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l/
CONCAVE 7GR MMING FOR GASSLI & BLEWVDS

A. S, Yanne

1. Tntreodisction
~ie ;aper rresents a model 2f the econnrlce of motosr wascline tleni-

Srat TATTI BEARTERY

{r; == a maximizing ;roble sul fect to certalin restraint:., -
2P tne malel zannot be hLandles winin the fravee--t 00 e e AT
Lagrangean multipliers. As ye*, nelther George lantzig nor I nave su:z-
ceeied in converting the systex into a iinear programaing cetipy that
iz short enouch to be convenient for computaticnal purposes, ini atica
at the sume time rreserves ine octane technology .

Fuhn and Tucker [ 7_7 have catablished the w.eores tha* a soiuticr
to *his tyre of maximizing protlem is equivalent to a certain zinimax
sadilepoint, and at the cuggesticn of Marry Markositz, the racoline
bleniing rodel wacs recast into tne appropriate =inimax form. An {ter-

2/

ative difital technique was tnen deviced for zo0lving the minlmax jr-o. lem,

Fro: a rigorous =matne~atical standpoint, tne jresent lterative
technlque is bty no means «a'!l fu_tary. The mel.ol Lo, Lracver, lead
tc soiuticnsg that chouls te guflizlently accurate frem the riand;oint
of refinery manarere., Tonverye:oc Lakes piace without an {noriinate

amount of computirng tiwe . All calculations were performed onoa mac, e

that {a reaidliy avallable tnroupisut the "mited Stater -« an 15V Card

1/ T spruld 1ive tc acknowledre ny indebielnese to Harry Warkcwitz,
ve vantely, and to lavi! Lanpfiel?d for thelr mary contridbntiins
ale wlece of researct,

r
1€

:
. '
-

O/ VMarkowits s carrerntly experimenting with an analeojue machine
mirimax sclution.

3
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Frogranzed Calcnlator, Model 2. A ceneral purpcse floating de:.:al setur
was employed. On the first problem run off, aprroximately te: rours of
running time were required. For the sixth problem cf this ty.e, the running
time had been cut down to lecs than three hours.

In order to maintain a check on the solutions, the model wmas kept-sizile
encarh 30 that {t could also be solved by pracnical techniques, For that
reason, the model »ill nat in iisel ce of interest to refinery o.-rators.
From their stanipoint, neverthelesc, tne cozputations are sigprnificant. The
reaulta‘bring into question the val::iity o7 a number 5{ rulcs-o{-thumb that
; are current in the iniustry for s»lvins this *‘yre »f ecsnomic groblez. A

second point: the calculations rive s'ae indization of the financial ixprove-

ment that may bte obtalined by taking account of non-linear octane bleniing
relationships. And f!{nally, these a2achine runs nave served as a ;ilot study,
7 frelizinary to attacking problems that involve larger nushers of variables,
Tre material will be presented in the following sequence: octane mmber
prediction devices; the economic model; the computational procedure; and then

a iiscuseion of tnhe reaults »f the =six CPC runs.

2. Octans nunter predictions

Like zost kinds of engineering work, the forecast of gamoline octane
nuoaters is more of an art than an exact science., Refinere themselves neces-
sarily make paper forecasts of the octane numter of ,roposed blends, but before
marketing a product they will almost inevitably take the precaution of testing
the aixtare in an octane ratine englne,

fa) Tetraettyl lead concentration levels,

Cne ph1se. f the problem has been investigated extensively by the refining
s i 2dustry -- the relationship bLetween octane numoers and the amount of tetrasthyl

< lead added per gallon of a partieular gssoiine., It has been invariadbly -bserved

4
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that, as the lead concentration level is increased, the octanc number
increases at a decreasing rate. In order to predict this relationship,
there is in widespread use an ethyl blending nomogram, reproduced as
Figure 1. The points obtained bty testing a particular gasoline, when
rlotted on such charts, will gencrally lie along a straight line. The
line labelled "1" represents three observations for a particular gasoline
reported by 3ogen and Nichols.l/ The lines labelled "2" and "3" represent
two more sets of observations reported by them. In order to cut down

on the nunber of knock engine runs, it is the general practice to test
one saaple of clear gasoline (i.e., no TEL) and another sample of the
sane gasoline containing 3 ml. of the ethyl fluid. (23 ml. typically
represents the maximum allowable concentration in Aaerican motor gaso-
lines.,) These tests yield two points which can be plotted on the blending
raper. The octane rmuabers for intermediste lead concentration levels

can then be predicted by straight line interpolation.

The ethyl blending chart that is in general use -- the one put
formard by Hebl, Rendel, and Zarton in 1939 /757 -- was itself derived
from empirical observations, and not from any algebrai~ forumula., I
have found, however, that there is a three-parameter analytic expression
that gives a close aprroximertion to the results predicted by the blending
chart. shere t represenis the octane nunter of the leaded gasoline, and
X represents the TEL concentration level (in ml. per gallon):

(1) t = a & bx ¢ ¢
T+ x

For any unknown gasoliine, the three pararcters, a, b, and ¢, have tc

<¢ leter-ired. This may be accomplished reatily by taklrng three

1/ /F;'—, Tal'l(' ?' ;40 ?630.:7

v
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ovservations of octane number for varlous lead levels, and solving tnrec sizul-
tanenacs linear equatinne, Two observaticns can be the exporinmental oncs, and
the third zay te de‘errined in tre standard way on the ethyl blendirg chart,
Using equation (1) in this way, approximately 20 sets of constants have bteen
-- determined for aclual gasolines., Testing seven lead levels in each of thece <O
' cases, the equation has virtually always given a prediction that lies withirn :
- (0e2 cctane nuwber of the one yielded by the blending chart.

