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SUMMARY
Jk discussion of a few typlcal theories of decision making
in small humen sroups, and description of & few pilot experi-
ments 1llustratinzg the kind of theoretical and experimental
problens that are met in testing these theories., |
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l. Introduction

This paper proposes & class of mathematicel models to
represent the tehavior of & zroup of one or more individuals
enzazed in 8 decision—msking process. In one sense, this class
c¢f models can ve thouzht of as a genersl theory of orzanization
whose parameters permit description of a wide varicty of be-
havioral situations. There i8 also some discussion of the
experimental proclems that are met in the attempt to test the
theory for applicebility tc everyday human situations.

The von Neumann-Morgenstern [1] formulation of the choice
situatior as 8n n-person game in normal form with a finite set
of choices avallable to each person at each moment of time, and
with a vsluation of the expectea outcome for each person and
each set of choices, 1s accepted 88 the underlying description
of the vehavioral alternatives available to the sroup. The
Bush-Mosteller (2] formulation .t t. learnin: situation for s
sinsle person, treated as a stochsst’'c prccess, 1s accepted as
the underlying; deacpiption of individusl tehavior in a repeti-
tive chcice situation. The Bales-Householder |3] formulation
of the roup interaction process, treated as a stochastic
process, 1is accepted as the underlyin; description of ;roip
behavior in & repetitlive choice situation. The class of models
presented in this paper 13 essentially a synthesis of the
essentials from these three troad theories so as to ylela an
orauization theory .enersal enouch to relate tc the dynamic

valuation, learning, interaction; and decision procesases
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cbserved in group decislon-making.

4 few pllot experiments have been conducted to test various
speclal features cf the general model. One central problem
concerns tine methods used by a coalition of persons to establish
the division of rewards, derived by forminy the coalition, among
its zeveral members; scme experimental results ‘n connection with
this probtlem have been repcrted elsewhere [4]. In their most
common form, the atocuastic learning models describe behavior in
terms of a dichotomy of payoffs, termed simply ''reward” and
"punishment ; the ccnversion of the gasme-theoretic model, with
its meny-valued payoff functions, to this dichotomous form has
teen discussed elsewhere [5] together with some experimental
results pertinent to this aspect of the problem. 3Several ex-
periments designed to provide parameter estimates, and tests of
validity, have shown the stochastic learning models to be pro-—
mising for deseription of individual human learning; a 3ample of
these experimentel results and references to other authors may
be found 1n an earlier paper [6]. One especially difficult task
1s the preseription of the ruls determining group decision in
terms of indlividual choices, involving such questions as ma jor-
ity rule and the like, snd many recent authors have discussed
various ospects of this problem; & few experimentsal results
slong these lines have been reported in an earlier series of
papers [7].

The present paper disposes of the troublesome game-theoretio

problem of coalition snd division by letting these results be
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determined stochesticslly vy other properties of the group
decision model. The paycff functions are generally not known
to the iandividusls at the ocutset of their interaction, and are
only pertislly learned during a sequence of zroup decislions, so
that the model reflects this human festure of learning values
from outcomes of similar acts previously experienced. Unfor-
tunately, 1t has seemed necessary to make an arbitrary selection
of the rule for determining group decision in terms of individual
choloes; this imposition of a rule of conduct on the group by a
superior suthority may or may not be realistic, and iz a feature
of the model worth further attention.

A first very crude pilot experiment wes conducted tc see if
the kind of experiment proposed in this paper seems interesting
on purely subjective grounds. As cne of the two subJects, I
found the situation to be surprisingly realistic in the sense
that T had real diffi-.2)ty in msking the choices and felt that
the two of us should be able to communicate and cooperate so ss
to increase our returns. More extensive cxperiments sre in
progress but it seems likely that they will oniy serve for some
time to come as a means tcward improvement of the model and the
methods of testing.

Perhaps this psper i3 a bit premature. It presents no
striking results, either of an experimental or theoretical
nature. But the key effort i8 synthesis of various mathematical
theories pertaining to components into a8 first crude general

tr.eory of organization. It 1s hoped that others working in
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related fields may find enouzh cf interest here tc be of help
in furthering such a oynthesis.

