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1/ 
C^NCAVt WOGR'lttlirj VOR uASDU'C 3LENOS" 

A.  3. "i-inne 

3.    "Tntroi JcMon 

*-.i* ; iper presents a -zodel cf the ecDnor.lc? of notor ?arf.line tltr.i- 

Ir,* — a T.^xlTilzlng  ^roblw   suljt^t to certain rfttrainr: .        >-  -—-r«;»^'> 

of ia*-»<-:tl c^Tinot be r.v.llcj   >.,.:.in th«  fr«*»^»--'-     r  .-•.';, 

L^Rrangein multipliers.    As ye*., neithsr George Pantrlg nor I nave SJ:- 

ceeied In converting the tystea Into a linear prObrasnin^; fetv  unat 

it  s.^Drt enough to be convenient for cocputaticnal p'xrynieb,   ml ifi.icr. 

at the saae time preaervec tne octane tec^moloö-. 

Kuhn and Tucker ^~7 7 have i!.'«tablishfd  the  U.eoreä that a soluticr 

to '.his type ol  maximizing protlr^  \s equivalent to a certain sinimax 

sadile^oint,  and at the  suggejti.-". cf Harry kark;.<*it:,  the .-arolme 

blending n.odel was recast into the appropriate siniaax fora.    An iter- 

ative dirital technique war thtn ievlced for solving tne minimax pr*. Ibtt. 

¥rm a rlgoro'js riat.';<--it,ical  standpoi'it,  the  j resent iterative 

tec^lque Is by no nearvr  f,i* 1  f.i.trry.    The met.;uJ äctCf .'.'^'^.tr,  leaf! 

to solutions that  rhrul ) \ * sufficiently accurat'" frcm the  rt^ndjoint 

cf refinery Tianarfrp.     Conv* rge.'.:c  ttki r ^lact- without an  ir.^rllnate 

aaiount of coep^tlnr  tli« .     All  calculations <»tr€ pcrl'nrorij on a T.I:-. n« 

that  is readily  available thro^pnout  ihn  ' nitt-d ot.atcf — an II'V  Card 

1/ I  should IIVP to acknowlc let- :y indehtf-inese to Harry Markc«ilz, 
Gc : ge Danttlgi  and  to I^ivll Ltngfield for their lary contrib'iti. na 
t    tni;  pifcc 'ji rcotarch, 

?/ Varkowltt  is carr»r.tly cxp'-rlmcntlr? with  an analogue nachlne 
mlntTiajc  nclutlon. 

............ .. ■._- _. v- v...- ^..-. - w<r^wM>j:<^-^ 
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Prograaa^d Calcilator, Model ?,    A »-ener«! purpose  floating  :if ..:<»1   ..etur 

was employed»    On the first problem run off,  «pproxiaaUtly  ten r.oura of 

running tine »ere required.    For the sixth problem cf thi? tyve, the running 

time had been cut down to less than three hours. 

In order to raalntaln a check en the solutions,   the moiel wir kepfslrple 

encjph so that it could aljo be  solved by pra.nlcal  techniques.     For  that 

reason, the modal will not in Itself 2c of interest to refinery o^-rators. 

Prom their standpoint,   neverthelessi   tne computations art  significant.    The 

results brlni; Into question the validity of a number  of rules-of-thumb  that 

i       are current in the inijstry for solvlnr this -.ype of economic problem.    A 

second point:  the calculations rive s-ae Indicitlon of the financial ijeprove- 

ment that may be obtained by takin« account of non-linear octane blervllng 

relationships.    And  finally,  these machine runs nave aerred as a pilot study, 

preliminary to attacking problems  that involve larger numbers  of variables. 

Tr.e material will be presented in the following sequence: octane miaber 

prtJiction devices; the econoolc model; the computational procedure; and then 

a   Jiscus-lon of tne reaults of the fix CPC runs. 

■ 

?,    Octane nomter predictions 

Like aost kinds of englneerlnp work,  the forecast of fawoline octans 

•*       number« Is more of an art than an exact science.    Refiners themselves neces- 

sarlly make paper forecasts of the octane number of proposed blends, but before 

T-arketing a product they will almost inevitably take the precaution of testing 

the mixture  in in octane ratinp engine. 

fa) TetraeU.yl lead concentration levels. 

Cne phise of the problm Mas been  investigated extensively by  the refining 

A    irdustry --  the relatlonehip between octane nunoere ar*d  the amount of t^traethyl 

..;   lead added per gallon of • partleular grsolln*».    It has been Invariably  observed 

•.     N.      . . ■>     ^' -v .._-. .    .^J-, ■_•> l_S   „-.  JMU^.l.'» _> j: .'• .-- LT»  JV  .^ .■' .> ,">•  «••»%   v"^j,>,"".>"\,.'-.,"v,,»,"\l,V,^:,'-_.^ .••-"■   -'■  '  ■■«"■.■   i,"   ', 
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Tetrosthyl   lead (ml   per  gal) 

Fig. I —Octane  number  versus   TEL concentration  for  three gasolines 
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th*t, as the lead concentration level Is Incrsased,  th« octane njaber 

increases at a decreasing rate.    In order to predict this relationship, 

there Is In widespread use an ethyl blending noraopraffl,,  reproduced as 

Figure \,   The points obtained by testing a particular gasoline, when 

plotted on such charts, will generally lie along a straight line.   The 

line labelled "I" represents three observations for a particular gasoline 
1/ 

reported by 3ogen and Nichols.      The lines labelled "2" and "3" represent 

two more sets of observations reported by then.    In order to cut down 

on the nuaber of knock engine runs,  It Is the general practice to test 

one saaple of clear gasoline (i.e., no TEX) and another sample of the 

saae gasoline containing 3 ml. of the ethyl fluid.     (3 ml. typically 

represents the maximum allowable concentration In American motor gaso- 

lines.)    These tests yield two points which can be plotted on the blending 

paper.    The octane numbers for intermediate lead concentration levels 

can then be predicted by straight line interpolation. 

The et^yl blending chart that is in general use — the one put 

forward by Hebl, Rendel,  and 'iarton in 193'' £"£7 — was itself derived 

from empirical observations, and not from any algebra!- formula.    I 

have found, however,  that there is a three-parameter analytic expression 

that elves « close approximation to the results predicted by the blending 

chart,    /ihere t represents  the octine number of the leaded gasoline, and 

x represents the TEL concentration level (in ml. per gallon)! 