. No spreclal sipnificarce shoulc te attached to the particular forzm cf equaticn
(1). It ‘s =merely a device for enabling a computing machirne tc perfnrm the <ane
calculation as a reliner with his bYlcnding chart a_rd his straicht edge,

(b, Two-component gasciine blends. : .
A second phase of the tleniing protlem is more controversial than the TEL
aspect. For a lead level of, say, 3 ml., and for a S0=-5C mixture of two pag-
clines A and B, refiners frequently calculate the cctane nunter of the blend
to te the 50-50 weighied average of the octane nurber of gasolines A and 3 =
' each with 3 ml, The wcighted avearage azpears ratisfactory for nany gasolines =
especially when toth components are of yparaffinic nature. There are, however,
at least tmc papers publicly available -- one by Eustman /L 7 and the other
ty Ecgen and Nichols /1 7 - that call into qQuestion the straight-line sverag-
ing methcd., Both papers indicate that as the percentage of the high oztane
caspcnent in a birary mixtire increases (both components {nitially at the save
TEL concentration level), the octane lcvel of the rixture may increase at a

. decreasirg rate. feometrjcally, the cctane number is a concave, monotone=

{increasing functicn >f the percentare cof the high-octane component in the

blend. [a ordinary lenruage, the octane nmumler of the bleni tends to exceed

.: the weirtted average of the octane nunter of the two components,

......
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2o,en and Nichols are primarily concerned with three-component mir-
tures, and they report only five observations at each of three TEL levels
for strictly binary mixtures. The set of 15 points has been plotted,
and i3 regroduced as Figure 2. These 1€ observations are the basis for
constructing the present model. For each TEL con:centration level shown
on this chart, straight-line interpolation has been used betweecn adjacent
observations. In all likelihood, these straight lines also underestimate
the octane number that 1s attainable by blending. The existing data,
unfortunately, do not provide a basis for curvilinear interpolation.
At first glance, it would appear to be a trivial matter waether
octane numbers were calculated by drawing straight lines between two
adjacent points or between two end points of a constant-TEL line. ever-

theless, a sample calculation presented below in Section (6) indicates

trat the two methods lead to TEL input requiremerts that differ by 20%!

3. An economic model of the blending problem

It is agsumed that the refiner has available fixed quantities, q and
qy, of two blendings stocks - of tyres 1 and 2, respectively. The #1
stock 1s the high octane, catalytic-cracked-plus-polymer gasoline, tested
by Sogen and M chols. The #2 stock s their low octane, thermally cracked
rasoline. These two may be blended together in any proportionc, and may
be mixed with tetraethyl lead. There are two products == 1 and 2 =--
premium and regular pgrade pasolinc, respectively, These two are to meet
minimum F-1 (Research) octane number specifications of N] anli N, and
they may be sold at unit prices, Py ard Pye The cost of 1 ml, of tetra-
ethyl lead 15 represented by F3.

Instead of using the two blending stocks directly for producing

finished gasoline, the refiner may also elect to produce a fictitious

......
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intermediate product - "stock 3" - by mixing together the two in:tial
materials in 70-30 proportions, This third stock may in turn be blena:d
into either of the two finished products. By permitting the refiner to
produce this fictitious intermediate product, the model in effect permits
him to interpolate tetween all adjacent observations on Chart 2. There are

eight independent variables in the problem, X4 defined as follows:

(2) xq; = number of gallons of stock 1 in product 1

number of gallons of stock 2 in product 1

X2

nunoer of gallons of stock 3 in product 1

X31
x,] = «l. of tetraethyl lead per gallon of product 1

X1p = tunber of gallons of stock 1 in product 2

number of ,allons of stock 2 in product 2

X22

x3p = number of gallons of stock 3 in product ¢

ml. of tetraethyl leadi per gallon of product 2

X)2

The set of 8 x4 will be indicated by the vector x. The refinery's net
rasoline realization will be terned g(x). The net realization on one gallon
of proluct equals the selling price of that product, less the TEL cost per

rallon,

(3) r(x) = (py - p3x1) (xq) * x21 ¢ x3)

¢ (pp - ijh2) (x12 ¢ x22 ¢ x17)

The expression for g(x) is to be maximized, subject to certain restrictions,
indicated below by (L) - (7), {9), and (10). The first condition is that

the x; must not be negative:s

(L) xy >0 for all i

A R PPN AR N e S ot P T o o ¢ PR SR L T KA P L A il
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dext, the TEL concentraticn levels must not exceed 3 ml. per gallon.

