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CHAPTER .°

VISCOSITY OF MyD WORKING FLUILS

2%.4 GENERAL INTHODUCTICN

Considerable and incressing use of alkall metals is currsently being made in
devices concerned with the genera*ion of electrical power by unconventional meens
(thermicnic diodes’ and magnetoplasmadynsmis generators (HPD)Q’j) and electrostatic
propulsicn&. The attractiveness of the alkal® metals follows from their low
ionization potentials and the conseguent =ase with which they may be ionized.

Few attempts have been mada to calculate or measurs their thermodynamic and transport
properties (other than electrical conductivity) and the effect of ionization on

5.

such properties

The element cesium is of particular interast in closed cycle MPD electrical
power generation since, although it has a high caprital cost, it has the lowest
ionization potential of the group. Bass~icad MPD-steam staiions envisage the
use of u small atomic percentage of alkali metsl in an inert sas, such as helium
or argon, since it is with seeding fracticns of abcut ons atcaic percent that the
maximum electrical conductivity is cbtained. For space power generation, radiator
size and weight considerations may necessitate the use of a Runkine cycle with

a pure alkali metal.

In the present calculations, the viscosity of pure cesium has been evaluated
theoretically and the part played by ionizaticn assessed. (Under given
temperature and pressure conditions ionization effests are most noticeable in
cesium because of the low ionization potential) The viscosity iz of particular
interest at the present time since consideratiocn of ‘second orcer' effecis in
MPD generators includes a study of the boundary layers in such generators.

Recent studiesé-s indicate that the power loss arising from re-erse currents in
the boundary layers may reduce the power output of an MPD generator by a factor

of four,

Following this calculaticn, which i3 appropriate to & Rerkine cycle MPD

generator using pure cesium as the working fluid. the viscosit> eof cesium-helium

251




mixtures has beern investigated, the effects of seeding fraction being of particular

interest in this case which applies to terrestrial base-load power generation.

The general tehaviour of the viscosity of binary mixtures is ther examined,
special regard being paid to the occurrence of maxima in the viscosily sid thelr

dependence on temperature for a large number of gzases.

21,2* VISCOSITY OF PARTIALLY-IONIZED GASEQI'S CESIUM

21.2.1 INTRODUCTION

To calculate the viscosity of a gas, it is nscessary to determine the
velocity distribution function Jf (g, v, t) for each species of particle present.
This function is defined such that

fj(;_, v, t) dz dy d3 dv;y dvy dv, dt cerae (21.1)

is the number of particles of species j which have position co-ordinates betwaen
zand ¢ + d=, yand y + dy, 3 and 3 + d3, and which have components of velocity
between vy and vy + dv:, vy and vy + dvy, vy and v, + dvy. If the dependence
of f upon the variation of flow velocity with position in the gas is known,

the viscosity can be calculated. Unfortunately, the Boltzmann - Fokker - Planck
equation, which according to the statistizal mechanics of ionized gases gives f to

9,10

a good approximation for charged particles , is mathemrtizally intractable.

Data concerning the velnscity distribution function can be obtained from the simpler
Boltemann eguation, although the use of this equation involves the assumption
that the time during which two particles are in contact (this is, a collision)

is infinitesimal compared with the time between collisions; this assumption is

doubtful when charged particles are present9’11. The use of an approximate

solution of the Boltzmann e-nation developed by Chapman12 and Enskog1}

in ssction 21.2.4.

is discussed

The only other teasible approach seems to be that of elementary kinetie
theory, in which viscosity is treated as a 'free path phenomenon'., The
coefficient of viacosity can be calculated very roughly by assuming a simple form
for the velocity distribution function, and evaluating the momentum transported
across unit area in the gas by the thermal motions of the particles. This method
is developed in section 21.2.3 to determine the nature of the effect of
ionization on viscosity; it is too appreximate to yield a great deal of useful

information,

* Based on IRD 63-10 'The viscosity of gaseous cesium at temperatures up to
3000°K’ C.A. Robinson and I.R. McNab, and, 'Viscosity of partially ionized gaseous
cesium' C.A. Robinson and I.R. McNab., J.App.Phys. Jure 1964.

21,2
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24.2.2 The viscoaity of an isn.zed

Viscosity. the development of ahe T

the transport of momentum from point the rand

the molecules. In simple kinetic thecry, “iscosity is K
phenomenon', since the free path is the distan-e a partiic
collisions which change its momentum. In more Tigorous
with the free path becomes more obssure.

A monatomic gas in which a small rercentazs of
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1/2
h:/ EE) » [ EER K] (21§3)
|

The mean distance an ion travels before its velocity is deflected through
approximataly 45° may be evaluated. This will be used as the mean free path
of an ion among ions. The mean square change per second in the velocity of an
ion in & direction perpundicular to its initial velocity is denoted by ((Avi)z}
The time after which an ion hass been deflected appreciably from its original
direction by other ions, called by Spitzer1& ths deflection time, is

v
% = v

{(av,)*>

During this time the ion will have travelled a distance which will be used as

the mean free path of an ion among ions:

[ ER NN (21 -l‘-)

e¥eYoyeye .5
<(AVL)2> (21.5)

EBmploying methods similar to those used by Kosenbluth et al’b

(AVL)2> 8 nie In A

[ X N X N (21.6)
J(v ’15)
mivzh
where A = 3
) /
, 1/2
3
=.-’>3 (fl) eeves (21.7)
28 [
The expression {21.5) now becomes
mizv}f(v2+;2)
k st e s (2108)
Sx n, e ind
which .n substituting root mean square values becomes approximately
2
/2 kZTL veens (21.9)
8z ng e In A

When the effect of collisions with atoms is taken intc consideration, the mean

free peth of an ion in the plasma,

4
i

’ -
' ,  bng e’ in A
.«‘\i =[@ T n‘p' + 2 2 ] 3 'Y EXES (21010)
9k T

ia ob” ined.

The coefficient of viscosity due to each species of particle is the momentum

21.4




.3)

o)

.7)

.9)

«10)

ntum

transported by particles of that species in unit time across unit area in the gas

per unit velceity gradient perpendicular to that area. If the velcolty

distribution is assumed everywhere Iocally Maxwellian, *the spproximate expressicn

for the coefficient of viscozity is

2 . PPokT

m - & & 2 8 3 (21.11)

T3 Al ow

Summing over the two types of particle

:3 ,21}? (nala \’rm_a ?nk ‘JEB )n ses e (21.12)

Values for the mean free ;aths may now be substituted. Assuming ma = m,

£ A
2 mkT 1 = g . -
n = ’ - + - : e L (21’13)
3 ﬂ3 p2(1-a) + ap‘z (ﬁqf‘ﬁvz + &ﬂei,;g A)

When the fractional icaization @ is small. by far the grea er part of the

viscosity is due to the first term in the bracket. The Coulomb interactions

enter the expression only through the term in In A, and their only effect is to

reduce further the alreedy small second terz in the bracket. It may be inferred

that the viscosity of a slightly ionized gas is almcst entirely due to nomentum
transported by neutral atoms, and that the effect of ionization 1s sl.ghtly to
reduce the viscosity, through the effects of Coulomb repulsion. The physical
interpretation is that the long-range Coulcmb forces reduce the momer‘um

transported by ions by shortening the mean free path of the ions.

21.2.4 Theory based upon the Boitzmann sguation

21.2.4.1 General theory

As stated in section 21.2.2, elementary kinetic theory calculations show
that virtually all the viscosity of a slightly ionized monatomic gas will be
due to momentum itransport by atoms and ions; this results in considerable

simplificatior of the calculation.

Tc compute the viscosity of a gas it is necessary to cbtain information

about the velocity distribution function of each species of particie present.

This is usually done 'y solving the boltzmann egquaticn by the aprroximate method

due to Chapman12 and EnskogiE, which has bec. nighly deveicped by Chapman and
Cowling11. The distribution function is expanded as a series and a set of
integral equations derived “or ccefficients describing the first order
perturbation from the known equilibrium sclution. These equat.ons are solved
by an expansion in orthogonal polynemials. Expressions are obtained for the

transport coefficients, including viscosity of a pure gaz or gas mixture, in

~% Z
{fin:’




terms of the collision integrals, which deperd on the interparticls forces through
the angle of deflection y produced when tweo particies celliide with relative
valecity g and impact paramets. b. The results are sxpresszed most conveniently

in termaz of the 'reduced' dimensicnless variables:

impact parameter B* = b/e
relative velocity g = (yg?/?e)%
particle separation r* = r/c
interparticle potential ensrzy  ¢* = ¢/e
temperature T = kT
Debye length h* = h/ai

where ¢ is the critical separation and € the critical energy of interaction of
the coi:iding particles, and the Debye length is the characteristic Coulombd

interacticn distance, given by equation (24.3).

The collision integrals have been normelized in several ways, the notation
followed here being that of Hirschfelder, Curiiss ard 81“d1°, thus:
* L
Q(p’s)(f*} g NF] | ¥
a fl[tifjt } b (s + 1)1 T
L 2 2 fJ

,Wm £ «l
£
x exp(- r
-/o/o T

where the daflection angle y in a centre-of-mass frame of reference is given

7573 (o205 Pyet @bt agh +ne.(21.)

q e

by classical mechanics:

-4
P ) 2 2 _
X =7 - 2b*g‘j min (g*z-giﬁnéhgéz = ‘:,{3 1/2 au* I ERE XN (21 .'!5)
O

in which u = 1/r.

The expression for the first aprroximaticn tc the viscosity of a gas

&
(1% g 022

¢t
o)

5T approximations reguire

ES

mixture involves only 1

oy
wy

*
s .
evaluation of Q(P’ ) for larger p and s. The vizcosity of a pure gas (to the

first approximation) is1

= 1 : 3 &
= 266,93 10 7 (¥7)% /czﬁ(£’2> {T*; veees {(21.16)
where n is in poise, ¢ in Rand T in °K.  The vizeosity of a binary mixture

of components of the same molecular weight ¥ (such as the mixture of atoms and

ions here) is given in terms of the viscosities n, and n, of the separate

componen*s and a third quantity, Myos EXEY es5ing the atom=ion coniribution:

ok

= & 2z ‘7 ‘é’ »' (?;2)* &; &
Myp = 266.93 10 (Mt / €5 Qz (T.,*) ceeee (21.17)




in which Oyp = (c1+62)/2. The viscosity of a binary mixture of atoms and i-ns

with fractional icnizaticn a then becomes

12 ‘
Mpix ~ X + ¥ ceves (21.18)
2 2
where X = (1-a) + 2a(1-a, L 3\
na nai Ui
Y _2A¢ —g‘!-azz .\ 2“(1aa)’?§ gi ' -
- 5 B.i n TI n + n > seves s 9
- a a'i i
— ; B
[ . ,
zzéA;i (1-a)2+?a(1-a)(_a_i+ﬁ_1) *a‘.]
= Va4 J
q (2,2)*
« _ ai
Aai - a 1,1 * veses (21.20)
ai

These formulae may be used to evaluate the viscosity when the aprropriate collision

integrals have been calculated from the interparticle potential functions.

21.2.4.2 Interparticle potential funciions and collision integrals

In the absence of experimental data for the interaction potentials in

cesium the following potential functions have been assumed.
Atom-atom

17
The Lennard-Jones (6-12) potential 7
—-Ga) 12 o, & 7
¢a(r) = “al_(-; = (—;) ] ’ eeees (21 .21)

which takes into account the inverse seventh power attractive (van der Waal's)
forces and short range repulsive forces, has been used with considerable success
in the past (see, for example, Ref. 16) and will be assumed here. The variation
of ¢a(r) with r ia shown in Fig. 21.1; the colision integral 0(2’2)‘ for this

potential is tabulated in Ref. 16 and shown in Fig. 21.4.
Atom-ion

For this case the potential reguires ~n inverse fourth power attractive
component to account for the attraction between the lonic charge and the induced
dipcle moment ir the atom, while the short range repulsive forces, which vary
repidly with distance, may conveniently te represented by an impenetrable core.

The potential takes the form

¢ai(r) = w for (r < Gai)

K
6 \h {
al
P (';TJ for (r > gai) .

ceees {21.22)

n

and ¢_.(r)
ai

21.7




A grarh of éai(r) against r is shown in Fiz, 21.2,

]

Writing esgquation {21.15) in the form

x =7 =26 ceees (21.23)
and subatituting the above potential, yields sn eiliptic integral of the first
kind for 6. This can be reduced %o standard forz as shown in Aprendix 21 .4,
and evaluated by references to tables or numerical integration. ™hile no
definite information is available for cesium, experimental pelarizab.ilities for
other monatomic gas molocules suggest that the interaction potential eai/k will
be of the order of SOOOK. Since the range of gas temperature under consideration

is 1000° to }EOOGK all cases of practical interest here will be covered b¥ a range
L ] { *

(1 ,1) and nai\gi’?)

(Bq. 21,14) have besn evaluated by mechanical quadrature on a Pegasus digital

of values of T;i from 1 to 20. The required integrals Qai
computer for several values in this range, and are shown in Table 21.1 and
Fig. 21.5. This method of evaluation appears superior in this casze to the
aprroximate method suggested by Chupman and Cowling (see Ref. 11) which is mainly
useful for potential functions of tihis form when the attractive component is very

WE&K,
Ion=ion

The most precise form of potentisl to represent the ionic repulsion is the
shielded Coulomb potential predicted by the Dabye-Huckel theory:

by o o~ e-r/h

*

However it has been shown by Liboff18 that, even in the case of a highly ionized

gas, only a very small error in viscosity computations is incurred by using an
ordinary Coulomb potential with a cutoff st the Debye length instead. The use
of this modification greatly simplifies calculation. The short range forces
may again be represented by an impenetirable core, slthough it is very unlikely
that, at the temperatures under consideration. the colliding pair of ions will
have sufficient kinetic energy for this to be brought into action. The

potential function then assumes the form {shown in Fig. 21.3):

q_(:i(r) s o for (r < ci),
.
¢i(r) = —i- (—i) for (n—i <r<h),
and ¢i(r) = 0 for {r > h).

Neglecting the few pairs of ions which approach as closeiy as the impenetrable
core, the deflection sngle becomes *hat given by classical mechanics for a
Coulomb potential:

21.



