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SO STATISTICAL PROPERTIES OF UIBCW IMXTORY MLS

IMurray A. Geisler

The RAND Corporation, Santa %niica, California

Tn the study of inventory policies, em is interested'not only in the

man values of such important random vhriables as number of shortages per

tim period, but also in their variance and covariance properties. Sucn

additional properties are of interest in interpaeting the stability of an

expected value, under assumed inventory policies and parameters, and in

using stochastic or Monte Carlo models to calculate estimates of the

expected values by sampling techniques. 14 this paperwe examine com-

paratively simple inventory models , and Aet've the expected value, vari-

ance, and selected covariance and correlations of the rand= variables

representing stock on hand, shortages per period, overeges per period and

reorder quantity, eseo-of which 1will be 8&ened-below.

I. fIVEM1ORY MMEL WITH ZRO PROCURQIT IEAD TINE

First, we consider an inventory model with zern procurenent lead tim

which is governed by (S, s) policies. We asinm that a particular set of

values (8, s) has been selected, so that whenever the stock level x falls

below s, then positive ordering is imediately enacted to raise the level

to S with Imediate delivery. When the quantity of goods in supply x

exceeds a, then no ordering is done. We allow x to assume any possible

*A iew exressed in this paper are those of the author. They
should not be interpreted as reflecting the views of The RAND Corporation
or the official opinion or policy of any of its goverinntal or private
research sponsors. Papers are reproduced by The RAN) Corporation a a
courtesy to nembers of its staff.
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real value. A neative stock level should be interpreted as the amount

owed to consumptiou. Thus, all demand will be ultiately satisf-ed, and

therefore it is meaningful to refer to negative stock levelE. We also

acsume that the density of demand f(t) is known, so that in eacn time

period, a demand t has probability r(e) of occurring. Then, If x n rtock

level at end of period n, we have:

xn - | if s < xn < S

Xn+1

S- if x <s

1. STATISTICAL PROPRTIES OF TIE STOCK IZVEL x

We first solve for Covjx, Xn+11 which is given by:

Ca(xn Xnj t E(xn xn÷ - E•Xn EtXnxl

We am than define E(Xx xn1 f as fofllws:-

Ifxn ~ u f Etx~l~l xnlx4 O(xn)dxn

=f xAZ~x 1 xn~j Y* (x )d&

Using the above transition law, we get:

xn -aif s8 < %fS
5f ýi- if xn<fa



Therefor"e,

Efx xn = (S - m)r X n(xn)dxn + xn(xn - m)*(x )dxf-00 I

Now, ve sclve this expression for the special case of exponential

demand: f(•) = Xe|. For this continuous density function, the &tatlonary

distribution of x is given by.*

{ +'$ a ; if s < x<_S

if x

vhere A-S - s.

Substituting *(x) for *(x ) in the above expression for E{x n x 1 j

ve obtain:

_ _x S
X (s- X X f )(

ICI U AJ + xe dx+ -1 + X& )d.

vhere a-w1

Me filt toms am the right can then be integrated, and for conven-

ienoe, Ve let y - s - x. We then get:

*Arsow,, X.,, Yarlla, S.,, an Scarf,, N.,, S~Wies in tbP }atheowtical
Thory of Mwsary and Prodwttou., 1939,, Chapter 14."..
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since If ~

Therefore:

Covx= xn - 1 + X

02 +1 + X% X8 2s +N 2 5s 3 2 +2 k___5

AS k• 2 s 2

(s - -,-

Simplifying, ye get

C tx.+l} -- 12 ([X2 (s _ )2 - -S) -1

[ x( +Xs - 3A]2

We next derive VarxnI, vhich is given by

Va-rf{x- E ixj _ Ejx n}J2

We kow tbt:

2,) 21x E ~j*xr ~~dX =f x*(xn)dx

Solving this expression for the case of exponential dermn: f M ke ,

Sgoet

2 2 a•*(x)(s - x)
*I% X . - ax

ix}f K Xp fsd
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XV(S I f~ ,2-2y y )AYd

