNICAL INFORMATION CFSTI

DOCUMENT MANAGEMENT BRANCH 410.11

LIMITATIONS IN REPRODUCTION QUALITY

AL oK 7Y

ACCESSION #

3

WE REGRET THAT LEGIBILITY OF THIS DOCUMENT IS IN PART
UNSATISFACTORY. REPRODUCTION HAS BEEN MADE FROM BEST
AVAILABLE COPY.

A PORTION OF THE ORIGINAL DOCUMENT CONTAINS FINE DETAIL
WHICH MAY MAKE READING OF PHOTOCOPY DIFFICULT.

THE ORIGINAL DOCUMENT CONTAINS COLOR, BUT DISTRIBUTION
COPIES ARE AVAILABLE IN BLACK-AND-WHITE REPRODUCTION
ONLY.

THE INITIAL DISTRIBUTION COPIES CONTAIN COLOR WHICH WILL
BE SHOWN IN BLACK—~AND-WHITE WHEN IT IS NECESSARY TO

REPRINT.

_ LIMITED SUPPLY ON HAND: WHEN EXHAUSTE D, DOCUMENT WILL

BE AVAILABLE 1M MICROFICHE ONLY.

LIMITED SUPPLY ON HAND: WHEN EXHAUSTED DOCUMENT WILL
NOT BE AVAILABLE.

DOCUMENT IS AVAILABLE IN MICROFICHE ONLY.

DOCUMENT AVAILABLE ON LOAN FROM CFSTI ( TT DOCUMENTS ONLY).

PROCESSOR: /_()/Z'

TSL—-107-10 64



- Best
Available




/“'-(9/}'_‘/’7/ 604714

/,_-

\-

LINEAR PROGRAMMING AND ECONOMIC THEORY

Paul A. Samuelson

P-685

25 May 1955

Approved for OTS release

/7,//;

[CoPY L 0F /£

HARD COPY

MICROFICHE

The D-ﬂ n”D (orporation

1700 MAIN .« SANTA MONICA + CALIFORNIA




P-685
5-25-55

Linear Progreeming ond Coonomio Theory

I Introduotion

Anyone who is familiar with both eoconomio theory and limsar prosrerming
must adnit that linsar prosremning has been one of the most exoiting develop-
neuts in ooonomio thoory of receat years. A glance at the oconomic journals
shows that s fairly extensive litorsture has elready piled up even thouph
the subject is soarcely old enough chronolorically to o to kindergarten.
Outside the realnm of sconomics, there appoar numorous linoar progremming
artioles in memsines of applied dusziness praotice and in more purely mathe-

matioal journelse But even these publications do not tell the whole story

, 8ince a voritadle pusher of unpudlishod research
papers on the theory and application of .lineer prorramming seem to pour out
in esach current month.

This oonference itself testifiecc to the widospreed interest in the sud-
jJeot. /nd periodio oonferences like this one, and like the originmal June, 13,9
oonfarence in Chicago, provide convenient benoh-murks to measure our progress.
The Vmehinrton Conference on Insqualities and Programing of June, 1951 showed
that the theory of linsar prorraming had been extended in the previous two
yoare; and {t, of course, revealed the tremondous cuantitctive expension of
applicationss Similarly, just reading over the advance titles of t}e papers
at this conferenoce acquainte one with the further advances of the last fow
yoars.

Ordinally, therefore, we ocan truthfully say:¢ Lvery day, in every way,

we are retting botter and better. ' For the purpose of decision-raking, ordinal
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oconparisons are ususlly alone relevant. B5ut if I were to digress
nomentarily to make an odicus quasi-oardinal ocomparison, franinoss would
compel me to state: The iIrocsedings of the 199 oconference, Aothitz

Analysis of Produotion and Allooation=—=whioch Tjelling Foopmans 80 besutifully

oditod--ie the volume on ry booksholf that I find myself most often referring
subsequent

to; the prirary edvunoo recorded in the/1951 oonferencoe ssemed to have been

ochiefly in the (no doubt important) field of ocomputation and in the exten-

sion of applicetions. It is too soon to tell whother this same phenomenon

of "diminishing returns” will be discernable in a numerical appraisal of the

advance this conference will rooord.