H
: ke 4
y = 2 are sin (4 gF b*" + 1) ¢

This will be used for all jon=ion encounters in which the impact psrameter is less
& ¥

is zero. Using this value of y in egustiecn {21.14) and replacing the upper

limit of integration over b* of « by h* yie.ids

i - ’ 2 ; h‘z _' 2
(2,2) | _1_ | ol aay gt igth :
Qii = L'f"!’z f exp ( - T * %-? , [&aﬂtbtéig (_}#D#Qb#é,ﬂ )é-J d i‘;_'

1 =0 . i 1 4 i

r «2\/ 2 L 2
azl, () Loonet - 20 Ja(£)
yr*? Jo i ATy 1 4lg**nt 3

16
Hirschfelder, Curtiss and Blrd recomzend that, since the term in squzare brackets
varies comparatively slowly wiih g* it may be taken outside the integral signm, g*
being replaced everywhere by mean value over all ccilisions, 2Ti‘. If this be

done the expression integrates immediately to give

4-m —
2,2)* 1 [. o = ’
n,( ’ = in{(1 + 16? *2 ) - _l
ii Id,i,,,z 14160, ‘2h*2 eeeee (21.24)
The slight inaccuracy intrecducad through the las* approximation is not important.

An acsurate evaluation of Q (2 2) should consider the variation of h® with
temperature and ion dsnszty, approxlmate values of h* of practical intereat here
being in the range 102€ h* < 10k However, owing to the form of eguations
(21.18), (21.19) and (21.20), N4, d0es not depend critically on the value of
nii, provided this is large and the fracticnal jonizstion is % 0,7, and thus h*

may be assumed constant without aprreciablie less of accuracy; this has been

-
confirmed by numerical calculations. Fig. 21.6 shows the veriation of Qigz 2)
2 y
with Ti‘ as given by equation (21.24) for h* = 10%, 103 and 10a.
21.2.4,3 Results and discussion
(2,2)* (1,1)* (2,2)*

and {1
(2 234

calculated from equation (21.24), the viscosity coefficient Moix of the slightly

From the values of Q given in Ref, 16, of Q i

computed by numericsal n*eeratlon and shown in Table 21 1, and Q

ionized cesium may be calculated for any set of values of the force constants,

fractional ionization, Debye lensth and temperature.

The values which have been used here are
- _ - - o S AN _ 2 = 4 o
o =0, =0, = 3.5%, € [k = 100°K, ¢ ./k = 500°K and gf/k = c%/ko, = 477,40 7K
The fractional ionization (a), which depends cn temperature and pressure, 1s

obtained from Saha's equationﬁg:

¥
el
-

0




& 2 £
1oz, (*5-5 §)= Jt 1 + § icg, T « 6,483, ceses (21.,25)
i@ 2 by 2 10
\1-a

using the ionization potential of 3,893 V for cesium, A constant reduced Debye
length (h*) of 10° has been used.
Fig. 21.7 shows the resulting viscosity of icnized casium (n . ) for pressures
-2 3Lk -5 o
of 1075, 107, 10™* and 10
found from equatiome {21.18) {21.19) (21.20), and the viscosity of un-ionized

atm and temperature in *he range 1000° to }500°K as

cesiua (na) over the same temperature range, from equation (21.,16)., It is clear
that, over the greater part of the temperature range, the viscosity increases with

temperature; the viscosity of un-ionized cesium may be expressed as
Ny = 945 10‘6 T2/3 g/cm sec

It is also clear that the effects of ionizaticn are smail until the fractional
ionization is greater than 1%; =t fractional ionizations of about 10% the reduction
in viscosity due to ionization is over 20%. This drop in »iscosity with
increasing ionization may be explained by saying that the ions have, owing to

their mutual Coulomb interactions, a much shorter mean free path than neutral
atoms, and hence contribute little to the momentum transpocrt process. It is
doubtful whether the Enskog-Chapman solutiesn of the Boltzmann squation can be

used to evaiuate transport coefficients for ionized gas having a fractional
ionigation greater than about 10F: solutisn =f the Boltzmann~Fokker-Planch

equation becomes the appropriate procedure10.

The neglect of electrons, diatomic cesivm a:d excited atomic states in the
partially ionized gas introduces negiigible =rror in the computed viscosity, as
do the approximations made in deriving the ior-ion collision integral (equation
21.24) and the assumption of constant h* in the rumerical sevaluation. The most
likely sources of error are the critical interazction energies (¢), effective atomic
diameters (o) and the exact form of the interpasrticie potential functions (¢).
It is clear that more accurate calculations of the visccsity of ionized cesium

require experimental data on ¢, ¢ and ¢ which is at pressnt lacking.

In principle the above treatment may be applied to any partially ionized
monatomic gas provided few excited and moleculsar particles are present and the

appropriate potential functions and numerical quantities are employed,

21,5 THE VISCOSITY OF HELIUM=-CESIUM MIXTURES

Detailed evaluation of the performance of an MPD generator using helium~
cesium mixture as the working fluid requires, amongst sther factors, basic physical

data relating to the gas mixture. Few experimental resuits are available for such
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mixtures, or even for the pure gases. over ihe temperature range required (about
1000 to 3000 K) thus theoreticsal estimates muat be sbtained. In this section
the helium-cesium viscosity is evaluated as a function of temperature and cesium
concentration. The viscosity is important for deterzining the flow parameters
in an MPD generator and thus, for example, the rower losses sustained through

reverse currents in the boundary layers.

21.3.1 Evaluation of viscosity

The =revious section has considered ithe effects of ionization on the viscosity
of pure cesium and shown that, provided the fractional ionization is less than 1%,
the presance of ions and electrons does not significantly alter the viscosity.
Since the fractional ionization of a helium-cesium mixture in thermal equilibrium
at the temperatures and pressures of most MPD generators is less than %, the
effects of ionization will be neglected in the present evaluatiion of viacosity.
(Note that the neglect of ionization may not b valid if non-thermal ionization
occurs in the gas mixture; in this case the method of treating the problem will
derend on the iorization level.) Thus the problem is reduced to evaluating the
viscosity of a binary mixture of helium and cesium. The first aprroximation to

the viscosity is then given by eguation 21.18, whers

-

£
,;22? . 2(1-x2)x2 . x2

eeese (21.26)

M4 M42 2
) 2 v 2 2
Y=24,* {Sl:fgz—- M. (1=x,)x b UM T 2 33-}
5 42 N4 M, " 202 N, TNy N, My (21.27)
, ,
2= %A12* {(1-x2)2 -_ 4
2
2
=~ (M, +.)° n.. 7., |
172 42 T2 2 52
2(1-;(2)12 t:-(w 7 }(ﬂ - )_1] + X, l-(—} eeses (21.28)
12 4 2 1
- 1
266.93x10"7 (,1)7 w ( )
N, = " cm Sec eeeee (21.29
1,20, (22)%p e
- 1
266.93x10 7 (MQT)Y o ( )
n, = . cm. sec seses (21,30
1 )
266,935 1077 2n M,
M42 = o %0 4(2 2)* (T, .,)* M +H’ g/ cm. sec a0 ()
12 0 12

21.11




E *
A * n12(2’2) (T12‘) ( )
Snd 2 = 7‘ [ X RN ] 21 '32

In the above expressions, the subscripts 1 and 2 refer to helium and cesium
reapectively, and x, is the mole fraction of cesi 1, defined by

n

— .‘_‘2‘ ¢ P
12 = roin svery (21035,

12
Evaluation of n_,_ requires values of the collision integrals ﬂ11(2’2)‘, n22(2'2’*,
Q12(1’1)‘ and QT§§2,2 * which are cbtained from equations (21.14) and (21.15).
Infermation on heliun-helium interactions shows that the Lennard-Jones 6-~12 potential
réproduces experimental results very accurately for the present data above 100036
(p560); this potentisl has the form given in equation 21.21. No experimental data
are available for the interaction potential for cesium-cesium encounters, while
for cesium-helium collisions the interaction potential has the asymptotic formz1

of the van der Walls force:
r!

¢(rla -7 ceees (21.34)
2
In this evaluation the Lennard-Jones 6-12 potential has been assumed for these
interactions also. The collision integrals for this potential have been
evalusted and are given in Hirschfelder et a116 (Table 1M) as functions of the
reduced temperature T* = KI/e. Thus evaluation of Tj‘, T12* and T2* from the
critical interaction energies € €4o and € ensblies ths collision integrals to be
determined and, knowing the atomic diameters and masses, the viszosity of the

binary mixture may then be obtained.

Information on ¢1 and 01 for helium-helium interactiona is rether varied at

present, According to Chapman and chling11 (p.395):

‘1/k = 6.03h Ty = 2,70 X from viscosity measurements

2.63 & from virial coefficient measurements

Ll

and €./, = 6.03°K, ¢
¥ T
while from Hirschfelder et al = (p.1110):

€1/§ = 10.22°K, o, = 2.5762 from viscosity measurements

1

n
it

o . ) )
and ‘1/k 10.22'K,0 2.556 £ (quantum salcuiatien) from virial coefficient

meassurements

1

4]
i1

€1/k 6.03°K,c1 2.63 R (classical calculation)
Initial calculations carried out here with ‘1/k = 10°K and e, = 2.6% gave
theoretizal values of 7 consistently less than those observed experimentully.

A better fit with experimental values is obtained using €1/k = 10°K and 0=2,5 f.

2112



Although no infeormation is available for cesium, examination of data for other

monatomic elements shows that ssz = 200K and "5 = &K will not be unreasonable
values, {The value of 02 used here will be mors accurate than the 3. &X used
3y
P ; ' 2z
previously . The conclusions reached by Robinson and M=Nat™ . namely that the

effects of ionization are small, are not affected by this change.) Following
the usual procedure of defining the interaction snergy and effective diameter for
helium=-cesium encounters by gecmetric ard arithmetic means of the values for the

pure gases, that is
1

= (5152? cesse (21-35)

~
pe s
!
1

(0, +0,)/2 coens (21.36)

yields e12/k 45°K and £y = 3,25 R

For this interaction it is possible to determine the van der Waals constant
€ in egquation (21.35) using the above vaiues of fun and =,,: thus from equation
(21.21) and (21.35)

6 ~60 6

= = 1 .
h£12 0,5 29.2 x 10 nom

This value of C may be compared with those found experimentally. Rosin and Rabi

Cy2

and Estermann, Foner and Sterr%21 using molecuiar techniques found C,, = 23.4 and
370 x 10-60 cms respectively, while from measurements of the pclarizabilities of
alknli metals by Scheffers and Starfa, and pciarizabilities of rare gas ators
obtained from refractivity measurements a valus of 44 is cbtained. Thus the

value of C, - used here is in excellent agr-sement with Rosin and Rabi's results

and in fair agreement with polarizabilify measurements but is very different from
>4
the value obtained by Estermann et al.  Further measurements on this interaction

are required to clarify the situation.

For the present calculation the values of ¢  and o, which gives C,, =

29.2 x 10 cm  have been used, togeiher with the vaiues of £y9 €55 Oy and a,
previously quoted, With these values and equations (21.18) (21.26-33) the
viscosity of the mixture has been cbtained as a function of temperature and mole

fraction of cesium x2.

21,3.2 Results and discussion

The r esults of the calculations are presented graphically in Fig. 21.6, 7
and 8. Fig. 21.8 illustrates the variaticn of viscosity with temperature for
pure helium (x2 = 0), pure cesium (x2 = 1,0) and binary mixtures with mole fractions

of cesium (xz) of 0,01, 0.1 and 0.5. The viscosity of pure cesium may be expressed
= Ny = 6.8 x 10-6 T“'66 gn/~m se-
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S S e I - = e L d L

“fz) 00—"6 5
My = 5.1 <« 10 " T o gm/ cm sec

over the range 200° to 300005, T being in °k. A comparison between experimental

11,2 N . - .
23 and the present thecretical values (Figz. 21.,9), shows that the

resuits
agreement for helium is within sbout &% over the range of measured values, Better
choice of the form of the interparticle potential function may remove this

discrepancy.

From Fig. 21.8 the additicn of cesium to X, = 0,01 increases the viscosity
by about &% while for X, = 0.10 the viacosity is about 4U% ereater than that of
pure helium above 2000°K. As the mole fraction of cesium is increased still
further the viscosity of the mixture becomes ~eater than that of pure cesium, as
exemplified by the curve Xy = 0.5 of Fig. 21. :¢cording to Chapman and Cowling11
(p.231) the explanation of this effect is as follows. The addition of a quantity
of a heavy gas to itself causes two opporing effects (on the viscosity) - a
reduction in the mean free path and an increase in the number of carriers of
momentum - which just balance. If, however, a lighter gas is added to the heavy
g68, the small additional transport of momentum by the lighter particles more than
outweighs the decrease in the mean free paih of the heavy particles caused by the
addition. (The alteration in mean free path of the heavy particles by much
1.. sr particles is very small.) Thus the viscosity of the muxture may be
higher than that of either of the pure gases., This effect may be seen more
clearly in Fig. 21.10. According to Chapman and chlingﬁ1 (p.233) the maximum in
the binary viscosity should become less proncunced as the tesmperature increases,
the viscosity of a hydrogen-hydrochloric acid mixture being given as an example.
However, this coes not occur for a cesium-helium mixture (Fig. 21.10); the meximum

in fact becomes more pronounced,

21.4 VISCOSITi MAXIMA IN BINARY GAS MIXTUKES

24.4.1 Introductisn

The ca.culations reported in secticn 21.3, using the first approximation to
the visccsity of a gas mixture, showed that for helium-cesium mixtures the
viscosity of the mixture was higher than sither of the individual components;
that is, the addition of a light gas tc a hesvy gas increased the viscosity of
the latter (in general, but not always, the viscosity of a heavy gas is greater

than that of a light gas). The explanation ~f this effsct, put forward by

Chapman and Coaling11, was outlined in section 21,3.2.




11

44
g A - . [ . _ .
According to Chspman and Coviing  the maximum in the binary vise

should become less pronounced as tempsrai:re increases, the viscesity o
hydrogen=-hydrochloric acid mixture being given as an example.  However the
alculations reported in 21.3 showed that this was not true for helium~-cesium
mixtures - the maximum becomes more pronounced as temperature increases. In
view of the doubt associated with the data used for cesium in these calculations,

further work has been carried ocut on this effect for other gases for which more

relisble data is available.

21 014—-2 Theoz !

The effect of the introduction of a light gas i1nto a heavy ~~3 is most
conveniently examined by the use ¢f the ‘impurity' approximation for the viscosity
of a binary mixture given in Ref. 1!. This exrression is derived for the
condition that only a small amount of impurity gas (ths 1ight gas in this case)

is added to the mzin gas.