&ubstituting in the second expression y - s - x. 'e then get

'ax~ S -54 5 1 2 2h

7b obtain Var{ 30, we muat now subtractIF ýXj 2 from F ;. We Ue r. ret

ý( 3 3 2t5  2a 2 2 2 >2
X2 22

Va~rfxýj=

fUducing this expression we get

X 2) X (S 8)3 (-s ) 2  2 ,

Var =xn)2

Koving Coy {X xx,+J) and Varj xv', we can also find the correlat-.on between

xv and xnU1 . This is Liven by:

Coy X X a+,1 )
Xn '~l Var xjz~

UsIii tim resxuts obtained for the case of expanential demand, we rind that

the coireatin betaen x andx l is given by

12

F ) 2 21
(- - 04 ( + (a-u) -+ (s- )
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The following table of o Xn l has been computed for a series •.

values of X and S - , giving the following results;

i1ble of `

S - s .01 .1 l.U 10 100

1 -. 000 -. 005 -. 13 .48 -

-. 001 -. 06 .14 .a5 .96

10 -. 006 -. 14 .48 .6 .90

25 -. 03 -. 30 .77 . 99.

50 -. 10 .16 .91 .99+ .99-

100 -. 14 .49 .96 ?f .99"

Further, the sequence xn is a regular and stationary Markov process, and

fro the properties of stationary Markov processes, ve know that*

R(p) aPR(o)

where R(p) = Cov, xn xnPI and R(o) Var "x 1. Therefore

R(l) = aR(O)

or

Co, (o • a Var i.

*Doob, J. L., Stochastic Processes, Chapt. 10.



Po that
Coy x n 0

Va X n X n~l

ý.onsequent ly

"Co" ý P Op Var ý Xn)
0 n ntpi = Xn Xn÷1

so that

Coy 'X ~

n xn.p Va i Xn; X n ýn~l

Thus, the entire corelation function between xn and xn-p for all

p can be obtained from knowledge of o. . Since we have Dx
SnnX n.1

for the exponential distribution, we therefore can compute the correiatione

07n for all p, since the inventory model we are studyIng is a stationary

arktv p~rocess.

2. _STATISTICAL PROPUTIs OF TU SNOATAG2S Yn

We asm the saom tnventory model, as described above, with zero

proulremnt lead time. T1en, if yn - shbrte~s in n-th period, we have:

o { if x_> o

-Xz if % < 0

We irt wk ov4 . .+'j zfy Y.J Ij . IE <Ol



Thus;

E(yy Y1) xEy +1 n (dx

E(yn- 1  jxn < 0) ofi -

E~yn~lxn- 0) (tr( -S.1(~d

We raw let. f(M =a , the exponiential distrlbowion. 17hen:

E(yi+lx n< 0) f ccte1 -1 J e-ktdt

We then have:

n n - 4- xZ

if x. < s for f(t) - e-

-)Js -h (0

r6(ynYnY+i) = -1 +*)ZA JXn@ 'nn
40



L- -~ k2 (J +

Solving for E~yn):

E(yn) -E(y +) -f E (yn'xn (x )dxCC I~ f n ni

-- ( x$(xn)dx

E(y ) 0 rn
f i n~ e dx

+

COV(y. y+, 5) e
(I e A

2 (*4.S e-ke

We turthei note that:

<o~y 1 )sotht (y y <a~~~ n41 1 +A
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We now seek Var(yn) to ocplete the correlatiom.

rar(y.) E(2.) - (Ey,)2

02

0f x2 *(x)dx
n n n

2 - -X8 0 2 nx
E(y ) en e ndx

2e

2 (1

-X. -a~s
2e e

Va~r (Yn) 2 2e-As2e X 2

e ( 2 e22 +2~~ (1+ + XA•

Therefore, the correlation pYn yn+l is given by:

