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PETROLEUM REFINERY OPERATICNS SCHEDULING

Chapter V - A Gasoline Blendinyg Problem!

Alan S. Manne

l. Basic economic assumptions

The preceiiny chapter has dealt wit! one type of intra-refinery gconom!-
balance problem -- the operation of a typical kind of conversion J‘IE. The
present one concentrates upon another such intra-refinery study -- the
selection of an optimal rasoline tleniin, scheduleﬂ Not until th\kfolloving
chapter will any attempt pe made to iiscuss the cperations of an intemcatet
refinery.

There were two primary reasors for singlin, out the blending problems of
the Union Oil Company of California: First, this operatior s {t=elf a complex
large-scale one -- grossiny an azount of the orier of $100 milli rns annually.
And second, the data avallable for this analysis ware »f tolerable precisiorn.
It was agreed that there is little point in maxinz an elaborate economic stuiy
when the basic numbhers are shaky.

To,;ether with mnembers cof the Marufacturin-: Economics Division of Unior 0i1,
the problem was formulated in the followli - terms (see the schematic ilagram,
Figure 10): First, the quartities ar! qualities of 15 raw sasolire stocks
wyre assume! giver, Topether with tetraethyl l-a1 (a purchas«! item), these
serve as the inputs to the gasolire blen!in, operation, The ‘nput materials
are combirei to form three hasic types of proiucts: 7500, premiur crade caso-
line; 76, regular rrade .asoline; an! fuel oll cutter stock. A3 a f{irst
approximation, {t was assumed that each -{ these products coul! be sol: at
refinery realitations that were irndependent ol the total quantity Tarketed.

The scheliuling problem corsists of assizning eacn raw zasolire stock amony

l. In connection with this section, a particular {ebt of gratitude is owel to
Messrs. Reaugh, McCreery, and Norton of tre Manufacturir.’ Economics Division

of the Union 0i] Company of California., Without their encouragement ani a-tive
help, it would not have veen possible to carry through the work dsscribed here,
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the three potential products, and alsu .. sett.ng tne tetraethyl leed levels
for the two mctor fuels. This assignment has to take {nto account not only
the abeclute Juantities «f materials that are availablc, but also certain
product specifications on the Lwo finished gasolines.®

Each of tnese assumptions must be reviewed with care. Consider, for
example, the matter of blendlng stocks. With the exception of Jjust two of

the 1 iaputs, {* ‘s wssumed here tuat the quantities of raw gasolines avail-

of 2ecisions taken in the blending department. In fact, from the vievpoint
of a refinery super.niendent, the juantities and characteristics of all the
streans arc variables subject to comtrol. By eltering the choice of crudes,
the reactor temperatures, the recycle ratios, and the assignment of inter-
nediate 0i{l Streams, the central management is able to influence the size
and ~ompncition of Ule gasol . ue blending materials. This type of interlock
can cily be stulled i1 o larger wuel that cuts across departmental lines.
PRI TN | DU

A :'.cc"r,i;lm'.nt is8 the assumption thut
additi nnl jumntities »f finished refinery products may be marketed at the
prevalling reallzations. In tie case of a major refiner, this is open to
serioug Jdcubt. It Is act at all obvivus t:at a large compeny can put additional

quantities on the zarket witiiout disturbing the current price st.x"mct.um::.3

rg
During the course of short time intervals, the quantities and qualities of
the available dlendiry sto~ks mny change -ed.cally. An unforeecen shutdown
of ¢« unit can take place. A nev unit may be brought on stream. A nev source
of crude oil may be {ntroducel, etc. For these reasons, in crder tc keap
blending analyses up to date, it is the current practice wvithin the company
to recalculate sehedules at least ~nce a month. The .rtimur alloecations of
rav streams among the various uses could be sign!ficantly affected if, say,
a fire occurred {n a large catalytic cracker.

’ 8ce J. 5. Bain, The Econmmics of the Pncific Comast Petroleur Indusiry,
University of California Press, Part I, L 4L, Part 1], 10L5; and Part III, 1 4&7.
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At the same time, no one -- least -~ all an economist -- {s in a position
to make a reasonable quantitative estimate of the relationship between a
company's price structure ani the demand for its products.

For purposes of computation, an explicit marketing limitation could have
been placed upon each finished product. In order to provide a benchmark,

and then one
however, it was decided to study one basic casepin which a sales restriction
was introduced. The comparison of these two provides an indication of the ex-
tent to which profits could be improved by overcoming the marketing barrier.
The comparison also indicates the magnitude of the gap between the refinery
realization and the incremental cost in the secondi instance.

Corresponding to the assumption about the realization upon reflinery pro-
ducts, it was agreed that one of the inputs -- tetraethyl lead -- would be
considered as available without any quantity restrictions at the Ethyl Corpora-
tion's prevailing tank-car delivered price., During wartime, TEL las boen
rationed among refiners, but at least during 1953, this type of restriction

hold true. the
did not4 If lead were to become short apain, 4

explicit

availability limitation would have to be considered as anpelement in the provien
As shown in the preceding chapter, it is possible for the refiner to substitute
reformed and cracked zasolines over a wide rance in place of tetraethyl lead in
the finished products. Although lead is employed in virtually every gzallon of
gasoline today, its use in motor fuel could be eliminated -- but only at a
distinct cost in dollars and cents to the refiner,

Having decided upon the two major assumptions -- fixed gasoline stock avail-

abilities and fixed refinery product realizations -- the next step was t- de-

termine which of the numerous quality characteristics of the finished products
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would be studied explicitly. The Manufacturing Economics Division pointed
out that there wvere many specifications that finished motor fuel must meet --
three types of octane numbers; 10%, 3u$%, 60%, 90%, and end points of the
boiling range; sulfur and gum content; vapor pressure, etc. Any of these
could conceivably limit the output of either premium or regular grede gasoline.
For purposes of this study, the ones that seemed to be worth the most
close attention were: Research octane number, the percent sulfur content, and
a volatility index. In addition, the end point problem was handled auto-
matically by limiting the end points of the individual rewv gasaolines. During
the course of the computing runs, it turned out that sulfur wvas not a limiting
specification, but that the octane number and valatility index spec.fications
414 coms imto play.

In order to protect proprietary informatiom, tho exmct house-dbreni speci-
fications cannot be revealed here. It can, uowever, be said that the (00
preamiun gasoline has a higher minimm octane number and volatility index --
and a lover maximm permissible sulfur content and end point than the regular
76 gasoline. On both products, the moxirwm permiseible tetreethyl fluid
concentration is 3.0 milliliters per gallon.

Although the blending section rmst ~perate vi;hin vhatever company spec!-
fications arc currently effective, the reader si.ould nct suppcse that thege
limite remain fixed cver time. At any woment, "octanc wars"” between refiners
can dbreak out. The effect upon motoriste -- and upon refinery profits -- is
of much the sane nsture ag an actual price war. For this reason. a ceparate
computation vas set up in crder to deter ine the effects of a 2.5 nctane

number increase in the specifications of the prerm’um gasolfine.
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Before proceeding to the technology of the problem, two more of the

economic assumptions should be brought out -- one having to 4o with the
are manufactured,

cutter stocks and the other with transportation costs. The raw gasolines ,
and the blending operations are performed at two iistinct locations --
at Wilmington in tYie Los Angeles area and at Oleum on San Francisc) May.
Raw stocks are continually lifted by tanker for interchange between the two
refineries. Union 01l estimates its tanxer costs between the two pointa
to be nominal - orly a few percent of the refinery realization on preriun
vasoline. In the analysis of the company's gasoline blending problems,
it {s evidently a desirable thing "o take account of transportation costs
and of 1ifferences in product realigsations at the two refineries. At the
same time, it wms ~asy to see that by bringiny peography into the problem,
the volume of computatinons would have increase! by more than 100%. The
storage capacity of the then available computin,; machine -- the International
Business Machine Card Programied Calculator -- wouli have been completely

L

inadequate to take care c¢f the enlarged model.” As a first effort, therefore,

it wvas agreed that the geography should be left sut of account.

