CLEARINGHOUSE FOR FEDERAL SCIENTIFIC AND TECHNICAL INFORMATION CFSTI
DOCUMENT MANAGEMENT BRANCH 410.11

LIMITATIONS IN REPRODUCTION QUALITY

ACCESSION nA 2 o . | /.

E i. WE REGRET THAT LEGIBILITY OF THIS DOCUMENT IS IN PART
UNSATISFACTORY. REPRODUCTION HAS BEEN MADE FROM BEST
AVAILABLE COPY.

D 2. A PORTION OF THE ORIGINAL DOCUMENT CONTAINS FINE DETAIL
WHICH MAY MAKE READING OF PHOTOCOPY DIFFICULT.

D 3. THE ORIGINAL DOCUMENT CONTAINS COLOR, BUT DISTRIBUTION
COPIES ARE AVAILABLE IN BLACK—-AND-WHITE REPRODUCTION
ONLY.

D 4. THE INITIAL DISTRIBUTION COPIES CONTAIN COLOR WHICH WILL
BE SHOWN IN BLACK—-AND-WHITE WHEN IT IS NECESSARY TO
REPRINT.

D 5. LIMITED SUPPLY ON HAND: WHEN EXHAUSTED, DOCUMENT WILL
BE AVAILABLE IN MICROFICHE ONLY.

D 6. LIMITED SUPPLY ON HAND: WHEN EXHAUSTED DOCUMENT WILL
NOT BE AVAILABLE.

D 1. DOCUMENT IS AVAILABLE IN MICROFICHE ONLY.

D 6. DOCUMENT AVAILABLE ON LOAN FROM CFSTI ( TT DOCUMENTS ONLY).

Pnocesson:\% o

TSL-107-10/64

' d



PERMANENT SET-UPS FOR I1BM CALCULATORS

Willisn Orchard-Hays
p-37t, v~ -

-17 Pebruary 1953

5 " . - =4
H

5
00y U
v 2 .

Yl’n.“.‘\"_ne_.i;‘.‘ 4

.
w
g
-
:
:
y

{ i

!

s-f '

-



PLERAANENT SET-UPL FOn Ibid CALCULATGRE

Int roduction

The purvose of tnis vaver is to discuss the efficiency of cifferent
methods of computation wherein the elenentary functions and others must be
evaluated on the IBY Flectronic Czlculating Punch, models 6CL and £CS, and
the IBM Card-Programmed Electronic Calculator, models T and TI. Theee megehines
will be referred to hereafter simplv as-the 604, 605, CPC-1, and CPC-iI,
respgcttvely. Some of the following is applicable to computaticon cn any
electronic computer, but those computers with a large memory cenecitv and
high-speed internal orogrammine largelv remove the very restrictions which make
efficient evaluation of functions a oroblem on the 604 cr CPC.

The fact that, given enough time, patience, ancd cards, practicrlly
any computation can be performed on the 60, or CPC ic trivial. Wrat is cof
interest is how any job from a fairly large class can be mort efficiently cdone
in the day-by-dey work of &n IR comouting establishment. Assuming that a probh-
len 1= 2lreedy statea explicitly - i.e., that the computing eroun is required to
evaluate certain items or obtain numerical solutions to certain eauationes, or
both, for a given number cf parameter comhinations - it would still bte necessary
to make several decisions and to perform considerzhle preparatory work hefere
putting the job on a machine. Hence it is aonarent thet stendorcdized methods cen
be as much of an aid to computation as tne actuzl machinrs, nrovided thzt such
methods are general enough to emhrace ¢ vide variety cf Jobs and are not cumber-
some. Also it is helpful to have set-ups av;ilable wnich allow decisions to be
made on the basis of the problem presented without excessive considerastion of

how such and such a step of the problem can actually be calculated efficiently.



P-374
2-17-57
Parc {2

Floating Lecimal (FD) Set-lUps for the CPC

For the CPC, generul-purpose set-ups (or svecial-ourpose set-uns for
a long continuing protlem) are practicallv a necessity if the time recuired
for coding, wiring, cnc testing is to bte kept within recsonable limits. The
CPC may be looked upon, not as a computer, but as 2 neat veckage of virts
which the set-up man nssembles, bv means of wires, into a corovuting svstem.

