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THE POSSIBILITY or A UNIVERSAL SOCIAL iEU'ARE FUNCTION 

Kenneth J. Arrow 

1. Introduction 

Tr ditional aoeial ph1losoph7 of the l atonic reali t va r iety hna aeaumed that 

there exiets an obJective social good de tined independently of individual desire• J 

thia aocial good waa to be apprehended by the methods ot philosophic !nquiey. Such 

a philoeoptv could be Md was uaed t.o justify {;Overnment by 'lite, secular or rellaioua. 

To the naadnalist tet1per ent 9! t he modem perio , the aeaUilJ)tion of t he exi.atence 

ot t.he eoci ide in ooe l tonic re<.Ala ot be in{: wna me nin less. The utilitarian 

philo.ophy ot Jere~~~¥ Bent am ·md his followers sought inste to round the social good 

on the good of in irl. uals . The } e onist psyc oloey as!loci te Nit h ut i lit rian phi­

loaoph,y w f rt r u.sod t.o i.; ply that e c 1 ivi u 1 s , od waa ident..ical ith hie 

desires. He c , Lhe oci ood wa in s ome s ense to be a composite of the desires of 

individu •· le rlj' , so vi ewpoint of t. i s t ype ia baeic ooth to political democr c7 

and to laissez-!' ire econo cs r in eod t o an.y economic system in which conawners are 

c iwen free choice or c oods and orkers lre ,iven tree cjloice or oceupatj na • 

• s. Jevons1 · t ro uced nt hamite ps~choloey into the fiel or economics in the 

tom of t te r a in ut..ility t ory of choice. It was nat ural to follow through with 

the utilitarian viewpoint. by t en identifyin the social welfare with the aum ot the 

1nd..bi ual utilities. This is u .e vi wpoi.nt of F. Y. Ed...,eworth2 an 1a bade to 

1 w. s . Jevona, Theory ot olitical onO!IY 1 (1871). Th_, rginal utillt7 theory 
waa developed independently b H. H. Gossen, The Lamot II~ N~, (l854)J 
K • Menger 1 Gili1aatze der r:ol.Y.ewf.ech n.elehre 1 ( l ) ; an • \F ru 1 El.-:~ent.t 
d 1economle pot.lgue PW'!• {1874 • 

2 F. Y. Edee~ rth, Mathematical sychica, (1871), 11The Pure Theory ot Taxation••, 
Ecooomic Journ 1 VII (18 7), pp. 550-571. 
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A. Marshall's use of • onsW!'Iers surplus to derive reeo~nd~tion for economic poli~.' 

The addition of indi idu:ll utilities implies, howwer, that such utilitiea are 

meaaW.· ble, and 1110reover, measurable in 80IUe sufficiently objective vq to be able to 

ea.pare utilities of ifterer.t individu s. (Thua , acasurability of individual utilit7·, 

aa in the system o J. von eumann d • lor enstem4 i s not sufficient to ett.le the 

ques t on of - ocial ut11ity).5 The re ction ag inst measurable utilit.7 and in favor ot 

a pure in ifterence-curve ppro ich tote t u of u1 ivi behavior, associated wi.th 

t he ~ames of I . fi s r d V. reto , led to tte 1p o ret'ormul te wel!'are propositions 

in ecQnomics on the b.;;.sis of co ition ·. ..:h woul1 fit n o any ethi cal c eme. Thus., 

reto , B rone , d ' otollin , , ~on others stu ied pt iw t ~tes of econooic welfare , 

where an optinal s t ate was define s one in which not ev rybod.f could de better 

ott by aey re p ot re~ 
6 or course . t hi ppro11ch does not uniquel.7 urces. 

define t e opt. point , 

A. r .,.son7 h reintroduced t esoeial lf re function ~1d haa pointed out that it 

need only epe on the preference s c edules of in ividu a d not on the measurabilit7 
I 

of in ivi u::U. utility. Also, of course, no swption nee be made u to U. aeuur-

ability of ~oci · utility J the Doc1 1 ~elfare tunetion n ed be unique onlJ up to a 

monotone tr Bergson's approach haa been accept.ed by Sannaelaon am Lanr-~8 • 
3 

4 

5 

6 

7 

8 

A. ~ rs · ; : ri ciples ot Econocics, (1 ) , Book V, Chapter XIII. 

J. von NeUI:\aJ'U1 and • loreenatern , I rz of G.loe• and Econocdc BehaviC!J:., 2nd ld,, 
rinceto , (1 6), pp. 15-31, 617-632, 

J. von ~ w M an • ~orcenstem, op, cit., p, , " ::e have not oai.T usumed 
t t its utility is 

so t . t it is su 
pl era." 

n orical - for which a toler bl7 ood case can be made , ••• bu\ 

., .. onnul tio 
--.-..;--=;..;;;.-...;=;;.;.;.;;oo;;;Dli--.c-.s, Lll, 

le and unrestrictedl7 tr aferable between the Y&rioua 

of e rt n A pects of elfare Economics 't, Quarterlr 
l 93H ), pp. Jlo- 34. 

P. A, acue l aon, op. cit., pp. l l9-25l. o. Lange, "The Fowtdationa ot Welfare 
15-228. Econoaics", Econometrica , I, (1944) pp. 
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The onl,y concrete r nn that haa been proposed !or Bergson'• soci 1 welfare !unction 

~· the ca.pensation principle d~veloped by Hotellinc.9 Suppose the current situation 
• 

1• to be COIIIP&reci with anotht.r possible situation. Each indivi ual is ssked how much 

he 1• wWlnt; to pay to hanee to the new aitu tion; neuative acounts mean that the 
• 

1ad1Y1 ~demands co3pen tion . f~r the c nge. The possi le situation is s aid to e 

better than the current one if t.he alue raic sur.1 of all the amounts offered is positive. 

