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1/ 
Non-ri«^atiT» Square  Itotrlcea" 

Gerard Lebr«u ami J.   N.  Herflt«iri 

Square iwtrices,  al]   ol" wt oae elements are non-negative,  heve  play«d 

an  liiportant role  In tne probabilistic  theory of finite  Ifcrkcnr chalna 

(See [U] and the  referencös  there  given) end, mora rrcantly,   In  tn«  study 

of   linaar »odei»   In economioo [2J, [3J,  [8j, [91, [12]   to (17) and  [20j. 

The propertion of such matrica« were  first inveetigated  by Perron 

[16],  [19], •rid  then rery thoroofchly by Frobeni.ua  [ S'j,  [6j,  [7).    Utaly 

Kiielandt [22] has giran notably «ore siaple proofs for  the reeults of 

Frobanius. ^ ^    ^  /    yj    _     y^ 

In Saction  1 «e study non-oegative   indecoapoaahle metric ea 49Qm a 

different* point of view -f^^-^of the ßroir-'er  flxed point theoraß*^ a 

concise  proof of tneir basic  properties is  thus  obtained,    in bee Men ? - 

'p*üpertie8  of a ^er.erai  non-negative square natrix k are uerivad  froa those 

of nan-negative  indacoaiposaola aatrices.     Lo S^otion ^  theorass about the 

matrix  sI-A are  proved;   they eorer  ir   a  unified manner a number of results 

recurrmgly used  in economics.    In aeetian k a  systematic study of  the 

convergence of A Jehan  p  tends  to infinity  (A is  a general complex matrix) 

Is  linked   to combinatorial propertios of non-negative  square matricas. 

Inless othemise  specified, all n.atrlces considered «ill  have real 

elements.    We define for A  -   (a     ),    B •  (b. .)i 

A    1    B    if    a        '    b        for all I,  J 

A    1    B    if    A        Is        andA^B 

A    <    S    if    a        *     b for  all  ij 

y 
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Friaed  lett«rä aenot«   transposes. 

'«hen i  1« en n  » n »atrix, k^ ' T A  T"1 denotes  the   transrorir       of k 

by  Uie nonsinguls:   n  • n ■etrlx T. 

1.    Non-negstiTe  indecoBposeble aatrlces 

in n  •  n mstrlx A  (n ■ 2)  is  seid  to be  indecoapoeeble  if  for no 

£/ -rr ~-   ---   -l f ^11 *12 
pernutstlon ■etrlx--     ", does A-rr   • T, A I        *    - 

0 L22 

•here A     , A2? are square. 

Theor— I. Let    A , 0    be   IndecoBposable., Then 

1. A has a characteristic root    r > 0    auch  that 

2. to r can  be aasoclatea an  aigen^vector    x    > 0 

3. L£ oC is any characteristic root of A,     \o{\    * r 

li.    r  increaaea when any element of A  increases 

5.    r is a siaple root. 

Proof.       1.  a)    If    x > 0,   Uien    A  x i 0.    Kor  if A x  -  Ü      A would  nave a 

column of tares, and so would not be  indecompoaable • 

1.  b)    A has a characleriatic  root    r > 0. 

x £ 0, tZ %.   * l7     be  the  rundanentai Let    6    -   X *   ^   Hn 

simplex  in the  üuclldean n-space,  R   .     If   x 6 S, we define    T  (x    •  1       A x 

fu) 
where      ,    (x)  > Ü     is so determined  that    T   (x)    6 S     (Py l.a} auch a   /? 

exists  for erery    x £ S).    Clearly    T(x}    is a  continuous   trensfonaation of S 

into  Itself,   so,  by the  Brouwer  fixed-point  theore«  (see   lor  exa«ple [ 11J), 

there  is an     x     £ S    with    x     - T   (xo)   - --—    Ax.     Put    r  •  /?(x   ). 
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  ■        >■ 

2.    Jt    > 0.     Suppoae  LhAt *ft«r applying • proper ^ ,r    -   ( Q),   5   > 0, 

Pju-tition A^   accordingly,    i^ xo • r X0 yield»! 