(5) J-xy 20 J = 1,2

The blending schedule, 1.e. the vector x, must not call for more of
the blending stocks than the quantities of them that are available, The
excess quantity, i1f any, of blending stock 1 will be denoted by fl’ and

the excess of blending stock 2 by f,.
(6) fl(X) = ql -~ Xll - Alz - 0.7(!31 * x:z) 2 0
(7) £2(x) a Q3 = x31 = xp5 = 0.3(x3; & x37)

Finally, the iwo gasoline ;roducts must meet the approgriate octane
mmter specifications. To simplify the notation, a new variatle 1is
defined, tiJ' This variable indicates the rnumber of octane points by
which stock i exceeds (algebraically) the specifications for gproduct j,
when x),3 al. of lead arc aided to stock i. The variable t1J is evidently
a function of XLye and is determined through the following relations

€1

- N
l e be J

(8) tyg(xyy) = ag ¢ by xq ¢
In order to ensure meceting octane mumber specifications, the follow-
ing conditions must then apply:
(9) £3 = xpyetyy(x) @ xo1etp(xp) @ x3yatyplxy) > 0
(10) £, = x32.t12(x12) & xp0.t02(x)0) ¢ x35.t32(x 5) > 0

The mathematical problem posed here is the maximization of exjression
(2), subject to conditions (L)-(7),(9), and (10). Before going on to the
computational procedurt, it is worthwhile to reexamine some of the assump-

tions that have been slipped into the analysie.

AT A U A RO AT O AT T ALY T R T R A N A L N L L O B O e N L T Lt e e e N J SRR



hth the excepilon of the octane blending rclationsti;s, tece acoiud, -
ticns closely resemble the ones underlying the avgas linear preograzming
model of Cnarnes, Cooper, and Mellon /2 /. Like the earlier codel, I have
acrswmed that the quantities of blendin: stocks available ani that the octane
characteristics of these tlending stocks are independent of decisions in
the tlending department., In fact, frar the viewpolnt of a reflinery super-
intendent, these quantities and claracteristics are-variatles rubject te
contrcl. By altering the reactor temperatures, the recycle ratios, and
the assigment of intermediate distillate oil streams, the central management
is able to influence the size and composition of the gasoline tlending materials
This type of interlock can only be studied in a larger model that cuts across
departaental lines.

Arain, like the lincar programming system, the present one assumes that
unlirited quantities of tetraethyl lead may be purchased at the goirg rate,
and that unlimited quantities of premium and of regular grade gasolire may
be marketed at the current spot price. Such assunptions are probably real-
istic for the smaller refiners, but they are open to serious doubt in the
case of the major ones. For the latter, a more complex type of g(x) payoff
function ie certainly in order. Lacking tris more complex function, I have
fallen back on the simpler one. The econamist can at least comfort nimself
with the thought that equation (3) is the one usually explcyed by iniividual
departments within a large refining organization.

in one respect, the model at hand is lecs complex than the one develcped
bty Charnes, Cooper, and Mellon. Theirs includes a maximum vapor gressure
specification, as well as the ainimum octane condition [-2, PPe 138-1L1_7.

In future work, the ccncave progr;mming mode) will bhe expanded to incorporate

additional restrictions of tr.is nature. Since these other properties blemd

V-
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lincarly, they can tw ‘ncluded without a large {ncrease in the time

required for computing.

L. The computational procedure

Kuhn and Tucker have proved the following “equivalence theorem":
"Let the functions f3(x), + . . f_(x), e(x) be ccncave as
well as differentiable for x > 0. Then x° is a solution
of the maximum problem if, and only if, x% and some u° give
a solution of t e saddle value problem for @#(x,u) & ¢(x) ¢
u'Fx," Y
For the gasoline blending casc, g(x) is given by equation (3)
above, and the IJ(x) by (€), (7), (9), and (10). The reader can verify
for himself that all these expressions are differentiable, and that (3),
(6), and (7) are concave, Furthermore, (9) and (10) will be concave over
the range 0 < X3 < 3. In otrer words, if we have the answer to the
problem of minimaxing #(x,u), w#e also have the answer to the problem of
maximizing (2), subject to restraints (L), (5), (&), (7), (9), and (10).

Y
The computational problem 1s that of finding a minimax for P(x,u).

1/ [7, pe LBS_7 The expression u'Fx is shorthand for the following:
uy f3(x) & uy fo(x) ¢ . . o ¢ u f.(x). The uy are non-nepative
Lagrangean multipliers, and ccrrespond closely te the econamist's

notion of "shadow prices".

2/ Note that in the present version, there are not only lower limits on

T the individual x, imposed by expression (L), but also upper limits on
the x| 4, determined by (5). lor computational purposes, it was easier
to imposo these upper limits, rather than to set up additional f,(x)
restrictions. Tne upper limits make no essential difference in the
applicability of the Yuhn-Tucker theorem,.
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The computational procedure is an iterative one, at each step t, con-
verting a vector x(t), u(t) into a new vector x(t ¢ 1) and u/t ¢ 1;. The
solutions observed have tended toward the minimax point, but I can give no
strict proof of the nececsity of this convergence.’' The new vector generated
is not necessarily "attalinable", nor is it usvally "efficient"™ in the sense
of Koopmans ZT(, Pe 79_7. "Profitse™ 4o not increase monotonically as they
do at each.step of Dantzig's simplex procedure for linear programming / 3_/.
Despite these apparent shortcomings, the algorithm gives useful answers in
the cases examined to date.
The solution must be started off from some initial vector x(0;, u(0).
In principle, this may be any arbitrary non-negative vector. In practice,
though, there will be a considerable reduction in computing time if a "good"
initial position 1s selected. At each stvp, first the u vector is deterained,
an: then the x vector, For the former, the basic iteration consists of two
steps, and for the latter, of four steps., The problem is one of determining
I uy = u(t ¢ 1) = u(t), and Ax; & x4(t e1) - xq(t). The procedure looks
cunbersome, but less than two minutes of machine time are required for generat-

ing the whole set of & uy and A xy. For the A uys the rrocedure is as follows:

A
1. 1t O£ (t) > 0, then the "candidate" Buy = Ky
auJ(t)
A
If O ¢ (t) < 0, then the "candidate" A ay = ky
aud(t)
Note: kJ is an arbitrary positive constant.
A
2., If uJ(t) ¢ Duy < 0, then Auy = -uj(t)

”N
UJ('.)