Writing Chapman and Cowling's impurity arrroximation in the nomenclature

employed by Hirschfelder, Curtiss and B;x.rd‘26

2
S ¥ = ; 2n,°”
e, (B M0, - 22
e = 4 2 12 MM e 512 72 myp (21.37)
MIX © 2 7 x, ' 2a M 37
e B 4 EE

The lighter gas is species 1, the heavisr gas srpecies 2.

It is aprarent that the viscosity of gas 2 wi.l be increased by the addition

of the lighter gas only if

A>0 eeese(21.38)
where a
(M +M, ) 2n,.°
_ _____2_. (4.2 .2 24

21 .4.3 Calculations and resulsts

A Pegasus autocode computer programme has been used tc investigate equations
(21. 38) and (21.39) for increasing temperatures for various gas mixtures., The
viscogities P and N4 have been evaluated assuming that the Lennard-Jones (6-12)
potential is operative, thus an uregual interwsl interpclation routine, together
with the data of Table 21.2 here and Table *¥ cf Hef. 16, was used %o evaluate the
appropriaste collision integrals. (The data for the Lennard-Jenes force constants

in Table 21.2 is, with the xception of cesium. tuken from Ref. 24).

The resultz {(values of A at different temperatures) fall intc three main




:ategories:

mixtrres which show no viscoziiy wmaximum;

mixtures which have a viscosity maximum at low temperatures

wnich disappears as the temperature increases,

nd a third group of mixtures, unpredicted in Rsf. 41, having & viscosity maximum
hich, in general, beccmes more pronourn ¢d a&s the temperature increases. These
iztures are shown in Table 21.3. In all these cases the first component is the
ighter gas (species 1) and r;z/r;1 > 1. The mixtures in the first column are
uoted in Ref. 24 as having no maximum and those in the other itwo columns, with

he exseption of A-Cs and He-Cs as having a maximum.

The quantity & has been evaluated over a wide range of temrerature (200o to
OOOOK) and typical results for several gas mixtures in each group are shown in
ig. 21.11. No account has been taken of disscocziation, ionization, vibrational
r rotational energy modes or chemical interactions in these calculations although
nese effects will undoubtedly become impertant at high temperatures for some of
1e gases. 1t is probsble from this point cf view that thaz results for the inert
13 mixtures will be the most rel.able.

2444 Discussion and conclusions

It has been found that for a number of b~ ary gas mixtures the viscosity
1ows a meximum which becemes more pronouncer. .5 temperature increases, This is
sntrary to the example quoted by Chapman and chling:1 (HE-HCI\. The criterion
iven in equation {21.38) and (21.39) for a viscosity maximum is written by

iapman and Cowling in a rather different form:

LA
E 2 2
= 4+ 2(% - A) > ==t ceeee (21-h0)
2;72 3 3H1H2
ere
_2 D, _ _2, =
E = 3 N, ({ 12)1 ard A = z A, eoeee {(21.41)

nce A is almost temperature independant thne dominant temperature dependant term
E/rfz .

r constant pressures:

™~

- m—y E‘&
A (0,5)4 5/ y
a, for hard sphere collisions, (D1? g = T ’2, thus B o T 2, Typically

OOO 0’15

5, thus E,/r;2 o« 1/T
rce if the inequality of equation (21.40) iz true at a given temperature, as the

riatizns of Mo with temperature are aprroximately as T

mperature increases it will eventually cease to be irue, that is, the viscosity

ximup will vanish, as stated in Ref. 11.
2




u tho A4 5 q o e AL 6 Y & = Bayd  mmity
However, the diffusion coefficient varisz az | snly for hard sphere

collisions. For unlike molecules repeiliing each ciher with a force varying
. th . )
inversely as the vy, POWer of the distunzs. “ion Tor :oistant pressurs
L]
D T‘!+S
12
whera
1 4
S 2 Y 1
12
/ . 3/
For hard spheres, vy, = S = "2 and D12(x T 2. as given above.,  However Vs
is usually in the range 5 to 11 (kef 11, p 24%, 257).  For vy, = 9, S = 0.75 and
0.6 0.1 & I el
D12 « T 175 thus for n, « T * 5 E/nz o« T . Thus is the reverse case of that
quoted ..oove since, as the temperature increases the ¥i:cosliy maximum becomes

more pronounced.

o
.15
=

A physical explanation has recently been put forward by Cowiing ~. To
take further the comments in ref. 11 (p 269). *hers i3 a maximum in the viscosity
only if the lighter gas has a smallier equivalent kolecular radius than the
heavier (c1<52); and the maximum dissppesrs wi‘h increasing temperature only if
the difference between the two molecular radii teccmes spaller as the temperature
increases. For gases with no maximum ﬁi/J, &t 0°C {(N.3,

£ Table 21.2) is greater than about /},

is less than about J.6; for gases with 51fg2 b=tw=en these valuss the maximum

hess ¢ are not those

may disaprear with increasing temperature. 1% has therefore been zhown that
some gases exhibit & viscosity maximum whict Lelomes more proncunced as temperature
increases, contrary to the more usual casss where the maxioum disap t

the present time no exrerimental data is known which suprortis this conclusion,
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AFFENTIX 21-A

CALCULATION OF DEFLECTION ANGLE FOR ATOM-ICON COLLISION

When the form of the potential ¢ ., is substituted from (21.22), ejuations
) Yai *
(21.15) and (21.23) give
= -1
;(T : )
prgt | G (21.4.1)
e = j — L2 R BN 2N 2 : L] L]
. (g2 - pelgrlyel 5 )72

If the force law were that of a simple attraction with no impenetrable core,
the reduced distance of closest approach of the centres wculd be the reciprocal of

the smallest roct u;* of ths equation

2 2 .2 .2 ;
S* - bt g* uﬂ + U*" = 0 s ew s 2 (21 .A.2)
: . 2 _ 2 ,
which has real roots if and only if b* 32 e When the roots are real, the
. e =4 L s .
reduced distance of closest aprroach will be w.? or 1, wnichever is greater,

since under no circumstances can the pair aprroach more closely than Cai® Three
cases in all may be distinguished:

, 2 1 i . _ -1
(1) ifv*" > 1 + — eguation (2;.n.2; has real rocis and u*® > 1. Thus

2 ?
b - 4
£
-1
#* *x
= R .
min o
2 2 *2 . ”1 o ] ¢ A } 1 ) . *-1
(2) if = <b* <1 + 5 , equation (21.4.7) has real roots and ug < 1
£ g*
therefore r_, * = 1.
in
F \} ‘*2 2 o 3 & - o - = A, % 4
{3) if v*° < ~5 , eguation (21.A.2) has ns real roscts, ser_  * =1,
g* min
Ir cases (1) and (2) the integral may be simplified by the substitution u* =
. - - . 20 ; . .
u,* sin ¢ employed by Thomson . In case (1) the result is
/2 dg
6 = b*u*‘/ T ‘é;jrﬁ R (24} aA.})
5 (1- M 51n )
g+’ |
while case (2) yields
- B o
5 H b*uo‘ 1 d‘r P y s 00 s (21QA0‘!+)
; u.& - 1/ 2
© {1 - = sin” )
‘2
E
. -1
where f = arc sin {(u} ). ceeee (21.A.5)
In case {3) the interral is reduced ‘¢ standard form by the subsiitution
2 g u‘z
tan & = —¢
2 g



n

which gives §

¥
%.b~¢§5’j; dy e eevne (21.4.6)

e
(4 - éﬂrs_ sin® 4)

i

where ¥ =2arc tan (7%; ) sesse (21.4.7)

Thus in all cases &, and hence y (egqn. (21.15) can be expressed in terms of
an elliptic integral of the first kind. Equations (21.A.3), (21.A.4) and (21.4.6)
were ussd to obtain values of y from which the collision integrals 0811'1 4 and
ﬂ‘§2’2) given by equation (21.14) couid be evaluated by Gaussian quadrature.
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TABLE 21.1

4 * 4 ESL S
COMPUTED COLLISION INTEGRALS {ﬁ;;”) AND rz;i’z) }

FOR ATOM-ION INTERACTION

v3 ]
L 4

ST (&2
ai ai ai

1 1.230 1.230

3] 1.080 1,065

5 1 1,055 1,038

10 | 1.036 1.019

15 | 1.030 1,012

20 | 1.027 1.009




TABLE 21,2

DATA USED IN VISCOSITY CALCULATIONS

GAS /i kel |
H, 3647 2,958 2.016
He €.03 2.63 L, 004
ch 137 3.882 16,047
NH} 320 2.60 17.036
Mg 33.7h 2,756 20,177
co 88,0 3,706 28,019
N2 79.8 e Tl9 28,022
czﬂh 205 4,232 28.063
CZHG 230 Lo418 30.080
o2 88,0 345414 32.008
HC1 360 3.305 36.480
A 124 3.418 39.960
co, 213 3.897 L4 . 024
03H8 254, 5,061 INFOR R R |
802 252 4.290 64,671
Kr 166,67 3,682 83,830
Xe 22543 4.070 131,361
Cs 250 41 132.95 +

*  Units of °K
b Units of Angstroms

+ Estimated.




TABLR 21.3

RESULTS

No., maximum Maximum which disaprears Maximum always

CHA-CO H2-HCI HQ~CEHQ
02H4-A HE-CHQ HB*CEHG
CEHI*-O2 HZ-NH3 HQ-SO2

CO-O2 HZ-CO2 H2-03H8

N2'02 Hz-Xe He=-A

- A {g=Kr
HZ 02 -Csa tHe=Kr
Hz-Ne He=Xe
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NDANLLIN <

Defined by equation (21.4 1)

coefficient def'ined in equation {21.,20) or (21.3

3]

[AW]
St

impact parameter

van der Waals constant

diffusion coefficient

defined by equation (21.41)

electron charge

velocity distribution function

relative velocity

Debye length

ionization potential

Boltzmann constant

molecular weight

particle mass

number density

pressure

separation of two interacting particles
temperature

time

deflection time

r-1

smallest root of equation (21.A.2)
particle velocity

defined in equations (21.19) or(21.26) to (21.28)
mole fractiion

position co-ordinates

fracticnal ionization

arc sin (ue*-1)

2 arc tan (1/¢g*)

defined by equation (21.3%)

critical value of energy of interacticn of two particles
viscosity

viscosity of two-component mixture

is defined in equation (21.23)

ratio of c¢ritical impact parameters (equation 21.7)

mean free path



u reduce. nass _~ of two~pariticie aystenm

v force power cﬁnaiai%

P min, separation of centres of two atoms

p! min, separation of centres of atom and ion

o eritical value of seraration of two particles

¢ potential energy of twe interacting particles

X angle of defiection of each of *twoc colliding rparticles in a
centre-of-mass frame of reference

¢ = arc sin u*/u*

Q(P’s) collision integral defined in equztion {21.14)

Subscripts

a atoms

] electrons

i ions

x,y,3 direction co-ordinates

min minimum value

1,2 components of a binary mixture, particularly helium and cesium, respectively
- vector

Superacripts

* reduced {dimensionless) quantity (see equation (21.16))

- mean value
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Many experiments

power directly
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with thermionic dicdes
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8

cesium, pure or diluted, as the working f{iuid, To esvaluate the slectiriceal
conductivity of the gas or plasma the contribution made by collizions of

electrons with neutral cesium

nunber of such collisions per

An increase in the

the mobilily of the electrons

The reisiionship is
)
{5
n e
- _ e
o By Yy veeest22,1)
= =
where v, = =— . eese (22,2}
N my
Co iz the =ezler conduebivily, Lgy 2 gnd m_ are ihe mumber Sunosntrsiden,
=4
cnarge and mass of the electrons, vy, is the coilisicn freguency for momentum

M

transTer beiween &lectrons end cesium mtems &nd ; 18 the lelegtrenic mobiliy
Equation {22,1) is valid only where electrons and cesium atoms are present;
if other particles exist in appreciable numbers ihe collision freguency is
modified
For many gases Vi may he replaced by Uc, the elastic zcattering collision
3
fregquevcy, since the values agree to within 10 per cent; however, recent
theoretical calculations {discussed below! indicate that this is not valid for

cesium,

The eiastic scattering collision

given by

% & B v veo. - (B2,

o % Ve (22.3)

wvhere N ig the number ccneentratier of neutrel atoms, v.ds the gleciron speed
22,14




=0 ¢=0

the solid angle {1 =

where do/dQ is the differential cross section for scattering the electron into
= sing 48 d¢

The momentum transfer colilision frequency is giver by a similar expression:

Vnz NQlV

..O.‘(:BE.S)
where Ql is the momentum transfer cross s#ction:
; 2r 2w r=
= - - eeee e ;2 . )y
9 ‘! j =5 (1 - cos® sin@ 46 d¢ (22.6)
g=0 ¢=0
and the mean fractional energy loss per collision is
em Q
§lz omao it ceeee(22.7)
M Qo

M being the atomic mass,

The cross sections and collision fregquencies averaged over a Maxwellian
distribution may e found from the follnwing equations:

average elastic scattering cross section

Qo= £, ) () av

poooo(2208)
‘0
average momentum transfer cross section
Qm .
ﬁ, = j I, v) % (v) dv ceeeel22.9)
o
average momentum transfer c¢ollision frequency per atom
v o
dN—n- = [fo (v) Ql (v) Vdv ooooo‘:22o10)
0
and the average total collision frequency is defined in a similar fashion.

22.2
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measursments cover a large energy range, from eleciron enes

-

160eV to atout U.Z eV: the low energy v&luﬂa obtained sre zhown in Fi
The results obtained by Boeckner and Mohler have rec ently been corrected by
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Phelps in the light of later experiments by Mchler’,  Frhelps found that the
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cllision freguency

{Pig, 22.2}; @ collision cross section derived from these results using the

is shown in Fig. 22.1. Recent experiments at low electron energies in cesium

appear to have confused, rather than clarified the situation.

Using a conductivity cell with concentric and parsilel-plate electrode
geometry , %ugiﬁney* has derived collision cross ssctions which are lower than

those of Brods or Mohler {Fig. 22.1). The cross secticns are averaged over some
electron distribution; as with most experiments of this type the electron energy

distribution is not known accurately.

5 . ;
Roehling” has used a similar apparatus with a2 parallel-plate electrode

-+

_ . Y 7S
gecTetry o measure cross sections up to about 20007K. The results asgree closely
- < =0

s

with Mullsney's, being lower than those of EBrode and Mohler; a Maxwellian velocit
ge. k4 3

gistribution for the electfrons is claimed.
Morguliz and Korchevei = , using an arc discharge tetween tungsten cathodes
-16 2

in ecesium vapour measured an eleciron-cesium ate® cross sectieon of ~50%10 om

. o - I - T . . o N . ,
at mn siechtron lamperature of about SUOUTEH, Trii Elue B8 LEiER ot Ees e solhi
by ¥ullasney and Roehling, but at a much higher tempersture {Fiz, ZZ2.1}.