2. The ,roup decision model

I 3hall define the decision models only for zroups with
two members, lesving the rather streightforward extensions to
larzer groups for another paper. The twWwo members &are assumed
to be intereated in the same set of sltern2tives, and their
cholces at each moment of time are determined both by their
individual preferences and by the interaction between members
In & manner now to be defined precisely.

Individual 1 has sn m—component stochastic vreference
vecter pi(t) at moment t such that he will select alterna-—
tive x with _robability pi(t) 1f he acts alone. This
vector satisfles the stochastic relation:

H

2.1) prit+l) = LY (1., 8.) p'(t),

where Li(i is sn operator that carries a stochastic

¢ St/
vector into a stochastic vector, 1t is the actual cholce made
at moment t, and st is a value attached to the consequences
following cholice 1t. In thls psper, the model will be taken
in 8 3pecisal form, as follows:

l) s i3 either 1 or O saccording &8 the

t
5o cholce 18 rewarded or non-rewsrded,
<.,
{ 11, 11t
2) L (it, 3,/ = stR + (1_8t) P , where
11 11

It t end P are stochasti- matrices.

oy
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Member 1 hes & set of j—component stochastic attitude
1 ,
vectcers d‘Jx(t) at mocment t, for alternative x, and for
source J, such that he will declde on action r with probab-—

1lity din(t). These vector: satisfy the stochastic relations:
19X, -\ 1Jx 13x
2.3) a"Y"(t+1) = D (lt’Jt’rt’xt)d (t) ,

where Dljx(it,Jt,rt,xt) 1s an cperator that car~ies a stoch-
astic vector into a stochastic vectcr. Whenever member 1
must make & propousal to himself he does ais with probability

I; for slternative y. 1In s sentence, d;JX(t) {s the pro—

bability that 1 will decide on r after J proposes slter-

native x to 1 at moment *t. Similarly, Din(it,Jt,rt,xt)

is applied to din(t) after 1, actually decides on action

Ty after J, proposes elternative X, to it st moment t.

In thia paper. the model will re taken in 8 special form, as

follows:

1J'x ] N \ ~ a
1) D (At,Jt,xt,xt, are stcchastic matrices,
>3 -1 Jx r T o= i
5 “) J (lt,Jt,At,xt} 1 if xt + X,
. ‘ . \
3, D Jx(ft,Jt,rt,xt; =1 1if r, = 0,

L) D*Jx(lt,J},rt,xt) =1 1f 1, =3 41 whenr, ¢ 0.

These four special restrictions may Le interpreted ss follcws:
2.4.1; This is 8 specislization of mathemstical Icrm, sc
that the oper. tcrs are matrices with non-nezative

elements and with columns that sum to unity.
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Nc attitudes toward one sltermative are changed by

reaction to the proposal of some other alternative.

chanzed if the reaction !s simply

Z.oh.2)
2.4.5) No sttitudes are

to question a proposal.
2.4.4) The attitudes of

one membLer sre not changed es 8

consequence of the reaction of another member to his

own proposal.

The ranges cof the varlatles

1)Jlit)3t »

r.o, =
X,X, =
t o

are l:mited as focllows:

1,2,

G,1,2,
l1,2,...,m,
0,1,¢,...,N.

The three possible sction3 may ve thouzht cf &8s question,

accept, or reject for r = (C,1,¢2, respectively. In further
specislization, it 1s assumed that:
14, G o\
\ 1ix,, . _ - \
1) D (‘t’“t’l’xt) \ by 1 8, |
1
\ C C l—al /
N 1,
RIS \
. C : )
1—»2 C C
AR G 0 lw. O
! t’'ve t !\ 2 J

It will ususll; ve convenien* tc omit X

snd x

¢ in writing
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the D-matrices and to write simply Dij(it,Jt,rt}, cr eveﬁ ncre
simply Do 9(t).