If uy(t) ¢ Auy 2 0, then A uy

N
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For the A Xy, the procedure becomess

1. If, for any J, fy(t) <O, and 1f 3 7 (+) . afj(t)] < 0, then
. ox; (t)  dxy(t) :

cAxy = 0; proceed to evaluate A Xy o 1° Otherwise, proceed

to step 2.

A\
2¢ 0 Btha t > 0, then the "candidate” A x; = kg

xg (t
) § S t < 0, then the "candidate” y = -k
Ki t

Note: ky 1s an arbitrary positive constant.

-\
3. If xi't) ¢ A\, < 0, then A Xy = -x4(t); proceed to evaluate

e

A\
If xj(t) ¢ & xq > 0, then proceed to step L.

AN
Lo If 4 % L1, ani if 4 X h2, Bx; = A xj; iroceed to evaluate
X &1
A
If l =

L1, or if i e L&, calculate 3 - XLJ("/)\' A X
If this expression i{s nen-negative, A xbj = A SNE Otherwise,

A Xy = - xbj(t). Prcceed next to evaluate ~ x; o ).

For the A Uy, the explanation of thie ritual is straipht{orward,
Step (1) tells us to decrease uj by an arbitrary atount kJ if, for a
"g1all"™ change in u‘1 alone, the effect will be to decrease #. Ccimilarly,
there is to be an increase in “J if, for » “snall" increase, ) would

Jecrease., Step (2) prevents uy from becoming negative.

" « A - % . * . '
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For the A x4, the justification is more tortuous. (Steps (2) and (L)
are the obvious ones =~ respectively, lower and upper limits on the indi-
vidual x;.) As with the A Uy the sign of 9 t is primarily the

Oy it; 1/

criterion that determines whether to take a positive or a negative step.
Preliminary hand calculations indicated, however, that the unqualified
“direction of ascent (descent) rule" would lead to major oscillations during
tne process of convergence. For that reason, rule (1) -- a relaxation-
tyre principle - was inserted. Translated into English, the statement
reads, "If one of the restraints is being violated, and if the direction-
of-ascent rule would lead to an even greater violation of this restraint,
then the particular xy should not be changed.” An 18M run is ncw in process
for purposes of comparing the efficiency of the relaxation-type algerithm

2/
with that of the unmodified direction-of-ascent operation.

l/ The reader should note that ¢ is being minimized with respect to u, and
maximized with respect to x.

2/ Since the original draft of this manuscript, the run has been completed.
At the end of 110 steps, there was still no evidence of convergence.

Parameter values and initial conditions were identical w~ith those for

run €. The only difference was the elimination of step (1) for the computation
of / x4. For the reader's convenience, the time series on three of the
variables are indicated below:

# le(t) x55(t) up(t)

0 1,L28.6 571.h 12,10
10 1,%8.6 651.0 11.99
2 1,128,6 Ls1.lL 11,50
W 1,L28.6 611.L 11.90
Lo 1,122.6 €3l.L 11.90
€0 1,165.6 651.) 11,90
70 1,2L6.6 Lol.L 11,30
50 1,08.6 651.10 12,30
SN 1,0.8.6 §21.L 11.70
100 1,208.6 731.L 11.70
110 1,068,6 651.L 11.70
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Table 1.

Farameters for

Six Sets of Zalculations
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A% the precent time, I ax in an urjicasant quandary concerning t.e
logic of these computational techniques. On the one hani, I nave bewn
unable to prove the necessity of convergence for either the modifiec or
the urmodified procedure, 0On the other, I have been unable to construct
a counter-cxample for a case whcre the ky and the ky may be maie arbi-
trarily small. Even worse, there 1s not yet any general criterion for
determining whether the relaxaticn-type procedure increases or decreases
the e¢fficiency in ccmputing out a particular numerical example. Tnese

are all problems on which 7 will welcome mathematical advice,

€. Six cwmputation runs

Ouring the course of six I® runs, tnhe only numerical parameters
altered were: py, P Q)5 the ky and the kJ' The individual values
fer these are listed below in Table 1. The remainder were maintained
at the values indicated in Appendix I.