Untol'\unately, ae pointe out b T. e citovs ·y,10 it may ~11 happen that s ituation B 

aq be preferred to situ tion A \1 en A i s th current itu tion, hile A rn8¥ be preferred 

to 8 when B 1s the current situation. 

Thu, the comp ns tion pri ciple doe not provi a true orderini: of ocial e isions . 

It is the purpose of this note to slo t h3 t t ' i s phenomenon i s vc~J general. Under 

cert in very reaeon l e re trictions , t. er i no r t ho of ae rc · ti in ' ivi 'ual pre-

terencea which le·t s to consi stent oci prefere c s s c;slc , part fran ce rt3in trivial 

aethode i ch viol tc · e oc r ic ;>ri ciples . 

This section i s a brie f discussion o t he l an , ce which ill use t o des r 'be 

preference rel t · ons . It ie ss d t l• t t he o .:w ior of ac in i vi u Cc n ex-

preesed · '1 iven s et of alte n1 tive act "ons, he ct ooses t he one or 

one• which he prefers to all ot ~ers r that s et. In t he pres nt say, the a l t ern t i ves 

in .uestion re t~Ken to be s ci~ de isio • T e prod ct or t ho process o! gere-
• 

sating indivi ual preferences ie to be soci 1 prefer ence sc3le, such t h t t he decision 

to be made among an~? •iven set of tern tives is t o be ne which i s preferre t o an7 

ot er alternative in t e s et accordinw to th~t s cale. 

9 
H. Hotellin - , " The Ge. er<Ll : l f re i el1t ·on t.o P bl ms of Taxat ion .w of 
Railway ~nd Utility nates ", Ec nometrica, 1 ,3<> ), pp. 242-269. The i dea is 
t.plicit in the e rlier ~u rk o f Pa r e to rone; see S&~uel3o . , op. c i t., pp.21J- 17. 

10 
T. de J citovs y, "A ;; te on 1-'el ! re 1 ro ... t.ions in Economics ", ~~:;;.;.....::;.;:_.:::~:..:.:::!;~ 
St.udies, II (1 ), pp. 77 s. 
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It is custouary in econo!!dc liter~.ture to \<:ork with the two relations ot pretereoc• 

and indifference. It is sl.i;·htly more convenlvnt to lscuse inste the relation, 

"preferred or indi!tersnt". Let x,y,z, ••• Le various possible social deciliona, re-

ferred to as :..,ltern tlves. The rel tion, x R y, re , ''x is preferred or indifferent. 

to .r•, b assume to obey the following woms: 

I. For all x and y, either x R y or y R x. (Conne&ity) 

II. For all x,y d z, x R y d y R s implies x R s. (Tr nsitivity) 

T e3e two axioms re precisely t. ose for a we or erine relation. Preference and 

in ifterenee can be efined in terms of the rel~tion R. 

Definition 1. x P y me ns x R y out n t. y R x. 

Definition 2. xI y me· ns x R and R x. 

T e fol lo·Ji lemma brin •s to ~e tner number f o vious con e ·uenees of the aboYe axiom. 

and efinitions i ch ill be used subs uently. 

Lucma l. 1 x R x for all x. 

( Ifx y, then x R Y• 

(3 If x ? y and y P z, t l en x P z. 

4) For all x . ld y, either x R y o.)r y P x • 
I 

( 5 ' It X ? y d y R z, then x P z. 

(6) If X R y y p z, t. en x z. 

Alt. rnativel.y, we may describe t he preference pattern in tertiS of the behavior ot 

an in vi u· or so iety en confronted with a set of altern tives. Let C(S) be what 

i :J chos en from the set or ternatives • 

' I • C(~) is a sub et of • 

We o not ish to prescribe that C( ) contains only a sincle elementJ for ~ple, 

S may cont in t•o el ents tween which the chooser is indifferent. Nor do w wish 

to prescribe t h t C(S ) i s· lw:1y defined, ar¥1 non-nullJ tor ex.runple, S n:.ay be the 

se .uence or t rn: th·ee of which t he nth i s t h t the chooser ete 1 - (1/n) dollare . 
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Aa a con..nt.ion, we will s~ t.h t C(S) is the null set under such circwnstancea. 

' II • It S is finite, C(S) ia no~·null. 

' ' ' Ill • It S is in!inite, x belonas to , and x belones to C{S ) for every finite S 

conWning x and included ~ S, then x belon .. s to C ( S) • 

ftnal.l.¥1 we wiah t.o prescribe certain de ree of r ationality or consistency 1n 

the choice. 

• • IY • It S is subs et. of • ' n t he int rsecti n S /\ C(S) is non-null, then 
t I 

C(S) • . S 1\C(S). 

' ' A aet.-tunct.ion C(S) sat.isfyi.nc I -IV 1 tq e terrae a r ut ional choice tunction. 

It. 1a not. hard t.o see th· t r a ional. choice functio weak orderine relati on are 

·~ altemat.ive descriptions of the same phenomena . Each c n be efin in te rms 

ot the ot.ber. lAt. [x,7] mean t he set conzistine of the altern· tives x and y. 

P.Anit.ion ). x R y mean .. U t x belo s t o C( [x ,y]}. 

J)!flnit,ion It• C( · ) is the s et of all 's such t hat . b lon ·s to 

ally 1n s. 

' ' 

d x R y for 

For aubs .uent use, som. cons uences of ~~oms I -IV will be set forth. 

(1) 

( ) 

' ' ' If S C s, nd x belongs to S 1\ C( ) , t.hen x belongs to C(S ) • 

' ItS C s, • t le 

' beloQ&a to C(S ) , then x belon· s t o C(S) . 