Chen and Raegknr conducted & series of experiments on helium-cesiuz
mixtures =nd pure cesium plasmas using microwave technigues. the temperature

-0 : . ; .
range 453 to 550 ¥ they find that the average momentum transfer cross sectien is

22.3
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Theses collision cross sections are shown in Pig, 22.1 where it can be seen that

they are much higher than cther values previocusly found,

From electrical conductivity measurements in various 2as mixtures Harris
finds an average momentum transfer collision cross section for cesium of sbout
=14

300 x 10

ot sy o linhes frequency (UM/S) of 8 x 1077 cmi/sec at a
temperature of 1750°K.

Using the method of phase shifts and including the effects of polarization,
9

Robinson” has evaluated theoretically the average elastic scattering cross section,

momentum transfer cross section and the momentum transfer collision frequency for

cesium; the results are shown in Figs.22,1 and 22,2, 1In view of the wide

scatter of experimental dats Robinson's calculations will be useful in estimating

the electrical properties of cesium plasmas in the energy range belcw 1 eV, As

Robinscn points out, the calculations are of a preliminary nature and more

&ccurate theory may be required to obtain complete agreement with experiment.
Measurements in a static cesium plasma by Ralpth gave values for the

cesium c¢cross soction of 2390 x 10'16 cm2 and 1570 x 10'16 cm2 at a temperature

of 1050°K, These are much higher than other results reported by Ralph11 at

1500%K, which yielded 200 x 10°'¢ cn?,

22.3 CONCLUSIONS

Although several measurements of collision cross sections and collision
frequencies have recently been made for cesium, experimental data is still widely
divergent. If all the experimental data is correct the cross section of cesium
atoms at low energies exhlbits a hitherto unexpected energy-dependence, The
theoretical calculations of Robinson9 lic within the range of the expsrimental
values, For mest of the calculations in other Chapters of this report a
constant cesium atom cross section of 300 x 10-16 cm2 has been used; reference

to the experimental values shows that this is a reasonable approximation,
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SEED FRACTION OPTIMIZATION

1.5, McNab

23.1 INTRCDUCTION

]

In analvaes of MPD generators in which the electrical conductivity of the

parent gas is inscreased by the addition of a seed element the scalar conductivity

is ususlly quoted as >
n e

e
% ~ m v
e e

sesee (23.1)

where, if eleatron- -n interactions ¢an be neglected

v =y +p
eT awP e=a

) eeee. {23.2)

e~-a a

i
~~
..O

5
"(F

respect to y shows that the optimum seed fraction is

Xort = Yoop/ %oa eeeee (23.3)

oF

e d

Xopt is usually about 0.01 for alkali metal seeded inert or combustion gases.
In view of the rather sparse, and often suspect, da*ta on colliision cross sections
at the low electron energies relevant toc MPD generation, Xop* is of ten assumed

censtant,

Considerable attentisn is presently being focussed on the production of
extrathermal ionization in closfi cycle MPD generaters by various means, but
particularly on zagnetically-induced icnization by which interaction of the
electrons with the electric field in the generator causes the electron temperature

to be considerably increased over the gas temperature. Whern this occurs icnic

’T'1

scattering of electrons Lacomes an important factor in the determination of the
electronic collision frequency and hence electrical conductivity. Since the

electron-ion collision frequency is (quite strongly) dependent on the electron
temperature the optimum seed fraction is no longer the unique quantity defined

by equation (23.3) but is a function of the working ccnditions of the generator




even wnen and Qg T2 constant. The selection of the optimum seed fraction

Gep
for this case and the conseguences of the temparature dependence are examined here.

23.2 SIMPLE THEORY

It will be assumed that the Saha equation1 can be used to obtain the fractional

ionization of the gas at the eleciron temperature so that

X2
—— pT = f(Te) (R R (2}0}4')
1=-X S
5., 2mm_ 3/, gg eV,
) ) 2 8 2 S i et
where ,f('fe) = (He) ( N —S;'i « 8XDp (- —k‘l'—e ) esses (2303)

In the simple theory developed in this section it will be assumed that the
fractional ionization is small (that is X<<i or n, << na). Under these conditions,

Saha's equation becomes

x° 5 = S(1) veuee (23.6)
i e
S
Making the additionual assumption that, while Te is greater than T, neTe << n;T,
then

pT = na]d 'Y EREYX] (2307)
S
pT =pTS+pI =(na+r‘P) u‘ ; se s (23.8)
n, )
a.nd, by definition X = 'n_'+ seense k23!9)
8P
80 that pT = xpT sss s (23-10)
3
and Saha's equ: tion becomes
f(T.)
x° = = veees (23.11)
XPrp
The electron cencentration may be frund from
XX
ng = -§;2 ceees (23.12)

Combining equations (23.5),(23.8),(23.11) and (23.12) yields

1/ 1/. T 5L (2mmk 3/ E & 1/2 eV
- 2 2 "e g e i i
ng = x (na+nP) ,;T/2 ("—hz ) ( . ) exp ('—-'Me eees §23.13)

where (na+np) can be inserted as data appropriate to chosen gas temperatures and

total pressures. The seeding atom concentration and perent atom concentration




are obtained from
n, = x(n, +n) veee. (23.14)
ng = (1) (n_+ n) ceess (23.15)

For a seeded gas in which ionic scattering of electrons is important the total

collision freguency is

var = Ve (qe—PnP +q _.n +9q .0 ) ceees (2%.18)
q 2
where, from Spitzer (Er 3/2
A e :
qe-i _T 2 in n 172 R (25.17)
@ 8
3/2
where h 127 (sck}
___—_-ij ; B' - ———-3———
56!’(( k) a

and, for a Maxwellian distribution,

BKT 1/2
v = ( 2 (23,18)
e 'me ..'..\ -«

Combining equations (23.1), (23.13), (23.14), (23. .) and (23.16) an expression

for conductivity in terms of seeding fracticn is obtained

1/2

ao = - EL 1/2 1 LI I (23.19)
P(1-y) + Gy + Hy [T - n in y]
1/ ]
where (g g ) /2 (Zﬂm k)j/'*
C = ot b i 2
Sa h2
D = eV./2k
’ /
1/2
Z n +n_\ ) :
e a 'p 5/L D 3\
N AT T )
F=va . (n+n)
G = v, a(na+nP)
v A {nb+np‘ 1/2 .
e "2 ()
e . e
p /8 Vb ]
I= 1“[_ —T7 J
(na+np) e ‘e



Differentiating conductivity in equa”ien (23.19) with respect to seeding fraction

and setting the result equal to gerc yields a guadratic for optimum seeding

fraction for which the soclution is

™

2 - —1/2
F IS 8 : ( —’EMJ; veres (23.20)

X, =53t S
opt  &-F " g5 py®  8(e-F)° -

For the case when ionic collisions can be negiected (H = 0, occurring at low
fractional ionization) equation (23.20) yields

q
Xgot = sz = %:’qua eers (23.21)
Usually q , >> g, 80 that this reduces to equation (23.3). (The difference
between equations (23.3) end (23.21) is due to the different definitions of
seeding fraction used in the two cases.)

When ionic collisions are important, equation (23.20) shows that the
optimum seeding fraction is incressed over the value given in equation (23.21):
the greater the effect of ionic coliisions, the greater the optimum seeding
fraction, up to a maximum of unity.

However, equation (23.20) is not very useful in examining the effcts of
extrathermal ionization on seeding fracticn since such effects generally cause
kigh fractional ionizations, so that the approximations used in deriving equation

(23.20) become invalid and a more accurate approach is required.

23.3 ACCURATE TREATMENT

If the fractional ionization is high it is necessary to use the exact Saha
egquation (equation 23.4) in which the total seed pressure is expressed in terms

of known constants of the system (totsl gas pressure and temperature).

Now

st = nekTe + nikT + nakT .

= neid'e + nsmi [ RERE N (2).22)
since n,6 =0,
and n,=n_+n
S e a

Using X = nd/n8 equati.n(23.22) becomes

Pp = kns (ITe +7T)




cr, using a more accurate definition of seedirg fraction than that of section 23.1,

that is

b
Il

= %

where Np = fg + Ng = N, + 0, + 1,
pTS = lan (x‘l‘e + T) PRP (23.23)

At constant pressure B, is 4 variable so that an expression is required relating

Ny and P Using the previocus corditions

pT=ne}d‘e+nk‘l‘+nakT+n.Pld‘

i
= nekTe + nTkT.
Now
ne = an
&= XX!)T seeee (23-21#)
so that py = kn, (xx're +T) eese. (23.25)

Eliminating n, from equations (23.23) and (23.25) yields
_ x(¥T, + Ty
3 xgre + T

so that the Saha equation {23.4) becomes

eosee (23.26)

Pp

sz(ﬂe + T)pT

(1—x2)(xxme¢r)

= ,f('re) ceees (23427)

Thus for given y, Te, T and Py this cubic equition must be solved for X, When

X is found n_ may be obtained from equitions (23.24) and (23.25):

*xPy .
ne = m) XEXE (2}.25)

and the remaining required quantities follow.

Thus ny = n /Xy eeens (23.29)
n, = np(1-x) vocans GBS0
n = qTx(1-X) ceees (23.31)

The scalar conductivity of the gas is agsair obtained from eguation (23.1) and the

total electronic collision frequency from eguation (23,16). Writing

25:5




vequ - F1Te
w12
Volg-a™ U174
and Av = HT 1/2
o 1 e
gives ne (e%/m )
% =3/2 .
a, 1/2 o /2, . Hon B'T, V.. (23.32)
F (1 X)ﬂT+ 1X(1-X}n,r + " 3/2 in 7;772—_)
e )

where A and B' have been defined previocusly. Substitution in this equation of
the values of nes D and other parameters previocusly calculated will give the

conductivity.

In Section 23.2 it was shown that in the simple evaluation of electrical
conductivity an explicit relation for the optimum seeding fraction can be
cbtained., In the gereral case & simple explicit expreasion for xopt cannot be

obtained although equations governing the value of X may be set up as ffollows.

opt
Rewriting equation (23.32) in the form
x(e%/m,)
o T 1/22 (1=x)/x + 1 1/23 (1-X) + E-x in fzﬂéfz ’
° 1 o e 1 '372 1/2

and differentiating ylelds

o*/n, {F1T 1/2‘_de/? +(1HX)JX/§;rG 1 V2 +H,Xan /2T, 32 ;}
(”eT)

doO =

ceres (23.33)
Using a = Te/T and b = J(Te)/pT equation (23.27) becomes
axdx (140)+X%(x+d) - abXX = b = 0 ceens (23.34)
which, when differentiated, ylields
{3lx2(1+bX)+21(1+b)-abi} ax = {a(1+b)x3+x2-ahx} ax eesss (23.35)

Differentiation of equation (23.28) gives

(XaX + xax)Tp
dn_ = > i ceees (23.36)
- k(XXTe +T)

Blinination of &, dn_, X and n, from equations (23.28) and (23,33) to (23.36)

23.6




will give an egustion for do/dX in te-ms
condition dﬂﬂ/df = ¢ ®ili then gi

}.J .
w
[ ]

roots. Since it is possible to scl eguation,
it 4s alsc possible to perform the ellimi an
equation (X ) = 0, but the extent of manipulaticn reguired usually renders

ort
this impracticable.

23.4 COMPUTATION AND RESULTS

The Saha equntﬂon (23.34) was solved for frastional icnization by Newton's
method using (b/1+b) as a first approximation to X. This converged
satisfactorily to the correct root for tne range of values of X and Te considered.
The particle number concentrations can then te c¢btained from equ-tions (23.28) to
(23.31) and the electrical conductivity from eguation (23.32). In view of the
probable length of calculation, numerice 1 solution of egustions (23. 33) to (23. 36)

to obtain the optimum conductivity was not attempted.

The resulting values of conductivity for heliup sesium mixtures are shown
in Fig. 23.1 as a function of seeding fraction and eisciron temperature. The

conductivity is shown as the ratio of the conductivity at anm arbitary seeding

. “?Q 2z
fraction to that of the pure cesium. Cross ssoticns of 6.1 x 10 7 m and
-
=20 2

" were used for electron<heli.m snd eiectron-cesiul coilisions

respectively (McNab3 and Chapter 22 of *ris rever®). The calrulations were

l"‘l
- s

]

performed for constant gas tempe“ature {1000 'K} and pressure (1 ata) with varying
electron temperatures (1000 to 5000 K;G Fig. 23%.2 shows the magnitude of the
optimum and pure alkali metal conductivities as a funztaicn of electron temperature.
Using Fig. 23.1 and 23.2 the actual magnitude of the scalar conductivity may

easily be found for any seeding fraction.

The specific power of a segmented-electrcde generatlor, neglecting ion
slip, is simply proportional to 0082, thus. since . is independant of magnetic
field (at local static temperature and pressure conditions), the specific power
curves for a segmented-electrode generator as a function of seeding fraction are

exactly the same shape but are displaced by an amcunt dapending on B.

For the transverse conductivity {5d/§¢ﬂ ) this is not ‘rue since ﬁ
a function of the magnetic field strength: Fig. 23.3 and 25.4 show ﬁ°/1+ﬁ
a function of seeding fraction for several values of B and electron temperatures
of 2000° and BOCOOK, the static gas temrerature and pressure being the same as

before.

The power density of a solid-electrode senerator is propertional to

2 . q . . s .
cOB /1+ﬁe . this is shown in Fig. 23.5 and 2).6 for the same conditions as in

)
ot




Figo 25.3 and 23.&.