— considered to be
ﬁl'tm raw gasoline stocks wereAavailable in one company-wide pool,
were
and the 7inished productsa valued at the company's overall

realizations. (Roughly speaking, these revenue figures are of the same order

of magnitude as the current spot market refinery tank-car quotations,)

Le This type of limitation would not have existei if one of the higher-
capacity electronic computers had been availatle, e,’., the IBY 7C1 or
the Univac.
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there is

Fisally, the problem of cutter stock reslimtioms. As
indicated by Pigure 10 , eight of the heavy gasolines may de employed, not
oaly for motor fuel compoments but also for blending vith heavy residum
into No. 6 fuel oil. The figure also shows that this heavy resitinum may
be converted imto No. 6 oil by the altermative route of blending with No. 2
m-nooou.s Under the assumption that soms hesvy residum is alweys
going to be cut down to the viscosity specifications by blending with No. §
oil, it is possible to establish & value for the heavy residuum, and thea to
€0 oam to Adsterming a cutter wvalue for any particular heavy gasoline.

To give a purely hypothetical illustration of the procedure, assume
the following product walues:

¥o. 2 furmaoce oil $5.00/8.
Bo. 6 fual oil $2.00/B

hea
4 of Bo. 2 o1l in No. 6 bhlend required for cuttmh:‘gdh-
to No. 6 oil speciftiestions

% of heavy gasoline in No. 6 dlemd required for owtting Wack

heavy residwmum to No. 6 oil specifications
If No. 2 0il is used for b.ending, the valuec of the heavy residuum, Pps

‘may be established through the fo..owing equationi .

Yalue of No. 6 041l = Value of Ko. 2 + Value of residnm
oil componsnt coponint

$2.00 = .25($+.00) ¢ (- .25)p,)

»» =~ 03V
Em,mmurﬂnmusmmu.zm,mmmm
oil oempoment that e used for Bo. 2. Vhen there are ssverul Altsrma-
tive gos olls het my employed for autter, the problem takss a8 edditicnal
complexity. Sec hapter VI below, p. VI - 26
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Next, this value for P. is substituted in a costing equation for the
heavy gasoline cutter stock. Out of this relation, there is derived Pg,

the cutter value of the particular gasoline.

Value of No. 6 0oil = Value of gasoline + Value of residuum
component component
$2.00 = .20(p,) ¢ (1 - .20)(81.333)
pg = “0668/8

Values for each of the eight possible gasoline materials were calculated
in this manner. Certain treatment cost savings also had to be credited to
the cutter operation. The final calculated net cutter values range from
62.2% to 87.4% of the refinery realization on premium gasoline. In effect,
this is an opportunity cost calculation of “he same nature as the "gasoline
replacement" technique described above, pp. 1I-5=7s Like the pasoline
replacement formula, this method applies to the comparison of fust two
alternative refining operations. (In the one case, the alternatives are

fuel
cracking versus fuel oil, and in the other, gasoline versus No. 2A0il

were capabie of meeting the
cutter materials.) In the event that the company's residuurp
fuel o1l specifications without any additional cutter, the heavy gasoline could
not be given the premium value as cutter, but would have to be assigned a

lower credit,
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2. The blending technology

Of the three relevant gasoline properties, two -- the volatility index
and the percent sulfur content -- give rise to straightforward linear blending
relationships. For example, in a 50-50 blend of two raw gasnlines with sulfur
contents of 0,107 and 0.30%, the resulting mixture will contain 0,20%f sulfur,
Similarly with the volatility index, a 50-5) blend will have an index that
lies midway between those of its two component raw gasolines.

Unfortunately, the octane number of blends cannot be prediq:}ed in such
a direct manner from the octane numbers of the components. Like most kinds
of engineering work, the forecast of gzasoline octane numbers is;u‘
rather
artAthan an exact science, Hefiners themselves necessarily make peper
predictions

pof the octane number of proposed blends, but before marketin; a product
they will almost inevitably take the precaution of testing the mixture in an
octane rating engine.

One phase of the problem has been investigate. extensively by the
refining industry -- the relationship between octane numbers and the TEL
concentration of a particular gasoline. Just as in the naphtha reforming
problem above, it has been ohbserved that, as the lead concentration level
is increased, the octane number increases at a decreasing rate. In order
to predict this relationship, there is in widespread use today an ethyl
blending nomogram put forward by Hebl, Rendel, and Garton in 1“?9.{

fortunately,

There is, Na three-parameter analytic expression that pgives a

close approxiration to the results predicted by this blending chart. Wwhere t

6o L. E. Hebl, T, B, Rendel, and F. L. Garton, "Ethyl Fluid Blending Chart for
Motor-Method Octane Numbers", Industrial and Engineering Chemistry, Vol. 31,
July, 1939, pp. 862-845,




represents the octane number of the leaded gasaline, and x the

TEL concentretion level (in milliliters per gallon):

(V.l]) t =a 4+ bx - iéx_

For any unknovn gasoline, the tlirce positive parameters, a, b, and c,

have to be determined. Thic may be accamplished resadily by taking three

the resu.ting
observations of octane mumber for various lead levels, and sclving A
similtaneous linear equations. Using equation (V.l) in this way, sets of

caicu.ated

constants were, for all 19 of the Union Oil Company'c rav gasalincs.
Testing seven lead levels in each of these 1, cases, the cquation has virtually
always given a prediction that lies vithin - 0.2 octane number of the one
yielded by the blending chart.

No special significance should be attached to the particular form of
equation (V.1). It {s merely a device for enadbling a computing machine to
perforn the same calculation as a refiner with his ethyl chart and his straight
edge.

A second phase of the blending problem is more controversial than the TEL
aspect. Por a lead level of, say. 3.0 ml., and for a 50-90 mixture of two
gasolines A and B, refiners frequently calculate the cctane number of the blend
t0 be the 50-50 weighted average of the octane mmber of gasolines A and B --
each vith 3.0 ml. The weighted average appears satisfactory for many stocks --
especially vhen both components are of a paraffinic nature. There are, however,
at least twvo papers publicly availablc -- one by mtmn7 and the other by

8
Boger and Nichols -- that call into question the stre!ght-line average method.

7;\1 Bois Esastman, "Prediction of Octanc Numbers and Lead Susceptibilities cf
Gasol ipe m.gomu', Industrial and knginecring Chemistry, Vol. 33, Dccember, 1.L1,
pP- 1555-1580.

8 J. S. Bogen and R. N. Nichols, "Calculating the Performance of Motor Fuel
Blends”, Industrial and Engineering Chemistry, Vol. k1, November, 194 ., pp.
2629-2035.




Both papers indicate that as the percentage of the high octane component in
a binary mixture increases (both components initially at the same TEL con-
centration level), the octane level of the mixture may incresse at a decreasing
rate. In other words, the octane number of the blend tends to exceed the
wveighted average of the octane mmber of the two camponents.

Bogen and Nichols are primari{ly concerned with three-camponent mixtures,
and they report only five observations at each of three TEL levels for strictly
binary dlends. The set of 1° points has been plotted, and is reproduced as
Pigure ll. For each TEL concentration level shown on this chart, straight-
line interpolation has been used between adjacent observations. 1In all like-
lihood, these straight lines also underestimate the octane pumber that is
attainable by blending. The existing date, unfortunately, Ao mot provide a
basis for curvilinear interpolation.

At first glance, 1t vould appear to be a trivial matter vhether octane
numbers vere calculated by draving straight lines between two adjacent points
or between tvo end points of a constant-TEL line. Nevertheless, a semple
calculation presented in an earlier papex-9 indicates that the two methods
can lead to TEL input requirements that Aiffer by 20%.