In order to provide the most severe test of the computational pro-
cedure, the first run was made with a distinctly non-optimal initial
position — in ract, from the zero vector for all xqy. (Exact numerical
values for the x(0) and u(0) of each run are listed in Appendix TI.)
This non-optizal feature shows up in the time series for the first 20
steps (Fiyurer 3-7). WMost of the x, indicate a strong upward trend
during this initial phase. The only legitimate inference tnat can be
drawn from the serles at step (20) is that nothing like a stationary
equilibrium has been reached. In fact, there continued to be signifi-
cant trendr in the xg until cO0U=-200 {terations naj been performed. The
trocess was {inally stojped at the Jifétn step. The series for steps
127-L6 are reproduced as Figures 3-12, and the vector at this point

is given in Column A of Table <.
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Even at the 3L6th step, the system is not at a sadéle point.. According
to the graphical solution (column C), at the optimum point x5 = x35 =
X2 2 X33 w 0. Although the IbBM tabulation does indicate zero levels for
x)2 and X32» nevertheless, x;, and x5, both show up at low poeitive levels,
More serious, the exact solution is infeasible., For example, the schedule
requiroﬁ more of stock 2 than is available -- 1,026.L gallons, as against
the 1,000 g}llou limit, Only a simple adjustment is required, though, in
order to obtain feasibility. “The entries for x;y, X753, £31. and xzz.were
each multiplied by 15000:0 = 0.97L28. 1In order to satisfy £3, 1t was
necessary to make a slight increase in x| fb could be satisfied with a
lower value of x) .. Finally, it was noted that the adjuctment to the xy left
L3.6 gallons of stock 1 in excess. Since stock 1 can be sold as prepium
grade gafoline by adding only 0.80 ml. of lead, this L3.6 gallon excess was
credited to profits af a value of 11.816 ¢/gallon. The adjusted blending
schedule is both feasidble aivd efficient,  The payoff, g(x), amounts to $230.58
as against a possible $231.03, indicated by the graphical solution. These
_t'o mubers coincide to within 1 part in 500 <~ well within the iimits of
accuracy of the graphical method.

‘ Having established the ,eneral convergent nature of the alcorithm, the
remaining calculations were carried out from initial vectors that wsere con-
sidered to be sensible starting polnts. Run 2 was started off from C., the
vector that is latelled "graphical solution®™ in Table 2. The solution never
departed markedly froa the initial values, and was halted at the €3rd step,
giving a second column labelled "A,, raw vector™ in Table 2. The rough
solution was adjusted in the sane way as has been described for run 1, and
the resulxs also entered in Table 2. "“ie adjusted z(x) -- 2228.,62 -- is

arain acceptably close to that for the yraphical solution, %223,73.
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Table 2. Solution Vectors, Runs 1 and 2
Run 1 Run 2
A. B. G A. B. c.
Hew Adjusted Craphic Raw Adjuste= draphic
Vector Vector Solution j| Vector Vector Colution
Fiqal b 346 - - 63 'y -5
X1 30 77.9 0 60 960 1,000
Xny (] cLs.6 S571.4 020 920 1,000
X 1,238 1,25L.9 1,L29.6 0 0 J
X 1 1.92 1,95 1,06 2.38 2.L0 2,45
X152 0 0 0 ) 0 0.
X290 80 17.9 0 80 80 0
X3o 0 0 0 0 0 0
X}z 0.72 0.70 0 J. 8L 0.70 0
£1(x) -- L3.¢ - - L2.0 --
f-(¥) -- 0 -- - J -
g(x) (i:liarsg) 231.51 2%0,5¢ 231.03 223.95 278.62 229,73
[ 1
7}’
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Table 3, Sclntion Vectrrs, Runs 3 an! L
|
Run 3 ﬂ Run L
2 B < A . z
Raw Adjusted Cr.phic Hew Adtuste R ol 5o S
Vecter Vector Cnluticn Vectcr Vecter R
Final t 70 -~ - 20 - —=
Xy, 0 0 J C J J
X2} 705.7 €91.9 le “31.L will cl,e
x3]1 7.3 00,2 71L L25.6 Led.¢ e
X1 <. 19 2.80 2.75 3.0 2.0 3.00
X150 0 0 0 0 0 0
X0 100 23,0 70 180 L0oo 230
X35 0 0 0 0 0 9
X0 (0557, 0.7v 0.70 0.79 0.70 0.7V
fl(x) - 9.8 -— = 0 -
f,(x) -- 0 - - 0 -
n{x) (idllare)172.12 | 140,83 17C.14 1L9.€9 1LE,.15 1L5.18
|
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Table L. Solution Vectors, Runs S and 6
Run § Run €
A B ¢ A B ¢
Raw Adjusted Arapnic Raw Adjusted firaghic
Vector Vector Solution Vector Vector Solution
Final t 80 - = ol0) =2 -
X1 Lo 233.0 27 80 8.6 156
X LO 8.3 0 0 0 0
X4 1,068.5 1,037.5 1,090 1,158.6 1,129,2 1,134
X)) 1.05 1.15 1.05 1.0z 1.5 1.10
X157 0] 0 0 0 0 0
X5 591.4 S7l.L 673 €ll.4 601,2 €138.3
Y2 6u 5842 0 180 177.9 1.7
X),2 0.55 0.58 0.70 0.6 0.50 0.66
£,(x) -- 0 -- - 0 --
f2(x) - 68.3 -- -- LD -~
r(2) (doilars)c?l.0l] 223.LF 207.A7 22%.92 aZLTNE 2¢1,94
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Nuring runs 1 and 2, the rraphical solutions wmere determined in
advance, For } - €, however, they were obtained after the adjusted
solution had been calculated. (For runs 3 and L, the initial ;ucss
turned cut to be the solutien to the problem.) Tablee 3 and L reveal
that the algorithm continued to perforam in a satisfactory way during
the last four runs. For run 6, in fact, the adjusted solution at step

0 inilicates a higher net reali:cation than the graphizal technique --

022,15, as agalnst ?2:1.%%h.

