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SIPMAHY 

A proble« proposed by A. Nanhall in an 
InUmal working paper is solrod in on« 
gcnaral oaa« and diseussad in «noth«r. 

A 3T0CKPIUIC PROBLBft 
KATHEJ4ATICAL TREATMBWT 

J. M. Danikin 

$1.    Introduction. 

A. MmrshAll, in an Inlernal aaaorandua, has propotod Tarious 

stockpiling protalsns of which th« prssmt problas is th« siaplsat.    Indsad, 

a coaplsts solution is obtainsd onljr in a spseial cass, which unTortunataljr 

is not th« cas« of gr«at«st intarsst.    for this point, sas §2.   A partial 

solution, that is, nscassary conditions on th« solution if th«r« is on« 

(if th«r« is ons it is uniqu«), is glv«n for th« g«n«ral can« in §5«    Tb«s« 

condition« nust b« th« starting point for furthar r«s«arch«« in th« f«naral 

cas«# 

Th« prohlsa is fomulatad in $2, discuassd in §3.    Th« r««ults ar« 

giv«n in ^Z», th« n«c«8s«ry conditions in §5.    An int«r«sting gsnsral nath«- 

natlcal thaorsa, p«rhape n«w, fomulatod by th« pr«s«nt writ«r for L,  and 

f«n«ralit«d and prorsd in any Banach spac« by I. Qlioksbarg, will b« found 

in $7*      In $6 w« us« th« r««ults of£? and a coapactnsss arg«js«at to pro?« 

th« «xis^nc« of a solution in Cass I,    Th« rs—lndsr of th« papar is occu- 

pi«d with technical detail«. 



§-"',    Th« probli. 

whtr« 

Th« problem it to Mxiaise the  function«! 

Ry) -/   F  |i(t)]y(t)dt 

(l)       x(t) - x ♦ / H (/(r)«at5 dr 

•nd 

ao 
(2)       / y(t)dt - c      . 

o 

Her« F and H «re strictl/ concave and  strlctl/ Increaaing,  H(u) ^ M for «11 u; 
oo 

C and M are constants;  ▼(t) is decreasing and ^   r(t)dt - Ij  T(t) > 0; x > 0. 
o 

The functions y are assunsd nonnegative.    A measurable nonnegative function j 

satisffiog  (2) is said to be in the classp^ .    A aeaber of'^ is called adalssible. 

§3.    Discuaaion of the proble«. 

Tbis problea arose as follows:   it is desired to  stockpile a certain 

good for a certain contingency,  the latter happening only once«    The probabili^jr 

that the contingency happens on (ttt«<lt)   is given by v(t)dt.    Production doe« 

not depend linearly on expenditure,  but   rather in a concave way;  l.t« narginal 

production decreases with increasing expenditure«    If t is the tias rate of 

expenditure, the rate of produotion is given by H(t).    The ut-illty of a stock- 

pile x is given by F(x)«    Again the marginal utility decreases with increasing 

i 



stockpile six«;  P is coocsvs.    It is desirod to sxpsnd C units of r^sourcts, 

count«d at present  value, so as to aazimiie expected utility.    Money aeeuaulMtes 

at aa intsrest rate a coapounded continuouel/. 

As proposed by Marshall, tm under«tend that we intend to spend at tlas t ai 

a (present value) rate y(t).   Thus actual eu^penditur« at tia« t is at the rat« 

7(t)eat, end actual production H (/(t)^0^ .    If the initial stoekpil« is x, 

the stockpile at tie» i la given by (1). 

An objection to Marshall's fomulatlon say be Bade as fbllovs. 

As both F and H are increaaing, the prohle« is equivalent to the problen of 

«iniaitln^ C, considered as « function of y, for constant p(y).    But it is 

clear that we will not spend C.   The cootingenoy will happen at soas tine t 

and then we have 

/aD7(t)dt 

(present value) resources left.    It is a little unclear as to what it ■•ana to 

adnlaiae C.    It, however, we insert the factor 

(3) u(*) -  / T(f)dr   f 
t 

the prohl« wrJcee acre sense.    u(t) is the probability that at tiae t the 

contingency hae not as yet happened.    Thus, if we plan to spend at tiae t at 

the (presset value) rate y(t), we will spend at an ejqjecied rate y(t)u(t). 

