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A fuiidamsnt&l unsolved probltm in the 

prograromlng art* It One in which rmrloue tct^vltlee 

have rixtd cht)-ge« (e.g.,  aet-yp time oherf«») if 

operating at a,positive level,    fropertlea of a 

general  solution to thia typo pi«oblem are die- 

oussed In this paper.    Under epecial olroumtaneea 

It la ahown that a fixed charge problem oan be 

reduced to ih ordinary linear progranwing problem. ^ 
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THE FIXED  CHAfOK  PRQBLSM 

by 

Warren Ä.   Hirsch 
George B.   Dentrlg 

STATOOKT OP  PPOBLEM 

> Many  pi'colems  o'   econcnloa ace   logletlce  Involve  tt.t planning 

of a iargf  nuiruti* of interatpendent Activities  In ae  euonoraloal  a 

way as Is possible.    Mathematloally,   eucl. ppoblema often can be 

reduced to  the fcliowlng fonn:    L«t    Q.P%#...|Pn    t-e  vecton In n*- 

dlmennlonal   Euclidean epac*,   and let  X dsnote   the  set   jf all  vecton 

% -  (x, .x,,, . .. ,*   )     In n-<llmenalonal BuclldeÄn space which satisfy 
■L     c n 

the   relations ^ 
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(i) 

(?) 

£ V; - ^ m  < n 

x,   >  0 J-1,2,. ..,n 

^JN 

* 

Suppose  js *  0ix)   Is  a  re«l—valued  function.     Find a  vector    xf, X     such ^> *v 

that ■'^ 

*{*)   <   0U) 

Dr   all     x ^  X.     In  problem?   of  linear programming,   ^  is  of  trie  form 
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1-1     1     1 
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wh«r« j^.   18 a  linear function,  and  techrlques for  Its  solution ar« 

available.      {ßtt.   i,   k>t   ^,  and oj     (It may be a3e.. .ed wltliout  loss of 

generality that each of the Tunctlons tf.  vanish at  the origin,  for 
1        n 

it  la  clear that  the  problem of rr.lnlmlzlng    ^    a1x-     is  equivalent 
1^1    1  1 

n 
to  that   of minimizing    T   O.x.   +   ..   .) 

1-1    1  :L 1 

TYiere ar»,  however,  nuaeroua Appllcatlono  In vhlch  the functions 

^ appearing In  (}) are linear only for poaltlve values of the ar- 

gument and have a Jump discontinuity of magnitude ß.   at   the origin. 

In this case,  putting 

- 
*> 

.V% 

6(ü)   -< 

,       u > 0 

|o    ,      u - 0 

ire  car write ^  In  the  form 

(M 
1-1     ' 

i 

where    u.,...^  .      ßi »••'»?..    *r,e  conatants.    Tne   ».eict  that ^ is 

plecewlne linear (and a fortiori ncn-l Ir.ccir) maKes ..* difficult to 

apply directly the methods of linear prcgraru-in^. Mt shal. reefer 

to   the  problem  of  minimizing   {^,   -j.aer   th?   corp train ts   (l)   -uU   (?) 

. -^ 
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xw^» 

at th« flxtd chargt problem, and to the oonstant ß*  ae tha fixad 

charga assoclaUd with the 1th activity. 

A praatical situation in which this problem nay aria« If the 

following: Connlder a factory In Mfeieh n dlatlnot operatlont an 

1*1 tZ$ • • • »nil 

J«l#2,...#n denote, respectively/the tune consumed and cost in- 

curred by the J  machine In performing the 1  operation on a unit 

perfoimed by each of m maci Inaa. Let h^ and c^*, 

amount of goods. Supnoae t|iat therer Is Incurred a fixed cost, say 

^U» ^ 8et-in8 UP tbe J  nschlne to perform the 1  operation. 

(We ignore tiie time Involved in this activity.) Let x4 4 denote the 

quantity of goods on which the 1  operation Is performed by the J 

machine, and D. tie total quantity of goods on which it la required* 

to perform the 1  operation. Evidently the quantities x. , amat 

satisfy the conditions 

(5) 
n 

A xu'b' 1*1f2,...,m 

and 

(6) *4. > 0 1*1,2,... ,rr 

j**,c,.»•,n . 