6. Interpretation of results

The numerical carameters used in run 1 for Py» F3, and qy aere con-
sidered to be the basic set, and in each subsequent run not more than
one of these was altered. In #) and AL, the value of Q) vas changed; in
run 5, p1; and in run &, P3e The adjusted results for all the six runs
are summarized by Table S in terms of four indicators -- the outpul of
premim yrade gasoline, the output of regular grade, the input of TEL,
and the refinery realization, These data are also presented on Charts
13-16.

Run 2 differed from #11in only one significant respect. Ouring it,
the refiner was not permitted to make stock 3 =- the fictitious inter-
mediate product. The initlal nlending materials had to be assigned
directly to the finished products. In other words, the rofiner was not
permitte-d to take full advantage of the concave octane nuaber blending
relatlionahip.

This additional reatriction had no effect upon the pencral stratepy
of converting virtually the entire volume of blending ma'erials {nto
premium grade gasoline, The restriction Joes have the effect of increas-

ing the TEL requirementa, an? >f decrea~ing the refiner's not realization,
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—o9a
he difference in realization at first glance appears small -- 8229.67, as
1ainst ®230.59 in run 1. However, for a refinery turning out 0,700
barrels of gasoline per calendar day, such a 11 screpancy would come to an
annual figure of roughly $30,000. To put the matter another way, the
first blending schedule does the =ame job as thie second, with a tctal TEL
requirement that is about ?0F smaller, From this, I would conclude that
1t 1s eminently worthwhile for a refiner to incur considerable expense in
testing pasoline blendsa, and in attempting to predict the occurrence of
curvilinear octane relationships.

In the first run, it turned out that the most profitable blending
schiedule was one that assigned all 7, .00 gallans into premium grade gasoline.
This result was quite in line with a rule-of-thumb that is commonly heard
among refiners -- to ait, that the max‘aum profits ~111 be obtained by making
the maximum amount of the high-priced ;roduct.l/ Thi= rule-of-thunb is not
shaken by the results of run 3 or h. it a qy availabllity level of 500
gfallions, the best strategy is to produce virtually nothing bLut premium grade
rasoline. At a q; ltvel of %00 rallons, however, tne 3,0 al. 1imit on TFL
conzentrition has come into effect. At this I-w 4y level, the best the re-
finer can do is to add 3.0 ml. to each rallon of pramium grade gasoline, and
ani to assign the left-over stock 2 to the groliction of the regular grade
product.

The preceding results 45 not speak well for an alternztively-heard dictun --

that the best general course to follow is to aasasign 3.0 ml. cf ethyl fluid

1/ 1 do no% allege that refiners penerally follow such a rule -- only that
they sav trey lo.
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Tatle €. Summary of Runs I - €, Adjusted Data
]
Run Number 1 3 2 4 5 é
—
) 1,000 *,000 €90 753 1, Cou *, 9w
F3 12 1- 12 17 11.¢ 12
Fa .23 .23 ec * Sk .22 N Ev
Outrut of premiun 1,922.0 1,220.0 1,LC2.0 Q0.0 1,309.2 1,21%.:
(asoline (gallons)
fatput of repular 77.9 80.0 %2.0 Leos.u 630.7 7682.¢
yasoline {fallens)
Irjut of TEL (1liters) 3.7¢° L.600 3.97¢ 2.5%0 1,913 1.¢71 ,
#(x) (2ollars) 230.58 206.62 169,88 1L5.1¢ 22215 (rzae ]
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to each valion of protuct, Only In ma'dng premiam gralde gasoline Jduring
run ¥ dil it rav to use the miaximurn allewatle TEL concentration,

Auns S and € cast douht, not only on the 3,0 ml. principlc, tut also
on the maximum-rroluction-cf-premiun theory. In run S, the onl.y para-
meter ccange from #1 was e rediuction in the price of premium grade
product from 120 alion to 11.6¢. Tris differcnce in the price structure
is cufficient ¢2 bring about a substantial increase in the optimal out-
v of repular radz product -~ from less than 130 gallons in 1, to

Ty
%s

shift 1s alco accompanizi by a marked

»

alisost 700 ypallons in 45, oM
reduction in the total input of ethyl fluid,.

Fer run 6, a differvat sort of change in the wrice siricture was
tricde T:e price of ethyl fluid wae virtually trevled -- from 0.024/ml.
to 0JA04. Apain comparing tne recilts with #1, there is a shift into
the production cf repualar rrale j-acoline, and a reiuction in the input
of eyl fluid,

To put the matter ancther aay, *‘he rules-of-thumb imply tnat the
same. input and eutput rel-.tionships are optimal unier all grice strur-
tures, OCne of these rules Jdoes happen *o ¢iv: a gool performance for
a particenlar current set of rrice s, hut d-ws not apply outside thic
liml¢ed rane, "nforturatelw, there {5 no gy escive,  [ie orly a3y
to verify one nf *tese ralcc-nf=thutb in a concrete tace is to curry

thron*h o Jetatle!d toral unalyusis,

/e Conclucions

o o o—

AL *this voint, 1% 15 azrropriate to sum up the findings. Jn o the

u

: +hy,

neyative cf o, the stady hes demenstrated that certain rules-of-thumb

work toily -- even thoagh these principles have occasionally been put

ot

tarward by oren in e refinine inlustry. The study, moreover, nas snown
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that the oftimal input and output relationships will be intimately linked
with the price structure. Fipgures 13 and 1l give some clues as to the
nature of this linkage. Before the economist jumps to the conclusion that
these really are supply and demand curves, however, he is urged to reread
the caveats of Section 3.