VA21       v 

o       v o 

lj-' 
thus A21       " ^  S0 A21 * ^ TioI*tin« ^%  ind#CQ«ipü»«blllty of A. 

II M -  (a    ) is « ■Atria, «e henceforth denote by U    the •etrlx 

3-1*.    If    0*B-A, and if j6  ie a characterietic root of B, tbga 

U^'lJr.    Moreover /^ | - r   ijyliee    B • A. 

A'  is inaecoapoaable and therefore has a oharaoterietie root r.  > 0 

elUi an eigenvector x1 > 0i A'  X   - ^ x,,    Moreorer ^ y - B  y.    Taking 

absolute values end using the trlangia inequality, ee obtain 

(i)    ;^I7#   ^    B y*    :   A y#. 3o 

W \ß\*\l     t    »^A  r#    -    r1x'1 y#. 

Since    x1  > 0,    x^ y* > 0,     thus (^) ^    r. 

Putting B - A  one  obtains I <*, I, r in particular    r * r    and since, 

similarly, r    * r, r     la equal  to r. 

Ooing oack  to tne cemparison of B and A and assuming that \/? I - r one 

geta fro« (i) and (ii) 
« • ♦ 

r 7      -    By-Ay. 

From r y* - A y  , amlicatlon of 2 ^i^si y* > 0. 

Thus B y# - A  y*    together witn  B 1 A  yield»  B - A. 
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S. a)    If B is a principal «ubtnat.rijc of A and   A a  c^aractrlatic 

root of B, \J$ | < r. 
-     /B      Ov 

£,   la alao a characteristic  root of th« n  • n ■atrl.x B • /.    Sine« 
^ yO       0 

A is ind»ca«po»Abl«,  B f A^   fcr a propw  TT »nd   \jB I  < r  (by 3 - U). 

5. b)    r la a  liapl» root of     $   (t)  - dat   (t I - A)  - 0. 

$ '(r)      i«  the aur. of  the principal  (n - 1)   •   (n - 1) ainors of dat   (r  I - A). 

J^it k^ be on« of  the principal  (n - 1)   •  (n  - 1)  auhwatric«« of A.    By 5.  *) 

det  (t I - A^) cannot Taniah  for t ■ r, »hence det   (r  I  - k^) > 0 and 

With a proof practically identical  to  that of  } - U, one obtatna   the 

■ore gerieral result i 

If  B i« a coaplex «atrix such that B    I  A, A indecoeyosabl«, and   if ^ 

ia a charac tari a tic root of B,  then [^ | , r,    MOTOOTT  (^ | - r ieplle» B    • Ao 

i V 1W9 —1 Mor« preciMly if ^"r«', h-m^lkD where 0 i« a diagonal 

Mtrix such that D - I. A proof of thia last fact is ^iren in([22j p. 6^6 

Unas  h  - 11). 

from this can be derired 

Thoorea II. Let    A   , ü    be indecomposable.     If  tae charectcristio  equation 

aet   (t I  -A)  ■ C baa altogether k roots of at aulute yaioe r,  the set of n 

root«   (with their order«  of ■ultipllcityj  ia  inrarxant under a rotation  about 

the origin  through an angle of    2 TT   ,  but not under rotations  uhrough  saaller 

anglee#    Moreover there is a permutation aatria TT  euch that 
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0 Ku      0 

0 0 
^3       ' 

0 0 0 

\l c    0 

p-?ie 

0 

0 

■ iUi  »qu>r« aub- 

0  J 
aatricai on the difceofji 1. 

Again the reader is rolcrred   to the excellent proof uf lieleiidt 

[22,  p. 6U6 - 61471. 

If k  • 1,   tne  IndecoBpceable «atrue A  . 0 is eeid  tu  be primitive^» 

2.    Non-Negetive bquAfe Uetrice» 

;i' A   is an n   • n »atrijc,   tnere cleaxiy exiits a  permutetioo jaatrix 7/ 

•jjcri  tuat 

TTATT -1 
'1     ♦ 

A. «her«  the A    are  square  subaa- 
h 

trices on the diagurAl and  every A.    is  either indecoaposable or a  1      I eatrix. 

