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THE POSSIBILITY OF A UNIVERSAL SOCIAL WELFARE FUNCTION

By
Kenneth J, Arrow

1. Introduction
Traditional social philosophy of the Platonic realist variety has assumed that

there exists an objective social good defined independently of individual desires;
this social good was to be apprehended by the methods of philusophic inquiry. Sueh
a philooopt\y could be and was used to justify government by €lite, secular or religious,
To the nominalist temperament of the modern period, the assumption of the existence
of the soci:l ideal in some Platonic reulm of being was meaningless, The utilitarian
philosophy of Jeremy Bentham and his followers sought instesd to ground the social good
on the good of individuals, The hedonist psychology associated with utilitarian phi-
losophy was further used to inply that each individual's gzood was identical with his
_dosireu. Hence, the sociil good was in some sense to be a composite of the desires of
individuals, Clearly, some viewpoint of this type is basic voth to political democracy
and to laissez={1ire economics or indeed to any economic system in which consumers are
¢iven free choice of goods and workers are iven free cnoice of occupati~ns,
We Se .Ievoms:l introduced Benthamite psjchology into the field of economics in the
form of the marginal utility theory of choice, It was natural to follow through with

the utilitarian viewpoint by then identifying the social welfare with the sum of the
2

individual utilities, This is the viewpoint of F., Y, Edgeworth™ and is basic to

¥ W. S, Jevons, Theory of “olitical Economy, (1871), The marginal utility theory
was developed independently by H., H., Gossen, The of | (1854) 3
K. Menger, G atze der Wolkswirtschaftslehre 3 and L, Valras, Eleuents
d'economie politicue pure, L)e

<

F. Y, Fdgeworth, Hathematical Psychics, (1871), ''The Pure Theory of Taxation'',
Economic Journal, VII (1897), pp. 550=571,
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A, Marshall's use of consumers ' surplus to derive recormendastion for economic policyo’

The addition of individual utilities implies, however, that such utilities are
measurable, and moreover, measurable in some sufficiently objective way to be able to
compare utilities of differert individuals, (Thus, neasurability of individual utility,
as in the system of J. von Neumann and O, llorgenstom“ is not sufficient to settle the
question of s=ocial utilit.y).s The reaction against measurable utility and in favor of
a pure indifference=curve appro:ch to the study of individual behavior, associated with
the names of I, Fisher and V., Fareto, led to atteupt to reformulate welfare propositions
in ecanomics on the bausis of conditions which would fit into any ethical scheme., Thus,
Pareto, Barone, and Hotelling, among others studied optimal states of economic welfare,
where an optimal state was defined as one in which not everybody could be made better
off by any reapportionment of resmu‘coa.é Of course, this approach does not uniquely
define the optimal point,

A. Bergaon7 has reintroduced the social welfare function and has pointed out that it
need only depeni on the preference schedules of individuals and not on the measurability
of individual utility, Also, of course, no anmpt'ion need be made as to the measur-
ability of cocicl utility; the social welfare function nced be unique only up to a

monotone transformation, Bergson's approach has been accepted by Samuelson and Lnngoa.

e

3

A. Morshall; “rinciples of Economics, (129C), Book V, Chapter XIII,

b Jo von Neunmann and O, Morgenstern, Theory of Ganes and Eco ¢_Behavior, <nd Ed.,
Princeton, (1946), pp. 15=31, 617=6

> J. von leusann and O, Morgenstern, op, cit., p. 004, "ie have not ouly assumed
that its utility is numerical « for which a tolerably good case can be made,..~ but
also thst it is substitutable and unrestrictedly transferable between the various
players M

6 Pe Ae Saumuelson, Foundations of Feconomic Analysis, Harvard, (1947), Chapter VIII,

7 A. Bergson, "A lieformulation of Certain Aspects of Welfare Leonomics'y, Quarterly
Journ:l of Economics, LII, (1924), pp. 310=234,

8

P, A, Samuelson, op, cit., pp. <219=25<4, 0O, Lange, "The Foundations ot Welfare
Lconomics™, Econometrica, X, (194<) pp. <l5=<28,
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The only concrete form that has been proposed for Bergson's social welfare funetion
9

is the compensation principle developed by Hotelling,” Suppose the current situation
is to be conpag;d uith.anothcr possible situation, Each individual is asked how much
he is willing to pay to cha?ge to the new situstion; negative amounts mean that the
individuai demands compensation for the change. The possible situation is said to be
better than the current one if the algeuvraic sum of all the amounts offered is positive,
Unfortunately, as pointed out by T, de Scitovsky,lo it may well happen that situation B
may be preferred to situation A when A is the current situation, while A may be preferred
to B when B is the current situation,