It {s evidently worthwhile for a refiner to lncur considerable expense
in testing gasoline blends, and {n attempting tc predict the occurrence of
curvilinear >ctane relationshiys. Nevertheless, at the present stege, the
Union 011 Company did not have such blending data aveilable, and {t was
pecessary Lo revert back to the more conventional streight-line interpolation

procedure for calculating the octane numbers of blends.lC The tnformation
] (photo-offset

A. 8. Mamne, "Concave Programming fcr Gasoline Blends®, P-383
papers, The RAND Corporstion, Santa Monica, Califormia, April 23, 1993.

mln going back to the simple straight-lipe octane interpaolation procedure,

this paper follows the model proposed by A. Charnes, 7. W. Cooper, and B. Mellon,
"Blending Avistion Oasolines -- A Study i{n Programming Interdependent Activities
in an Integrated 01l Company”, Ecomometrica, Val. 20, No. 2, April, 1952, pp.
135-155. But unlike the aviation gasoline system, the present one includes
ethyl fluid concentretion levels &8 & specific variable vith a curvilinear effect.
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currently at hand made it possible for the analysis to take account of
non-linear TEL relationships, but not of the non-linear gasnline blending
features.
The TEL inputs are one of the elements in the Union 0il Company
problem that involved a departure from a strictly linear system. In
addition, the cutting temperatures on two of the gasoline distillation
units introduced non-linear effects. For purposes of blendingz, just as
in the Kellogg Company naphtha reforming problem, the cut point on each
of these units is an independent variable that is subject to control.
The cutting tempersture influences, not only the absolute quantity of
material that is available for motor fuel blending, but also the quality
of this component. Figures 12a - 12c contain the necessary data for
one of these two distillation units -- the one producing gasoline stock #31l.
According to Pigure 12a, as the cutting temperature moves from 300°
to 4LO0° F., the amount of material available for motor fuel blending rises
steadily from 1,900 B/CD to 3,050 B/CD., (For each additional barrel of
motor fuel obtained, there is approximately a one-barrel decrease in the
amount of gasoline cutter stock available.)
curvss,
Charts 12.b and 12.c contain the original Union 0il Company A

a.s0 indicate the form of
andpthe equations that were fitted to these data. As the make of motor

virtually
fuel increases, Figure 12.b indicates ajplinear decline in the octane number --
both clear and with 3 ml. of TEL/zallon. Also, as the make of motor fuel

increases, there is a steady linear decrease in the volatility index, and a

quadratically increasing sulfur content .21

11. Although when distilling this particular stock the sulfur content increases
quadratically, on the other material (gasoline #36) the sulfur content only

changes linearly.
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3. The mathematical model

3.1 The basic form

Xuhn and Tucker have proved the following "equivalence theorem™:
"Let the functions fl(x), i G fu(x), g(x) be concave
as well as differentiable for x > 0. Then x° 18 a
solution of the maximm problem if, and only if, x°
and some u® give a solution of the saddle value problem

12, 12

for P(x,u) = g(x) + u'rx.”

In other words, they have established that the salution to a
concave constrained-maximum problem is equivalent to a certain mini-
max saddlepoint. At the suggestion of Harry Markowitz, the
gascline blending model was set up in the appropriate minmax form.
An iterstive digital technique was them devised for solving the problem.ls
Prom & rigorous mathematical standpoint, the present computiing procedure
is an unsatisfactory one, but the

A method does lead

to salutions that should be sufficiently accurete from the standpoint
of refinery managers. Convergence takes place without an inordinate
amount of computing time. All calculations were performed cn & machine

12 The expression u'Fx is shorthand for the following:
w rl(x) +u, fz(x) & a5 5 @ u.r.(x). The u, are non-negative

Lagrangean multipliers, and correspond closely to the economist's
notion of "shadow prices".

13!!. W. Kuhn and A. ¥W. Tucker, “"Nonlinear Programming"”, %of
the Becond Ber %mn on Mathematical Statistics Z&,
od. J. Neymn, anrl Yy of Californis Press, 1,51, p. L3G.

= Markowitz bhas experimented with an electric analogue soluticn for this
class of applications. The present blending model imvolving 19 gasoline
stocks would clearly svamp the capacity of any of the present generation
of analogue machines.
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that is readily available throughout the United States -- an IBM
Card Programmed Calculator, Model 2.

Dr. Martin Beckman has objectei to the application of the Kuhn=-
Tucker theorem in this particular instance. He has made the point
that for a function of marny variables, f(x), to be truly concave, it
is necessary but not sufficient for that function to be concave in

each variable taken separately. It has been possible to devise ex-

amples that satisfy all conditions of the pasoline blending problem --
that is, concave in each variable taken separately -- but which never-

theless violate the strict Kuhn-Tucker conditions.15 The counter-

15. The following example is not derived from any Union Oil Company data,
and serves only for illustrative purposes. Consider two blending
stocks, labelled ™A™ and "B"™ with the following characteristics:

Stock A Stock B
Octane number, clear 7440 90.0
Octane number, with 3.0 ml, of TEL 0.0 W8
Number of ml./gal. required for
90 octane leadec rasoline 3.0 0

Assuming straight line interpolatiorn at constant lead levels for the
two stocks, and employins the Hebl-Rendel-Garton blending chart, it
will be found that a 50-50 mixture would require 1.6 -- and not 1.5 --
ml./zal. in order to reach the 90,0 octane level. This clearly consti-
tutes a violation of the concavity assumption, but a refiner will also
recognize that the example requires an unusual configuration of octane
numbers and lead susceptibilities.



, e
examples give rise to miltiple i{solated maxima. " athe ¢ ncavivy
{t i{s j~8sib.e

property in the various functions, /\tr adort blending
schedules that are locally optimal, but which do not, i{n fact. rapre-
sent the dbest of all solutions avallable.

The problem cannct be dismissed lightly, but I suspect that (n
post particular apnlications suc.. local extrema can te detected by
the investigator. The difficulties arising ut of ndn-concavi:, ar:
not unique to the programming method described here. The sanr argwexnt
vould apply (f the TEL levels werc taken as parancters, and a separate

linear programming problem then run off for each of many comb.nati. ns

of the two. This difficulty would come u; (n the case >f any .rial-
and -error method that consisted in changing one variable at a time,
and observing the effects upon the payoff. And finally. the failure
of the proper curvature condi{tions could frustrate optinizatinns by
vay of a [ange-Lerner shadowv price market aechanisn.

3.2 Definition of independent veriables

It nov remains to set up the formal relationships corresyonding
to the Kuhn-Tucker paycff function, g(x), and the set of restraiuts,
f4(x). Table V.1 presents schcmatically tne 23 independent nun-nega-
tive variables, Xy vhich must be selectel in (~lcor to letomiine the
blendiag schedule. The wvhole set of 23 will be termed the vector (x).

There are 1 ' rav gasoline stocks, labelled 31, 3¢, L1, ... B0, as
indicated by the rov headings. In each instance, we are givey K the
total quantity of this material available for blending. TYvo problex

crgiste of assigning various amounts of tle rav gasolines amcng tl.e
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Teble V.1 Gasoline Blending Problem -- Definition of
Various Quantities
Stocks Quantity of stock J assigned to
n - Quantitles three products, B/CD
cation No. Available
ay B/ | (1) 7600 premium (2) 76 regular (3) Cutter
| motor fuel motor fuel Stock
1 Ay 3,050 | 0 by (3 %y)
%* a6 2,060 | 0 e (4
|
b Yy 0 | (G -3, ) X1 0
2 2,910 !
2 | s 4o (pmxp%)
3 U3 3,460 ! 46 X3 (g 3-23-%)
bk 1,70 0
he o W (ayen)
o1 % no | (a5, x5, ) X o
o2 %5 1,20 | %55 52 (a55-%55-%55)
!
= %3 al %56 %30 (%53%537%)
54 %, %90 | 0 Xs), (qs,‘-g,‘)
{
60 Wo 6,150 : (qéo-xeo) Xeh 0
|
a ,830 ’
@ 0 (igrag) *a1 0
62 Yo 1,460 ' (q@-x&) Xco 0
63 43 3,200 : ( q63°x63) 163 0
(1 a, 1,680 ‘ (qa‘-x@‘) Xg, 0
65 s 11,230 ’ (q65-x65) Xgs 0
- 96 7,4h0 | (agem2g6) Xgp 0
Ly 470 1,700 | (4o ) T app  Xyp ® O °
x
80 %80 8,70 ‘ (agy-xg,) = 0 X5 ¥ 0
Totals — 61,910 N . —
}
TEL concentration, l
(ml./gml.) X s



three alternative uses -- (1) 7/, ~rcmi: grade motor fuel, (2) /6,
regular gra® motor fie) | and (3) cutter stock. [n addition, (t e
nocessary o select 121 and )'22, resnectively the ethyl Muid con-
centrations {n premiun and regular gmalc gascline.

