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il. Int.roducUon. 

Thi.IJ note pree~ta aewf'&l. applioat.ione of the tbeory deftloped ela.wbere 

b7 th thore d R. F. Bohnenbluet J.J • !'he re.W.te eatabliebed here depend 

t.be !tieoey of a-ea. Cert&1n ext.en.iona of H~• • theo ( § 2) • approxiaat.ion 

and At~ ~t• ( §3), and oowrinl theonu tor the ll m..n.lonal unit 
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apbere ( ~ t.) are obtained. All tbe" are intrinaioal.l.T oonn..W with c.m ano\her. 

!'- nthora bell..-. tht~T poa ... independeat int.eren. 

62, Qon!w 1!\t· 
Par later ue, w atat.e t t. theo l"eferred to &bow ([1), Ttwora l)a 

1. It AU a OOD 

it 6t • { a J 1a a fail.T ot OOnftX fUDoUooa de.t.lned OTe:l" A, ld.th 

1nt aap ~(x) > o, 
x ~ A a 

th.n tbel"e exine a oonftll: C<llbinaUon of at moat n + l of tlM 1Wlot.1ou .tlioh 

ia po t1 -n owr A. That. 1a, tbel"e a:bt. f 16 I)( IIWl 51 ~ 01 1 • l, • • •, n + l, 

with ~ e1 ·ll 

P1rat, thia oan ~ UMd t o giTe a .tllple proof of the wll lmown tbeora ot 

Hell7 on tbe intereeotioa ot oonTU Nt.a: . 

l . Let. tJi De & fml.7 of OOD'ftat cloaeci bounded iM'te ra in ll ~doa&]. 

~olid apace 1
0

• If eftr'7 n + l Mlllbere of tt int.eraeot, then n a r Cl ia DOD-

PV• 
) 



1!£22!a It a .tt1oimt to ahow t.hat UV' t1nite ~ of "'- of ~ 

tnt.r...t, 1br then oa.paet.neaa ld.U )'ield tt. pn~nl rewlt it ~n 

ourael.YM, u we •71 t.o a bo1ftled pol"t.ion ot the apaoe. I.-\ { r1, ••• 1 r.1 
be &IV tlnite IIUb-t 1.l7 ot , lad let A be a oaaw., ..__.,t rep.oc oontain1na 

• 

them. lAt f1 (x) be ttw diataaoe fro a point X \o r1, then f1 1a a OOn'fa 

1Unotion. It tt. 1 do not all inteneot, then nwr poilrt. ot A 1• aat.Ue 

e r 1' ft heoae 

1nt ftP ~ (x) > o. 
X ~ A 1 

e APP17 now !beo 1, ADd obtain the aiateoe ot a oonwx oc.bl•\ien ot 

n + 1 tunotiona f1 \d.t.h L ~i f1 (x) > 0 1br "V7 s 1n A. Na ea.S}T ,S.altla 

a oont.ndiotion ot h1Potheaie. 

2. If tt 11 a fai.l7 ot olaect bounded • ...._ ..-.. r. in a.s• a 
1t .n17 n aet1 inter ecrt., then there aida a 11M tbr~ t.bl origin *SAil~ 

aec • e ry r ol Dt • 
~: It ia .uft1o1.ct to prow the 1... tor a t1nite I'UIIber ot ..U r i. 

I. ainlple c J:actne .. 

u tollowwu Let 1 a d 

aponditl£ to the di 

tat the )'ielda tbe oanoluiOD tor tbe senenl .... , 

te the Ht of pointe Oil tbe JrOjMt.iW .pbere OOn"e

tion of t u • tlrouett tbe orlgl.n W\1 ~ r •. 
It prove that eft~ finite IIQb-f 117 ot t he •a intereeot, then, ttw p~ 

jecti ft apace beJ.N oo.pact, the 

Conaider the unit apber.., md tor 1117 cll.reot.ion Wlioh oeft'•pcxada to a poilat. 

x or ita antipod&.l. point -«, oonwtNot the ort.hopul. llDear apaoe 1-z (a to,..... 
pl..ane throqh the orisin vhoee noruJ. baa clir.at.ion maben JrOport.ional. to a). 

e project the ri pe1"pCM11oularlT on ~· .,. re8\llt.11J6 oon M\1 .. u~ 
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the hypothesis of Lama 1 In L .    Thus they Intersect in a convex set C . 

