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LlQMkr ProrprtanlBn aad Eeonomio Theory 

I    XatroduQtloa 

Ar.yoo» «ho It familiar rdth both ooonoaio  theory and linear prorremln^ 

moat edalt that linear  • ro -rtr-.- in- hat bean one of the nott tzoltlnc deTalop- 

nentt in ooonoodo thoory of reotot yeart«    A glance at the oooooalo journalt 

thowt that a fairly extenslTt literature hat already piled up tren though 

the subject li icaroely old aooutft ohronolo^loally to ^ to kiadargarteB« 

Outtide the realm of eoonoedot» there appear nuoerout linear progrtD^inK 

artlelet la napptlnet of applied Vitlnett praotloa and In mora purtly matha- 

natloal joumalt«    but erfan thete publlcatloot do not tell the «hole ttory 

t tlnce a veritable gueher of unpubllthod researoh 

papart on the theory and application of linear TP-r*jT-lrv» taea to povr oat 

in eaoh current month. 

This oonfertnoa ittelf tettiflee to the «idotpread interest In the •ob- 

ject.    And periodic oonferenoet like thit one, and like tht original June, 19ti9 

conference in Chicago« provide convenient benoh-mrki to neatura our [rogrtM* 

The Haahlnrton Conferanoa on Inequalitiet and Fro^aaaing of June, 1951 thoead 

that the theory of linear procrtri ing had baen extended in the praviout t«o 

yearai and it, of oourte, revealed the tronendone rutntitative expenelon of 

applicationt.    Similarly, iutt rta^ing over the advance titlet of the papert 

at thit conference aoquaintt one «1th the further advtnoet of the laet fe« 

yeart« 

Ordlnally, therefore, we can truthfully tayi    i>ery day, in every «ay, 

«e are fretting better and better«''For the purpote of deeltloo-r«king, ordinal 
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oot p«rlions ar« usually alone ptlerant.    but If I wer* to dlgratt 

QOBMotarlly to «nak« »n CKJIOJW quaei-oardinal ootnparlson, franlmnti would 

conpal 3\» to «tat«i    Th» hrooeadln^t of tha 19L9 oonf«ranoa# AotlTity 

Analyaia of Produotion and Allooation—whioh Tjalllae Roopnant «o baautifully 

•dlted—it tlia voluna on qjr bookaholf that I find mysalf BO it oftan roforrlog 
■ubsaquoat 

toi the prlnory advnnoe rcoorded in the 19^1 oonferenoo aaamed to hare bean 

ohiefly     in the (no dodbt important) field of oonipatation and in the ezteo- 

eion of applioatioae*     It is too soon to tell whether this sa»e phenoasnon 

of "diminishing returns'1 will be äieoemable in a mnerioal appraieal of the 

adyanoe thia oonferenee will rooord* 

Let me hasten to qualify this remark»   Sfen at the ride of eeening to 

oontra^lat tho frunoue J. "• Clark aphoristn that "ewsrythinc; but intelllrenoe 

is subjeot to the law of dininishinf* returns/ we must reoognlte that nost 

oonsoioas f'lrootlon of soientlfio researoh must be toward pushing it alon-, 

paths of diminiahing rstums*    So there should bo nothing, disoouraging in 

ry oonpirison.     'orr than tha4:i   toy oraluntion eh« uld stand as a tribute to 

the fundsmental ivork of tts lote ISUO'S rather than as a denigration of sub- 

sequent dowelopaonte«    Finally, I hawe    I von an ooonaodo theorist's subjeotiwe 

evaluation.    I oan readily laa^ine that aooording to the Indifference ourres 

of some applied r.athonatlelans, the subjaot is just now ba -Inning for the 

first tine to beoone really interesting* 

11    Souroes of Inspiration for Linear Pro-.rettnii^ 

Th» riehnesa of linear prorjan-lng for the eoonondo theorist oan be 

lllustnted by the dllsruaa that we have been faoinr in preparing an exposi- 

tory PA ID nonorraph aimed to introduce the non-epeolalist eoonoedst to the 

eubjeot«    Sane years ago I prepared sone introductory ohapters, written from 
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tb«  -«rwral Tivvpolot of thm •oonooint.    ?\jt with etoh pesala^ nonth th« 