Let me hasten to qualify this remark. Zven at the riek of seeming to
oontradiot tho famous J. '« Clerk ephoriem that "ewerythins but intellienoce
is subjoot to the law of diminishirp returns,” we must recognize that most
oonsoious diresotion of soientifio researoh must be toward pushing it along
paths of dirinishing retwns. So there should bo nothinp di sooureging in
ry coanpurisone ‘‘ore than tha%: my ovaluntion should stand as a tridbute to
the fundamenmtal work of tle late 1G,0's rather than ss a denigration of sub-
sequont dovelopmonts. Finally, I have -ivon an economic thseorist's subjeotive
ovaluations I oan readily imagine that ecoording to the indifference curves

of somo applird mathomatiolans, the subjeot is just now besinning for the

firet timo to beocoms roally interesting.
II Sources of Inspiration for lLinecar Pro-rarming

Thy richnesa of linecy prosra—-ing for the eoconomio theorist oan bde
i1lustrited by the dilemma that we have beon facing in preparing an exposi-
tory PAID monocrraph aimed to introduce the non-spooialist econordst to the

subject. Some yware ago I prepared some introductory ohapters, written {rom
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the peneral viewpoint of the economist. ~[ut with cech passing momth the
projected outline grew and zrew in longthe This wes not beoause of any
desire to meke the treatmont ocomprehenoive, dut rather simply a refleotion
of the many interesting topios where sconomio theory and linear pro-ramming
overlape I bepgan to feel like Tristrem Clandy, 'ht} you will recall, took
sevoral yoars to write up the first t!'ree woeks of his 1ife. To make the
serios converse to a finite sum, Professors robert l'orfman and fodert Solow
have joined the projeot, but they too have had to face its tendensy to grow
out of dbounds.

hat are some of the important areas whsre economio theory and linear
rrograminrg, overlap? I don't think we ocan do better than liet the four
souroes of inspiraticn for linsar programmin; riven by Frofessor Koopmens

in his Introduction to the Aotivity Analysis booke These ere as follows:

(1) The recornition ia the oarly 19%0's by such continental economists
as !'eissar, Yon Stackelberp, Zeuthen, Sohlesinrer, ve Jsurann, and 'iald that
the rimple Cassel version of Talraeian pgenoral equilibrium ocould not de
adequntely appreised by an unoritioal oounting of the number of its equations
and the number of its unknovmse.

(2) The "now welfairre ococonomics” in the various veraions of Lerner,
Bergeson, Kaldor, :Hoks, Sarmelson, lanpe, and Arrow vhiohu/lr;'n 11{-h%¢ on the
earlier writings of Smith, “alres, von Tieser, :arshall, raroto, Barona, Pigo
von l'ises, end Fred Taylor.

(%) The interindustry input-outpit thoorics aand measuremonts of Leontie
Evans, and lioffenberz) end the rolated multi-seotor analysis cf Keynos, Hurro
lre Salant, :lachlup, fetzler, Solow, Goodwin, and Chiman.

(L) The spooific pro-reanning snd optimizing prodlems ruised by defense

and military prodlene--and, more ronorally, the numerous optimising prodblems
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that dusiness firms hawvo almays had to solve in their quest for rrofite
and survivale (The Cornfield-itigler diet problem and the Iiitohoook-
Koopmane=-Kentorovioh tr nsportation problem mi:ht be put in this oategory.)

I think to these four sources of inspirations should be added at least
five rore, even though only the iast two of these sre primarily economic in
noture.

(5) The interrelations between lincar rrorreamming and the theory of
remes of Dorel, v. 'leumnn, Re Ae. Fisher, and ‘orpensterne.

(6) The foundations of the liald statistioal deoision theory, casting
now lipght on the Fisher and 'eyman=learson theories of statistios; and the
related foundations of personal probadility and deoision making of the
Ransey~Savapre type.

(7) The purely mathematiocal interast of !!inkowski, iieyl, Donnesen and
Fenohel, and a host of other mathecmtioians in various aspesote of the theory
of oonvex sete and of topolory pgensrallye

(8) \1thin the ares of eoonomio maximizing prodlems, theorists during

the last oourle of decades had desun to oconcentrote on the inequalities that

ocharacterise a maxirum rother than on the firet-derivatiw equivalences that
happen to charactorize certain smooth interior maximum pointse The eoconomio
t.;xooriol of index numbors, of rovoalod prefercnce, of Le Chatelier princirles,
all theoe aere examplos of this trend antedatins the birth of linear pro~rarmring.
(9) TFinally, in tho economic thoorics of arbitrage, speculation, looa-
tion, ond rationing there have from the earllost doys been reoopnised to enter

frodloms of inequalities; since theose [rodlems have not alnays been formulated

a8 naximun or as genoral equilibrium rroblems, I have edded them as & ocategory
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separate from the earlior categories. (The nsmes of Ricardo, Courmot,

ﬁoitonn, de Qreaf and other eoconomists could be espeoified in this rorard.)