Now if G    contains the origin,  9,  the line through 8 and x will intersect each 

of the   I  .,   and  the  laana is established.    We assert that,   in fact,  8 coincides 

vdth  the center of grarity 8    of one of the C •    For,  if not, projecting 8    on 

the unit sphere would define a continuous function mapping the unit sphere into 

itself, with the properties, for all x, 

(a) (f(x),x) - 0, 

(b) f(x) - f(-«). 

But (a)  "Jid  (b) are inconsistent«    The former Implies that f is a map of odd 

degree,  since an obvious deformation takes it into the indentity map.    The 
i 

latter implies that the degree of f is even, since, if A and A   are sjemetrically 

defined chains on a haaisphere and  its oonpl«nant (so that A * A   is the oriented 

unit sphere),  then 

f(A ♦A*)  - 2f(A) or 0 

according as n is even or odd,    (Actually (a) is possible only for n even.) 

This inconsistency confirms the lima. 

The last remarks are essentially a proof of the theorem that there is no 

non-vanishing tangential vector field on a sphere,  of any dimension,  such that 

the vectors at antipodal points are  parallel (with  the  sane sense). 

WBORDf 2.     Let <^ be a family of closed bounded convex sets in E  .    Let n 

L be an n - r dimensional manifold.     If the Intersection of every r nerabere of c^C 

is non-«npty,   then there exists an n - r ♦ 1 dijiiensional manifold in E    contain- 

ing L and intersecting every m«nber of  (Hj . 

This theorem was obtained by Horn in 194B ([2J ), 

Proof 1     Choose an origin in L and  project E    on the   (r dinensional)  orthogonal 

coraplflBttent of L.    Then apply Lenma 2. 
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It la to be reraariced  that neither Leran* 1 nor Theoren 2 rcmAlns Talid 

for closed conreoc seta that ai*e not bounded, 

^3«     A  fitting theoreo. 

Suppose tuat m pointi In the plane:     (x^y.),   1  "1,  ••*, ra,  ar« glT»n. 

We shaü determine conditionB on fitting the point« by function« of the for« 

(1) 7-   ^(x)~   fla, fAx). 
j-1 J   J 

6. We say that ^ approximates (x^y.) within 6 if     fix.) - y* 

LHKMA 3.    If every n ♦ 1 points of j  (x^y^) I    oan be approiüaated within 6 

by a function of the form (1) than there exists a function of that form which 

approximatea within 6 all the pointa. 

Proof i    The acts a • (a,,  •••,«,  - 1)  fona an n dlasns-'onal subset L of 

K    ,.     Kach point (x,,y.) generates a linear function g. dsfinsd ov«r L as 

followsi 

n 

X J.l      J      1      J 1 

The hypotheaia atatea that every n ♦ 1 such linear functlona poaaeso a ocBwon 

" root"   a in the aanae that   I g. (a)      v 6 for theae functions. 
I ^-        I   ~ 

It ia clear,  since ther^ are only a  finite number of points,  that w« msy 

aasune that all theae fUnctiona and their linear combinations posasss roots a 
I       i 

with   I  a.      s M for some uniform bouni M.     Let A be the n dimonsional convex 

bounded  set of all  points a with    j a. i    < M,   and let Q^ be ths totality of all 
I 

g    antl  - g.  arising from the riven pointa  (x. ,y.).    Being linsar,  they are 
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trlrially oonTex.    If they do not all poBsees a comnon root In the  ■«n*« 

described above, then for ev«ry point a t A we may find a function f  & Qy 

with  f (a) > S ,    By TTieonm 1 there exierta a ocnveoc ccmbinaxdon of n ♦ 1 

functions *hich is greater than & for all a«    This contradicts the hypothoais 

and establishes the result. 