Cn the positive side, the claims are necessarily more cautious. The
study indicates that a refiner will do well to make a careful invecti;ation
of his gasoline stocks for non-linear blending characteristics. The results
do not imply that a 207 saving in TEL costs will inevitably occur.

More significant from a long-range viewpoint, the computing runs indicate
that it is possible to solve concave programming protlems on a dirital com-
puter. The particular procedure employed is undoubledly wasteful of machine
time, and superior methods will surely evolve, The next programming problem
tnat will be attacked is one that has been foraulated by one of the major
West Coast refiners. Although this coming problem has 22 x4 and 8 Uy, the
" basic notion is the same, The quantities available of various blending
stocks will be taken for granted, and the analysis carried on from that
point. Certain cutting temperatures will also enter as independent vari-
ables. At a later date, it 1s expected that the model will be expanded to

incor,orate such process variables as reaztor temperatures and recycle ratios.
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Apperdix I. Constants fnor Six JScts of Calculations

12&/531. )
)
J
70 octane )
rumber )
)
11¢/¢al.

23 octare
nunber

0.23¢/ml. of )
TEL
)

A

100, <00, 1,000 yal, )
of catalytic-crrcked-)
clisepolymer pasolinc,

~ -

1,000 yal. »f theramal)
cr.cked rar:line

~— N

Sources:

Ref. 8 pives the follcwing Gulf Coast,
pulk cargoce price range {er 90 octane
(ASTM Research) prcniun metor gacoline:
11,79 = 17 = 12,25¢/gal. Trese ;rices
were in effect cn Novemter 7L, 19F2,

refs & gives the fellewing Tulf Coacst,
bulk cargoes price range for 21 ~ctare
(ASTM Hesearcn) regular motor gasoline:
10,7 = 11 = 11,25¢/pad. These .rices
were ‘n cffezt an inverber 0L, 10°92.

The Los Angelics Tales Cfficesiwf ke Lithyl
Cerinretion gave thic quotaticn cn hovesver
1, 1982, It zpplies to moter mix ethyl
fluid, delivered in tark-car 1-%c to any
Use Se Jestinaticn. .

Fefe 9, pe U indi~-.tes tne follcwin: ' ke
dewn of Uy &4 crachking plant capacity 24 of
Jenuary 1, 1962:

thewn.zl cracked: (?L.,4%¢ Yarrels/iay;

cataivt.- cracked gascilnes SO7,%LL rarie)e/

day .

HeB. There arc wide variaticne i{n e
ratio of thermal to cataiytic capaclsy
3s between iniividual refirertec znd
refiring regiona,.

SERTR . 1y { 3 J' J' , I‘_.,h_r‘-'xn“-’.
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Appendix T. (contimued)

The ay, by, and ¢j coefficients for each stock were derived from

n and Nichols data /71, Tavle 1I, p. 2630 /.

sets of obgervations are shown on Figure 1. The individual ccef-
(1

tne boge The three

-
e X A R AR AT,  FwNTA S e A S w xP [ g

ficients had tne foilcwing numerical values:

Stock # 1 2 2 :

a aL.8 39,6 9.1

b, .23 433 266

| ¢\ -8.031 -12.0 -3.0%

23

W
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appendix II, 1Inltlal Vectorc for Six Sets of Calculations
Loun tumter 1 2 3 L 5 €
SR
::]](o) 0 1,000,0 v 0 J v
xoqi) J 1,(00,5 | L1k ) v
x4;(9) J V) 71,2 23,6 L AN DS
xLl(J' O 2.510) IR 3,0 1.2 N ary
xq:09) Q 0 0 0 0 0
x2(0) 0 0 v Lw.0 571.L “rllk
x32’0) 0 0 0 0 0 0
xbz(o) 0 Q 0 Q.7 0.7 0.7
uyf9) 10,00 AR 17.10 1¢.00 12.10 12.1.
us(U) 1.0 105 7% 14.75 11.00 10.75 10.75
ug(d) U.100 W, Uy 0515k Qlsiall J.154 0.1t
“L(G) J.10) Uit 3 U.1GL 0,002 U.1% J.154L
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Addendum to P-383, "Concave Programming for Casoline Blends”

In discussing P-383, Dr. Martin beckman uncovered o problem to which
1 had not previously given nttention. He has made the point that for n»
function of many variables, f{(x), to be truly concave, it is necessary

but r_aft; sufficient for that function to be concave In each vm-iab;le taken

separately.

Th> basic problem arises cul of the fuct that the function xy ise
neither ccncave nor convex - for ponnagative independent variables x and
y. This 18 despite the fact that it {s concave _n:ii_ convex {n e{ther varianble
serarately.