III Theoretiocal Insights Provided Yty Linecar Frograrring

If you examins the 1istad ways that eoconomic theory hos inspired linocar
frorrarming, you :ay superfioially infer that the rroocess hus been one of
uniloteral csusation from eoconomios to procrarminge Inosnuoh as eoonomio
theory antedates linsar rro-rearming as a formal disoipline of study and re-
ssarch, this is in a sense natursl and to be expeoted. liowever, you nay not
infer that prosraming ie the inferior activity even rhoere it 'as taken its
problems direotly from ancient eoconomio theorye Often, the eoonomist has
haé the important, but vastly saeier task, of asking oertain quertions; and
the linear pro-ramming expert has of'ten been adle to answer those questione~—
in some cases to ive answers to them for the firet time.

I have been wracking my brain to see if I could think of any oonverse
examplo ~~where lincer ;rorrem—4ing has reised now and important questions
for the ooonomio theorist that he had not previously thought about. I hawe
pot of fhand deen adla to roduce any and [ would hope that some economist or

mathematioian will provide us with some such examples for disousaion.?

3In the oral discussion to this paper, Dr. .lartin heckrann sugrosted that
linsar prorreamming had roised a mmder of intercsting questions for the theorist
of locatiom] prodlems. /nd os I shall arpue later, muny of the genoral mathe~
natioal tools that are noeded for linear prosrem-ing=-such as oonvex vets, fixed
point theorems, saddlepoints, oto.~=turn out to be extromely useful to the
rodern nathemmtiocal oconoriste.

Uron reflection, I must admit thet linear prosrerming has suocesded in tackling
empirioslly many of the rensral rrobloms that the theorist had always talked
aboute Thus, the voonomist speaks lidly of a multi~-product firm es having a
ocost funotion dependert upon all its outputs and as reaching equilibrium when
it equates oach product's marginal revenue to i{te margimal ocosts .ork of
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Cooper, Charnes, .lanne, donderson, Schlaifer, and others have Avon oone
orete applications to vhat mi-ht otherise remain in the ocaterory of "empty
boxes. "

Then Dre Ceorse NDantsig acked me in the oral disoussion why eoconomio
theorists are so "unintcrosted” in lincar programming applicstions, I replieds
“Theorists are oonsenitally a 11-tle bored vith oonorete applicationse They
prefor to consider the genoral gualitative aspects of thin-s rather than them
selvos to deooms interoeted in ths quantitative details of, say, the oil in-
dustry's multiple productse '‘oreover, the theorist often suspsots that the
lipsar pro-ramer grinds out an oxaot eolution to a rather idealised approxi-
mation to the true roality==so that in any ouse only the qualitative direotion
of ohangos oan be inferred from the prorramming results.” Upon refleotion, I
feel that parts of ry answer are indefensidlee The theorist should de in-
terosted in ooncrote applicotione—if they are wlide Also, I businooamen
oome inoressingly to use linoar prorrarming techniquee=—even when not walide-
then the theorist must take this faot into aoccount in desoribing their dehavior,
in the same way that he takos into acoount the systematio aderations of widely
used acoounting toohniqusse This doos not moan that every eocomomio theorist
must himself speoialize in solving problems of interml administration for
firms or other maxinieing unitss osuoh applications, when they becoms coharent
enourh, will tond to move ocuteide the narrow disoipline of eoononios in the
samo way that eooounting and teohnolory have donee

Does this failure to supply quections for the ococonomio theorist imply
thet linocar procrerming is, from hie selfish point of view, sterils? l!iot at
alle PHrogramning theory hus not only provided the theorist with many onswers
to his questionss It has also provided him with fairly rigorous proofs for
somd of his theoreme--or as the jurist would say-~for some of his oconjectures.
Fven more inrvoriant 1t has trovidec hirm with fesd=baock Inaights into the funde~
merts of his subject.