. Qs . 2, 2 ;
The specific power of a Hall zenerator is proportional teo soBzﬁe /1+ﬁe

and this is shown in Fig, 23.7 and 23.8, again for the same conditions,

In addition tc the dependence of spacifis power (F) on conductivity and
mignetic field thereis also a gas velocity (U) dependence:

PDEUZ
o Hz XHRI u eescs (23-37)

where xn and Rl are the ratio of specific heats and gas constant for the mixture
respectively. Assuming that both helium and cesium are ideal monatomic gases
with ¥ = %/3, the specific power for constant expansion is proportional to the
ges uixture ccmposition only through the RM term. The mixture gas constant is
proportional to the fraction by weight (a) of each constituent, so that, in
general

Y
L IR
and, for helium-cesium mixtures

Ry = %cfes * FHelhe

or, if a is the fraction by weight of cesium,

By = a Reg + (1=a) Ry, ceees (23.38)

Using the quantities of Section 23.4 it can be shown that the relation between a
and X is
_ .x"s
X(mgmy) + oy
Combining equations (23.38) and (23.39), R, may be evaluated as a function of
seeding fraction; the result is shown in Fig. 23.9. Fig. 23.10 shows the product

coRn, upon which the power density of a segmented electrode generator depends,

veeee (23.39)

while Fig. 23.11 to 23,16 show the transverse conductivity and specific power
dependence for solid-electrods and Hall generators, including the effects of RM'

23.5 DISCUSSION AND CONCLUSIONS

Fig. 23.1 shows the ratio of mixture conductivity to pure seed metal
conductivity (q/o ) as a function of seeding fraction (X) for several electron
temperatures in cesium-helium mixtures; the optimum seed fraction increases with
electron temperature fairly rapidly above abeut LOOO °K. At an electron
temperature of 5000°K the optimum seeding fraction is very high (~0.8), so that,
for the conditions examined here, the maximum conductivity is obtained with pure
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the eleciron temperature incrsaszes the variaticn of ~/a, with ¥

becomes les=

i

aprid and off-optimum operation has less affect und factorz othe
than elezirical conductivity (e.g. engineering preblems or the cost of cesium)

could determine the seed fraction.

Fig., 23.2 shows the optimum for helium—cesium and puce casium conductivities

a5 a function of electron tempsrature the steep initiasl rise is apparent.

Fig. 23.3 and 23.,, show the transverse condustivity (o
of seeding frection for various magnetic field strengihs (B). As B increases the
transverse conductivity decreases and. for Te = 2000°K thre optimum X ‘ends to
unity (pure alkali metal).

Fig. 23.5 and 23.6 show the product of the iransverse cenductivity and 82

for the same values of magnetic field as previousiy. Again. as B increases,
_ \ . . . . o, 0
the optimum seeding fraction tends to unity for T, = 20007K, and for Te = 5000°K

the optimum seeding fraction is always unity.

2 ;
Fig. 23.7 and 23.8 show the term cdﬁ B“"ﬂB‘ as functicns of B and X,
<
As B increases, this term (which is proportional %o the specific power of a Hall
genera‘or) increascs and the optimum ftends tc unity. The aptimuzm seeding fraction

is very mwuch lcwer than in the previous cases.

As stated in Section 23.4, in addition s the derendence of specific power

there i3 alse a

rf
-y
[y
[t}
ot
£

for an MPD gznerater on conductivity and magnse

dependence on seeding fraction through the velceity term. This 2an be reduced

to & dependenze on the mixture gas constant, s Which is given as a funstion of
¥ =3 2 3 &

seeding fraction in Fig. 23.9.

For a cegmented-electrode generator, neglecting ion siip and using
equation (23.37),
o n ne
P = oRB ceses {23.40)

1]

Where ? P/YKHATK(“—K) szses (23!24‘1)
The product UORU is shown in PFig. 23.10 as a function ¢f seedine fraction and
electron temperature. The optimum seeding fraction is now relatively insensitive

3 close ito one atomic

[

to the electron temperature {compare with Fig. 23.1) and
percent. Since o, is independent of B (a* loecal static tempera‘ure and pressure
conditions) the normalized specific power curves P veraus X) for different
magnetic field strengths have the same shape but are diaplaced by amounts
depending on B2.

The manner in which the transverse condustivity (shown in Fig. 23%.3 and 23.4)

*
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is modified by the varistion of gas ¢onstant is shown in Figz. 23.11 and 23.12,
A

where GORH/?+ﬁ8d is given &8s a function of X and B, Again the maximum value

is obtained =ith smallest magnetic fields, b=t, although as B incresases the

optimum sseding fraction tends to unity, it is iess than that of Fig. 23.3 and

2344,

For a sclid-electrode generator the sgpecifi

(&

power . negleciing ion slip,

e P = o RB/148° veees (23.42)
o ! 8

This is shown in Fig. 23.13 and 23.14 as a function of seeding fraction and

magnetic field for T = 2000° and 5000°K. In both rases P and the optimum

seeding fraction increase as B increases, the optimum being in the approximate

range 0.1 « X < 0.01,

For a Hall generator, again neglecting ion slip, the specific power is

2E B2
a
Fa)
P:%‘T L 33 (25.&75)

8
This is shown in Fig. 23.15 and 23.16 for the same conditions as in the previous
figures. The optimum seeding fraction is much smaller in these two caaes than

for the segmented- or solid-electrode generators, being <0.01§/o.

For the calculations reported here ru = ?/3 and T = 1DGD°K; teking ¥ = 0.5
and K = 0.5 gives anzTK(1-K) o 102, s0 that the actual specific power may readily
be obtained from ?.

In any practictl MPD generator local gas parameters will vary with position
in the channel; the gas parameters used here (T = 1000°K and p = 1 ata) may
represent typical velues for a large-scale nuclear MPD generator. The techniques
used here may easily be adapted to give the best seeding fraction for maximum
electrical conductivity or specific power for any other gas mixturs. No
mechanism whereby electron temperature elsvation is achieved has been postulated;
different methods of extrathermal ionization yield different dependence of

electron temperature on gas parameters.

The conclusions found here relating to the dependence of scalar conductivity
on seeding fraction are similar to those quoted by Zimin and Popovh except that
they relate to elevated electron tecperatures and low gas temperatures, thus

being directly applicable to closed-cycie nuclear-MPD generators.
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Lot INTRODUCTION

]

Heglecting Hall effects and ion slip, the specific power {(power output

per unit voiume, P} of a segmented electrcue MPD senerator i
2.2, .
:’3 = HV B&K(J!-}\) seus (2“-1)

All MFD generators built or under construction obitain the directed {(flow)
moticn from the initial thermal energy of the gas bty expansion through a
convergent or convergeni-divergent nozzle. In this pr.cess the s

temperature and pressure fall and the velocity is inzreased.

wWhen thermal equilibrium exists in the gas the scalar electrical

conductivity depends on temperature as

c= F (p,T) exp (<2/T) ven. (24.2)

where F(p.T) is a function of static gas .emperature (T) and pressure (p) and
D is constant for a given gas (mixture), The temperature dependence of
conductivity in the range of interest for MNFD generation is determined primarily

by the expornential iarm,

Thus, for constant magnetic field strength and loading factor,c.;v2 may be
maximized, giving maximum specific power. This calculatior has been performed
by several workers (for example, Suttonﬁ) and the results indicate that the
optimum Mach number for maximum GVE lies below unity {0,567 1 < 0,8) for both
closed cycle {seeded inert gas) and open cycle {seeded combustion products)

devices,

The basic limitations on the power obtainable from a clesed cycle nuclear
heated MPD generator is the working temperature of the reactor. this limits the
maximum total enthalpy of the working fluid anc hence ¢hic marirum value of
GVE. The working temperatures of present generation inert gas cooled reactors
are not high enough to permit economic MPD power ‘¢ be generated from a device

working at thermal equilibrium conditicns. Future develcopments of nuclear

2k




reactors to yield higher working temperatures, while resulting in hicher MPD
generator cutputs, will introduce more severe materialis problems, capable

only of

oo

rm angfgr expensive solutien. This paradox may be reaolved

if the electrical conductivity of the working fluid can be ircreased without
appreciablie incre: of the gas temperature; hish specific powers ccold then

be obtainad without severe materials problems,

Several methoeds of obltaining this extra thersal ionizaticn in closed

cycle NPD generators have bean suggested, for sxawrlie: high voltas

r

l
M
o

: - 2 A :
electron beams , high crrent arcs , fission rrolusct # ravs™, r.f.
; ok : s
magneticalily induced 1oaization and photoionisation . wniie some of these
methods will undoubtedly prove valuable, none has yet been conclusively

demonstrated in an MFU generator of substantial sower oufput

kS *
24.2 HON-BEQUILIBRIUM FLOW
A further method of prowucing exira thermsl isniszation, which has

received Zitile attention 3ince its

B R [
Lindley and Zschenrceder and Dalber

or
W]
ek
~
o
jon
s
Q
[+

expansion cf the working fluid through a large srsa rstic nozzle

a aigh rats of fall of sas temperature. anen tho terperature falls rapidly
in a gas many internal adjustments must be made by sslecuiar collisions.

For ¢xample, the energy of molecular vibrations must be reduced, chenmical

fhroed
(k]
2
Y]
[44)
)
i}
0
"u
e
[1+]
4y
:
[o R

reacticns rmust {ake place at a different rate, a new talarn
between atoms and molecules, and ions and elecirons must rzcoubine to fornm
reutral particles. All these adjustments require a iarse number of collisions

between particles before a new equilibrium is establisied, If the temperature

hanges more rapidly than equilibrium is es%abtlished, non-eguilibrium flow
resuiis,
£=13 16=13
nany investigations, both thecretical '~ and -

and experimental y O
non-equilibrium flovs have been published recently; most are concerned
primarily with molecular gases or gas mixtures waere vibrational and
disscuiative non-equilibrium are the dominant factors. This intere * arises
hect .se the usual domains in which such {lows are encountered relate to real
or sirulated (shock tube and wind tunnel) high 231=itude hyversoric and missile
re-entry conditicns in air, and similar conditions in corbustion gases (for
example, ignition in hypersonic ramjets), In gencral, thz theoretical
sclutiens eof such problems are complicated,  Bercause the shances of energy
during the relaxation processes usually form a significant fraction of the

total enthalpy of the gas, the quasi-one-dimensicnal flow esuntions musi be

2k.2




solved simultanecusly with the rate eguations which deatermine the population
densities of the (many) species present. In many cases the required rate

coefficients are not fully known.

The flow of a monatomic recembining gas is rather more simple since
valid simplifying assumptions can be made concerning the number of species
present, consequently fewer rate equaiions are rejuired to characterize the
flow., For example, the recombination mechanis: may be assumed to be
controlled by only one excited atomic state. Cne significant difference
between a recombining atomic gas and a relaxing molecular gas is that the
electron temperature may be considerably higher than the temperature of
the heavy particles in the atomic gas. This leads to reduced recombinaticn,

amongst other effects,

In order to examine the consequences of qon .equilibrium nozzle flow cn
the design and power output of MPD generator. the following investigation has
been carried out: while later investigations may show that thirs non-equilibrium
effect is insignificant in large scale devices, it will undoubtealy be

impeortant in analyzing the performance of small devices. such as that at IRD,

2k,3 THEORY

The mco: ccommon concept of a closed-cycie nuclear fuelled MFD genevator
envisages the werking fluid to be an inert pgas sesded with small amoui.ts of an

aikali metzl; flow through the expansion nozzle of this type of generator will

be considered here,

The assumption of small fractional seeding, which is generally valid,
enables considerable simplification to be made in the analysis since the
energy invelved in the ionization and recombination processes in the seed
element form oniy a small fraction of the {otal enthalpy of the working fluid
and thus may be neglected.

Consequently, neglecting boundary layers and snhock phenomena, the guasi-
one-dimensionai flow equations for the parent gas only can be assumed to
approximate adequately the flow along the nozzie avis. An additional
simplification resulting from the assumption of small fractional seeding is
that the thermodynamic properties of the mixture approximate closely those

of the parent gas, ana are taken as such in this analysis.

The flow will be assumed 'isentropic', so that 1t can be described by

the following equations

M
o
.
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continuity 7 L G il g cees (24.3)
enthalpy S ML o coes (24,4)
Cp
St&te 22 - gl - éz = Q EEE (2&05)
p P T
Mach number ° 9? -y, %3 = 0 ceee (26,6)
M Vv T
: . \ e e 4T '
and, for a process with an isentropic efficiency n= /4T
dT ¥=-1  dp _
T —)} r P = G s e 0 s (2407)

where dT is the actual temperature change, dT' is the isentropic temperature

change and 1 accounts for friction effects in the nozzle expansion,
For a given nozzle profile:
A = b f(X) LR 3K 2Ny (2408)

Combination of equations (24.3=8) gives

] M2
d M Y;E(‘! + -‘é—- ) df(:{} 4
:5; - 2 = te s (2%09)
{FH° =« ply=1) K -plf(x) dx
2 o
€. i) d I s (24.10)

[7M® < 0 (=) 1 = p) £(x) dx

solution of these equations in conjunction with the explicit relations

v = H (fRT)% e s e {2&:11)
and b=t : - ' eees (24,12)

enables the flow through the nozzle to be described if the nozz.e profile and

starting conditions are known.

To complete the description of non-equilibrium flow two further equations
are required, describing the rate of production and loss of electrons and the

electron energy balance respectively.

The most general form of the electron energy equation will include the
energy interchange between electrons and heavier species (atoms and ions) by
elastic and inelastic collisions, the energy gain during recombination, the
energy lost duriry ionization, radiation and thermal conduction in the electron
gas. while equations have been formulated which contain all these termsgo, they

are subject to considerable doubt regarding their accuracy and require large
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computers for their r-lution, Approximate sclutions have been found inaccurate
in certain regions {(predicting negative tea?eratureszé}. In the present
analysis the electron temperature is assumed egual to the gaos temperature
throughout the expansion, This as=sumption should cause the electrical
conductivity at the nozzle exit (that is, inlet to the MPD generator) to be
lower than the true value since higher electron temperatures would reduce the
rate of recombination and give a high electron density and conductivity.