The computations wers not set up with the full generality of

considering 3/13) - 7 individual possible gasolipe components.

Incteed, for rroegee oF econonlzing »n mech!ne capacitv, {t wasa
to

gmedﬁ mYe alvance guessrs at vhi~h of the elemente

would tumn out ¢ heve zero values. (Wherever a coinent was pre-
ascigned in this way, there 18 & zero entry {in the corresponding box
of Table V.1.) It was also egread that !+ woul?d nrt be economical
to throvs savay any of these particular gasoline etocks.16 In this
manner, it was possille tc reduce the number of {ndependent gas:l'ne
camponents from ¢’ down t~ 21.17

The Lagrengean mildtinliers, ug, teien directly frum the besic
calculaticns, enable! us to check up on these narticular asgumptions

at & later stage in the analysis. Fortunately, the initial guesses

turned out tc be correct ones. Despite the good luck for the particular

sets of parameters studied, these assumptions werc an unsatisfactory
short-cut, and can be justified only on grounds of crmutatinonal con-

venience.

lb!ven {f a material could nct be employed directly as cutter or as
regular graic gasoline, under the 1953 price structure, {t would
alvays pay to degrade scme finishea ((OC gasoline for purposes of
blending the jurticular mmterial up to the specifications for regular

grade gasoline.
17

For symaetry in the asubsequent work, there are twe additional constants

that are vritten as {f they were {niepcndent variables. The term x.

{s {dentically zero, and X, identically equals qq - &



Table V.1 always refers to the quantity of stock j in regular
grale gasoline as xy. Even in the case of stocks 431 and §#3°, vhere
the cutting temperature can equally well be regarded as the independent
varisble, ‘his same conventicn vas employed. (Cn Figure 12.a. note
the onc-to-one relationship between the cut point and the juantity of
notor fuel availabl:.)

To simplify further reference, twn nev dependeu’. variables are

alsc defined:
(v.2) z, - ;(qj-xj) * L X, = total production rate,
B/CD, for premium grede
gasol ine
(§ = L1, 51, 6GO-0C, [0)
(k = 85, b, =5, 950)
V.3) s ) X - total production rate,
3 B/CD, for regular srade
easol ine

(J ‘il, ?\' y “‘l—)‘b' ‘l-f,“l*i “O’f‘(, &“)

3.3 Definition of the payoff function and restraints

The payoff, g(x). {s determined by crediting the grcss refinery
realization from the sall of prenium an! regular grade gmsaline, and

then charging up tre etlyl fluild costs and the loss of potential cutter

creiite associate’ with the particular blendiling schedulr:

(V.4) 8(x) = () "Pay X)T % Da7Py %pn)2,

«

= p.“? x-b,' "x)f'_ X1', T x X, 'pij



In equation (V.4), the various unit costs an' prices are ie:tned

a5 follows:

(v.9) P

The blending schedule

refinery realizatlon »n OO, premiun
gascline, $/B

refinery real!zation on /6, regular grale
gasolin~, $/B

cost of ethyl fluid, $/42 ml.

unit cutter credit on stocx §, 5/B
(§ - 31, 36, L2, b3, L, 52, 53, J4)

‘x) must not call for the production of

negative amounts of any motor fuel or cutter camponent, and so there

are certain upper and lower limits imposed upon the various xJ. In

aiditi{ion, the schedule mist not require TEL concentraticn levels

exceeling

A 2.00 ml./gallon.

on finished Nn. € oil, it

#30 to fall below qil and

(v.6) C

C
Ve

(@]

An3 because of the flash point specification

mist pot require cutter components ¢$31 or

;g(. respect {vely.

X _ 3.0
%2 - 30

X,
- 13
X~ 3
ooy
X

-

v

(1 - L1, Lb4, 51, 74, wO-(0)

(J * h?. l,')' b [ !‘(\v ‘;21 r’}t' "(/v r“)

[N
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Por stocks 2, 43, 52, and 53, the quantities of individual

cutter stocks, fi(x), must not be negative:

(V.7) £(x) = qp - %5 -~ X5 2 O
(%) = qq - X, - x> 0
BRE = Gy =y ~ Ky 2 D
(%) = 053 - %53 - %562 ©

The six remaining equations are connected vith the three specifica-
tions on each of the two motor fuel products. The functions f,).(x) and
f6(x) relate, respectively, to the octane number of premium and regular
grade motor fuel; f,{(x) and f8(x) to the sulfur content; and fg(x) and
rlo( X) to the volatility index. These relationships are all defined
in such.a wvay that the particular specification will be satisfied if,
and only if, the function ri(x) > 0. To simplify notation, the constants
in the equations do not refer to the absalute octane number, sulfur con-
tent, or volatility index of a particular rawv gasoline, but rather to
the differences between these values and those of the specifications
for a particular motor fuel product.

In the case of the octane ratings, for example, equation (V.l)
indicates the relationship between the octane number of a particular
blending stock, and the TEL concentration in a finished product. A
new function, tgk("a‘) is defined in order to indicate the number of
octane points by which stock j exceeds the specifications for product

k, wvhen x, ml. of lead are added to stock J. ‘nxevtrmletku

J
evidently e function of xa. and is determined through the following

relation:
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(v.8) th(xzk)- ay ¢ by x2j - liizk - Nk (k =1,2)
The terms ay, b I and ¢ 5 represent the lead susceptibility constants
for stock j, and correspond to the three constants in equation (V.1).
The parameter N, stands for the minimum octane number requirement con-
nected with gasoline blend k.
In order to ensure meeting octane number specifications on the
premium grade gasoline, the following condition must then apply:
(v.9) £5(x) = xjtjl(qj-xj) B Ecuxi 2 0 ) &« 1&1):621.

} »
1 =45, 46
55, 56

Similarly, to make sure that the regular grade gasoline blend will

pass ite octane number specification, we must have:

(v.10) f‘(x) -iqtjzxg + X3 lEBl - 312x31-] g j= ?i:hzé,
v > - “ & ’
X |8, - &, ..] g 0 ) 51=54,
3 [5-" 3736 ) 60-66,
) 80

—_———

The functions in brackete that follow the varisbles x3; and x3¢ are
inserted in order to reflect the fact that with these two gasolines,
as the cutting temperature changes, both the quantity and the octane
number of the motor fuel component will be affected. (See Figure 12.b.)
This feature evidently leads to negative square terms involving x3] and X34.
The same two stocks give rise to quadratic expressions in connection
with the sulfur and volatility specifications for regular grade gasoline,
but since these components were assumed to be absent from the premium
gasoline blend, those equations remain completely linear. For the sulfur

condition reads:
specification on the premium grade gasoline, the
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(v.11) 27(x) - }:d‘u(qd - xJ) + E d.% > 0

§ =41, 51, 60-66, 70
k = h5: h6v 55’ 56

The constant term 4,, represents the algebraic excess of the maximunm

J1
allowable sulfur content of 7600 gasoline over the amount actually in
associated
stock] . There is & similar set of constants/ with the regular

grade gasoline -- d.1 2’ the difference between the allowable sulfur con-
tent in the 76 grade product and the content in stock j . The following
relationship controls the sulfur level in the finished regular grade
product:

(v12)  fglx) = 2ayxy - xy Ay - 87y ¢ 355,
" 06 Byl 2 ©

J = 31, 36, b1k, 51-54, 60-66, 80

The bracketed terms following x_, and "36 arise out of the cutting

3
tempersture relationship. (BSee Pigure 12, c¢c.) Note that over the
cnttremnaebetveenq;llnd%l, the terms molﬂngxalhrmlbout.
strictly concave function. That is, the following partial secaond de-
rivative is negative over this particular interval:

(v.13)  32rg(x) ) .
- N By - My 2y < 0
dxy
The functions r9(x) and rm(x) do the job, respectively, of

governing the volatility of the premium and regular grede gasoline:



(v.14) rg(x) = fjeﬁ (qj - xj) + Eeklxk > 0

J = k1, 51, BO-06, 70

k - 1‘5; % ’ :5: (),’\

x)=7,ex : 2_>_O

(v.15) ’10( 7 3% €30 - 353

§ =3, 36, bl-kk, S1-5k, ©0-60, 80

Here again, because of the cutting temperature-quality relaticnship,
there are sjuare terms connected vith x31 and 136.