It is to be rsmarked that the leonva can also tje prored by a reriuctiai to 

Helly's Theorai, 

T.-c sane result can be concluded for an infinite rainber of points (x^y.), 

provided we assuae that the  convex set.  A, of those a which approximate saue 

pair of points,  say (x^y,)   and  {x~,j ), is bounded,     (This condition will be 

satisfied In most applications,)    For, by I/rana 3»  we can fit any finite number 

of points within 6 ,    Moreover, every finite set containing the two points (x-,y,) 

and {x^tjj) can be approximated by an a lying in the bounded region A,    By 

compactness, the infinite set can also be so approxiriated.    Thus, under the 

assumption of the existence  of two points having the property stated above,   we 

have shown: 

THBDRa4 3.    If every n ♦ 1 of an infinite collection   { (x »y ) v   of points 

in the  plane can be appmxltrated within i by a function of the  form (1),  then 

there exists a function of the sane   form which approximates simultaneously 

within 6 ft"11   the points  (x  ,y ), 

In the follrving examples all the hypotheses  are easily seen to be  fulfilled: 

Exgnple 1. (Take ^(x) - x^~ .) If every n ♦ 1 points (x ,y ) of a pre- 

scribed collection can be fitted within ^ by a polynomial of degree n - 1, then 

the  entire  set   < (x ,y ) I    can be fitted by a polynonial of the same degree, 

c^Xcunple 2.     (Taxe    f^-n   = C08 ^ x»    ' ?k " 8< n ^ x*  wher* k - 0,  1,   •••,  r.) 
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If every 2r ♦ 2 points of a given collection   ( (x ,y ) r    can be approached vdthin 

<^ by a trlgononetrlc  polynorda]  of degree r, then the sane ran be accomplished 

for all (xa,ya). 

Finally, we rcrr.ark that the requirement that the points lie in two 

dirpenslonal  space is  not essential.    Any finite diraension can be considered for 

x,  with y servlnr as  the  dependent variable (i.e., the approadniÄtion being 

measured in thu y direction).    However,  the analogous theorem, which uses the 

geometric distance fnxn  point to curve  (or  hyperourface)  as the measure of 

approxl.vitlon, does :.ot hold.    For example,  consider a regular polygon of 2r 

sides inscribed in a circle of unit radius.    There is a line whose distance to all 

but one of the vertices is at most  o   - (1 ♦ cos n/r)/2.    However, no line passes 

that close to all the vertices. 

It is to be eraphasited that the result Imposes no restriction vfiatever on 

the componmt functions   ^.(x), 

Ej/^.    A covering theorem. 

In this section, we present a resalt on coveringa of the surface of a n-«phere 

by closed hemispheres.     Despite its intimate connection with the   foregoing, it it 

nore convenient to  give an Indnnondent proof.    We reprockioe the   foiling lama 

from [Ij   i 

LEKMA i+.    Let A be a oonvax set in S    spanned by points p.,   1 - 1,  •••, m. 

Every pout in A can be representci as a convex conblnation of art most n ♦ 1 

points p.. 

Proof t    We conaider only the case m > n ♦ 1,    Tak» a slmpleoc 3   ir E   , n m—i 

and let T be a linear t   a^sfomaMon mapping it on the given convex A in an 

obvious manner.    The  inverse transfomation takes a given point  of A into a 
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piano  of dlraanalon at least m  - n - 1,    Thl»  piano intemocts 3    and th«r«for« n 

nuat intersect aome  face of dimens-lon n or leaa.    The vertices of this face 

oorreapond to the desired subset of    < p. |  , 

THBÜRW 4.    Let tha  surface of a  sphere  in E    be oovsred by a  oanpact 

family of oloeed hemispheres,   then there exist n ♦ 1 raanbers of the  fa/oily wtiieh 

cover the surf.ice. 