Hcfeover,  If c. denoteo tne total machine hourc avaiJatle fc»- tiie 

J      machine, we have the additional constraints 
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eon of optrttlon la given by the /unctÄp 

*. •• 

>     «Mfh hU th. for, {*).    Thru th* probl«, of „o«!«!,!,,, „„ op.r.tlng 

■ 

wwltr the reetrlotlon. (5). (6), and (7) la juet the fixed 

S^   j ; 
IK. SntClAL CKSM 

'   ■ ■ 

|p     Qbder epecUl clreumsteneee it la poaalble to reduce the fixed 

problein to thftt of linear progremming.    In particular, if t^e 

IllSif^ chaW« *re all equal and non-neaatlve. we have the following 
thtorenii j 

1 
C. 

■ 

V 

u« 1» 1 

'    Ut   ^•j^*!*" J/WJ •   »i«.   •"«* 
•    4# X Vl'    ««W»^ that the vector Q appearlrvg m (1) doea not 

. 11« Hi Mir «uo-apM* of «uelldtan »«p.c. .jwirMd by f.^r thw m 

•T ttw wcton   f1,.-.,l'|) (i*oi>-4^in.r*cy «»auaptlon).   n»tn ther. 
>1.U «n .«<«* ,,»„»   i c X. ..^ .Ä0Uy f po,U4vt Cüll|pai|#nta# 

^ «.loft ooth .^ and * a*, oiinaa««».   lto»ov.r, wiy point 1 with 
■ 

• 

.'♦' .7.- , ■ 

...   ■       ,'       ' 

,  ■. - 

<   M • 

i 

• » 

V » 
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m poiltlvt oonpontnts whlch-mlninlMi ^ aleo minltnlzts ^. 

Proof i    Uhtl«r tho non-dtgenermoy a«5iwptlcfl# it is clour that 

any voctor   x € X   eatlsfylng (i) must havo at laast m non-soro 
n 

oompononts.    Since the sum,   £   6(x«)» is equal to the number of 

non—sere components of    x*(x,,••.#xn)| we have 

n * 
(9)    min ^(x) >   min ^(x) -f p   min   7   öCx.) >   min ^(x) ♦ mß . 

xtX X€X    1 xeX A        1 »iX    1 

It la well known from the theory of linear prograanlng that, under 

the aasumptlon of noixlegeneracy« there la an extreme point    xcX 

having exactly & positive coraponenta at which ^. is a minimum.    Let 

x be axiy such point.    At this point the function ^ assumes the value 

' m 

^(x) - ^(x) > ne 

Hence, fror. (9)« 

^(x) - ^^(x) ♦ mfl ^   -^ ^(^) 2   :r'in t\M * n$ - ^(x) ♦ mß - ^(x)  . 
x^X xrX 

T^iva  it  Is clear  that 

Slncp  the al'.pl*/. xethc; ie^l?   tc a point x wit»   ;.! poaltive 
cemponentr at whlw'. ^.  !P u ninlrum,  t» la method can also r>e u?ed 
to solve  *» •-• ri>f?a ciarj-e pi^oblen. -«'tj. J constant positiv« fixed 
chains. 
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A« «i^proo««« al#it X from* to If th«i m»ur of noiK^ioro loifpononto  :! ^ 

of poUiU on L («a« hone« tho funotlon ^f.rising eonitosit.   Aooor^   * 

intly# tho Witrifrtifn of «if to th«Bo points It llrioar, and in or« 
^% ^ »J'^.: 

dlfpotlon ^ InoroMtt («evm Pi^lMlt; 4o«f iiot didrtAM)» whli« Ur 

tho othtr ^roetion |t dtoroooot. vXf tho ISn« 1B flnito in exUnt, 

no tok« If to t* 9i# l^Mo In th« dl«»ctlon of which jTit Oecrtasins. ^ 

4 
-*■•* 

If tha lino astanda td infinity in ot>a dirtction# j «oat daoraaa«    . 
• .    v   r  M •     ^ • *■.        \.   - v 

onl* in tha olhar diraetian li.a.v touarü W) for^otharwlaa   ^ •♦ Ot 

as t -^ op on L, oontmiy to liiuiption.   Kow at tha point x1 of       '   ^ 
« Jr' ■■,* a •>* 

Ataraaetion of h and V an additional earo oomponarit is addad to th«   >. 

arguMMit of 02» lurid •lnc« ^^ ooafficlanta p- art nqp-nagat5vt9 thia 

iMpli«« that 

^(x«) <ir2(x) f 

■ 

v.. - 
*  ,^ k^jjg^^ •• 

/• ■ >. 

i 

'' ^  !».-:'*-• "^." ' .JBK) AJS^.. 