1.-a il ' obvious on e 1uence of IV. 

t. one point i n co n with C( ) , and x 

A. nece11 r;; nd u!ficient corxtition that x belo to C(S) is t h t x 

' ' bel~ t.o S and x belone to c( .. ) for every finite S contai inc x d incl u ed in s. 

' Proof or ufticieneya It S is infinite, Lemma 3 coincides with III • I! S i s 

finite, Lemma 3 is a tautolocr, since S is a fin i te subset ot itself cont. ining x. 

' ~t ot llecessity: Let 5 be any finite subset of S conta.:inine x. Then x belon s 

' ' to S ~c(s), t erefore to C(S ) b 2. 
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' Lena& 4. If S is finite, x belongs to C(S) if an only if x belonp,s to C(S ) 

' for ever,y two-element subset S of S containin~ x. 

Proof of 'eoessity& L~ • 

Proof of ufficieucya ·Je proceed by induction on n, the nUillber ot eler.aenta in s. 

The lenaa is cle rly true for n•l, if one-eleoent subsets nre included ith two-elcent. 

subsets. Suppose t e lellllla is true for n. Let S hav n+l elements, and let s1 be a 

subset or S cont ' rin~ x d · vir!£ n elements. Tnen x belonss t o C(s1) b7 the induction 

hypothesis. Let y be t e one l e ent of S which · s not in s1• !t s
1 

did not inte~ 

' ' sect C(S), C(S ) woul contain the sin.,:le el ent 1 by I an II • Then [xt7] inter-

aects C( ) ; s x belones to c([x,y] ), x belongs t C(S) b,y Leumn 2, which is a ~ontra­

dict ion . Therefore, Sl int ~sects C(S) , so that x belon ; s to C(S) b,y Lemma 2. 

ie."'IIIA ;. A neces · ry :md .. u ficient c n ition t h t x belon,; to C(S ) is that x belong 

' ' to and x belon to C(S ) for every two-element subset S of · cont · ining x. 

l'OO f I lAnlm. S J 4 • 

1ecm 6. It c nt . ns t e sin · e el~-ent x , then x belon 5 to C (~ ). 

' . • roof& I II • 

Le- • 7. If C( ... ) i r tion:U c ice fu ction and R 13 efine by Definition ) 1 

t he R is rderine rel t ion. 

Proof& It i to be hown th .. t R so c in :; tisfiea I nd II. 

(l) T e s t c( (x,y]) ' ont · ins either x or 7 b,y I ' d II J hence, I tollowa 

froc efi.l · tion ). 

( ) Suppo X and R z . L t e the set containinJ the three element• 

x,y, and z. It [x,y] d not int ers ct C( ), C( -> ) would contain t he aincle element s, 

by I
1 

and II
1

• ~h~n [ y , z] rould inter ect C( ) , o that y would belone to C(S) h7 

Ler 2 d Definition J . Thi s i s a contr ict 'un , so that [ x,y] intersect• C(S) . 

H nee, x belongs to C( ) by Lemma 1 tm t refore t o [ x,z]) 1 b7 lAilD& 2. Hence, 

II is satisfied. 
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lAPpa s. I! fi i s a weak orderine relat ion , and C( ) _is de. ~ ned by nerinition 4, 

then C( ) is r ational c oice function. 

Proofs 

(l) 

' ' It is to be shown· th t C(S) s atis fied I -IV • 

' I follows tm.ediately fro~ Definition 4. 

' (2) Let n be t.he mwber of el e•:1ent. s in s. For n•l, II follows fran (1) of 

' X....l. uppoae II hol 8 for n . Let S co t in n+l elements, s
1 

be n n-ol :nent 

aut.et. For some X in sl' X R y fo r all y i n s l by the induction h.tPOthesis. Let z 

' be the sint).e element in S ut not in J 1 • If x R s, t hen II hol s. If ot, then 

z R x, b,y I, and therefore, z R y or all y i n 
1 

by II. s z R z by Leuma 1, z R 7 

£or all y in ' so t h t z beloneq to c (s). 

(3) ' ' Under t he hypotheses o! III , ·x belones to C(S ) for ever-y two-elo:.l8nt sub-

' aet ot Sc containine x , o~a ot1era, s o ~hat x R y fo r ally ins, ve r ifyin£ III. 

' (4) Let X belont; to s 1\ c (s ). As X beloncs to ... (- .), X R y f or ally in s nd 

' ' ' in particul r . in S • ts x belo s to S , x l ongs to C(S ) by definit i on. H nee, 

' ' ewery element of S /\ C( S) be o · t o C(S ) • 

' Jow let x be any l c.. nt of S ) • &J ypothes is , r e s 1 ol e~ ent y belon£~ 

' ' to S /\ C ) • As belo s to S 1 x R y ; as y bel ont;s to ( ) , y R z tor all z in S. 

Hence, x z for all z in S b · II, so that x elo ~s t o C( ) 
I 

' nd hence to S ~c( ~ ) . 

Lemma 9. If C ) is r ational c oice f ction, R i s defined by Definitio J, and 

C'< ) ) ' is e!ined b Definition , hen C ( ~ • C ( ) for all s. 

' Proo!: The ele nt x be onus t o C ( ) · f anj only if x R y for all y in and 

' ' therefore i ! d only i f x belo s to C(S ) fo r ever · t \'JO-elcl ent s ubset S of S con-

taJ.ning x. Ler:ma t en follows from Ler.~ma 5. 

Lelllll 10. I f i~:> we orderino r el· t ion , ..; ' ) defined by Definition 4, and 

' R is def~.ned b··- fin "t ·on 31 t ne x · y if only if x y. 