Thus, the modern sconomist had, ;rior to the birth of linear prorramming
as a rooognizadble separate ontity, attainsd a pretty fair understanding of the
nature of & prioing nechanism for the attainmsnt of wvarious wwlfsre-economics
optimae In othes vorcs he has mede oonsiderable prorroes beyond /danm Smith'e
notion of the invisidble hand, toward s deepsr understanding of what that notion
inwlved. Noms the loss, no one who understards both ecomomio theory and pro-

rrarring thoory is likely to deny that the lattsr's fundamental duality theorems
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have added to his understanding of the prioin; moohaniem and its
1imi tations.

IV FExistonoe of Compatitive Eouilidrium

On this same afternoon's progranm, Professors larold Kuhn, a mathe~
matioian, and Lionel '‘oXensie, an eoonomist, are discussing the [rodlem vhioh
I listed as one f the first souroes of inspiration for linear progreming.
Unti) Wald's proof oame along, economists had no ripgorous deronstretion of
the existence of oompotitive equilidrium. Indeed some incautious formule=
tions of the lislrasian system, such as that of Cassel, rave rise to long
unnotioced oontrediotions and ciffioultiess The keen litorsry econamist——
and he does oxist~-always resliced that the way out of these contradiotions
came from makin: eome fa~tors free and then dropping the requirement that
all of a free factor be enployesd, vhich is precisely the ma‘hematioian's
final resolving of the paradoxe. (On this seme afternoon's prorram, Profes=
sor Georresou-Rospen, both a keen literary and mo theratioal economist, in~
terprets the economic history of Roumania in terms of suoh a redundancy of
ladbor; the Dutoh economist Valk offered a & milaer hypothesis to oxplain de~
pression unemployment, and my colleaguos at the !!IT Center for International
Studios, Dr. Ronenstein~Rodan and Dr. 'okaus have surpested similar interpre-
tations to explsin the redundanoy of labor in modern Italys)

The nature of the diffioculty with the Cassel asystem 1s eesy to ses from

the following two sots of equatiors

n
(1) La XomVy (121,2,000 ,m)

n
(2) }i .Jiwi = PJ (Jn1,2,-..,n)

Y/
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where X's are n outputs with P's their competitive market prices, and V's
are m faotor inputs and \"'s their narket fector prices, and vhere ‘1.1 are
spooified mon-negetive fixed coefficients of ;roduction. Equations (1)
say that all factors are used up and (2) say that all goods sell at their
unit oosts of produotion, with ocompetition rrinding out all profits or
surpluses.

Cven with n d m, thers 16 nothing comtrsdioctory about (1) end (2) umtil
the theorist rocs on to maks the a3sumption that the factor suprliee, eas
riven by the rirht<hand V's in (1) oan de arditrarily specified, at the same
times that the oommodity pricea on the right of (2) are all arditrarily speoi-
fiede Usually, we think ot the numher of roods as exoeedins the mumder of
faotors, so n ) me This means that the eet (1) 18 under_getermined, with
o-r1 X's being oapable of takinz on arbitrary veluet.

This is troublesoms, but not lo;ically oontrediotorys liowowvsar, look at
(2)e ‘'Ath all P's arditrarily specifiadle, we have n cniitions on n<& n
unknown T'se So (2) ie overdetermined, possecsing no solutions The decres
of its overdetermminmoy is, so to speak, nD~me

liow was this basioc irreoconoilability overlooked? In part, beoause
theorists oounted the total riumber of uninows in (1) end (2), vhioh worked out
to be n+m and found them equal to tho total number of ecuations in (1) and
(2), also n#me So to speek, they unknowingly cancelled out the unierdeterminacy
of (1) taken by itself apgainst the over determinacy of (2) taken dy itself.

This is loricelly illepitimte. This 18 also chowrn by the mathematioal faot

that the determinant
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as lapleoo's doveloment shows.

PDoonomiets such as Tieser and I'red Teylor had avcided this diffioulty
by assundng that m = ne [bwaver, this does not awvoid the difficultys it only
postponos the loriocal contrediotione For, in the firet place, even with n = n,
there is no reeson at all why the .13 matriz should not be singular:s why
shouldn't two rpods use emotly the same propartion of imputs? If the theorist
objeots that this is oquivnlent to defining, them as the eame r00ds and there~
fore reduoing n to ons delow m, this simply oonfesses that there is a losical
dif fioculty.

