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A run,dam{)t&l.unaolud problem in the i

programming area is On'o»,in which various activities
have rixbd chimoc-, (‘5, s'oi—ub"»tm charges) 1if
oponting at l,,pou\bivo level. ‘Proportiu o? (Y
ﬁmnl oolution to thu type yﬁoblm gn dis-
oussed in this paper. Under special oirpmtmcu

it s chown $hat a rixod ohu}o problom ocan bo

reduced ‘to @A ordinﬂ'y 115“1& ro;rming pmblm. /
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*  dimensional Euclldean space, and let X cdenote tne set uf all vectors
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THE FIXED CHARGE PROBLEM G
by , -
Warren M. Hirsch "
Gecrge B. Dantrig +
450
STATEMENT OF PROBLEM ,Q;;
. . 3
y Many proclems ol economies and logistics irvolve the planning R

x. ¢ . . .
of a iarge nwruer of interacpendent activities in as economical an

T A . & YR

way as 18 possiﬁle. Mathemetically, suc!. problems often cen be

reduced to the fcllowing form:  Let Q'Pl""'Pn te vectors in m-

E 3

A

X = (x~,12,...,xn) in n—dimensional Buclidean space whict satiaf)

a

‘> s

the relations <

LA

n
(1) x,p, =Q ° m < n
m 4

v
(@
]
(o]
kS
=
o “s' o
4 ] -.-"g i‘: it

(2) X

[ S8
*

% ]

Suppose ¢ « g(x) 18 a re@l-valued function. Find a vector xe X sueh <

Ry
7~
71 ety

2 A

that

G

.

#x) - #x)

5 L
4 WA f‘é _‘"',:“:’2-’,_‘;

Tor oall o xe X. In problems of linear programnuing, & {8 of the fomm
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: (3) $x) = 5 g (x)
3 x) e ) g (x :
: . 191 i'1
| 4
F where di is a linear function, and techr.iques for 1ts solution are ‘
available. [Ref. 1, 2, 2, and 63 {It may e «3B. ed without loss of
b generality that each .of the functions di vanish at the origin, for .
< n M
it 13 clear that the problem of minimizing : oy Xy is equivalent .
i=]
n
HAt q
to that of minimizing 1§i ax, + . .) R
There are, however, numerous applications in which the functions
#, appearing in (») are linear only for positive values of the ar— .
St,?f
gument and have a Jjump discontinuity of magnitude 81 at the origin. ’
In this case, putting .
J 1, u>o
o(u) =
tO , u=0 |,
o
we car write o In the form .
-.g"
’ "4
I,
(u) #= 5 ax, +828x) ,
T ] ‘
where YRR Y ﬁl,...,Bn are constants. ~“ne .act that ¢ s ‘
‘ocewise linear (and a fortlor! nc—!i:car)mares .t difficult to
apply directly the methiods of .inear pregram . Ae shal. refer
to the problem of minimizing (~, w.ier tre conetratnts (1) g (2) »
¥
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as the fixed charge prodblem, and to.the constant ’1 as the fixed v 4
charge associated with the it“ activity. - ~', é
A preatical situation in which this probiem may arise 1is the | :
following: Connider & factory in wlich n distinct opet"tt:l.onl.ln '.“
performed by esch of m machines. let ho, and c,,, 1»1,2,...,m, - <

Jel,2,...,n denocte, reapoctivoly.'tho time consumed and cost: in-
th
1

\, .
- F 5

curred by the Jth machine in performing the cperation on a unit

.

TS )

amount of goods. ' Supnose that thery is inourred a fixed cost, say

th

°1J' in set.ing up the Jth machine to perform the 1 operation.

(We ignore thie time involved in this activity.) Laet X, 4, denote the
. o

machine, and by tae total Qquantity of goods on which it is rqquirod*

quantity cf goods oﬁ which the 1th operation is performed by the J

to perfcrn the ith operation. 8§ldeﬁt1y'the quantities xiJ must ;' &

satiafly the conditions

n
(5) X;,®b , 1@1,2,...,m
- 1J 1 24, ’
and 1
(6) xqazo 1'1,?,...,?
‘v

Jod 5@ pke s onli .