projsotod out 1 in«  'raw and ^rwm In 1 o-.-th.    This «es not booaoso of any 

dealro to mtk« the troatnent oocnprotenoi^t, but rather tlmply • reflootidtt 

of the rmr.y intorertlng toplot vhoro aoonoodo theory and llneer pro^neriing 

orerlap*    I bogan to feel like Trlatron r^ndy, who yoa «111 reotll, took 

seteral yoore to writ« up the first t! ree weeks of hi« life.    To nüce the 

•erlös ooorerr^ to e finite sum. Professor« • ob«rt rorfaan end Hobert Solo« 

have Joined the projoot, but they too hare tad to faoe It« tendency to rTo« 

out of bound•• 

What are aos» of the laportant area« «her« eoonomlo theory and linear 

nrogramaln^ overlap?    I don't think we oan do better than list the four 

•ouroes of Inspiration for linear pror^arrln   'ITSD by Profeseor Koopiaan« 

in his Introduetlou to the Activity Analysis book*    Thee« are as followsi 

(1) Tho reooTxltion In the oorly l^O's by suoh continental eoonoaist« 

•« ' oissir, Von n tacke It err., Zeuthen, Sohlesinrer, T« lexirann, and    aid that 

the «Inple Ca«««l version of nalmelan general equillbrlus oould not be 

adequately appraised by *n unoritioal oountlni; of the maaber of its equation« 

and the mart>«r of ita unknowna* 

(2) 7bm "no« welfare ooononlo«N in the various veralon« of Lerner, 
threw 

Bergeon, Kaldor, .tloko, Sanuelson, l<anre, and Arrow whloh / new U h* on the 

earlier writing of Smith,    alr«s, won Closer,  .arshall, hireto. Barons, Plgo\ 

won I'lse«, and Fred Taylor* 

(■*) The Interindustry Input-output thoorl^s and nwasureoonts of Leontl« 

ftran«, and Itoffenber^j and the related nultl-sector enalyala of Keyno«, iurro« 

'or.  Salant,    aohlup,   '.etiler. Solo«,   «odwin, and ^hipsian* 

{U)    The specific pro7«nnlng and optlniilng probleaa rcised by dafenaa 

and military problone—and, more r.enarally, the miaeroaa optimising problsm« 
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ttet business firms hsvo slvmys ted to solve In their qj«st for profits 

and surrlTal»    (Ihs Comflsld-^tlglor diet problem and ths Ultohsook- 

Koopssns-Ksntororloh tr nsportatlon problen ni .fat bs put In this ostogory*) 

I think to these four eouross of Inspirations should be sddsd st lasst 

five rors# «von though only ths last two of these are prlosrily eoononlo la 

nsture» 

(3)    Ibo Intsrrslstloas betveon llnosr prorrsmlng snd ths theory of 

rsmes of Dorel, ▼•  "levsasnn, P. A« Fisher, snd   orr^nrtem. 

(6) The fouadstlons of the weld stetistiosl deolslon theoryf oestlng 

no« llrht on ths Fisher snd   ieymenc»Hssrson thsorles of stotlstlosi snd the 

related foundations of personal probability and deolslon nakinr of the 

^snssySevep^ type* 

(7) The purely rrathemotioal lnter-ot of Mlnkovaki, rreyl# Donnesen and 

Fenohel# sind a host of other matheoatloisne in various aspects of ths theory 

of ormvex sets and of topolo-j generally* 

(B)    Within ths sroa of eoonomlo mexlndilng problems, theorists during 

ths last oou- le of deoedes had \ * -m to ooncentrote on the inequalities that 

eharsoterlse a nezlsui rother then on the flrrb-derivetlvs equlvalsnoes that 

happen to oharaoterits certain smooth interior nexlnua points*    Ihs econonlo 

theories of Index numbers» of revoalod preference, of Le Chateller prlnolpies# 

sll theoe ere exaniloa of this trend antedating the birth of linear proTonrlz^* 

(9)    Flnelly, in the »oonnede thoorlos of arbitrage, speoulation, looe- 

tlon, ond rationing there have from the earliest doye been reoofTüsed to enter 

problems of inequaliti«»i  since these problems have not elv.sys been foroolsted 

as maxinaas or as general equilibrium problons, I have added thsa ss a category 
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Mpftrat« fron the ttrliar oatef^>ri6t*    (The iroot of Rioordo, Coumot, 

-.cltovmJcy, d«   rmaf and other ©oonordoti could be epeolfled in tMt ro-«rd.) 