Remarki    A family of hemispheres is  compact if  the unit vectors normal to 

the hyperplanes bounding  the haidspheres  (directed  into the hemispheres)  constitute 

a  compact  fanily. 

Proof j    Let /    denote the unit normal to the  hemisphere H    in the uense ■   ■  ■ a r a 

described in the  remark.    A point x on the surface of the sphere is  covered by 

H    If and only if (l ,x) > 0.    We consider a countable set    <£. '    dense in      / l   . 

L«t   I  .  be the convstx set spanned »dthin the unit sphere by/,,  •••, i.,    We wish 

tc  show that,  for m sufficiently large,   |       is  arbitrarily dlose to thr  origi-if  9. 

If ^r» contrary,  then for some   fe    the distance p(§, I .) exceeds    ^    for all i. 

By the choice of   j  ^,       this implies that p(9, P ) > € , where I   is the convex 

spanned by all the  £ .     Take a plane through  the origin whi?h does not pass 

within   ^    of   I  ,  and  let x    denote its unit  normal,  directed away fron   [ '.    Then 

(-/ ,x ) s - b   for all I    and hence x    is not corex*od by   *H  f  .    This contra- v   a'  o7 — a o '    c   on 

diction implies that for any k there exists a m(k) with  p(9, 1    /. v)  < l/k.    Let 

x    '  be a point of   T   (^\  of distance less than l/k  from the origin.    By Lemma 4, m(k) 

we have  a convex representation: 

/kN      nil ,   (k)    (k) 

(k) / (k) Since n ♦ 1 is  fixed and  I)   '  and ^ \      are drawn from compact  sets, we may pass 

to the limit and  obtain a representation: 
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1-1 ^ * 

It is cl«ar that ^L_  |,  «1 and that all  ^,.  ar« non-nagatire.    The hwaiapher«« 

H.  corrtJBponding to the £.  of this repreiontation, 1 • 1, 2,   •••, n ♦ 1, must 

cover the full opher«. 

We r«nark that the theorem is not true If the compactneas requirement la 

moved.    For exanple,  oonaider the family of hemlapheres on a sphere in I2 described 

by the angles tt,   1,  1/2, l/3,   •••, l/m,   •••   . 

It ia interesting to obaenre that the  finite covering given by Theorett 4 

may be made to conta1.n one hemiaphere  apeclfied at pleaawre.    The following ia an 

equivalent atatetr«nt of thia etronger result: 

COROLLARY.    Let a given haaiaphere H on the aurfaca of a sphere in E   bs 

covered by a conpact family of cloaed honispheres.    Then there exist n lujrabexti 

of the fariily whidi cover H. 

Proof:    The given fanily, together with the closed oaapl«Hient H    of H, 

oover the sphere.    Theoren 4 provides an n ♦ l-m«aber sub-family of the au^nentad 

fanily which also covers the sphere.     If this sub-family does not include H , 

consider the convex C apanned within the unit aphere by th« unit normals i.  to 

the sub-family.    C contains the origin 6.    Let /   denote the unit normal to H . o o' 

and y    the  intersection of the radius   [ 8. - i 1   with the boundary of C.    The« •'o l-   '        o 

y   is a convex combination of n (or fewer) of the £.. and 6 is a ooavex canblnation 
o 1 

of I   and y ,     (If y    and 9 happen to coincide, then I   will appear vacuously.) 

It follows that an n ♦ l-momber sub-family containing H    and covering the spheire 

can always be  found.    The closed conplereent of H    —  which  is ths hemisphere 

originally given —   ia necessarily covered by the other n members of any suoh 

sub-family. 



'nle direct relation between t.hi• •eotion and tbe Mrller seotion• beoomes 

immediatel7 c1ear lilhen w write Theoran 4 in it• contr posit1 ve to s 11 It eTel7 

n + 1-manber sub-fai.l1' fails to ooTer, thm the 1\lll tllllil.y doe• not oover. tt 

'ftleoran 1 oould not be applied directJ.y ause the spheric di•t.ance to a 

spherical oonTU •et. ia not. a conTCX f'unctioo. 
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