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PETROLEUM RKFINERY OFEKATIüNS SCjffiDULING 

Chtpter V - A Gasoline  Blending Problem1 

Alar S.  Manne 

1.     Basic econoadc aasumptions 

The  precelln^ chapter has  dealt  vrlth  one typ«  of  Intra-r-'flnery Economic 

balance  problem — the operation of a typical kind  of conversion  jnft.     The 

present one concentrates  upon another such   Intra-re finery study — the 

selection of an optimal gasoline blending schedulei    ^ot until tf^ following 

chapter    »fill any attempt  be  ma-!e to   liscuss  the   operation?   of an   inte>Mtel 

refinery. 

There were two primary  reasor.?  for singling out  the blending problems of 

the Union Oil Company of California:    First,  this operation   is  Itself a  complex 

large-scale one -- grossing an amount  of the  order of |100 milli'r.s annually. 

And second,  the data available  for this analysis  w^re  of tolerable  precision. 

It was agreed that  there  is  little point  in making an elaborate economic  stu 

when the  basic  numbers are  shaky. 

Together with  meraberB  of the Manufacturing Economics Division of Union Oil, 

the problem was   formulated   in  the  followli. •  terras   (see the scnematic   ilagram. 

Figure  10):     First,  the  quantities and  qualities  of  1^  raw gasoline  stocks 

wwre assumed given.    Together with tetraethyl   l*ad   (a  pirchae»'i  item),  these 

serve as  the  inputs to the gasoline blenling operation.     The   ^nput  materials 

are combinej to  form three basic types of products:     7^00, premium  grade  gaso- 

line;  76,   regular grade  gasoline;  and   fuel  oil  cutter stock.     A^ a   first 

approxjjaatlon,  it was assumed  that each   ;f these products could  be  sol:: at 

refinery realliations that  were  Independent  of the  total quantity TArketed. 

The scheduling problem consists of assigning each  raw gasolire  stock amon^ 

1.     In connection with this section, a  particular   lebt  of gratitude  i» owed to 
Messrs.  Reaugh, McCreery,  and  Norton of the Manufacturing Economica  Division 
of the Union Oil   Co-npany of California.    Without  their encouragement anl  a-tlve 
help,   it  would not  have  oeen  possible to  carry through  the  work  dsscribed   here. 
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the three potential products, aad alecj ^r eett^ng trie tetraethyl le«d level» 

for tho tvo actor  fuels.    This asslgnraent  has to take   Into account not only 

the nbcolutc  quantities <f roatertals that are available,  but also certain 

product  specifications on tiie  two finished gsboimes.' 

Lach of t:;C8e acjuniptloas cousi be  reviewed with care.     Consider,  for 

cxa.'nplc,   the natter  of blendinti stocks.     With the exception of Just tvo of 

the 1     inputs,   1*.   !s ansuiaod here that the  quantities of raw gaaollnee avail- 

able ;md  thct  the  quality clamc tenet Ice  of these macerlal» are   Independent 

of decisions taken in the bleadln« department.    In fact,  from tha vlevpoint 

of a refin'?r>' superintendent,   the  quantities and characteristic»  of all the 

Gtrear^j arc varlnblec subject to control.     By alteriJ^g the choice of crudes, 

the reactor Vruperatures,  the  recycle ratios,  and the assignment of Inter- 

mediate  oil  streams,   tho  central managenent   is able to  influence the 8l»e 

and ccaapositlon of tl^o gacoioie blending materials.    This type of Interlock 

can «:ily be   studied   Lii a larger uvAiei that  cuts across departmentAl lines. 

A sec ^ndApci.nt is the assunptlou that 

addlti  nal   Tuactlties   of finished refinery products nay be marioeted at the 

prevailing realisations.     In t/.e  case   .-f a major refiner,  this  1»  open to 

serious dcubt.     It   Is not at all obvious t:.*t a large  company can put additional 

quantltles  on the market vltliout disturbing the curi-ent price »tructure. 

7  
During the course of short time intervals,   the quantities and qualities of 

the available blend ir,? stocks any change radically. An urforeeecn shutdown 
of a unit can take place. A new unit may be brought on stream. A nev source 
of crude oil may be introduced, etc. For these reasons, in order to keep 
blending analyses up to date, it is the current practice vlthln the coaqpany 
to reoalculate schedules nt least ^nce a month. The .ptirm-m allocations of 
raw streams among the various uses could be significantly affected If, »ay, 
a fire occurred  In a large catalytic cracker. 

See J.   S.  Bain,  The  Econopics ££ ^he Paclfl- Coast Petrol CUE Industry, 
Utolversity of California Press,  ParTT, IM;  Part II,  19U$; and Part III,  1^*7. 
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pos ition 

t o mak a rea sonable quant. i t ativ of the rel ati nsh p be n a 

company ' s r ic structu a the mane r r i t s pr oducts . 

For purposes of co u a ti , an x licit marke t in 1 ita io cou hav 

been place upon each 

owever , i t s ec 

1 ish pr uct . 

t.o s u y o e 

I. o r o p ov a nchmark , 
and t h n one 

c cas eA i wh i h 3 -s res ric i n 

was introduce • Th co parison of rovi es a i ndica ion o h . x -

tent t o which pr o f s c u1 be improv by overcomin ke i n rr er . 

Th com~riso ao in i ca t s he 0 e p w e 

reallz tion the i ncre e a co s co insta nce . 

Cor res h ass p io r l iz tio upon r .i r pro-

ucts , it was r ed tha o e of l i 1puts e traethyl 1 a -- w-o l d be 

cons i der s vail a t 0 any q n y st r icti s a he E hyl Cor ra-

tion' s prevail t.a - car 1 v prtc • Ouri wartime , L t a s bl, en 

ration d amo. rfi rs , u a 1 ast uri 953 , this t ype o r s r i c io 
hol t rue . the 

1d not A f 1 r to become short a a ... 
exp icit 

ava i.l&bility li t atio hav 0 onsider a anA. l e en i h . • r o ,: 

.As shovn in t precedin ; chapt r , i t i possibl f r t he r efine r to subs t i tu 

re!ornKt a cra ck "a olin s ov a ran ~ i place of t e r ae thyl l ea 

the i nishe pr ucts . lthou , l ea is ploye i vi r t ually v ry gallon o 

asoli e today , its se in otor fuel co """""'.=..;.. el na t ed - - u only a a 

btinct. _ost n ollars and cent • t o the r tin r . 

~) . 

Ravin deci e upon t h t ~ or as s rnp ions fixe as oline s tock ava i l -

abilities and f ixe r e finery product real zations the next s tep was t 0 1e-

termine whi ch of t he numerous qual i t cha ract~ris tics o! t he r nishe pr o ucts 



would b« studied explicitly.    The Muiufacturiii^ Jtconcxalcs Division pointed 

out that there were moy speciflcatla&s that finished motor fuel oust meet -- 

three types of octane numbers; 10%,  3L4, 60^, 90^, snd end points of the 

boiling range;   sulfur and gua content; vapor pressure,  etc.    Any of these 

could conceivably limit the output of either preaiua or regular grade gasoline 

For purposes of this study, the ones that seemed to be worth the most 

close attention were:    Research octane mober, the percent sulfur content, and 

a volatility index.    In addition,  the end point problem was handled auto- 

matically by limltiog the end points of the individual raw gasolines.    During 

the course of the computing runs,   it turned out that sulfur was not a limiting 

specification,      but that the octane number and volatility index specifications 

did ooa* into play. 

In order to protect proprietary inforaatlce, tho eaact houat-braod sped- 

ftcatlma oannot be revealed here.     It can, uowever, be said that the   '600 

premium gasoline has a higher lainlmura octane number and volatility index -- 

and a lower aaaciaua pennleslble sulfur content and end point than the regular 

76 gasoline.    On both products,  the maxlr'un permlBSlble tetraethyl fluid 

concentration is 3-0 mill iliters per gallon. 

Although the blending uection rust operate within whatever ccnqjany speci- 

fications arc  currently effective,  the reader sl.ould u.'t suppese that these 

limits remain fLxed over time.    At any uoaent,  "octane wars* between refiners 

can break out.    The effect upon motorists -- and upon refinery profits  --is 

of much the same nature as an actual price war.    For this reason, a separate 

computatloo was  set uj.   In order to deter ine the effects of a ?.5 octane 

number Increase  in the specificatLonr  of the premium gasoliuo. 
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Before proceeding to the technolo^gr of the problem,  two more  of the 

economic Assumptions should be brought out  — one having to do with the 
are ffl&nufactured, 

cutter stocks and the other with transportation costg.    The raw gasolines/y 

and the blending operations are  performed  at two iistlnct locations -- 

at Wilmington in the  Los Angeles area and at üleujr on San Francisc ) May. 

Raw stocks are continually lifted  by tanker for Interchange between the two 

refineries.    Union Oil estimates  Its tanxer costs  between the  two points 

to be nominal - only a few percent  of the  refinery realisation on prexlum 

gasoline.     In the analysis of the  company^   gasoline  blending problems, 

it is evidently a desirable thing to take account of transportation costs 

and of differences  in  product  realiiations at the two  refineries.    At the 

sane tiae.  It was ^a^y to see that by bring'n^ geography into th»   problem, 

the volume of computations would  have  Increased by more than lOOo.    The 

storage capacity of the then available  computing machine — the   International 

Business Machine Card  Progranraed Calculator — woull have  been completely 

Inadequate to take  care of the enlarged model,*   As a  first effort, therefore, 

it was agreed  that the  geography should be  left out of account. 
^ ^ conaidered to be 

The raw gasoline stocks we re Aava liable in one company-wld« pool, 
were 

and the  finished  products/! valued at the  company's  overall 

r^alltatlons,     (Roughly speaking,  these revenue figures are of the  same order 

of magnitude as the  current spot market  refinery ta:ik-car quotationn.) 