(I) taa«>bx*      c 

for   '.rv unknown gasolin*,  the three }.ara.Tcters,  a, b,  and c, havt tc 

it   kUr-'.r.ed.    This may bt   accomplished rt-vMly by taking three 

1/    /Ti Table T, p. ?t%'J 

(r 
, ^ ' j- ■ ^ • j. -j- 'M -> \« V V "./■/>_ V-VJ'V.V.-V.'V.V" 
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observations of octane nunber for various lead leTtls, and solvin,: ir.rct sliul- 

taneo'i«  linear equation«.    Two observations can be the expcrinental once, and 

the third say be deterTlned in tr.e standard way on tne ethyl blending chart. 

Using equation (1)  in this way, approxiaately 20 seta of constants have been 

• determined for acUal gasolines.    Testing seven lead levels  In each of these 20 

caret,,   the equation has virtually ilwa>a given a prediction that lla? within ♦ 

0,? octane number of the one yielded by the blerviln^: chart. 

No p^cclal significance Shoiilc be attached to the (.articular  lorn cf equation 

(1).    It  is T.frfly a device for enabllnp a conputlnc "nachlne  to perfonr. the «?at 

calculation as a refiner with his blending chart and his straight edpre. 

(b.  Two-component gascllne blends. 

k second phase of the blenilng problem Is more controversial  than the Ttl 

aspect.    Kor a lea-i level of,  say,  3 ml,,  and for a 50-^0 trlxture of two fso- 

clines k and B, refiners frequently calculate the octan« nvmber of the blend 

to be  the 50-^0 weighted average of the octane nucber of gasolines A and 3 — 

each with 3 al.    The weighted average appears ratlsfactory for aai^r gasoline» — 

especially when both conj-^onents are of parafflnic nature.    There  are,  however, 

at least two pap«ri publicly available — one t-y Eastman ^~L 7 and the other 

by fccgen and Nichols /fl_7 — that call into question the strai^-jt-line averag- 

ing xethed.    Both papers Indicate  that as  the percentage of  the high octane 

coupenent in a binary uixt;'«  increases (both components initially at the same 
» 

TEL concentration level), the octane level of the rrlxture nay increase at a 

. decreas' ng ratt.    fitroaetrJcally,  the cctane number is a concave, nonotone- 

incre&Fing  f'unc'icn of the pcrcentare of the  high-octane cocponent in the 

blend.     In ordinary Icncua^e,  the octane nutter of the blenJ  tends to exceed 

.;. the w«lrhted avcrat? of the octane nvp.ber of the two cor-pom-ni». 

/ 



0 20 40 60 80 100 
%  thermally   crocked gasoline  in binary blend 

Fig. 2--0ctane  number   versus   percent of  thermally 
crocked component in binary blend. Three  TEL levels 

»■■■•w«wi«rii>nun^**»Mf*or^^ ■ ,      .. - .-.V?,"^« 
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3o(-en and Nichols are primarily concerned with three-conponent mlr.- 

turee, and they report only five obsenrations at each of three TEL levels 

for strictly binary mixtures.    The set of 15 points has been plotted, 

and is reproduced as Fipure 2.    These l* observations are the basis for 

conatructing the present model.    For each TEL concentration level shown 

on this chart,  straipht-line interpolation has been used between adjacent 

observations.    In all likelihood,  these straight lines also undtrestimate 

the octane number that is attainable by blending.    The existing data, 

unfortunately, do not provide a basis  for curvilinear interpolation. 

At first glance, it would appear to be a trivial matter whether 

octane nunbers were calculated by drawing strai^it lines between two 

adjacent points or between two end points of a constant-TEL line.    Never- 

theless, a sample calculation presented below in Section (6)  indicates 

trat the  two methods lead to TEL input requlremerts that differ by 20<'. 

3.    An economic model of the blending problem 

It is ajsuned that the refiner has available fixed quantities,  q^ and 

q^,  of two blendings stocks - of types 1 and 2, respectively.    The #1 

stock is the high octane,  catalytic-cracked-plus-polymer gasoline,  tested 

by Bogen and Nichols.    The #2 stock is their low octane,  thermally cracked 

pasollne.    These two may be blended together in any proportion:;, and may 

be mixed with tetraethyl lead.    Ther«^ are  two products — 1 and 2 — 

premium and regular grade pasolinc, respectively.    These two are  to mtet 

minimum F-l (Research)  octane number  specifications of N^ ani Nj,  and 

they may be sold at unit prices,  p,   and p?.    The cost of 1 ml.  of tetra- 

ethyl lead is represented by p?. 

Instead of uslnp the two blending stocks directly foi   producing 

finished gasoline,  the refiner may also elect to produce a fictitious 

•-■---•-•••---•-■.«.•-■,'.>'.•  -   •   •.-   -.•<,.*.'. 

a 
i 
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intennedlate product - "stock 3" - by mixing together ti.e two initial 

materials in 70-30 proportions.    This third stock may in turn be bltnüid 

into either of the two finished products.    By ptnuitting the refiner to 

produce this fictitious intermediate product, the model in effect permits 

hia to interpolate between all adjacent observations on Chart 2.    There are 

eight independent variables In the problem, %., defined as followsi 

(2) x,^ a number of gallons of stock 1 in product 1 

X21 z number of gallons of stock 2 in product 1 

x^ s nmber of gallons of stock 3 in product 1 

j-H 2 -.1. of tetraethyl lead per gallon of product 1 

x^2 * number of gallons of stock 1 In product 2 

X22 r mmber of gallons of stock 2 in product 2 

X32 ■ number of gallons of stock  3 in product 2 

xli2 = m^• 0^ tetraethyl lead per gallon of product 2 

The set of 8 x^ will be Indicated by the vector x.    The refinery's net 

gasoline realization will be temed g(x).    The net realization on one gallon 

of product equals the selling price of that product, less the TEL cost per 

pallon. 

(3) g(x)    =    (pj^ - Vfii)  (x11 ♦ X21 ♦ xn) 

♦ (Pp - Pj*]^) (XJJ ♦ x22 ♦ X32) 

The expression for g{x) is to be maximized, subject to certain restrictions, 

indicated below by (h) - (7), (9), and (10). The first condition is that 

the x^  must not be negativei 

(h) xi > 0 for a11 i 
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Avxi, the TEL coi-icentratlcn levels must not exceed 3 ml.  per fc;allon« 

(5) 3 - x^j    >   0 J    .    1,  2 

The blending schadul«, I.e.  the vector x, must not call  for more of 

the blending stocks than the quantities of then that are available.    The 

excess quantity, if t.-.y, of blending stock 1 will be denoted by f,, and 

the excess of blending stock 2 by f.» 