^v»f' 
rÄ :*& -v - ■vll' 

♦*>>■-.  f! 

A'' 'r *   * K 

-^ 
-    *   ■ 

I 4» 

' > 

r 

*     rt»«) <^(«)  . 
.""»• 

'-^ ' 

v^ 

#» lt«mti«n.of tht MOPtfit »tartiaf with *• Itiuls In ivflniU 

^MBb«^ of ottpa to on ortfoa* polAt-ot^Uoh #10 oUfiUdsod. 

■^ ■. 

■.4§ 

j -a 

Iftoioit 

^t by 

' point   *»c* *ouoti tliot 

o^qg dloo^Mlon by mtpplfixtg 

noiln« but^ ^iJÄloUo^of 

coopononte in (I) ort llnoorly   ^ 

iNliiti of x m.fiBito. 
tet to oMi point   x c X   thoroj 

■' 

I 

^ 

¥ ^ ooeh tint 

ft x |* on orbltftUT polOt#,oot on ext 

fsiot «^iiibt ;^in^ ^ w9 * 
> i 

I      , 

point, of X. 

J *. 
-0 

r*^. 

-.^^-^ ^   *■'"     ' .k^M^- ^^ - ^.:i&J»;^.. ^ f, .-t-^ 
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M put 

(X3) 

«-\^* (f-V."» 
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Vi?* 

>v> 

r^ 

.•v 

u«| obstrv» thftt 
-*, '• > 

<»'. >. "*?*-. 

(14) x(x0) 
•A" 

OtnotHis th« ltr4 coÄOH^ht of x<X) iy «.(Xh Whftw'    ^^      ; t^ 
« r 

Plenct x(X)4X for all X «uoft tia% XjCX) ^-^ , l»lja#...,n. 

Aacordlngly, It follow that x(XU X for aU. X > 0, If and only ^ 

If. for all Indices i, £ - > m« «lallArly T«W*X tar***! X cOi; 

if and oiiiy If  ^ j < ^    fo«» all i.    Ttoo*, tl># «at A of aU Xt# for*  t 

which    x(X)t X is bou-ndad cither dbovo or b«law.    Wa aaaivn« without * 

less or generality tnt ^ 

- oo   <    l.iT X 
MA 

Ut 

X - inf < 0 
X*A w 

-'* 

.^-.A.--:*^^ >*. iä 
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J Fron tht llfmSkty of tb# functlont   x. (X) 

xlh)f X   firh'X < ^f U follows t|imt thti« If m inujKK* i0 «leb " .; 

tt^t   x4 fxA>OVand   ^(*) <t0   To»   X < L^W otetliwitx of 

tlf fuAOtlon   x1 U)* tfljkthtr wXtMl5), ^»il^iürti that 

» 

^ 

!, 

M^ soon thafy oaf ftro ooifaponont «f-. JI(X0JI ^lo • üoro ooHponiMit 

of   x(x)9 whllo   x(x) 4^ tt y»t fco ^t^Jwjwpndft for whiSh tho^     *;^ 

corrtapondlng ooflpoq^nt |A   *(^) . %f poBltlvo«   !tvid»Dt}lj ^(X).e X.^*    ^ 

ip>T <^o# oiaUtf ^Mii»(««ä^s thp» that tho voot4^  x(T) 

b^tot loao^iüt n»OM iioi^^iM^t 
;» T 

It than   ^^0)9 and   iiflt)C X. 

Rocaillng that   ^(x) • *f   ^   and   ^2(x) -   ?   ^(x^ / 
- • . ^ »   -• 

It ia no» cloar Uixt ^ 
v 

(18)      VaW*)) < ^W^)) • ^W 

and» If   T < go f 

; *; 

»>' 

(-.9)       ^(x(x)) < djiW VV» ^<x) > 

w.. I 



■>' . 