The skill which thie coders then acquire in using thic cystem tecomes one of

the assets of the organization. If the system is complicated tc use, fewer
coders will use it or become proficient with it. If the svsten is elatorate
enough to be truly general :nd still simple to use, it is almost hound to he
complicated plug-bocrd-wise; hut if the speed of oneration is therebv reduced,
the advantage of simnlicity in oreparing a job is lezrgely overcome bty the time
consumed in running it. This situztion is zegravated by flo=tine decinal (FL)
operation, which many peovle prefer for the CPC and which certainly hes adventares
if it is vroperly used. The writer has snent consideratle time in immrovine
and developing generzl-purpose FD set-ups, first for the CPC-I and then for the
CPC-II. Many of the techniques used zre alsn. aoplicakle to fixed-neint rarallel
work on the €04.

A peneral-purpose FL set-uo for the CPC-1 cen include squere root
elong with the four basic arithmetic anc necessary maninulztive ovnerzticns.
Single-card evaluation of other functions is virtually nrecluded for 8x8 arith-
metic by the limitations of the muchine. To fill this need, stancdardized sub-
routines are often wrovided, many using retional anvroxinztisns to the functions.
Mr. Cetcil Hastings, Jr. hus develoned manv valuable aroroximations of this kind.(l)

Such apnroximations are equally veluarle in 60L vork, where they core incorporated
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in the procecdure rzther than existine as sut-routines. An inherent advantare
of these sub-routines is that the length of the comoutstion cun be rezdilv
fitted to the accuracy desired by inspecting the specificrtions of the avoroxi-
mation, whereas the number of terms required in ¢ series, for examnle, will
vary widely for a moderate intervasl for the areument.

The CPC-IT makes it possible to consider FI' cet-uns of a much more
elaborate kind. Itc higher cost is worth vhile cnly !f preater efficiency can
be obtained. This is not ¢s easy to do for a general-purnose set-up rr first
appears, since the intemsl storage of the 605 is no grezter than th:t of the
604 end threre is actually less "compute time" aveailable ver card cvele on the
605. At least three ways to increase the output of useful work are as follcws:

(1) to perform more overations ner cerd in the some time,

(?) to include functions as sinple-crrd oceretizne instesd of

using sub-rovtines,®* and

(3) to carry more digits for ezch number.

The last item mentioned is a subject of its own ancé will not he of concern here
except in whet immediztelv follows. The size of the storare units within the

604 or 605 1linits the programmer to 8x8 FII arithmetic {f eny rpced is tc be
maintained end if very many operaticns are to re bhuilt into tne calculator beoerd,
Furthermore, since the main ctorage for the CPC is in the 941's, Pvaila’le only
via 10-digit channels, ancd csince it is necessary to curry &#n exponent of 10 for
the scale factor (usuazlly, zlthough not verv accuratelv, celled a "power") with
ezsch number, 8x8 arithmetic with 2-digit ocowiers seems to fit the CPC better than
;I;c;e;s;d-s;e;d-i; ;f-c;u;s; ;o;z;t: ;ug ;v;n_w;t;o;t-ig,-t;o-eii;i;a;i;n-o} ;ub-
routines is an advantage by saving storage units in the tzlo or 941, cooines and kev-

punching or else reproducing time, and cerd handling.
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any other combination for general-purpocse FD set-upe. To carrv more dirits,
even 10 or 12, some severe restrictions must be nlaced on =zddresgec nf the oner-
ands and allowable operations. Dcuble precisicn boards (18 cor more digits ner
number) are of course very uscful for some zonlicstions, and the CPC-IT mekes
it possible to have much better ones than the CPC-T ~llows, but thev prohitit

sinfle-card evaluation of functions, exceoting nerhcrs scuere root.

A Four-Adcress FD Set-Up

On the other hand, the only ncesitle advantage of FI nversnds vwith
fewer than 8 digits is to reduce computine time, since the channels enc the 941
units cannot be adapted to efficient hancline of "s-words." But the £05 will
go through €0 proeram stens everv card cvcle anywev, sc thet if 2 artitrary FD
operations* on 8-digit operincs czn be performed in these €0 stepstr (withent an
excessive number of multiplicctions or divicions) there is no reason te reduce
the word lenzth. Iv is covarent thot addition is the mest difficult erithmetic
operation with FD numbers since it invelves rcturllv four operestions:

(1) a2 right shift to ~lien the decimal neints of tre =ccends,

(2) the uddition,

(3) the checking of the sum for a carrv or cancellation of lezcing

digits, with aporooricte rieht or left shifts, and
(4) the correction of the nower cf the sum.
Although these different parts of the sddition routine mav he used as

adjuncts to othier operations, the complete reutine, neverthelecss, consuncs over

#More than 2 such opberations undulv comnlicrte not cnlv vwirine Yut 2lco codine,
##L sinele "program repect" will zlwavs caurse o delav cvele, even without usine
"repeat delay"; at lecct this i< true on the three CPC-II's which the writer

has used.



