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SAMPLING INSPECTION PLANS POR CONTINUOQUS PRODUCTION

’

discus&!dl’

eagey are applicable only tu a prcduction process in which the

The sampling inspectiun plans

units ¢f product ure clussified as either defective or non—
defective. These plans are designed tc set a prescribed upper
limit to the average cutgolng Qquality cf the final product enter—
ing intc consumptiun channels. This 18 accumplished through a
sequential process .f partial and complete inspection of the
finished product which will be described 1in detail later.

Sampling inspection schemes whose aim 1s tu improve the
outgoing quality of the finished product is not new in the fleld
of industrial quality control. Various methcds are 1in vogue
with varying degrees of statistical validity.

The first step towards putting the use of sampling inspec-—
tion tor controlling the cutgoing quulity on a scientific basis
was taken by H. F. Dodge and H. @. Romig of the Bell Telephone
system. Dodge and Romig made their inspection plan an adjunct
to lot-by—lot acceptance inspection. The basic idea involved

A&
in their scheme caw=be briefly deccribedy s

In lot-by-lot acceptance inspecticn a criterion is\ given
for Jjudging the quality of a lot ¢n the busis of a rand sample
selected from it. The ~pplication of this criterion res\ylts
either in the scceptance or the rejection of the lot. 1f\the
lot is accepted it goes intc consumption channels as 1s.
it is rejected, however, it is first inspected 100% and the

defective items removed anu replaced by non—defective items
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before it 1ec released for cunsumptiun. Thus, since rejecved
lots are presumably free of defectives after the 100 1inspec-—
tion, the average cutg.ing qQquality cf the product is better

than the incoming quality. 1In fact, it can be seen that given
any reasonable lot—by-lot inspection scheme, the worse the
incoming quslity, the better will be the average outgoing
Quality when this inspection procedure is employed. This
phenomenon can be illustrated by plutting in & graph the average
outgoing quality Q (known as the £0Q) against the lot fraction

defective p. This curve will u.v liy hav2 the fcullowing shupe.

The value of Q at the peak of this curve 1s known as the AOQL
(the average outg.ing quality limit). Thus the AOQL reprezents
the worst pussible ocutgoing qQuality which can be expected un
the average nu mutter what the inc.ming lot quality 1is.

The above method for controlling the cutgoling quality of
the finished product through sampling inspection has several
limitations which it wouuld be desirable t. remove. In the
first place, the plan is applicable tu products which are formed

into lots and the sampling which it presupposes is a random
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selectiun from the lot. However, it 1s often desirable to make
the sampling inspection from the sequence of goods as they are
produced and this their plan does not pruvide for. Another
limitation of this plan 18 the high cost of inspection which it
involves. It will be ncted that the more the lot fraction
defective exceeds the AOQL, the smaller the AOQ. But this 1is
attained at a high cost in inspection which 1s inefficient if
a given AOQL can be tolerated.

In 1943 Dodge published in the Annals of Mathematical
Statistics a very interesting inspection plan which is appli-
cable to a production flow without any regard to lot sizes but
which, however, requires that the production process be in a
state of statistical control. Unfortunately the limitation of
time will not permit me to describe this plan. My main discus-
sion will revolve around a class of inspection plans which were
developed by A. Wald and J. Wolfowitz and which were published
in the Annals of Mathematical Statistics in 1945. I shall also

touch upon some original research in this field which I had

undertaken while employed in the Bureau of the Census, Washington,

D. C.
The sampling plans which 1 shall describe can be applied to
a sequence of prcducts as they are produced and they guarantee
that the fraction defective remaining in the product after in-
spection will not exceed, on the average, a preassigned limit
regardless of the size of the fraction defective in the product
prior to inspectiun end regardless of whether or not the pro-

duc*ion process 1is in a state of statistical control.
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The mechanical procelures involved in the sampling plans
are not complicated. The sequence of items produced are divided
into seqment.s of size k. One observation, chusen at random
from each segment, in Bsequence is inspected and the number of
defective items found 1s cumulated. This cperaticn is known
as partial inspection. A rule (usually based on the cumuluative
number of observations) is given for ‘¢:minating inspectioun.