Thus, the compensation principle does not provide a true ordering of social decisions,
It is the purpose of this note to show that this phenomenon is very general, Under
certain very reasonable restrictions, there is no method of aggrerating individual pre-

ferences which lexds to a consistent sociil preferences scule, apart from certain trivial

methods which violate dewuocratic principles,

2, The liature of "refcrence lelations

This section is a brief Jdiscussion of the lan-uage which will be used to describe

preference relations, It is assuned that the vehavior of each individval can be exe
pressed by sayin; that, given any set of alternative actions, he chooses the one or
ones which he prefers to all others in that set, In the present essay, the alternatives
in question are tuxen to be social decisions, The end product of the process of agsrre-
.
gating individual preferences is to be a social preference scile, such that the decision
to be made among any siven set of alternatives is to be one which is preferred tc any
other alternative in the set according to that scale,

9
H, Hotelling, "The Geueral \elfare in Relation to Problems of Taxation and of
Railway =nd Utility Rates", Econometrica, VI (1933), pp. 242-269, The idea is
implicit in the earlier work of Pareto and Baronej see Sanuelson, op, cit., pp.213=217,

= T. de Scitovsky, ™A lote on Yelfire "rop ..tions in Economics™, Review of Econonic

§tudi°8. X (1(‘&0-1)’ PPe 77“880
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It is customary in economic literiture to work with the two relations of preference
and indifference., It is sli htly more convenient to discuss instead the relation,
"preferred or indifferent®, Let x,y,Z,... be various possible social decisions, re=-
ferred to as ylternatives, The relation, x R y, read, "x is preferred or indifferent
to y%, is assumed to obey the following axioms:

I. For all x and y, either x R y or y R x. (Connexity)

II. For all x,y and 2, x Ry and y R 2 implies x R 2, (Transitivity)

These two axioms are precisely those for a weak ordering relation, Preference and
indifference can be definedi in terms of the rel:tion R,

Definition 1, X P y means X R y out not y R x,

. Definition 2 X I y means X R y and y R x,

The followin: lemma brings togetner a number of obvious consejuences of the above axioms
and definitions which will be used subsequently,
Lerma 1. (1) x R x for all x.

(<) If x Py, then xR y.

(3) IfxPyand y Pz, then x P 2,

(4) For all x ad y, eitherxllyery?x.l

(5 IfxPyandy R g, thenx P 2z,

(6) IfxRyand y Pz, then x P 3,
Alternatively, we may describe the preference pattern in terms of the benavior of
an individu:l or society when confronted with a set of alternatives, Let C(S) be what
is chosen from the set of alternatives S,

I'. C(S) is a subset of S,

We do not wish to prescribe that C(5) contains only a single elementj for exauple,
S may contzin two elements between which the chooser is indifferent, Nor do we wish
to prescribe that C(S) is always defined, and non-nullj for example, S may be the

secuence of alternatives of which the nth is that the chooser zets 1 = (1/n) dollars,
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As a convention, we will say that C(S) is the null set under such circumstances,
n'. If S is finite, C(S) is norenull,
III'. If S is infinite, x belongs to 5, and x belongs to c(s') for every finite S'
containing x and included ip S, then x belongs to C(3).
Finally, we wish to prescribe a certain degree of rationality or consistency in
the choice,
I". If ' s s subset of 5, and the intersection S./\ C(3) is nonenull, then
c(s’) =s'Nc(s).
A set-function C(S) satisfyin; I'-IV' may be termed a ruotional choice function,
It is not hard to see that a ralional choice function and a weak ordering relation are
simply alternative descriptions of the same phenomena, Each can be defined in terms
of the other, Let [x,y] mean the set consisting of the alternatives x and y.
Definition 3. x R y means that x belongs to C([x,r]).
Definition 4. C(5) is the set of all x's such that x belongs to S and x R y for
all y in S,
For subsevuent use, some consequences of axioms I'-IV' will be set forth,
Lemma 2. (1) 1If S'C S, and x belongs to S./\ €(3), then x belongs to C(S').
(2) I1r S'C S, S' has at least one point in ccmmon with C(5), and x
belongs to C(S'), then x belonzs to C(S).
Lemma 2 is an obvious consequence of IV:

Lesma 3. A necessary and sufficient condition that x belong to C(3) is that x
belong to S and x belong to C(S') for every finite s' containing x and included in S,
Proof of Sufficiency: If S is infinite, Lerma 3 coincides with III.. If S is

finite, Leoms 3 is a tautology, since S is a finite subset of itself containing x,
Proof of Necessity: Let 5' be any finite subset of 5 containing x. Then x belongs

5
to 8 /\C(5), and therefore to C(S') by Leuma 2,
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Lerma 4. If S is finite, x belongs to C(S) if and only if x belongs to C(S')
for every two-element subset 3' of S containin: x,

Proof of Necessity: Leama <, :

Proof of Sufficiency: Ve proceed by induction on n, the nuuber of elements in S,
The lemma is clearly true for n=l, if one-elemefit subsets are included with two=element
subsets, Suppose the lemma is true for n, Let 5 have n+l elements, and let 31 be a
subset of S containing x and having n elements, Tuen x belongs to C(Sl) by the induction
hypothesis, Let y be the one element of S which is not in 81. Ir 81 did not inter-
sect C(S), C(S) would contain the single elenent y by I. and II'. Then [x,y] inter-
sects C(S); as x belongs to C( [x,y] )s X belongs to C(S) by Letma 2, which is a contrae
diction, Therefore, Sl intersects C(S), so that x belonzs to C(S) by Lemma 2,

Lemma 5, A necessary apd sufficient condition that x belong to C(S) is t..hat x belong
to S and x belong to C(S') for every twoeclement subset S' of 5 containing x,

Froof: Lemm s 3 and 4,

Leama 6, If S contiins the sin;le elezent x, then x belonzs to C(Z).

Yroofs I' and II'.

Leaus 7o If C(Z) is a rational choice function and R is defined by Definition 3,
then R is a weak ur&ering relation,

Proofs It is to be shown that R so defined satisfies I and II,

(1) The set C([x,y]) contuins either x or y by I' and II'; hence, I follows
fron Definition 3,
(2) Suppose x K y and y R z, Let 5 be the set containin; the three elements

X,y, and 2, If [},j] did not intersect C(5), C(5) would contain the single element g,
by 1' and II'. Then [},%] would intersect C(S), so that y would belong to C(S) by
Lemma < and Definition 3, This is a contradietion, so that [;,i] intersects C(S),
Hence, x belongs to C(S) by Lemma 2, and therefore to G([x,z]), by Lemma 2, Hence,

II is satisfied,
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Lenma 8, If K is a weak ordering rel.ition, and C(S) is de. .ned by Definition 4,
then C(S) is a rational choice function.

Proof: It is to be shown that C(5) satisfied I'-IV .

(1) I. follows immediately from Definition 4.

(2) Let n be the number of elements in S, For n=l, II' follows from (1) of
Lemma 1, Suppose II' holds for n, Let S contain n+l elements, Sl be an neclement
subset, For some x in Sy» x Ry for all y in S, by the induction hypothesis, Let 2z
be the single element in S put not in Sy 1f xR 3, then II' holds, If not, then
2 R x, by I, and therefore, z R y forallyinslbyII. As zRz by Lemal, 2Ry
for all y in S, so that z belong= to C(S).

(3) Under the hypotheses of III', X belongs to C(S') for every twoeelcusnt sube
set of sc containing x, among; ot.ers, so that x R y for all y in S, verifying III'.

(4) Let x belong to s'N C(5)e As x belongs to (%), x Ry for all y in S and
in panicular. in S'. As x belongs to S', X belongs to c(s') by definition, Hence,
every element of s'/\c(s) beloh s to c(s').

low let x be any elerent of J(S'). By hypothesis, tiere is an element y belonging
to S'/\C(;). As y belongs to S', x R y; as y belongs to C(S), y R 2 for all z in S,
Hence, x R z for all z in S by II, so that x belongs to C\(.—;) and hence to S'/\C(J).