Mcieover, (f €y denotes tne total maghine hours availatle fcr the

Jth ndchine, we have the additional constraints



fxe-xi‘
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i mh Ml the form (4). Thue the px'oblom of minimizing the operating
;;:.i‘q‘k"?

%‘F; ii’g:(b) Mr tm uo:mouonl (5), (6), ana (7) 18 Just the fixed

« lhdnr special cireunstances it s possidble to

§§f""“‘"~* to reduce the fixed
e M problom to th‘t of linear progremming. 1In particular, ir the
‘f:j’ﬁi \ schat-su are an eQual and non-negative, we have the following
"w: m'ai by

g n ¥ . n
 ,'» o ",g'z*x“‘,;li““a’- 620, and
o

;3‘,, 1’ ‘gx 1:,.. .3\!990!0 that the vector Q appearing in (1) does not

'l 110*‘35 any cuo-cuoo of Nuclidean W=8pace spanned by fewer than m
\ etl.. A e
u*‘“ ‘E" %thc nct.ou ’1""" (Mnmnc; assumption). Then there

F ﬁ.pllih AN em point X € X, having exaotly m positive cumpunnu.
A! whicn ooth ‘! and ¢ are minimized. lbmvcr, any point X with

i 8

8 n'._-.g'ﬁ.v

R §




R positive components which-minimizes Ki aleso minicizes #..

i

Proof: Under the non—degeneracy assumpticn, it 1s clear that
any vector x € X satisfying (1) must have at lesst m non-sero

n ,
components. Since the sum, lzl b("l)' is equal to the number of
* ?

D
Lol .

non-gero compenents of x-(xl,....xn), we have : N

-

(9) mh; #(x) b mi; # (x) +8 min 121 8(xy) 2 un il(x) +m8 .,

It 13 well known from the theory of lm.ear programming that, under

’
e 20 ¥ oo -
Zak. - . 8 2
- ) S [ A A -
A = ot o
u v - : .

the assumption of non-degereracy, there is an extreme point ﬁe_x

<
F

rhaving exactly a positive components at which ';{1 is a minimum. Let
X be any such point. At this point the function ¢ assumes the value

#(x) = #,(x) + B .

0 PR TP

:d

Hence, fror (9), %
A A - * A a j
#(x) = gy (x) +n3 2 "‘1‘ #lx) 2 '*’}( Fi(x) + 3 = gi(x) + me = g(x) . 2
b {4 - N

Thus 1t 18 cle:r thrat 3:
%

){

® A T
Since the &l-pl2x methon jeads to a point x wit' 1 poaitive oy
cemponents at wrio'. 2y le a nlairum, this method can also ne uced i,
to solve “tv fi el charce problen w!'t:. a1 constant positivs fixed “e\,
crarge. C ¥
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u u;;procud nm& rm x \o g tho ' or nons‘-“ro “oponmti ,

| % ;
ob pm;o on L (m hence mo Nndtton dé o eonﬁ..nt.. Aoco 'i

mly. the i‘ntrm of # to thou Wnei 1s nmr. and 4n ore "
ut’cﬁcn ¥ znonuu Unei pmmu t9oah; mot. dedrease), while 1w 2

» ,._‘ . o 'Vr- = ,1
N

tho otbor uucuon ;t' &cumo.-ﬂn‘ tho lm is ﬂntﬁ“tn extent , -"~' ‘

If the nm uunu to lnﬂ.nt,ty » oi.o ao.mnen. of -nu dumu
on.g 18 the omr direction 11.-.,woma W) l‘or'othomiuv o> eo

[

T X % onl. conuu'.y to ption. Now at the potnt x'of
‘ﬁmcuon u' % and ¥ an additlmn Zero oomponont 1s added to ;hc

u‘\-.at of #,, and unco the oootﬁcienu 'J are nop-nont‘ve. this

s

implies that S : .
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7 .putooﬂhpowt x¢X thoufd
m& ;-c:&»mhﬁn = RELELE
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Denoting the 1 ek comn.ht ot‘ x(l) by xi(.l; ‘we hlvc R Y |

V

szl (AP, = {l[ﬂ: 1t a( 2151 3 ;‘l", Jﬂw Q 0 L(tha)‘- Q <o _1.
r . Ry

Hence x(Aj€ X for all A sueh tiat x{(x) >4, 1-1,2....,n.