At the terminution of 'inspection, a specified number (which
might be zero) of units of product are inspected 100 per cent.
This operation 1s known as complete inspection. The inspection
procedure is then repeated on new material. It is, of course,
assumed that during both partial and complete inspection, the
defective items found are removed and replaced by non—defective
items.

The statistical principles on which these plans are based,
are also fairly simple. They can be briefly formulated as
follows: Let Xis Xop ooos be the sequance of observations
obtained from the first, second, etc., segment partially in-
spected from the beginning of an inspeciiun operation. Here
Xy = O Af the item in the i1-th segment was non—defective and
X, =1 if the item was defective. At the n-th stage of partial
inspection we counsider an estimate 3 of the fraction defective
in the product which has psssed through inspection from the

beginning of the inspection vperation. This estimate 18 defined

n
as (k-1) X x4
i=]

Kn

A
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As long as partial inspection continues, this estimate 1is

restricted by the plan to satisfy the inequalit,

P <U+ ¢(n)

where U is the desired AOQL and ¢(n) i1s a nunnegative function
of n which approaches zero as n approactes infinity. Wwhen in-
specti.n terminates, as specified by the rules of the plan,
this inequality may no lounger hold. However, in that case,
envugh additional items are inspected 100 per cent and the
defectives replaced so as to make the estimate of the total
leas than (or equul to) U. It 1s not difficult to prove by
employing the Strong Law of Large Numbers that any plan which
keeps the above estimate bounded (as above), also guarantees
that the AOQL will not be exceeded in the long run regardless
of whether or not the production process is in a state of 3ta-—
tistical control. Thus, stability in the production process
is not a necessary requirement for the attainment of a given
average outgoing quality limit. However, as is the case with
most statistical procedures, achieving an average result 1s
only part of the goal. What is often just as important 1s
achieving small variability around that average. I shall
return to this important Question later.

Due to lack of time 1 shall restrict myself to a discussion
of only a few of the plans which might be devised to achieve a
given AOQL. The simplest one 18 the %ixed Lot Size Plan. Here
the production sequence is assumed %0 be divided into lots of

size M and each lot is further subdivided into N segments of
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size k. An integer m ¢ N 18 selected. 1Inspection begins by
selecting at random one item from each consecutive segment of
k items. These items are inspected in sequence and the number
of defective items found is cumulated. inspection terminates
&8 soon as m defectives are found or alternatively all the N
segments have been partially inspected and fewer than m defec-—
tives have been found. If the number of defectives found is

m with a sample size n ¢ N, then the remaining N — n segments
are inspected 100 per cent. Otherwise no 100 per cent inspec-
tion is required. This inspection procedure is then repeated on
a new lot. It can be shown that the expected fraction of de-

fective items left in the lots thus inspected is lesa than or

equal to

U= K -1 m
= N °

The proof of this is short and it may be instructive to examine
it here. Let x,, X5, ..., (x1 =O0orx, = 1) represent the
quality of items partially inspected from the first, second,
etc., segment and let D1 represent the number of defectives
left in the i-th segment after partial inspecticn. Moreover,
let Py represent the fraction defective in the i-th segment
before inspection. Then, since Ex1 = Py and Xg + D1 - kp1 we
have E(k-1)x, = ED,. Let z, = (k-1)x;, — D,;. We write

(1) '?". gl )
1 Z, = Z, + z
i=s] 1 i=] 1 ien+1l i
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where n 1s a randuom variable and represents tne sample size at
which partial inspection terminates. Taking expectaticns on

bothn sides of the abuve equation we get

(2) 5 5
2 E z, + E = 0
i=1 1 i=n+1

But if in the secund expression to the left we take the ex-—
pectaticn first for a fixed n and then with respect to n, we

see that this expression 1s zero alsuv. Hence we have

n n
k-1) E «EYD
) (k1) EE %y = ER Dy
or
k=1 o 1 L
(“) XV Eiglxi * &N [Eilei]