(6) fiCx)    r    qj - x11 - *12 - 0.7(x31 ♦ XJJ)    >   0 

(7) fsfx)    -    q2 - »21 " x22 - 0«3(X31 ♦ X3r)    >   0 

Finally, the two gasoline  ; roductr must meet the appropriate octane 

nunber specifications.    To simplify the notation,  a new variable is 

defined, tjj.    This variable indicates the number of octane points by 

which  stock I exceeds  (algebraically) the specifications for product ±, 

when xijj al. of lead arc aided to stock i.    The variable tjj   is evidently 

a function of x^j, and  is determined through the following relation! 

(8) H^j) . a1 ♦ hi xLj • J^     -    Mj 
1 ♦ xLj 

In order to ensure meeting octane nunber specifications,   the follow- 

ing conditions must then applyt 

(9) f3    a   x11.t11(xi4l) ♦ xpi.tjifxjji) ♦ X31.t31fx|jl) >   0 

(10) f^    ■    x12.ti2(x|?)  ♦ X22»t2?(xi42)   ♦ x}?'t}2^xi2^ t   0 

The mathematical problem posed here Is the maximliation of expression 

(3), subject to conditions (L)-(7),(9), and (10). Before going on to the 

computational proccdun , it is worthwhile to reexamlne some of the assump- 

tions that have been slipped Into the analysis. 

»null.-, H.n •« ^i ^ ..1 rO M ^^ ..^■^.^ IW «.W V'A ^\V^^V.V.V^V.V>\VMV"J^\>^>^V^/->^"\.v>"-..''_>'-^'«y-J.
,-\/-;.'-y        ■' .■ '.O/V.V. 
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Alth the exc*{. lion of the octane blending rclatloiisr.u ^i  ti.es« AtZMa;-- 

tlcns clostly resemble the onen underlying the avgas linear prctfraajiing 

model of Cnarnts, Cooper, and Mellon /~2_7.    Like the earlier model,  I hare 

«nvrocd that the quantities of blendin,: stocks available an.l that  the octane 

characterictlca of these blending stocks are  independent of decisions  In 

the tlending departoent.    In fact,  free the viewpoint of a refinery super- 

intendent,  these quantities and ofaracteristics are-varlatlea subject to 

control.    By altering   the reactor tenptratures, the recycle ratios, and 

the asslgment of Intennedlate dlitillate oil streams, the central management 

is  able to influence the size and composition of the gasoline blending materials 

This type of interlock can only be studied in a larger model  that cuts across 

dcp.irtJiental lines. 

Afaln,  like  the  linear programming systaoi,  the present one assvmes that 

unlimited quantltlts of tetratthyl lead may be purchased at the going rate, 

and that unlimited quantities of premium and of regular grade gasoline may 

be marketed at the current spot price.    Such assuoptions are probably real- 

istic for the smaller refiners, but they  arc open to serious doubt in the 

case of the major ones.    For the  latter,  a more complex type of p(x)  payoff 

function is certainly In order.    Lacking this more complex function,  I have 

fallen back on the simpler one.    The econonlst can at least comfort nimself 

with the thought that equation (3)  is the one usually employed by inilvidual 

dep.u-tinents »rithin a large refining organization. 

In one respect,  the model at hand is less  complex than the one developed 

by üharnes, Cooper, and Mellon.    Theirs includes a maximum vapor pressure 

soeclfication, as well as the minloui« octane condition £"?, pp.  138-U;1_7. 

In future work,  the concave profr*™31!1^ model #111 be expanded to incorporate 

additional restrictions of tf.ls nature.    Since these ether properties blend 
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Uncarly, they can b« «ncluded without a larpe Increase in the tine 

required for Computing. 

U,    The computational procedure 

Kuhn and Tucker have proved the following "equivalence theorem"i 

"Let the functions f^(x),  ... f^C*),  g(x) be ccncave ae 

well as differentlable for x    >    0.    Then x0 is a solution 

of the maximum problem if, and only if, x0 and some u    give 

a solution of t'.e saddle valje problem for 0(T,U)    ■    r(x) ♦ 
1/ 

u'Fx." 

For the fasoline blending cast, g(x) is given by equation (3) 

above, and the fj(x) by (6), (7), (9), and (10), The reader can verify 

for himself that all these expressions ?re differentlable, and that (3)» 

(6), and (7) are concave. Furthermore, (9) and (10) will be concave over 

the range 0 < x^j < 3. In otr.er words, if we have the answer to the 

problm of minimaxing 0(x,u), *e also have the answer to the problem of 

maximizing (3), subject to restraints (L), (5). (6), (7), (9), and (10). 

2/ 
The computational problem is that of finding a minlmax for jJ(x,u). 

1/ /"7, p.  Ii66_7   The expression u'Fx is shorthand for the following« 

ul  ^l^x)  * u2 ^2^x) *  •   •   • * ^'m^*    ^he ui *re non~neFa^lve 

Lagrangean multipliers,   and crrrespond closely to the economist's 

notion of "shadow prices". 

£/ Note that in the present version,  there are not only lower limits on 
the Individual x.   Imposed by expression (I), but also upper limits on 
the x^j, determined by ($).    For computational purposes.   It was easier 
to impose these upper limits,  rather than to set up additional fj(x) 
restrictions.    The upper lijilts make no essential difference In the 
applicability  of the Vuhn-Tucker theorem» 

. .*«* irt .^. -.-, v. «ui i^ -^ \. -., «v •.- ^>>J,^^^JVüvj,/ü'rfvVwl>^/^vj^Aön&ftr^'^^^i^ 
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The computational procedure Is an Iterative one, at each step t, con- 

verting a vector x(t), u(t) into a new vector x(t » 1) and u(t ♦ I),    T.he 

solutions observed have tended toward the minimax point, but I can give no 

strict proof of the necessity of this convergence.' The new vector generated 

Is not necessarily "attainable", nor Is It usually "efficient" in the sense 

of Koopmans £"(,  p. 79 J.    "Profite" do not Increase raonotonically as they 

do at each step of Danttlc's simplex procedure for linear programming ^~3 7» 

Despite these apparent shortcomings, the algorithm gives useful answers In 

the cases examined to date. 

The solution must be started off fron» some Initial vector x(0), u(0). 