The gmsoline blending model has now been reduced to a constrained-
mwximum mathemati~al form. The problem consists of choosing a vecter {x)
that will maxinmize g(x), subject to the side canditions that ti x) >0,
and also subject to certain upper and lower limits on the individual
components, Xy The payoff function g(x) is given by equation (V.L).

The upper and lower limits on indivijual variables are stated in (V.t),
and the 10 restraining i{nequalities, f‘qfx), tn (Vv.), (v.3), (v.10),
(v.11), (v.12), (V.14), and (V.15).

In this form, the problem almost fits the Kulin-Tucker condi{tions.

Both the payoff function and the restraints are concave in each variable

1R
taken separately. Furthermore, eight ~f the ten restraints are concave

over the whole spmce -- fl(x) Co. rh(x), and €, (x) . . . £, (x).

18lmhn and Tucker give the fcllowing definition of concavity: "A function
is concave if linear interpolation between {ts values at any twvo ;nints
of Jefinition ylelds a value not greater than {ts actual value at the
point of interpolation®. Op. cit., p. 4Bl. The function is said to be
concave in each variable separately if the twvo points of definition are
alwvays chosen so that only one .f the componerts of the vector (x) is
altered. A function may be concave in each variable separately v thout
being concave over the wvhole space of points (x).
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The payoff function g(x) and the two octane number restraints -- fs(x)
and fg(x) -- do not strictly satisfy the full concavity properties.

It wes decided, nevertheless, to perform the computations as if these
also satisfied the rigorous Xuhn-Tucker conditions:1 Under this approach,
there is always the danger that a local optimum fe not turn out to

be the maximum maximorume. A number of alternative computing schemes
were examined, out all of these suffered from precisely the same defect.
The primary Jjustification for going ahead in this non-rigorous fashion
was that the computational results could always be checked against the
experience of the refinery engineers. It was felt that these individuals

certainly
would he able to detect any errors of a gross nature.
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4. The numerical analysis
ol tline of ¢ tational procedure

Following the assumption that this gasoline blending model
fits into the format of the Kuhn-Tucker thecrem, it is necessary to
define the Lagrangean function @(x,u):

(V.16) #(x,u) = g(x) oigluiti(x)

The constrained-maximum problem will be solved if, and only if,
there is a saddlepoint solution to the function, @(x,u). The compu-
tational procedure is an iterative one -at each step t, converting
a vector x(t), u(t) into a new vector x(t ¢ 1) and u(t + 1). The
solutions observed have all tended toward a saddlepoint, but I can
give no strict proof of “he necessity of this convergence. The new
vector generated is never exactly "officiont", nor is it "attainable"
in the sense of Koo;:l-ns.l9 The payoff does not increase monotonically
as in each successive step of Dantsig's simplex procedure for linear
progm-ing.zo Despite these apparent shortcomings, the algorithm has
given useful answers in the cases examined to date.

The solution must be started off from some initial point x(0), u(0).
In principle, this may be any arbitrary non-negative vector. In practice,
though, it is possible to effect a considerable reduction in computing
time if a good initial position is selected. At each step, first the

(u) vector is determined, and then the (x) vector. For the former, the

19, T.C. Koopmans, "Analysis of Production as an Efficient Combination of

Activities”, Chapter III, Activity Analysis of Production and Allocation, p. 79.

" 20. G.B. Dantsig, ™aximisation of a Linear Function of Variables Subject
to Linear Inequalities®™, ibid,,Chapter XXI, pp. 339-347.
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basic iteration consists of two steps, and for the latter, of four

steps. The problem is one of determining A W ‘v{t +1) - uft), and
& xy = xJ(t +1) - xJ(t). The procedure eppears cumbersome, but only
six minutes of CPC machine time are actually required for generating

s vhole set of Au, and A x,. (The required total number of steps has

1 J
varied between 50 and 80.) PorthoAni,theproeodunilurollm:
A
1. If J2¢(¢ > 0, thenthe'nndidnu'Aui--k‘
Yy
A\
Ifac\)i t <. 0, then the “"candidate Aw = g

Rote: k1 is an arbitrary positive constant.

A
2. Ifru't) 44y <0, then Ay, = -ui(t)

A\ N\
Ifu(t) +Au >0, then Au = Au (t)
1 1 %

For the A :(‘1 , the procedure beecus:n

1. Ir,formi.r,(t)<o,gir[ag§t;_ - a%(t) [<o0, then
LIS 35_&%

A = 0; proceed to evaluate A x Ctherwise, proceed
*

j+ 1
to step 2.

AN
2. If 2¢§(t) > O, then the "candidate" Aﬁ -kj
3x

A
If 3@(t) < O, then the "eandidate" A )S = -k
Ax J

Note: kj is an arbitrary positive constant.

2lefhe individual A xj &re determined in ascending order of their respective
indices, §. To simplify the notation, 4 Xy , 1s used to indicate the next
A x, that is to be determined. For example, & 136 follows A xn in sequence,

and¥for § - 31, is indicated by A Xy -



N
3. a. If 3 =31 o0r 36, n_;_dir xj(t.) ¢AxJ '\qg, then

O
A xJ = xj(t) - 945 proceed to evaluate A xJ+l'
/\\ o)
If ] =31 or 30, and if xJ(:) + A xJ > 43, then proceed

to step U4.
/\

b. If § % 31 or 36, and {f xJﬁt) +0xgc 0, then

AXx, = -x,/[t); proceed to evaluate A x

3 J JrL

2N
If § »~ 31 or 36, and 1f xJ(t) + 4 x4 20, then proceed
to step L. A
2 ) 4 Xy = ij;
L. os. If g = b2, 43,45, b0, 22, 93, ¢ or 9%, proceed to

evtlunteAde.

A
b. If J = 21 or 22, caleulate /3 00 -xJ(t) -AXJJ.

N

If this expression is non-negative, 4 xJ = A xJ.

Otherwise A x, = 3.00 - x,(t). Proceed next to

3 J
evaluate A x .
des b, 6.
c. Ir § = 41, 44, 91, S5k, ora . . . 50, ealculate

[—q.1 - xJ(t) - A/\xJ]. If this expression i: non-
negative, A Xy = 5;3 Otherwise (. >y = .4 - fot).
Proceed next to evaluate & xJ&l'
Por the A uy. the explanati{ion of this ritual is straighttorvard.
Step (1) tells us to decrease Y by an arbitrary amount K if, for a
"small"™ change {n u alope, the effect will be to decrease @(x,u).
B8imilarly, there {8 to be an increase {n W if, for a small increase,

# would decresse. Step (2) prevents uy from becoming negative.

R

-1l
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For tae Xy th: fustificati-n I8 norep (Steps (2)

end () are the obvious onecs -- regpectively, lower and upper limits
n the {ndividual 4 dictated by (V.0).) As with the A uy the sign

— L s primar{ly tie critericn that letermines whether to taxe
a p‘)rjxt*'ve «r a negative st.e;‘.A)( Prelininary small-scale calculations
{ndicated, however, that the unqual!fied "direction of ascent (descent)
rule” would lead tc major nscillat.ons rather thar to convergence at
equilibrium values. For that reason, rule (l)’ a relaxation-type
principlesvas inserted. Translated i{nto English, the statement reads,
"I¢ cne of the restraints !s belng violated, and {f the direction-of-
ascent rule would lead to an even greater violation of this restreint,
then the particular ¥

J
narly elegant from the view:x ‘nt of pure mathematics, and there are

should not be charged.® The relaxation rule is

undoubtedly other possibilities for achieving the sane effect.