But at the termination of inspection §x1 < m. This proves
the theorem. =

If the proauction process 18 not in a state of statistical
control and if the items in the lot are not shuffled prior to

inspection, then the AOQ, which 1s given by

N
k—1

E Y x,,
kN2 g3t
will be a functioun of all the individual pi's representing the
fractiov..s defective in each segment of the lut. However, it
18 of interest to note thut the AOQ 1s a symmetric function of

the pi's 80 that as long as the segments are held intact, it 1is
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immaterial in what order they are presented for inspection as
far as the value of the AUQ 1s concerned.

We have seen that the maxim'm value that the AOQ can have
is (k-1/k}m/N} We might inquire, given a fixed average lot
quality p, for what values of the pi's will the AOQ be a minimum?
The answer is; that AOQ is a minimum when al) the pi's are equal.
But this case reduces itself to the Bernoulll case, i.e., to the
case where the production is in a state of statistical control.

Por controlled production, the A0Q can be obtained as
follows: Let p represent the fraction defective inherent in
the production process and L(p) represent the probability that
partial inspection will terminate with fewer than m defectives.

Then

1

(5) L(p) = mf C?p"(l-p)"_" y
J=0

and

n n n
k-1 k—1
(6) AOQ = Q(p) = o E 1§1x1 - N [LpEl 1§1x1 + (1-Lp)E, 1(_‘: xl:l
where 81 represents the expectation under the condition that
fewer than m defectives are found and 82 represents the expect—
ation under the condition that exactly m defectives are found
during partial inspection. Now

n
X = M
1§1 i

(7) E,

and
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(8) e, ¥ x; = ¥ 4c pd(1-p)™
1= J=0
Hence
k-1 ("= N N-J mst N ]
9 Q = Jco pY(1-p) + m(1 - C
(9) (p) W[Eo ' o1 G- g e

m—1
et [1 -3 J20<m-J)c§‘pJ<1-p)"'J]

when Q(p) 18 plotted against p, the resulting curve has the
following shape.

Q(p)

—

/
0

p 1

In addition to the AQOQ curve, there is another curve which

measures the fraction of the material inspectasd (AFI) and which

1 shall designate by F(p). The F(p) curve is obtained from the

relationship

(10) o[t - #p)] = atp)
or

(11) F(p) =1 - UR)

P
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The AFI1 curve when plotted against p has the fcllowing

shape.

P(p) /

Prom the above discussion we see that the average fraction
defective left in the lots after inspection cannot exce-d
(k—l/ka/N)no matter how capricious the production process may
be. To quote Wald and Wolfowitz: "If these schemes are em—
ployed, then, even if Maxwell's demoun of gas theory fame were
to transfer his activities to the production process, he would
be unsuccessful in an effort to cause the AOQL to be exceeded."
But if we were to consider this inspection scheme as a contest
between tne statistician and the demon, the demon could still
outwit the statistician in a very important respect. He will
have to grant the AOQL to the statistician, but by arranging
the defectives in the sequence of product in a particular manner,
he can make the quality of the outgoing material so highly var-—
lable and spotty as to nullify to a large extent the effect of
the long run guarantee of acceptable quality. It is easy to
show that if Py represents the fraction defective in the i-th
segment of the lct in order in which it is partially inspected,
then the variability of the outgoing quality will be a max.mum,
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if the demon arranges the segments in an increasing order of
magnitude cof the pi'B.