Accordingly, it fellows that x(l)e X for all. A > O 1f and. _ﬂnly &
if, for all indices &, &, > 3,. Smmly &Ne X to:"all ‘l <\°1
Af and ouly 4f £, < q, fo# all i, Thas, tm sot A of all Als for's
which x(r)e X 1t bounded either above or below We assure uithont

1038 ol generality tiat L/ E
- 00 < Lol X . V & ’ f‘ Vi.‘:
. ) .9 o
A - )

Ae inf ¢ O A i
- ) Y7 U 1
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s at lenis. im more o

nunovclmtmt P ‘

e, if T<w,

Prom tho u!b&ty of tpo Mctionc xl(x) m m f“t that "*;'
x().)fx fﬁ‘ l ('l, !.t folm Qlt th.x‘ 19 *MW ‘ sueh . m
that x, O, ) >0 and Zilh) @O for A <§mi§‘ cuncmuey o %8

"

ei,mouon X, h). tJ-mr uuz.us). qﬁ}aﬁw ene

-] * o
. ‘ -'
. b
s . - . . ‘.- L4
. L e A A b
— . & § - - % N R 5
.. n g X y 2 .}U.
x ('a) - o o~ 0\\. : .-0." ~ ” { & " ‘—\?l‘z o 14 "“‘ S ue ' 2 .7. ..’ G
s 1. P T e i ; o Q Nl s “
S . .' . ﬂ::—" s A3 5 o ':{ “Fiey o 4s {‘“,
: . X 3 ,r " . >
™ 4 L . \ :\,S ..l' % * \g LN LK .2. "; . “' .w
N T » R & I 2
) . - o Q@ 'G. . ; fo "k ‘ 5
.7 Swmarizing the resulbe of .the préoe peragrephs, v

L~ - A,
cxam 001ponut o

Mvgsun anma&ponmt!" :(

7:

of. x(2), vhife x(3) ek ot jgmet e m?w for “wntlh oo

x4 . 18 positive. iud.nﬁu x(M) € X, f

&

cornapondin. ccapq‘nt

wt«» u.u? oo

8 igt;ﬁ‘n oup_a.'mt the n‘c’ % x(%)

Wew th ), and xﬁ)ex

kClllw that ‘1(3) .;1 dxxi .ﬂd dz(x) - A 'J“’J’ ’
(18)  hlala)) <haB) = gle) - o

-

(-9) g (x(}) ). < wt(%))&" g (x) : . ,
o T - m,- : T
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PR -}-:, Bk 3 . “‘; “‘i-'j . e
g - AR -
e L 4 Yo L .

e sl o gegxu,n-- g, (x)

“'»‘ "‘;'t e " ’ ‘ ."‘
- “!R-’.l ¥ > s ') 28
AR M a1} xg\. mm. t'ol' a < 'K 'x,(%) 18 zero or positive
mm as - xt(h) 18 30T0 or positive. o . .