*-X& X6

Cov(y. y.,+) X2(U + M) e 1+ ),,
.n y, + , .Y.) -Xs ( e-'"\

2 + ,Z



-XS e

e- x 2(1 X6) e- e"
1

Fro the above result that Coy (yn Yn+ ) < 0, w also note that

0 < 0. Further, since y is not a Markov process, we n.r*" r:er°yn Yu+I

the behavior of P , p - 2,5... roam D
ynYn~ y yn-t

•. STATISTICAL PROPERTIES OF TBE OVERAGE v

We sti3.l alstil the sane inven~tory model, as auove, wit:, , rc Procure-

int load tine. By 'overage' , w man the positive amount of stock •e:'ý at

the end of the period before ordering. If vn - overage in n-th perioa, er,+

vnn0 if • C

V=\

o, ir o

Rflsopitu2.at in: i÷'-;~- jr a x s

if ; > _

-t ; if xU<a



We now seek Cov (v nv n+1 ), Iwhere:-

Coy (v, v,+,) =E(v, v,+,) -E(v,)E(Yl

We have that:

E v) n~ f E (v nv + Ix) n sCx n)d~xn

= /x.E (V +Jlx n (x n)d~xn

0 if s

(vs~ if <B i

0 if x

S S
E(v 4 1 jO < 8<) = f (S - t)f(t)dR uf (S - t)~.e' 4 dt

s J MS dt - f texd

~S(l -e-xs). + eM+eB-I

+a -X 1



Also:

x x
R~~v 1,ackx +S1  ex3

Thus:

E(y v)
n n+1 ./ XnE(vn Ixn) (Xn )d~xn

XS + e-

JO~ *~\\-kx -Is +x e n

+~ nI~)

1+a A x e nd

+2, 1 13x
f x d 1+ A T -xe ndx

so that

Z(v v 1 1 + A ON)

+m ~ *

*(L 

ý~2'



- X1: - 1B:X2

We also get:

E (v) fE(vlx,)$ (x ,)dx n
r * (i )dx

Jo nl nn

ra Vs - x S

nJ n )

- +)eJ XA O 8  +F~ a f

1+) + 2 2 2~ 44
X + 2(l)+ X -A)

Also, Z(v2) f z(V21x x)dx.

-Join ~* (x,)dx 3

-n + d X



I xendc + fS

-'0' Joý 2

T-)s 2). )

+ T + S

2 2 )6s

Thus

Var(vn) E('v 2) - E(v )j2
n n

X2s2 -2s%+ 2 + 2*'j (3

% (1+)ZA) +31

%( + ZiS 2l+ A

Fwcm the above,, ve also have:

ccwnvn, (v u '.i) Z~ u) 2

1 (+ +2



e XS se e

.2

ksA +T e- (S- + 2 
-2)

Finally,

cov(vn Vn+l)

O'v vn+1 Var(vn)

The exprest 'ons given C.1ove for Cov(vn v n+) and Var (v n) can

then be substituted in oPn to get an explicit solution for c,
n ~

in terms of X, a, and A (with S a a + A). Here too, vi is not a ?4rkov

process so that we cannot infer the behavior of a Vnp, P -I , P... from

OVn Vn+I"

4. STATISTICAL PROPERTIES OF THE OEORDERS v.

We assime the saw inventory model, as described above, with zero

procurement lead time. Then, if vn = reorder in n-th period, ye have:

0 if xn> a

s , = ,
v n f U



f 
ifx 

l

S -If. x < s

E(v nvnl E(v x1 )10(x )dx

f(S - x)E(w 1 Ix )$(x )dx

J0. if F < S 8

(v njx n< ) f

E(v nj x is) f t()d

S8- S-8

vbk~. f' and A S - .

We tbmlu bay.:

a~ vn 1)-J ( xn)e-XA (L + (x )d.

L ~ nn

OSa, + (s( - x )-~- a S - u 1 + ) d x

(e .-- f d e 2-



e-)Ze-xKse" +s

2 e KS K +1) = e 2- (XA+ I)

Al.so,

E (v n E(v )~ L E(v n x n *(x n)dxn

- (S- x)*(xn)dxn

-S x ) ke-( -x) dx

e ->' (Sex +-- -h se

XS +1- ks 1

Also,

E v 2  E(V2 ~

=f (S _x n)*(.d

(S _ ') 2 - dx

e-s (S _ x 2X xdx,

2Sf~udx- xa n e'dx n + xnKudx,]



x e 2S % e 2 2e~
1+q FLe 2 (sve + I e-- -

2 2

- F(S +)2K (S- 2

IL! 1 ý

VIu (v,) - E (v2) [E (v ) 2

OA+1 2

Cavvv 1 ..Ev vl+ )-x (v )E (v

IC (v, v,+) - v

OAA

aim( +.