The reascn why we can cunceive of the demun having the
freedom of arrangement of the defectives is due to the manner
in which we perfurm the partial sampling. If during partial
sampling the cbservations were cbtained at random from the
whole lot instead of selecting ome at random from each segment,
the demon could be thwarted even in this respect. However,
even then, the problem of spotty material wculd remain. 1In
fact this problem 18 serious even if the production process is
assumed to be in a state of statistical control. However, there
is good reason to believe that with further research this problem
will be satisfactorily solved.

If we examine the particular plan under consideration (and
the same situation holds for the other plans which I shall
discuss later) it 1s defined by 3 constants, k, m, and N. How—
ever, the only quantity that 1is fixea by design is the AOQL
which 1s essentially a function of the ratio of m to N. We
see then that we have sufficlient freedom in selecting these
constanta. Thus in addition to requiring a given AOQL, we
might impose other conditions. Por example, 1f the production
process is in control, we might require that the variance of
the outgoing quality (a) from lot to lot shall not exceed a
glven value. The variance in this case ia given by
pq(k—1)E(n) + (k—1)2926§

“2

where E(n) and 6> can be computed without difficulty.

( 2
12 A=
) Q
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However, even if the production process is nut in control,
various reasonable models of the possible distribution of de-—
fectives among the segments of the lots may be cunstructed and
either the variance or an upper limit fcr the variance of 3
obtained as a function of the parameters k, m, and N. Por
example, one model which appears reasonable is to assume that
the defective items pruduced by the machine tend tc occur in
clusters but that the poeition of the clusters in the lot is
random. The degree of clustering within the segments into
which the lot is divided may be measured by the intraclass
correlation.
N 2 ) N
igl (pi_p) - Y’T_ 1§1P1ql
(13) P =

Npq

where the pi'a are the fraction defective in the segments and
p 1s the average fraction defective in the lot. when each Py
is either O or 1, P= 1 and the variance cf 6 is thnt case 1is
zero. When all the pi's are equal, 2 takes on its r.inimum
value — EéT . But in that case the variance of 6 is given by
the expression (12). An important problem which 1s yet to be
solved 1is this. Por what value of © is the variance of 6 a
maximum? My guess 1s, that this occurs when A2 is a minimum.
If this were true then we would have a8 convenient upper bound
for the variability of the cutgoing quality for this particular
model.

Another 1inspection plan which I should like to mention

briefly is one which is currently in use in the Bureau of the
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Census for controlling the error rate in the couding and punch
card operatiuns., It is similar tc¢ the abuve plan except that
the nction of a 1ot 18 dlspensed with. It is defined, as above,
by the three integers m, N, and k. The plan cperates as follows:
The units of product in the pruduction sequence are divided
inty segments of 81ze k. Inspecticn begins by selecting at
random one item from each c.nsecutive segment uf k 1tems. The
items are inspected 1in sequence and the number of defectives
found as well as the number of items examined 18 cumulated.
Inspection terminates when, and uonly when, the cumulative
number of defectives reaches m. At this point, the size of
the sample n is compared with the integer N. If n > N, the
pruduct which has passed through inspectiun 1s considered
acceptable and the inspection procedure 1is repeated on new
product Leginning with the segment next to the last segment
partially inspected. If, on the other hand, n < N, the fol-
lowing actions are taken: (a) N—n segments (corresponding to
kK(N—n) 1tems) are inspected 100 per cent. These segments are
selected from the product beginning with the segment next to
the last segment partially inspected; (b) the inspection pro—
cedure 1is repeated on new material, beginning the inspecstion
with the segment followlng tre last segment which was 100 per
cent inspected.

Here, as in the previous case, the AOQL cannot exceed

(k=1/%)(m/N) regardless of whether or nct the production process
is stable.
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The third and last inspection plan of this class which 1
should like to discuss in some detall is une in which the cri-
terion for decisions 1s identical with thaut of the sequential
probability raticn rest developed by Wald fur testing statisti-
cal hypotheses. These plans are of interest because, taey
require essentially a fixed amount of 100 per cent inspection
when such inspection is called for, and morecver, the so—alled
one—sided sequential plan 1s the most efficlent in the sense
that for a prescribed AOQL it requires least inspection when
the production process is in statistical contrul.

