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4 V2LUE TOR n-PERSOH %
L, 8, €k=pley

1. Intreductioa.

£t the foundation of the theory of gzwes is the esrwmption that the playsre in
a gase cu ovaluets, in their utility scales, every "prospect”™ thet might ariso eas
2 Tesult of 2 play. Inm attaxpting to apply the theory to any fiell; ons would mor-
mally expect €0 be peritted to include, in s class of "prospects™, ths prospect
of haring to piey a2 ga>a. The puesibility of eralnating gemer is tksrefore of
critical ixportance. So long &3 the thsooy 1s unable o zszign veloes to tis gexes
tspiczily Tound in application, cnly rolztively simple situstione - vhere grmes do
not dapend on othor gemes - will be sueceptible to emgiysis and solutiom.

In the fizmite theory of von Nsusann ard Morgsmetern® aif2feulty in evalvat!
persists for tha “szsentiel” gzmss, axd for amly thogse. In this m so—dedncr a
ﬁizo;;or the “csaentinl” case and emmatne & number of its elementery propertles,

Ne-procesd from a 29t of three ax’-ms, havipg simple intuitive interpretations,
vhich suaffice t{c deternine the velue unigusly.

Our preszeat worr, though mathematically self-:omtaived, is foundel conceptually
cn ths von Eevmamm-lorgemstern thsory as for es thelr Imtrodaction of characterisiic
functions. We therchby ‘nherii cortein important wnderlying assumptions: {a) that
utility 16 objective apd tramsferabdbls; 'b) that garmes ere cooporative affairs; (c)
t¥at games, grantisg ‘a) and (b), are adequately represemted by their cheracteristic
functions. However, ve are not camittad to thes assumptions regarding rational

bshavior ssbodied in the von Hzuwamn-Morgenstern notion of "solutiom®.

1 Reference rl at the end cf this paper. Zxazzples of infinite games without walusa
may be found in [2], pages 56-9, and in (3], pege 110. See also Earlin (2,

pagee 152-3.
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We skall thin¥ of 2 "geme® 22 a sst of ruleg with specified players in ths
playirg pogitions. The rules aione descride what s ahaii cal) an "ebdstrect geme”.
Lbetrect giues are playsd by roles - such sa “dealexr”, or "vismiting teaz=" - rather
than players externzl to the gmme. The theory of gzzes Jleals mainiy with sbstract
ga=ex’ . Ths éistinction will bu nesful in ensbling us to stete in 2 precise vay

that the value of a "g=ms™ depands Grly on ite ebatract propertiss. (Axiom 1 delow).

2. Definitions.

Let U der>te the universe of playsrs, and define 2 game to be zny supersddi-

tive get-Tunction v from ths gubsets of U to the real mumibers, tims:
(1 v§ =0,

(2} v3) > ¥(3/T) + ¥(5 -~ T) (a1 5, ICU) .

A cerrier of v 48 any set LCU vith

(3) ¥5) = ¥(A NS} (ali S<

Any supergst of & carrier of v iz egain a cerrier of v . The usa of carriers
obriates ths usual clazsification of gaxes according to the nuzber of playsrz. The
pleyers ouiside any carrier have oo direct ‘nfluente orn the pley since they gonmtrib-
ute nothing to any coalition., We shall restrict our attention to games which possess
finite cerriers,

The sum (“supsrposition”) of two gemes is egein & geme. Intuitively 1t is the
gzms ortainad vhen two gemes, with !»lcpondent ~ules but possibly overluipping sots

o7 players, are regarded 28 oms, If the games happon to posses disjtunst carriers,

* An exception im fourd in the matier of aymmetrization {ses for exexple [2],
peges 1-3), in vhich the players must "o distinguished from thsiy roles.
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then their sw iz thsir “compossition® .-
Let T (U) dsncte the set of permutations of U - that 4g, the one to one
mappings of U oato itsslf. If x££ 7(U) , then, wvriting x5 Lor the iz=gs of S

misr % , ws may defins the fenctisp xv by

=v{zB) = v(S) 12311 BCT) .

If v 13 a gz=e, then thoe cless of gzmes =zv , =£€T7(U) , may be regar&ed‘aztha
"usbetract gEme” corresponding to v . Unlike ccexposition, the operstim of eddition
of grmes can not be axrtenied to ebstract gemes.