Proof: Consider tvo poinis (xl, yl) and (72, ¥,) Convexity would

require:

(1) [’1”‘2} (N %] - 1R L XY
=i ] 2 T3 2
{_"1*"2] "1*"2]5 ¥t XY,
QY 2 XY I [ Y %Y,

(2) x {yy-n) = x (y,-5)

FPor nomnepative x anl y, and for y, > yl, expresalcn (.’_’) requires ﬁ
“ x2. But the convexity condition applies to any arbitrary (11 yl) nnd

(xz, yz). This ie a comtradiction. Similarly far comcavity. (.E.D.
Nov, wvhat are the implicationy of thiu result for the gasoline blending

nolel? Fortupately, 1t *arns cut that by a re-definf{tion cf vnrinbleg. the pry-
off fun-tion g(x) can be mnl!e concave -- indeed linear. Unfortunately, though.

this re-definition d »s not lead to any rigorous procf of the concavity ~f regtrnint

;_kO

[ B 9 o

[ e e Tt = <l |

N WX E = e

»wa X F 5 B B .
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eqatione (3) and (10). ™n the contrary, it shows up the pcssibility of

non-concasity in these restraint conditicns vwhen two of the blending stocks

have widely divergent lead susceptibilities.

t us define nev variables, X and 152, in the followirg way:

-

X xyy(ay ¢ % ¢ xy)
Xsn ~ TyplXp + Xy * X35)
tquation (3) can now be transformed into a linear form involving the

tv: new variables, xql and x,»2 ]

(32) g(x) ~ p) (x) + x5y + x59) 9y (x5, ¢ %5 4 355) - 1:3(x51 + X55)

To simplify the discussion of equations (9) and (10), I shall arbitrarily
asgsun~ that both 131 and x32 are constrained to be rerc, and will focus
attentisn on tke functionm r3 (x), dealing with the octane sp=cification of

the premium grade gasoline. Suppose that the octane numbers and the quantities

aval!lable of the two blending stocks had been as follovs:

Stock 1 Stock 2

Suant.ity available, X1y 1,000 gnl. 1,000 gal.
Ortune number, clear L. 0.0
Octane number. with 3 ml. of TEL 0.0 4.8
lNumber of ml./gnl. required for .

0 octane Jeaded gnsoline, X1 3.0 ) 0
Total number of ml. required for

0 nctane leadel gasoline Xy 3,000 0

Aasuming straight line !nterpolat{on at comstant lead levels for the
tve atocks, and assuming & S0-50 blend, we come up wvith these results for

the blend:

Lo *e=a~a s mmir |

™R ¥ oz B A om
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"2

v

Quantity available, (x, ., + ) 2,000 ¢al. 3

» Ay ¥ 3

Cctane number, clear 82.0 o

"

Octane number, with 3 ml. of TEL 92.4 v

Number of ml./gal. required for D

30 octane leaded gasoline, X, 1.6 ::

)

Total number of ml. required for "

30 octane leaded gasoline, 1'5]_ 3,200 23

Al

In other words, if the tvo initial materials are ethylizel and marketed )

separately, the average TFL requiremant per gallon comes to 1.5 mi. If the :.

tve are blended together, the ssme amount of premium gasoline is produced, 20 b

<

but the average lead requirement {ncreases to 1.6 ml. This behavior clearly 2

violates concevity of the function r3 (xu, X5 X310 "51)’ end leads to the :
poss‘bility of multivle isolated maxima. ILacking the concavity property in

our functiony, ve may be led to adopt blending achedules that are locally 1

x

optimal, dbut which do not, in fact. represent the best of all solutioms avuil- ,

able, ) -

Nowv, how sarious are the possibilities of guch lccal mayimn? The 1

protlem cannot be shrugged off, but I believe that in mcst particuvlar
applications these local extrem can be latected by the investigator. In

order for the violation of concavity to take place, some of the blending

= A =

malsrial must be particuiarly high {n lead susceptibility, and scoce of {t

must be extremely lov. In additicn, the first material must require a high
TZL concentration in order to meet the specification, and the second a low {
TFL level Ynowing something about the occurrence of such ritfalls, the
{ntalltzent refiner should be udble to avoid ensnaremant.

The 4ifficulties arising out of non-con.uvity are not unique to the :

programming method described in P-383. The same arguwvent weuld apply If

= [ R I s B R N N 0
—_ PO T R S I S SRR BRI R L IR U R ) W TR L LR S | P RS I R A
- _ . - - W= - - ™ ER I T e e ] . - - - » i | - J
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xhl and X, 5 vere taken as parameters, and a separate linear programming

problem then run off for each of many combinations of the two. This dif-

ficulty vould arise in the case of any trial-and-error method that consisted
{n changing o-ne variadbls at a time, and o.bcerving the effects upon the payoff,
g(x). And finally, such failure of the proper curvature conditions could
frustrate an optimization via a Lange-Lerner shadov price market mechaniesm.
The 4dilemrm raised by Ur. Becloman shouwld rot be vieved as an abesolute
{mpasse, but rather as a challenge to the ingenuity of workers in this field.
These latter can take comfort in recalling that truly rigorous annlysis is

. seldom applicable within the domain of applied manthematics.

Wb
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Mr. Lloyd Philipson has poimted out the fcllowing misprints: .
N\
last line of p. 12 should read: "If uJ(L) + A u, > 0, thenAu, - 4 uJ(t)'
¢ - u

line 6 of p. 13 should read: "If t << 0, then the 'canl!jate!
ax t
!
/\
-y n
Axy = -k
* )
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