In principle, this may be any arbitrary non-negative vector. In practice, 

though, there will be a considerable reduction In computing time if a "good" 

initial position Is selected. At each, step, first the u vector is determined, 

an; then the x vector. For the former, the basic iteration consists of two 

steps, and for the latter, of four steps. The problem is one of determining 

A u, = u(t ♦ 1) - u(t), and Ax^ s xj(t ♦ 1) - x^Ct). The procedure looks 

cumbersome, but less than two minutes of machine time are required for generat- 

ing the whole set of A uj and A x^. For the A uj, the procedure Is as follows I 

. ^^ 
1. If      9 E LÜ      >    0, then the  "candidate"     A u,    s    -k« 

Saj(t) " J J 

If      S 0 (t)     <    0, then the "candidate"     A u.    >    kj 
duj(t) 

Notet    kj is an arbitrary positive constant. 

/A 
2. If Uj(t) ♦    A uj   <    0,  then    A uj    =    -u,(t) 

/^ 
If ujft.) ♦    A uj    ^0, then    A uj    r    "At) 

., ^> ^ ,.....,>.«..., _»w« vH -•»L-«w> !-> .>.■».>«■».-».-» .'W .•%.!.% k> .% .V k-V ^V k> ,'. .■-..%.V.'■ .V".WS,.".'.\' 
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For the Ax^,  the procedure becoraeai 

1.    If, for aqjr J, fj{t) < 0,  and If 1 ÜLÜi #   
0flH)   I    <   o,  then and if \* 0 (t)       dfiU) 1    <   o, 

[d«!  (t)   '   dx^t) J 

■ A JO    r    0|  proceed to evaluate   A x«  ^ j.    Othernloe, proceed 

to step 2. 

2,    If     d 0 (t)      >       0,  then the "candidate"       A Xj    r    »t1 ! 0 (t)      > 
»«i (t) 

If     ä j. {t)      <      ö» Uien the "candidate" x^    r    -ki 
9*1 (t) 

Note:    k^ Is an arbitrary positive constant. 

•\ 
3.    If xt't)  ♦    'S Xj   <   Oj  then   A x^    r    -Xj^Ct);  proceed  to evaluate 

'H •• 1' 

If x^Ct)  ♦   A x^ ^   0,  then proceed to step  h. 

U.     If i    \   ll,  an! if 1    v    Ij?,   A x^    ;      A x^  proceed  to evaluate 

xl ♦• 1« 

If i    r    Ll,  or  if 1    ■    L'2,  calculate  3 - x^jU)  -    A x^;. 

If this expression is non-nepative, A Xi.    =     A xj*.    Othtrwise, 

A Xi .    =    3 - xi i(t).    Proceed ntxt to evaluate    r x^  ^ ^. 

For the   A  u«,  th? explanntion of  this ritual is straiphtforward. 

2tep (1) tells us to decrease u* by an arbitrary axount kj if,  for a 

"p-iall" change  in u.  alone, the effect will be to decrease 0.    Ci.-nilarlyr 

there  is to be an increase in u*   if,   for f  "sTall" increase,  0 would 

decrease.    Step (2)  prevents u*  from becoming negative. 

... ^ ..-.-.•   -   •. - ^-. • »^ o- • ■ - -   - • • - ■   •   -   --.- -.- ■.•- ■ <? :•■.'-.■ .i   ■ .• ■,"  .'   "   ^:'.■.'.-■'.■'.■.'.'•'.■.'.■'.•"'/-'.•''.••'••'. -'.■-■.•. 
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Kor the Axj,  the Justification is more tortuous.     (Steps (?) and (L) 

«re the obvious ones - respectlTely,  lower and upper limits on the  Indi- 

vidual Xi.)    As with the A U4, the sign of   5 j^ (t)      1B primarily the J ■sq-ur i/ 
criterion that determines whether to take a ^osltire or a negative step. 

Preliminary hand calculations indicated, however,  that the unqualified 

'direction of ascent (descent) rule" would lead to major osclllationa during 

tne process of convergence.    For that reason, rule  (1) — a relaxation- 

type- principle — was inserted.    Translated into English, the statement 

reads,  "If one of the restraints is being violated, and if the direction- 

of-ascent rule would lead to an even greater violation of this restraint, 

then the particular x^ should not be changed."   An IBM run is now in process 

for purposes of comparing the efficiency of the relaxation-type algorithm 
y 

with  that of  the unmodified dlrectlon-of~«Ecent operation. 

1/ The reader should note that 0 is belnp minimized with respect to u, and 
maximlted with respect to x. 

?/ Since the original draft of this manuscript, the run has been completed. 
At the end of 110 steps,  there was still no evidence of convergence. 

Parameter values and initial conditions were identical with those for 
run 6.    The only difference was the elimination of step (1) for the computation 
of h x^.     For the reader's convenience,   the time series on three of the 
variables are indicated below: 

t X31(t) x22{t) UjU) 

0 1,128.6 
10 1,168.6 
?o i,i?e.6 
?0 l,l.2H.6 
LO 1,128.6 
?0 1,308.6 
60 1,165.6 
7U 1,21.6.6 
60 1,309.6 
<50 1,008.6 

100 1,308,6 
nu 1,068.6 

571.1 12.10 
651.1» 11.90 
L51.L 11.50 
611.1 11.90 
531.1 11.90 
651.li 11.50 
651.1. 11.90 
191.h 11.30 
651.1. 12.30 
531.1 11.70 
731.1 11.70 
651.1 11.70 
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Table 1.    Firameters for Six Sets of Calculations 

Run Number 1 2 3 L 5 6 
St< ps 
1-1L9 

St,epa 
150-3W 

Pi 1?.0C 17.00 ir.oo ir.oo 12.00 11.60 K'.OO 

r3 |          0,2} o.?3 0.23 0.23 0.23 0.23 O.dO 

4I 1,000. 1,000, 1,000. F00. 300. 1,000. 1,...^. 

>■ - - 10. !0. 1.0. "0. 20. ro. t. *    • 

r    ■• 10. ., w • u'J. ?0. 20. '0. 'fj. 

; n 56. F6. 0 3o. 'J. 30. ■3   ■ 

h.i 0.1? ' •   - . - . ' J.03 0.03 0.u3 u.03 

"ir 10. U. 1.0. .'0. 20. 20. f ' ' a 

1.0. üo. LO. 20. 20. 20. T J. 

"^ 
c6. 56. ü ^0. 30. 30. 