P-374

2-17-52

Page #5
half & sweep - 43 program steps being the best the writer has been atle to do
to allow for all eventualities, althoupgh 7 or 3 of thece steps mey have been
saved in combinction operctions., Thus {f & erbitrery operetions are to be per-
forned in one sweep, two banks (chains) of progremes cn the €05 must bte used Just
for the 3 basic arithmetic oocerztions (subtraction can te esccomplighed hy chanegine
the sign of the subtrahenc on the tab board), one bank performing eddition first,
followed by multivlication or cdivision, and the other benk doins the addition lest.
The writer has wirec¢ such a set-up, which tekes three 8-dirit-plus-2-dipgit-power
inputs (any two such inputs from the 941's) and performs any possitle comtinaticn
of 2 of the 4 basic arithmetic operetions on each cerd cvele at 150 cerds cer
minute, except for 2 edditions (or suktractions). The latter co~binction is
allowed, but a delev is required. (Occasionally, other operations require &
delay, vhen there are many 8's or 9's in a multiplier or quetient.) This set-up
is proving t.- be very useful, since i1t also allows comoutstion of souare root,
10%, loglox, end cos x ac single-cerd operestions. All of these ooeritions are
quite fast excent log x, which is sub-prcgrommed (Specizl Procrammine” on the
tabulator). The only intervel restriction on arpuments ic for cos x, for which
only 0 ¢ x ¢ T is allowed, CSferies ere used for 10* and cos » ancd an o-oroxiw{t*on(g)
i{s used for log x. Since most computetions consist of more basic arithmetic op-r-
ations than anything elce, 2nd hence the facster they cen be done the better, tnis
set of functions &and operations prevides o good comoromise for increasins the
useful output of a CPC-II by the first twc means stated nreviously,

in FD Set-Up Fith feverzl Functions

For jobs requiring frequent use cf functions, cne mav vell be set.isfied
with cingle erithmetic operaticnes if a greater vortety of functicne cen be

eveluated at electronic speed as single-carcd operations. The Ralil Comruting
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Group has one such set-up (FU) for the CPC-II on which the following single-

card operctions are allowed, &1l of which are evaluated comvletely within the

605:
k. A+ B l.' -A-B
25 L -E 2:' B =k
3. Ab 3.' -AB
L.  A/E L' -4/B
5. sin By, - MeXx T 5.' sinh E, -2.9 < x £ 7.9, zoprex.
6. ccs B, 0 &£ x & 77 6.' cosh B, 0 < x <« 7.9, avorox.
T 10%, -51 &£ x < 49 8.  lorygX, 10771 ¢ x < 1049
9.  Yx, 107 £ X < 30% 10. arcsin x, -1 ¢ x ¢1 (| x|>1
treated as | x| = 1)

11. AB + P 124 AR . B
A and B are artitrary operends and P meens the nrevious recult, 2lthoucsh as far
as the 605 is concerned it could ke arhitrervy., Seriec are used for 211 the
functions except \/;— , for which the veual Newton's methocd is used, 2 {terstions
being pverformed on one sweep. CSpeed aznd egccurzcy are hoth fairly pmeod for the
functions. Thirty argumente between 0.1 &nd 1.0 for arcsin x were run in cne
minute with a maximum error of 3 x 10'7. in interecsting cidenote is that it
took come hunting to find the proper arpument vhich wculd ~ive this maximum error.

It denends on the relntive size of the roundine error in takine x° to 8 decirals

as compared to the size of \/i—x? , since for areuments greater than 0.7, the
relationship arcsin x = 772 - arcsin V1-x€ ‘e used. (Only non-nesative arguments
are used in the seriec, the sign being handled seoarately.) The arsument 0,007073

gave the maximum error.
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FD Techniques in Fixed-Decimal Computetion

All the etove functions exceot log x and V;_ recuire tiet the
argument be put in essentially fixed-decimal form within the (0%; thus trey can
be evaluatec just as well on & €0L for pzrellel work or on a CPC-I for fixed-
point arithmetic. However, FD notation, ot least within the £05, is eccsentizl
for log x and a rdecided advantage for \/;- . To evuluate them efficiently on a
604, a 3-time emfitter is needed on the 571 so that the argument con be left-
shifted on read-in until there is &z lezding non-zero digit for the log overetion
or & leading pair of digits, not btoth zero, for the souare rcot voereticn, the
shifted argument then hreing considered &c 2 decinal nunber.