Ill   Iheoretieel Inai(*hti Prvrlded by Lineer Procrecüdiig 

If you enunlne the listed my» thet eoonoodo theory hoe inspired lino^r 

(rorrenaine« you   ay euperfloielly Infer that the prooeee h< » been one of 

uallrterftl oaueetlon fron eoonomiot to fro^amlng*    Inasnuoh ae eoonotdo 

theory antedates linaar iTO'.racariing ae a formal dieoipline of study and re» 

eearoh, thie ie in a eenee natural and to be expeoted«    IkMrerer, you ney not 

infer thet prof^ranninc ie the inferior aotirity ***-. r^ere it hee taken its 

probleiae direotly from eneieot eoonomio theory«    Often« the eoooomist has 

had the important« but vastly eatler taek, of asking oertain quertioosi and 

the lineer pro^rsmin^ expert has often been able to answer those quest tonk- 

in soae oases to    ire enevere to theo for the first time« 

I hare been wraoldOK my brain to eee if I oould think of any oonrrsrs« 

examplo •—«here llneer   ro-ra- inr, has   raised new and iaportant questioBB 

for the ooonomio theorist that he had not previously thousht about.    I hews 

not offhand been sble to prodooe any snd I would hope thet eowe eoonondst or 

raathsnatiolen «ill rrorlde ue with some suoh exanploe for disoussloiw1 

1In the oral disoussion to this peper« Dr*   lartin r«oJcnann eugnosted that 
lineer ■ ro -r».-r.irv: had roieed a maber of interesting questions for the theorist 
of looatioml problane.    And oe I shall arr^je letert nany of tho gsnoral nath*» 
natieal tools that are neaded for linear proiTSnine—euoh ae oonvex eete# fixed 
polst theorwos« eaddlepoidte# oto.—turn out to be extremely useful to the 
•t)dem netheswtieal eoonoiaist* 

Upon rafleotion« I oust adnit that linear profrsmiog has suoeeeded in tacklirv, 
snplrioally many of the -anoral jrobloas that the theorist had always talkwd 
about«    Thus, the eoonondst speaks   -libly of a multi-produot fins as having a 
oost funotlon dependett upon all ite outputs and ae reeohing equllibritsi when 
it equatee eaoh produot*e marginal revenue to ite narRinal oost«    .ark of 
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Coopor9 ChtjrnBt, ^.tuJM, .tendaraon, Sohlaif»r# «od other« haw   -iron oorr- 
orst« appliootlona to T.» at nl -ht otherwise renain in the oatecory of "erpty 
boxet«" 

hen Dr*   "eor -• Dadbtig ooked ne In the oral dltotjetlon why eooaaaio 
theorists are so "unintoroated" In linear profxaoniar applioatlona, X repliedi 
Theoriate are oon.'enitolly a 11*tie bored with oonorete application«»    They 
prefer to oonsider the general qualltatlTe aspeote of thla e rather than thsr»- 
•elTe« to beooae interested In the quantitativ« detail« of, say, the oil in* 
duatry'a «ultiple produota«    ''oreovor, the theorist often su«peot« that the 
linear pro^rasnor grind« out an oxaot solution to a rather idealised appread» 
mation to the true roalUy—eo that in any oaee only the qualitative direotion 
of ohanco« can be Inferred fron the prorrantvine result«."    Upon reflect Ion, X 
feel that parts of ry answer are Indefensible«    Ihe theoriet «hould be in- 
terested in oonorete appllcatlone—If they «re -jslld.    Al«o# if Vjilnsoanen 
oon« InoreeeioKly to use linoar proiTasning teohniquee—erven when not valid-* 
then the theorist oust take this faot Into aooount in describing their behavior« 
In the eaae «ay that he take a Into aooount the 8y«temtie aberatlon« of videly 
u«ed aeoouDting teehnlquea«    This doe« not mean that every eoonocio theoriet 
must hinself «peolallte In solving problens of internal administration for 
firne or other maxinieing \xiitai    such appllcatlone, v^ien they beooe» coherent 
enounh. «ill tend to nov» outeide the narrow discipline of eoononics In the 
eame «ay that accounting and teohnolony have done« 

Doe« thi« failure to «upply question« for the eoononic theorist Ix.ply 

that linear prof.racning 1«, fron hi« «elfleh point of vie«, «terll« ?    ot at 

all«    irograening theory hu« not only provided the theoriet with aany onavere 

to hi« queetlona«    It he« alao provided him «1th fairly rlgoroua proofa for 

some of   hi« theoreme -or a a the   nrlat would say—for «ome of hi« conjecture«. 