Lot us for the purpose of the arpument suppose that 'iature fe kind and
doos ~ive us a non~cingular square natrix of a's. Lxcept in the trivial oase
whore each good roquiros but cne faotor which is unique to it, (1) and (2)'s
detorminate & lution for eaoh presoribad set of jouitive \'s and P's camot
have the property of alvays avoidin; nocutive valusse Ie6s we 0nn essily
srooify arditrary positive valuss of tho V's end P's whioh cause ono or more
¢f our economio umimowns to be nogative. (Thia folluwe {ram simple economie
reasoning 1f we supply the factors in proportions more extreme than any good
ugoss or it oen bde proved by the mathom:.tical faot that a non-singular mtrix
of nonnegative coeffiocients that is not the icentity matrix must have ns-mtive

olamants in {ts inverse, so that a‘l V oan for appropriats choloe of positive
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V's be rnde to have one or ore nsgotive elemont.)

lloonordsts evontuwally learned all this, and if they had been numeri-
oally ninded, thoy micht have learnod this even earlier. But ons way thet
thoy had of resolving any such dif fioculties was to deny one of the postu-
latss r~iving rise to the troudles why keep insisting thut the {factor sup-

plios V, were presoridbable at arditrary levels? "hy keep insisting that

1
any ocompetitive prioces could be prescribed? Alternatively, why not pre-
scridbe that only those prices oompatidble with cont of produotion are possi~
ble? And only those faotor supplies that ow all be used?
Thus, we may still be able to avoid lorical inconsistenoy by insieting
on the equalities of (1) and (2) but letting sll variables be unknowne=-
ot just half the variadles. Thus, ws have n + m equations binding 2(n-nm)
unknowns and there nsed ve no overdeterminacy. Thero is of curee under-
determinacy, but we feel that we cen add taste or demsnd ejuations and die=
utility or feotor supply equations that will serve to determine our systoms
But 40 wo know this?! The eoonorist feels imtuitively that this is soy
yot the mathematician will require proof of the Wald or other type. I ghall
dtriefly aketoh the slements of such a yroof, making slirhtly stron-er as-
sunmptions than ald doese But since I believe his assumptions are overstrong,

from the economio viowpoint, there will not really be ~uch difference between

ny assumptions and those of "‘ald and Fohluingor.a

zi'.’uld assumos that market demand functions relntinc totals bourht by everybody
satisfy vhat we today osll the "leak /xiom" of preference theory. Suoh an
axiom holds for a sin~le individual, btut it is arditrary to camme it holds
for the market totals. .lany plaueible examples can be riven of this faot.
In a yet unpublished paper, I hove provod that something l1ike this~—and more——
would hold in a "good soclioety” where incomos sre alvays optimally redistriduted
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80 a8 to maximise a social welfure functione Such & oo0d society eots
1iks a sinrle individual——so we night as well from the begimin: talk of
Robinson Crusoe. iiote that !!0Kensle's proof of existcnoe {a free from
this lirdtetion; but he rightly abandons 'ald's attexpt to prove what s
untrus of ocompetitive equilibrium gensrally~—namely uniquenses of

First, sssume that there 18 a sinrle Robinson Cruooe‘ nith regularly
convex indifference ourves Gesoribabdble dy ¢ smooth ordimal utility indioe-
tor U(x,,...,xn) o U(X) with the propesrtys 4if U(A) = U(B), then
U(A+D) 2 U(A) = U(B)e The substitution ratios, aU'aJt1 / au'axJ are
Gotermimte functions ru(x) of the roode oconsumsd, independently of the
utility indiocstore Finally, assume that Crusoe is indifferent as to how

muoh of each VJ he suppliocs between O and V, whoro the latter are [rescrided

J
positive numbers.

Theee oonditions will be suffiolent to define & oompetitive equilibrium,
whioch will
vaximize U(x,,...,xn) sub Jeot to
(3)

{ (1'1.0-.@)

n <$
U E

iriting the resulting maximized valuc of U as P(V;,...,Vn),wo oan
determine the resulting feotor rrioces WJ a: proportiomsl to a”‘ﬁg' and
prices P‘ vill be prorortioml to aﬂai, and will satisfy a set of relations
Just 14k (2 ) dbut with inequalities inserted to take aocount of the possi-
bility that for roods not procuoed, prioce may oxcedad unit cost of production.
14 does admit the oxistence of insqualities in (1), dut following Schlesinger
he makes the unneocessarily restriotive acsumption that if any Xl ie sero, the

resulting level of well=-beinz is loss than it is for any point at which all
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X's are positives this insures that every x‘ is positive and that all
the equalities hold in (2)e Since uniquenoss is arditrary, I do mot fol-
lcw Viald in assuming that the rank of a 18 mj it oan be anythinge.