U»    This type of limitation would not have existed  if one of the  higher- 
capacity electronic  computers had  been available, e,,%,  the  IBM 7C1 or 
the Unlvac, 
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thare Is 
nmllf, the prdblM of <*xtx*r stock rmXimAimm.   A* 

ladlcatcd by rifara 10 , elgbt of the bMnry pMoIlara agr b« tilflyid, not •. 

OÄljr for aotor ftiol ccaqpooent^ but alto for bl—aiag vlth htmrr viAmm 

Into Mo. 6 fuol oil.   Ihe figure «IBO ahova that this haaty roalduua aajr 

b« eoBvmrtmA lato Ho. 6 oil by tha altarvatlTa route of blending witb Bo. 2 

füraaoe oil.     Qtader the aaauaptlon that aoaa haavy reaiduua la aliMgra 

going to be oat down to the vleooalty qpadfloatlooa by blending irlth Mo. $ 

oil, it la poatlble to eatahllflh a value for tha heavy reelduw, and thaa to 

go oa to datendne a cutter value for any particular haavy 

To give a furaly hypothetical Uluatxmtloo of the procedure« 

the foUonrlag product «mlueet 

■e. 2 furnace oil $^.00/B. 

■o. 6 fuel oll 12.00/B 
heavy 

^ of lo. 2 oil In Ho. 6 blend required for cutting beclunial 
to lo. 6 oil epeclficatlaae 2$i 

i of heavy gaaollne la lo. 6 blend required for oatting bfteh 
heavy reeldtma to Ho. 6 oil apeelfleatlena K$ 

If No. 2 oil is used for b.ending, the valuo of the hetrjr resldma, p , 

msy be estsbllshed through the fo. .curing equetiont 

falue of Ho. 6 oil   •   value of Ho. 2 +   falue of raal4haai 
oU 

$2.00   -    .25(^.00) ♦   (1 - .25)(pr) 

Pr        -   11.33^ 

^la gwaril» the gutter irlll not »a a flalihaO Ho. 2 oil, bot 
oil   1»^unit that a«ü4 he used for Bo. 2.   When there are w&mnl alt 
tlve gaa olla that STEe M^lnyal for cutter, the pnMUM takes a« «AilUaBal 
w^Jamity,    tee Chapter TI belov,   p. n - 26 



f 
* 

• 

^' 
.v. 
• 

■ 

V 
f , '.   '^ 

^f <♦ ,• 

\f , » >r- ^ 
&' ^ *•% ' 

k »* * ■#• • • •* 
t 

A 
■ 

z*i 

L> 

?■ 

L A ond 
Oteum 

pro^uc^t 

No?4P0   ResK» r ̂  S 
i ' 

r 
No6 NO 6 
FO FO 

, i 

3 raw 

Goiolme 
-•- 

TEL 

T 
Gosoiinf 
Meadmg 

T6 00 

products 

t. rr-. 

Fig.lO-Union Oil Co. gasoline blending problem 

% 

*V:J 

-£■' 

% 

/ £ 

J. ^> « A   . «I 



f el 

Next, this value tor pr is substituted in a coati 
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equation f or the 

heavy soline cutter stock . t of this relation, there is erived P , 

the cutter Talue of the particular asoline . 

alue of No. 6oil • al ue of gasoline + Value of resi u 
compon nt compo ent 

$2. a . 20 (p ) ~ (1 - . 20)($1. 3 

p ~ . 668/B 

Values or each of the ei t possible aoline mat rials ~ r e&lcul&te 

in this manner. Certain tr a t nt cost .. vin a lso ha to cr it to 

the cutter operation. Th final calculate net cutter values ra e fro 

6 .2% to .1$. of the refinery realhation on premium asolin • In ect, 

thia is an opportunity cost lc t on or .. he nature ae the "g soli 

plac ent" tee niqu escri above , pp. II-5-7, Lik th asol n 

replace nt to 
' 

thi et o applies to the comparieo or us two 

alternativ re!ini 0 r ations . (I one case, the alte a i ves a re 
fue 

era kin v rsus f 1 oi ' a i n the other, ga oline versus o. 2Aoil 
were ca b' e of meeting 

cutt r rials . ) n t e v t a th co pany's res i uwr /\ 

0 s hou ny cut th he vy G&solin c uld 

not ven h pr value as c te r, bu wo d ave to assi ed a 

lo r ere 1 . 

the 
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2. The ble ing technoloez 

or the thr e relevant as lin r o ie~ , two -- the volatility i ndex 

an the percent sulfur content -- ive rise t o strai ht~o~r lin ar blen i n 

relatinnships . For xample , in a 0 ble n of t~ raw asnlin s with ~ulfu r 

contents of 0 . 10% and 0 . , th re n xture will contR i n . 2 s ul ru • 

Similarly wi t he volatility ndex , a 5 - 5·1 b will hav an in x tha 

lis t ween thos o it~ wo co ponent raw ,asol ines . 

Unfortunat ely, the octane r of bl n s cann t b pr i cLe L sue 
'-" 

a i rect ITIIl nne r fro t oc ane nu 0 compo nts . L k st in 
ar. 

of en i n erin vor k , ore cas of a s octan umbers i SA 
rather 

a rt" tha a e ct. sc e ce . Re ner s t.hemsel s pa 
redictiona 

/1 r t he oc t.a 0 pr o os ble '"' • bu or marke i.L pr od 

t hey will alm st i nevita ly a e t r ca ti of te ~ti n th re 1 

o t ane ra t. n p • 

e phas or h r o a s ~ i v s t. J ext ns i v ly 'Y e 

fi ni indus t h t o oct a n bers an e T 

co co ra io o:.' r ic lar Ja s lin • J s s in t.h na pht a roe f rmi 

probl a ve , i rv , as he le d ra 0 1 ve 

i s creas h oc t.a numb r i cr ases a , cr as ra t e . I n or r 

t o p i c e l a t. ons p, s e t ay vl 

bl ~r o~ 1, an Garto t 0)9 . (, 

f or t.unat e :.y, 
er e is , ~ h ic expr s s ion t hat i ves a 

cl s a p:-o i .a t. i o 0 y i s bl ing c art. ih r 

6. L. E. Hebl , T. 
ot or-Met ct Oc a e 

J ~ ly , 9 • pp. 

a n 



repreBenta the oct&ne nun±)er of the leaded jja»ollne, and x the 

TKL concentration level (in allllllters per gallon): 

(Y.l)    t . a ♦ bx -    j—- 

For any mimown gaaollne,  the  tl.rce positive paramoters, a,  b, and c, 

hare to he drtarmined.    Thlc aay be accoopllfihed readily by taking three 
t-he roau.tin^ 

obMrvations of octane nuaher for various lead leval»,  and solving /\ 

slailtaoeous llntar equations.    Using equation (▼•!)  in this way, sets of 
calculated 

constants vere^ for all 19 of the 'Jnlon Oil Coopany'c raw gasolines. 

Testing «even lead levels in each of these lj cases,  the equation has virtually 

always given a prediction that lias within - 0.2 octane maaber of the one 

yielded by the blending chart. 

No special significance should be attached to the particular for» of 

equation (V.l).    It is taerely a device for enabling a conputing machine to 

perfora the same calculation as a refiner with his ethyl chart and his straight 

edge. 

A second phase of the blending problem is nore controversial than the TEL 

aspect.     For a lead level of,   say.   3-^ ml.,  and for a 50-50 mixture of two 

gasolines A snd B,  refiners frequently calculate the octane number of the blend 

to be the 30-50 weighted average of the octane number of gasolines A and B  -- 

each with 3.0 al.    The weighted average appears satisfactory for oan^  stocks  -- 

especially when both coaponents are of a paraffinic nature.    There are,  however, 
7 

at least two papers publicly availahle -- one by Eastman    and the other by 
8 

Bogen and Nichols    -- that call into question the straight-line average Method. 

Du Bois Eastasn,  "Prodlction of Octane Numbers and Lead Susceptibilities of 
3asollne Blends*, Industrial and toginecring Chemistry,  Vol.  33, December,  ly^l, 
pp. 1555-1560. 

8 J.  S. Bogen and R. N.  Nichols,    Oalculatlng the Perfornance of Motor Fuel 
Blends",  Industrial and lagineering Chemistry, Vol.  ^1, Hovaaber, V)^<t pp- 
2629-2635• 



Both papers indicate that a« the percentage of the high octane component In 

a binary nilxture  increaaes (both components initially at the same TSL con- 

oentmtlan level),  the octane level of the alzture zany increase at a decreasing 

rate.    In other words,  the octane number of the blend tends to exceed the 

weighted average of the octane nunber of Uje two conponents. 

Bogen and Rlchnls are priaarily concerned with three-component mixtures, 

and they report only five observation« at each of three TD. levels for strictly 

binary blends.    Tfee set of 15 point« ha« been plotted, and is reproduced as 

Figure  U*      For each TEL concentration level shown on this chart,  straight- 

line interpolation has been used between adjacent observation«.     In all like- 

lihood,  these straight lines also underestioate the octane nuober that is 

attainable by blending.    Tut existing data, unfortunately, do not provide a 

basis for cunrlllnear interpolation. 

At first glance,  it would appear to be a trivial aatter whether octane 

nuabers were calculated by drawing straight lines between two adjacent points 

or between two end points of a conatant-TJL line,    nevertheless, a sample 
o 

calculation presented in an earlier paper    indicates that the two methods 

can lead to TKL input requiroaents that differ by 20^. 