' P o!: By efinitio 1 R y if nd onl~r ·r x be lo es t c( [x,y]) an t herefore 

if and only if X R .< x R y . As x R x l w s ol s , LcrJma 10 is proved. 
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TibUliQi 1,    Definitions 3 Mid 4 eatabliKh a one-one correspondence between weak ordering 

relations and rational choice functions, 

Froofi    Leniuis 7 - 10, 

Theorem 1 penai^s us to use indifferently the language of rational choice functions 

and that of weak orierir^    relations» 

For ude in subee uent sectiojii, two other types of ordering relations will b* defined 

here. 

Definition 5,    H is s.iid Lo be a p rtial we.tk ordering relation if 

(1) x h x for all x,   -nd 

(2) x K y -ind y R s ia:ply x R z. 

In t-r...-. of preference scales, partial weak ordering relations perrdt us to consider 

the c.^se   .i ere no choice at all, not even the choice of indifference, can be uade between 

two possible decisions,    rarti.il weak ordering relations hare also been referred to a» 

quasi-ordering relations,        A lama which relates partial weak ordering relations to 

weak ordering relations will be useful later on, 
y 

Leiama 11,    If R is a partial weak ordering relation on a space X and S a aubeet of 
> 

X such that for all Xjy in S, neither x R y nor y R x, and if there exists a weak 

i i 
ordering relation T on X such that x R y inpiles x T y, then for every weak orderirv. 

H 
relation T    on S,  there is a weak orderm1;  relation T on X such that x R y Liplies 

x T y .md x T   y iuplies x T y for all xf y in i, 
ti 

I'rouf:    Define x T y as follows:    if x,y in S, say x T y if and .>nly if x T   y| 
i 

if neitaer x nor y   in 3,  say x T y il   uid oiJy if x T   yj  if x  in S and y not in St 

i 
say x T y;  if x not, in S and y in S, 3 »j   not y T x.    As T    is  a weak ordering, relation 

n 
on A and therefore on'the corapleniont of S,  <.nd T      is   i weak or-ierinf on S,  It follows 

easily tnat T is a weil; ordering'rei A^o;.,    Purtner,  if x R Y, tken neitr.er x nor y 
i i 

are in J and ti eref^re x T    y i.npilcs x T y;  but x T   y holds by assumption. 

11    G. Birkhuff, Lattice   - ie ^ . .lev vor  ,  (l^.O),    p.7 
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D!!Wtion 6. R 1a said to be a stro~ orderin re1ntion it 

1) For all , not x R XJ 

( ) For ill x ~ y , either x R I or y R XJ 

( 3) X R y • d y R z i1 ply X R & • 

10/~6/4 

A strong order in .. rel t ' on i s a natural eneralia t ion ,of tho rel tion"less than" 

for real numbers. The ollowint.: ler.aa st tes an obvious property of st.ror1f. ordering 

relations which will e uset'ul l ater . Firet , we shall 'efine the t m ary r el tion, 

"betweermesa "• 

Qefinit.ion 1. If R is tr , or r r 1~ t.io ' • 1 fine B x,~· ,z) to me n x R 7 

and y R z, or z R y and y R x. 

~ ~. If x,7,z are '3t i ct, then e~ctl · one of the f llowi 

B(x,y,z), B y,x,z), B( , z , x) . 

3. The Af.p'!8 tion of ' r,efcrence el tiona 

ol sa 

It will now be supposed t. · t, t. l ere ' " a nW'lber of in vi u s, e ach of w ora has n 

preterence rel tion in a - i ven sp ce of .1lt rn tive • Let 1 st n tor n in ividual, 

and &1 for his preference rel~tion , \•hich is SS .. cd to De A weak ordering relation. 

The letter V, possiblJ it. t subscripts or superscript s ,•will denote a set of individuals; 

the letter S, poeeib.ly similarly modified , wi 1 denote n set of alt.ematins. 

The problem ot soci: 1 welt re i s to f rm fw ction of the indivi ual preference 

patterns sue . thLt tte values o f .he f ct.ion are the~el es eak orderinc rolat ' ons . 

This may expres~~d in t e ollo in~ con ition, lett. ' R be t h soci 1 pref renee 

scale conaidered a.s a functi n of R, , ••• ,R , here n i the number of in ivid , la. ... n 

Condition 1. For nll 11.••••• n ' R i s a weak o eri 

Social orderi · ) • 

~lation. ( nivers · lity or 

It is so tur· t o insis t. t. a t t he r·oterences or in ivi uale be r efiected 

att:i~Uatively in the social prefere ce, i . e ., if two sets of individual preference 

pat.tems are t t e .. except that one alternatiYe is hi~her on t he preference seale 
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or eame individuals in the second case t han in first, then the uternatift in question 

is not rated lower by society in the second cnae than 1n the first. To state t.hia con-

dition precieely1 let be the prerere!lce relation correaponding to R in 3Ccordance 

with Uetinitlon 1; sindl rly, \ e will let P. be the preference rel ation correaponding 
:L 

to the weak orderinc; R~ • ... 
• Conlition 2. Let R and R e the social or ·erinca correapondint: to the :sets of 

' ' . individual orderinea ~, ••• , Rn ' 

correspond~ preference 'r 1 d .. ious . 

~, ••• ,Hn ' respectively, r nd lot P &nd P be t he 

• • ppo e t at x 1 and t h t, for all 1 1 X Ri 7 . ' ' ' . • if and on)..}· if x R 7 for l x 1 y not e< to x, and hat x Ri 7 impliea . . . . . ' ' x Ri y Md x Pi y i plies x i y for all 1 • The x P y . (. !onotonicit7) 

If C( ) is the r t i on h ice function co rres p ti l.ru! to R in accord nee with 

"'he r 1 1 it ust e interpr ete as t e cl i e · ich societ7 would nake if the apace 

uf alternatives ere restricted to • Thi o be' so, C(S ) should be independent r 

t he very existence of alternatives outsi e of 1 Md therefore ahou1 depend only on 

t h indivi U " prefere ce s e 1 s ithin • 

then C( .j 

indivi 

If, f or all i . 