Time does not psrmit mo to dwell on the naturalnoss of the fixed-
point types of proof of the existenoce of ocanpetitive equilibriume To soms
those may seem lilke rather sophisticated muthemntioal tools for the economist
to be using; but to oy mind, they do strikingly employ the economist's in-
tuitive feeling that equilidrium interseoctions must exist if all the supply
and demand funotions have the appropriate oontinuity properties.

I heertily approve of the perfileron's agreements that are made adout
comtinuity e that thess beautiful theorems and proofs oan dbe droucht in.
lione the less, from the striot economios of the ocase, we must dbe prepared to
enoounter phenomena that lead away from the existenoe of an equilibriume.
lsre 10 a sinple example. .an A has indifference curves for two roods that
are 1ike rectangular hyperbolase. So far e poode But lian D has indiffer-
enoe curves in torms of his conswumption of those same roods which are like
quarter oiroles, or at loast are very slightly oconvex from adove. This
denies the usual textbook oonvexity, but what doos B care sadout that! low
let us start eaoh man out with e ;iven endownent of both goods, and derive
the resulting competitive supply and demand curves. Llan A's will be of the
normal oontinuous type. Dut !‘an B's dermand ourve will defy the ocontinuity
axiom of 'ald or l'oKentiee Firuro 1 shows how the resulting deman! ourve
nsy "have & holo in it" and nake the existonoce of competitiwe equilibrium
impos sidles (The roader misht imsgine & servo that drives price up when

demand oxoeeds supply, end arpguo that some kind of a statistioal averaging
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out ooours at what would be the equilibrium interseotion of the continu-

ous ourve drewn from A to B to C to D.)

A

—
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V Pouer of Adwanced !ethodas

Advanoed mathermatiocal methods are usually considered more diffiocult
than elementary onss. The revorse is of'ten the osse. I shall oonolude
with an example which 1llustrates enormous simplificotion of the mathe~
matioal coonomistts teohnioal task that results when hs uses a few of the
oonoepts of insquality anmd convexity rather than the intricate tools of
the advanced oaloulus (suoh as Jacodbisns, Hossians, bordered detorminants,
definite quadratio forms, eto.)

First, oonsider the olassioal law of diminishing roturns as applied
to a smooth produotion fumoticn involving magy wsriablese Such a function

18 usually assured to be homorenscus of the first degros, so that

y = g(xypeeepx ) m(x) g(Ax)/ for A\> 0

o
(L) 5(x) =2 x %-J

n

o* - 3%
b x, 20 , sothat Il » = HY' 18 a sinrular matrix.
L Fow % {;;;ai;

To the assumption of constant~raoturne=-to-soale is added the usual s ssuption
of "diminishing returns to dierrcportionate changes.” The mathematioal
eoconomist suatmrizes this by requiring A to be norative semi-definite, usually
of rank n =~ 1.

A1 this 1s expressed with rore eoconomioal arsumptions and exposition by
the two requirecents
(5)a y = g(x) = g(Ax)/A s ADO
(5)v slx+e) 2 g(x) + y(1) .
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Indesd, we oould dispense with the first of those oorditions if we modify
the sooond 80 as to require the equality sign when [x;] ao(CsJ.

From (5)a and (5)b we oan easily deduce the fundamsntal convexity of
the equaleproduct contours that is eo important for oclassiocal competitive
theory and for non~linsar and linoar programing: 4n words, a point half
way between two points on the sams oountour oan nover lie below that comtours
or

c(a) = g(b) tmplies glz e + 5 b) 3 gls) = c(b) .

Proof's
s(ét féb) ué clasd)2 (8) + g(b)

e relation whioh holds ewn if g(a) o g(b).3

vAthout any modification, (5)b by itself serves to rule out decroasing
returns to soale. ($thenatiocal proofs g(cx)g 2g(x) for all x does imply
gux):)\g(x) for all A >0.) The ocomom sence of this is important for
eoonomicse If we can almays at worst et the sum of indepondent production
sotivitiss, inoreceing sosle ocan newor lowoer unit roturns. This moens that
anti-trust polioy cannot rely on diseoconomices of larpge soals produotion to
police oompetition if the differont parts of Ceneral 'otors are always
oapadle of desistin; from conteminating each othsr.