(This will be partially offset by the increased electron collision frequency,)

The equation governing the rate of production and loss of electrons is
obtained from the recombination and ionization rates. The recombination
mechanisms considered here are three body electron-electron-ion, three body

eiectron-atom-ion and radiative:

- 1 + -
A+e = A + Ze

the rate coefficients being Ay Gsy and 33 respectively.
The corresponding ionization coefficients (#,.f. and §,) are obtained
: £ -
from the recombination coefficients using the condition that the rates must be
equal at equilibrium, thus

n 2
ﬁ’l =a1 (__e_) etz

nA s

The net rate of production of electrons per unit volume

.
3

_ 3 2 _E
Ayngng + Foipng + Fgfy = ayn” = @R, Ng = agh,

then becomes

n
L[]

n H
&3 _ zJ vees (24,13)

s g )

H s
n e (a.n_+a +a,) ne&
] 1Te "B 3 —_—
n
A
The net rate of production of electrons per unit volume in a volume ¥1 containing

N (En V1} electrons is
e = e

d(ngv?h)

1
v1 dét

E 4

- _ 1 dle
S — —
dt

vi
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For a moving system and when the fractional ionization and seeding fraction are

small, this becomes

d(n

e/p) XV, ,
5 daX

s - p “dt = — sees {29.11’}

Using this expression for 5,equation (24.13)becomes

|

- 1 saes {24015)
2

N

ax m ne2 i nea Y
e ol GRS “3’[_ n/, ®

Simultaneous solution of equations (24.9,(24,10)and (24.15) in conjunction with
equations @4,11)} (24.12) and the relation

ne aX pV/mp sess (2“016)

enables the flow through the nozzle and variation of electron density to be
described when the nozzle area is specified as a function of disiance and tke
starting conditions are known (3ee Appendix 2k.a),

The scalar electrical conductivity may then be obtained from

nea
e

eeee (24,17)
me ve

where
eoss (24.18)

= p)
Yo T Ve %y o5 7

and the cross sections employed are

qe‘HC = 6. 1 . 10-20 m2
%y-co * 310.10"2° o°

| 2,848,107 e 10 [1,24,107072
95.cs* T}/a e i ;

e
from references 22, 23 and 24 respectively,

This value of conductivity may then be compared with the equilibrium value
of conductivity obtained when ne is determined from the Saha equation:

2
n
(n—e—) = chflz exp (_ D/T) sace (2“-19)
A s
where
3/2
27m k g E
C = Z* e i y D= eVi/k
B €a

are constant for a given gas (mixture).
24,6




24,4 CALCULATIONS

The theory outlined above has been used tc construct a computer
programme to determine the electrical conductivity thrcugh a nozzle. The
calculations have been performed for the opeiating conditions of the MFD
generator under coanstruction a® IRD, The working fluid iz helium seeded
with one atomic percent of cesium; the appropriate data are given in
Table 24,1,

The IRD MrD generator ic designed to operate superscnically and
consequently has a convergent-divergent nozzle of which twoc sides are
parallel and two are axially symmetric. In equation (24,8, b is twice the
width of the nozzle and f(x) is the height from the centre line. The nozzle
profile (Fig24) is composed of three regions, being cosinusoidal at inlet

and exit and circular near the throat:

x <a1 s f(X) = b,‘ cos (bEX) + b3 sees (21‘.20)
&_} zX {.32 3 f(X) = b& = % b5 = "LI‘(XE-'-.}éx—-i.- b?)J% sese (2‘“.21)
X >az Py f(x) = b8 cos b9 (e - Fi{-c'}‘ ) § + b.,_.: to e (2‘4‘022)

Difficulties have been encountered in the sciution of the equations because of
this profile: where the curves join, discontinuities in the second derivative
exist andi these cause unsmooth variation in the theoretical flow, for example in
the derdivatives of the Mach number, temperature, etc. In practice, such

veriations will probably be smoothed cut by boundary layers.

Additional difficulties are encountered in the solution of the differential
equations for dM/dx and dT/dx since these become indeterminate near M=1 (for np=1).
These have been overcome by the use of equation {Z24.A6) near the throat, Mach
number is substituted into this, giving the nozzle area, uss of equations (24.8]
and (24.21) tren enables nozzle distance to be obtained. Thus all the
thermodynamic and flow parameters are known at each point along the throat.
Initial versions of the programme extrapolated electron density across this
throat reginn, however it was later found mcre azcurate to extrapolate fractional
ionization (so that dX/dx remains constant}, The region over which this
extrapolation is performed is a small fraction of the nozzle length and

appreciable error is unlikely to be incurred,

The isentropic efficiency in the present calculatlons is assumed to be

unity to the throat and 0,5 afterwards,

24.7



24,5 RESULTS AND DISCUSSION

Figures 24,2 to 24.3 show typical results obtained for two sets of data
(r_ - 1500° and 2000°K, p, = 1 atm) in a helium-cesium mixture. (Other data
for these results being given in Table 24.1.)

Figure 4.2 shows the variation of Mach number through the supersonic
nozzle; as equation (24,A6) indicates, the Mach number depends only on the
profile of the nozzle provided the ideal conditions are obeyed. As with
most of the results given here, rapid variation of the Mach number in the
region of the nozzle throat {x = 1.905 cm) is evident.

Figure 24,3 shows the variation of static gas temperature through the
nozzle for the two sets of data presented here. For both these cases the
static gac pressure at the nozzle exit is C.05 atm, consequently, if

o
equilibrium conditions (as [iven by Saha's eq‘:.mtior‘x“'5

at the gas temperature)
were obeyed, the electron concentration at the nozzle exit would be very low.
That is, the conditions at the generator inlet would be far from the optimum
{found by maximizing cvz) mentioned in Section 24,1, The non-equilibrium
electron concentrations (found from equation (24.15 and{(24,16)) is shown in
Figure 2L.4, and while the concentrations drop on expansion, in both cases
the nozzle exit value is not more than an order of magnitude less than the

inlet value,

Figures 24,5 and 24.6 compare the equilibrium {(as given by SaLa) and
non-equilibrium (as found using the values shown in Fig. 2i.4) electrical
conductivities as a function of the distance through the nozzle for To = 1500O
and 2000%K respectively. (Note the ordinate scale in both cases.) The
non-equilibriun conductivity for T_ = 1500°%K exhibits a slight but definite
rise through the nozzle. This occurs because, even though the electron
density decreases, the opposing effect caused by the decrease in temperature
has a greater effect. In Fig. 24.6 the two effects aprroximately cancel
and the non-equilibrium electrical conductivity is sensibly constant., In
both cases the equilibrium conductivity drops rapidly (rear and after the

throat region} to very low values,

The effects of the non-equilibrium conductivity on the power output of
an MPD generator are shown in Figs. 24.7 and 24.8 where the quantities N
are shown as a function of Mach number in the nozzle. For a segmented
electrode generator, neglecting Hall and ion slip effects

P
GV2= ;
f%tbx)
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, e o = 2 x - "
hence if 2 = 2 webers/m™ and K = ¢,5, the g
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; numericaliy equal

to the specific power {in MwWe/m”).

For comparison the specific powers obtainable using egquilibrium
conditions are shown in both Figures, These equilibrium power densities
exhibit the previously mentioned maximum at a Mach number of about 0,5,
The non-eguilibrium power densities, hcwpver, 1ncr@af monotonically with
Mach number o values greater than 1@ and 10 ¥ve/m 3 far TG = ?&GGO and
2000%K respectively. The ratio of non-equilibrium to equilibrium specific
power at tne nozzle exit in the two cases are about 10 Y and 1&5. A more
practical comparison of equilibrium and non-equilibrium specific power at
nozzle exit, with the equilibrium specific¢ power at the optimum Mach number:
these ratios are about 45 and 2C for TQ = 1500G ard 2000 K respectively, that
is, they are worthwhile increases. Comparison of Fige. 4.7 and 24.8 shows
that the nos-equilibrium power demsity at nozzle exit for T _ = 1500%K is
approximateliy the same as the equilibrium power density at the optimum Mach
number for TQ = 2000°K. That is, operation of a nozzle to give semi-frozen
flow {as far as electrical conductivity is concerned) permits the same power
density to be achieved at a stagnation temperature about 5OG°K lower than for

the equilibtrium case {for these particular conditions).

The recombination coefficients used in the evaluation of eguation (24.15)

f
are
three body electron-electron-ion

ay = 11,1070 p7%/2

three body electron-atom-ion {Thomson coefficient)
a, = 6,107 772
z
and the radiative recombination coefficient

=16 o =3/4
g = 3,107

0f these. for the conditions examined in the present calculations gz, has the
greatest effect, thus the energy loss by radiation implied by the inclusion

of the radiative process is not significant.

In the immediate future further calculationc will be performed using the
present computer programme, with slight modifications (for example using the
plasma mixture gas constant). It is hoped that a more refined calsulation
inciuding the electron energy balance will eventually be undertaken. although,

as mentioned in Section 2k,3, the calculations will be more complicated than

present ones.

2k, G
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APPENDIX 24.A

STARTING CONDITIONS

The procedure used here to obtain the starting values for the nozzle is
as follows:

From the equations of state p = pRT , cees (24,41)
continuity m = PAV . eees (24,A2)
enthalpy To e T+ _EE s eoee (24, A3)
2Cp
and Mach number M- = _zf eees (26,A4)
& RT

the criterion for M=1 to be achieved at the throat of a convergent-divergent

supersonic nozzle working isentropically is

1/2 Y4 -1
2T LA 2, s 172 0 L. (2has)
P, Zp? Y+ 1 ¥=1_ V2

Thus for a given nozzle throat area and given gas, selection of the inlet
stagnation temperature and pressure detmines the mass flow,

From the relation given by Shapiroa? for the isentropic flow of a perfect
A 1 2 Y= 1 HE l it (24 ,A6)
- = - - Y - s s 2 ®
At M + ] (1 + > ) 2{3’ 1)

The inlet Mach number may be obtained from the nozzle inlet area,

Knowing the inlet Mach number the static temperature and pressure may
easily be determined from the above equations, and the remainder of the entrance
conditions follow,




TABLE 24,1

DATA USED IN CALCULATIONS {(MKS UNITS)

a, = 1.635592232,10"°
a, = 1.98069310.10‘2
b, = 9.46798320,107
b, = 1.3962884.102-
b3 = 9,5520168,107~
b, = 6.0833,107

by = 1.4802@156.10‘k
bg = 3.81.1@'2

b, = 3.85392939.107"
by = 3.99766848,107
by = 1.2881?@26

bao = 2.54,107

by, = 2.35233152,107°
b = 0,0762

¢ = 2.415,10°"

D = 4.518.’104

C, = 5.2285.107

R = 2,075,10°

¥ = 1.658

X = 10-2

n = 0,9 for &0C,0195
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NOMENCLATURE

A nozzle cross sectional area
A* sonic throat area
a, _ see equations (24,20} (°4.21) and (4,22)
B magnetic field strength
b twice nozzle breadth
b see equations (4,20) (24.21) and (h,.22)
g constant in Saha equation (24,19)
specific heat at constant pressure
eVi/k
electronic charge
= Flp.T), see equation 24.2
- f(x, - half nozzle height
'e,i,a atomic statistical weight
Flanck's constant

Lo TR B I Y o)

loading factor
Boltzmann's constant
Mach number

particle mass

particle concentration
specific power

static pressure
collision crcss section
gas constant

net rate of prociction of electrons

L5 IR /- T - B~ B - S B - B - B - - -~ ]

static gas temperature
stagnation temperature

Lo}

flow velocity

< < H3

ionization potential

oY

-3

rancom particle velocity

o<

fractional ionization

recombination coefficient
ionization coefficient
specific heats ratio

eiectrical conductivity

W g W W R

gas density




(LHAPTER 24} AUMENGLALUNRSE Lontinyed )

n isentropic efficiercy
X seeding fraction
v collision frequency

Subscripts
seed gas {(cesium}
parent gas (helium)

S denotes Saha equilibrium
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3

previcusly =xamined” snd found to be negiigib.e for the conditiens of the IRD

generator. Secondly, owing to the rapid s xpansion =f the plasma. recombination
may not take piace rapidly enough to assure ths thermal sguilibrium electron
concentration. Under these conditions the fiow is 3aid to be "semi-r.ozen’ and
tre electron ¢ _nzentration at the exit of the negzie iz sonsiderably higher than
that given by appiication of the Saha equation.  {The slectiron temperature,
however, i= the zame as the gas tezparature)., Thes therucdynamic parameters found
from solution of the flow equation for the nozzlie. see Thapisr 24, together with
he electron zoncentraticn for the semi~frozen flow cass, are used as the inlet

sonditions to the charnel for the oresent evsiuation.

In the ~onstant cross-secticnal arsa generator znannsl the flow equations
are modifiasd by the X° forces arising from interacstion with the magneiic field.
These modifi_ationz conslst of a term in the momentum sgquation for the magnetic
decelerating force, and a term in the energy eguation for the elecirical power
extracted. Both these ferms contain tre electrizal cernducstivity and, hence,
the elezciron cencentration. Because of this, in contrast i the nozzle,

(which has ro aprlied magnevlc field), the eleciron concentration may have

conszideraklis affset on the flow parameter:z.

The zlsctron gencentration may be zoverned By cns of sszreral meshanisms;

hp‘

two only are =cnzidered here, The first is thermal ionization s* the gas

tam;era*ura and prassure; in the scond, IS tuiated by Kerrsorosk , Hurwiiz et als,

f‘l}'
'

Nen® . Broche~' and Wright and Swift-Heo ? ths els~trons have a nigher temperature
than the rsmainder of the gas by virtue of the induced els:tric field.  Replacing
the gas temrerature in Saha's equation by this elsctron temperature yields an
eisctron denzity greater than the equilibrium value. BenDar'el and Tamor9 have
shown, by consideration of the rate equations for icnization, excitation,
recombination and de-oxsitation of cesium, that the uss ] the eleciron tempersturt

ir Saha’s squation is valid for MPD generstor conditions.

In Sestion 25.2 (largely based on McNab and %aaper'g} th= flow eguations
arv solved assuming ionization equilibrium a* an sievated eleztron temperature
which is obtaired by the methcds outlined in Hurwitz et al”. Section 25.3
details more recent caiculations using equaticns giving the rate of change of

eiesciron temperature and electron concentration.

25,2 ICNIZATION E4UILIBRIUM AT THE ELECTRON TENTERATURE

25.2.% 3Solution of the flow eguatiors

In the sclution of the flow ejuations the following assumptions have been




(i) the filow is steady-state and cne-dimensicnsl i{i.e. boundary laysrs

n are amall compared with the duct width; reverse surrents which are
thought to occur in the boundary layer are negiectied);
Ld - A Y 3 e o =
{(ii) +he properties of the bounding surfsces are not considered except
n
for the estimation of friction and heat loss at the walls, both of
which are assumed uniform aions *: channeli:
und
F = £y s = : = 3
h (1i1) the power output of the generator is determined by pirccesses in the
; gas only (for example, possible current saturation due %o thermionic
emission characteristics of the electrode maierial is ignored);
(iv) end loop losses are neglected;
. (v¥) *he ensrgy released or ebsorbed in ihe assceiation or dissociaticn
the seed material, together with thzt released if recombination
occurs, is neglected;
{vi) impurities, which generally reduce the sleccron density and hence
power output, are absent,
The vaeiidity of these assumptions is discussed in Section 25.2,5.
25.2.1.1 Non-zero megnetic fieid
5 For the system shown in Fig. 25.1 the foilowing equzticns azply (the
1, symbols being explained in the Nomenclat Lrék
ure
Ener
ing SHerEy
Change in total energy = andTO
¥
B : 5
This is composed of:
T =T
: . ] N 4h aw w) Adx
ture {(a)  heat lczses %o walls = = ( )

Lo

5 o 5 2 .
(o) net elscirical power exiracted = - od Adx = -2B VzK{i-K}A&x

hence 7 m
rCpdT - - :
Do . _op?Px(1K) ax - dhlen n) & eeees (2541)
¥omentum

Rate of change of momentum = mdV
This is due to:

{a) force due to pressure change = Adp




(b) force due to friction = gﬁéﬁf&éé

1

y
(¢} force due to MPD interaction - J x B Adx = -sB°V{1-K)Adx

hance

g;z = -dp - g_::,f_ax - oB%V(1-K)ax ceees (25.2)

Continui Y

= pV ceees (25.3)

]

P = ?RT 2ese s (25;&-)

c T vesss (25,5)

Prom equation 25.1 to 25.5 an expression may be obtained giving the stagnation
temperature as a function of tha g88 velocity and overall parsmeters of the systex
only (see Appendix 25.A, equation 25.4.7).