we must now descri*e the order of interacticn in order to
specify the sequence cf operaticns with the D-matrices. The

interaction s initiated by member 1c witl, probability q, ,
1 e

c He then

by selectinz alternacive X, with provability Ix

11 x ©
decides on action r_ with probabllity dr° ©%0). Beth

memters now apply operators Dijx(g; = DIJX(

»

T
"
<
(ad
o

thetir dijx(o) to cbtain their d'Jx(l}. If r 41 this

initial seguence is repeated until at some moment tl(> C, 1t

—

happens for the first time that ry = 1, then toth players
1

apply operators Dijx(t,} to their d

-

lex(tl + 1). Now the cther piayer 1

14 .
‘“‘(tl) tc cbtalin thelr

¢ 1 = 10 decides

t1+ 1 tl
on action Te 41 with provstility
1
1tl+-11tlxtl
d. (tl+1),
tl+l
tix, .
and toth members then 8ppiy cperatcrs O “x(tl*l , tc their
4 <
dijx(tl+1)- tc ottaln thelr d‘"x(t,+ c;j . If r, L™ <, thern
i .1+
t tve . roiattlity
1t1+~1 selects sltemative xtl+ o with proiatility
!
; tl+ 1
xt-r'd ‘
1

and the segquence ¢’ operaticns ccntinues fcr 1, | 1 ‘n a

a
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manner exactly analogous to that for 10 8t the start, with
the roles of the two members 1nterchanged.‘ On the other hand,
ir Ft1+ 1 4 2, then the actlon reverts to member 1t1+:2' 1o
who repeats the entire sequence of steps starting with an al-

ternative Xy selected with probability

1+ 2

This pattern of actions i3 shown concisely in the flow diagram

following.

Flow Disgzram

[Question|- D —> ©

> [hocept] — D —> [Interchange| —>

\\\\3IReJect| -D —> (:)

(§>——>Belect ——>|Dec1de!

/7 -D —> ﬁnterchangﬂ' —> @
@_:,{Receivg} —>{Decide| ’\> {Acoeptl — D —> [Interchange; —> @
> [Reject| = D —> @

- D —> = Apply eppropriate D—ratrices to d—vectors for bvoth

memuers, and pass from t to t + l.
There are many ways in which we could combine the learn.ng
and ‘nteraction models to cet a sroup declsion model. We shall

{
tdentify I~ with pi(T), and think of the intervals between
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censecutive values of T 88 intersction times involvirz moments
t =C to t = N(T); hence, the sequence of events is sn inter—
sction stage from T = ¢t = 0 to t = N(O) resultinz in 8 Joint

decisior ¢y both members to choose an slternative x(1); as a

consequence of this choice, thQ preference vectors pi(O) are
modified sccording to 2.1) and the next interaction stage occurs

Y1) - pi(

here taken simply to be acceptance by one member of & propoasl

sterting with I 1). The rule for & ‘oint decision is
by the other, slthough stronger requirements such 8s two {cr
more ) consecutive acceptsnces of the same slternative could be
imposed. It is not sssumed that one member i1s slways rewarded
if and only 1f the other :mber 18 rewsrded; the two schedules
of rewsrd and non-rewerd mey be completely independent, or they
ma; be correlsted. After eu~h choice it 18 assumed thet the
interact.on process stzctes over again with the same initisl
values dljx(o), and that the probability 1s slweys q, that
sember 1 will te the first to make 8 propossl; of course

q +q. ™ 1. All these quite srbltrary sssumptions have been
made in order to end up with a8 single group decision model whose
propertiesz csn ve studied msthematically end whose applicablility
can be tested experimentally.

3. A group experiment

I shall propose a type of group experiment that could pro—
vide the data necesssry for estimating values of the parameters
entering into the two-membter group decision model defined in

§ ¢, hereafter celled Model G. The extension to more than two
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memiers 18 involved but strsightforwsrd, anéd will be postponed

until later.

Two sul jects pley 8 game together with the following rules

fcr moves and payoffs:

Move 1.

Move 2.