The advantare of left-shifting the arsument tefore anclyine Newton's
method to square r-ot is cue to the fact that {f the first svecs is ruch larper
than the true root, mrny {terztions azre recvireo hefore the first (non-zern)
significant figure is obteined. The moct convenient strrtine value for the
vhole intervel .0l ¢ x (1.0 (which ~llowe .for the fact that x can onlv te
shifted an even number of places) is Yo = £ + ﬁ. In fact, for x > .99999,

AX + & = \/;- to 8 pleces, = fact useful in handline the troublesome srecinl
case of x = .99999999, which causes an overflow on yy = %(yo + x/vo). In 11
other ceses, y, will be learger than either x or /;_ y ¢nc¢ convergence vill
proceed with no complicaticns. Of course, the root tius found -ust be rieht-
chifted btack half the numter of nlaces the armument wee lelt-shifted., 1In FT
set-ups the pover merely h:e to be corrected, zn osercticn ersilv nerformed
by dividing the original pover olus 50 bky two :nd adding the remzirnder to the
quotient.# This is done first end if the remainder ic non-zero (i.e., 1).

found
then the argument itself is riglt-shifted one nlace. The root/will alwave be

#This assumes unity i: reprecented bty 10000000 51.
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in FD form if the argument was orieinally end will be correct in anv case.

Series for the klementary Functions

It is convenient to divide the nover ceries for the elementsory

functions, for purposes of mrchine computetion, into three classes. The

ool
expension eX = > xM/n! converges guickly to a soeci fied rccurncy becanse of
0
the n! in the cenomninator ¢f the term tn' Thus the ratio r(n) = Itn*l’ tn is

XLAHJ, tnc &c socn és n >k 'x L r(n) <1/k znd the succeeding terms quicklv

decrease in mepnitude {f, =zy, k> 2. For small intervals, sov x‘ < lop,10< 7.5,

t.| < (2.5)5/50 <1 e[t [« 2™ tnv series of the fom

5i Smi

z: cnx“, where cn ig of the order »f 1/n!, will be cnlled, artitrarilv, exponential-

5> ?Ix'. Also

tyoe series, for want of a “ectter name. They converge uniformly over any interval.
They include e*, =in x, cos x, sinh x, andé cosh x.
Ir h in the above series is of trc order of 1/n, the serier will be

called ean hermonic type. This type incluces the series for loe x, trn‘lx, anc

tanh'lx.

Still o thirc tvpe of series is met vith in the elenentary functions
but, for practiccl purposec, mev be concicdered alene with the horuonic tyoe. This

type consiste of the series whoce nt'h term i< of the form 1e2.5...(7n-1). x<N*l
Dol 6--- (°n) n+l
The first fraction may be written -,—]— (1" ﬂk)’ wvhich 1 obvinuely leecs than 1 for
™
#ll n. In fact, since E: %E diverges, the infinite orn(uct-rT (1- -—) civerees
1 «
aleo (in the stricter cense) and hence diverges to zerc, chrocs*nr monot ~nfcally

a5 n increzces, Therefore these ~roduct coefficients cennot hurt the corverrence
of the series in vhick thev appeir nor csn they increcee the site of the neslected
terms when the series are trunceted. On tie other hond, they dec net helop converpence

very auch, at least for intervul: oracticable for comrutation. Tt {r true thet
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o)
x + :{:1-3-5---(?n-1) x?"+1 = arcsin x convereges for x = 1, whereas
24
1

o)
§ ;ﬁnil = tanh~1x does not, tut the convergence of the first =eries is too
+

o)
slow for x near 1. It converges to & specified accuracy in a reesoneshle

number of terms for, say, lx ‘5 0.7, tut go does the second reries, The only
other series similar to thet for arcsine cccurring among the elementarv functions
is the series for sinh-lx, which i{s the altermating series of the some form. Such
series with even, instezo of odd, terms are essentially polvnomiale in ercein x or
sinh'lx. However, some other functions con he expressed in similer forms end
evaluate?rin the 604, e.p., comolete ellintic integrzls of the secona kind,

E(k) =d/]/2(l-k251n2¢)5d¢. Complete elliptic integrals of the first kind cen be
easily eipressed as double infinite series of a eimilar nature, btut the writer, ot
least, has not vet been able to adapt them to €0.L computation #s direct operations
because of the difficulty in summirg the coefficients of each oower cf k or,
alternatively, summing the powers for each coefficient. The series for F(k) is

di scussed subsequently.

Evaluating The Los Function

The most usefu) harmonic-tvne seriec are those for log x. Here a
leading non-zero digit 1= not merely a speed-u» device but i: essential for
practical convergence and, in fact, to the use of epproximations as well, s=irce
the latter are usuelly defined for [;l’llé] or some intervel which mav eacilv
be transformed into this one. For fixed-voint arithmetic, the number of places
the argument is left-shifted determines the charecteristic of tre commcn log; in
FD work the power amounts to the seme thing. The nazturcl-loe seriec is easily
adapted to taking common logs by using loglox = M-lopex, vhere M = logloe = L 4.294L8.