At the prcgent time, lesrite their plausibility. there is a serioua
dilermma concerning the logic »f these computational techniques. On the
'ne hand, 1 have been unabtle to prove the necess!ty of cogvergence for
eitlher the relsxation or the unmodi{fied procedure. "“m the other, I have

COLILTOTOXAM} .8
been unable to comstrict oA for a case vhere the k, and

i
the k, may be made arbitrarily small. Reeadily granting these appsarent
J
oblections. tle fact remains Lhat the relaxation tecimuique has given
useful results ‘n e gerles of comp:ting uns

v.2 Detalls f the nunerical analy ‘o

Ti.ree sets of calculati{ions have Leen performed. The first is

to be cons!dered the basic case -- taking as parameters the 1953

pr4
[he reader should note that ¢ (8 being minimized with respect to (u),
and maximized with regpect to (x).



P-487
v-33

refinery realizations, product specifications, and raw material avail-
abilities. The second run was concerned with a racical change in the

price structure -- an 11.6% 4rop in the value of premium grade gasoline.

In the third, the price structure was taken to be the same as in

the basic case, but a 2.5 octane point increase was {mposed upon the
conditions,

premiun product. For each of these departures from the basicA the

optimal blending schedule becomes considerably altered.

In order to convey some indication of the computational technique
employed here, Fizures 13.a - 13.e. chart the values of certain of the
variables during the last twenty steps of Run #1, {.e., between t 4O and
t = 50, According to Pigure 13.a, the payoff ani the aggregate make of
premium and regular grade gasoline had become stabilized, and "rippled®
steadily about certain equilibrium levels. Virtually all of the irde-
pendent variables exhibit similar rippling around an equilibrium point,
but there were exceptions. The worst drifting occurred in the case of
respectively, the quantities of stock #L2 {n regular and

X 2 and x

L L5
premium grade gasoline. Their time paths are shown in Fismure 13.h,
The more typical pattern was exhibited by the two TEL concentration

variables, X5 and x Y and {s reproduced in Pigure 13.c. Two of the

2
Lagrangean miltipliers, u. and U connected with the two octane number
specifications, are shown in Pigure 13.d. The octane number functions
themselves, f¢(x) and fé(x), are given in Figure 13.e.

Before tutting off any individual computation run, it was possible
to perform an addi{tional sheck upon the stability of the solution.

According to the Xuhn-Tucker theorem, in order for the vector (x)° to

be a saiile value solution, the following condition must hold for all
3 23

i

230 @c _C_iio. po 10820
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, < o - o
(v.17) S < o, x, :xi_, 0. 4 > ¢

X
In the present cese, vhere the xJ are bounded from above as wall
2
ac below, this condition on the equilidrium xs) becomes: |

S - ) 5
X xJ
b- If _La > U, thea x:) = qJ

o
'sing conditicn (V.18), it 1s possidble t. perform a rough

.-

4
(v.18) w1 297 5, thenx"o 2L -o,.ndx; > o

5 J

check Hn the precisiar of the solution. Por those xJ that are at their

lower 1limits, >g _ Y. For those that are at their upper limits,

@)
.ny

iﬁ(;— > O. Apd for thcse that are neither at their upper nor at -hei-
)xj
lower limits, _\_g:_ = OU. In thie latter case, it is not to be expected
)xg
thn*t *he partial derivative wi{ll be literally at a rero level. Rather,

since this ig an arproximative metn 4 of solution tha Aexiwvatics =b=—_128

be in the nelghborhood of rero.

Table V.2 contains the actual values for the 15(60) and for the

no>rmal {zed values of the vartial derivatives >¢(60) . All of those

Ax (0
)
variables that are at their lover limits exhibit

46 .8 L0 be exjecte!.
negative partial derivatives,A On the other hand, the single varisble

)

“** In the case of (V.15%a), vhere J = 31 or 36, the lower limits q; must

be interpreted as equivalent to sero. Por (V.18b), where § = 2 or 2,
the upper limits of 31.00 ml. are to be regarded as the appropriate .
Por those xjy on which there !s no specific ixposed upper limit -- (.glt {s,
J w2, b3, 60, w6, 92, 53, %9, apd 96 -- the comdition (V.16b) does not
apply.
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Table V.2 (omparison of Partial Derivatives for t = 60, Run §1

Lowver Upper Agg&)g
: Limit ,3(60) Limit ;313 g‘éui;;edx
on X4 on 11 pi
mi.. {liter/fa..m in premium gasc.ine
21 0 1.94 3.00 1.57% of cost of 1, 1.2
2 0 2.8 3.00 -0.Al% of cost of ly 2.96
ni..i.4ter/ga..on in regu.ar gaso.ine
31 1,300 1,500 3,05C -22.548 of realization on 1 barrel of 1,300
preaiun gasol {ne

36 1,320 1,320 2,060 0.3 " ks 1,320

L) 0 0 1,00 -5.584 of realization on 1 barrel of 0
premium gasoline

42 0 sko 2,910 -0.88 o . 620

43 0 Loo 3,460 <0.40 2 = 380

Ly 0 C 1,73 H.62 . . 0

45 0 2,30 2,910 2.39 * " 2,290

L o 850 3,k60 1.09 2 ) 845

51 0 0 110 -4.L41% of realization on 1 barrel of 0
premium gascline

952 0 0 1,240 -3.41 . " 0

93 0 280 860 <0.05 ) . 260

54 0 Lo 430 -0.08 " . 480

55 0 100 1,240 0.26 . e 120

5¢ 0 00 360 1 27 " " 600

0 0 0 6,150 -6.30% of realization on 1 barrel of 0
premium gasol ine

ol 0 0 3,430 -5.98 . . 0

(2 0 0 1,460 -9.82 " s 0

23! 0 0 3,200 8.55 " . 0

6l 0 0 1,680 -3.10 . e 0

65 0 0 11,230 =7 g . 0

‘6 0 0 7,840 -7.35 . . 0




that li»s at {its upper limit, X ), does n~t have a partial derivative

of the proper sign. Thic derivative i slightly negative, and {n fact.
during the sequcnce leading up tc t - 0, )g‘.‘(t) had oscillated between
4/0 B/CD and L W. There anpears to be a coincider.ce between the upper

limit on this particular variable, and the point at which g vanishes.
’;xrh

‘1

In the case of those variables Lhat l.e neither at their upper

nor their lower 1l!m!its, the maximum absolute deviation from rero amounts
to 2.9 .f the value of cne barrel ! premiun grade gasciine. This
lev.ati~i occurred {r the case of X, the variable shown in Pigure V.lb
tt_ . hag beena slowly drifting upward. It did not seem worthwhile to
continue the i{terations {n order to refine upon th!s one estimte.

T e blending schedule selected at step 'v {s neither literally

"attaliab.en, Yo
- .ent” nor N payoft g(x) is below the
ai: fow
lerel recorded for stern 45, 4 this reason, the final blending

schedule was taien over from that earlier step. Certaln minor cor-
rections werc made by hand in order to bring about a teasible and
erficient solution. The resulting vector (s listed in the final

column under the heading “Adjusted »ptimal xj'.