It is evidently worthwhile for a refiner to Incur conalderahle expense 

in testing gasoline blend«, and  in attmaptlng tc predict the occurrence of 

curvilinear  octane  relationshlis.    Nevertheless, at the present  stage,  the 

Union Oil Coapany did not have such blending data available,  and it was 

necessary to revert back to the aore conventional «traight-line Interpolation 

procedure for calculating the octane numbers of blends.^0    Tt*e informtlon 
■      ■■     ■ (j>hot.o-offset 

A. 8. Maane.  "Concave Prograiming for Oasollne Blends", P-3Ö3 
paper), The RAND Corporation, Santa Monica, California, April 23, 19^3- 

10 In going back to the staple «traight-line octane interpolation procedure, 
thl» paper follows the aodel proposed by A.  Oharnes, W. W.  Cooper, and B.  Helljn, 
*Blendlng Aviation Qasolines -- A Study in Prograaning Interdapendent Activities 
in an Integrated Oil Company", Iccooagtrica, Vol. 20. Ho. 2, April, 19^2, pp. 
135-159.    But unlike the aviation gaaollnesysten, the present one Includes 

ethyl fluid concentration levels *• • specific variable with a curvilinear effect. 
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currently at hand nade it possible for th analysi:5 to tak account of 

non-linear TIL relationships , but not of th non-linear as line blendin ~ 

features. 

The TEL inputs are one of the elements i the Union 11 C mpany 

problem that involve a eparture from a strictly linear sys n 

ad ition, the cutting temperatures on two or th asol ine i s llat n 

units introduced non-linear effects. For purposes or blendin , uet as 

in the Kello Com~ny naphtha rerormi problem, t.he cut point o each 

r t hese unite a an independent variable that is subject to con ol. 

The cutting tempe~ture influences , not only the absolute quantity of 

material that is available for motor el blen i , but also th Quality 

ot t his component.. Figures .12& - 12c contain the necessary data for 

one o hese two dietillation units -- the one producing gaaolin stock 1. 

According t o P'i re 12a, as the cuttin t emperature moves from )00° 

to ° F., the amount of material available for motor fuel blendin r ses 

steadily 1, 900 B/CD to 3,0 0 B/CD. (For each ad itional barrel ot 

motor fuel obtaine , there is approximately a one-barrel ec rease in ih 

amount o aaoline cutt r stock avai labl e. ) 
curvsa, 

Charta 12 . b an 12 . c contain 
&leo indicate t he form of 

th ori inal Union Oil C mpany 

a~th equations that w re fitted t o thee ata. As the nake of motor 
virtua ly 

~ 

fuel increas a, Fi 12 . b indicates a~lin ar ecline 1 the ctane number 

both clear and with J ml.. ot TJ:L/ allon- Also, as the make of motor fuel 

increases, there is a steady linear ecreaae in th volat ility in ex , anc a 

quadrati lly increas sulfur content.ll 

11. A.lth h when distilling this particular stock the aul r co t nt i ncreases 
quadraticall.T, on the other aaterial ( soline /1)6) the sulfur con nt only 
chan es linearly. 
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1\abn aDd TUcker bave proved the following •equi valence theorem•: 

"Let the f'unctiona r
1 

(x), . . . rm(x), g(Jt) be concave 

aa vell. as differentiable f'or x > 0 . '!'hen x0 1e a 

eolutioo ot the naximm 9roblem it, and only i f x
0 

0 
aDd .a. u give a soluti on or the ead.dle value problem 

tor -(x,u); g(x) + u•rx.• 
12, J 

In other vordJI, they have eetabliabed that the solut i on to a 

ax ..&Uepoi.Dt. At the wgeati on of Barry Markovitz, the 

paol.iDe blendtna .xlel. wa set up in tbe appropriate mimaax form. 

Ala it.uative d.1&1t&l. teelmique wa tbela cSeTiaed far eolviD& the problem.14 

Prall a rJ.&oroua atbeatie&l ate.Ddpoi.Dt, the present coarput in& :-ot;edure 
ie an uneatiefactory one, but t he 

.etbod does la.d 

t o aolutiooa that Uxluld 'be ~f'icient.l,y accurate traa t.be etaDdpoint 

of' refinery •napre. Collverpzlce t&k.ee place without an inord.i.nate 

~t ot CQIPltiD& tt.. All e&lc::ulati01l8 were perf'onled on a machine 

12 'l'tae upreeeiOD u 'h ia lborthaDd for the folloviiJ&: 
'\ t 1 (z) + ~ t 2(s) + •.. + u.r.(x). 'ftle u1 are non-neptive 

t.pw •'" a&ltipUera, ud corre8p011d clOMl.y to tbe eeoocaiet '• 

notion of "abedow pricea• . 

13 ~. • 
H. V. ICulm aDd A. V. 'l'W:k.er, aOAl.i.Dear ~ , Pro~ of 

tbe aecoar1 ~err I(! •rt\111 oo *~t1c.l. etattatice iD4 uit.z, 
M. J. Ne~, .era1 y ot 5Utorn1a Preaa, l Y5l, p. ~. • 

14 
*rkorits baa ezpen.ated with an electric U&losue aol.ution for this 

clue ot appU catiou. '!be pre Milt bl.eDiliD& .odel 1D'Yol. ~ 19 ..-oliDe 
etoeka vould cl-.rly avurp the capacity of aey of tbe preMDt pneration 
ot -.J.ocue •m'••· 
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that 1• readily available throu hout the United States -- a n IBM 

Card Programmed Calculator , ~odel 2. 

Or. Martin Beckman has o jecte to the applica ion of t h Kuhn-

Tucker theorem in this particular instance. He has made the point 

that fo r a function of many variables, f( x) , t o truly concave , 

is necessary but n£_ sufficient for that t\mction to be o cave i 

each vari able taken separatelY. I ha s been possible 0 evise e -

amples t hat satisfy all co i t ions of t.h a oli e l e proble 

tha t is , concave in each vari able taken separately bu wh i ch 

theles violate the trict Kuhn- Tucker co i io s . 15 T e cou er-

15 . The following example is . o e r ived from any Uni on Oil Comp& 
an serves nly f or ill t a i v purposes . Consi er t vo b e nd i 
stocks , labelle "A" a n "8" with t h followi characte i s tic 

Stock A S ock 

Octane numbe~ clea 7 .o 90 . 0 

Oct&ne ncmber , with . 0 • o T!:L 90 . 0 

Number o . / al . for 
oct&ne lea ed ) . 0 0 

er-

Assumi strai ht line in er latio a c ns t& t 1 a levels for th 
t wo stocks , a nd mployini t Hebl- Re e- a rto ble din , chart , i t 
will be f ound that a 0- 50 rnixt re would requi r 1. 6 -- and !1...1 1 . 5 
ml ./ a l . i n order t o reac .o octa • l ve l . This clear y consti-
tut es a violati on of the concavi y asaump i n, but a refiner will also 
recognize that th example req i res a un sua l configuration o octane 
numbers a l ea s acept ibilit ies . 



Aith -• 

exajsples glre rise  to ailtlple   Isolated ■axioa. Ath"? c incavlty 
it  i3  fr^asible 

property In the varlou« functlonB. .tc adopt ble^iing 

■chedulet that are locally optimal,  but ^ilch do not.   in fact,   r*pre- 

•ent the best of all •olutloofi available. 

The problea cannot b« dlsmiSBed lightly, but I  »uspect that   Ln 

■o»t particular applications BUG:, local extreaa can be detected by 

the  invert l^at or.    The difficulties arising   'ut of aim-concavity are 

net unique to the progranmiag method de8crlb«,>d here.     The  MLOL- arguaent 

would apply  If the TEL levels were  taken as parameters, and a   -»''iKirate 

linear prograiattlnfi problea tlaen run    off for each of nany coabinatl TM 

of the two.    Thla difficulty wt3Wld cone up   In the  case  of any  -rlal- 

and-error a»thod that consisted In changing one variable at a time, 

and observing the effects upon the payoff.    And finally,   the failure 

of the proper curvature conditions could  frustrate optimizations by 

way of a Lange-Lerner shadow price market  mechanlRn. 

3.2    Definition of independent variables 

It no«/ remains to set up the fomal relationahips  corresponding 

to the fCuhn-Tucker payeff function,  g(x),   and the      set of  restraints, 

f^(x).    Tkhle V.l presents  scheaat 1 caily the  ?!  Irvdependent nun-ne^,- 

tive variables,  XJ ,  which oust be selected  in crdcr tc iet^rr-.lr.c  the 

bLandiag achedule.    Äe whole »et of 23 will be tensed the vector (x). 

Ttere are 1 ■ raw ga»«llne stocks,  labelled  ^1.   36,  hi,   ... 80. as 

Indicated by the row headings.     In each Inatanee. we are given  .. ,   the 

total quantity of this naterial available  for blending-    Thr problen 

ncists of assigning various aanunts of the  raw gasolines Bju<ng the 
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Table V.l Qaaoline BleM!Dg Problem -- Def'1niti011 of 
Vari oua Q\,allti tiee 

Stocks Q\allt1ty ot stoek t ueigned to 
n ~ ee three produc a , B/ CD 

cat1011 Ro. Avall&ble 

~ B/~ (l) 7(/;XJ premium (2) 76 reg\Uar (3 ) CUt ter 
mot or fuel motor t\ael. stock 

3l q3l 3,050 0 ~ ( "Jl-x3l) 

36 q36 2 ,06o 0 ~6 ( q36-~6) 

41 ~1 1,000 {~1-~1 ) ~1 0 

42 ~ 2,910 ~5 ~2 {~2-~2-~5 ) 

43 ~3 3, 46o ~6 xt.3 ( ~3-xt.3-xt.6) 

44 ~ 1,7~ 0 xt.4 {~-~) 

51 ~l llO (~l-~1) ~1 0 

52 ~2 1 , 24<> ~5 ~2 ( ~2-~2-~5 ) 
53 ~3 86o ~6 ~3 (~3-~3-~6 ) 
54 ~4 490 0 ~4 (~-~4 

6o ~ 6,150 ( 'loo-x6o) xw 0 

61. <iQ 3, 430 ( <iQ -x61. ) x61. 0 

62 ~ l , 46o I (~-x62) x6e 0 

63 ~3 3,200 ( <l()3 -x63) x63 0 

~ ~ 1 ,68o (~-x~) X~ 0 

65 ~ 11 , 230 (~-x65 ) x65 0 

66 ~ 7,44o (~ll66) x66 0 

70 ctro 1 ,700 < <tro -z.,o > • <tro x70 • o 0 

ao Qeo 8 , 710 (~-Xao ) : 0 Xaow ~ 0 

Total. a 61. ,910 ;. &2 

m. COilceD'tratioc, 
(al. . /811J. . ) 



three oltemÄtlvc uses  --  (l)  ^oo.   --^r^i.^-, gr^je motor fuel,   (?)   76, 

re^jler grndtaot^r f'j*!,   and  (3)  cutter stock.     In addition,   it  Is 

nccessnry to  üelecx x      and x,^,    respect Iviy,   the rthyl  fluid enn- 

centratlons  In premiun arjd regular ^radc gasoline. 