Doth (5)s and (5)b are hypotheses that can be falsified by reality;
they are henoe not provable by loglo. Yet (5)b will seem tomny economists
to lave greater empirical plensidility than the more spsocial assumption of
oonstent roturns to cosle. It !s, therefors, worth pointing out the
disestrous amlytio oonsequonces both for linear prorrarring and for the
usual versions of non=linsar prosrarming 1f (5)b is affirmed and (5)e denieds

l‘e oarmot thon be sure that the equal-product contours have the olassically



-

p-685 ;
5=25-55 3%

-15“-

¥ he reeder m bt todlously prove this from (L) by borderins the Hoaplan H
by dg/ax,) or by eolving y = g(Xypeee,x,) for X3 ® G(xa,e 00X )y) 404 proving

the posltiw-dcﬁnitamu of the (p-1)% THessien 37C/3x atj q
anu'axj - B alln’ax1 where B,, = = (3g/3x )/(ag'aﬁ) for 1) 1%
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> ol

-
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postulated oonvexity needed for oompetitive equilibrium and needed to
insure a looal maximum 18 indeed a maximm in the larpe.

A sin~le erample will make this oloar: [ = x§ + x3 satiafies (5)d
but does not have the convexity property (a) = g(b)a g(é e+ % b), as
oan be seen fron the quarter-cirole produds oontourse (lote that
g o \/x! + x8 has the sams ocontours and doos sotiafy (5)as henoe, 4t
oould not satisfy (5)b=-end does note If ¢ m \5:{ + xJ is technologiocally
feasidle and our fiml produotion funotion go(n.!g) is required to satisfy
(5)b, then go(x;,xg): \fx—f- +VYx8 = x; + x5, and will 4in faot = x; + x4,
which m1l bot’:onaxioclly relevant production functions)

Here is an importamt final theorem with many epplicetions. To prove

it dy manipulation of bordored lbssians would be todious indeed.
Theoreat Lot i/ s r(xx,...,xn) = £(2) have the property:
£(a) = £(b) implies r(é & éb); flo); and let m functions
gi(x,,,...,xn) o {;1(:) ~ach have the properties
Q(A x) = Ag,{x)
g (x+8) = g,(x) )
and lot U e £(x) to bs a maxinum subject to
g (x)2 T, (1=1,00¢ 1)
attain & mximm aqu2l to U = F(Yh...,Yu) = F(T) .
Then, F has ths sarm property as f, namely
F(A) = F(D) trplies F(é A+ ,i, B)S F(A) = F(B) :
Proofs Suppose f(a) m F(A) = £(b) = I(8) with g, (a) 2 A and gi(b)é Be
'Dnné a4+ % b {s a foasible point in that E;i(é a+ ?) 'é Gi(“b).?:_

51(') Bi(b) A4D

-5 — tp— T Certainly
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£ e +3)2 £la) @ 1(b) = F(A) = F(B) by hypordests, et .

einos the optimal walue F(éﬁ +v:; B3 f({ -~__+éii. owr

theoren is proved. é Pl '
Spsolal cases of thiq theorem arv the followings (1) The effiolemt -

production possibility frontier relating total cutputs and inputs must de

e oonvex set if each production function satisfios the olessiocsl M\rmf_

lsw. (Set & " Fa(vn""'vnx) - gvu to prove this.); (i) In ny oqu.-

tione (2), U = F(Vyyeee,V ) = F(V) has the stipuluted convexity propertys

(111) The beautifil IMoks theoren that composite roods bave regularly .

c¢haped indifferonce qpntom'l follows {f ve set o3 « PyXy ¢ ees 4 'é
&'.ﬂlr-ﬂ*"'*'rxk .oooOtO.

Lest the power of these methods betray us into m * m.-

oonvexity that mey ooswr in the roal world, lst me ‘«d with's ﬂlﬂ hucphl@
0
of revesled proference thet holds even when we deny the i qt ‘the r.;i‘&“ ¢

{ndifforence curves nesded for the nbom theorems. .hadever thc -hpt d?
Ua :(z,....,x )o truly mximising z, PJ‘J subjeot to 1'(::)> U uu &n i

P
1875
prefeorence that is true even when many local maxims rnvowo b painfully

x, ® , (Py,eee P} v1th the property 1dx,AP,< O-- remit 1x Foveslod !
eliminated from the optimml solution. Other important exarplas in the yoaln
of decreasing ocoet industries arise to plague ths ubuv;'me:ﬁr and
impetient eseonomist.
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