The one—esided sequential plan is defined by a constant h,
an integer k and a positive fraction s. The integer k specifies
the partial sampling rate to be employed and the fraction s
specifies the desired AOQL. The sequence of items ure divided
into segments of size k and one item 1s selected at random from
each segment and the number of defectives found is cumulated.
At the j-th stage of partial 1inspectiun, the cumulative number
of defectives i8 given by X4 where, as above, Xy = 1 or
Xy = O depending on whethei-ér not the item in the i-th segnment
was found defective ur non—-defective. Partial inspection con-
tinues as long as iglxi <h+8jJ. If fur svme J = n, Jlf:.:lxl 2 h+en,
partial inspectiuon terminates and h/s segments are inspec*ed
100 per cent (we assume that h/s is chisen tu be an integer).
T™e inspecticn prucedure is then repeated on new material,

beginning with the segment follouwling the last segment which was

10C per cent inspected.
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Except for a slight approximation which is negligible when
h 1s not small, the AOQL for this plan is equal to(k-1/k)s.
wWwhen the producti.n process is in statistical control and
if p ¢ 8, we knuw from sequential thecry that there exists a
pusitive probability that partial inspection once begun will
go vn indefinitely. Thus, if p ¢ 8, the probablility is 1 that
eventually a sequence of items will be found in which only
partial ipspection will be employed. On the other hand, 1f
p > 9, parti-1l inspection will always terminate with probability
1. But, in this case, the average outgoing quality Q(p) 1is
given by

: . (k-1)pE(n)
(15) Qlp) KE(n) + k'g

and since,

(10) E(n) = =2,
we get
) k-1
(17) Q(p) = “F- s = RO

Thus for all p > s, the average fraction inspected 18 given by

(18) P(p) = 1 - 203k

which is minimum.
While the une—sided sequential inspection plan is optimum

from the point of view of cust of inspection (at least in the
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case of contrulled production) it is not a plan which can be
recommended in cases where the excessive variability of the
outgoing quality in finite batches of the product is an im—
pcrtant factor. This becumes apparent when we consider the
fact that in order four any material tu be inspected 100 per
cent, the point ( {:xl, J) must reach or exceed the line
y =h+8j for aoézlsample size J. But if few defective items
are found during a long stretch of partial 1inspectioun, the
pcint can wander so far away from the line that a great deal
of unacceptable material can pass by before this fact 1s noted
and the quality of the product improved by the 100 pe~ cent
inspection. This situation can be remedlied to some extent
by employing a two-sided sequential 1inspection plan.

A two—sided sequential inspection plan 1s defined by two

lines

(19) y = hy + 8]
and

(20) y = -h; + 8]

where h1 and h2 are positive constants and J represents the
number of items inspected at the Jth stage of partlial inspection.
In this plan, partial inspection continues as long as the point
(1%Ax1, J) lies between the above two iines. Partial inspection

terminates when, for some J = n, either

n
-h
(a) 1§1x1 < -hy +8n
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or
n
(o) 1§~x1 >h, + 8n

In the furmer case nou 100 per cent inspection is callea for
and the inspection procedure 18 simply repeated un new material.
In the latter case, the inspection 1s resumed un new material
only after h,/s sezments ({i.c., k(hz/@)itema) have been in—
spected 100 per cent.

Except for the action taken, the inspectioun procedure
described abuve is 1dentical with the sequent.lal method of lot-—
by-lot acceptance inspection. Consequently, all the sequential
theory which has been recently developed can be employed in
studying the cunsequences of this plan. Thus, for example,
if the production 1s in statistical control, the AOQ curve

can be computed from the formula

(21) Q(p) = —plk=1)E(n) -
k {E(n) + [1 - L)p)]} -52-

where L(p) is the Operating Characteristic of the sequential
probability ratio teet and E(n) is the Average Sample Number.