^u 0.12 J..Y o.of ..o1 
o.03 .-.03 

0.60 0.1? 0.15 U.IO 0.10 0.10 0.10 

O.LO j.15 o.l1 J.10 J.lJ 0.10 J.10 

\-, o.ca J.OJ3 . ' ^ J.-' 3 *_<   •  V>S^ J. VI I.).JVJ3 

kL U.Jud 0.003 0...J3 0.30? 0.00 3 ü.O  . ('.003 

n 
i *r -.- -.1 o -.- •.-..- -.\\TN\^\-.\-.\\\V.N\",\.'.■;•.■ .V.'.-^-.NV.W JWV >V-^-^^:,X^^\^J.N>v^v>>^<>^■>^■^/;;^:v^/^^v!■J>^y;.^^,^ 



A*  the preccnt time,  I an:  in an ur.^ Rasant quandary ccncrnlnf- ^.e 

loflc of these coaputatlonal techniques.    On the one hand,  I r.avt bem 

unable to prove the necessity of convergence for cither the modified or 

the unnodified procedure,    ^n the other,  I have been unable to construct 

a cointer-cxample for a case where the k^ and the kj aay be made arbi- 

trarily small.    Even worse,  there  is not yet any general criterion for 

determining whether the relaxation-type procedure increases cr decrease«» 

the efficiency in computing out a particular numerical example.    Tnese 

are all problems on wl.ich '.   will welcome mathematical advice, 

?.    Six CTr.putation runs 

During the course of six IfiU runs,  tne onlj- nunerical para-neters 

altired were:     p^,  p^,  q^,   the k^  and the k«.    The individual values 

frr  these are listed below in Table 1.    The remainder were maintained 

at  the values  indicated In Appendix I. 

In order to provide the most severe test of the computational pro- 

cedure,  the first run was made with a distinctly non-cptimal Initial 

position — In fact,  from the  itro vector for all x^.    (Exact nimerlcal 

values for tne x(0)  and u(U) of each run are listed in Appendix II.) 

This non-optimal  feature shows up  in the time series for the first 20 

steps (Fipures  3-7).    Mont of the x.   Indicate a strong upward trend 

during this Initial phase.    The only legitimate inference  tnat can be 

drawn from the  series at step (?0)  Is that nothing like a stationary 

iqullibrium has been reached.    In fact,  there continued to be slpnlfl- 

rant trendr   In  the x^   until   rOu-300  iterations n«d betn performed.    The 

process was   finally stojped at thu  3li6iii step.    The  merles  for steps 

T/-1^ arc reproduced as Flgurts 3-1?, and the vector at  this point 

is  given in Column A of Table 2, 

$ 

"> '.r "> r> "./■ ">_'j^"> 
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Even at the 3li6th step, the system is not at a saddle point.- According 

to the graphical solution (column C), at the optinum point x^ s    x^^ = 

*?2 =    x32 *   ^*    Although the IM tabulation does indicate zero levels for 

x^2 and x^i neverthelesa, x^ and x^j both show up at low positive levels. 

More serious»  the exact solution is infeasible.    For example,  the schedule 

requires more of stock 2 than is available — 1,0?6.1J gallons, as against 

the 1,000 galloo limit.    Only a simple adjustment is required, though, in 

order to obtain feasibility. -"The entries for Xj^, xp^, xjit and xpp were 

each multiplied by 1,000.0   s   0.17178.    In order to satisfy fi, it was 
1,026.L 

necessary to make a slight increase  in xjj;  fi   could be satisfied with a 

lower value of x^p.    Finally, It was noted that the adjuctment to the x^ left 

li3.6  gallons of stock 1 in excess.    Since stock 1 can be sold as premium 

grade gasoline by adding or.ly 0.80 ml. of lead,  this 13.6 gallon excess was 

credited to profits a£ a value of ll.dl6 #/gallon.    The adjusted blending 

schedule is both feasible aid efficient.- The payoff, g(x), amounts to $230.58 

as against a possible 1231*03, indicated by the graphical solution.    These 

two nucbers coincide to within 1 part in 500 — well within the limits of 

accuracy of the graphical method. 

Having established the general convergent nature of the algoritfr:,  the 

remaining calculations were carried out fron initial vectors that «re con- 

sidered to be sensible starting pointr.    Run 2 was started off frcn C, the 

vector that is labelled  "grnphical solution" in Table 2.    The solution never 

departed markedly from the initial values, and was halted at the 63rd step, 

giving a second column labelled "A., raw vector" in Table 2.    The roa^h 

solution was adjusted in the sane way as has been described for run 1, and 

the results also entered in Table 2,    '.'he adjusted g(x) — J229.62 — is 

a»aln acceptably close to that for the graphical solution, ♦223,73« 

^ 
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Table ?,    Solution Vectors, Runs 1 and 2 

F-363 

Run 1 j                Hun 2 

A. 
Haw 

Vector 

B. 
Adjusted 
Vector 

c. 
Cräphic 

| Solution 

A. 
Ra« 

Vector 

B. 
AdJ'JSt«d 
Vector 

C. 
TrTphlc  I 

Solution 

Final  t |      116 ~ — 63 ~ — 

xn 60 77.0 0 ^60 960 :,<*x) 

1 
560 sis.e 571.L 020 ^20 1,000 

xn 1,?83 l,251i.(> 1,L?8,6 0 0 0 

\*Ll 1.92 1.05 1.95 2.39 2.10 2.h5 

x12 0 0 0 0 0 0 

x?? 80 77.9 0 80 00 0 

X-.-. 
1            ^r h. 

u 0 0 0 0 0 

xi.2 0.72 0.70 0 J.HL 0.70 u 

fl(x) — L3/ — — Lo.o — 

r2{r) — 0 — — 0 — 

\zM ( ^u« a) 231.SI 2X).5d 231.03 223.^ 220.62 223.73 

1 

^ 

■ .., ■*_-..*.*'■ ---*• ->te-!. -.-N- .--»^ '>•>*• j."^. -^'-. V W   .^W_"AV.\".Vfc'.-.\\V,"-"r^-,-^\> 
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Table 3.    Sclntlon Vcclrrs, Puns 3 ani I 

1  

rt'in 3 Run k 

A 

Haw 
B 

Adjusted 
c 

Grtphlc 
A 

Hew AdjusttJ 
1                  -^ 

-"hi: 
Vtctrr Vector Snl-iticn Vector Vector '. .ti-n 

Final t 70 — — 1     30 
~ — 

XU 0 0 ij C 0 0 

xa 705.7 691.9 ,'16 531.1 UV.l 512 

x31 711 .3 7CK\3 71L L2^.6 lW,i ^^ 

XU 2.79 ?.eo 2.75 3.0 3.0 3.0J 

Xj? 0 0 0 0 0 0 

x?? 100 ofl.O 70 ■<80 Loo 330 

x3? 0 0 0 0 0 0 

Xi2 0.75 0.7C' 0.7U 0.79 0.70 o. 70 

^(x) — o.e — 0 — 

f?(x) — 0 — ~ 0 — 

f,(x) ; i5i] ar:)172.1? Ko.yg 17C.1U lLo.69 115.15 115.18 

V 

, • >-. -> ^ •. ,. •.. -.. -.. •  •.. .. v v -.. ..- v.- vv.,-v... -.^^-•.>/-\--...:,.,,•.-;.-;,- .^..s'.. V'.■■.'>. S*.' O ^- -.- ^- -.- O s," ^--.' %- -„Vw/ W 
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Table h.    Solution Vectors, Runs 5 «nd 6 