The  eoBtputatlonfl verr-  not act up with the  roll generality of 

considering  Vl9)  =  r'V   individual possible (j&Bnllne components. 

Inctoed,  for rrur-oecs of coononizing ^n np-ch'n^  capacity,   it WH.«' 
to 

agreed 1 rake  advance guesa-^o at vlii-h of the elenents 

vould turn crit to heve  sero valvies.     (Wherever H  ^oaponent vas pre- 

aanlgned In this way,  there  Is a zero entry In  the  corresponding box 

of Table V.l.)    It was also agreed that  1*. would not be economical 
16 

to throw «way any of theee  particular gasoline  stocke.       In this 

rrnnner,   It was possible to reduce the number of  Independent gasolf-nr 
17 

coaiponento from c '   lown t^ 21. 

The Lagrengean rmdtlpliers, u, ,   taken directly from the basic 

calculation«,   enablei us  to check up on these  p«Lrticular asounptions 

at a later stage In the analysis.    Fortunately,   the  Initial ßuesscB 

turnrd out to be  correct  ones.    Despite  the good  luck for  the  partinilsa- 

oeta of parancters studied,  these aaaxnaptlon« were an 'uiaat Is factors- 

short-cut, and  can be  .lust 1 fled ody on grounds  of cnnputati^nal  eon- 

venlence. 

15  
Sveu If a aaterlal  could  not be enployed  directly as cutter or a« 

'«guiar grade gaooilne, under the    1953      price structure,   It would 
always pay to degrade sine   finisheu   I'UOC' gasoline  for purposes of 
blending the ^urticular naterlal up to the  epeclf ication«  for regular 
grade gasoline. 

17 
For syraaetry in the  •mbfieiuent work,   there ire  two additional  constants 

that are written a«   if they were independent variables,    n^e tern x. 
is  Identically zero,  and x^  identically equals  cw, . 
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Table V.l  always refers to the  quantity of stock J in regular 

grale gasoline as xj .     Even  in the  caae of atocks ^31 and ^3' , where 

the cutting tenperature can equally well be regarded aa  the  Independent 

variable,   ^hla aaae ronvrntlon wae einployed.     (On Tigiiro 12.a.  note 

the oM?-to-one  relatLonahlp between  the cut point and the   iuantity of 

motor fuel avallabl".) 

To siaplify further reference,   two new dependent variables are 

als^ defined: 

(V.2) z\   '    t^^i"*^^  ^ ^ ^ c  t'otA^  yi*oductlon rate, 
*    3    3 n B/CD,   for p real ion grade 

gaaolIno 

(j x  Ul,  51.   ro-6c,   ,'0) 

(k • hb. '»o,   ^, >6) 

;v.3) =  total  production rate, 
B/CD,   for regular ^rade 
gaaolLne 

(j     31, V , -ii-u. ■(i-',;.. ■o-eo, ac) 

j.j    Dcflnltijii of the ^payoff r.mctlr'n and tvstraints 

The payoff,  g(x).   Is detenninei by crediting tlio grcsa refinery 

reallaatl-in froo the fval^ of premlun anJ regular grale gaaollnc, and 

then charging up the ethyl  fluid roete and the loee of 7>otentlal cutter 

credits aGBorl.ate<!  vith  the particula:- blending: schedule: 

(v.M g(x) = (pl-P20 x^ *   :2.P?L x22)z2 

-   V   '    X 

^■-^^., y 

J =   -1.   ■' . u? •* ' . 'i-. ,   J , '0 



In equation (V.U), the various unit costs aal priceB arc   ^I'lriPd 

as  foil cvs: 

(V.'v) PT   "   refLnery reaLlzAtlun   ^n   T'OO,   premlun •1 gasoline, $/B 

P    '  refinery realization on   '6,  regular gra^lr 2 gasoline, $/D 

p20 "  C08t of et'h:''1   riuld'  ^Z1*2 ml- 

p^ ■=  unit  cutter crevilt on stock J,   J/n 

(J -  31.  36.  U2, U3, U4,  52, 53,   >) 

The blending schedule  (x)  raist not  call for the production of 

negativr» amounts of any motor fuel or cutter cocrponent,  and so there 

are  certain upper and lover Units  lapoeed upon the various  x^.     In 

addition,  thr schedule must not require TKL concentration levels 
exceed in^, 

A 3-00 al./gallon .    And because of the flaßh point specification 

on finished No.   6 oil,   It must not require cutter cenponents /31 or 

OP 
^3t) to fall belov q      and  q. -,   respectively. 

(v.6) 0 •_ 
^ - 

3.G 

0  • X22- 3-0 

0 
X31- ^ 

0 
x7.   - ^ 

Ü   v xl    - h 

(i . Ul. U4, 51,  :**,   iO-GC) 

(J > 1*2, 1*3,  U' ,  1^,   52,  53.  '■'.•,  r^) 
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Por stocks #JI-2 , 43, 52, and 53, the 

cutter stocks , f
1 

x) , 1ll18t not be negative: 

(V .7 ) f 1( x) 2 ~2 - ~2 - x45 _ 0 

quactiti ee of indivi dual 

f 2(x) 
IE ~1 - "43 -~ ~ 0 

f
3
(x) = ~2- ~2- ~5 ~ 0 

r,.(x) ::: ~3 - ~3- ~6 ~ 0 

!bl eu ~laial ~tioae are~ v1th u. tm. apeelt1•

tions on each of the tvo motor tuel products. '!'be f'unctiona f
5
(x) and 

f 6(x) relate, respectively , t o the octane DUIIIber of pr emium end reiU].ar 

grade oot or f\1 1 ; f
7

( x) and f8( x) t o the aultur content; aod f
9

(x) aod 

r10 (x) t o t he volatilit;y index. Theee relatiooahipe are all defined 

i n such~ a va.y t hat the particular speci f i cation vUl be at1a!"ied if, 

and only if, t he runcti on f ( x) > 0 . To simpli fy notation, the CODStuta 
1 -

in the equations do not refer t o the absolute octane number, sulfUr eoo-

tent , or volat ili ty index of a parti cular rav p.aal.ioe , but rather to 

the d i fferences between t hese values and tboee of t he apecifioationa 

f or a particula r motor fUel product. 

In the case of the octane ratinp, for e-.ple , equation (V.l) 

indicates t he relationship betlleen the oct&oe DUIIIber of a particular 

blendi.ne stock, and the TEL eoocentrat i on in a finished product. A 

nev fUnction t jk ~) is defined in order to i.Micate the D\lllber of 

octane points by vhich stoc.k J exceetU t he specifieat i oaa for product 

~, when ~ ml.. of 1~ are added t o stock J. The variable t Jk ia 

evident ly a function o!' ~ , and i s determined through the fallowing 

relation: 



(V • ) 
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(k • 1,2) 

The terms aj• bj' and cj repreeent the lead eueceptibility constants 

for stock j, and correspond to the three conatants in ~quation (V.l). 

The parameter Nk stands for the ai.ni.mum octane nWDber requi~nt con

nected with gasoline blend !• 

In order to en1ure meeting octane number epeciticatione on the 

preaiua grade gasoline, the following condition muet then apply: 

(V.9) ) J • u • .51, 
) 60--66, 70 
) 1 • u, 46, 

55; '~ 

Siwtl•rl.T, to .ake sure that the regular gra:ie p.aollrw blend will 

pass ita octane number specirtcation , ~e mus t have: 

(v . ) x) 
!., 

) 
) 
) 
) 
) 

: 31, 36, 

- . 

1- 44 , 
51- 5 t 

6 66, 
80 

,. ,_.10M Ill .... " *' t.u- u. ~· •31 .... x36 ... 

lnaerted 1n order to renect the faet tM\ vt.\11 u.. .. t.w ..-oU•u, 

ae the cutting temperature chan es, both the quantity and the octane 

nWDber o! the 1110tor fue l coaponent will be affected. (S.. Figure 12. b.) 

This feature evidently lea • to negative square teras i nYolvi n x31 and xJ6• 

The same two stocks give rise to qua ratic expreasione in connection 

with the sulfur and volatili t7 speeiricatione for regular Kr&de gasoline, 

but since thes c mponenta were ueu.ed to be abaent from the premiWD 

gasoline blen , those equations remain completely linear. For the sulfur 
eondi ion rew: 

specification on the premiua gJade gasoline, the 

; 



(Y.ll) 

j • 41, 51, 6o-66, 70 

k a 45, 46, 55, 56 
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'l'be constant term dj 
1 

represents the algebraic excess of t.he .V•un 

allowable .W.t\u' content of 7£:J:x) psoline over the UlOUJlt actual.ly in 
aaaociated 

atockJ . 'l'bere is a siJiilar set of constants4 vith the regular 

grade paoline -- dj 
2

, the diff'erence between the allowable sultur con

tent in the 76 grade product and the content in 1tock J . 'l'be follovi.J:I& 

relationahip ccmtrols the sul.tur level in tbe ti.niahed regular gzwie 

procluet.s 

(V.l2) 

J - 31, 36, 41-44, 51-54, 6o-66, ao 

'!'be bracketed te~ to.Uowi.DC x
31 

aDd ~6 &riM out ot tbe eutti.Ds 

te.perature relat1oub1p. (See P1cW'e 12. c.) Rote tbat OYer tbe 

0 
entt.re ruse between '31, ud ~, tbe te1'118 illTol ViDS ~ ~ about a 

atrictl.y c011cave t'unction. 'l'bat is the tollovi.Dg partial Mcond de-

rivative 11 zaep.tiw over this particu.l.al' interval : 

(Y .13) c) 
2r8(x) 

d~ 
• 2433 - 6d34 ~ < 0 

'1'be t'UDct i Oil8 r
9

(x) aDd r10(x) do the Job, re~ctiwly, ot 

aavei"IWla tbe vol.atUi ty ot the pretium and regular grtlde ..,.ol.i.De: 



{V.Ik)       f9(x)    -   ^JL(^ -*)) -   ltiy1\>   - 

J - kl, 51,  60-66,  70 

k - ^5, M, 55, 5^ 

(V.15)        f10(x)  -    Z e^Xj   - e32x^  - e^   >  0 

J   - 31,  36,  1*1-4^,  Sl-^l*, 60-66, 80 

Here again, because of the  cutting temperature-quality relationship, 

there are »4uare tema connected vlth x^.  and  x ^. 

