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N The purpose of ewr work has-ween to study the collective elementary
excitations, as well as the ground state properties, of the non-relativistic
many-bcdy system of bosons interacting with short range forcee, The ultimate
' T
aim is the theory of superfluid helium, and,wemhewe thereforgdj.na concerned
with avoiding the limitations to low density and/or weak forces which charac-
terize the Bogoliubov theory of the non-ideal HBose gas and those treatments
which derive from it., In contrast to the ferminsn case, where the statistics
tend to suppress the many-particle correlation effects of short range forces,

there is in the boson case no reason to suppose that a free particle or pair

approximation provides an adequate starting point for a perturbation procedure,
pie e /

N

/7
except in the low density limit. OQuwr basic approach, therefore, hasw-ksen to
explore the use of field theoretic represantations which include from the
star. at least some collective many-body effects of the strong rhort-range

interaction,

Quagi-Hydrodynamic gﬁpreaent.tion

The many-body Hamiltonian for interacting bosons (in the second-

quantization formalism),

+%HV(?-?'HT(?)Y*(?')Y(?')Y(?)maf' (1)

can be put into a form paralleling the Hamiltonian of a classical irrota-
tional fluid by going over to the action and angle variable operators p

S, given by

. (2)




In the c-number limit the transformation (2) is canonical; however, as an
operator transformation it is only epproximately unitary: in treating p( T ),
S( ¥ ), or their Fourier tranforms OR , SR , Aas cperators satisfying canoni-

cal commutation rclations
[p(T), S(T' )] =
n
Leg S 1 = Tog K 3)

one is, in fact, ignoring the positive-semidefinite character of o . Thus
the representation is valid only for statea ir which the density fluctuatione

are small compared to the mean density, i.e.
(p-‘pl)« (4)
k "k Po

In the case of weak interaction, for states exhibiting Bose conden-

sation, the quasi-hydrodynamic representation can be shown to yield an
approximation equivalent to the Bogoliubov treatment1 of the weakly non-ideal
Bose gas, the Bogoliubov quasi-particles corresponding to density fluctuations.

For the case of strong interaction including a repulsive core of

radius a , the condition (4) is clearly violated for k » 2g/a , since the

—

repulsion imposes strong anti-correlations in the density over distances of

the order of a ., However, at high densities one can obtain an approximate

representation by working with smoothed density operators §p , averaged over

volumes of the order of rg (rouu a) , and expaiding the Hamiltonian in pcwers

- - 1
of the pk , Sk . This amounts to an expansion in inverse powers of (po rz) v

in contrast to the low density expansion of Lee-Hunng—Yangz for the harcd-sphere

3.1/2
&

Bose gas, which is in positive powers of (oo ) . In lowest (quadratic)

order in the Ek , Sk one obtains a sum of harmonic oscillator terms describ-

ing uncoupled density fluctuations (phonons), The excitation spectrum is of




o : . 3
wroogoneral form obtained by Feynman™ and by Bopo! fubov and Zuhnrov,4 bhut diffors

1

ndetad !l bocase of tho snoothing procedure, Tt reproduces semi-gqupntitatively

the experimontally observed excitation spectrum for liquid lo II, including the

l-
"roton" minimum at the observed wavehumber kU = 1,95 x 108 cm 1

Thiy work wan reported at the VIIth Intornational Conforonco on lowe-

Temporature Physice,a and the basic ideas of the quasi-hydrodynamic represcnta-

tion are alsoc discuased ellevhoro.e - Ce e

Even though in lowest order the quasi-hydrodynamic r.prhlontution gives
an adequate semi-quantitative description of the collective elementary excita-
tions in a Bose fluid at high densities, it does not turn out to provide a usable
starting point for a perturbation treatment applicable to the case of liquid
helium, The reason lies in the largeness of the density fluctuations near thoe
roton minimum ko which, in turn, is an effect of the hard core repulsion,

Only for wavonumbers Kk «¢ kb , that is for distances much larger than a, is
a description in terms of uncoupled density oscillators an adequate starting

point for a perturbation treatment, It thus appears that an adequate treatment
of liquid helium must include essential density correlation effects of the hard

core repulsion from the start,

Pseudospin Model

Considerations of the kind outlined above led us to investigate the
mary-body ground state and elementary excitations of a simple "pseudospin" cell
model, which had been used previously by Matsubara and Matludn7 for treating
lambda transition in liquid helium, Even though the model has some unphysical

features--primarily an artificial "band" structure due to the use of lattice

quantization, resulting in anisotropy of and a quasi-momentum cutoff in the

excitation spectrum~--it has the advantage of allowing us to treat exactly, in
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zero order, important many-body effects of the uard cor: repulstion, thus
overcoming some of tho limitations of the carlicr treatments,