Move 3.

Move 4.

A chance move determining that Subject 11 hes
Move 2 with probsbility Q where 9 *+ 9 " 1.
1

Sub ject 11 sends to the other subject 8 positive

integer Xy < m.

Subject 1. * 1, sends one of the following three
mesassyzes to Subjeot 11:

0. Pass,

1. Accept Xy

2. Reject x, and propose x, $ x,, where
C K« X, { m. He 8slso pays the referee sn smount

——

eV 1f he rejects, and Vv Aif he nasses.

8. If Move 3.1, the referee pays one unit to
Subject 1 with protability Vi , Or receives
one unit from Subject otherw%se, and this
terminstes 8 play of the geame,

b. If Move 3.2, then Subject 1, sends one of

1
the following three messages to Subject 1,:
0. Pess,

1. Accept x2,
2. ReJect x, 8nd propose X, 4 X,
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He also pays the referee -V 1if he rejectsa,

end V 1f he passes.

¢. If Move 3.0, then Subject 11 sends an x3
to Subject 12, as for Move 2.
Move 5.
a. If Move u4b.l, the referee psys one unit to
Subject 1 with provability Vi , or receives
one unit from Subject 1 otherwfse, and this
terminates a play of the game,
L. TIf Move U4b.Z, then Surject 12 has the op-
tions of Sutject 1, 1listed in Move 4 2.
¢. If Move 4b.0, then Subject 1, hss the op-
ticna of Subject 11 listed in Move 2.
Moves 6-/.

A plsy of the zame 18 either terminated by a
sequence of moves like Moves 1-5, by one player
accepting 8 proposal of the other within ‘lo moves,
or a play is terminated at the Zgh move.

The quantities Vi are actually chosen 80 as to represent
the payoffs in 8 2—person game, where x provides an enumerstion
of tue strategy—psirs svaileble toc the two players. PFor exeample,

if the payoff matrices for the game in normal form are Pé ,

B
for (a =1,2,..., 8; PBf=1,2,..., b), then x 18 some
enumeration of the st psirs (a, B). The psyoff units sre
i
chosen so thst lPéﬁl <1 8&nd, in the x—enumeration, Vi = lgzl .

For some purposes, it msy be essler to use the aff =enumeretion
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and we sheil denote it Via. i

!

A set of specific vslues will now be sssigned for ths con- i
stant qusntities in the experiment, ss 8n 1llustrative example,

88 follows: 3

8. q) = 1/8, q, = 3/4,

. £, =10,

¢c. 1 unit = 1 cent *
d. V=0.1,

e.

aJﬁ 1]1 1’2 212 2L1

The best that the twc players csn do jointly, as partners, 1is
always to choose alternative 2 with an expected net gain per
play for Subject 1 of 1i,/4 cent snd for Subject 2 of 1/2 cent;
what they will or should sctually do, with sidspayments prohibit—
ed, is an open Question within the zame—theoretic trtmcwork.[l].
The experiment shoculd be erranged so that neither subject
ever knows the ldentity of the other, uc> the actual payoffs
made to the other. They communicste with each other only through
the strictly limited language represented by the words: accept,
reject, pass, propose x, etc. They are both told that what they
do affects the outcome for voth, but that s choice that is pro—

fitable for one subjeci mey &1so be profitable for the other.
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They are urged to vehave 20 as to maximize thelir total indivi-
dual net receipts in a series of 100 plays and are told that
they should both come out shead of the zame if they zet together

properly, #2lthough one subject may profit more than the other.

4. Parameter estimation

The group decision Model G may be thought of as a function
G(t,0) that will yleld a sequence aN(t) of chotces for
t=1,2,---, N among m + 1 alternatives Xi, where Xo is
the case in which no gcceptance ie obtalned within ,20 moves.
The quantity © represents a set of parameters 91,92,--». GF
and xN(t) has a probabliity distribur.ion F(xﬂ, ) that
determines the relative frequency with which zach possible
sequence xN may be expected in repected applications of @
producing sequences of N cholses each.