Lerma 9. If C(&) is a rational choice function, R is defined by Definition 3, and
C'(S) is defined by Definition 4, then C(S) = C'(.‘) for all S,

Proof: The element x belongs to C'(;Z) if and only if x Ry for all y in S and
therefore if and only if x belongzs to C(S') for ever, two=elenent subset S' of £ con=
taining x, Lemma 9 then follows from Lemma 5,

Lemz 10, If R is a weak orderinz relation, C(5) is d;fined by Definition 4, and
R' is defined by Definition 3, tnen x ii y if and only if x R' Ve

Proofs By definition, x R y if and only if x belongs to C([x,y]) and therefore

if and only if x R x and x R yo As X R x alwiys holds, Lemma 10 is proved,
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Til-OREM 1, Definitions 3 and 4 establish = one-one correspondence between weak ordering
relations and rational choice functions,

iroof: Lermans 7 - 10,

Thevrem 1 permirs us to use indifferently the lanjuage of rational choice functions
and that of weuarx orderin, relations,

For use in subse uent sections, two other types of orderin; relations will be defined

here,

Definition 5, R 1is s1id to ve a p rtial we.x ordering relation if

(1) x % x for a1l x, ~nd
() xRy and y R 2 inply X R z,

In torms of preference scales, partial weax orderin’ relat lons pemit us to consider
the case lcre nc choice at all, not even the choice of indifference, can be nade between
two possible decisions, artiul weax ordering relations have also been referred to as
quasi-ordering rclations.ll A leima whicn relates partial weak ordering relations to
weak orderin’ relations will be useful later on,

\

Leama 1ll, If R is a partial weax orderin; relation or a space X and S 1 subset of
.l such that for all x,y in S, neither x R y nor y R x, and if there exists a weak
orderin: relation T' on X such thvt x 4 y impiles x T'y, ti.en for every weak orderingc
relatiorn T" on S, there is a weak orderinc< relation T on X such thit x R y lmplies
x Ty and x T"y jmplies x T y for all x, y in O,

Prouofs Llefine x T y as follows: if x,y in S, say x Ty if and only if x T"yj
if neitner x nor y in 5, s,y x T y 1t 3nd oudy 1! x T' Y; if x in S and y not in 5,
83y X T y; if xnot in S and y in 5, 3., not y T x, As T. is a weak orderiny relation
on X ind therefore on’'the complencnt of S, ind T" is 1 weer ordering on S, it follows

easily tu.t T is 4 we.l ordering rei.tion, Furtier, if x 3 Y, tien neitner x nor y

] ]
are in J ond tierefore x T : ianlies x T y; but x T y -olis by assumption,
11

G. Birkhoft, Littice T .=, .o Yor , (17%.,0), P.7
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Definition 6. R is said to be a strong ordering relation if
(1) For all x, not x R x}
(2) For 21l x f y, either x R Y or y R x3
(3) xRy'and y R 2 inply xR 8.

A\-trong orderin; relation is & natural generalization of the relation "less than®
for real numbers, The followin: lemma states an obvious property of strong ordering
relations which will be useful later, First, we shall cefine the ternary relation,
"betweenness", :

Definition 7. If R is a strong ordering relation, define B(x,y,2) to mean x R y
and y Rz, orzRyand y R x.

Lemma 1<, If x,y,z are aistinct, then exactly one of the following holdss

B(x,7,2), B(y,x,2), B(y,2,%)e

3. The Aggregation of reference ielations

It will now be supposed that there are a number of individuals, each of whom has a
preference relation in a given space of alternatives, Le% i stand for an individual,

anda1

The letter V, possibly with subscripts or superscripts,‘will denote a set of individuals;

for his preforéncc rel:tion, wnich is assuued to be a weak ordering relation,

the letter S, poesibly similarly modified, will denote a set of alternatives,

The problem of sociil welfare is to form a function of the individual preference
patterns such that the values of the function are themselves weak orderin; relations,
This may be expressed in the followin; condition, letting R bg the social preference
scale considered as a functicn of "'1"""‘:1- where n is the number of individuals,

Condition 1, For all Byseees® s R is a weak orderin relation, (Universality of
Social ordering),.

It is also naturzl to insist that the proferences of individuals be reflected
affirmnatively in the social preference, i.,e.,, if two sets of individual preference

patterns are the s.une except that one alternative is higher on the preference scale
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of some individuals in the second case than in first, then the alternative in question
is not rated lower by society in the second case than in the first. To state this con-
dition precisely, let I’ be the preference relation corresponding to R in accordance
with Definition 1; similarly, we will let Pi be the preference relation corresponding
to the weak ordering Ri'

Condition 2, Let R and R' be the social orcerings corresponding; to the sets of
individual ordoring.a B.l,...,l?.n, and R{,....R:‘, respeclively, =nd let P and P. be the
corresponding preference relitious, Suppose tnat x P y, and that, for all 4, x' R1 y'
ifandonly ifx R y for all x , y not equal to x, and that x R, y inplies
x R; y' and X P’1 y' implies x T; y' for all y'. Then x P' ve (llonotonicity)