Thue what we should aiaiaise is the egpected preeeat value of the coat. 



•  Bhoul: «InlJiiz« 

OD 

/   y(t)u(t)dt 

Htnc«   I  propose  tt-iat  Ihe prol>l«m  be   chnn^ed  to read:     ■•rAmi7ep(y),  where 

x{l,   Is  given  by  (1-,  aubject to   the   aid« Londitlon 

oo 
/   y(t)u(t)dt - C    , 
o 

-here u(t)  la given by  (3). 

In the c»öe that v(t)   - ß«~    , of interest to Herahall, thla probla« 

reducea  tu  the  proble« proposed by him.    Unfortunately,   it present,  it  reduces 

to a type we   .re  so  far unable to solve.    I shall discuaa this point  in the next 

section. 

The -Jlscussion in sections  ^d»-• 10 is  all  based on the probla«  aa 

foramlhted  by  Marshall, 

£/».     The  re suit r.     Discussion. 

jase  I.    The  function v  satisfies 

t 

ill 
oo 

^  Y(t)dt 
(O     -^—   ^ß>a 

for all  t   . 
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^n thil gjMM»i t^trt l£ *n IntTraX (0, t  )  and * poaitiT» coo<tiit k, 

•uch that 

(i)    If t < t , 7 (t) •itiMtU» Up «luation 

(5) H» [70(t)<at] 

(ii)  ift > ^^ M*) • 0 • 

k aod i    art d«t«min«d b^ th« tldg coodition (2) and bj tba aquation 

(5»)        H»(0) - -^ 

•" V r«[io(cr] ▼(tr)dr 

Tba probl«a of »olTinc tbaa« rathar coapllcatad aquatioai i» not 

part of our problam bar«.    Purthar prograaa will probabl/ paqulra spadil 

aMuaptlonf on F and H. 

Wa obaanra that tha »olutlon J (t) in this oaaa la »taadiljr da- 

eraaaiog and that it i» oontinuoua ararj-whara, including tha point t    . 

This it prorad in %9. 

Caaa II.    Tha fraction r(t) »atiafita 
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(6) ILL 
00 

/y(r)dr 
t 

for all   t. 

Practically nothing IB known in general for C«ae II. It can b« proved 

thit in mis case the stockpil« x(t; approÄches infinity, so that y (t) — if 

there   is   a  solution y (t)  —  Bust  be positire at arbitrarily large values  of t. 

The  proposed ■odificatlon given in § 3 of Marshall'» proble« falls 

into  this   category i*hen v(t)  ■  (Je       .    Then the  problem cooes doim to one  with 

an  interest   rate of a ♦  ß  and  a contingency   rate of  0,    Thus   (6)  is always 

fulfilled. 

No   results at all are  known for the  general  case,  except the  followingt 

the solution  is  always unique,  and  if there is  a solution it aust satisfy the 

necessary  conditions of ^5.    Except  in Case I,  the oxistence of a solution has 

rot   been proved. 

£5.    Necessary conditions 

In this  section we derive conditions,  in the   form of inequalities, which 

y     satisfies   if it yields  a maxiaun to  (""(y)   in the  class ^E^of adalssible 

fuociioot. 

Let y    be the ■axlaizinii   function, and suppose that y,   is any other 

eleoient  of ££.    Let X. be on the unit interval.    Write /»(t) • (l-X.)yo(t)   ♦  X/jCt). 

Put 
t      _ „ 

xx(t)  - x ♦   /    H [7x((r)ear]dr. 



Put 

*7 (x) - /* f [^(ty) v(t)dt 

Evldtntly a necessary condition that y    yisld a «Äxlaua is that 

JKI\^ ^o 
\-0 

for  ail y, € ^,    On diffarsntiating and ravtrsing th« ordar of Integration, 

this jialds: 

/   H« [y0(t)aat] Q    (t) [/ (t) - jAt)]  dt > 0 

for all y, ^ ^ , whera wa h-ive writtan 

o   (t) - aot / F« (i^r)] T(r)dr 

Wa now apply tha Gibbs-Nay»an-Faaraon laaaa (saa [l]  ,  p. 289 ). 