The adventage of taking common logs is of course in the use cf the characteristic,
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since this is incdependent of the actusl cipits in the nunter, vlrce zero's dis-
regarced.
o)
The series £(x) = D (-1)"1 xP/n = 1os (14x) = log t is convenient
]
for eveluzting logs. This series only converees for -1 ¢ x <1, but even this
intervzl is too lirge to te of nractical interest in comrutition. For x = 1, a
hundred million terus woulc be needed to keep the errcr less than 16-%1  For
-1< x< 0, S(x) is not even sltermzting, and even thouzh thre serics converges
and r(n) < 1 for 21l n, it cannot be guarznteed that the error committed by
truncating the series is no grester then the magnitucde of the first term ~mittecd.
Fortunately, howeverl for lxi < 5 r(n) ¢ .55 in this cese the errcr committed

®
by truncsting the series is less than l tm| 22" = I t | where t_ is the
: .

last termm includec, and thics is cufficient for the nurvose at hand {f m is not

too lrrge. If Itm|4 108 i required, it would mern thet, for lx‘ ¢ .5, .5™/m¢10-8,

A simple calculation shows that thic is satisfied for m = 23, which is a quite

modest number of terms for electronic computation. Restrictine x to (-.5, .5)

does not render the ceries useless by any means, in fuct it ic quite sdecucte for

evaluatineg lcg x for a very large interval if the FD notation i used and if

proper but very simple transformztions are made. In contra:st, the interval (-.5, .5)

is oracticelly useless for the exponential-type seriec, Thus the disadvrntage of

the slow convergence of S(x) is larsely overcome by the small intervel needed.
Keeping x in (-.5,.5) recuires t in (.5,1.5). Multirlvine the first

termm of the series, cl, by M and developing tn+1 from tn transforms the natural

log to the common log, and this can only help convergence. The FD notation, or

the equivalent left-shiftine, sutomctically restricts t (immoring the characteristic)

to [}1,1.0) unless t = 0; specizl vrovisions can bte made to detect insdvertent

zero arguments. To reice the lower tound on t, the relationship los t = lor kt -

log k can be used. It is convenient to use a pvower of 2 for k, since lcgio? = . 0103000
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and hence, even if this number must be emitted during electronic programuing,
it does not teke many programs because there are only 3 non-zero digits. On the

605, both 3's can be emitted at once. By testing the leading diesit cf t with &

digit selector ot read-in, kt can he made to lie in [;6,1.6) as follows:

Leading digit of t k kt in:
0 - - - ERKOR.

1 8 [.8,1.6)

2 L [-8,1.2)

3,4, or 5 2 [;6,1.2)

7,8, or 9 1 [-7,1.0)

If t {s slightly less than .2, kt = 1.,6-; but then x = kt-1 = .6- and the series is
alternating, which improves the accuracy, for now the truncation error is no

,
greater than the first term omitted. For x = .6, if |tn| = (.6 /) M < 1075 ¢
required, n must te ullowed to reach 29 - certainly not too many terms to tuke
for the extreme cuse.

In the second FD set-up described z2t~ve, an even simpler choice was
made for k, namely, k = 4 if kt ¢ 1.4, k = 1 otherwise. This only ruarantees kt
to lie in [EBS,I.A), but verv good results are ohtained nevertheless. Since
logiogkt {= much lees than 1 in this intervel, 8 decimals are cerried thiroushout
the series, the correction -.60206 = log 1/4 bteing added, 1f rececsary, at the end
(to prevent overflow). Finally, the proper characteristic is added and the
results rounded to 7 decimals, which are usually good all the wav out.

A fixed-point 604 board wus wired, using the left-shifting technique
and the above table for k and evaluating 7 terms per sweeo. Using calc selectors
to move the (actual) decinel point, lopgs could be evaluated to 7 good dec*male for

arpuments lying between 10 -8 ung 107 -10-1, However, the speed wts between
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1
333 and 50 cards per minute. A faster board, practically a constant 50 cards

per minute, is now used which gives virtuallv the same accuracv. This 604 set-up

(2)

uses 2 retional avproximation of the form

log it = F(s) = C9x9 + C7x7 + CSXS + C3x3 + Clx % 565

where the Ci's are 9 digrit decimals and x = Y = 10 for 1 ¢ t <« 10. Ueing
t + /10 -

x = ﬁi&—:—JZ:i)nnd f(x) -1, instead, zllows t to lie in [.1,1.@]. The C{'c are

e + /1)
rounded to 8 cigits; and t (8 digits), V.l (to 8 cirits), Cg» and C, are fed in.