If C(S) is the rational choice function corresponiing to R in accordance with
Theorem 1, it must be interpreted as the choice which scciety would nake if the space
of alternatives were restricted to S, Tnis being so, C(S) should be independent of
the very existence of alternatives outside of 5, and therefore should depend only on
the individu:l preference sc:les within S,

Condition 3, If, for all i and all x and y in S, x éi

1
then C(>) = C (), where C(S5) is the sociil rational choice function derived from the

y 1f and only if x R, ¥,

individuzl preference scales Rl""’an’ and :'(5) is the social rational choice function
derived from the individual preference scales R;.....B.;. (Indepenience of irrelevant
alternatives) X
There are socizl welfare functions satisfying Conditions l=3; the main theore: of
this essay is to show that these functions f:ll into one of the two classes given by
the following definitions,
Definition 8, A socisl welfare function is said to be conventional 4f there exits
a pair x,y of distinct alternztives such that x R y independently of ll....,Rn.
Definition 9, . social welfare function is said to be dictatorial if there exists an

individual i such that for all x and y, x P y whenever x P, y regardless of the
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preferences of ali individuals other than i, .

Condition 4. The social welfare function is not to be conventional,

Condition 5. The social welfare function 1is not to be dictatorial,

Condition 4 seems to be very sweeping, since it denies the possibility of any
decision's being removed from popular control, However, all that is really needed is
the following conditions

Condition lo.. There is a seu S containing at least three alternatives such that R
is neither conventional nor aictatorial on S,

To guard against trivialities, the followin G condition is imposed:

Condition 6., There are st least three altematives,

It will be shown that Conditions l-6 are inconsistent, In what follows, v, will
be the null set of individuals, v" a set containing a single individual, and V” the
set of all individuids. A number of consequences will be drawn froa the conditions,
leading to a contradiction,

Condition 3 implies that in considering C(5), we can disregard all preferences among
alternatives not in S, Also, R, and therefore C(S), is completely defined by considering
only two-element sets oif alternatives, This shows that measurability of individual
utility is irrelevant to the ordering of social utilities,

Definition 10, V is su.d to be decisive for x against y if x ' y whenever x Py
for all i in V,

Note that the definition of decisive set is defined by the process of forming the
social preference scale from individual preference scules and does not depend on the
actual individual preference scales,

Consequence 1, V is decisive for x against y if and only if x P y whenever x Pi y

for all i in Vand Y P, x for all i not in V.

i
Proof: Necessity follows directly from Definition 10,
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Sufficiency: In the set [x,y], let R, be defined as follows: x P, y for all 4
inV, y Py x for all 1 not ia V. By hypothesis, x P y. Let Rj,...,R be any other
individual preference scales in [x,yJ such that x P:l y for all i in ¥, If i belongs
to V, Ri is identical with R;_ in [x,y], 80 that the conditions of Condition 2 are
satisfied; if i does not belong to V, the conditions of Condition 2 are satisfied
vacuously, Therefore, x P' ys 80 th:at V is decisive for x against y,.

Conseuence 2, For every x and y, there is a decisive set for x against y.

Proof:  If we interchunge x and y in Definition 2, it follows from Condition 4
Lhat there exists a set of individual preference relations B.l.....% such that not
¥ R x, and therefore such that x P y, Let V be the set of individuals such t.hat.x Ri Yo
Let Ri,...,R; be defined in [x,y] as followss X P; yforiinV, y P; x for all 4 not
in V. As x P, y implies x R, y, by Leuma 1, it follows from Condition 2 that x P' y.
By Condition 3 and Consequence 1, V is lecisive for .gainst y,

Consequence 3, For every x wd y, V. is decisive for x against y,.

Proof: Let V be the decisive set for x ageinst y guaranteed by Consequence 2,
If x 7, y for 111 4n V', then in particular x 7, y for all 1 in V, and thercfore
by Definition 10,.x P y, Hence, V" is decisive by Consequence 1 and Condition 3,

Conse uence" 4., If ’V' is decisive for either x against y or y against z, then V'

A -
is decisive for x ag.inst z, where x, y, z are distinct alternatives,

Iroof: (1) Suppose V' is decisive for x against y, Give the individual in V.

the nuber 1, Suppose x P, y and y Py 2, y P, & and zPixforallifl.