>A+l
Cov(v vW1  <= 0 since ).l < e

We then obtain for 0. n :

nn n+l

e-XA(X6+) - x 04A+1)
x2 2

2 - ( 1

Also, since Cov(v vn+1 ) < 0, vs note that q < o, and further,

mince v is not a Morkov process, ve cannot infer P , p 2, 5, ... from
Uf+p

II. INVEWIORY I4=ZL WITH NON-ZERO PROCURN LEAD TIME

We now revise the inventory model being considered, and consider that

reorders are delivered a.ter a specified procuremunt load tim. This Is a

more complex model, so that we have not been able to obtain as may results

for the nom-sero ypremet lead time case as fr the sero procurment load

tim case. We first analyse the a-bend plus ae-emfer stock for a general

POW lsed tim, and then consider the oovrismoe eMd correlation of

the on-band stock level In two sucesw period@ fo the special came at a

two-perind -at, l•e tIM.



1. STATISTICAL PROPERTIES OF ON-RA.ND PLUS ON-ORDER STOCK LEVEL z

We consider an (S,s) policy for this inventory model such tuat it z

swo of on-order plus on-hand stock in nth period before order.n, we then

have:

z - if z r,
n n

S- , i z <

Now, if x n stock on hand at end of' period n
n

Yn stock on order at end of Der~od n, before ain order w d-,

is made in period n, ve tbenlave as transition relatlons ior xn c

If xn + Y-< s; xn ' xn Yn -"

yntl S x n Yn

If Xn +Yn > S; Xn+l -' Xn Yn

Yn+l 0

We can then derive the transition relations for zn the sum of on-hand

and on-adoer stock in the nth period before ordering, using the fact that

"n xn + Yn. Thereon,

If % _< ; &n01 S

Ifa>6; % >



However, these transition relations for zn in this case are identical

to those found for x in the zero procurement lead time case. Therefore, we

can apply all the results for the latter case to the non-zero procurement

lead time case for z . We note that the abwve results have meaning only ifn

the procurement lead time t is equal to or greater than 2.

Thus, for the exponential distribution, f(R) ke", the limIting density

of z is the sane as that for x:

X+-• i f s < Z _

*(z) {e X-(s-z)
1+lZ - ; if z < s

where A = S - s. Referring to the transition relation for xn+l above, and

extending to the limit, we obtain the following:

If z < s; x = z -

If z > s; x = z -

Thum, the limiting amount of stock on hand x, is independent of the

condition on z versus a. Also, since z has the same limiting distribution

and transition relations as x in the zero lead time case, ve can conclude

that z has the sav covariance and correlation structure as that developed

for x. Thus, z also represents a stationary and regular Markov process.

To recapitulate the characteristics of z, parallel to those obtained for x,

w. have the follwing results:

1 +5 2 X 2

K~~ X" ý2. .1 + MS-0S



S a S3 )65 3 S 2  ~2

& 2 3 -3s,-•-•+•J + • S - -z{n =n~ij I + X(s-.

1 5- 6] 2
COY{Z ý 12 + ( Xs

×2 >× ( )2 *2 (S-a) L

Vaz zn
1+9

12 x2(S-9) 2~ _ a~(S-s) - 6]
CY% nJ = ~ rl ( +,) x(s-,)2 s.

x 2 (S-+) I

Var zq = 22 2

12 + x(S-u) I2

OZn zn~p 2 n zn+1

2. STATISTICAL PoRMIWZs OF O-HAND STOCK uZL x FOR INVENTORY MODEL
VITY 195.mrT( FPAOJWV1 IZAD TIM

If an a sum of au-haM plus on-order stock level at end of period n,

before ar•ering.