The gasoline blending isodel baa now been reduced to s constratned- 

arodnLun ■athenstl'^al  form.    The  problem conslet« of choosing a vector  (x) 

that will aaxlnlze g(x),   subject to the  side  conditions tliat  f  [x)   > 0, 

and also subject to certain upper and lower limlta on the Individual 

canponeats,  x ..    The payoff function g(x)   la given by equation (V.U). 

The upper and lower lialta on ladivliual variables are 8tate<i  in (¥.6), 

aod the 10  restraining  inequalities,  f/x),   In  (V.),   (V.;).   (V.lu), 

(V.U),   (V.12),  (V.lU),  and (V.is). 

In thla  fonn,  the problem almost fits the KUhn-Tucker conditions. 

Both the  payoff function and  the  restraints are  concave   in each variable 
1H 

taken separately.       Furthermore,  eight   nf the  ten  restraints are  concave 

over the whole space  --   f.lx)   .   .   .   f, (x),  and   f7(x)   .   .   .   f.^x). 

1ft Kuhn and Tucker give the  fcllfTwing definition of concavity:      A  function 
is coo cave  If linear interpolation between its values at any two points 
of definition yields a value not greater than  Its actual value at the 
point of interpolation".  Ojp.   cit. , p.  hSl.    The function is said to be 
concave  in each variable  separately if the two points of definition are 
always chosen so that only one    f the componerts of the vector (x)  is 
altered.    A function oay be concave in each variable separately without 
being concave over the whole  space of points  (x). ——— 



The payoff fu nc t ion (x) a the two octane num r r es traints -- f (x ) 

a n r6(x) -- o not strictly ~ tisfy the full conca vity p~opertj es . 

It ~s decl ed , nevertheless , t o pe r f orm the computa tions a s if the se 

also sa tis fie the ri orous Kuhn- Tucke r cor. ·' it ions . 
wi 

there is always the dan ,e r that a local opt imum 

nder t h i approa h , 

not tu r n out to 

be the maximum maximorum. A number f alternative computi , chemes 

we r e examined , ut a l of t hes suff ere fr m pr ecise the same e ect . 

The primary just i ficat ion for .ol g ahea this non-ri ,orous fa shion 

was tha t the computa t ional r sults coul a l Mays be checked a a s ~ t h 

experience of the refinery engin e r s . I was f e t that hes e i nd vi uals 
certain y 

would be able t o detect a ny e r or s of a ros s nature. 



It. The nwrictl analnis 

lt.l Outline of COI!J)Utat.ion&l procedure 

Pollowin1 the assu.ption that. this gasoline blending model 

fits into the for-Mt of the 1\lhn-Tueker theorem, it. is neceSMI"J' to 

define the Lagrangean function -(x,u): 
10 

(V.l6) -(x,u) • g(x) • !:. uiti(x) 
ial 

The eonatrained-DI&Xi•m problem v1ll be solnd it, and only it, 

there 1a a saddlepoint solution to the function, ll(x,u). The compu-

tational procedure is an iterative one -~t each step !, converting 

a nctor x(t), u(t) into a new nctor x(t + 1) and u(t • 1). The 

aolutiona obtlened haYe all tended t.a.rd a saddle point, but I can 

giwe no strict proof of ~be necesaitr of this convergence. The new 

vector generated is never exactly "efficient", nor is it. "attainable" 
19 
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in the sense ot loo~•· The FJ87oft does not incN&ae .,notonically 

as in each suceeselve step of Dantaig's siaplex procedure tor linear 
20 

progra.m!ng. Despite these apparent shortcominga, the algoritha hae 

gi•en uaetul anawrs in the cases eDIIlined to date. 

The solution IIUSt be started ott from some initial point x(O), u(O). 

In principle, t h1a -.r be anr arbitraey non-negatin •ector. In practice, 

though, it il possible to effect a cons i derable reduction in caaputing 

time if a good initial position is selected. At each step, first the 

(u) Y8ctor i s deterained, and then the (x) vector. Por the former, the 

19. T.C. loop.ana, "Anal1wis o! Production as an Efficient Coabination or 
Activities"• Chapter III, 4cti!itx Analr!is t Production and Allocatign, p. 79. 

r 20. G. B. Dantaig, "Maximisation of a Linear Function of Variables Subject 
to Linear I nequalities", ibid. 1 Chapter UI, JIP• 339-)4?. 



, 

basic iteration conaiats of tvo steps, and f or the latter, of four 

steps . 'fbe problea 18 one of detem1 n1 ng 6 ut • llf t + 1) - ut t) , and 

6 xj : xj( t + l) - xi t). The procedure appean cuaberecae, but ~ 

siX 111Dutee of CPC •chine time are actu&l..ly required tor gnerating 

a lfbole eet of 6 u1 aDd 6 xj. ('l'be required total nUIIIber ot .tepe bu 

varied between 50 aDd 8o. ) Por the 6 "'1. , the procedure 18 u tollon 1 
.........__ 

1. u cH1{tl ~ o, then tbe •oam1ute• 6 '\ • -\ 
a~ 

~ 

It ~~~fH < o, then the "cand jdate" 6 \\ "' .1 

Rote: k
1 

is an arb1tr&r7 poait1n eout&llt. 

/'\ 
2. It Uj_ ( t) + 6 ut < 0 then tl u1 "' -u

1 
(t) 

/' 
It u ( t ) + 6 u > 0 , tben tl u c tl u ( t) 

1 1 - 1 1 

n 
P'or the tl x , tbe procedure beCOIIII!s: 

j 

1. It , tor any! ' it ( t) < 0 , !!!!. it r d ~( t)-

Lfijm 
6 Xj :: Oi proceed to evaluat~ 6 x J + 1 . Otberviae, proceed 

o step 2 . 
/\ 

2 . rr ~- o, then the •ecn.tdate
11 

6 l) • ~ 

It~ < o, then the •camidat e" 6 ~ 

Note: k J 1a an arbi t:rary pos1 t1 ve eonatant. 

"" -k J 

P-487 
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2 !'he i.nd1v1dual tl xj a.re deten:dne in ascending order of their reapective 
indi ces, 1.:. To a1mpl.1fy the notation, 6 Xj+l is ueed to 1Dd1cate tbe DAIZt 
tl xj that is to be detenai..ned. For example , 6 ~6 f ollova 6 x

31 
1n eequace, 

aDd f or J. = 3]., is 1nd1ce.ted by tl xj+l' 
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3.    a.     If J -  31 or  36, «ad If x,(t)   ♦ A Xj < q.,  then 

Ax.  =.  x.(t)   - q*;  proceed to ev»lu«te Ax... 

If J ■=   31 or  36, txA If X|(t)   ♦ A x.  > -j"    then proceed 

to step U. 

b.     If ^ S   31 or  36, and  if xjt)   ♦ A x.  •   0,  then 

Ax-»   -x  (t);   proceed to evmluAte Ax.. 

.A 
If J ^  31 or  36, and  If x,(t)   + A x^  >0,  then px*oceed 

to step k. A AA    . 

k.    a.    If ^ -  U2,  U3, 45, J*6,  '.2,  53,  55  or '/^proceed to 

evaluate Ax,,. 

b. If J - 21 or 22, calculate /2"00 - x (t)  - A x    7. 

If thia expreaslon is non-negative, Ax.  -Ax.. 

Otherwise Ax    =  3.00  - x (t).     Proceed next to 
J J 

evaluate Ax.   , . 
I*1 6C,  6.. 

c. if J   =   ui,  44,  SI,  51*,  OTA ■   .   .66,  calculate 
y\ 

fq*   - x.(t)   - A x^_7.    If this expression iö non- 

negative, Ax«   ^ A x« .     Othenrise A ^j   3    j   " x1  t)- 

Proceed next to evaluate Ax... 

for  the A u^ .  the explaaatloc of this ritual  is straightforward. 

Step (l)  tells us to decrease IL  by an arbitrary anount JL   if,  for a 

"saall" change in u^ alone,  the effect will be to decrease ^(x,u). 

ßlMilarly,  there  le to be an Increase  in u,   if,   for a small increase, 

0 would decrease.    3tep (2)  prevents u^  from becociing negative. 



rouri L'ibo it. 
For  the ."> x. .   üi;   luctl f icatl m   In n. rcA (Steps  (3) 

and   (•'•)   are  the  obvious  oner,   --   reapectivnely,   l^vwr and  ujper LLmlts 

jn the   InJ.vldv*! :<A  dictated by  (V.6).)    As vith  ihr A u^     the algn 

of    '< »?<        is   prlaarllj'  ti.e  criterion that   leteraines whether t" taxe 

a positive   1 r a negati"/e  step.       Preliintxia.ry snail-scale   calculAtl'jnt 

Indicated,   hovever,   that the unqiijtl'. f led "direction of ascent (descent) 

rule" would lead tc najnr nscHlations  ratJier than to  convergenee at 

equlllbrlun values.    For that  reason,   rule  (l)^        a relaxation-type 

principle, was  Inserted.     Translated   Into English,   the  stateaent  reads, 

"If r.ne  of  the  restraints  Is being violated,  and  If the dlrection-of- 

aseent  rule would lead to fin even greater violation of this  restraint, 

then the particular y.   sho\dd not be  cbsu^jed."    The  relaxation rule   Is 

aardly elegant   from the viewy Lnt  of pure mathematics,  and there are 

undoubtedly  other possibilities  for achieving the  saae effect. 