The zroup experiment proposed in ¢3 also yields a set of
sequences xN, say with observed frequencles f(xN), 80 the
estimation problem is that of determining the particular set e
of parameter values that makes for the best azreement between
F(xn, 3) and t(x"). Standard statistical methods, such as
maximum likelihood or moments, may oe used to obtaln the re—
quired estimstes ©.

The parameters © that are involved are as follows:
pJ(0) for §=1,2; 1 =1,2,3,%

diJX(O) for 1,] =1,2; k=0,1,2; x=1,2,3,54.
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a b for a=1,2.

a’ “a

Réé,?ﬁé for 1,3 =1,2; a,p = 0,1,2.
These are not independent, and there are lim'ts on the ranges
allowed for scme of the parameters; for example, pJ{O) arnd
dijx(o) sre stochastic vectors and RY and BJ are stochasti:
matrices. 1 shall now reduce the number of plrameterg involved,
by chocsing values for some of‘them rether arbitrsrily; it will
8til)l be very difficult to carry t the estimation computations
even with this reduced set. Specifically, it is assumed that:

-

1) pJ(0) = 1/8 for 3= 1,2; 1t =1,2,3,.

diJ‘(o) - délx(o) = 0 and dii‘(O) =1 fori,§wl,2;

2) x=1,2,3,4%,

d19%(0) = a' for 1 4 3= 1,2; x=1,2,3,8
5.1)

3) a =, b, =D for a=1,2.

i
l-¢c
a8 ap * ‘———-141-6 )

ix i i ix i
b) Ryg = © baa + (1- )6Qx and P_ = ¢'d

for { =1,2; a,f,x = 1,2,3,N.

This leaves us wiih 3ix psrameters, all limited to the oclosed

interval (0,1): a, b, cl, c2, dl, and 62.
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The assumptione of 4.1) may be justified scmewhat, as

follows:

,1.1) At the ocutset neither subject would seem to
have any reason for choosing one alternative instead of
another, and 8o they are assumed equally likely at the
start. 1Indeed, by prior conditioning, the subjects can
surely be brought to this initial state.

§.1.2) There seems to bs no reason for t..2 subject
whic moves first to pass any altermative, nor to reject any
alternative proposed to himself. We are left with a para-
meter al that measures the initial "szgreeability' of
player 1, and this may well differ from subject to sub-
Ject.

e determine the

3.1.3) The psrameters a° and ©
rates at which the attitude vectors ere modified after
each move, and meiking them independent of a amounts tc
assuming that an acceptance makes the next acceptance Jjuct
as much more liksly as a rejection maikes the next rejec-
tion more likely. Of course, we might have done better to
sllow the parameters in R* and P'* to depend upon 1
80 a8 to provide for variation between subjects.

8.1.4) This is the "mixed" learning model, and it has
been chosen bLecause it has seemed to fit the dats from
various choioe'cxpcrinonts better than other sinzle—pars—

meter models when the subject is convinced that the systex

of rewards may be varied from time to time sc that his past
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experience is not a toc reliasble indicator of the future.
The parsmeter c1 measures the rate at which subject 1%
chsanges hig jpreferences a3 8 consequence of reward or non—
reward; the use of the ssme c. 1in both R'* ana P*
means that the rate of change with reward is taken to be
the ssme 88 the rate of cihsnge with non-reward, the so-—-
celled "equal alpha' case in the Bush-Mosteller theory.

We must have a measure of reward in order that ry

be defined. The net amount actually received by member 1

for play T 13 either +1 or -1, less the total payments

Pi(T, he makes for his rejections and passes, so the

limits on his net receipts Ri(T) are such that:

1> RNT) > - (1 + 10V).

The simplest way 18 to ignocre the costs Pl(T), ss 1
shall do in this paper, and suppose that thelir effect ls
merely to alter the values observed for 2% and 1%, One
alternative would be to tske scoount of the costs PI(T)
by a sepsrate applicatiaon of the operstor P1x with pro-
bability E;ésl if x was chosen on play T. In the ex-—
periment desoribed in §3 the charges Pi(T) were in—
cluded to simuleste the "hurt" experienced by s member of s
group when he rejects or questions 8 proposal made by

another, and it is consistent with this simulation to let

sny effects of the Pi(T) be reflected (n the a° and
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ba a8 I have dome.