Cn’ n=5 2,1, is developed within the 604 bv multiplyine Cn+2 enc emittine proner
corrections. This boarc wes much more difficult te proeram than the series hoard,
but it is faster. For CPC boards the gnproximation is not feasitle within the 605,
since it woulc tie up too many orograms for one function; tut it is easilvy sub-

progremned as in the first CPC-II set-up described nreviouslv.

Fvalueting Functions ¥ith Exponenticl-Tvpe Series

The accuracy cf the exponential-tyne functicns is linited for eseneral-
purnose 8-dirsit set;ups by the fact that x must be allowecd to exceed 1 1f the
evaluation is to be very useful, Althourh this does not {mnede convereence and
only moderately increases the number of terms required, it does 2llow the incividual
terms tc become grezter than 1 even thourh the sum mav ke quite erall., Thus fever
significant ficures can te retzined on a heavily nrogrammed tcard,

To use e* to evaluate 10Y in & menner somewhat the reverse to that used
for loget to obtuin logypot, x must be allowed teo vary over (-7.3025851, 2,7025851),
i.e., (loge.l, lor,l0), since the decinal vart of t, d(t), vill very cver (-1,1) and
hence 1od(t) over (.1,10). The whole-number =art of the arpument, [t], cen of course
be handled senmarately to shift the cdecimal noint.. For the reneral term of the series

for eX, lx“/“!l < 10 forl xl & 3.91L7 and for 211 n, in oerticular n = 3, since the

maximum termm for 24 x 4 is t3. Hence it will te sufficient to allow onlv one




P-374
2:-17-53
Pace #13
digit for [ié]for all n with [}J < logelo. However, since the last nlace
is bound to be inaccurate, more than 6 good decimals cannot be exvected for
e or 10' if only 8 vlaeces are carried. Similor considerations hold for sin x
and cos x. In fact, it would be desirable to allow x to very over | =277, 2W]
for sin x and cos x, but this intervcl is too large even when allowineg a plsce
for [}é] + In the set-ups previously described, a reducticn of the zrpgument
to [-77,77_] must be card-programmed, For a 604 toard for only ecne or two
functions, this reduction could no doubt be programmed internally. The argument
for sinh x or cosh x is restricted by the range of the function rather than by
the magnitude of the terms. Again, for special 60/ boards, one could arrange to
store the tens and higher-oraer digits of the sum separately, thus extending the
interval up to about (-3.9, 3.9) while keeping 7 decimals. These extra devices
impose too great a load on the progremming of a generel-purnose FC CPC set-up.
For some jobs, the reletive error of sin x or coes x s comrared with
x 1s the important thing. In such races, series as used eshove - i.e., with 7
fixed decimal places - are not of much value. Mr. Hastines' aoproximations for
sin x, as well as some other functions, give a relztive error rather than an
absolute one. The computation can be carried out as an FD routine or on a double-
precision set-up, ancd good accuracy could be ohtained for verv small arpuments.
This i1s an invaluable method for such jots.

The Arctangent Function

Perhaps the most difficult elementary function, normally used, to
handle by series over an adequuate interval is ten-1x. The series for this
mi serable function has all the disadvantapges of the harmonic-type series with
none of the saving graces of the log function. The first comolication {s due
to the fact thet T(x) = gi (-1)® 24 = ¢an-1x converges only for | x it

| _ (-1 v for| x| ¢

Forrx‘ > 1, the relationship tan~lx = 3 TT (sgn x) - tan-1(1/x) must be used,
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[ 1if x> 0
wvhere sgn x =I—l i 4 X< N0,

itself, and there is the even greater difficulty that the convergence of T(x) for

fuch a choice is difficult enoupgh to proeram in

Ix Inear 1l is theoretical only, since the orcder of magnituce of n to ensure an
error of less than 10™° for such values of x is 10P. T(x) can be evaluated on the
605 so that Itnl becomes less than 10~ for 2n+l < 100 1r| x| < .A709. By letting
r(n) = mx?/m+2, m = n+l, only thie odd-power terms need bte evaluated, i.e., actually
less than 50 terms. An earlier FD C P C-I1 set-up than those previously descrited
included this function insteac of arcsine. Every imaegineble kind of reduction
formula was tried, but all proved to he too involved to program internallv. Rerort-
ing to sub-programming, the following procedure was finallv used:

Taking the well-known formule, tan 20 = 2 tan ¢ , let x = tan 8, vy = 46,

1-tan?p

le] < 37T, whence xy? + 2y - x = 0, giving y = —lt;/T:§7_' Since’ v] LI XI , the
plus slgn must be chosen. Applving thic aeain, t =x;ijZi;§Fr; 6/4. Fincel LI =
LRI = tnn-n78, the series T(t) will converge quickly? Finelly, tan~ix = 4 tan-lt,
This sub-programmed reduction introduced very little loss in accuracv, but {t was
slow. However, it woulc hsndle any argument up to abtout t . 346 X 1C25. A retioral
approximation viould probably do as well with ahout the same spoed.(j)

The arctangent function is one for which 2 continued fracticn should
prove very useful for specizl-purpose boards. Since tan-1x is an odd function, the
sign can be "rememhered" with selectors on the tab or 571. The son x in the
transformation previously mentioned may then bte ignored, sncd all arrumen*s reduced

1

to [b,l] by not more than one division. TiLe continued fracticn for tan™"x,

tan-lx = X
1+ 1x%

300 4
54+ 9 x<

74+ .
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is valid for all real x but would be unwieldy for larpe x. It ic unlikely that
the magnitude of x could be tested, the continued fraction evaluated, end the
correction of W - tamrl(1/x) made when necessary, all within a €04, hut it mieht
well be done in 2 operations. It is impossible tco eveluate a continued fraction
from the top domn with 8-digit numbers in a 604 or 605 because of storace 1imi-
tations. In fact it requires all the storage to evzluate them from the bhcttom up.
This puts continued fractions at a disadvantupe with resvect to transformations as
compared with series. The continuved fraction hac no sum to which a correction can
be pre-added, and there is no "first term" which czn be pre-multiplied. Furthermore,
the index of the tottom quotient used must be prefixed et a laree enough value to
allow for the worst case in the interval sllowed.* This is wasteful in time, since
the worst case will seldom be encountered. However, for a function like tan'lx,
which i{s so troutlesome to handle with serfes, the advantare of the larrer interval
allowed by a continuec fraction outweighs all its disadvantages.
Necessary Concitions For Ffficient Use of feries in the 604 or 605

Bhat is required of a series in order to he able to oroeram fts com-

plete evaluation within a 604 or 605, might be summed up a little more orecicely
as follows:

There must exist a useful interval (2,b) and a form of t, such thet,

for x in (a,b),
)

'I
(1) "’Ml/tdz r{n,x) is recursive and is hoth sufficiently Kﬁmple

end uﬁall enough for manipulztion within the computer;

#Sometimes series are evaluated this way - i.e., 25 2z polynomial of high degree -
the "starting” (the highest) n being fed in with the arspument end suhject to the
discretion of the céder. There appears to be little advantage to this method. 1t .
takes so 1little more time to zttein maximum accuracy, once the series is started, .
that there seems to be no reason why a coder should have to compute or guess at the
proper n, even assuming that he knows what the argument will be,

Those familiar with CPC-II timing, will realize that once a delay cvcle is
taken, all of it ie then availatle for computation, which is several times the

interval alloted to & card cvcle as "compute time.”
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(2) an N can be chosen which will keeo r(n,x) within necessarv

bounds for n< N &nd which will allow, for cdesired v,

00
Z: t (x)] < 107P; ond
n
N
(3) 109 for which |tp(x)| < 109 for all n, & fer which |D_ th(x)| < S,
¢nd max el |r| are of comparzble maenitucde and comnatitle

vith p in (2).
It is best not to be too stringent with (a,b) or some useful series, such as the
log series, are likelv to be sumnarilv di smissed. Likewise, whether or not r(n,x)
is "sufficientlv simnle" dewends vartlv on the inegenuitv of the nroerammer. The
interdependenéé of the demands makes more preci.ir strtements difficult.

Fxamnles of Fvaluatine Non-Flementzry Functions in tre £04.

In conclucion, two exeamnles 2re given to show how a series can sonme-
times be used for rapid evaeluation, within restricted intervals, of non-elementary
functions on the 604: X

2
(A) the probatilitv interral, #(x) = (2m)=3/ e3t° g, ana
m2 -X
(B) the elliptic inteersl, E(k) = (1-k? sin? ﬁ)édﬁ.
o
(A) Since @(x) is an even function and the series for eX is uniforrly

convergent over any interval, we can write, where k = /2/m

X
Qﬁ(x):k/ (1-t2+th _t6 4+ . 4 (a)nt ) dt
do 22t o3y 2int
=k[x-’<3 + 2"5 o +...+(-1)n"7m1 *
2.3 220145 D3ang 2Ment(on+l)

Letting v = 4x2 and factoring out an ¥, we have

(00
B(x) = kx 2 _yn

o (2n+l)n!
For x in [b,b), if we wish to carry onlv one digit for[:y] , wve must heve b ¢ 4.472.