At the  present time,   lesplte  their plausibility,   there  Is a s^rfmi« 

dllerana concerning the logic  of these  computational techniques.    On the 

on»1 haiul,   I have been unable  to prove  the necessity of convergence for 

either the  reljücatlon or the unaodifled procedure.     Tn the other,  I have 
co „ritoroxanj; .e 

been unable  to  constrict  EM for a case where  the k.  and 

the k, any be r^ade arbitrarily'  anail.     Readily granting these apparent 
j 

objections,   the  fact rcnatns that  the  relaxation tecimlque has given 

useful  res'ilts   in e  serteij of coop1.ting  runs 

•..?    Do tails    f the nuraeri^^l analy  ' u 

Ty.ree  sets of calculjstions have been perfonned.    The  first Is 

to be conaldered the basic case  -- taJcLn^ *• parajneters  the 1953 

27 
ftie  reader should note that ^  is being nLnlalted with  respect to (u), 

and Tmxiralzed with respect to (x). 
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refinery  rwalltAtloni,  product  speclflCAtiona, »nd  p«w materla.! avall- 

abilltlas.    The  second run Mas concerned *fith a rmalcAl change  In the 

prlc* structupe  —  an 11,6% drop In the ralue of premluai grade  gasoline. 

In the thinj, the price ftructure Mit taken to be the  saae as in 

the basic  case,   but a 2.5 octane  point   increase was  imposed upon the 
conditions, 

prealvun product.     For each of these  departures  from the basic^ the 

optimal  blending  schedule becomes  considerabl/ alterei. 

In order to convey some indication of the computational  technique 

employed here.   Figures ij.a - 13.e.  ch^rt the raluea of certain of the 

Tariables during the  last twenty steps of Run #1,  I.e.,  between t      UO and 

t -   60.    According  to Figure 13.a,  the  payoff ani the aggregate  make of 

premium and  regular grade gasoline had  become stabillxed,  and "rippled" 

steadily about  certain equilibriuir levels.     Virtually all  of the  inde- 

pendent variables  exhibit similar rippling around an equilibrium point, 

but there  were exceptions.    The wsrst  drifting occurred  in the case of 

x.j and x  . respectively, the quantities of stock #^2 in  regular and 

premium grade gasoline.    Their time paths are shown in Fiirir« 13tVi; 

The more typical  pattern was exhibited  by the two TEL concentration 

rarlables,  Xj^  and  x    , and  is reproduced  In Figure 13.c     Two of the 

Lagrangean multipliers,  u,  and  u  ,   connected with the two octane  number 

specifications,  are  shown in Figure  13.d.     The octane number  functions 

themselree,   fc(x)  and   f,(x), are given  in  Figure 13.e. 

Before Cutting off any individual  computation run.  It was possible 

to perform an additional  :heck upon the  stability of the  solution. 

Acconiing to the Kuhn-Tucker theorem,   in order for tie vector   (x)0 to 

be a saiJle value  solution,  the  following condition must hold   for all 
9    23 *5*  

23.    Og,  clt.,  p.  462. 
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(V.1Y) *f      <   0, x.0    24L    - 0'       ^    >     G 

In the present ca»«, where the x.  are bounded fron above a« w«ll 
o 24 

RC below,  this  condition on the equlllbrtuB x.  becoo»»:  v 

(V.18)        ..    If   iü    ,     0p then   o   iü    . o, ««. ,0    >     0 

-^     >     0,  thea x    • a 

;'5lng  oomlitlcn  (V.l8), It   Is poeölble t.-> y^rfora a rough 

check or. the  pr»'cl8Lcic of the  solution.    For thos-; x    that are at their 
J 

lower limits,      i y G.    for  those that are at their upper Halts, 

£- > 
-j 

r—    >      0.     And   for those that are neither st their upper nor at  '.bei' 

lower Halts,       > ?'       =    0.     In this  latter case,   it  Is not  to be expected 
o 

thnt the  pftrtl«! derivative will be  literally at a eero lerel.    Rather. 

since this   te  an arnroximatlve netn >d  of Bolutlrm    tv»* lerivstlvt  should 

be  In the neighborhood of rero. 

Table V.2  eontalne the actual values for the x iöo)  and  for tha 

noraallzed  val-^p of the oartlal drrlvaMves   ^4(60) All of those rlvatlves   ^^(60) All of 

J 
variac-les ty^at art  at their lover llmlta exhibit 

ae   is   io  be exjectei. 
negative partial derivatives^ Co the other hand,   the  single variable 

In the  caae  of (V.l3e),  where J -  31  or  36,  the lower llnlts q-  miMX 
be  Interpreted  as equivalent to »ero.     for  (V.lSb), «here J[ «        21 or 22, 
the upper limits of  3.TO ml.  are  to be regarded as the appropriate a . 
for those xj   on which there  is nr  specific  laposed upper limit -- tiiat  Is, 

_J_     ±2, 13.  ^•-.   '-*(',  52,  33.  55, and ^6 -- the condition (Y.l8b) does not 
apply. 
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Table V.2      tonparltcm of Partial Derivativ«» for t ^ 6ü, Run fl 

Lever 
Limit 
on xj 

^(60) Lfpper 
Llialt 
on X4 

1&T& ^T» T Adju*t«d 
Optlaal x 

J 
ni'.' 11 itor/^vi. ",or in pr«niun. gaac". ine 

1.57^ of coat of 1/» 1.^2 
-0.61^ of co«t of lv 2.96 

rui. . i . Her/fa. .or.  ir.  regular gaao.ine 
-22.5^ of realization on 1 barrel of 1,900 

prroium gaaollne 
-O.31*      " ' 1,320 

21 0 1.^ 3.00 
22 0 2.?8 3.00 

31 1,90c 1.900 3,050 

36 1,32c 1,320 2,060 

Ul 

U2 0 
^3 0 
kk 0 
U5 0 
U6 c 

51 0 

52 0 
53 0 
r> 0 
55 0 
56 0 

60 0 

61 Ü 
62 0 
^3 0 
6ii 0 
65 0 
66 0 

5U0 
uoo 
G 

2,3/5 
850 

0 
aöo 
he 
100 
uOO 

0 
0 
0 
0 
0 
0 

1,000 

2,910 
3,^60 
1,730 
2,910 
3,U60 

no 

1,2U0 
860 
U'X) 

1,2^+0 
360 

6,150 

3,'♦BO 
1>60 
3,200 
1,680 

11,230 
7>U0 

-5.58ll of reallxatlon on 1 barrel of 
Preal um gaaollne 

-0.88 
-o.uo 
-Ö.62 
2.35 
1.09 

-A.Ul^ of real 1 ration on 1 barrel of 
premium gasoline 

-3^1 
-0.05 
-0.08 
0.26 
1.27 

-b.901^ of reallcatloo on 1 barrel of 
prealum gaaoline 

-5.98 
-902 
-Ö.55 
-9.IO 
-7.9U 
-7-35 

620 
3Ö0 
0 

2,2":» 
8U5 

0 
200 
uao 
120 
600 

0 
0 
0 
0 
0 
0 



thflt  ll'»a »t  Its upp«r limit,  x, ^ ,   doee not haw a partial derivative 

of the proper  sign.    Thit  dcri^/mtive  is slightly negative,   and  in fact. 

during the  sequence leading up to t  -*  60,  x^i^t)  had osciliatod betwia«n 

1*70 B/CD and hX).     There  anprars  to be a  coincidence betveen the upper 

lialt  on this  particular variable,  and the point at which  i4        vanishss 

In the  caae of those  variables  that lie neither at  th«lr upper 

nor their lover  H^itB,  the naxlnrurti «^solute deviation fron »ero aacnuits 

to 2.3^^  -'f the  value of one barrel  of premlua grade gasoline.    This 

df>vlati',ii occurred  in the  case of x     ,   the variable shovn  in Figure V.^b 

tl. . nnu been slovly drifting upward.     It did not  seem worthwhile to 

continue the  iterations In order  to  refine upon this one estimate. 

T^e blending schedule  selected at itep no  lg neither literally 
"attair.^b.e". ^IU 

.ent- nor ^ payoff g(x)   Is balow the 
v.:  for 

le ^P!  recorded  for step ^t / this  reason,   the final blending 

schedule was taioen over free that earlier step.       Certain minor cor- 

rectioixB were made by hand   in order to bring about   a feasible and 

efficient  solution.    The resulting vector  is listed  in the  final 

colunn under the heading "Adjusted optimal x.V 
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5.    Reaultfl of tha  nuaerical analjrsia 

6.1     Interprelation  of results  —  Men^iry. pro^rAms 

The  operations  schfrlules Jerivel   froir. the three  computation runa 
presented 

are/< In  Taole  V.j,     For reference  purposes,  the   first  three 

columns   Indicate  the  program that  was  effective *t  the beglnrlng of the 

year 1^33.     The  other sets ?ive the  results   for run #1,   the  basic  case; 

run #2,   a   decrease  of 11.5^  in the  realization on premium grade  gasoline; 

ani  run  #jf  ar.  increase of 2.5   octane numbers  In the  specification  for the 

premiuir. product. 