The properties of A eill   therefore be  easily derived   fro« thoss of the    A. • 

H 
Kor exanpie det (t I - A) - TT" det (t I - Av) and Theoreo I Rives 

h-1 h 

Theorem I. If    A  , 0    is a   äquare aatrxj,  then 

> 
1. A  nas  a  cnarmcteriatic  root    r  ■ 0    s ich that 

> 
2. to r can be  associated  an  eigeo-^rector    x    _ 0 

3. 1 f ä ±s an/ characteristic root of A, I«^ I * r 

U,    r Joes   ,ot oecrease wtien an eleaent of A increases „ 
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Let    rh    b«  Ui« QAXiaal non-n«gatiTe  cnarJtctaristlc root of    Lt «• 

take    r ■ Mux r. j    1 - 3 - ^ «re to«n ijtn»dl«i«.    To prove 2 «« confidtr 

• saquttrK«    Ac    of n   • n Bttricas  conrsrging   to A  such that for all    u 

Au   > 0,    Let r^    b«  th« maximal poaiUY« cryiracterlatic root of A u , 

xL   > 0  its aasoelated  olgau-vect-vr so  chostr.   Uiat x^fcS,   ihm  f>ina«uB«nUl 

• L»plax of K ,    Clearly   rLtends  to r.    Let uj th«n select    x    €   S    a 

limit point of trie set   (xc );  tnus there  is a subsequence    X(*conTerging 

to    x    - 0    and for  erery   t-.A/'X.,    ■ r , ,   x    ,    ,  therefore    A x,,  - r x  . 

5  of Theorem  I no longer holds« but 5. a)  ueoomea: 

If B 1» a principal suuoatrix of A and ^ a chayecteristic root of D, 

The proof,  almoat  identical,  no«  rests on U of TheoreB I 

3.    Propertlwg of    s I - A    for    s > r. 

In this  section    A . 0    is an n  •  n matrix,  r  is ita aexiiwal  non-negative 

character la tie root* 

Leama   j    If for an    x>Ü,Ax*ax  (reap.  ^),   then    r * »   (res£.   *). 

If for an    x,0, AX«L8X (reap. >),  then    r < s   (reep.  >). 

The proofs of  the  four siateaents  beln^  practically Identical, «• proaent 

only that of the  first one.    Let    x    _ 0    be a char AC tor is tic rector  of A' 
0 

# - 
aseociated with r  (2   of Theorem I):    A'   x0-rx,   Ax.sx   with    x>0, 

therefor«    x'    A x i » x'    x    i.e., r x«     x * ■ x'    x    and,  since     x'     x > J, 
«* O O c o 

r :.. 

Ve now derire two theoreaa (III and ill) froa the study of the equation 

(?) (9 I - A) x  - y 

Theorem ill    (a I - A)~  ^0   if and only if • > r. 
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Juf 1 xc lancy.    JLnc«    •  > r     (2)  nai • unique solution     r  •   (• I  - k)" j 

for  «Tftr/ y; w«   aTio»   ^riat    y ^ 0  iiapliei    x . C . 

Lf  x hAa ntgativ« canpon»nti   (^) coula b« Rlr^n  tn«  font [jy prop«r 

(iaentical)  paniut«*J.ons oi  tne rows and coluvis and partition] 

• I - A. - A 12 Xl 

- A 21 8  I - A. 

wh.r«    x1  > 0, x2  * U,  y ^ 0.    rfv«r«fora -(» I - A1) x1 - A12 x2 ^ 0 

!.•.,  -(■  I - A
1) Jc

1 - 0    i.«.. A1 j^ ^ a x1,    fro« th* Lwm* tha ■axiMl 

non-ne^a-ilT« ct*i'act«-i»tic root of A1 »r,  . s, a contradiction to  th« fact 

that    r   ,  r,,    (S«« and of Section 2) and    ■ > r, 

Necaaaity«    Slnca  (8l-A)i^0    toa    y>0    correaponda an    x * 0. 