' • C .: ) 1 n er 

' all X nd in 5 1 X fti y if a n only if X fti 7t 

t he s ci r atio choice function erived trom the 

pref renee ccales ~, ••• ,Rn' C' ( ) ~ ... t he soci 1 r~ tional choice function 

' . derive f rom t e n vi u pr ference s cales ~····• n• (Indepe ence ot irrelevant 

tern tiv s) 

T r cia elf re functlo s s tis f · i ng onditione 1-3; t he m.Un theoren or 

t his e s s is to s ow that t ese functio ns f 1 into one of t ttro claeeee given b.r 

the followin~ efini tions. 

s ~i · l elfare function iss d to e conventional if there exite 

n pair Y , of i stinct alter 'aU.ves such t hat. X R 7 independent!¥ or 'I.····•Rn. 
Definition 9. .~ soci welfare funct i on ia s id t o be dictatorial it there exiat• an 

individual 1 •ueh t h t for all x and y 1 x 1 whenever x P
1 

7 rel:ardleos ot the 
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preference• or all indivi ual.a other than 1. 

Copdition lt• The social welfare function is not to be conventional. 

Copdit1on 5. The social welfare tunction is not to be dictatorial. 

10/26/48 

Condition 4 • ._. to be very aveepin6, aince it denies the possibility of an,y 

cleciaion'• beir\g r.:acwed tran popular control. However, all t hat 1s re&.lly needed is 

the following conditiona 

• Condition 4 • There 1a · oet. S cont. ininc t 1 ast t hree alternatives .Juch that R 

1a neither conventional nor ·ictat.orial on s. 

To guard against trivialities, lhe followil'\; con ition is :il!apos j : 

Condit.ion 6. There are at leut t hree ltem t.iv s . 

It will be ohown that. Conditione 1-6 are i consistent. In what follows, V will 
0 

t " be the null aet of indivi uala, V a set containi nc... sinc;le indivi ual, Md V t e 

aet ot all indi.Yi u~s. \ number ot cona uences will be dr vn from the conditione, 

Cond1t.1on .3 i.apl.1ea that in cona1derin4; C( ) , we can dlsret;ar d all preference• ar.10ng 

altematiYH not in s. Alao, R, and therefore C(S) , i s cocpletely efined by consider nt; 

onlJ .two-et..ent sets o! alte rnativea. This s ows t t easura ilit1 or ind' vidua1 

ut1lit7 1a irrel ev· t to the or ering of sociil utilities. 

petinition lO• V is s d t o be ecisive for x ag i nst y if x P y whenever x P 
1 

7 

tor all i in v. 

k)te that t he definition ot deeisiYe set is defined b,y lhe process of forud n the 

aoclal preference sc e from i ndivi uai preference sc~les and does not depend on t. e 

actual individual preference cales. 

Conae~uence 1. V ia decbive for x a,sainst .Y it and onq if x P 1 tthenever x Pi 1 

tor ill 1 in V and f i X for all i not in V • 

Proota Necessity follows direc~ly from Definition 10. 
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ufticiencya In the set [x,7], let Ri be defined as followt x Pi 1 for all i 

• • in V, 7 Pi x for all i !'lot i. V. By hypot hesis , x P y . Let '1, ... ,an be 8n¥ other 

in ' vi ual preference sc=Ues in (x,7] such that x Pi y for ll i in v. It i be1oQ&8 

to V, R
1 

i s identical with R~ in [x,1], oo t t the conditions of Condition 2 are 

a tiefied; if i oes ~ot belonc to V, t he conditions of Condition 2 are aatisfied 

v .. cuousl,y. here! re , x . ' so t h: t v is sive for X ac inst Y• 

Conee(. ence • for every x • l1e re is decisive set for x against y. 

f . _of: I f e int r c ' t ·e aoo y in i nit' on -, i t follows tram Condition 4 

t h t there e sts a set f in 1vi u3l pre er ence 1 tiona ~····•Hn such th t not 

7 R x, and therefore such t h· t x • Let V e t set ot in ivi uala such that .x a1 1• 

' ' [ :1 • • Let ~, ••• ,Rn be defined in x,yJ s followa a x Pi 7 fori in V, y Pix for all i not 

' ' . in V. As x i y icp ies x a1 y , b,y L~ 1, it follows from Condition 2 that x P 7• 

By Con ' tion 3 and Conae uence 1, V i s ecis ve for ~ inst y • .. 
Consequence J . or every • y , V is ecisive for x ainet 7• 

ota Let V be the ecisive set for x g ' nst y bUaranteed by Consequence 2. 

" It x P1 y for ;.ll i in V , t.1 en in p rtic r x 1 1 for all i in V, and thercfoN 

" b Definition 1 .~ X y • He ce , V i s deci s ive by Cons quence 1 nd Con i tion '· 

onse·. uencr • 
/ 

is ecis1ve for x .. 
! rooti 1) 

• If V , 
• 

~inst 

• is eci ive for e the~ x ag inat y or y e inst •• then V 

s. where x. y , z are ist.inct alter nativea. 

• uppose V i s ecisive for x g~ ln t Y• Give t • indi vi ual in V 

t he nuw· r 1. 3uppo x P
1 

1 y 1 ~ . y i a ."\lld z P 1 x for all i ~ 1. 

Then, y efin 

Hence , x P z D 

1 and Con i tio 

( ) 

y. For all 1, 7 1 a, so th t 7 P z, by Consequence 3. 