By tbs yzlus d[v] of the gmme v ve £hall msen a functicn vhich essociates
vitheack 1 in U e real mmber (v, eni vhich satis?ies the conditions of
tha folloving axiozs. The valus will thus provide an 24ditive set-fumction /an

inesgential gema ) 7 :

(5) w(s) = T 4[r] (a1 scm),

to take the place of ths superadditive furction v .

AXI0M 1. Por eack = in 77(V) ,
g v =d[v] (am1 1 €0) .
AXICM 2. For each cerrier K of v,

EH gl[vj = v(h) .

AXYIOM 3. F¥or any tvo gamez v and w ,

Jlr +v] = g[v] + g[v] -

' ses[1], $826.7.2 apd 41.3.
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Commants., The firat exicm { "symmetry™) states that the valus iz essentislly a
property of the abstroct gems. The seconi axiom ("efficiensy”) states that the valus
represeats a distribution of the full yleld of the game. This exclndes, for axz=ple,
the eveluation di[v: = v{(1)) , 4n vhich sach player pessimistically assuess that
the rest vill all cooparate 2nd combins against him. The third arica ("lav of
eggregation”) states that when two indeperient gmies aro cambined, thsir valucs must
bs addsd player by player. This is a prime reguisits for any evaluation schees
dssigred to be applied eventually to systeme of interdependent gemes.

It is remxrkable trat ro further conditions sre reguirsd fo doterzine the value

migquely.’

3. Detsyrmipation of ths vyalne fonction.

1R 1. If ¥ 4s 2 finite carrier of v , then, for 1 ¢ X,

Proof. Teke 1 K . Both K end K U (1) ears carriers of v ; and

viX) = v(¥ U (5)) . Hence fi[vjno by Axiom 2, as vas to be showm.

Ve tirst copsider certain symzetric games. For any RCU, R § § defins LA

: 1 ir SOR,
(6) 7,(8) = ]

LO if .

The fumotion ov, is & gme, for any nomnegatlve ¢ , and R 13 a carrier,

R
In what follows, we shall us® r , 8 , n , ... for the mumbers of elements in

R,E,H; ... respectively.

! Three further properties of the value which might suggest themmolves as suitabdble
axioms will be proved as Leems 1 and Corollaries L end 3 below.
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ILE2A 2. Por ¢>0, 0<r<wm, we have

efr 1f 1R,

0 ir 1.

ﬁ[“‘a} = 1

Proof., Teke 1 and § 4n R , end choose xc-1(U) 30 that sB = R and

%1 = § . Them w» have XY, = B,xadhme,byAﬁcal,

falo] = faloma] -

By Axior 2,

om0 = T dyfon]) - oo

for eny 1 € R . This, vith Lemza 1, completes the proof.

IR2A 3. Any gems vwith finite carrier is a linear coebinaticn of symmetric

genst ‘YB:

T T = ) A
(7 % eg(¥)
Ref

I boing any finite cexrier of v . Ths cosfficients are independent of ¥ , and

are given by
(8) e = T_ 07T  (0<r<ow) .
. =
Procf. We muat varify that .

o

1 The use of this lemma was suggssted by H, Rogers.




(9) v(S) = J_ ep(v)v (s)
RCH

R#p
bolds for all SCU , emd for eny fimite carrier ¥ of v . If SCH , them {9)

reduses, by (6) end (8), to

Ws) = T Y (-7 (1)
RS TR

H

[E(l)” 5% } w(7) .

s

Ths exzpression in brackets vanishes except for 8 = t , 80 we are left with ihe

identity v¥/S) = v(S) . In gsmeral ve have, by (3),

7(S) = v{§ N 8) = %&'ﬁ e (V)7 (H N 8) = : e (7) (8} .
This completes the proof.
Bemark. It is easily showm that o (v) =0 if R is not conteimed in every
carrier of v . ’
An ismediate corollary to Axiam 3 is that d[v-v] = J[v] - d[v] 1 v, v,
and v - v ars all games. We can therefore apply Lemma 2 to the rspresentation of

Lemme 3 and obtain the formula:

(10) ] Y cp(v)/r ‘811 1 & R)
RCHN
R34

Inzorting (8) and simplifying ths result gives us
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(]_1) ¢1[YJ . ;:H (g=-1)? (n -s) ! v(s) - %mﬁ!{:m Y(S) (&ll 1€ 1) .
821 sH

Introdusing the quantities

(12) ¥ () = (8-1)t(n-8)t/n ,

¥e Bov asaext:
TEROREM. A wnioue velus funstion ¢ exists satisfying Axiome 1 - 3, for
gamos with fiaite carriers; it is given by the formula

(13) f,[v]= };_C:R 7,8 [¥(8) - v(s-(1))] (a1 1€7W),

viers H 18 any finite carrier of v .

Proof. (13) follows from (11), (12), and Lemmsz 1. Ws note that (13), like
(10), does not depemd on the particular finits carricr ¥ ; the ¢ of ths theorsm
is therofore well dsfined. By 1ts derivation it is clearly che only value function
vhich could satisfy the axioms. That it does in fact satisfy the axioms 18 easily

vorified with the aid of Lemmn 3%,

4. Rlementary properties of the value.

CORQILARY 1. Ho hsve

(14) flviz=((1)) (a2 tev),
vith eguality 1f and oply if 1 i3 a dwmmy - i.0., if and only if

(15) V(&) = ¥(8 - (1)) + ¥((1)) (el 53 1) .
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Proof. Forany 1€ U we may taks ¥ > 1 and obtain, dy (2) ,

#7122 L v (ev((1) ,
SCR
534

with equality if and only if (15), since none of the Zs’n(s) vanishos. The proof

is completed Ly noting that

(15) T x () = T (Plyr () - Tk,
.S__C:ﬁ n ros | s-1 n hln -
S31

Only in this corollary heve our results made use of the superadditive nature
of the functions v .

CORCLLARY 2. If v is desompoasbls - 1.e,., if games v(l), w(a), eney v(p)

w)
having pairvise dissmet carrters K2, n(®, .., 5(® oxtet sush tnat

v o= i w(k) ’

k=1
- then, for sach K =1, 2, ..., p,
ARIEEACEANE TS S

Proof. By Axiom 3.
COROLLARY 3. If v and w are girategically equivalent ~ 1l.e., if

(17) vaovea,

where ¢ 1s a positive canstent amd & an additive set-funotion on U with
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finit: carriert - thmm
g,[v] = od,[v]+ a((0) (sl 1270 .
Proof. By Axiom 3, Corollary 1 applied to the inessentinl gems & , and ths
fact that {13) is linear end homogsneous in v .
CRALARY k. If v is sonstaunt-sm - i.e6., if
(18) ¥(S) 4 v(U - 8) = v(U) (11 £Cv) ,
~ %hen ite vnlus i3 given by the formula:
(19) ARILE: }§: N¥(8)  -vwm)  (all 1 W),
:f
S 4
vkeres H 1B sny finite carrier of v .
Proof. VWe k2ve, for 1 K,
$0v] = 1 g (00¥(S) - Dy (ta)v(T)
SCR TCH
S3i
=3 Yn(a, (8) - ¥ __ (n(n-ﬂl)[v(n) - v(8)] .
ScH SCH
ES 831
But Xn(n-a-t-l) = zs’n{a) ; henoe (18) followe with the aid of (16).
1 Thig 1§ MoKinssy's "S-equivalence” (see |27, 120), wider then ths "strateglc

equivalsnce” of von Newsarn and Morgenstern ([1], §27.1).
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2. Zxexples.
If § is & finite cerrisr of v, let : dsuote the 2ot of n-vostors (ai)

setisfyiag
;__H ai = T(E) ’
(a2l 1=K .

a, > ¥((1))

If v i3 inssgentirl 4 18 s single-point; otherwise 31 1is a regular simpiex of
dimension n ~ 1 . 7The valus of ¥ may be regarded 25 a point ¢ in A, by Axiom

2 ard Corollary 1. Dsmote the centroid of A by 0 :

o, =v(1) +3 [vm - T v

,}en' —

Example 1. For fwo-psrson gemssz, thres-person corstant-sum ga=es, and insgsen-

tizl grmes, we have

L
The game holde for arbitrary symmetric gamee - 1.6., gemes which ares inveriant under

a tranaitive group of rirmuteticns of K - and, most generelly, gzmet strmtagically
equivalsnt to them. Those results are deaanded by symmetry, and do rot dopend oz
Axfem 3.