The outstanding  features of these   iifforent  scheiules are  suniraar'. ZP : 

in bar charts,  Figures L*.a.  -  lA.l.    Of all  four situations,   the output of 

7^00 gasoline  is  largest  in the case of run #1,  i.nd   saallest 

under "195 3  operations".     Just   the  reverse   is  true  for the   regular gra^.e 

%»ol1ne.     Its  production   is  largest  unaer   w.ie  19^3  operatior*   ..in,   ar i 

smallest   in  the  basic  case.    Going along  with  tnls considerable   shift   lr 

the general  production strategy,  there  is  an apparently small   shift   in pay- 

off,   for the  ^aslc  caae woull yield a return to the company of only   UQQ 

25 
percentage points  In  excess of that  shown  in actual  practice. At 

first  glance  this  flg\ire of  1,99   loes  not   seen  impreselve,  but  neverthe- 

less,   luring the  course of a single year's  operation a differential  of this 

ma>Tnit'jde amounts to  several millions of dollsrsl    From the  company's 

standpoint,   it  would   look  eminently worthwhile  to shift  over to  the 

blendlnp  schedule derived  from  nin #1. 

25.     In order to avoid  revealing proprietary  infonsation,  no absolute  dollar 
figures are  presented  hsre.     Both the  unit  and the total   refinery 
realitatlons are stated  in tern« of inlex numbers. 
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Unhappily, the life  3f the operation* analyst doet aot run a 

simple courfte.    frc« tbe very beginning of the rtudy,  It had been 

acknowledge/   that the ccmpany could not realirtlcally expect to sail 

unl'mlted quantities of prealua gasollija at the prevailing refinery 

realliatlon.    At the  sane tlae,  It had nrx been fully appreciated 

how large an  Increase  In the production of this Itea might be  In 

erder.    ("nie output   Ln tDe  one case  ia aJjaost double that of tne 

other.)    For this reason,   It seems destrahle to incorporate an 

additional formal restriction Into tbe problen,  and to require  that 

the  total  production  of prcRlua product  remain belov scaoe upper limit, 
wo',    i   M*^ 

L. .     In this w*y,   It       ^pooslble to ieteraine how large an increase  in 
is 

profits^ attAinableleven under the limitation of current  sales 

of the   one produrt.     By vsLrying this upper limit parameter, 
l::e    i;. i  yi>'    "o\ . J 

trace  out the pff^rts of alternative sales volunes 

upmü the^       payoff. 

natiier trum  revise   the   coraputlng  B^tup   In order to  impose a  direct 

ii»rketln^ reetrlrtlon   cf tniB nature,   It  seemed e   rrn^re economical 

alternative to calrilate a  second  point  along the  conpany'i "supply 

curve"   for nrenium gasolin".     Tha*   is.   for  run f2 all parameters were 

maintaLned at   »he  same  level  a«  in  run fX,   excert   for the unit   reall- 

lat I )n upcn   ''OC  gasoline.     This was dropped  to Ö8.^?4 of its  previous 

level.     ^he   -haji^e ha/i   tne  effect  of  reducing the  differential  between 

preal ... an>I  .«_^da.- ^rade gasoline  to less  than half of Its previous 

aaixint.     Th'.B  alteration   in   the   nri ce   rnlstlons  hau-,   a  result    wisu-Ogrnis 

to that   of a '.lirect   Tiajatlty  limitation   ir'-on  tiie naxr  of premlun ^Sc- 

Lino,     '.hr cmtinal  output  of  this  product wm«  reduced  fron ^l.?y   p'CL 
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dCMl to 26, 3851 vbile t.he total of t"esuJ,&r grwle 76 guoline vent t.q> 

tra. 13,670 B/al to 33 1 590. In thia aeeoa4 c:ue 1 not ODl.y premium 

p.aol.iDe but &leo cutter etoek produ.etion decli.Dea. It nov becc=ea 

profitable to 1Deorporate _,.t ot the ~ pao11Dea into motor tuel 

~tber tbu to blem thes 1Dto reai.chal tuel ou. 

Tbe reaul. te ot run #2 are equ.ival.~nt to tho8e that vould be 

deriftd by esrplO)'iD& an outrigbt Mlea 11.mitatioc ot 26 1 385 B/ al. The 

twaity e08t ot thia product. In otber worda it t~ arketill8 reatri.ct1on 

were ~1-.1 by one barrel. t'ral 26 1 385 B/ al, u4 1.t •tertala wre avaU-

ule tor •kh'l thia extra barrel, the ~ey vculd be able to obtain 

an ~ tla.l ~tt ot 88. 4~ ot tbe cu.rreat aver-. realisation oo 

7t&x> cl.i.De. In the Jarcao of econad.ta thia value 1a termed the 

•at.dow prt.ce• ot the premiua product . Evid.eDtl,y, there 1a a arDd 

pp bere between the aWov priee aDd tbe &ftftP real.l•tton upoc the 

pa trrt ·-2~ IMteJ' ~ 1 ~~~~Me liU:~-- &. p. ~ af ~ 
tcllown. !b.1a P"CIIIIP ... .v.-4 t.bl fad .U IUda ~ 

a re ~tic of •rket re.t~illta. At the -- tt., ~ !:!!!!:, 

&elves t.heee diacrepancles conat1tut proof or eitber tbe a!»Hnee 

or the preMDce of workable ccapet1t101l . 27 rroa the rtnpo1Dt ot 

1Dtenal. •....-nt, they do provide the ct'JIIpM7 With u 11141c:at10D 

2,-------
!ee e8pee1.aJ.l¥ A . P. LerDer , 
nt or n ly Paver• 1 ~en 

PP· 157-175 . 

"'!be CODce}'t ot ~ Uld ~ IIIIII'.U'e
w ~ Econoa1c Studiea, JUDe 1934, I, 

27 
For a diacuu 1on or thia concept, see J . M. CLark, --rovard a Ocllcept 

ot \lorkab1e eo.petit ioo•, A.l»ri can Bcoacalc Reviev 1 JUDe, l 9lto, Val. XIX, 
no. 2, pp . 241-256. 
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or the groaa gaina that. lldght be achieYed by reorient.ina a&lea polic7. 

One ot the ta.Yorit.e annuea for aalea riv&l17 in the g:.::cli:a• 

induatry conaiat.a ot &lteration in the ap.citicationa tor the houae-

brand product. TheM IIOditicat.iona occaaion&l.l7 take the form ot 

ch&ngee i .n the YOlat.illtT index, but 1110re t.7Picall.7 center about the 

octane ratln&•· Por thie reason, it •• or particular interest to 

explore the ertect.a ot an octane number 1ncreaae upon the optiaal 
the 

blending eehed\ll.e and upon,~rt. la run IJ, it. •• aeau.d 

1.0at. t.ne apee1r1cat.ion Of the prelldWD gasoline had been inOrl&lld 

by 2 . .. octane pointe -- plaueible jWDp in t.hia requi..-nt. lteferring 

back to the b&r charta, Pi!Ure• ll..a. - l4.d., the reader can c011pare the 

reaulta with the baeic caae: a 2.5~ decreaee in total P870ff, a 

moderate eereaee in the output. or preaiWD 760CJ tuel,and an increaae 

in the output ot 76 peollne. The liMe ot cutter stock rell&ina the 

..- Mgnit.ude in both caMe. 

Th out•tandi difference bet-.en t.hia ait.uation and the othera 

conaieta ot the high eth7l fillid con.-ption. It uounta to 6, 755 

litera/daT here -- about a one-third increaae ae againat 5,026 litera/ 

a7 in the baaic ceae. The TIL concentration leYel ia directl,y up at 

the preacribed liait of J.OO al./pllon tor the preaiua IJ'&d• product, 

but. .. pite thil ta t, it 1a onlT at 2.6o ILl. tor repla.r ca•oline. 

Lilce t.he reeult.e ot the reton~~~r an&l.7ei1 in chapter IV, th111 c011pu-

t.at.ione do not Tield •ch eOiltort to t.hoM tlho wW.d put taith 1n an 

ot't.-quot.ed l'\lle ot ttnaab -- t.bat t.be optt.um blendina poliO)' h to 

aeaign the -.rl••• allcn.ble TIL concentration to each pllon ot product. 



Onl y i n makinG premium rad gas l ine in run I , a in maki the 

re lar product ·n run #1 was the • 0 n • limltat i 

In all ot h r Cll5es , it pal to employ les s than this cone nt ration . 

o only is t he ethyl flui consumption cl s ly connected wi h 

t h oc an speci fication of the two mo r fu l s . It j s also e nsi-

tive t o a vari a tion i he pr i c stru ture for remium rade as line. 

Bot in the 19 J opera ti s a run #2 , the 7 0 pr oduct comman s 

a low sha .ow price, an y c par i on with basic caae, the re i 

.. ... v · ~ ~~ J..J a .Low c0nsumpt. on ot e y fJ.uid. Huns 11 and 113 

in icate t at ven urtn nary peacetime course of 

market conditions , t he re is a i h ree of f exibUit y possible in 

t he use r thi s i t e • e .e r , n i es , it fo llows that 

there are substa tial o es f or cutti.. down on the use of 

the raterial 1 o• or fue l n o er o release TEL for aviation blen s. 

A. interes to the motor ist : Un er the schedule 

set up i n t he basic re i s ac t ua l ly a lower TEL concentration 

n the 7 00 "et y " han i the re l ar rade product . Th a 

oes n21 ~ea that t e ons llffie r fa il t o 0 et hi s money's wor on t h 

pre urn pr uct. h eth •l fluid concen ration by itself is meanin -

ess •• an nd ica r of ,a so i e quality . lr o e r to etermine the 

k o k ra i n , i i s l s cessary t o s elf e c mposit on of he 

pro uc -- the r e l ve amoun of com ents er1ve f rom strai ht-run 

asoli e , f r om ca alytic racki , f r om t ermal reformin , and so on. 

t erpretat i on of results LA~ange mult i pliers 

ca s o e nee f or wi . ol 1 cost an r venue 1 res, 

it i s o possibl to in cat the recis n .. e r cal va u fo r t 
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en Lagr ean m .1.t i ;.!iers , 1 i . ~; verth e : ess. the e r a l nature of s vera : 

reau .. t be ment.io mult.i i e r tt.me ?Ut. t.o be 

u 41 t he teri&.l be.l.an f or tock 3; u
5

, the o n r of 7 

1ne ; ~~ t .he vol&tllity 

1M x of 7 and ~0 the tU1ty index of 7 Sin t La6-

re ei the tn the s i x I the 

• raint co 1t1on• we al tiafi ea etly . It n r d 

to r a tll1ty i.D(t X poin a, it never 
...... 

i d to oy • ck or r . 