Rven more Snrortant It ha« nroviäed Idr «tth feed-back Insight« into the fvada- 

nei±a of hi« «ubjeot« 

Tfaue0 the codem econonist hndt prior to the birth of linear ;ro -r*rr,ir^ 

a« a rooognleable separate entity, attained a pretty fair understanding of the 

nature of a pricing neehanien fbr the attalmmnt of various vselfsre-economics 

optima«    In other rord« he ha« made cooolderable prorre«« beyond Aden Snith*« 

notion of the invisible hand, toward a deeper understanding of nhat thot notion 

Involved«    'Jone the less, no one who undorstar.ds both eoonomic theory and pro- 

fT^rrlng theory Is likely to deny tv0t the latter1« funrfenental duality theo 
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hÄT» %A696 to hi« «id«rat«ndlng of th« prlolnr: twohtol« and Its 

llmltatlont* 

IV     jclBtoDoe of CoopetltlT» EouUlbrlun 

On this oano ftft«mooB*t prof^mm, Profostort ^iarold Kuhn, a r»tb#- 

mAtioi*n9 and Lionel "oKonsi«A an eoonoedst, are disouitinr; the problen vMoh 

I lifted ai one it tha first «ouroas of inapiration for linear prosraonine* 

ntil Tfcld't proof oaae along, eoonoraiita had no ricoront damona trat ion of 

the eziateooe of oonpotiti^e equilibriuDi*    Indeed •one inoautiout formaler 

tione of the Ualraelan syataa, auoh as that of Caaael, ^ve rite to loo,-: 

uDootioed oontradiotiona and diffioultiaa«    The keen litorary aoonoBitt— 

and he doet oxlst—aleaya realieed that the tray out of these oontradiotiona 

oane from nakinr oone factors free and then dropping the requireoent that 

all of a free factor be «nployedt v.Moh ia preoiaely tha nathematioian*« 

final reaolvin^ of the peradoou    (On thin aaae afternoon*« pro-ram, Profea- 

•or Qeorcasou-Poegen, both a keen literary and rotheuetloal econorrdat, in* 

terpret^ the eoonoodo history of Roumania in terma of suoh a redundaooy of 

labori the Dutoh eoonondat Velk offered a dndlar h^'poti.esls to explain de- 

preaelon uosmployment, and ny oolleaguea at the !'.IT Center for International 

Studios, Dr* Ronanatein-Podan and Vr, "okaua have surxested siinilar interpret 

tatlona to explain the reduadanoy of labor in nodern Italy«) 

The nature of the diffioulty trith the C*s8«l  ^atem Is •••y to Me from 

the following teo •et^ of equation 

a)    ivj-vl (i3l^,...^) 

(2)     i ^iwi ■ pj (M.2.-«-#n) 

M 
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vhor« X's «rt n outputs rlth ?*• tholr oompotltiT»    *rk©t prlo«8# and V*t 

m m f»otor inputs and V's tMlr msrkst fsotor j rlo««, on) whsrs *  . srs 

spaoiflad asD-negstlTS flasd ooofflolsnto of   r oduotlon.    Equations (1) 

say that all factors or« used up and (2) say that all goods ssll st thsir 

unit oosts of produotion, trlth oompstltlon Tlnding out sll profits or 

surpluses* 

Dvsn with n 4 D# ths^ is nothing oontradlotory sbout (1) and (2) until 

ths thsorist rocs on to raik* ths aasuaption that the factor auprlios« as 

rl^an by ths rlrht-hand V*a in (1) oan be arbitrarily •pacified^ at the saat 

tin» that ths ooonodity prioea on ths right of (2) are all arbitrarily speoi* 

fled«    usually, we think of the nuribor of qoods as ssoeeding the oumber of 

Aotors# BO a } r\.    Thit means that ths set  (1) is undsrdstennined, tvith 

o-n X*s beit^ oapable of taking on arbitrary veluec« 

This is troublesoas# but not logically oonti^sdiotory*    HowoTsr0 look at 

(8)*      ith all P*s srbitrarily tpeoifiable« «e ha^v« n oonüitions on Q< n 

unknown r's*   So (2) is oTBrdetemlnsd, posssanix^ no aolution«    Ths def^ee 

of its overdatenvinaey la, ao to apsakt o-r. 