'..'a gat tha 

Wacassary coniitiops;    j^f y    raaxindtae f (y) in the class ^ , thara axists 

a constant < such that, for alaost all t. 

n\ (?: (i)    1£ J0(t) > 0, th« H« ^(tja01] - ^-^y      ; 

^o 

(ID it y0(t)  - 0, than H« [>0(t)^J <      »^      . 
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§6.     AdoHion J  neces-sary   coniitiont)  hoi lin^  in Caa« I. 

If the contingency le likely «u occur f«drly «oon,     i-«« Case I, 

we  «r«  nble to obtain an ebtiOMte of k/) With  th« aid of thia we prove  In 

this   section that  there exist  nunt>ers  t    end Y0  such that if yo yields  a 

*—* • 
aaxiamm to fly)  in ^ then y (t) < Y    throughout  and   yrt(t) - 0  for t > t  . 

First we turn to Q    (1),    Since  H(u)  ^ M for all n by hypothesis, 

then  for any y^^we  have 

(8) x^t) ^ x ♦ Mt 

for  all  t.    Hence 

(9) 
ou 

^ (1) ^ */   F'(x*Mt)v(t)(lt 
Tl 1 

The  quantity on  the  right  of (9)  evidently does not depend on y, ^^, 

Next we prove thit under the conditions of Case I  the quantity Q    (t) 

is   decreasing  in t   for  even   y,*:^,    observe  th at 

F'Qc^OXt) 
Jill 

t t 

^ 0 

throughout.    Hence 

^&og5_ (^ •a  - 
P»fx1(t)]v(t) 
00 ^0-0 

/ F'[i1(r)]v(r)dr 

wnlch  holla   also   in the  gen^r^l   case. 



It  folxows that  Q    (t)   is  decreaain^   in t, and also th.it 

Qy     (t)    ^    Qy     (O)^0-9^      . 

On observing that  eTlJtntl/ 

s (0) < F'(0) 

w« get 

(10) (,y (I)  ^ F'(0)«(a-3)t 

Tht  right  eld« of (10)  it «vidently lndep«nlenl  of y. fc £?, 

Now    e  can obtain a lower boun-l for k.     It   follow»   fror»  («;) that 

there  is  a set of positive measure on 0 -^ t ^ 1 on w.hich y  (t) <   ^C.    Hence 

for so«e  t on To,!"] w*  have 

H'UCe0) < H'fyo(t;eat] i —^ 

Hence 

a*   (t-l)Q.     ,. >   ^ ^^   ^a. (11)     K > H'(-:Caa)C    (t)  > H'(.'C»a)e^-^a;    (1)  ,; H« (.Ce0) /   P'ü«Kt)v(t )dt. 
'o ^o 1 

Write 
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KO  - H'(^.:ea) /   P«{x*Mt)v(t)dt 

Thas v.« h^ve   proved ttwit   r  > K     > 0,  where k     is  An absolute constant. -    o ' o 

>. b^erve  Ihat  this  eotlnL-ite for k   toes  not   hold only  In Caae  I,   but 

in ^ eneral. 

Now put 

(3- Q K 
O 

bvioualy  t     .- 0.     Making  u^e of   (10),  it  follows  eaöily that 

o 
S (t) ^ HTO) o 

for   aii   t        t     .     Nuw   3 ;ppo3e y   (t;  '« u   for  sone  t ">  t   t   *here t  do«»  rv^t  ii« 

In  the     et    of uPH<ure  zero   f -r   which   (?]   does  not  hold.     Than 

t:  

"bo^"*} 

Accordingly   -e w >ul i  h ve 

H' y (t, 
1       i j 

t ^t-, ' ^TöT    ' 

Hut   K %   ko  and  H«[yo(t>u   ; •     "(.'),   an.:  so -e  nave  a  contrail ct ion.     Hanc. 

if  t        l     l her. y   (t;   -  0   . 
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1-6 >4 

e  now estabilnh  Lne existence   ^f   in Absolute constant   T    such  that 
o 

yi*-) <I T     thrjuphout.     T&^e  Y    so that 
(7 •       O O 

k 

i1^) H'(TJ   - TTA 
o'       P»(0J 

^Ince  K    .   H'CC.P'Cü)   there is  obviously  such ^s  Y  .     Suppose that   at  a point   t 
O Ü 

jatisfyin^   (7)  we ^.'»ve 7   (t"   > Y   .     Then /  (t) > 0 and  so 

H'r/0(t).atj - ^Ttr ■ 

Th«n 

k k 
H-Cy0(tO  ■ H.C/o(i).ot] - 5-^ > ^ > ^ . 