-3 ' nmmn; nu'i;c d,(xm) 1s & llnear hmotio‘u of ), it

NG tono;u that 3f \‘1. 3mu, styter
.‘.-?! 5 gy L 3 'ﬁi 4:3 ’ t _.“‘w: - . ' . .'
. :‘.ﬁ_‘(a) ~ d,(x(l)) < J,cm m- dl(x) . B v
g“ \.-»‘ . * . T ;:
o ' ’ £
: A - e
y - " :J ) ) .' . ' . $
: (22) #(x(X)) < #1(x(2)) = g, (x) . -
I!' t ® oo, then (21) mat ,Jold; for, in thle case, the relstior . ;
N lﬁﬂ,l) > #(x(3;)) ‘impldes trat ¢, (x(2)) - - @.u8 A, :

XN

ougv! {1 1s 1ineary 'nuo contredidts thre mumption mt glx) > - .
(18) - (22) ve see th{t t:horo is a point x'(». x for which

A

L .
& » A g .
el &

L .t o ]

#(x) = gy (x') + dolx') S gylx) + 4 (x) = #(x) ,

-

=

-
» . : * fw
~ o

9 ¥ uhcu 'x' hac at least ene more sero component than x. (If ¥ = ., Lot

. M ' =x(2); & T <o, then X' 18 one of the two vectors Y

‘ I(R)«R(x) ) Ir z' 13 ar extreme point, (10) ts proved. Otherwise, 2
an (.“ntion of the Irg\.nt np)aomg X Dy x' ylelds a new g.ing * ’:*

L{ inch that :'_-,i




tuat alter at most n" such conatructions there 18 prq_duood an extreme

point x*® satisfying (10). , : o o
A MORE OENERAL FIXRD CHARGE PROBLEM P
Ir. certasn logistical ppoblens, in purtiocular in-:conne¢tion o
. - 0 c',(ﬂ

w!th the queation of tmssﬂ;pmnt,\bm is led ¢o qu:- e 500.1'0;-“

e

11zatior of the fixed charge problem. - .&bpon that k s aqiv'hor

“ £ !‘V{ H

01 N » “y.

n o k'p » . “. "l.‘ .{a

an‘i put . "‘.i»‘
- . R SN

-
. 3

; n | | g ’
2 ) - ) ) ° -
(o3 o e T ey s P XIN: X . -

Jo(r=1)k+1 . . oy

Clear:i, ¥ rciucea to ne function ¢ defined in (4) when kel and pen.
We refer t . ¢ ~rotlen of minimizine § under the side zcriitions
() eny (' &~ tne senera’ized fixed charre problem. For tnis prob'-

ler trere 1¢ no ea3v ar-logue ~f theore- 1. Howeve:r, the slatercnt

£33 oroof of *'enven ~ ~ATIY Ot witnoul change, wo thait 1f ‘t_
A , e -
'nf U(r) o = a tiere ts ar extre = point xe€ X sucr thet W(x) < $(x).w:
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. o Kk, cthe variables Xy gk mist satisfy the constraints

for all x«¢X.

We have encountered this gonqqalfz;ticn of the fixed ocharge
problem in connection witn the following transportation questien:
Comsider & hypothetical newoﬁi 6!' cities between each pair of wrieh
apo'clriod quantiuﬁ of homugeneous cn‘o_,_lr;._to be delivered. Let
bu donqh the cargoe to de dcuvem'd. rrom' cit__‘y 1 to city J. Suppose
that the cost of uumu unite of cargo from 1 to J is given by
a fynction of the tor‘nf - . ' |

gy lu) = oy 0+ 8y 8(u) .

Te preblem is tc route shiprments so that tho' total cost of shipments

1s minimized. Let X, 1*1,2,...,n, §®1,2,...,n, k=1,2,...,n, lek,

1¢J, denote the quantity of materiel to.be shipped fronm 1 to J for

ultimate tnr':uhipun; %0 K. 0§urn that 21 "uk represents the
B i

total goods shipped from 1 for the final destination k. Since

. \ [ 4

.. ’ by
‘; R,qx TePresents cargo received by 1 for ultimate traasshipment

)
L

' n n '
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| 3¢t :&1‘ : 16k
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.‘ gt 1s~!
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‘I're total quantity of goods ehipped rm 1 to J (14!) 1s ziven by
i
kzl 19k Hence the cost of Ihip@pt fm i te J s

e 3
.\‘. ‘4.\
¢ + o ( v X )
%y & Kt P T g ) o
kel kel <

and the total cost of all shipmerts is

A4 A

(28) ):3_13%., k_Z] Ukw“(é‘x,‘“)]

18] a3 nh “ . :

Te protler f mininiding (25) under the side conditions (24) and’:

Ny,

%
.. . ‘ N
(2"\) XLJk 2 0 ’ s 8 .
1s evideatly of the generalized f.red crarge t;ypo.‘.