Tharel'ora  frooi    a  x - A x - y    followa    A x < a x    and,  by  tha T—aia   ,    r  < s. 

II' A  la  IrMJacoapoaabl« tnasa roaalti can be anarpanad  to tha 

Lemaa i     Lat A ba  indacainpoaabla 

If  for an    x > 0, A x * a x   (reap.  >),  than    r < •   (rate. *). 

If for an   x>0, Axfax (raap. >),  than    r < a  (reap. >), 

Tha pLpoofs,  practically Idantlcal to thoaa of tha  Laataa   ,  uaa a poiitlTa 

characteristic rector of A* aaaociated with ra    Jria  of  tneae sutaments indeed 

naa already bean prorad in 3 - U of Theerea I. 

Theore« III.    Let A ba  indec awpo sable.    (a  I - A)      > 0    if and only if    a  > r, 

Sufficiencyo   le anoe  that    y ^ 0    lapllaa    x > O*    It is already known 

(fro»  tue prcx>i   of sufficiency of Theorea III  )   that    x _ 0,    If x had »ero 

coepunents,   (2)  cuuld   b« (firen   the for« 

a  I 

- A 21 

-A12 

• i - * 

r 

h LX? J 
■ y 
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wher«    x1  - 0,   x2 > 0,  y * U.    Therefore -* 1^ x2 ^ 0, *nd,   sine«    x    > o, 

A       -  0    rlolAting  th«  iiid«coiii>os«blllty of A. 

-i -i    bJ 
The necessity ties already been  prored  since   (s  1 - A)      > 0  ijnplies  (a  I - A)       ^0. 

Theorea IV,    The principal ulnore of    s  I - A    of order»  1,   ...,  n are all 

positive if and  only if    s > r. 

Sufiiciency.    det  (t I  - A)  cannot raniah for    t > r,   thua det  (s I  - A) > 0 

for    s  > r.    Sinilarly,   the «axiaal non-negative characteri..tic  root of a 

principal »ubl trxx of A is nut Larger  tiian r  (See end of Section 2),  it is 

tnerefore smallar than s, and  the corresponaing minor of a   I  - A  is positive. 

necessity.     The derivative of order a   (< n) of det   (t  I   - A) with respect 

to t,  for  t •  s»   is a aua of principal minors of jraer   (n - m)   •   (n - m)  of 

s  I - A and   tnua  is  positive»    As  its derivatives of «11  orders   (0, 1,   ,..,n-l,  n) 

are positive  for  t • s,   the polynomial det  (t  I - A) can vanish  for no 

1/ 
t . s    i.e.,  s  > r  . 

Since a  square iaitri_x witn nonpositive   (resp, negative)  ofl-diagonal 

elements can always be given tne form s  I  - A wntre A  , 0   (resp.  > 0), 

results  sucn  as   thoae  of Chipman [i\t  ^}],  Oooü*in [8J,  Hawkins and bimon [vj, 

M»trler (12]   to [ 1:-J, Morishina [16]   , Moaa*  [17], SOICTW [20] a:e all con- 

tained   in  tne  at^ovt. 
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li.    Conrerganf • of i. 

Tf.eore« V.     Let A  b« a n n   c 
c p 

Qgplt£ niMVrxx.    Th*   ^x^aance A, A   ,   ,..,  k   ,   ... 

of  it»  powra  [jJ^TergjMj  if and  only if 

1, anjr charac unstic root   o< of A  aatiafiea aithT i ^ ] * 1  or   x   "I 

2, wneri  the sec und cas« occuriUi»  ordwr of r. .Itipllcl tjf of th» ruot  1  equftla 

t.i« dLraenaiun  of  'heei^en-vector >r*i • «•socia'-od with  that  root 

71.are   13  a iion-ai-n^ ilaj    cocplax matrix T  such   that 

'1 l^t    I 

AT   - T A   T 
-I 

where J 

0 

.  1 

0   ^c1 

.   1 

Is .4 squar« natrix on the diagonal and o< a cnarec teri 3tic ruot of A« To 

er-ry root ^c corresi onds et least one J (F.)r thli red action of A to ita 

Jordan  canonical  funn see   for  euunnle  [21))„ 

oiiice 

T AP  I'1 
!     > A       converges 

0 

if anu  only  il   every o<ie  uf   tJie  J      cünT»,r,:e3,     Let us   tnerefore study one of 

tnen;   for   tnis p'-.rfxjse »e uro;   the  sabscnpts  1  and   L. . 