The API curve 1is, of course, given by

(22) P(p) = 1 - Ll

In the two-sided sequential plan, Q(p) is always less
than AOQL even if p > 8 but approaches it asymptotically as

p approaches 1. Thus introducing the lower line increases
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somewhat the cost of inspection but usually nut to an appreci-
able extent unless h1 18 mude exceedingly small.

With any of the above plans, there 18 a minimun amount of
inspection which cannut be avoided regardless of the quality of
the product. This minimum is given by the partilal sampling
rate employed. GQenerally speaking, the partial sampling rate
has but slight influence un the A0OQ but a great deal of in-
fluence in determining the variability of the outgoing Quality.
The smaller the segment slze k, the smaller will be this vari-
ability. However, when it is small, the cost of inspection
will be uniuly large whenever the product happens to be of
acceptable quality. Thus in cases where the production fluc-—
tuates periodically from good to bad quality, it would be
desirable to have a plan in which the sampling rate automatically
adjusts itself to the quality of the product. A possib.2
approach to this problem 18 to introduce two sampling rates,
one strict and one reduced.

To illustrate, suppose the second plan which I have dis-
cussed 1s in use. We choose two integers kl and k2 with kl > k2.
The sequence of product is divided into either segments of
size k1 or k2 depending on whether reduced or strict inspection
is called for, respectively.

Inspection begins with strict inspection. That 1s, one
item is chcsen at random from each consecutive segment of Ko
items and the number of defective items found, as well as the
number of items sampled, is accumulated. 1Inspection terminates

when and only when m defectives have been found. If m defectives
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have been found with a sample size n > N, the 1lnspection pro-—
cedure is repeated on new material, but with the reduced samp—
ling rate, that 1s, the sequence of items 18 now divided intc

segments of k, 1tems each and partial inspection cunsists of

1
selecting and examining on~2 item out of each segment. 1If,
however, m defectives have been found with a sample size n < N,
the following actions are taken: (a) a batch of ka(N—n) con-
secutive items 18 completely inspected, (b) the inspection
procedure 18 repeated on new material, beginning with the seg-
ment Just after the last segment that was inspected 100 per
cent.

In the second and subsequent inspection operations, a
decision 1is always made when (but not before) m defectives have
been found. 1f reduced inspection was in effect and the sample
s8ize n ¢ N, a batch of kl(N—n) it~ms is completely inspected
and the 1inspection procedure is repeated on new material but
vhe sampling rate 1s changed from reduced to strict. 1If reduced
inspection was in effect and the sample size n > N, the inspec-—

ion procedure 1s repeated on new material at the reduced samp—
ling rate. 1If however, strict inspection was in effect and the
sample size n < N, a batch of KE(N—n) items is completely in-
spected and the inspection procedure repeated on new material
at the strict sampling rate. 1If strict inspection was in effect
and the sample slze n > N, the .nspection procedure is repeated
but at the reduced sampling rate. Wwhenever m defectives are
found and the sample n > N, the inspection procedure is repeated

on new material employing a reduced sampling 1ute regardless of
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the sampling rate in effect 1n the operation just preceding.

The criterion for employing either reduced or strict in-
spection can be summarized briefly as folluows: Whenever an
inspection operation terminates and 100 per cent inspectiun
of some material is called for, it alsoc calls for strict in-
spectioa to follow. Conversely, if no 100 per cent inspectioun
is indicated, then reduced 1inspection 1is tc¢ follow,

It 18 easlly seen that when the material submitted for
irspection 1is of good quality, the partial sampling rate will
most often be reduced, while 1f the material is of pouor quality,
the partial sampling rate will mo.t often be strict. is will
have the effect of reducing the cost of inspecticn when inspec—

tion 18 least needed and reducing the variability of the 0Q

when such a reduction is of significance.
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