A re t l.d true for ua -- th 

. abed price a• ueoc th sulfUr cc:mtent o the t fi.niahed 
f or 

o..l. •• con.a iat ntly out o be zero 

" • 'WHil etoclal ~ .... , uu , tM oc-n.r • a 1llba1.e 

c1f1 tio 

t 

stoc 

out to 

3 d aa 
1 ou ' is a 

to seen 1n ft.Dee , and 

an exact Bad it 

be.l.an e tiona u aoctated vitb 

ral rule c:an be laid dovn. Both ~ and 

• 1n rune 13, but &Ch 

V. 3 sh certain 1t1 • of 
of l"UU)~ #f2 ud 13. 'fhia it noc

u.oo::uui.C'u.ce of the approx.1Jat1.ve type of 



pcsi t · ve l evels n .e caae of run ~. That s , f c.r ao opti.mBl 

atocks should be empl.oyed as cutt.er uater1al. 

The us are or i.ntereet, not only in 1nd1oat wb tbe r or not 

the restraint conditions were sat1sf1e exact equal i t i es, but 

&lao u a method for eval.uatillg t he u.ae of add i tional bl.endi.D.g 

-.t erial. in eith r of the t vo tor tue.l. end products. These var1 -

ables establi sh a seale f or terainin& the dollar b nus or the 

peD&l.ty that should be attacllttd t o 8118.1.1 lncrement&l. ~titles of 

0. ate r .1.&l. that t:.i.. t.her exc or · ~ a short ot the fio.iabed pro-

duct spec i fi cations . The fi r at of th .e ~an lllll.t1pl1ers 

vas t o test t he earlier assumpti on& e.s t o 'Wh ich bl.e.Dd ns 1tocka could 

excluded from cona1d rati n aa components for 7 &Del vhi otbera 

could be ruled out aa c nents 1n the 76 gas 1n product. Under 

the existt..os configu:rat 1 n o bl nding tocks arket ca.lditions, 

these a ssumptions did ct- !clt o t. 

I t i s expected that th ~eena w also be of use durius 

the 1nt rval before tbe COI!l]~r:f i s i n a position to schedule the 

bl..e l og p bl imult&Deously v i t h the intra-ref ery crackiJ:Ig aDd 

conVi r_. i on operations. The compe.n.y ' s Los AnfJel a re t'i.Dery , t or 

example, lwL& a pol.yt'onaer unit that baa conomic t'eaturea a t e 1lar 

to the the reforme r d iscussed in Chapter IV . As vi th the Kellog 

Co11p&Jl;Y ' s reformer , there 1a a coot lr!u.lng problem of select iDg the 

optimum operating cood.i ttons . The ~r the eact or temperature 1 

the be t r U be the octane tin or he polyformer gasoline 1 . 
out Gtanding difference between 
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the t wo problema 1a the fact that the one refol"''!)e r onsidered as 

an i solated pi ce of c nversion equipment, and that the other forms 

j ust a eingl e component vithin an i nt rated company. In thia eeco d 

caae, becauee of the poasibilities for blendin , there is no simple 

l inkage betv.en the market realisat ion on the end product• and t he 

operation• of the one unit. Ideally, the company-wide optimication 
oubt!u whe her this 

ahould be treate aa a 1 e calculation , but it i a 
vi be achie ... e 

/fwtthin the foreaeeable fUture• Fallin 

the pol.T!o~r unit proble t hro the ahadow pr1 cee eri ved from the 

blending calculation. Tbeor.y ass~• ua that t hi a i s a le t te 

aeauapt ion i f th company, aa a vhol , i a at an optimal poin in a 

concave prog probl • Theory doea not aaaure ua of th a result 

1! the company fail • o in equ libriwn, but it atrongly s~ata 

that the aame principl e hol • true even when 
29 

poei tio l a not an equilibrium on • 

current 

.,uld 

• J Company pollex iaplicationa 

Thie much 1a alread.r evident from the 
h v paid 

Nor Union Oil to 
h VO be n 

coa.putations : that it 

atrateg:r could ~erlaed 

fore o aenral millions per annum it a sales 
!or aposing 

Ao! an 

inereaaed volume o! premium gaaoline. For t hia reaaon, the problem -.~ 

29. For a 1acue•ion ot the potentialitiea for decentralised deciaion
aking th~ the \IN ot ah&dow pricea, ... Oakar Lange, On 1h! 
lcono.ic Thtoa ot Soci&lle, M.inneapolla, 1938, and &leo A. P. Lerner, 
lconoaict ot Control, New York, 1944. lleo ... C. J. Hitch, "'llb
opt.iai.aation in Operation• Probleu", Journal of !:h! Of!rationt 
R!f!VCh Sooietx 91. Wrica, Vol. I, No. 3, Ma.r, 1953, pp. 7-99a 
and A. v. M&nhall, "A Mat.h-t1eal Note on Su~ptilll1aat.ion.", ~·, 
PP• 1~102. 



taken up w:1 th the company' • aalee aenice mana er. J~ number of 

al e rnat i ves vere i scussed with him: price re uot i one , quality 

improveme s, and an advertiai ~ e&mpai n. He agreed that all of 

theee st eps coul conceiva ly 1ncreaa the sales of premium grade 

asoline, an t hat t he potent i al increa a in rev nuea mi ht exoeed 

the extra cost a that we re enta l d . He was part icularly concern• 
of f orecas in 

with the ifticulti t,1 

t he response of co~eumers to s ch chan es in strat egy , 

but 1 not br i up t he paral 1 queet ion ot how the co~pany's 

1.mme i&t - r i vals might react . 

Rather t han r i sk a major eparture in pr ice policy, he indicat 
Uni n Oil 

that it uld uae f'ul forA to xplore the po sibility 

ot &lt r n 1 s r etailer aaoline dis ount atruetul"e. On &1\Y sa.lee 

in exc se of c rtain oala, the service alat ion operators ght be 

allo d an iecount tro the tank wa on price. read-

uating he prod ct quotas he sal es bonuses, he beli ev that 

it woul be feasible for the retail o rators to shirt sales in the 

i rection of 7 and avay f ro 76 gasoline. This policy is one 
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n ed not i at& y provoke retali a tion fro the coap&JV' • maj or 

V&.J.s , an it oel not deptnd upon a l.ar e-acale publicity cuapaign . 

There il the a ded a vant&&e that the etrat egy can be altered at 

short notice without makin consumers avare of a elj Mrat.e attempt 

to influence t h ir choicee. 

!Ten u i • from maj or departure a in compaflT-wide aal•• policy, 
was 

t he gaeoline blending model 7ielde one r eault that~ expected to 



produce an 1XJIMdt.ate reduction 1.n coa • In ..U. three comput1D8 runs, 

11. turned out to be opti!:nl. t o cut motur pao.line ~t 31 at 
i .••• 

0 
tbe lawen possible eDd poi.Dt./ at ~ rather t.bc.n t.be current 332 1 . 

'l'h1• c:huce in onerating practices coul be effected vitb u laking 

u.y radical &l.terat1on 1D th eDd-1tem product mix. At tbe .me 

tt.me the i.mprowiiiBllt in pa.yoff that would result f"rom thle aiD.gl.e 

step &liOUilt.s to a sum vbich , in le88 tbe.n tvo ~s, could just 

the entire c~ti.Dg aach1ne xpenae inv ved in the study. 
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SUrlllary usions 

-611111N~~!t' the as ixe~ avalla.bilities of rav blending 

t e r al and of ... ix.ed real zations u n fin i sh oducts, the union 

Oil Company I s gas e blending op ration"' -were fo l"Dlll..ated in terms 

() 

e out s ing re U.t of the n r 

\ uld vorth several milli ons of do.l.l&rs r &nn\.U:l if the 

able to sh i rt eale s so t o ll add t i onal quantittee 

0 p l ine . a corol.l.&ry o_ t his , 1 t ro.Uovs that 

be veen the t wo g es of t or :fU probl ems aside , the 

i deal tern f pr uc i on i s i t sensitive t o the price structure 

that r cvail 

sec sult of t 1 ~culati ns 

d inc a se t h octan s c i fi cat t on of i ts premium r o -

due that eve n after su ch a 

ot this ita wu.l.d ill 1n e.x.ceH of current .ale• . 

l i cy or 1 s pr uct spee1f 1oa ions. 

Mit. or chang a of th s nature cannot be eva.l.uated unleu the canu;..ny 's 

execu 1 vea also ta.ke some a count of the re~nae of cona\.&Mrl and o! 

r petrol ret1.nera . Readily granting the uncertainty that Ialit 
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atteo:l 8ZIY such con ctures, the r onal a t hesatice.l. treatment aeema like 

a prcc1ei.ng approach to the l.eDding probl.em. It did not turn up v1.t}l 

solutionc that e.re abeolutely unobt&i.nable by the cuatoaary tri&l.-&Dd-

error techni s. Rather it b rought t o l:4Plt numerous assumptions 



that 6l.y lAin ht en, &Dd holda out the poeai bUi ty for 

cl &el tiona &Dd the 

a ct1Yit i 1' other b re.n of 

"""'"'..-t·.-,t f T the -.1. 5 group quanti tat 1 ve intonza t ion o.T&il-

able th possiblli ti s f cl.&see1 of 

• cifi t1 ot thoM eta. 

lal t COl 1cat1on.a of 

1n tbe Oil Its that •thea 1cal 

rab e util i y 1n ex 'Production 

pr ibl i s etudy al 

al i are 1 ng stan t1o1'actory tbeot"y or h 

• lclet V1ll 

In ce too DUch 

e sto, though , vith 

bac r- -eave! 

rt&nt b 1Deee cieioca by 1 teel.t . The 

inf tion t ex.e ft t o act upon. 
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