J   Is a   k   •  K matrix  of   tne  form J  -   ^  I   ♦  M    where M  ■   («_» )   1 

».♦   -  1     if     •.  •  s   ♦  1,  ■   .   • 0     ott.erelso, at at 



^-.M.rip-1....../p'L ^ 
>!/"        '       ""   U-l'" 

k-l 

It is easilv   aean   that  lor  It   .    «L   "  1     if    t -  s  ♦  h    and     a 

oUwuiae.    Ihas  VT  • 0    if    h ^ k;  also  the non-»ero elamer.ta  of U      ana    U 

(h  f h   ) never occur in the sau« piace  so »r   converges  if ai^j   only if every 

tem of  th« rl^nt—hand sum does. 

The   first  term snows   Uiat  riecesaarily  either; c<|<  1  or  >x_  - 1. 

IfjcK)*. 1,  every  tera tends  to zero ai»d Jp conTergej, 

If o(   ■ 1    no tern other  trian the  first one converges and necessarily k-l 

i.e., J  • [1]} clearly J*   converges  in  this case. 

We wish how«ver to ottaln for   this  necessary and suliicient condition 

of convergence an expreseion inueporkdent of a reduction  tu Jordan canonical 

for«. 

Consider tnen »n aroitrary n   • n coaplex matriji A ana  let £j be  the set 

of i for which J.   corresponds  to the root  1,    The equation A-, x - x,  in which 

x is  pertitioned   in  the  same »ay as AT>  yielris J«  Xi   •  x.   ior all  i i.e., 

if i C   ^ .   ^ - o 

if i  €    J a^^ components of x.   but  tre  first one  equal   rero. 

Thus  tha dimension of the ei^en-vector space associated with   tnt root,  1 

equals  the  nuamer of elements or ^J   a    Tnis number,   in  turn,   e luala   Uie order of 

multiplicity of   Uie root 1 if and  only if J    ■  [ij  for all   i  t  J  . 

We nom  assujae tna»   the  limit C exists and  Kive ^t« exnresslon.     If 1 is 

not a diaracteristic  root of A,  C  ■  0.    Let therefore 1   be  a   root of k  of 

order  j^ o    Ttwis x  (resp.  y), an  eiKen-vector of A   (resj^.  A* ) associated with 

tne root 1,  has   the form x - X  5    (reep.  y " 1 ^    J where X   (res-. Y)  i» a 
6 

n   •   t^ matrix of rank   .^  and    §•     (resp.   >>   )  is a       *<- '   i   matrix,    ror an 
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· rbi t.ra.ry x p p•l 
t on A..A x • A. x gina 1n the l.iait A.Cx • ex 

i .e ., C1 • ! (x ) . To determine (x) we re rk ~at T1 • l'A 

i.e., by iter& ion l' • Y1A.P, and therefore Y' • Y'CJ tbue t•x • Y•CX• 
E 10/ 

Y'X ..:1 (x). Y'X ia a non-singular~ "/ aat.ru i.e , ! (x) • 

(! 11)-l Y•x. Finally for all x, CX • 1(! 11)-1 Y'x i.e., C • 1 (!'1)-1 !'. 

Corol.l&rz. Let A ~ 0 be i.ndeccapoeable aid 1 be 1 t8 •xt •1 pori the 

characteristic root.. Tbe sequence Ap conTergea 1! and cal.y 1! A u prWtiTe. 

The nee s i ty is obvioua. T sufficiency follow• tr the tact. that 

1 1 a s~1e root. 