:    ^     fwr Ali   X J;^ fino», for   Ä < X < T.   x1{X)   la sero or positive 

Ate«i^inc *•   1l%,   A« •»»o or positiv. 

^rvlnt noif lh»t   |^U(X»   is a linssr function «f X; it 

^   ^U<^ «At if t^iiiat^ sMI^r ^ 

t?1 

■ • _ 

- 
'X 

> 

«r !*>, 

^r: 
; (21) -   ^U(x)) s ^{i(x0)i> ^(x) -f.: 

\ 

•r 

•4 •' 

K 

, 
■« 

■ - 

(W) ^fxflW i ^(xC^)) - ^(x) 

y*& 

^^5* •» th#n (2l),"u«ttholdj for, la this case, tht relation 

^l^" > ^l^^o^   WlW that   ^(«(Ä)) ^ - oa.aö    X -^ oo, 

S 1^ is llnaart   this oontxmdltfts tha aaaimptlon   inf ^(a) > - oo, 

npoa (18) - (»J wi saa that thsro Is a point x't x   for which 

■i * 

rtx«)   - ^(X»)   ♦ ^(X«)  ^ ^(X)   4  ^(X)   -  ^(X)    , 

•^   |   ahara «• has at Isaat ar>s aars saro component tnan x.    (If   T - oo , 

than   xf • x(X)j If   T < os# then JJ« Is one of the t*o vectors 

a(X)t#x(T}.)    If x* Is an extrsna point,  (10) la proved.    Otherwlee, 

an |.tapatlon of tha anpsssnt replacing x by x» yields a new 

. .      x* auch that 
P.>int 

^^^«.k A» 

'    ? 

^ * 
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VV 

^X")   ^rtx')   . 
*       - w 

vhert x" has at l«att on« ear» Mro component than xf.    It Is olmr 

tiiat aiter At most n'such oonatructlcns ther« 1B produced an •*&*%**    .^ 

polrt x« »atlsfylng (10). 

Xr certain logistical pfoblama. In particular In connaatlon • 

with the queMlon'of tranßsiilpnitnc, on« la I«a to coniltfar a g«D« 

llzatior of ttie fixed charg« problem. Suppos« tdat k Is a divisor 

oi  n, say. 

4 J 

axvl out 

(^) 

n • k«p  , 

"S 

"''' X Vj * i> 'r,<   J'' ' J-(r-l)k^l 

t •' 

?: 

. »i 

*& & 
^ 

•r 

Cleans   ? rr-i'j^ea  to  ::ie fiinctlon ä defined in (4) when k»l and p-n.     ,v' w 
W»   refer t     :• t  orotletü of .rlr.lmltlnt; V under the  »1J«  ^crdltlcjnc ■$ 

(:) an.l ("■  a     tne genera:l«ed fixed chÄrre problem.    Po* tnis pro^* 

ler tr.ere it  TJO eaav analogue ^f theore' 1.    Mowev^r,  Ui^ »tatejnent « 

f.id oroof ol"   *-1 eorcn "  ^arrj* O-T K*. tr.ovt ^han^e;   •.•) tüit if * .- 

Inf V(:-)  :  - oc   t:.ero  1?: ar   extr-e -  ^olnt    x€ X    euer,  thftt    f(x) < i(s).^ 

^ 

v 

4 ^ 
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for «11   x c X. 

ifo hav« ♦rcowjttrtd this gentrallMtlcn of tht flxtd otant« 

problem in conutctlon nrltn thf foXlbvlns tranapertatlon question i 

CoMidor 0 h/pothotlcal nstwofk of cltlta betwaon oaeh pair of whidh 

apaclflod quantltios of homugooooua carjo ara to bo dollvared.    Lot 

b.. danolo tho cat^o to ba 4allverod from clüy 1 to city J.    Suppoto 

that tht coet of shipping u unite of carfo fro« 1 to J le given by 

a function of the font 

^tT 

\1 
k. 

^j(u) • •iju ♦ eij6<u) 

.«^ 

Hie problon la to route ahlpnonta ao that the totol cost of shipments 

Is Biniffliaed.    ^^ \^f i*l^t...fn, j»l#2,...,n# Hml,2t.,.,nt  Ifk, 

1+J, denote the quantity of materiel to.be ahlppod fron l to J for 
n 

ultimate tranaohlpaent to k.    Observe that     T   x^^    represents tho 

fa 

total goods shipped/roil 1 for the.final destination k.    Since 
n S * '■ 
T   J^I^    reproaentc cauto received by 1 for ultimate tr^isehlprent 

to K» the variables x^k ndbt satisfy the constraints 

,^ 

(24) 

>' * 

-i: 
J4i ^i 

lm* pc i • • • fr> 

i4*c 

■. 