S
RELA.IO. TO QUADRATIC PROBLEMS | o e
» Y . "4;;"
T,

A A
It 15 .. :cme irterest to note .hat we us replace tn‘ yNoxn .

2 miiimigins ‘e hon—iinear function § defined in (c3) \nﬂor umr
side ~onaltici.s by ovre of mmmung a iinear fumction under unou-

elde torditicig plue an additional quadratic constralnt, Spcclfttl! B2

¥.) represent a pomt in nep

let (.,.) = (xl""'xn'yl’”"’p

oy
A
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‘z.
L]

dimensional Buclidean .space. S8uppose fmt (i,&) - (il"" .Nl.- v,\
miririzee the function ‘

{e7) ¥(x,y) 21 a,x, + iA By ) ta
. ‘ «
under tie const:aints (1), (2). and. ‘ﬁ

t
=
L. -~
M
h

(28) O.’.\.Yrsl‘ N ™l,2,...,p f‘;
, ey

s
L]

(29) z (1 -y,)
. re . im{r-) )il

T
—
~ M

[UN
s
©
r

The constants 51‘, r<l,2,...,p &re mssuned to te non—tegati-e. We .

st:all prove that x = ‘(il,...‘,i‘) mininizes the functinn ¥ in (C01) A
under the side conditions (1) and (2). In_the first place,’ o
. s

t #

5 "

(30) 1n? B(x,y! < 1af ¥(x)

(where the in~inium 15 'axen over ''e apr~,riate side condition_a).

sirce *° s&c ;Oint x satisfyins (.) and (_) <.ere sorrespords a

point y such tnhat (,,y) setisfies (), (o), (29), ana (), a.d : ¢
) .

~ \

O(x,v) = 9(x) . .. §

3

[

Lidesa', we r@c1 iy uell e




- - 1§ " ‘- K
(29) n«-t have -3n d';‘.

e 4

Y
-

(31) " aor ux) 2 yar V(z;.v)‘- Wz - ue) zw v(x) ;7T e

' "f 2‘5 2 1. YR 5 ‘ "'! Yo f K

whgrs: -&m the. uranmx;i' qm e
t

% s 3 » : ) ., :
straints. ,‘O"W”%& ;‘;_ R “ﬁ\"- e N
ST bt A | A T T
“.. g‘yx'\ﬂ

“.
N hragg
Y

»|
s
< .
- .- ~
¢
]

A \.‘l‘
. K A
v

T t : "‘\ ' e ": t. : - . ‘: ol o ‘ i
L e . tnf i’(q,ﬁ O S R
P S bo o 2 SR S
-5 . b \N‘.r . *

ﬂhlm cmletcs w‘m" :‘- ;; ‘ 'w S .

- »

lnamor tom=o¢ tll proi&en can u qbumd ’y p\ﬂun‘ . ™. I

The function t(x.ﬂ é‘o be aininized cyn then be npxacu by o
.- _ . "“\ [ v

[ 4
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iﬂ-‘."

(32) ¥o(x,z) = G,x, ~ § 8.2. ‘ s

' N =1 ) 8
.‘ 4 d -

omitting tre comstant, g Br’ which is inessential, Thne co.straints ;

r<l N i A

* ‘.w\ -
thet become . é ‘ -

(33) 0 < t, <1 ?

andg : 2

. “vj

. r< T i o

(385 iﬁ SNPIE  AE ‘ :

. g @ to(r-1)kgl:
‘- N

-

Thia f{orr suggests g boasib}e connec:ion zetweer the gene ral}zod
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