Ikm vraa thia baalo irreoonoilability overlooked?    In part# beoause 

theoriats counted the total mobsr of unknows in (1) and (?) t thieh worked out 

to bs nnn end found then equal to the total nuatar of eouations in (1) and 

(2), also ntn*    So to speak, they unknowingly oanoolled out the uitferdsternlnacy 

of (1) token by itaelf against ths over determinaoy of (2) taken by itaelf* 

Oils is lorrioslly illegitinate«    ihla is alao ehctra by the mathsnatloal fact 

that the detsminant 
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•il*x«    ••• \n 0    ••• 0 

a .*_   ••• a     o    ... o r. 1 r2 • n 

•••   0 *xx 'nl 0 if m ^ n 

0 •••    Ja,     ••• t in mn 

M UiplAOe't (3evoloii»nt  nhow, 

Ooonomiett euch A« Vaster and ! rod  .Uylor had avcidad this dillloulty 

by aitxanlag that man*    Ikwnrrer, thit doat not avoid the dlffloultyi it only 

postpoaoa tha lonioaX oontradiotion«   Forf in tha first plaoa# avtn with a a B# 

thara it no raaton at all why tha a     matrix thould not ba air^ulari    ^iy 

shouldn't t«o roodt uaa asaotly tha tor» proportion of iaputtf   If tht thaorlat 

objaott that thit it aquivoltctt to dafininr; then at tha aaoa roodt and thara» 

fora raduoing n to ono balo« m9 thit timply oonftstat that there it a lor;iaal 

diffioulty. 

Lot oa for tht purpota of tha ar^inant tupposa that rioturt it kind and 

doet r\v9 ut a noa-olnrultir tquora notrix of a*t«    Cxeapt in tha trivial aaaa 

«hart aaoh p^od roquirot but cne factor vhioh it vnlqua to it, (1) and (2},a 

dtrtorminata t lut2r»n for aaoh preaorih^d sot of jouitiTa  Vt and P*t oamot 

htTt the property of alrayt aroidin^ negative valuet»    I*e« «a oan aatily 

tpealf/ arbitrary positive valuot of tho Vt and P't nhioh oauta ono or more 

of our eoonomio «»cnownt to be no^tive«    (This follont froa timple eoonamla 

rea toning if aa supply tha ftutort in proportions nore entreiua than any good 

uaeai or it oan bo proved by the nathonr.tioal fact that a nonpsingular ottriz 

of non-ntgative ooaffloiants that is not tha identity matrix oust have nejative 

«1 snort» in itt invsrto, to that a*   V oan for appropriate ehoioe of positive 
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V*8 ba rode to have ooo or nora Degativo alaooot*) 

lÄonocdstB eventually learned all thltt and if they had bean nuMTi* 

oally rindodv they rdf^t hava learned this aran earlier«    But one aay that 

they had of reaolvin^ any euoh dlf fieultlaa was to deny one of tha postu- 

latea nlving rite to the troublei   why keep inelstlng that tha faotor sup- 

plies V   mare preaorlbnble at arbitrary lerelsT     "hy keap inelating that 

acy aoaqpetltlva prioat oould ba presorlbedt   Alternatively, why not pre- 

srrlba that only those rrlees ooopatiblo vith ooot of production are poaai- 

biet   And only thoaa faotor auppllos that ou\ all ba usedT 

7faaav wa may still ba able to avoid lo~ioal inooneisteney by insisting 

on the aqualitles of (1) and (2) but letting all variables ba ankaoan»»- 

not Juat half tha variables*    Thus, we have n •*- D aquations binding 2(0-0) 

unknoans and there need oe no overdeterminaey*    There is of oouraa under- 

detandnaey, but «a faal that wa can add taste or daoand aquations and dis- 

utility or faotor aupply aquations that will serve to detennlna our system« 

But do wo know this?    The aocnordst faals intoitivaly that this is aoi 

yet the rrathsaatioian nill require proof of tha ftald or other type*    I shall 

briefly ok etch the element a of such a proof, making slirfrtly stron~ar aa- 

8UQ(*iona than   aid doea«    But since I believe hie assumptions are ovarstroog, 