It   follows th!it y (t) < Y  ,   * contradiction.     Thle  completes the proof of the 

assertiona   in the  first paragraph of this section. 

^7.     A  theorem on upper  senicunt. inuity. 

The  result of this section is needed  in the proof ^iven  In $6 of 

ih« •xittAnc« of a eolution in CM« I« ' 

Theoreai:     Anj  »tronrly   - ont inuou^  concn •*  function.il  J _^ a :vt;iacf.  ip^ce ii 

upper   jaaiicontinuou^  with,  r» «pect   to  we.i.    convergence. 
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.-roof   ,:     Let  |url c^       b«   a  iir«cled  set  of elaBjenta of the BAn*ch »pAc«, 

convergi;^; wsar.ly to ^n ei«B«nt  u  .     Kit 

M - lia sup C{\x*)   , 
^ € A 

'I   £ > o.     Tr.er»'   Is    i  coflnal   subaat  ;,,   of »  such that  if  Jf *,,   than 

Lat   D  be  the sir-rv; convex  cl^auit of ft.   .     Than  by      Ma^ar's    thaoraci   (saa  P'"! or 

[y ]   i   po^    ,  j ia  weakly  clo»ad.     Hence u   €D.     Accorllngljr,  \x    i.i  tha  strong 

limit   of a   iir«cteJ  Let  of   finite c jnveA coaibinationH  of elements of A,.     Hanca 

tf;era   is  a   finite  convex c^miblnation ^     ^M 
uj:    L^ «i^nents  of ',.   such that 

I J(u  )   - J[ HVi^l' § • 

U   follows th^t 

• ',> • j(Zi H^ ) - f in vij,:u,; ■ ^ • ^ •e 

;?   € is  arbitrary,   ii   fill  WB  that 

•■(%■ i ■• 

*5   ra^ulrad.    Tf.is  cnmpletatj  tfje   ^roof. 

• ?"   r  »•• •.   ii   ;   am   in ;ar ■ el t J   : .    '.lirxst er»: 



13 

?~6lk 

We add a reaark.    W« us« this thsorssi only in the ess« where the 

Hsnach  space in L.  and the functional is an integral.    In this case the  result 

follows   fro« a theore« of McShaneD].    We give the thecre« in the present  fbr« 

because  of its intrinsic interest and generalitj. 

^8.    Existence of s solution in Gas« I. 

In this section we will prore that  in Case I there exists a aolution 

to  the  probleo enunciated in $2.    Discussion of the solution will be found in ^L 

Other caseb are touched on in fL end $10. 
t' 

First we consider a  restricted problaa.    Let ^x,     denote the class of 

functions  in2J which satisfy /(t) ^ T throughout and jr(t) • 0 for t > t •.    Taks 

as  the topology or^T      the topology of the Banach  space L,.     for any fixed t, 

the real-valued functional 

t 
«(t) -i ♦/  H[>(r)ear]dr 

is  upper  seal continuous with  respect to wea* convergence on^aj    ,    This  fbllow« 

fro« the  results of J7"and fro« the boundedness of H^u).    The   factor ea intro- 

duces no difficulty; we need only refer to the definition of weak eonvergenet 

and the  flniteness of the interral  (0#t).    It  foil owe thst the functional 

CD 
/ 

0 
Ry) -/ F[x(tj]v(t)dt 

t • t • 
is  upper  seeicontlnuous with respect to weak  convergence on  ^T    .    As^    is 



u 

compact  (see i ul ,  p.   136;  in the weAX  topology, there existe  a in 

-t' 

observe next that since  F end H are  strlctljr cone«.e,   there Is a 

unique «Ayj^nm  ln/V     .     Let 7    be the unique maxlauw l/lng In ^     ,  where t 
0 

and  T    are the quantities defined  in ^6, 

Let  now t»  > t  , T > Y    .    Let j     be the unique aaxlMua 1/ing in 

p&     ,    By aii argument   similar to  that  of 36, y    must  satisfy the  following 

condition! 