Exexple 2. For pensral tlose-pergon games the positions takem dy ¢ in A
cover a regular hexagon, touching the boundary at the midpoint of each l-dimsngion=al

face (goe figure). Ths lattsr cuses are of courSe the decamposable grmes, with one

player a dumxy.
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Exemple 3. The gudie gzmes® ere characterized by the existence of constents
5 satisfying
[wy s ouy = WS, 5)
2 (211 1, ;5,149

3‘—5 vy = ¥(B) .

For n = 3, we heve

(21) gd-0="22.

Since « can assms zny position In A4 tbs rengs of § is 2 triengls, Ingcridasd

4n the hexsgm of the preceding exaxpls (8es ths figmrej.

Sxmepls 5. A1 four-porscn constant-sum gemes are quota gases. For tham we

i‘haqmt&w}mseaomracemtainsaboz,oontaimng S . Ths velue ¢ reanwhile

rengee over a parzlisl, inseribed cube, touching the doundery of . at the midpoint
of sech 2-dimensional face. In higher quote gamss the points ¢ emnd ~ are not so
directly related.

Bremple 5. Ths weighted majority gmes> are characterized by ths existence of
"vaignte” vy sush that never ) ¥y = ) q-s¥1 ? and guch that

1 pigsusssd 1in [5].
2 Tlustrated in{ ), figurs 1.

3 gee [1], §50.1.
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v{S) =n -3 ir .——ngi > 7 .ZZ—S?J. ’

= - 4 ) -
TS) = -8 ir ¥y < L_g5¥y -

S, S

~

The z=s 18 then demoted by the symbol [_vl, Vs eeey ¥, ]. It is eazfly skowmn thet
(23) ‘1"’3 faplice ¥, < v, (11 4, 3¢ X)

in any welghnted mmjority g=e [ v, Vo eees ?n-} . Hexce velght”™ and "valus™ ran¥
tks piayers in the sz=e orxder.
The exsct walusZ cen bo camputed withont Aifficuity for perticular cases. Ve
have
d = %:11 (-1, -1, ..., -1, o-1)

for ths geme {1,1, ..., 1, n-211, apd
2
4 "‘5 (l) 1, 1, -, -1, '1)

for the gzme [_2, 2, 2,1, 1, 1_32, etc.

6. Derivation of ths valus frum a bargaining rodsl.

The dednctive approsch of ths earlier secticns has failed to suggest a bargaining
procedure which would produce the valus of the geme as the {axpected) cutccme. We

conclude this paper vish & desoription of such a prodsedurs. Ths form of our model,

! Discussed at I-mgth in [1], 555.

2 pigouased in [1’, 555.2.2.
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¥ith it3 chancs movs, londs support to0 the viee that ths valune s best regarded as
zn g priori esasseszent of {ue eiftustion, bassd on sither igwormmcs or disregar of
the social org=nization of the players.

The pleyers constituting 2 finite carrier K 2gree to piay the Zz=¢ v in a2
grexd coalition, forzed In che following wvay: 1. CSterting with e singls mswber,
the coglition 2dds oro playsr at 2 tims uatil sveryone has besn sinitted. 2. The
order in vhich the playsrs ere to Join is determined b7 charnce, vith ell srrengments
oqually yroisbls. 3. Zash player, or his admissicn, lexands end is pro=ised the
szount vhich his sdhksrexncs contribuces to the valas of the eocelit’on (as dstermined
by the function v ). The grard coalitionm thex pleys tha gims "efficiently” 8o 23
to ottain the emomt vwi{E) - exactly erongh to maet all the promises.

(1)

Ths expoctations wider thix schows are easily woried ont. Let T be the set

4
of playsrm precoding £ . Forany S >1 themynezttoiifs-(i}si"i) ig
¥(3) - ¥{S-(1)) , and the probability of that comtinzemcy iz Yn(z) . Tko tctal

expsciation of I is therefors just nis walune, {13), &3 vas to be abown.
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