from tha economio viewpoint, there win not really be -uoh difference between 
2 

toy asauxsptions and those of   «aid and rohlesin^er* 

v?ald aaatsDos that market denond functions relating totals bour^t by everybody 
satiefy wt^at we today call the "-eak ' lion" of preference theory«    Suoh an 
axlota holds for a single individual, but it is arbitrary to aaaiae it holds 
for the market totals«    Jany plausible examples can be  -irrm of this fact« 
In a yet unpublished paper, I have provod that something like this—and more ■ 
would hold in a "good soclety" nhere inoonos are always optimally redistributad 
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•o as to mxl-lie a social r?elfora ^jnrtlon«    Such a rood soolsfty aots 
lUos a sixv-la Individual—so «a night as trail fron fha besjlnnln.   talk of 
Poblnaoa Crusoa*     «ot« that l<oKa&ila*s proof of «xistenoa Is fraa fron 
this lirdtatloai but ha rightly abandons ' »Id's attanpt to prora ahat Is 
imtrua of oompatitiva equilibriua gaosrall^—narnoly «iiquanass of 
aquilibrlta* 

First# aasuns that thara la a sin-la Poblnaoa Crusoa nith ragularly 

oonvax Indlffaranoa oursas «Sasorlbabla by a smooth ordinal utility indica- 

tor ü(Xlt... Jt } ■ ü(X) with the propertyi    if U(A) ■ U(B)f than 

"(A-«)^ U(A) • \J{B)m    Tha substitution ratlos, du ^   f W&A "^ 

detaminata fuuotloas f.^C^) of tha gooda oonsuood, indapandsotly of tha 

utility indicator*    Finally, assvna that Crusoa is Indifferent ss to ho« 

muoh of each V   ha auppllas batwaaa 0 and V   where tha latter era presoribad 

posltlT« mabars* 

Thaaa conditions «111 ba st^fiolent to daflna a conpatitiTa aqulllbrl\a# 

which will 

(') 

'^azimlta »(X«,...^  ) svfcjeet to n 

n 
I a^ Xj^ fj (1«1#...^D) 

•ritinr the resulting mexirited «aluo of U as F(^x#...#^ ), we oaa 

datermlna tha rerjltlnr, factor prloas n   a/ proportional to dF^V., and 

prices P. «ill be proportional to & &., and will satisfy s sat of relation« 

just lika  (2 ) but with Inaqualltles inoertad to take uocovnt of tha possi- 

bility that for »cods not produced, prloa may oxoaad unit cost of production« 

"«Id doae admit the existence of Inaqualitios In (1), but follovriqg Sahlasingar 

ha nakas tha unnecessarily restrictive easumptlon that if aoy X.  is saro, tha 

resulting level of wwll-balng is loss than It Is lor any point at v^lch all 
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X*8 «re positiv»!    this Insure« that srory X.  is positiv« and that «11 

ths aqu«liti«s hold in (2}*    Sino« uniquenoe« i« arbitrary^ I do not fol- 

Icw   aid in «svisning that tho rank of « is mi it oan b« anything• 

TIBM do«s not permit n» to ditsll on ths n«tur«Ino8S of ths flxeA- 

point typsiof proof of ths «xistsnos of ocnpetitiTs squilibriuB»   To sons 

ths«• may sssn lUce rathsr sophistioatsd oDthsmotioal tools for ths •ooocadst 

to bs uelnri but to ngr mind9 thsy do strikingly employ ths eoonmist*s in- 

tuitiv» fssling that squilibriuB interssotions must szist if all ths supply 

«od dsmand functions havs ths appropriate continuity propsrtiss« 

I hosrtily approvs of the £si£lsnen*s agresments that are nads «bout 

ooatinuity so that thsss besut£Lful thsorsosa and proofs oan be brou-ht in« 

lions ths lsss9 from ths striot eoononios of ths oase, vs must bs prepared to 

enoounrter phsnoosna th«t lo«d aeey froD the «xistenos of an equilibritaB« 

Vsv io a slnpls SKSmpls*     An A has Indiffsrsnoe ourrss for two  -ood« that 

are llks reot«ngulor fayperbol««»   So far «o good*    But Uan D ha« indiffer* 

enoe ounre« in torn« of hi« oonsunption of those ssae rpoe« whioh are liks 

quarter oir«l««v or «t least are vory all.^htly oonvex from above«    This 

d«rüe« the usual textbook oonvexicy, but nhat doe« B c«rs about thatl    Mow 

let n« start saoh man out •. 1th a    Ivsn sndovnsnt of both s00^**    "^ derive 

the resulting competitive supply and demand curves«     *n A*s will bs of ths 

normal continuous type«    Out fan P*s dsmand curve vrill dsfy the continuity 

azlon of V.ald or roKencie«    Finirs 1 shorrs horv the resulting densod our?« 

may '*have a holo in it"    and naks ths sxistcnos of oompatltlve equilibriui 

ir^xwalUe.    (The raador mi^it izosgins a ssrvo that drives price up r. hen 

doraand «ncsssds supply« and argue that sons kind of a statistioal averagliy. 
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out ooour« at «hftt Tjould be th» equilibrium intorseotion of the oontlmt- 