The essential foatures of tho pscudospin model and of our troatment
ore these:

(1) 7Tho lard core repulsion is treated kinematically, that is by
algebraic rolations betwoer the field operators, instoad of aus the limit of a
repulsive potential in the Hamiltonian. The algebra of the model rcpresents
an approximation to Siogort'-s exact but highly untractable algebra for hard
core boson fields, In the cell approximaticon this algebra turns out to be
equivalent to that of a set 0. Pauli spins, and the dynamics of the model is
cquivalent to that of a Heisenberg ferromagnet with an interaction which is
anisotropic in pseudospin space. In this model the transformation from field
amplitudes to densities, corresponding to the action-angle variable transfor-
mation (2), is indeed unitary: it is simply a rotation in pseudospin space.
Different densities o correspond to different orientations (in pseudospin
space) of the total "magnetization',

(2) Our treatment splits the Hamiltcnian into two parts: an isotropic
"unperturbed' part Ho , describing a system with hard core repulsion plus a
square-well attraction of depth h2/md2 (d = size of the cubicel cell) between
nearest-neighbor cell pseudospins, and a perturbation consisting of the attrac-
tion’'s deviation from this value, The unperturbed interaction corresponds to
zero two-particle scattering length fo , and the basic idea of our perturbation
treatment is thus similar to that employed by Moszkowski and Scott9 for the
nucleon system,

(3) The pseudospin algebra of the field operators permits construction,
by rotation of the total pseudospin from the vacuum, of » 'unperturbed q.asi-

particle vacuum' (a many-body ground state of Ho) and corresponding quasi-particle




operators for any mean density of the systom, Thoso sorvo as starting point

for troating the full Iamiltonian by tho cquations-of-motion mothod in the
random phaso approximation, In this approximation the giound state of tho

full Hamiltonian is obtained from the quasi-particle vacuum (not tho fully
Bosc-condonsed froo-particle ground state) by a transformation of the Bogoliubov

type. Wo obtain expressions for the excitation spectrum and the ground state

energy:
B/N = (x £0 p2/m) &1+ (128/186/%) peDy}/2 1 - g yB/3

1/3 ,2/3

+ 4 cya) o1 a-g /2 , (5)

where go = pda is the fractional depletion of the Rose condensate in the
unperturbed ground state (an "excluded volume' effect of the hard core
repulsion), and C2 = 0,516 is a numerical constant, In the low density
limits, whore !o -0, our results agree exactly with the well known hard
sphere results of lee, Huuﬁg, and Yang,z but the higher density corrections
reflect the many-body corfelationn due to the hard core which are included in
our unperturbed ground state,

This work has also been roported.lo

Two-Fluid Hydrodynamics

We have investigated the nature of the velocity constraint introduced

by C. C. Lin11 into the Eckart variational=-principle derivation of two-fluid

hydrodynamics for liquid He rx,l, and its effects on the two-fluid equations

of motion and the conpition
curl v =20 .
8

It appears that, while a Lin type velocity constraint must be introduced 1f
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the Eckart principle 18 to be used in connccetion with ordinary {(one-flutd)
hydrodynamics, the form this constraint should take in the two-flu:d model
is somewhat arbitrary and deponds on the basic assumptions underlying the
model, In Lin's treatment the cesnter of mass veloctity obut not the relative
velocity of the two fluids io constrained. As a result the equations of
motion differ from those obtained earlier (without the Lin ccnstraint) and the
superfluid motion i8 no longer necessarily irrotational. On the other hand
the basic ideas underlying the two-fluid model suggest that a [in type constraint
should be imposed on the normal fluid velocity vr , but not on vs . In this
case the equatione of motion are identical with those obtained earlier, and
curl v. remains zero. This work has been reported in an interim technical
report.13

As a by-praduct of this investigation Mr Whitlock developed a varia-
tional principle formulation of the laws of motion for a classical perfect

compressible plasma, which has also been reportede14
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