. ition 1 d L a 1, whil e x P1 z. z P1 x for 1 ~ 1. B.f Consequence 

• , V is ecisive for x · c· nst •· 

• uppose V ~s eciaive tor 7 ae"lind ~ ~ain suppose that. x P1 7 

.andy p1 z; 1 t z i X and X f'i¥ fori ~ 1. Than, ac~in. X p '¥ a."'d y p ., eo that 

X a, while x P1 ' · nd z P1 x for i ~ 1. ' Hence, V is ag· 1n decisive tor x against •• 
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Conae ,uence 5. T re exists no i no x an y such t hat x ' y henever P. y 

reg rdlese of the preference ec es ot 

p ot: Sup 5 t ere were such an 1 

' of t he sole individu i . v i s decisiv 

' ae .ueoce 4, v is deci iV'Id fo r x nst 

ot er in · vi u· s . 

' an x and Let V be t set consist ine 

fo r x vin t y by Defi ition 10. on-

' IJ'Y ' for x ~, ·nst y . By repe t e 

' ' applic · tion ot onse ucnce 4, it ~llows t <tV is e i s ive or eve r,y x · a inst ev r,y 

' ' 7 ~X • ut this c ntr ict Con tio 5. 

It will no be sho n th t Con itio s 1-6 e · t o ' ' ' co t. r d ct. 011 . Let X , y 1 z 

be an,y three distinct ·U.t.e r n·.t ives , ~ r a .t by ond t lon 6. For every ordered 

pair o f t hese, t here is at 1 st one ecis ve s t b;r onsec:•lence ~ . Of 1 s uch ci s iv 

aet•• consi e r t e smallest ; it t his is not uni .ue , s 1e t a r o of t he smallest s t 

and desi ~nate t t set by v1 • Let it ci i ve for nd de: ote by z t h 
t I t 

third Of t he ternatives X 1 y 1 Z o et t nu;'\ r of indivi al s in v
1 

e k . 

r•umber t he i n ividuals in v1 ,1, ". 0' , n ;t r t v · du s +1 1 • • o 1 n. 

' Let V cont ~ in t e s le i n 1, V in i vi uals ,o •• , k, d v
3 

i ·vi u s 

k•l , ••• ,n. Let t e pr fereuce c 0 of tia v. r o s i nd v<: ls in h net o f t he t hree 

alterrn tiv 8 x , y , zbe eine follo~: 

' 1 i n v X pi y , y i z; 

i V I z pi x , X pi YJ 

1 in v
3

1 y pi z, z pi x. 

1 in v1, x P y by definition of c ·si ve set . For all i in V , 

a P1 y, while y i s ·o r ill i not in V • If z y , hen v2 ul be <leci sive fo r z 

against y b Conse uence 1; but V cont · ins only k-1 el ments , w ile t he s llest 

deciaiYe et cont ina k ele. nt~ by cons t r uct ion . Th refore , not z 7, n he ce 

7 R s 1 b l.enma l . Aa x y and y R z , x z by Le a l nd Con- . t ion 1 . But x Pi s 
t I 

t or 1 in V , while z P 1 x tor all 1 not in V , cont r a ctina Cons ence 5. 



r-IJ_. 
1o/~ I 

If th number o a lt tives exceeds t wo , every oci welfare function 

sat isfyi Con itions 1- 3 i s eithe r conventi o r ict t. orial . 

Mhi s t he rem s vests the e~ir bility of r l one of t he c n itions . From 

t he very me· of a 30ci ecisi on p cess , it is hard D c ho Condi t ions or 3 

c n be e ' ened . Two peci fic soci wel f < fun t ons ·h ch vio te Con t i on 3 wi ll 

exa:nin 
' 

t d ll be c1e: r t h tin t h s c · es , t ny r a , th f unc tions are 

of h v r ious undesir abl e . Th r i n'n s ct on \ I con e r c with 

ot her cond t io s . 

4. Conye 

It i s obv ous th ·,t co v 1 lf re _ ct o s s 

Co i tions 1-3 eAist . f or s ci · 1f r f ct ion , 1 R b we k 

0 eri r of t '"te ter t. v s i:1 nt of ~····• n• 'nen R s t. i s fies on i t ons 1- 3 

in 'f .J. s n t ict ori 1. 

For · OCi .Jl i r t R col i e t h ~ . 'l'hen is f " 

1- 3 in i t 'on i s no cor ve t iona! . 

.e 0 ci 0 restrict i ct ...L l.ori oc we f - f ctions to the cas wle re x y 

if onl if Ri y , if 1 wi s e to pr serve heo rem • For counter-e.x.a~ p1e , let 

R be s follow X p y . i' 0 if for so i , x Ij y for J < i , x P1 YJ 

t r io R s: t. · sfi e Condit· o ~ -4 is un er efi l t ion 9 but t 

1m er h proposed r ede fin· t i on . 

5. 

If the er of tern: tives is ze or one , the proble i co nin~loss . If the 

number of tern:. t ivee i s tvo , t l. re re s f or which no ifficulty can ar ise wi t h 

t r ansitivity. :·.e ..• i uht , for exar.~ple , use r jori ty votin.., as t he social welt' re functi o , 

interpretinc a tie ."l S soci indi fference . Th 's viewpoint is esser t ' y the b sis or 

t e l o- eric:...n t~o-p rty ... y3t eu . 
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6. Independence o f Irr ·lev 

One exacple of a soci~~ wel fare function viol tin~ ondit i on 3 is t he followinc : 

Aaeu:ae , following von eumann an l or.,.en t rn1), t at for ea h ivi . ' . 1 u ility is 

~ surable up to iine~ r tr· nsfo t ' onsJ and assume rt er t here is a maximum nd 

& ll1n1mum tility for each in ' hen t h utilit fo r e c in i v c n e 

defined uniquely by lettin.; t ximum 'Jtili y 'o r e h i n Ji vidu be one and t he mini-

•• ze ro . T' en order s ci re f er c~s b-- t s of e indjvi \ual utili ies . 