5. Results of the numerical ana.ysis

5¢1 Interpretation c/ results -- "leniing prograns

The operations schelules derive! from the three computation runs

rreserte
are A in Taople V.3, For reference purposes, the first three
columns {ndicate the program that was effect!ve at the beginring of the
year 1953, The other sets give the results for run #1, the basic case;
run #2, a lecrease of 11.57{ {n the realization on premium grade pasoline;
ani run #3, ar {ncrease of .5 octane numrbers in the specification for the
premiur. proiuct,

The outstarding featupres o7 these iif7erent sche!ules are summarize:
i{n bar charts, Figures li.a. - li.1. Of all four situations, the output of
7600 gasoline !s largest in the cass of run #1, und smallest
under 1953 operations”. Just the reverse is trmie for the reyular grade
Ausoline. Its production is largest under i.s 1957 operatior+ :.an, ari
szallest in the hasic case. Goinz along with tnis considerable shift ir
the general production strategy, there (s an a rent small shift {r payv-
off, for the nasic case would yield a return to the company of only 3,99

5

percentage points in excess of that shown i(r actual px‘acticc.‘S At
first glance this figure of 3,99 joes not seem impressive, but neverthe-
leass, iuring the course of a single year's operation a di{fferential of this
masnitude amounts to several millions of dollsrs! From the company's

standpoint, il would look eminently worthwhile to shift over to the

bleniins schedule derive! from run #1.

25 In order to avoid revealing proprietary {nformation, no absolute dollar
figures are presented here. Both the unit and the total refinery
realizations are stated {n terms of iniex numbers.
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b e . N
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L 1,80 . 1, 32 |
5 11,230 &, 120 2,18
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Totals nl, 10 /) (¥ 3, 0hd e
1EL Comcentrmation (ml. gal.) 1.13 1.0
Total Coosumption of TEL (litere/ :
day) 2 iy
Payoff, g(x), percent of total for
Run }1, Basic Cese BRI S
Refinery roalization an motor gacoline,
percent of 195 ealization on ’
700 product N U o |
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Unhappily, the life >f the operations analyst does not run a
seimple course. Prom the very beginning of the study, {t had been
ecknowledge( that the company could not realistically expect to sell
unl ‘mited quantities of premium gasoline at the prevailing refinery
realization. At the same time, {t had nct been fully appreciated
hov large an increase in the production of this i{tem might be in
crder. (The cutput in the cne case is almost double that of the
other.) Por this reason, it seems desiradle %0 incorporate an
additional formal restriction into the problem, and to require that
the total production of premium product remain belov same upper limit,
Ll' In qm; vay, (t m;pénr:ible to determine howv large an i{ncrease in

s --

profits, attainableeven under the limitation of current seles

of the sne yroduct. By varying this upper limit peremeter,

LI e anh 30t d

trace out the effrcts of alternative gales vclumes
upon t.he‘v.) ‘pgv re.

Rather than revise the computing setup (n order to impose a Adirect
marketing reatriction (f tnis nature, (% ceemed ¢ more econamical
alternative to calc:late a second point along the campany's “supnly
curve™ for premium gasolinc. Tha* (8. for run #2 all parameters were
maintaincd at *he seme level as {n run €1, excert for the unit real!-
zat{Hn upcn OC gasoline. This wvas dropped to 8B8.42% of {ts previous
level. The “hange had the effect of reducing the differential between
premd Loanl cogalas grade gasoline Lo less than half of {ts previous
amount. This alteration (n the nrice relat!nns han & regult analogous

to that 7 a cirect ~uantity lLimitation 1ron the maxe of premi i gmsc-

line. “he omtiaal output o1t this prodiuct ves reduced from 81,25 R 0D



P=487
V=49

down to 26,385, while the total of regular grade 76 gasoline went up
from 13,670 B/CD to 33,590. In this second case, not only premium
gasoline but also cutter stock production declines. It now becomes
profitable to incorporate most of the heavy gasolines into motor fuel
rather than to blend them into residual fuel oil.

The results of run §2 are equivalent to those that would be
derived by employing en outright sales limitation of 26,385 B/CD. The
it rwmine femetcd s 7600 - O0.58p -- Lmiicaues tne marginal oppor-
tunity cost of this product. In other words, if the marketing restriction
vere raised by one barrel from 26,385 B/(D, and if materials were avail-
able for making this extra barrel, the caompany would be able to obtain
an additional payoff of 88.42% of the current average realization on
7600 gmscline. In the jargon of economists this value is termed the
"shadow price®” of the premium product. Evidently, there is a marked
gap here between the shadov price and the average realisation upon the
m-oomammut. P. larnsr and his
followers. “MJmMOMthMNMW
are symptomatic of market restraints. At the same time, in them-
selves these discrepancies constitute nc proof of either the absence
or the presence of workable caupotltion.n From the viewpoint of

internal menagement, they do provide the company with an indication

2‘” especially A. P. Lerner, “The Concept of Monopoly and the Msasure-

ment of Monopoly Power"™, Review of Economic Studies, Jume 153k, I,
pp. 157-175.

For a discussion of this concept, see J. M. Clark, “"Toward a Concept
of Workable Competition”, American Ecomomic Review, Jume, 154C, Vol. XXX,
No. 2, pp. 2kl-256.
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of the gross gains that might be achieved by reorienting sales policy.

One of the favorite avenues for sales rivalry in the gasclins
industry consists of alteration in the specifications for the house-
brand product. These modifications occasionally take the form of
changes in the volatility index, but more typically center about the
octane ratings. For this reason, it was of particular interest to
explore the effects of an uc:ctcno number increase upon the optimal
blending schedule and upon,‘;qnff. In run #3, it was assumed
vnat tne specification cf the premium gasoline had been increased
by 2.% cctane points -- a plausible jump in this requirement. Referring
back to the bar charts, Pigures li.a. - l4.d., the reader can compare the
results with the basic case: a 2.54% decrease in total payoff, a
moderate decrease in the output of premium 7600 fuel,and an increase
in the cutput of 76 gasoline. The make of cutter stock remains the
same magnitude in both cases.

The outstanding difference between this situation and the others
consists of the high ethyl fluid consumption. It amounts to 6,755
liters/day here —- about a one-third increase as against 5,026 liters/
day in the basic cese. The TEL concentration level is directly up at
the prescribed limit of 3.00 ml./gallon for the premium grade product,
but despite this fact, it is only at 2.60 ml. for regular gasoline.

Like the results of the reformer analysis in chapter IV, these compu-
tations do not yleld much comfort to those who would put faith in an
oftem-quoted rule of thumb -~ that the optimum blending policy is to
assign the maximum allowable TEL concentration to each gallon of product.
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Only in making premium rrade gasoline in run 43, and in making the
regular product in run #1 was the 3,00 ml. limitation approached.
In all other cases, it paid to employ less than this concentration.

Not only is the ethyl fluid consumption closely connected with
the octane specification of the two motor fuels. It is also sensi-
tive to a variation in the price structure for premium grade gasoline.
Both in the 1953 operations and in run #2, the 7600 product commands
a low shadow price, and by comparison with the basic case,there is
@acuuidligly @ 10w consumption ol ethyl fluid. Huns #1 and #3

indicate that even during the ordinary peacetime course of
market conditions, there is a high degree of flexibility possible in
the use of this item. During wartime emerpgencies, it follows that
there are substantial opportunities for cutting down on the use of
the material in motor fuel in order to release TEL for aviation blends,

An interesting sidelight to the motorist: Under the schedule
set up in the basic case, there is actually a lower TEL concentration
in the 7600 "ethyl" gasoline than in the regular grade product. This
does not mean that the consumer fails to get his money's worth on the
premium product. The ethyl fluid concentration by itself is meaning-
less as ap indicator of zasoline quality. In order to determine the
knock ratingz, it is alsc necessary to specify the composition of the
product -- the relative amount of components derived from straight-run
gasocline, from catalytic cracking, from thermal reforming, and so on.