The velccity may be obtained as a function of distance in the follcwing
manner. Using equations (25.1) and (25.4.2) to sliminate dT_,the following
expressicn is obtained:

g_x_=xfo'33v2 cess. (25.6)
T v rxy)

On integration, assuming To constant, this ylelds:

X + constant = 1In {(vz 1 KS)K%E . V7 seess (25.7)
ET K
r .49 _ 7
wers K S X, T
KT
10

The constant in this equation is evaluated from the initial conditions,
The assumption of constant Tc is valid if the in%ezration is performed over

small velocity intervals since ?e varies slowly compared with the other flow

parameters,

Having obtained ?o as & function of velocity and distance,all the remaining
therrodynamic quantities may be ob‘ained from equations (25.3), (25.4) and (25.5),

254



341 2 n| numsEn:
=
3 ?& . ) -
gz = ;%% [ E R T (253@}
25.2.1 7 Zero magnetic fieid
When B=0, the functions f! (V) and gi{V] irn egustion {25.A.4) become
f;iv) -~ T
KV(K, V2-K.)
I
5
g (V) = — g
-K
Ky (K" -Kg
where KE' = 2fm/Ad, the other symbols having bsen previcusly defined.
Equation (25.A.4) may then be integrated in the same manner as before, using an
integrating facztor., In this case the integration may be performed Airectly,

withceut & binomial expansion,

I ar

m
+

to give:

“~
H

sst s {2569)

_ ZAh(Taw.Tw)(f-1l

+ zonstant |
° J

R (Pg)
i«

where

FfoC_
P
From egqustiens (25.9) and {25.7), T. and *hs remaining thermcdynasic quantities

2

may be cbtaired as a f unction of distance for the cass when B=C.
25.2.2 Elestrical conductivity
The scaler electrical conductiviiy of & plaszms is

. - . . inE
o = neu +neu cesss (25.10)

+h

i
Lii

ascording to simple theory. In most cases the contribution from the ions

may be neglected because of their large mass and conseguent low mobility

compared with that of the electrons. Thus equaticn {25.10) becores
2
nee 5 N =& ne N /
6 = neu = ——— =281 <10 - zho/m eeees {25.11)
e TOD ToT
where n, is the electron concentietion (per z”) and Vergp i5 the total eleciron

+

¢ollision freguency for momentum transfer, For a gas mixture contfaining }§

atomic species

" =T cenns (25.42)

TOT 3 e}

helium-cesium plasma under the conditions

hence for a + for ¥

. +
generators {i.e. no Cs, ar He ):

[

wn
wn




evsrs (25.13)

. = AP + oy
s 8-{s*  e-(s e-Hsa
{Note that thsre iz no v term in this expression, becsuse slestron-elaciron
|- - :
eollisions have nezligible effect on the *otal electiron momentum.)
The ceolldsion frequency is given in terms of atomic cross section by

gSld‘ }’{‘ —~

2 - 3 ~ ]
¥, =¥ 1, = Bz = 107 T~ ¢_.n sec
03 3 TR ke,;? ?3 B.211 0 ’ ‘SJDJ

eeees (29.44)

=1

(in mks units) for » Maxwellian veloci‘y distribution.

Frozm a previous essessmert of experimentally-cbtained low energy cross-

s’ectiona” a constant value of 6.1 x 10 20m2 has besn used for Q ~He to zive
o 46,
Vgatio = 2072 x 1077 T S0, ceses 125.15)
Little data is available for the electron-cesium atom collision cross-section

at low energies. 'Bz"f:u:ie12 gives Qe-Cs = 3.4 x 10" 18 m2 at 0.40 eV, and this

figure has been used, s ssumed constant, to give

= 1,93 x 107 1% Tez ng, oot (25.16)

¥
a=0a

I : . A ¢ . 1
The equivaient crcss-section for electron-ion coilisions is given by Spitzer 3 3

ry 2.96 x }G 2
Qei'W InA = Tz InAn eeves (25.,17)
8
3/2
7 Te
where A=1.24 x 10 —1/2 esess (25.18)
e

-6 7 '
1.84 x 10 %ﬂ Tj/z} SR 35 13

th,uﬂ :ia_cs-l- = —-i372_ n in L
e
Equations (25.11), (25.13), (25.15), (25.16) and {25.19) may be used to obtain
the conductivity of the gas when the eleciran concentraticn is nown; ng is

evaluated for two different cases below,

25.2,2.* Bquiiibrium at the gas temperature

The electron concentration is:

n, = B = 7.2 x 1072 B 53 eeee. (25.20)
p being the partial pressurc of the cesiuz vapour in newtcr;mnz. The fractional
ienization (X) for cesium obtained from Saha's =g Jaaonz at the gas temperature,
+3 given by:

25-6




ey
. ”

aoording
fieid in an ¥5°D

For a sezmented

4

frequensy. *sr 3 monstomic gas & a1 3n
fairiy readily achieved. {(In combustion

inelastic collisions, and small electron

Bguatien {25.A.7) is obtained by integraticn, assumins ¢ o be constant
=

: Pne— = 1 feuyatt . - . .
over ths velccity interval (V)Y ', a mean value, 7, Teing used. The temperature
; - £
L L
and pressure cbtained as & result of this inteszraticn are used in th
Thalpds - & = £ o+ Biiad et i o PR - S o M P
cARicuieiicn ¢ A new value ol tne conousiiviiy s &% the =nd of the veloeity
interval. The process is then repeatsd using a nsw vaius of conductivity
éc‘i’ 4 n A - z 25 =~ =g ;= H j*’!
(e = 32 } in equation {25.A.7). After seversl iieraticns, when o=
3+ Z . R s PR . — — . P .
€ the values of Ty Py 8tc. constitute the sclution at the end of the
33

veiccity interval.

The eiectrical conductivity is a functien of the elsctron conzentration
and the sleatron temperatur- In the case considered in section 25.2.2.1
{-
: J.  Howaever,

z e s % 3 s P
ln ceuld be found directly using eguations {25.20)} and {(25.2%
P o
; an iterative

fcr the case of elevated electron tempsraturs
solution for r, and T we necessary, taking p.aze within “lat deseribed sbove

for o, This ;cnszsted of solving simulifanecusiy the sgustion obtained by

combining equations {2%5.20) and (25.21) (T repis-ed by T_}. ®which is of the form:

|
i”




n=¢ () (a)

and an esguztion of i1he form

L

m
i

I 4 (ﬁg): (v)
resulting from the combination of equations (25.13), (25.22) and (25.23).

Since (t) is of the form represented in Fig. 25.2. difficulty was sxperisnced
in obtaining the sclution when it lay on the almost vertical part of the curve.
The procedure finally used, although cumbersome, did not give rise to the
difficuities experienced in attempting other methods {in soms ~ases the solution

oscillated between two, or even three, vaiues).

Equations (a) and (b) were combined to give an implicit function of Te

n(T,) =0 eeess (25.24)

and increasing values of T were substituted in Q{Té) until it became zero,
Thus j*iTe and 3+1ne were obtained, so that = cauld be zalzulated, A flow
diagram for the procedure is shown in Fig. 25.3.

The input values and constants used in this czalculation are given in
Tables 25.1 and 25.2.

25.2,4 Reauits

Investigations were made for three conditions: zero magnetic field;
eguilibrium at the gas temperature; and elevated electren temperature. The
first case, b:ing that of no power extraction, sonsists of the solutiou of
the equaticns of supersonic flow in a constant srea ducst, including friction
and heat transfer. With power exiraction for both quilibrium and elevated
electron temperature, the effect of varying the magnetic field, B, and the
load factior, K, was investigated.

The results for equilibrium at the gas temperature show very little
dependence on (hese parameters, mainly because of the very low electrical
conductivity, sc that the friction and heat transfer terms in the flow
equations dominate those describing the MPD interactions. Thus, since the
eoffect of power extraction is negligible, the sclution is almost identical
with that for zero magnetic field, the only effect being that the length for
supersonic flow decreases slightly with increasing magnetis field, because of
the coniribution of the magnetic drag term in the momentum eguation.

In contrast, the results for elevated eleciron t emperature show considerable
dependence on the magnetic field (see Table 25.2): the eleatri.al conductivity is

25.8
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being signifizantly altered

shows the var’'ation of Mach
factor, K. A reduction in
supersonic fiow, in accordance with

F

and magnetis field, Exce;* in the

il)‘

n ES
ustrat

(2
lb(l'
it

£

constant valu= of 0.8, On thesz graph

ses both of zero magnetic field and 2quilibrium st the gas temps

1

sture, sincs,

as stated above, the resultis agree tc within a few psrcent.

Fizs. 25.41 « 25,13 demonstrate the variaticn with distsnce of the
electrizcal parameters for equilibrium at the gas tsmoeraturs in Fig. 25.13 a
vaiue cf 1.0 was used for B; however, since ir *his -3s3s the copdurtivity and
velocity are virtually independent of magreti. fi=.d. the varistion of rpower
output with distance may he obtained directly for any »s.us of B by scaling
according tc

P = » V°B°K (1-K)d

The resuits for elevated electrcon tempsraturs ars shown in Figs. 25.14 -
25.18 83 a function of distance and magneti- field.  S:ince the length for
superscnis fisw varies so widely in this ca=s. the zraths ars piotted against a
redured distanse which is the ratio of the distzncs F-om ‘n. =t t; ~hannel (x)

o the length of supersonic flow (xs) {i,8, d2=tan:# az whi*h M = ).

[

25.2,5 Discussion

25.2.5.1 Supersonic-subsonic transiti v

Th= system, expansion nozzlie - MPD channs. - diffussr, for the IED generator
*..=
is shown in Figz. 25.19(a) and the originally predicztsd psrformance  (namely,
acceleration from subsonic to superscenic in the sxpansion ngzZie. supersonic

=nt sobscnic diffusion of

1.

flow in the channel with M = 1 at the exit and subs=sgu
the flow) of curve 1 in Fig. 25.19(b). The pressnt cai-ulations indicate that
when B = 0 or when the gas temperature and s¢le-tron tspparature are equal and
the effect of power extraction on the ficw i= =zma'i. ¥ = % wi.1 cccur at sbout
14 cm from the beginning of the channel {zee 25.3) A lowing for the
prebable inaccurasy in the estimation of the frictizn and haat transfer

coeffinienta, the present 15 cm channel is sailsfa i:ry fur ihese conditions,

Ths casa where Te > T howevsr.
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that M = 1 will cocur well tefore ths end of the channel;
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& typical result of this tyre is shown by curve 2 of Fiz. 25.15(b), M = 1 beinz
predisted at the point A. This is physically impessible in s constant area
channel with boundary lavers of constant thicknsss. It :s probable under these
conditions th cressively thicker as the Mach

:at the boundary layer will befege EToEress]

ez subsonis,
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number dscreases to unity and thinner when the
The flow in this region may be very ccmpiex, with many shszks being formed, and
may be unstable. Choking in the channel could cause ths mass f'iow to be reduced
8o that superscnic flow in the nozzle would rnc lcnger bs achieved; =n unstable

system giving alternate choking in the nozzlie and channel couid pessibly occur,

s

If this situation is to be avoided, Fig. 25.9 (which shows the distance for
which M = 1 as a function of magnetic field) may be interpreted as indicating
the maximum permissible channel length as s function ¢f magnetic fieid, neglestirg
the effects of boundary layers.

25.2.5.2 Fiow regime
The type of flow-=laminar to turbulent = occurring cver a fiat plate or

in a tube is determined mainly by the Reynolds numter. which is a peasure of the

ratio of the inertial force to the viscous forcs. For & tube this is

v D VﬁD
Re:p———:_-‘ﬂ-
Hy £

whers Vm ia the mean velocity across the tube, D is the hydraulic mean diameter,
p; is the dynemic viscosity and v, = ﬂ1/§ the kinemstic visz~aity.  The flow is
usuaily laminar for Re < 2300 and turbuient for iarger values. However, this
condition 1is not strictly obeyed: for example, when extreme care has been taken
in the design and construction of experimental systems iaminar flow has been
observed at far higher Reynolds numbers. A transition r=gien, in which
unsteady turbulent flow cccurs, usually exists up to Re x 10&ﬁ above which, for
many cases, fully developed turbulent flow may be assumed. Fuily developed
turbulent flow and fully developed laminsr flow are amenabtle %o a mathematical

treatment but there is no adequate model for the transition region.
Using the continuity equation (25.3) with the mean weio-ity v

- BD_
Re = v eeses {(25.25)

and, taking ;, to be that for pure helium and & %o bs the hydirauiic mean
diameter of the channel,

D = YA

p1 LR (25025)




The Reynoids numbsr is shown in Fig. 25.20 as a funstion of fsmpersture. Fully
developed furbulent flow may net be set up, since the Reynolds numpber is

the laminar boundary

tult
fin
(]
ok,

Toc estimate the velooity profile and thicrne:
sublayer in the channel, fully develepsd turbulent flow will be assumed and the
relations given by ?ckerkﬂg used. The velocity profile may be divided inte
three regions depending sn the distance away from the itube wall. [IUsing a
dimensioniess velocity V? and a dimensiocnless distance from the tube wail y

thesze regicns are:

iaminar sublayer yt< 5 ¥ =yt
buffer zone 5¢yt <30 vt in yt - 3.05 (..(25.27)
turbulent core yt > 3¢ v+=2.51n yt - 5.5

In equz=tions (25.,27)
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where i is the walil shearing stress given by
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f

i 0.2 V_ 7
_P— = —:T—— » seeese (25!28)
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so that ¥ = 0.1 Re
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6.2 Re ceeae (25.29)
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where /¢ is the hydraulic mean radius agd y the distance from the wall, and
V is the axial velocity, given by'Vs = 3.82° This velocity distribution,
/V s is shown in Fig, 25.21 as a function of 2ny for a Reynolds number of 5000.