Run 5 Run 6 

A 
Raw 

Vector 

B 
AdJuitPi 
Vector 

C 
Hrapnlc 

Solution 

A 
Raw 

Vector 

B 
Adjusted 
Vector 

C 
Graph 1c 

Solution 

BO 

2li0 

LO 

1,068.6 

l.o5 

o 
I, 

6o 

o.Sb 

Final t 

Xll 

X21 

x31 
XU 

X12 

7-v. 
xli2 

iyx) 

r(x) (dollarc)22L.01 

591.1» 

233.0 

3Ü.>i 

1,037.5 

1.15 

o 

571..la 

58.2 

0.58 

o 

58.? 

2r3.Lc 

2^7 

0 

1,090 

1.05 

0 

673 

0 

0.70 

???.67 

u0 

ÖJ 

0 

1,158.6 

1.02 

0 

611.'i 

180 

O.I16 

225.^^ 

7B.6 

0 

1,139.2 

1.05 

o 

601.2 

177.0 

0.50 

0 

L.o 

??2.15 

156 

0 

1,19Ü 

1.10 

0 

6^8.3 

21.7 

0.66 

221.9!i 

VI 
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DurinR runs 1 and 2, the rraphic»! solutions wtrt  dettrmlned In 

advance.    For } - t,  however, they irore obtained aft <;r the adjusted 

solution had been calculated.    (For runs 3 and li,  the initial ^utss 

turntJ nut to be the  solution to the problem.)    Tablee 3 and L reveal 

that the algorithm continued to perfon In a satisfactory way   iurinp 

the list four runs.    For run 6,  in fact,  the adjusted solution at step 

iO    ir.iLcatcs  a higher net realisation lhan the praphi:al technique — 

:::;.\c, as against *2n,9U» 

6,    Interpretation  of results 

The nuoerical parameters used in run 1 for p^,  pi,  and qi  «ere con- 

sidered to be the basic set,   and in each subsequent run not more than 

one of thtse was altered.    In 03 and #1»,  the value of q^^as changed;   in 

run 5» P^; and in run 6,  p^.    Th- adjusted results for all the sbt run:-. 

are summarized by Table 5 In terms of four indicators — the output of 

pranijm rrade gasoline,  the output of regular grade,  the input of TLL, 

and the refinery reallratlon.    These data are also presented on Charts 

13-16. 

Run 2 differed from #1 In only one significant respect.    During it, 

tne  reflnrr was not permitted to make stock  3 ~ the fictitious inter- 

mediate product.    The initial olendiog materials had to be assigned 

directly to the finished products.    In oth«'r words, the refiner was not 

pennittid to t.nVe  full advantage of the concave octane nu.nber blending 

relatlonahlp. 

This additional rfstriction had no effect u^on the general strategy 

of converting virtually  the entire volume of blerviing materials  into 

premium grade gasoline.    The rcatriction doe« have  the effect of increas- 

ing the TEL retjulrönentfl, ani  2f decreeing the refiner's net realiiatl')n. 



P-?Ö3 
-27- 

ht dlfferenr:»' In realization nt first glance appears  P-UII -- t22'*.bTt as 

icalnst •?30.5ö in run 1.    However,  for a refinery turning out TO,000 

birrels of gasoline por calendar day, such a discrepancy would cone to an 

annual figure of roughly  ^300,000'.    To put  the matter another way,  the 

flrat blending schedule does the sane Job as  the socond, with a total  TT1, 

rn^ilrer.ent  that   !s about  ?0t smaller«    Fro.-n  this,  I   would conclude  that 

It is eminently worthwhile for a refiner to incor considerable expense in 

testing gasoline blends,  anl In attCT,,>ting to predict the occurrence of 

curvilinear octane relationnhips. 

In the first run,  it turned cut  that the most profitable blending 

scaedule was ono that asclrned all  r,.J0 gallons into premium srrade gasoline. 

This result was quite In line with a rule-of-thvnb that is Cvxrmonly heard 

anong refiners —  to  *lt,  that the ma^'nu-n profits ^ill be obtained by making 
1/ 

the oiaxiraum amount of the high-priced product.       Thl« rule-of-thunb is not 

shaken by the results of run 3 or U,    At a q^ availability level of 500 

jrallons,  the best stratefy  is to produce virtually nothing but premljn grade 

gasoline.    At a q^  Uvel of "'00 gallon-, however,  tne 3»0 -nl, limit on TKL 

concentration has cone  Into effect.    At  this  l-»w ^,   level,   the best the re- 

finer can io ir  to add   3.0 ml,  to each gallon of prcniun grade gasoline,  and 

and  to assign the  left-over stock  ?  to '-he  proijetion of the regular grade 

product. 

The preceding results   i-> not «peak well   for an alternstlvely-heard dictum 

that the best   grntral   course to follow in  to assign 3.0 ml.  of ethyl fluid 

1/    I  do not  allege   that  refirurs genernlly   follow  such a rule  — only  that 
they  my   they   do. 

^ 
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to  tvioh  rallor.   -f pro.luctt     Only  in -naVing t-rfniom fraJe pasolin». Jur^ n^ 

r'oii  "* du it fav  to use tv.e niixinurD allowable TEL  concentr-itlon. 

■vjns ^ and 6 cast doubt,  not only on the 3«0 ml«  principle, but also 

on the T.axla'im-?roJuctlon-of-preT»lu-Ti theory.    In run 5»  the only para- 

meter cr.angc fron *1  was a  red iction in the price of premium prado 

product fror 1?VV'):JI1 on to  11.^.    This difference in tho price structure 

is sufficient   to bring ab^ut a substantial increase  in the optimal out- 

pu* of regular Krad-2 product —  frcn less than 130 gallons in ifl, to 

almost 70o gallons in *5»    Tr.is  shift is nlco accompanl3i by a mrked 

rcdiCtion in thp total  input of ethyl fluids 

For run 6, % different  sort of change in the urlco structure was 

tried.    T: e price of ethyl   fluid nz*.  virtually trebled —  from O.t3*/ol. 

to ^\('0i>    Apain romparinr, the recults with ♦I,  thtre is a  shift into 

the proiuction of repalar  fraJe raroline,  and a reluction in U.e input 

of tt'.y]  fluid. 