To keepl tn|<~10 also, b is further restricted. Ve can find this valie bv =etting
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kx2n+l

n=1,2, « . . and solving 'tnl = A0 (o041 )n! = fp(x) = 10 for x, say fa(x,) = 10,
since the initial kx must be cerried through all the terms in the ectual programming
'

to save storage. Since fn (x)> 0, forelln and x >0, b = min {é"} is obvicusly
necessary and sufficient to ensure Itnl < 10 for x in [?,h) and 211 n. Computation
gives:

X} = 4.2209, x5 = 3.4676, x3 = 3.2922, x; = 3.7748, x5 = 3.31739, x¢ =13.13798.
5 XL' fince the series is an
exponential type, r(4i+p) < 1 for x = x, and hence fL(xL) > fL+p(xA)’ P=1, 2, vee

< L ] L ]
Since X, < % fA(xL) > fs(xb), {.e., r(4) < 1 for x

Therefore, x, = mini.xg}« If we similarly compute b' such that |t 1< 100 for x

in [b,h'), we find that b' is only 4.0326. If we are more interested in accuracy,
it is better to be satisfied with b, since x = b' {s a pretty large argument for
#(x) anyway.

We can carry 8 decimals for the sum by ignoring the whole numbers in
the leading terms, for, since 0 < @B(x) < 1 for all x, these must all cancel, ond
the worst error we can commit by ignoring them is to come out short btv exactly 1.

We can simply add 1 to the result and ignore whole numbers when rendine out the

ans1)ibg It
(7n+1)n

and we need to keep 9 decimals for (2n-1)tn_ly to maintain 7 good decimals for @(x).

answer. A difficulty arises in the comoutation, however, since r(n-1) =

Eut 1f n > 23, 2n? + n > 1000, which is too larce for the division in the 60¢
without using extre prograns which are not availatle., Limitine n to 22 reduces b

to about 3.15 if we are to require tn, to become less than ]0-7. A board has

been wired which carries 7 decimals for tn 1f 0< x £ 3, and which carrfes 6
1f 3< x € 4. For 4 &£ x< 10, the computation is suppressec and a constant
<9999900 is emitted for @(x); also a negztive balance selector is picked up to be

used as desired. For 0 < x < 3, the maximum error in #(x) is 10-7;  for 1< x < 4,

it 1 10'6. Speed is somewhat better than 33 %cards ner minute on the average.
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A

B. To express E(k) as a series, we first expand (1-t2)< in a

Taylor's series. This series is uniformly convergent for t2_~’7 k £ 1; althourh

setting t2 = k2sin?¢, where k = sin 6, allows t? to equal 1, we can restrict k?
to [O,b), b < 1 to bound t< away from 1, This restriction is less c=evere than the

one we shall eventually have to make anyway. Ve then have,

T2 772 < .
F(k) =/ (1-k2<in2g)dap =/ [1 - 1_<2_s*2_52g } Zi?é%;’l'%
o o

B:nsin&ugj o.

«

Integrating term by term and using the definite integral

72
/ sinznﬁ dd = 1,2.5...(2n-1) _'El'_ 5
(o] <

A EN 1
00 00
we have E(k) = T<1 - k2 _ 1-3-j-~-(2n:1)]2 el DS €
2 4 22 2elebees(2n) 2n-1J’2§ n

where t‘o 98 t’l tk”, &nd t'n+l m% k th = W t‘l t’n , n_>_1.

This 1s not too difficult to program on the 604, but the interval is restricted,
It will probebly not be possible to allow more than 7 decimals for t tecause of
the magnitude of the expressions An?-l snd (n+1)?, which will have to be develoned
as a multiolier and a divisor, respectively. CSfeven decimals can be carried for
the sum which allows TV? to be inputted at recd time encd carried as a factor
throughout all the terms.

For k = .96296 = cin 74°21" + ’|tloo ¢ 107, hut this is not an uoper

bound to the error, since the series is non-altermzatine. Since (_4&'1'_]5:2 — /, as
n-

n —o00, if Itl = k2/4 < 1/8, we can say the error is no greater than the last

term included. This requires k < V.5 = ,707107. Actually 6 sood decimals can
probably be obttined for considerably higher vslues, spv .8 or even .85. In anv
event, as soon as th is less then the zllowed tolerance, the comnutation will stoo

if {t has been programmed properly.
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