5. Experimental desizn

There are many different experiments, of course, that would
yield data adequate for parameter estimation and test cf zood-—
ness of fit for each group decision model. As experience is
Zained with the mathematical characteristics cof the model, and
with the experimental difficulties inevitably met, the experi-
menter will be better and better sble to choose amonz the many
available desizns. I can here only discuss certain genersl
considerstions chat will help to determine the selection of
early desigzns.

Even 2 model as simple as G, with its very severe restric-
tions on the parameters, involves estimation c¢f six parameters
in each type of experimental situation. It will be desiratle,
if indeed 1t .8 not necessary, to select a sequence of experi-
ments thst will provide estimates cof Jjust one, or at most a very
few, of the parameters in each experiment. For example, each
individual mizht be first investiated in s simple leaming ex—
periment 30 88 to estimate the parameters entering into his
learmin.; operstcr. Next the parameters entering into his atti-
tude cperstors mi-ht te estimsted one or two at a time from ex—
periments involving only group intersction and no lesmming.
Pinally, the validity of these stepwise estimates for indivi-—
duals singly and in pairs misht be checked experimentally Ly

teostins them in different comtinations or in different experi-




pP-312
11-1-52
-1&—

mental situations. The hope would be thast eventuaslly the ex-
perimenter would find a8 parsmetric structure and a way to esti-—-
mate that would yield values that were essentislly invariant
from one experimental situstion to another quite different omne.

Even when a single parameter has been isolsted for estima-
tion there are many experiments that misht serve for the purpose.
For example, in same of tLue learning experiments already done to
provide estimates cf parameters in the lesrningz operator, it was
found simpler to test whether or not one entire range of values
was admissible than to estimtte the actual value; because the
asymptotic bLehavior was qualitatively different inside the range
and outside of it. In Jact, qualitative tests of this sort,
that depend on mathematical properties derived for particular
parameter sets, will prohably provide a quicker and surer way
toward acceptance and rejection of classes of models than will
detalled parameter estimation until we have zai-.ed a far better
zeneral understanding of the propertiecs and 8, plicability of the
seneral type cf models under consideration.

Specificelly, for the learning operator of Model G, I would
expect that the size of c1 would depend upon the strength of
reward and non—-reward; perhaps the larzer the reward the larger
the vslue of ci, as is suggested by the rezults of some of the

experiments reported by Mosteller [¢]. In our model, we have

L]
S

made no direct provision for a funstionel dependence of ¢ on
strensth of reward, althouzh we could essily .. s8¢ i a variety

of ways. At present, since theory does not i gest 2 functional
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form, 1t will probably be necessary tc explore the dependence of
c1 on strenzth of reward by conducting experiments desined to
yield dsts relevant to this question. With success in this, it
might then be possible to replace Model G ty a new one in which
strenzth of reward s 1is teken into sccount directly in such a
way that cl(l) will be invariant from situation to situatiom.
It will be especially important to test tentative parameter
estimstes fo.' predictive validity in rather different situations.
For example, if the learning and attitude operstcrs are estimated
for each of seversl individuals in pairwise group experiments,
the ideal care is that in which the parameter estimates for a
particular individusl are essentially the same when derived fram
several pairwise experiments in which he i8 a participant. One
way to study this kind of predictive validity is to conduct ex-—
periments in which one member of the pair is a human sutject and
the other is & known mathematical model; in this way, the psra-
meters for a subject can te estimated over s sequence of situa-
tions under the control of the experimenter and for extreme or
critical values of parameters. Cne especially usel device,
that can sometimes te used, is tc have the sul ject assume Loth
roles in the sroup without his kmowled e 30 a8 tc ensure symmetry

in the model and inter—comparstility of utilities and rewards.
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