•v* ■     •        k_ j 

^ 

> 

i^% 

t 
< 
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'« ' 

Tte total quantity of goods ehipptd froa 1  to j (l4j) It glv«n by 
n 
T   x««!,*    Hence the cost of Bhlp«tn( frott 1 tc J Is 

r. 

and the  total cost of all sMpsMHota is 

)   , 

(^ 1   :SiZ^Xxw*Wl&*i* )]. 

The ppoM«r. -f minlnlrflns (PS) under tlie side conditions (2^) And4, 

(2r>) Xljk ^ 0   ' 

Is evidently of tl^e generalized r'.^ed change  iyp9*4 

4 . 

i* 

RKLA  10-    :0 QUADRATIC fRCALBO 

It is .    icme interest to note vhat we nay replace ttjs proola«     .' 
* . ,. - . - 

or tri.lnisiri? ^e non-linear function f defined in Uj) untler Xinaar 
H 

side ^oodltioi.e by ore of minialslng a linear function under linaar   -* 

side  *orditlo;.8 plus an additional quadratic constraint.    Specified 

let     (.,..) •  (x^i ...»^»y^».. • •>'  )    represent a poLit in :j*p 

's": 



1 

-vpr,  '- i',-^..-^,. 

.,   / 

ralr.liri i#f   the runetIon 

la^! 

Suppoa« tiiat     (x,y)  • (x1,. . . ^^y^ 

J 

'3^; 

r 

1^ 

«nd#r ti • conat^i^ti (l),   (2), and 

* 

(26) 

(29) 

< /r ^ I   * 

f"   (1 -yp)  •    5 'M- - 9    • 
#1 r     i^r-l)itf^ 

. 

r-l,2,...»p 

IVie coniUuitB fl , r-lf?,...,p «re «ssimAd to be norv-regAtlve. Wt 

•f-.all prove tliat x - (x, ,...#jt ) minl.nifea tlie function t In (l^) 

under the side condltl na   (l)  a-d (2).     In   t:.e  fit*et pjact/ 

(]50) mr f(x.y; ^ löf |(x) 

(where  the   Lnflnlue lo  kaicen ever t*.« apprr/rlete  aide conditions), 

• Ir.oe   -?   tec     p.^Lrt  x  sattefylr.^   (l)  and   (c)   -r.ere  oorrespor.d^  a 

point  y  Buch   tnet  (^y)  Betisfles   (l),   U) t   {2*) t   md  (:^)#   a.,d 

i 

V 
■* 

CCx.y)   -   V(x)   . 

j-Mie«.',   w«e   r «* ■!   ,nly   jel '...<* 

^ 
^'vi. 
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(29) «..«•« h.*,;^ ^K.t:.J^jr9^*-* **•:& • •' t- 

for Hh.n.iM M eo«M ^«t> lo^^^.g^ fc, ^tft» ^   - 

■-   *** ^^       && i -- ' ? ^ >    ^ 
>v t 

X' 
•rf «>i ^ 

<.>-' 
5 

#nd# Meordinfl/^ #|at 
»   1' 

»     . fvA  . V 

•v.. >- >jw'    -V-   5 

A    A. 

i i 

** ^ ■ 

3i)        inr. |(x) inif f(^yr- fU.-; -» «D i** f(x) . ;*'  ,! ^ 

atmntp,   ^^ftW 
• ' "•     V5^"'   ^LA'*' "^■'   *• 

whft«; 4t*U> Öi«. iiiflJiiiHcit{tiLk«n flp«r tb» 
^ 

■M* 

*t. 

Ithltk coapletfs rool 
«•'-. 

-*•' 

i     v.^ 

t 
■'••HI 

Anotiitr fom oC late proficB o«n bf « 

*   •* 

Ih« function f(x#y} ^o t« aimidsttd etfi th«n b« r«pl«c«4 by •   - 

- ■    ft '   tM ik ^. 
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