5«2+ Interpretation of results —- Lagrangean multipliers

Recause of the need for withholdin- cost and revenue figures,

it is not possible to indicate the precise nunerical values for the



ten Lagrangean muitipliers, Uy . Yeverthe.ess, the genera. nature of severa!
resu.ts may be mentioned. Six of the Lagrangean multipliers turnea sut to be
positive in all three runs: w,, the material balance for stock #@;
u;,, the material balance for stock 3; Ug » the octane number of 7600
gasoline; u,, the octane mumber of 76 gasoline; Uy the volatility
index of 7600; and W the volatility index of 76. Since the Lag-
rangean multipliers were alwvays positive in these six cases, the
restraint conditions were alwvays satisfied exactly. It never pald
to give awvay octane numbers or volatility index points, and it never
paid to employ stock #42 or #53 as cutt.cr.:c

A ratber different general result held true for w, and ug == the
"shedow prices™ associated with the sulfur content of the two finished
gasolines. These two w consistently turned out to bde urg,):
wish the blending stocks curremtly available, the company a8 & whole
maistained s comforta’'e positiem vith redpect to meeting its sulfur
specifications. This result had not been foreseen in advance, and
it turned out to be fortunate that the requirement was phrased in
terms of a maximum sulfur content rather than an exact one. Had it
been specified as an exact requirement, a distinctly non-optimal
progran might have been generated.

Concerning the {wo material balance equations associated with
stocks #43 and #52, no generul rule can be laid down. Both u, and

u3turnedwttohnve zero values in runs #1 and #3, but achleved
2%

Table V.3 shows certain quantities of
stock #53 as ~utter in the case of ruwe #2 and §3. This is non-
optimal, vif is & natural consequence of the approximative type of
solution.
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positive levels in the case of run #2. That is, for an optimal
sclution under the parameters of the scoond run, nelller of these
stocks should be employed as cutter material.

The u are of interest, not only in indlcating whether or not
the restraint conditions vere setisfied ac exact equalities, but
also as & method for evaluating the use of additional blending
material in either of the two motor fuel end products. These varl-
ables establish a scale for determining the dollar bonus or the

penalty that should be attached tc small incremental guantities of

a material that eilber exceeds or [al_.s short of the flnished pro-
duct specifications. The first use of these Lagrangean multipliers
was to test the earlier assumptions as to which blending stocks could
be excluded from consideration as components for 7600 and which others
could be ruled cut as components (n the 70 gasoline product. Under
the existing configuretion of blepding stocks and market conditions,
these assumptions 4id chack out.

It is expected that the Lagrangeans will also be of use during
the interval before the company is in a position to schedule the
blending problem simultanecusly with the intra-refinery cracking and
convercion operations. The company's Los Angeles refinery, for
example, has a polyformer unit that has economic features similar
to the thermal reformer dlscussed in Chapter IV. As vith the Kellogg
Company 's reformer, there ls & contipuing problem of selecting the
optimum operating conditions. The Aigher the reactor temperature,

the better will be the octane reting of the polyformer gascline,

WED JuANTIT

but the will be the,

7 'The ocutstanding difference between
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the i{wo problems is the fact that the one reformer was considered as
an isolated piece of conversion equipment, and that the other forms
just a single componert within an integrated company. In this second
case, because of the possibilities for blending, there is no simple
linkage between the market realization on the end products and the
operations of the one unit. Ideally, the company-wide optimization
doubtful whether this
should be treated as a single calculation, but it is A
will ba achieved
Anthin the foreseeable future, Falling
Sivi v wi Viiie iusal, iLV WuUuiu HevVeruieliess D¢ A USelul SLep LO ALLACK
the polyformer unit problem through the shadow prices derived from the
blending calculation. Theory assures us that this is a legitimate
assumption if the company, as a whole, is at an optimal point in a
concave programming problem. Theory does not assure us of this result
if the company fails to be in equilibrium, but it strongly sugpgests
that the same principle holds true even when the company's current

29
position is not an equilibrium one.

5.3 Company policy implications

This much is already evident from the computations: that it
have paid
would Afor Union 0il to forego several millions per annum if a sales
have been for disposing
strategy could Adevised Aof an

increased volume of premium gasoline. For this reason, the problem waa

29. Por a discussion of the potentialities for decentralized decision-
making through the use of shadow prices, see Oskar lLange, On the

of Socialigm, Minneapolis, 1938, and also A. P. Lerner,

eg of ggm.rol, New York, 1944. Also see C. J. Hitch, "Sub-

optimisation in Operations Problems", Journal of the Operations
Research Soclety of America, Vol. I, ‘No. 3, May, 1953, pp. £7-99;
and A, W. Marshall, ™A Mathematical Note on Sub-optimigation", ibid.,
PPe 100-102.
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taken up with the company's sales service manager. A number of
alternatives were discussed with him: price reductions, quality
improvements, and an advertising campaign. He agreed that all of
these steps could conceivably increase the sales of premium grade
gasoline, and that the potential increase in revenues might exceed
the extra costs that were entalled. He was particularly concerned
of forecasting
with the difficultiesy
the response of consumers to such changes in strategy,

but did not bring up the parallel question of how the company's
immediate rivals might react.

Rather than risk a major departure in price policy, he indicated

Union 0il
that it would be useful forg to explore the possibility
of altering its retailer gasoline discount structure. On any sales
in excess of certain goals, the service station operators might be
allowed an additional discount from the tank wagon price. By read-
Justing the product guotas and the sales bonuses, he believed that
it would be feasible for the retail operators to shift sales in the
direction of 74600 and away from 74 gasoline. This policy is one
that need not immediatel y provoke retaliation from the company's major
va.s, and it does not depend upon a large-scale publicity campaign.

There is the added advantage that the strategy can be altered at
short notice without making consumers aware of a deliberate attempt
to influence their choices.

Even aside from major departures in company-wide sales policy,

was
the gasoline blending model ylielded one result that, expected to
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produce an immediate reduction in cogt. In all three computing runs,
it turmed out to be optimal to cut motur gasoline component #31 at

the lowvest possible end point,‘i..;; 300° rether then the current 332°P.
This change in overating practices could be effected without making
any radical alteration in the end-item product mix. At the same

time, the improvement in payoff that would result frem this single
step amounts Lo & sum which, in less than twc days, could Justif:

the entire computing machine expense involved in the study.
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£. Summary ani conclusions

-Bmploying the assumption ﬂf‘ﬂ‘fixm' availabilities of raw blending
materials and of {ixed realizations upon finished products, the Union
0il Company's gasoline blending operations were formulated in terms
of a constrained-maximum problem.

The outstanding result of the numerical analysis wvas the—faece
that it would be worth several millions of dollars per annua if the
company were able to shift sales so as to sell additional quantities
of premium grede gasoline. ois a corollary of this, it follows that
the compeny has considerable lati®™de in its ability to shift production
vetween the two gradee of motor fuel. Marketing problems aside, the
ideal pattern of production is quite sensitive to the price structure
that prevalls.

A sccond result of the calculations was the finding that the
company could increase the octane specification of its premium pro-
duct, and that even after such a change, the optimal production rate
of this one item would remain in excess of current sales.

Neither of these results leads to the implicatiom that the company
“ought™ to change ite price policy or ite product specifications.

Me jor changes of this nature cannot be evaluated unless the company's
executives also take some account of the response of consumers and of
other petroleum refiners. Readily granting the uncertainty that must
sttend any such conjectures, the formal mathematical treatment seems like
a promising approach to the blending problem. It did not twmn up with
solutiont. that are absolutely uncbtainable by the customary trial-and-

error techniocues. Rather, it brought to light numerous assumptions
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that had previously lain hidden, and holds out the possibility for
closer Hordimation between the manufacturing operations and the
activities of other brenches of the corporation. It is particularly
important for the aales group to have guantitative information avail-
able on the possibilities for shifting between various classes of
refined products, and for changing the specifications of those products.
It is equally significant for them to know the cost implications of
such changes.

Experience within the Union 01l Company suggests that mathematical
models have considersble utility in dealing with complex production
problems. This study also indicates that economists and businessmen
alike are a long distance from having any satisfactory theory of how
e market will respond to a change in the company's sales policies.

In the absence of such knowledge, it is dangerous to place too much
reliance on forwal techniques. This same danger exists, though, with
back-of-the-envelope calculations. In none of these matters can o
mathemntical model make important business decisions by itself. The
most that can be claimed is that it will summarize the volume of

information that executives have to act upon.