oue ourve dncwn from A to B to C to D*) 

r/LyA^x.   I 
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V   Rwer of AdmncMd '-.athodi 

Artx^noed n»thM»tioftl mthoOa ar« usually ooosiderad mora dlf floult 

than alaoantary onea.    Tha raroraa is often the oasa«    I ahall oonoluda 

with an o-ninflr» rhloh llluatrataa anomoua ■inf l Iflontloa of tha oath»» 

matloal eaonotnist*8 taohnioal taak that reaulta whan ha uaaa a fa« of tha 

oonaapts of ioaquallty and oomrsxity rather than tha intrloat« tool« of 

tha adranoed oalouloa (suah aa Jaooblana, Hosslans, bordered datorednants, 

definite quadratio forms» etc.) 

First, oonaldor the elassloal la« of dioinishiag roturns aa applied 

to a smooth pro^uotion funotloa Involving naqy TOriablaa«    Suoh a function 

la usually aaaured to bo hosionenecua of tha first degree9 ao that 

;CK)-C(AX)/ forA>0 

n 

y ■ c(»i.«•••«,) 

(U) g(x) i Z x   i- 
1     JÄJ 

iSfc-j »„ ■ 0 ao that ••N- * la a iin -ji»r natrix* 

To tha aaauaption of ooQstanb>rciturne>to-soale ia added the usual sssiaptlon 

of "dlminiflhlag returns to die proportionate ohanges«"    The mathematloal 

eooooodat st^narlcee this by requiring R to be nef^atlve serd-definite« usually 

of renk n • !• 

All this ia expreseod vrith nore eoonomioal assmptiona and exposition by 

the two reqidrsoonte 

(5)*        y-8(x) - ^(A«)'A 

(5)b g(«*«)> g(a) ♦y(s) 
mm 

.A>o 
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Zndted, v« oould disptoM trlth th« firnt of those oouaitlon« if wo modify 

tho oooood oo at to roqulro tha •quality sign vhon j ». 1 '^f*«/* 

Pron (3)o and (5)b vt oan oaaily doduoa the fundanontal oortvexlty of 

the equal«produot oontoure that ia ao iaportaot for olaealoal ooopetitiTt 

theory and for non-linaer an) linear pro^ramiogt in tTordt« a point half 

«ay betvoan two pointa on tha ease contour oan nover lie balov that oontonr» 

C(a) - g(b) iapliaa G(^ • 4 ^ b) > g(a) - c(b) • 

Proofi 

4>^b)-^g(>^)^fi^$g^ 

a relation whloh holde etan if c(a) 4 p:(b)» 

•Ithovt any nodifloation, (5)b by Itealf aerree to rule out daeroaeiog 

raturoa to  »oala.    ( athenatloal prooft    g(Cx)> 2g(x) for all % does laply 

gUx)>A^(x) for all A >o.)    The oosnoa eenv« of this ia iaportant for 

eoonoaloe»    If ua oan alnaya at roret nat the eun of independent production 

aotlvitieav inorooaing aoale oan novor lover unit retuma«    Thia neana that 

antl-truat policy oannot rely on diaeconoadoa of larga aoala production to 

polloa oompstition if the different parta of General Motors are alvaya 

capable of desiatinr, fron contaninotlnr; each other« 

Doth (3)a and (3)b are hyjAtliaaes that can be falsified by raalityi 

they are banoe not proTable by logie«    Yet (3)b «ill eaen to may eoonooista 

to faa«a greater aaipirioal plausibility than tha more  apecial assunytlon of 

constant rotuma to eoala«    It la# therefore« worth pointing out tha 

diaaatroua analytic conaequoncea both for linear prc-racrinc and for tha 

uaual Torslona of non-linear ; ro.^ranr.inr if (3}b ia affimad and (3)a denied« 

"a oannot then be sure that the equal-prodoot oontoure haTa tha claasloally 
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• 