Let then X
0 

> 0 (reap. y
0 

> 0) be a n eigu...-ec t o! A {reap. A 1 ) 

s oci t.ed wj th the root 1, the 11ait C ot I!' has \he li.aple expreaaicn 

c • 
yt X 

0 0 

• 

Cle r1y C > o, thu.t if the indec poaable aatrl~ A ~ 0 11 pr1ait1Te, 

there ia a pod tive integer a 1ucb that A P > 0 whM p ~ •· The coDTerae 

uan e<lia te consequence c! the deo 
1l/ 

11 tion {1) ot 'Illeoru Ir. 

C lea i n ion !or ., c.b in Econa.ice 



Footnotes 

P- 318 

-12-

1. Tbia paper is a rnu1t o! the • r 0.1 done t the Co-lea Coami~aioa 
tor Re euch in Bcona.ica on the • ~ary o! Reeou.rce Allooa\ion• UDder aub­
caat.ract to The RAJID Corporat.1oc. Based on Cowlea c~ .. ioo Dbct• , ton 
Paper, Matheutice Ito. J.l4, Fe Nary, 19$2. 

Ackru,.l pent. 1.a due to at.aft -ben and ueau of the Ca.lea C~eeion, 
to J. L. l onul wit.h whaa one of had the priYilec• o! d scuutn th probl • 
Of hct.iOD U, io i. Solo- WhO lft partiCUlar pointed OUt to Ul taat Alexar¥irotr 
and Hop! ( l ] b~ rea<IJ •"'' ••ted the • ot o~er' 1 theor• in connection 
•U.b Ule probl .. ot S.ctioa l. 

2 . In an7 rw or co~ of a penallt.ation Mt.rix one el~t equall l, the 
othwe equal o. TT'ATT- 11 obtainecS b7 per!orain the ... raut.ation 

). 

on the r s ani 010 1be collaea t A. 

AI ed te ocma.quence ot one ob t.a inaa 

tin 
i 

• r c 
• 

Th s b praYed by (resp. d r in ) 1 el~t• o! 1 1 0 

Max ~ a 1j (reap. Min ~ ~j)• a to all row auaa e 
i j i j 

A e1ail ar result naturally holda or ewc.a. 

c aapoa tioo (l) can indeed be ca.pletely cha.rac t r i zed. 
• Let A be a aqu&re e•plex .,.-u wch that 1TllT' -1 __ r o_ra_. (1) and 1e 

81 • 1 1 +1 X • • • X A -1, X 1 1 X • • • X A • or el._ '# 0 t o be a 
' , 1-1 ,1 

ch&ract.eril tic root of A it 11 nece .. ar z (r •P• au t1d.nt ) t. Q( k be a 
c rac c.eriltic root t nwz (r eep. e ) 81 • 

Afte r pro 
r oot Cl( , the 

parti t o! x, eicen...,ector o! Arr 
quat on A 7r x • -<. x bee • 

uociat d wit.b the 

(l' ' ) 8 x1 • a( 

{1• 1 , ••• , ) • hicb iapl i el 

1nce 

• o\Wi ) , 
~ can Tani8h (by (1' ) they all 

o( k 11 a charac teri tic 
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Conversel.r l et. o<. k be a char c teri s tic roo t o! B1 and x . an a,.ociated 
t.h . l. 

e i.gen....,.ect.or, we construct vector x , whose 1 component is xi, and such 

that ~ x • o< x. 'lhe (i - 1) th equation (l' ) dete.rainea x
1

_
1

; 

x i-2 ••··, x1 , ~, •. • , x1•2 , x
1

•
1 

are deterained 1n turn; the 1th equation 11 

redundant becau:Je of (l 1 1 ) • 

!a an iarledia t e coos quence of the 1-. <lrle find 
Theorem. Let A ~ 0 be ind COIIJ>OMble. b.Jye exacUy k cb&racterhtie - - -roots o! MXi.Ja..- abael te T&l'-- r it h neon (reap • .a!!icie.nt) tba\ A 
can be brol:Jbt to tora (1) r e .... ery (reap. e ) ~ baa oe ot.her cb&.rac t.eriat.ie 
r«> t ot -.xiala abaolu.t.e n lue a1 '~ s1 1. t.a lt . 

Wr'alq a1 • r tor- nary 1 . 