To put  the matter another way,  the rulcs-of-thxrab  imply l'iat the 

sam».   input ani output  rtlutlonshifs are optimal un lor all price struc- 

tures«    One of these  r^iles does  happen to fiv.» a good Performance for 

a pirtlcular curnnt  set of price?, hat   1-^s not   n^ily outside thic 

li-i'.tei r to'v,    ünfortur.atel.v,   thi'rt   U- no < \jy esrauc.     It.ii only Hiy 

to verify one of ♦he^e  rul ts-of-thumb in a concrete  ?are  is to curry 

th^ou.-'h   i   lelailei  formal  analysis. 

/,    Conolugions 

At  this coint,   it  is  t: : roprlate to sum up the  finjin^c.    On »he 

n'ra* LVL' •: h ,  th». stuiy h-,-; demonstrated that certain ruler.-of-thurab 

worV   ; lily — even  ♦>ho'ir'h   these principle? have occasionally been put 

forward v'y ^en  in ^''0 refinin,: inlurtry.    The study, moreover, nas pnown 

J. ^ J. .--.- -j. -,- .. AJ...^ .......-.^.-. A A.,-..-. WK v-""y--"..-"^-.^'\-v:''.;\;--././. •;-".; •.;■ 
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that the optimal inyüt and output relationships will be intLnately lloked 

with the price structure.    Figures 13 and lh give some clues as to the 

nature of this linkage.    Before the economist jumps to the conclusion that 

these really are supply and demand curves, however, he is urged to reread 

the caveats of Section 3. 

On the positive side, the claims are necessarily more cautious.   The 

study indicates that a refiner will do well to make a careful inver-ti^ation 

of his p^soline stocks for non-linear blending characteristics.    The results 

do not imply that a 20f saving in TEL costs will inevitably occur. 

More significant fron a long-range viewpoint, the computing runs indicate 

that it is possible to solve concave programming problems on a dlfital com- 

puter.    The particular procedure employed is undoubtedly wasteful of machine 

time,  and superior methods will surely evolve.    Tne next programming problem 

tnat will be attacked Is one that has been fonulated by one of the major 

i<est Coast refiners.    Althou^i this coming problem has 22 x^ and 8 u«, the 

basic notion Is the same.    The quantities available of various blending 

stocks will be taken for granted,  and the analysis carried on from that 

point.    Certain cutting temperatures will also enter as Independent vari- 

ables.    At a later date, it is expected that the model will be expanded to 

incorporate such process variables as reactor temperatures and recycle ratios. 
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Appendix I.    Constants  f^r Six Sctf- of Calculations 

pj    =    12^/eal. 

Vi id octane 
number 

Sources: 

Ref.  8 J:1VCS the follc»d.p.r Gulf Coast, 
bulk carcoci: price rar.ge  for 90 octant 
(ASTM Research)  prcnlur. nctor gasoline! 
11.7^ - 1? - l?.2&/gal.    These prices 
were In effect en Novcnber TL,   1°^?. 

P2 

i« - 

Hf/fAl» 

'}} octane 
nunber 

Hef 8 ylvts t.he following  Tulf Coast, 
bulk cargoes price range for t} ^ctcr.e 
(kSTV. Hestarcn) regular rrotor gasollnt: 
10.75 - 11 - ll.PFc'/gal.    Thest prices 
wer«'  än effect on Wnvtr.ber Ti,,  19^?, 

J    - O.PV/ml. of ) 
TEL ) 

) 

The  Loi Anodes Ciles Cfflct.  nf the Lthyl 
Ccrporfetion f.ave  *tii  qaotatlcn r.n f.cvcr.'.ic: 
Cl,   1^52.    It applies  to no'.or mix  et.'xvl 
flui'J, delivered  in tank-car  \^*.c  to  iny 
U« S>,   Jestl naticn. 

M!     = 

f.?     = 

?00,  ^00, 1,000 gal, 
of catalytic-cr'-ckcj- 
clr.s»j.olymer (asollnc 

i,UO.! /il, of th.cmal 
rr. eked r-irrline 

Rtf. 9, p, t; indi- .tct tie fcKculn,- 'y^\- 
•>wn -)f U. £t ;r'tcKin.j |.Iant Cfliacit.v ^t, of 
.'rnuary 1, l^Pt 

theT..^]   crackcdi     Hi/.?*. > arrelr/iay; 
catiiyt,.     cracKe.-l jasoJin»!     -0 ',f..'lij tanc.1:,/ 
day. 

N.B.    There arc  wide vtridt icrii. in *.;.r 
ratio of thermal to cataJytic capacity 
a:; between  inliviJual  rcflUT^ts  and 
refining r'gio.ii?. 

VI 
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Appendlx F.  (continued) 

The a., bj, and c^ coelficients for each stock wert derived froc; 

tne bogen and Nichols data £"l, Table II, p. 2630_7.    The three 

sets of observations are shown on Figure 1.   The individual coef- 

ficients had tne foiJcwinn numerical values: 

Stock   n 1 2 3 

ai 
oi.e 80.6 9U.1 

bi 
.2?^ .1433 .?66 

r> -8.931 -ir.3 3 -9.0^ 
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Ajptndlx  11,    Initial Vtctorc for bix Sets of Calculationr 

Ljii '.umlfr 1 
1 
1 3 L 5     1 6 

*u<0) 0 1,000.0 u 0 j 0 

xa(0) 3 1,000.0 ^-.7 m.ii 0 yj 

xn(0) 0 0 71ij.3 U3.6 i,i::?.6 •       1   -M.     ^.        1 

x).l'J' 0 ?.?0 ^.o 3.0 1.2 1.2 

Xi-CJ) 0 0 0 0 0 0 

0 0 0 lou.O 571.L ^l.l 

XJJ'O) 0 0 0 0 0 0 

'Lj'0* 0 0 0 0.7 0.7 0.7 

uj'O) 
1 

k'.OO ir.u ir.io ir.oo 1P.10 L?.l. 