There exists a constant  k, auch that,   for alaoet all t. 

r(i)    if   y^(t).T      .then    H'|7o(t)»al] >^-^y      | 

< (11)  if    0<y^(t)<   Y. then    H'jy^(t)eatn  -      k 

^ 

(^i) if   y^^-O      , then    H'^(t)*    J^^y      . 

Assume for the moment   that  Y > 2C.    Then,  ae   in §6,  we obtain a  eet  on 

0 <  t <   1  of poeitive measure on which 7  (t)  «r 2C < Y.    As the estimate of 
■      ■ 0 • 

§6  for Q   ,(1)  clearly  is not affected  by  the  restriction to^gj-  ,  the same 
^o 

k     will  serve  a?  served  there.     Now take Y    as  before  ((12))   .     It  follows o o \ \      »/ 

much the  same as   before  that y   (t)  < Y    throughout.     In the sasas way as before, 

e t# 

it   follows  also  that y• (t) • 0   for t > t   .     Hence y^   lies in^^     .    Hence  it 

t t laximlies  in^       .    Therefore  it  1»  identical with the unique Müclaw in^Z    . 
o O 

obviously we may  drop  the asaioptlon Y > 2C.    We hare proved the  following  result: 
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0 t 
L^tMU:    I£ t > t    and T > T f UM» ttnigu» —¥!■■ la ^_ Is gL^w bv th« naigi» 

_t aaxlmu« r    of r* 

Mow we obtain an absolute upper bound for f "(/)  for y^S» lo CMS I, 

Recalling   (6)(  we have 

00 00 

(13) r(7)</   f (x*»ftMt)dt < F'CO)/   (I*Kt)v(t)dt. 
0 o 

It  follows essiljr fro« (4) that u(t) • J*  r(z)^t< s"pt;  sccordlnglj the right 
t 

• id« of (13) convsrgM.    Hsncs it is ths dsairsd absolut« upper bound. 
^ t 

Supposs that  for soae j&E^ t R/) > HO*    l9t 7 ^ be «ott«n fro« y 
t 

kv puttin« /(t) - 0 for t > to.    Then if t0 is sufficient!/ lar«e,r(7 0) >r(70) 

This follows  froe ths bound (13) on  T*    ^i* *uch a t  .    L«t T be large.    The 
t 0 

■easurs of ths set of points EL    on (0ft )  for which y(t) > T aaj be aads arbi- 

trarily Mall by taking T sufficiently large.     Recallii^ the fbneula for x(t) 

and th« fact that  H(u) ^ M for all u, it follows that if T is sufficlsntly largs 

and 

t   ^ 
for ttZj0 

7 ' y 0(t)  fort^0 

th« 

Rr/) >r(y0) . 
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1 • 
0 0 

j' 1y ( t ) 
0 

to o 
en 1 T' and r<11) ~ r<Ty ) > r{10 ) • 1a contr ic on. ccordin ' 

tor •e't"' 1 ~~ r(1) • r( o>. 
h p t 

ot nee in t C I. 

• I . 

to ot th 1o lnC I 1 in • p v 

t 01 • 

1 t. t point• (7) • 

t. > t1. t ( t ) 1 etri 70 (t ) > O. n -0 

1o( ) > o. or po 1o( ) • o. 



17 
p 3 

t t 70 (t) 0 tor > t* , th 

in to • 

1o( ) 1 obrl l7c 1n tor t to • Le c c continuit7 

t t • o• L t 

1 t 1e t D hro h poin t hich (7) hold a. T n H1 ( .1 ) • 

t t t h r1 , H1 (O) • ce .1 • 0 

0 

• ao p by hi and t
0 

aatu1'7 ( 5a). 

c. ,!:!! &!:!.! II • 

d to I t b n 1n th1 ca • can pron 

t if eo uUon t to pile 1 unbound d . 

In 6 t.h t t t1t7 d not nd on th c (C • I) 

r conai r t1on tb xi To an upp r lia1t t 

tor t. ion ot I. t 

• L • •uppo • the oc bo ed. 

1 to o aft r a c ain point. 

(7) it to s t • 1• ooatradiction. 

r to H. conj ctu in bi c • 

it ran H v. 

• 
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