Suppoe ll ere re t ree t em'ltiv s t ree Let t 'tiO 0 ' t h i n 1-

victuals h ve the utilii l for . 9 fo r . 1n 1 0 or z • J d l ot U.e third · ndi vi unl • ' ' 
han the utility 1 fo r y , .5 fo r x , and 0 .for z . n the a ri or i on, y \IO 

chosen s a inet x. Clearly, z i s vr-y es i r le ~lternn t v , s ince e ch n i -

vidual reb' s it or st. If z \·Jer e lotto out. of r..is t ence , t ::; oul not make 

~ difference t o t final out co e J yet, oi ..; :oo 1oul c ·1use t he fi r s t t o in i v u s 

to have utilit 7 1 for x for y , h1l h t. hi in:i i · ual · ll h ve utility 0 fo r 

x and 1 for y, so t 1t now x i s pr ferr d t o • T i s i s c1e r1 un a t · s ! ·tct cy • 

Anothe r a ci •u ~oe1f re runct.ion, pplic · 1e to 'inite numbvr of ~ 1 t nn vcs , 

which viol . te~ Con i tion 3 i t r nk-order oetho o f voti~ : Let e ~ch ' ndivi u 1 r a 

the tern tiv s on t.h wei r wei ~nt ~oine to t he or~ pre-

terred c .oice. T e socially chosen lternatin 1a th t th the hi~heet wei ,hted sum 

or votes. 

x..t. t.her t hree individuals four t e rn· tives , , y , z, and w. Let indi-

riduale 1 and r hen in the order x, 7 1 z, w, w ile i n i vi dual 3 r ank t hSt i n 

t he order z, , x, y . Let t he wei hts for first, soco , t l i nnJ fourth choice be 

4, ), 2 1 1 respectively. Ten xis c tose. 

12 

13 

'1'be 
with 

1es in this 
• f or !)j'the, 

s- footnote 4. 

t i ve y is alwa;s infer i or to x, 

with A • • ap1nn and 
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so that its eletion should ot affect the choice of x. But if y is eleted, and the 

first, econ , d t i r ch i ces re weic;hted 4,3, · or 3,~,1 respectivel,y, we now 

fi n t at x .:md z e now tied. 

7. Univers itx of Social Orderinc. 

Con ition 1 ni~ t be we Kene in t \O w ys & 1) re · i re t h t R be a weak orderinG 

onlr for s e restr cte ran ~ of po sible in ividual preference p tterns li,, .•• ,R
0

; 

( ... ) r e -lui re onl t hat be a hrti ~ k or erin • 

e firs t we keni b .uite reali s i c. For e •;lle, un er indivi uallstie ... ~ 

t ions , , soci ecision hie ...,ivce in ivi 1 i rno re of each cClr.lliOdit7 will be pre-

terre by him, t ' •)ul be intle s to require t t a even be def ned tor FL, ••• R . ··1 n 

not consistent with t his con i on. S ch r s trict · ons re of the nature of weak partial 

orderi •s. Con iti on 1 i~ht be r pl 

' n 1 • Let 1 •••• e 

y the followi condition. 

specified set o partial weaJ< orderin • 

every ~, ••• , R
0 

s c t l t x 1 y implies x R1 y , s a e ~ ordering relation. 

T en tor 

Suppos t. at r s ue th~t ~ re xists a set S containing t l east three 

tern t ives 3 c t hat for all i 

nor y 1 x. le of t i s \-."Oul e 

i s tinct lte n tives x, 7 1n s, n ither x Q1 7 

cision to distri ute senr corraodities . 
amo t he 1 d ' vi ~. Co i der hree po ' Ll e istri' utions , such that no one ziv.. 

oore of e c coaaodit to D.n¥ one 1 'ividual t 1 any other istri >ution. In this eaae, 
I 

Le 11 pp ies for e ch i, if :e substitut 1 for d Ri for T • It follows then 

i;npose no restricti o1. on t e orJerin _, w · t in S, o that the whole aMlysi• 

lea up o Th em is ~ plic ble. 

THWREK 3. If 1 , ... 1 n re e p· rt.i nl orderi • for which there exists a set S eon­

t ·\in t least hr ee altern tivcs such t :lt for all 1 and all distinct alternatiYea 

x , yin s , nei t er x i y or y i x , ten ev ry oci ~elfare function satisfying 

' Co dit · on 1 , , r~ 3 is either conventio 1 or dictator ial . 
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A roore r dical restriction upon the r an Te of possi le in !vidual preference patterns 

haa been propos ed by D. Bl.:1ck.14 Black's result for a finite number of alternatives · 

is here e ener alized to any space of lternatives. 

A. T ere exists · stron orde r ' ~ rel tion S sue t t or e ch i , x R
1 

y and B(x,y,z) 

to0 ether impl i z. 

'i ned b D fi nit.ion 7 • oosely, t hi s conditi n me ns that the 

s p:lce or altern tives c n . r (•pre c te l iz rly i n s ch · ay t il t e ch in i vi ual 

h s most preferre posl tio · n t he prefer ence for ot er ecisions dee r e ses as t he 

altern .... tiv ves f rtl r aw froc t he r ost pr f rred osition in iter di r ecti o . 

T b is t l e s ll i e t he l ef't- t o-ri,: .t or f pol i t i c 1 p rt i es i n o t i ent al 

politics. 

Let ;•( x , ·) be t he n , her o l n ivi u s for whom x R. y . 
l. 