■ 

^Tba re«dar nd^fat todloarty prof?« thlt fro» (U) by bortterlnc thd
N
}to^l^Jl 

Ä3v öj T-olTi^ /-W...^) for x. - 0(xa....^aiy) f Pr-ln« 
th* potltl^d«fifilt«neM of th. (tt-D8 Itettlwi   a^/*»^ - 

  ^ m 

• 

• 

- " 
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poftulotad oonv«xity n«*d*d for oonpetitiT» equlllbrlta arvd naadad to 

Insor« a loo«! naxlaiuD la Indeed a nmxlmum in tha larga* 

A iln-la axanpla trill naka thla oloari    c B ^S ^ >3 aatlafias (5)b 

but does not have the oomrsxlty property n(a) a r:(b)J  c(n * ♦ 7 b)» •• 

oan ba aaan fron tha quarter-circle product oontoore*    (Ilota that 

C ■ Y x| 4 xg   has tha saoa oontoura and does aatiafy (3)ai hence, it 

oould not aatiafy (5)b—and does not«    If ^ o V »f 4 xä la taoteologioally 

faoaibla and our final production Ainotion g (xl9xa) la required to aatiafy 

(5)b» than g UI»XB)J A^xf   *v*t   « xx ♦ xB, and i/ill in fact « zI 4 x«, 
tha      m 

which -111 ba'eeonoaiioally relerant production fuaotioa») 

Hare la an iaportont final theoran with nany applioatioaa*    lo prove 

it by manlpulotion of bordered liaaaiana would be tedioua indeed* 

Theeraoi   Let n ■ fCxj.,...^ ) B f(x) have tha propertyi 

f(a) a f(b) implies f (^ a 4 ^ b)^ f (»)l and let a functions 

^(xx,...^ ) u g-Cx) each hare tha propartiea 

(^(Ax) m Ar^*) 

sod let 0 ■ f(x) to be a naxinvxn subjeot to 

gjU)^^ (ial...-«»*) 

attain a nmxlwm «q ? 1 to U a F(Tx#*««fT ) a F(T) • 

Than, P has the sane property as f, namely 

P(A) a F(D) inplioa F^ A ♦ ^ D)§.F(A) a F(D) 

,roott    Guppcaa f (a) a K{A) a f (b) a 1 (B) with ^(ä) ä. A end (^{b) ^ B. 

Ihen ^ a ♦ ^ b is a foaaible point in that ^(^ * * yf*) m 7 S^*4*) i, 

g-Ca)      g (b)     A4Ö 
a  -,,- «        Certainly 

> 



- 
M 5-25-55   ,• 

' 

Spaoial oaMt of thit theorem ATU tha foil owl ry; 

proAietlon pottlbility frontier r«lfttlnc totAl outputs and lopott 

«i    (1) Tte •molant 

• oomax »at if eaoh production fuactloa Mtiafiot tho oUnloal  rrt'jrii« 
n 

I».   (s«t «j • ^u»—»^) • t VIJ ^ t*™ thU .)! (U) I> .7 «K» 

• 

tloni (^)# a ■ F(VX#««»#V ) o F(V) has tho «tlpulutod oorrraadtgr propnrtyi 
n 

(ill) Tho booutlful iHok« thacrom thot oooroslt« /»oodi hooo ro^uUrlj 

If PO tot Si  '  Px«i ♦ ... ♦ P#» - 

JC. 

Chopod Indlfferorwo qontourt follooi 

Loot tho po»«r of thooo nothodt botroy ut into igneri^i 

oorrvozitj that aty ooour in tho raal world# lot oo ond with a mlid inaqoalitfr 

lod proforonca that hold« evoa whan we dongr tha oonraxity of tha - ^ 

ladiffor«Doa curvai noodod for tha »boTo thaorona«    .•ba^oror tho abopo of 
n v" * 

U m f(x!....,* ), trulv i»Jdaifti^ I PJS. sobjaot to f(s)> 0 will e&ra ua 

«t " ,/«(Px»#'*»Pn^ "^ tbt P^P«^   iAK.AP-^ Cr^ roault U rrwalad 

haoa to ba padnf ally proforaaro that it true oron «hon nangr looal 

olisdnatod froo tha optio»! solution«    Othar laportaat anB^pL»! in tha roola 

of daoroaaing ooat indnstria* art ao to plague tho liaoafv pro raanar and 

• 

• 

r 4 