Then, by Definition 10, x ' y, Forall i, y Pi g, so that y P 2z, by Conseqguence 3,

Hence, x P 2 by Condition 1 and Lemma 1, while x P, 2z, z P, x for 4 # 1, By Consequence

1 and Condition 3, V' is decisive for x ag:uinst g, . ;
(2) Suppose V' Js decisive for y against \i‘ Again suppose that x P1 y

and y Py z; 1et.zPixame1yfor1}1. Then, again, x P y and y P 2, so that

x P 2, while x Pl %2 and 2 Pi x for i § 1, Hence, V. is iag‘a“in decisive for x against s,
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Conse uence 2. Tnere exists no i and no x and y such that x I’ y whenever x Pi Yy
regardless of the preference scales of all other individuals,

Proof: Suppose there were such an i and an x and y. Let V' be the set consisting
of the sole individual i, V' is decisive for x agzinst y by Definition 10, By Cone
sequence 4, V. is decisive for x against any y' and for any x' against y. By repeated
application of Consequence 4, it follows that V. is decisive for every x' against every
y' # x'. But this contradicts Condition 5,

It will now be shown that Conditions l=£ leua to a1 conmvradiction, Let x', y', z'
be any three distinct alterni.tives, as guararteed by Condition 6, For every ordered
pair of these, there is at least one decisive set by Consecuence 2, Of 211 such decisive
sets, consider the smallest; if this is not unique, select any one of the smallest sets;
and designate that set by V,. Let it be decisive for x against y, and denote by z the

L ' ]
third of the alternatives x , y , 2 . Let the number of individuals in V, be k.

1
Number the individuals in Vl,l,...,k, and nunmber the remaining individuals k+l,..,,n.

'
Let V cont:in the sole individual 1, V2 individuals 2,...,k, and V, individuals

3

k*l,eeepne Let tne preference sciules of te various indivicuals in the set of the tiree
alternatives x, y, 2z be defined as follows:

i
iinvVv: xPly,yPis;
iin de 'Pi x,xPiy;

1mv3: yPiz,:Pix.

As x Pi Y for all 1 in Vl, x P y by definition of decisive set, For all i in V2,
z Pi ¥y while y P, 2 ior all i not in Voo If 2Py, then V, would be decisive for z

against y by Consecuence 1l; but V2 contains only kel elements, while the smallest

decisive set contuins k elements by construction, Therefore, not z ¥ y, and hence

YRz, by Leoma 1, As x P y and y R 2, xR z by Lemma 1 and Condiition 1, ButxPis

' '
for i in V , while 2z P1 x for all i not in V , contradicting Consecuence 5,
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THEOREM 2., If the number of alternatives exceeds two, every social welfare function
satisfying Conditions le3 is either conventional or dictatorial,

This theorem suggests the desirability of relaxing one of the conditions, From
the very meanin; of a social decision process, it is hard to see how Conditions 2 or 3
can be weukened, Two specific social welfare functions which violate Condition 3 will
be examined, und it will be clear that in these cises, at any rate, the functions are
undesirable, The remaining sections will be concerned with HOakening'of the various

other conditions,

Le

It is obvious that conventional 2nd dictatorial social welfare functions satisfying
Conditions 1-3 exist, For a conventional socizl welf:re function, let R be any weak
ordering of the :lternatives independent of Rl,....Rn. Then R satisfies Conditions 1=3
and in ‘fuct is not dictatorial,

For a dictatorial sociél welfare function, let R coincide with Rl' Then R satisfles
Conditions l=3 and in addition is not conventional,

Je could not restrict dictatorial sociul welfure functions to the case where X R y
if and only if x Ri Yy if we wished to preserve Theorem <, For a counter-exaaple, let
R be defined as follows: x P y if und only if for some i, x IJ y for §<i, x P, v3
this relation R satisfies Conditions l=4 and is dictatorial under Definition § but not

under the proposed redefinition,

5. Ihe iumber of Alternatives

If the number of ilternitives is zero or one, the problem is meaningless, If the

nunber of alternatives is two, there are methods for which no difficulty can arise with
transitivity, Le .ight, for example, use majority votinz as the social welfare function,
interpreting 2 tie us social indifference, This viewpoint is essentially the basis of

the Anglo=Americ:n twoeparty cysten,
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6. Independence of Irrelevant Alternativoglz