Th n defire a s ocial wel·· 

t re !unction, t .e . ti t f ·. ~ orit ec s i on , b' t he requir e ent t h t x y me s 

If is t le r a~ r · t d ~c ision . ' ·r, or all i , x R y i.mplies 

Z 1 WJ th A implies z w. 

roof: ..: ppo e he I pothesis d t on i tion x Y bo th hol • From the h:·po-

t.helia, d z . .... ) ~ r ' ') J s i.nce R y , ii{x, ) ;::: i (y , x) . From th hypot esis , w a1 1. 

1mpl.ies y 
1 

x or eac' 1 , s ine Le. 

ao th at z R w • 

1, so th t! (w,z) ~ N(y,x). Hence , N( z,w) ~ (w,z) , 

.. 
ConJition 1 • For 1 ~····• $ tis fyin" A, R is \-leak or ering relation . 

THI:.ORD' 4. ' 

Concii tions 1" 

i!t odd. 

. roof : If 

14 

o th o . · ~o rity ecis on is s ocial welfare funct on s atisf in 

- - 5 for a y numbe r of :.lter :<<.lt ives , prov· Je tl e nwnber of in ividuals 

t h t ionals o J r oup 
p • - 34. ''T e ec S l.Otl 

16 1 4L) , pp . ~45- · 1. 

decision, it clearly satisfied Con ' i t i ons 2- 5 • 
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s ·Ltisfie , l •• , t hat R s tlsfi• 

I and II en R1, ••• , Rn are restricte by A. h c 1itio of con11exity is clearl-7 

If · o o f x , ? , z 

Suppo ·e x ,:;, z Ji • ti t , :,n 

ossibi1i i s : B . , · , z , 

1 x , ·, ~ : . F 

X ~ follows ro1:1 x '• 
B ·r · ·~ ) · . , .. ' .... . S pose 

e it i t r i vi.t.l t t x R y y R z . 1ply x R z • 

u S C X 1 d . . z to1 • BJ Le. .. :J 1 , t.h ~re re three • 

r' ' z) . I d B ' ;:: , x) . 

X 
J. 

pl ~ .
1 

z ~ J tn r e ore x ) z . 
i · L :w 13, 

R. z but not x • t t e r fore 7 R1 x. 

"' e , fr J X ? . z , d~i 1 i 
~ 

a ont r a icti on . 'he r e· re y R z L p i es x . z, so 
l. 

t h. t R ' ollo . ~ fro y R z by L .1 l J . 

J 

!lU.. b 

. v) • 
\ . ' ~ ,. . . 

. 
• !. - . 

•• J 

os e ;• 

s or ·:Ito: 1 

o , (y , x ) ~ 

" i .... . The z i " J 

t 

' 
" J eo t h'\t fr 

" w ' . n y ri x. . ' Let l e t he tot~ 

t.ot · nw.t r of i n ivi uals . Then 

x R y it follows t 1 t ' - N ' ~ !! ' 1 tx, ,; 

' or N / .... ut s'.cc y ' , ~ r: ( , z • i z or z R
1 

y for i z . . p i s ., 

' . (y , z + ·.: , y) ~ .• As It z . pt ' o•l, .• (y , z) ~ r (z ,y) , so that 

) ~ : / • .t.i· re!or , ' ~ !/ , or :: • : / .!. . 'i'his co r •l icts t he ption th t 

i o 'd ; h e , ) c ·· ru ot r ise . 

T' e con ' tio t 1,· t t number of in i v · t u ..:.ls o id i~ essentj al . Suppose t ere 

ere t 1 ir ivid ~~ , one of w o pre erred x toy :m y to z , wh' l c t he oth r pNferre 

y t o z d z t o x . h e pr<? fere A s c t.le "at ·~ f:J A i f t orderin ~ x , ;• , z i s t<~ ..::en 

8 t j ority dec s ion yi 1 s t t x is indifferent to 

y andy is prefe rr . to z , ut x i · i l. fferer t ; not preferre to z. 

Tl e 8 .. ond \·.e ,i<enint:; o f Co J 'tion 1 , , . .,ly, t . t e only a p rt i 1 weak ordcrine , 

h:1s , i f t. t , ee h r~ as exi~ts in welfare econo i ce , 

- s · ent ' o d ir. ve •tio • S ci~l prefcre ce iD 'ef' n y sa. i r;:: t hat x R y mel'n a 

x • 1 · fo r l i . T.i r el t in cle rl~ s a is fies all conrl' t i ons if ... on~ition 1 is 
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modified to r'e(luire only that R be a partial we k ordering. It mq be noted that 

110et. ot the eubstantiYe theore• der~ved also asaume that there is at leaat one com-

IIOCll\7 such th t e cch individual will pre.ter more or it to less, all ?ther t hines being 

~ual. Thnt is, ~, ••• ,&
0 

are restricted to be consistent with ertain preassigned 

~ , weak. orderings. 

8. 9tae roblems in :el!are Theorz 

In the prece in& analysis, it h.u been presuppose t t t he i ndividual preferenee 

patt.erna were known. However, if some social .; lfare !unction i s est&blished, and i.t 

the individual preference patterns are to be o t i ned by sooe form of c · ue~ionnai re, 

such as vot.ine, there is always the d er of r · lae answer& to t.ake ad.vnnt ge of the 

~~.act ine17 1n the manner of a e· • For example, under plurality voting, individual~ 

clo not YOte tor hopeless uU.nority candi dates even t"holJ8h they may prefer them, To 

insure proper social welfare, the rules of the electoral e· e . ust be so devised a.s to 

insure that e.xpresaecl preferences coincide with ctual preferences, Thi s problem is 

allled t.o the problem of eames or fair divieion.15 
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