S. A atoo. a Uc n • n .atrix P ia de illed. by Pij ~ for a ll 1, J &nd 
~ Pij • 1 for all 1. Clearly 1 is a charac'\eriatic root of t (tau an 

• an ... ee r witb a U coaponen s eq 1) . 1 h tbara! ore a root of • o• of 
e indec • lA aa r1oe Pv P2 , · ••• ,, • Suppo18 that 1 11 a root ot Ph, 

it f ol.lowa !l'OII tootno ta 0) th t all r011 1\IM of Pb are eq\&l tq 1 i .a., 

* 

0 

• • ' 0 

Mkee propert.i I 0 I toe St C M t.ricaa ( I U j t of tba theory of ,tinU .. 
ilarkOY chaw J Me ( 4 J a nd 1 ta r f'erencea ) ra&etT COil.. _.., of the reaul w 
0 il art ca. 
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6. It. i s worth [ 9 J up~eit.ing a result ob tained in the proof of 
necessity of Tbeore III • 

,_ > > a.ar • ~ J. • 0 (resp . A • 0 decomposable) be a square 
1! for a y > 0 (~1ap. 1 ~ 0 ) , x ~ o, ~ (a I - A )-1 • 0 

[reap. (1 I - A) > ] • 

trix . 

ib• p-oof for i.ndec~posable .a trices uaes tn Lealia instead of he 
~. 

7. W l ve a laat. property useful 1n econoaic [ lla l , ( 15) • 

a. 

Tbeore • lAt. A > 0 be a tqu&re .atrix a nd let c1 j be the cofactor of the 

tb th 
1 ro-, j col~ ele•nt of a I - A. It a > L. a1 j for a ll i , then 

j 

~ j ~·· cii > c1J• 
Let ua define the aatri.x B • Cbpq> a !ollo-st 

• bpq • apq 1r p; 1 1 b1q • o 1r 1 ~ q ; J; b11 • r. b1J. 

B 1a indee-.:>oaable, reOYer ~ b1 • 1, ,G b < tor p ~ 1 . 
q q q pq 

~we!ore (See footnote ) ) the max.t.al poeit Ye cha.r&cteristic root~~ B, 
r (I ) < • Thus de t (1 I - B) > OJ a deTelopaent accordin t o th 1 ro-

yieldac ; Cu -; Cij > 0 

studies sq e trices A such that for a permutation trix 7T, 

A-rr • 

< 
Al2 • O, 1 21 • 0 . Th rel tion 

1.12] [l 0 l 
A22 0 -I [

i ll 

-A21 

• 

a.a he. oper i ea of i7r can 
nan-ae&ati.-e tr1x 

~ediate l.y deriYed from those o! 

s 
A.,- • 

In put1c ... ar "rr nd AT baYe tbe same characteriat.ic roota. 
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10 . X,. • T 1 (rea • If • I' T-
1

) aya ! or 1y th e role •• .X (r • yt ) 

does for A. MareoTer f'l • If x,.. The r -hanG Mt.r 1a ncn-e1ncular tor 

e rona e by e J or o a tr AT l n tJle canTer ne e c ... 1apllea that 
the e • ...., ctor s c U era ted by ~ b id tic&l w1 th U\ e en....,ector 

space V rated b7 I • thus I' 1 • 0 1.r • 0 ( ere 1e no . T 1' 
Tec~r differ ent troa ce-o in U per ndicul.ar o V i .e. , to ) th.re!ore ! • 0 
ain e \he r k of .X,. is/""" • 

u. T a oharecterit.&t on ot a cal of the · ly 
o.aablDAt.ari&l p perue~ o n.-...... -aUTe q e trix A ( aed tor xaapl.e 
in the tl\eory of c~ tJ. n oetwor ) 1 the ..,. , '-•t a tia!JiAc t.be &boTe 
cood.i Uon h i.nde dent. of the n l • ot t e n . ea-t" ot A •• lQft& 
u tiler tay 1t1Te. 

The dnelo~n t. of c .. .. .. t.h trea t.en t ot 
s b ~oper i ea 1a lib 
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