One exanple of « soci:l welfare function violating Condition 3 is the following:
Assune, following von Neumann and upr;enstcrnls, that for each individval utility is
measurable up to lineur transformationsy and assume {urther that there is a maximum and
a minimum utility for each individual, Then the utility for each individual can be
defined uniquely by lettin; the maximum atility for each iniividual be one and the mini-
mum zero., Then order social preferences by the sum of the individual utilities,

Suppose there are three alternitives and three individuals, Let two of the indie
viduals have the utility 1 for x, .9 for ;, and O for z; snd let the third individual
have the utility 1 for y, .5 for x, and O for z, On the above criterion, y would be
chosen as againet X, Clearly, z is a very undesirable alternative, since each indie
vidual regards it as worst, If z were blotted out of existence, it should not make
any diffe}ence to the final outcomej yet, doin; so would cuuse the first two individuals
to have utility 1 for x and O for y, while the third individual will have utility O for
X and 1 for y, so thit now x is preferred to y, This is clearly unsatisfactory,

Another sociil welfare function, applicable to a finite number of slternatives,
which violates Condition 3 is the runke-order method of voting: Let each individual rank
the altern:tives .nd then weigh each choice, the i her wei nt soing to the more pree
ferred chioice, The socially chosen alternative is that with the hichest weighted sum
of votes,

Let there be three individuals and four alternatives, x, y, 2z, and w, Let indi=-
viduals 1 and < rank then in the order x, y, z, w, while individual 3 rank then in
the order z, », x, y. Let the weights for first, second, third ani fourth choice be

by 3, 2, 1 respectively, Then x is chosen, Alternative y is always inferior to x,

=

The examples in this section were suggested in discussions with A, Xaplan and
with G. E, Forsythe, National Bureau of Standards,

13 See footnote 4,
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80 that its deletion should not affect the choice of x, But if y is deleted, and the
first, second, and third cholices are weighted 4,3,2 or 3,2,1 respectively, we now

find that x and z are now tied,

7. Universality of Social Ordering.
Condition 1 misht be weakened in two ways: (1) recuire that R be a weak ordering

only for some restricted ranje of possible individual preference patterns Rl,....Rn;
(2) re.uire only that R be a partial weak ordering,

The first weakening is quite realistie, For example, under individualistic aseump=-
tions, any social decision which gives individual i wmore of each coimodity will be pre-
ferred by him, and it would be pointless to require that R even be defined for Rl""nn
not consistent with this condition, Such restrictions are of the nature of weak partial
orderings, Condition 1 mi;ht be replaced by the following condition,

Condition 1'. Let Ql'"’{“n be a specified set of partial weax orderings., Then for
every Rl""’Rn such that x Qi y implies x Ri Y .R is a weax ordering relation,

Suppose that Ql”"’;n are such that there exists a set S containing at least three
alternatives such that for all i and all distinct alternatives x, y in S, neither x Qt y
nor y Qi Xo. An example of this would be a decision to distribute sever:l commodities
among the individuals, Consider three possible distributions, eu.ch that no one gives
nore of eacn commodity to any one iniividual than any other distribution, In this case,
Lemma 11 applies for each i, if we substitute C‘i for R and Ri for T'. It follows then
Q) seeesl, impose no restriction on the oriering within S, 30 that the whole analysis
leading up to Theorem < is applicable,

THEOREM 3. If Cl"" ’Qn are weak partial orderings for which there exists 2 set S cone
tain at least three alternatives such that for all i and all distinct alternatives
Xy ¥ in S, neither x Q ¥y mory Qi X, then every csocial welfare function satisfying

'
Conditions 1 , 2, and 3 is either conventional or dictatorial,
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A more radical restriction upon the range of possible individual pnfex;or}co patterns
has been proposed by D. Black.u‘ Black's result for a finite number of alternatives
is here generalized to any space of alternatives,

A, There ex.ist';a a strong orderins relation S such that for each i, x Ri y and B(x,y,z)
together imply y Pi 2.