% a o-ha stock lewl at end of period n (which can aaume any

reel wawr value)$,

t a gaemmmat Il tim, m in In =mer of tim periods from

won to fliw7e•,

then the foual" Lge" bomb$S ~:



ZntI n •n " nt-2

where n - demand in nth period.

We now specialize this relation to the case of t = 2, and we obtain:

n-I ý Zn n . We will now compute Cov(xn xn-1 ), where Cov(xn xn) -

E(xn x n+l) - E(x n) E(xn+ ). We know that:

Xn+l = Zn " tn

xn ý 'n-i " ýn-i

where xn is independent of zn versus s. Forming the product x n xn_, and

taking expectations, we get:

E(xn xn÷I) x E(zn - tn)(Zn-l - tn-1

= E(zn zn-) " E(Zn n- kni T -ln n-i n An-1)

n n-) is given above; E(n zn.) (n) since t is inde-Ti n-1 n >~n-'l X a n

pendent of zn-, and E (;n :; and E( n) (- .L The relation that Is

still to be derived Is that of E(tn-1 z.), where zn depends cn tn-1" We de-

rive this relation as follows:

S { n-1l; if . a6

f n-



it(ta zn z ) - BE( E1)

S 1 2

irzn-1i 8

E(t 1 2 z 1 )Eft z 2 Jz 1 - 2

n-1% nI nI -I n-1nI

u1 2
= 2

Fainving the aceition on "n10w obtain:

it'n-i

-a)

/'ma 1 +4 M

a eCd



If a < z n-1 < S;

Sf~ zS2
n-1 zn 2) 1 +- A

_2

2SY

1 + )(S - X) [2

Therefore, combining tae two results fr..m< z < a, we get:

E(V n1 zn) XS - - W + 2% + _ a 2

2m- 4- 4x )x + x %2 _-25

4 - as + xS- 22- 4

(X - (Xs -2) 2-_1

a 2 (1 +X&

hferrin back to

zINa xn+,) - V(an zn.1) - Cz(a tn-1) - Z(ta an-,) + Eft. t,.i)

and substituting for esob of the ter an the riht, w obtain the follow-

lIg:



SS3-_ ks3 s 2  2
so - S- -a - +- 2

E (xn x+I X

2 2 1 + 2 s2 i

(Xs- 1)2- (m- 2)2- .1 "1___ "__ __

2

85  1 S3 X53 S2  a2

Z(x x so + X2 + 32 *2n~ xn+l1 + M

(>. 1) 2  (Xs 2 + (%a 2)2- 2- %S 2

a2 (l + XA)

3 r(zL z -+l)

Thus for this model the expected value of the product of stock on hend

in two sucoessive periods equals the expected value of the product of stock

am beaA plus due-in In two successive periods, or equivalently, the expected

value of the em product for the zero lead time case, vhich is a very inter-

esting result.

If we copute the covarianee, w get:

CO(% %÷,1 - '(% %.,) - [j•}

( % • )"[S('..=) _J2f
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=E(z~ z,)- [E~z 1 2 + ac(z n-)

-Cov (z z + 2

-Coy'(z z )+ As 2 + XS 2  %2 s 2-1 SK
n nfl+ 2ý

k(1+ Kt4t)

-COV(z z )+~ X% SX +5Ks-zn n+1 2
K 2+

Now, confidering Var (xjn , we get:

Var(x,) =N~x) - [Efx3

% &n- - n-i

2 z2 2+12
'nl =n-I - -af~ n-i+ t2-i

Z( 2) wE(&2 ) - Z(z~ + 2

n- V

TbRerfare:

V~rx- It(~I 2
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Sn wZn- I n-I

xn z n-i zn1Cn1t-

2(xn) =E(z 2  -E (z + 2
n-i ~n-1 2

E x) [E(zn) -2

= [~z)] -~ (zn-1 ) + 1

Thenrefore:

Vur(x.) E(z2  E(. )

=VAr(z 2

?bus, ve obtain

Cavwxxz C n & 3+1+ )%232 )-*5 X~2 92 +

u 2~