ICW 10.7? iu.75 11.CX) io. v1; 10.75 

1 

0.100 ü.l'J. o.Kh 'o.?lL 0.15L O.lSli 

uL(0) 0.10'J u,; v 3 0.151 u.or? ü.iHL J.lSli 

31 
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A(fld«ndum to P-383,  "ConcaTC Proarannlr^j for Oviollne BIMVIO" 

In diicuMing r-383. Dr.  Martin I)ec)a«n uucover^.l n problem to vblch 

I  had not pr«vlouBly gl^^Q attention.    He has made the point that  for 1 

functlnn of nnny variable!,  f(x)f  to be truly concave,  It  Is necesoary 

but net ■ufficlent for that function to be  coucavc  In each variable taken 

separately 

Th? basic problem arises out of the fact that the function xy la 

neither concave nor convex - for nonnogatlve  Independent variablen x and 

y.    This  Is despite the fact that It  la concave and convex In either variable 

separately. 

Proof:    Consider two points  (x., y ) and (x  , y0)      Convexity would 

require: 

(i) r *!" ^   r yi * y21 < 1 «i yi. 1 ^ y2 

[ *! + X2  ]  [ yl + y? ] ^  2X1 yl + ^ y2 

"l y2  + ^ yl  -   *! yl  + X? y2 

(2) Xj   (y2 - y^)   ■_   xp (y2 - y^) 

For nnrine^atlve x and y.  and  for y,, > y. ,  expresalcn (.?)  requires x. 

<   Xp.     Put the  coovaxlty condition applies to any arbitrary (x. .  y  )  ruvi 

(xp, y«).     fhl« la a oootradlctlou.    SlJtilarly for concavity.    Q.E.D. 

Rov, «bat era th« IsiplioatloiLi of thiü ratult for th« faaolLoa blandlng 

nodal?    Fortunately.   It ♦ irns out that by a re-definition rf varlftblea.   the j^iy- 

off function s(x)   can be «nie concave   --   Indeed  linear.    Unfortunately,   thtni^h. 

this  ra-dafInltlon d <« net lead to any rigorous proof of the  concavity nf restraint 

•   -^  V*   .    I»   ■   «^V^« A   "W    l-W ^        "H        "»•    .^l    _"< 



10 ''3 

-2- 

eqüllnn« (?) and (10).    On the contrary,  It showa up the pcealblllty of 

non-com»^ity In these restraint condition» when two of the blending stocks 

have widely dlrergent lead ■usceptlhllltlss. 

Let un define new rarlables, x..   and x,^^,   In the followlrg way: 

^1      \1{XU + X21 + ^ 

^2      S2{X12 * X22 * X32) 

Equation (3)  can new be transforraed Into a linear for« involving the 

tv-i new variables,  X-    and x^p  : 

(3a) g(x)  - 1»! (V + x21 * «31)  + ^2 (x12 f ^2 * ^  ' ^X + ^2) 

To slnpllfy the discussion of equations (9) and (10),  I shall arbitrarily 

assume that both x.    and x„ Are constrained to be tero, and will focus 

attention on the function f, (x), dealing with the octane specification of 

the p.-eniium grade gasoline.    Suppose that the octane numbers and the  quantities 

available of the two blending stocks had been as follows: 

Stock 1 Stock 2 

1,000 gal. 1.000 gal. 

•u.o 90.0 

>Q.O .^.0 

Qiiantlty available,   x . 

Ortane number,   clear 

Octnn^ number,  with 3 ml.   of TKL 

number of ml./gal.   required for 
X) octane leaded gasoline,  x, 3.0 0 

Total number of ml.   required  for 
10 octane leaded gasoline,  x,.. 3,000 0 

Assuming straight line Interpolation at constant lead levels for the 

two »tockii. and assuming a S0-50 blend, we come up with thes* results for 

the blend: 

4\ 
■.■■.■.-■■.■.--.•-VV.-.V...V-,.v.-,. .•...>-...• 
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2 ,000 tfal 

82 0 

92 i» 

1 6 

3 ,200 

QuantIty available,  (x..  + X—,) 

Octane number,  clear 

Octane number, vlth 3 ml. of TEL 

Number of ml./gal.  required for 
90 octane leaded gasoline, x., 

Total number of ml.  required for 
90 octane leaded ga«olln« ,  x^. 

In other words,  if the two Initial material« are ethylliei «md marketed 

separately,  the average TEL requlremnt per gallon cooee to 1.5 «ü •     If the 

twr are blended together, the MA» amount of premium gasoline 1B produced, 

but the average lead requirement Increaaee to 1.6 ml.    This behnvlor dearly 

violate» conccvlty of the function f_  (x.. , Xp. ,  X-.,  »ct) > oja^ leads to thf: 

possibility of multiple Isolated naxlna.    Lacking the concavity property In 

our functlonv, we may be led to adopt blending schedules that are locally 

optimal, but which do not, In fact,  represent the best of all solution« avull- 

able. 

flow, hcv serious are the posslbllltle« of such local maxim?    The 

problem cannot be shrugged off, but I believe that In most particulsLT 

applications these local extrenn can be   ietected by th<?  Investlgatnr.     In 

order for the violation of concavity to take place,  Beat of the blending 

material must be particularly high  In lead «ufceptlblllty, and saoe of It 

must be extremely low.     In sddltion,  the  first material Bust require a high 

TEL concentration in order to meet the specification,  and the second a lev 

TEL level      Knowing something about the occurrence of such rltfalle.  the 

intelligent refiner should be uble to avoid ensnarement. 

The dlfficultle» arising out of non-con.uvlty are not unique to the 

programming method  iescrlbed  In r-383.     The same argument would apply If 

^ 
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x.     and Xj p vere tAken as paraaetara,  and a separate linear progrannliig 

problea then nm off for each of many combinations of the two.    This dif- 

ficulty vould arise In the case of any trial-end-error nethod that  consisted 

In changing ?ne vnrlable at a time, and obsenrlng the effects upon the payoff, 

g(x).    And finally,  such failure of the proper curvature conditions could 

fruitrate an cptimliatlon via a Lange-Lemer shadow price market necbanisia. 

The dileisi» raised by I)r. Bectanan should not be rlewed as an abeolute 

lnp«88e, but rather as a challenge to the  ingenuity of workers  in this field. 

These latter can take comfort in recalling that truly rigorous annlyils is 

seldom applicable within the domain of applied nRthe«atlcB. 
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ERRATA 

Mr. Lloyd Phlllpaon baa pointed out the follcvlnp; misprints: 

last line of p. 12 should read:  "If u (t) + A u    0, then A u - A u.(t)" 

line 6 of p. 13 should read: "If ^ (t)   < 0. then the 'can-iliftte* 
^xTTtT 
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