Here, B(x,y,z) is delined by Definition 7, Loosely, this condition means that the
space of alternatives can be represented line.rly in such a way that each individual
has a most preferred position and the preference for other decisions decreases as the
alternctive moves farther away from the most preferred position in either direction,
This is the s:uue idea as the left=toeri ht orderin: of political parties in Continental
politics,

Let li(x,y) be the number of individuals for whom x R, yo Then defire a social wel-
fare function, tle method of msjority decision, by the requirement that x R y means
N(xyy) 2 8(y,x)e

Lemma 13, If R is the majority decision method, and if, for all i, x Ri y implies
z Pi W, then x R y implies z R w,

Proof: Cuppose the hypothesis and the condition x R Y both hold, From the h po=
thesis, N(z,«) > N(x,y); since x R y, li(x,7) 2 i(y,x)e From the hypothesis, w Ri 2
implies y iy x for each i, using Lemma 1, so that N(w,2z) < N(y,x). Hence, N(z,w) > N(w,z),
80 that z R w,

Condition 1'. For all R.l,...,Rn satisfying A, R is a weak ordering relation,
THLOREM 4. The method of najority decision is a social welfare function satisfying
Conditjons 1” and <=5 for any number of lternatives, proviled the number of individuals
is oadd,

Proof:s If R is Lie .iethod of majority decision, it clearly satisfied Conditions 25,
14

D, Elack, "On the Rationals of Group Decisionehaking M Journal of “olitical Econo
LVI (1948), Pp. <3=34. MThe Decisions of a Committee Using a Cpecial Majority'",
Econometrica, 16 (1945), ppe <45=201,
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"
It is only necessary to show that Condition 1 is sitisfied, i.e., that R satisfies

I and II ..hen Rl,...,Rn are restricted by A, The conaition of connexity is clearly
satisfied; it only remains to verify transitivity,

If any two of x,v,2 2re emual, tuen it is trivial that X Ry and y R 2 inply xR 2,
Suppose X,y,z distinct, a:nd suppose X R y and y R 2z hold, By Lemuu 12, there are three.
possibilities: B(x,7,2), B(yyX,2), nd B(y,z,X)e

(1) B(x,y,z)s. Frou A, x &y implies ¥ 7y 2 i therefore x l’i 2z, By Lema 13,

X R z follows from X R e

(2) B(y,x,2): Suppose y R; 2 but not x »; 2. Tnen z R, X, and therefore y Ri X
Then, from A, x 75 s ahich is a contradiction, Therefore y Ri 2 iaplies x Pi z, 80
that x R 2 follows from y R 2z by Lemaa 13,

(3) Blyyz,x): suppose y K, 2. Then z P, x, by A, nnd y Fi %o Let ' be the total
nuaber of individuals for whon y ‘;)1 Xy, and N the total number of individuals, Then
wMXyy) ® i - ;.'; 1so, N(y,x) 2 .‘:', 80 that from x R y it follows that N = N' 2 3!',
or N' < N/<, But since y Ry z implies y P, %, N > N(y,2)e As ¥y iy zorz Ri y for
all 1, W(y,z) + 2(2,y) 2 e As y R 2 by assumption, i(y,z) > N(z,y), so that
U(y,2z) > N/<s Therefore, N > ifz, or N - X/Z. This contradicts the asswiption that
i is oddj hence, c:.se (3) cannot .rise,

The condition that the number of individu:ls be oid isleasent.ial. Suppose there
were two individu-ls, one of whom preferred x to y and y to z, while the other preferred
y to z and z to X, These preference sciles satisfy A 1f the ordering x,r,2z is tocen
as the busic strong ordering, Then majority decision yields that x is indifferent to
y and y is preferred to z, but x is indifferent and not preferred to z,

The second weakening of Condition 1, nauely, that R be only a partial weak ordering,
hos, in fuct, been the approsch of such positive work as exists in welfare econouics,
as mentioned in -.)ect,ion_l. Social preference is defined ty saying that x R y menns

x Ri y for =11 i, Tiis relation cle:rly satisfies all conditions if Condition 1 is
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modified to require only tihat R be a partial weak ordering. It may be noted that
most of the substantive theorems derived also assume that there is at least one come
modity such that ezch individual will prefer more or it to less, all other things being

equal, That is, Rl""’ln are restricted to be consistent with certain preassigned

pQartia’ weak orderings,

8. (mae Problems in Social Velfare Theory
In the preceding analysis, it has been presupposed that the individual preference

patterns were known, However, if some social welfare function is establisned, and if
the individual preference patterns are to be obtained by some form of (uest.ionn—aire,
such as voting, there is always the danger of f-lse answers to take advantage of the
machinery in the manner of a gune, For example, under plurality voting, individuals
do not vote for hopeless uinority candidates even though they may prefer them, To
insure proper social welfare, the rules of the electoral suue must be so devised as to
insure that expressed preferences coincide with actual preferences, This problem is

allied to the problem of games of fair division.>’
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