In discussing turbulent flow and velocity profiles it has been assumed
that the cross=-section of the channel is circular. taking a mean diameter from
equsztion (25.26). Most MFD channels, for magnet economy and other reascns,
have a rectangular cross—-section snd the boundary isyer thickrneas will not be
uniferm over the channel perimeter, Curves of constant velgcify for a/pipe
of rectangular cross-section (as measured by Nikuradse, in Schlichting b} are

shown in Fiz. 25.22 as an example of this effect,



Ar aiditional complication concerns ths sntrante onditions to the channel.
If a fiuid entsrs a channel from a large container, tie velz ity distribution
in the irlet regicn varies with distance along the charmel. Near the inlst
region the veiccity distribution is almost uniforw, changing through viscous

effectz until a fully-developed velocit

3
o

7y profile iz satablishad and remains
constant further downstream. It is this constant velocity rrofiie which has
been discussed above and which is shown in Fig. 25.2%. Aoccrding to Nikuradse
the fully-developed turbulent velocity profile for s pips of cirzular cross-
section exists after an inlet length of 25 *c 4O dismeters from entrance. The
vaelue for a rectangular channel is not know:, even less the velocity profile
for a supersonic f'low emerging froz a convergent-divergent nozzle. Thus the
above assumption of a fully developed velocity profile may weil be incorrect,

but is ilimited by present knowledge in fluid meshaninz.

The above discussion concerning the veigcity profiie in z channel refers
to conditions in the absence of a magnetir field, For flsw in a magnetic field,
insufficient data is available at present ¢ permit definite predictions of
turbulen* or laminar flow for a given configuration. A magnetic field acting
on an electirically-conducting fluid tends to suprrezs turbuience through the
internaily induced electric fields in smail rsgions of turbuience, the overall
effect being to flatten the velocity prcfiie. Thus in the channel of the IRD
device the fiow may be in the turbulent *ransiticn regicn when the magnetic

fisld is zero but laminar for non-gerc magnsti~ fieids sko'2 a ssrtain 7alue,

Leakﬁ? found that a transverse magneti: field has a =tabilizing effect on
the laminar flow of a conducting fluid between paraliel piates. The experiments
of Lehnert18, however, showed a destabilizing effect dus %c the magnetic field.
This illustrates that at present the interastion of a magnetiz field with a

f:ilak elet} tricail "Gon‘iuctiﬂ f}.u:d is nct ’:‘QEEZ&*?; under 3 tﬁﬁﬁg
v k 4
;

Wu 7 has considered Hartmann flow (laminar and incompreazible with viscous
and magnetic forces) to investigate the effezts of reverse surrents in :the
boundary layers on the power output of an MPD generatcr. The reverse currents
arise bscause the velocity in the boundary iayer may be :ess than the ratio of
the electric to magnetic field (- /B} so that the pinsma is accelierated in this
region rather than being slowed down. Thus part of the power generated in the

pain stresm is lost in the boundary layer. Wu shows that, for the same pressure
gradient:

(;Zzh_ce.% = @)? L T FJ «aess (25.30)

inviscid

25.72




where F = F(y) ia a factor detsrmining the velocity distribution across the
channel, For Hartmann flow
== ,1 Fars %
F = % = ?Rﬁ w22z ﬁéﬁs}%}

h
for largs values ef Rh, the Harimann nusber, For the Ik

typical walues in the ahannsl.‘% = B0 and K = 0.5. the power ratio i ~ 988,
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Biackman and Jones”~ estimatse that the power ratic may
small sheck tube channels,

25.,2.,5.3 Channel wall lozses

]
The friction factor at the wall of the slumina channel has ‘been =stimated

i

assuming helium only to be pressnt, Cesium affe-+s the viscosity appreciably
owing to the large mass, as hus been shown thecrstically . No experimental
data ars st present available and ne guantitativs estimate of the effect of

seeding hag been attempted. The tendency will be for the friction fastor te

2 =

increase with increasing cesium seaeding.

Heat 1oss through the walls has been estimsted for alumina, assuming only
convection and condustion in the gas. There may. In addition, be appreciahble

ha taken ints aacount ir the

‘Jhl

radistion from a hot cesium plasma, whiah shoul

L3

uypen Which guantitative

Wr

(]

energy balance; ng experimental data are availcs

estimates may be hased,

Ansther assumption implicit in neglesting waii propserties iz the neglect
of the pswer _ost by current leakage ﬁroug& the agumtnag Considsration of
the highest measured electrical conductivity fer alumine (o = 1907t zne/cm

at 1600°K) shows that the loss of power is

zail (~ watts

(V']

losses (ss¢ beiow for end leakage and eddy current lpssss

o+

25.2.5.4 Electrode processes

2 . . . . . .
Pain and Smy's 3 power gensration sxperiments with a combu tion=driven

nll

argon shock tube zhowed ihat large power cutputs ccuid be chbtained through an
MFD interaction without any apparent evidense of emission from the electircdes.
These resuits are sontrary to those of Mayacck et sl 7, who have cbserved
considerable deterioration of electrodes in an open-cyclie aombustion device.
There aprpears to be no conclusive evidense on ths sls-trode smission mechanism

in MPD gsnerators,

25.2.5.5 End icop and leakage lcases

At the entrance to andexit from the magnetis ficld rsgion there i= g

reverse flow of electric current, known as eddy currsnt or end lsop loss.




This has bsen considered in souc detail by Sutton ” and Dazung"~ amongsat others.
Sutton found that {he losses increass as the icading faster insreases cor as

the aspect ratio of the channel decreases, Ths losses can ezt be offset by
exterding the magnetic field region. Dzung scnsidersd the Hall effect in his
evaluation and found that the lnsses increa:s rap.diy #ith § for a continuous
electrode sysiam, but are not so severe for a ssgmentsd configuration. Numerical

values showing the lnss in power output may be found in thssa papers.

Inadditicn to these losses, the puwer cutput of a generstor may be
considerabiy reduced by leskage currerts from the gensrater regicn %o an earthed
Jortien of the systsm. Way et al® 2 have estimated this sffest for constart
conductivity throughout the conaidered length. Thair theory haz beoen extended
here for non-constant conductivity. Under these conditions the tatal i powar

output of a segmented electrode generator when end leakege comugsw ik

where ¢ and ¥ are the average ccnductzv;tv and v=al

;. N
(%]
]
pob

region and C is the ond leakage factor sgiven v {sas Lppendix 35.8):

_Ezi.f

5402

C - LR (25033)

For a givan 8 iﬁ the gensrator region this expressicn shows that end ieakage
g I
8

decreases ®ien izz decrsases ang when /o dsirsassez.  For the present IRD
rystem L;’Es is large {~ "2} and /c in the downstraam part of th:s zenerator
wilil be clicss to unity, owing to the small amsuni of :e-cmbination occurring
over the distance s(~ ! om.j; thus the end icszes may be expected iu be high,
Fig., 25.23 chows C a8 a function of %{25 fﬁr severai vaiues of f§ and when qg/azi,

hile Fig. 25.24 shows C as a function of ~a/¢ for several valuss of .

Te reduce end leakage there mus* be a considerabie length of free insulator
at each side of ithe sctive generator regiocn and the condustivi ¥ shoulid be small
outside the active region. If the magnetis fiesld is csrrectly designed there
should te little leaknge upstream when %/25 is 2mali, Downstiream of the
gensrator region the same applies, wiih ithe addi¢ion that recozbination will
also ast to decresse the electron density, which however is hizh in the generator
rogion (see Fig. 25.25(c)). 1If the downs‘rea:z leamkags is a apprasiable and the
lergth of inzulator i3 iimited by exiernal pressure reguirements it may be
necessary te Iintroduce some electron attaching siecent .r radiual dow.stream of

the generat.r region to reduce ths conductivity.
~




heat of an 2gquilibrium mixturs of zeszium

. - \ . .
(from Ciiften™ }. The renges of temperaturs and pressurs in

P
L&)

e o .. . a = . x
the conditions of interest nere are 900 = 1B0C°K an3d L0433

pressurs), that is, ceaium pressure 0.k - 1.2 zm of He, For thes
the effect of dissocciation is small (Fig. 25.26) and ths spaczific

: o et s SR e N - -
is close to the value ~ u/2 = 4,94 31/ K moie for zns monat

helium.

. N .. 29, | .
Fig. 25.27 (alsc from Clifton °) shows the percentags

heat of cesium

omic gas, including

vapour #3 a functicn of temperaturs for varicus toial sesium pres:

lowest ossium ‘temperature and pressure anticipated in the chzan

and O.: mz Hg (at the charnel entranrce). For these conditic

- ; PR
0.0% atomic percent ng will be pressnt {Figz., 25.27)

-
ons lasa

L21iE &

in cesium
LUTES. The
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notiseable contribution to the specific heat of cesium from the reastion

20 & 552

Figs. 25.26 and 25,27 have been derivad sss
b¥:4

- =
= z % 3

& non=aguilibrium system, as for exampis when slsciron hsating cos
) 3 =

dissociatiocn of cesium by the above reactionz {sguaticns 25.3% and

baye a proncurced sffect on the specific heat of the gas mixture.

25.3 IONIZATION NON-EQUILIBRIUM

25.3.1 JIntroduction

In the previcous section the results shiained when the MPD squations for

constsrnt area flow, taking into account wail friction and heat traasfer, wers

solv~d for the ecases of lonization at the gzas tempersturs and at the slesciren

temperature. The computer programme used was, nomever. not
or versatile to permit all the reguired investigativus o be

» . L = Py PRY A ) %
Preliminary resuits cbtained with a faster (maahzne ordars}

several important modificatiens and generallsstions of ths ?f&?i@ﬁ

m
il
o]
1y
(24
(™
£
Lo

have b2en mads, will now be discussed. Ome of ins

is the use o: an egu:tion governing magretically-induced isnizatien
eguilibrium.
The . aergy equaiion for & compresaible fluid in _he sbsence of

2}
LA

I

magnetic



3

interactions ia

_ =4h (Taw “w) Adx ,
@gﬁﬁ = ) —= ssess (25-35}

The adiabatic wall temperaturs {fgi} for subsonis flow is defined by

Ty = T, + (1=-r) T; eeses (25.37)
thiy definitior may not be valia for supersonic flow.

The heet transfer ccefficient (h) in equation (25.36) is obtained from the
friciion fastor (f) using Reynolds analcsy:

h = g?s?if-zz! sadeee (25.38)

which is accurate to a few percent for fully developed turbulent flow, Using
the friction factor {see below)

0.0?th;/ = veeee (25.39)

G.G}?ﬁ}VCnganif;' sseee {25.40)

f

Eives h

An alternative way of expressing the heat transfer coefficient is by means of
ths Ltanton number:

h = pV¥C 8¢
F
Using this expression, together with the relation
8t = Nu/Prie,
the smpiricsl relation cbtained by Durham et aiji for helium {neglecting en‘rance

effecta) is
Nu = 0.034Re’ 8 peOct
and & Prandtl rnumber of 0,75 givas

B = 0,0405pVC E/aea‘z ,

which is in fair agreement with equation {25.40). Equation {25.40) is used
in the present ealeulations.

The momentum equation for a compressible fluid in the sbsence of magnetic
interactions is

ﬂd? + ﬁ? = = %—f-eyg——_—-gx. esee (2501&1)

where the friction coefficient (f) is uefined as the ratic wall shearing siress
tc the dynamic head of the stream:

£ =21 /pV? ceeee (2..42)

(Note: the friction coefficient is sometimes defined a3z four times greater than

25,16




this},

According to Bckert and Drake” for fuily dsve.sped turbulent flow the
friction coefficient is given by Blasius's law
H iff“ 3E LT3
£ = &;R% e (2;;&3{;
wnere a' is & sosfficient equal to 0.072 and the Heynolds nusber is calculated

with the mean veleozity in the channel and the hydraul

sombination

(%]

electrical energy

= |

J

Combinaticn gl e

magnetic braking

av
dx

equy

(25.3}, (

of egusations

(2,

R%‘!&
tions (25.3), (25.41),

1l

(2!

force term, yields the ¥'D co

ar

extraction term yields the ¥

¢ diamster (D).

snd {25.40) with the addition of the
D constant-area energy equation
A e
— 25.44.)
31{; X E X ] ( ¢

?
43} and {25.4.1), together with the

istant area momentum eguaticon

For a coordinate system with a plasma ficwing

ield in the positive z direct

ig

VR éﬁfx}i(z -K!i}, + K{1-K}{¢

& 23”" N M % é . .
m oo tEdxPg (25.45)
&

in the positive x Girection and a

2]

?ﬁflj

E.j= - - 2 seese (25.48)
1 ; [{(14 B, 1
( *'Beﬁii ii +§Spl} w
and 2
A . oVB {gfiﬁﬁgﬁ J°(1-K) + B, Eg i
i(i=xBl= = eaees (25.47)
4 + 1+ 8.
L( B p,) ﬁ Ji £ p.)
where for s solid-electrode generator Kg = §, for a segmented-sliecircde generator
Eg = 1=K, and for a Hall gensrator K = 0: in the present calculations a segmented-
eiectrode system has been evalusted.
One of the more important differences betwsen these investigations and
those reported in Section 25.2 is the use of an eguation giving the rate of change

of electron temperature due %o electron heating, coll.sicnai ener;— exchange and
ionizaticn or deicnization processes” §
2 éi!é i‘ﬁ ¥t (;qé
y 3 = & 2. TF = = 3 %
L n KV == = j.E* - 3nn k(T -T)5) - ey, (=2 veees {2
s oK == dg E 3 n kiT )iiz% 3 N %at ? eees (25.48)
4 4

o

eeses {(25.49)
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and, using a three-bedy electron-electron-ien reccombination coefficient a and
assuming that ionization is determined from this by the condition that the twe
rates must be equal at egquilibrium,

2
én g n
Ef') “ 33,3["‘2 (f—) - %] veees (25.50)
% gg a8 /8

The total rate of change of electron concentration is obtained from the rate of
change due to ionization and recombination plus the rate of change due to overall
changes in the gas density; thus

én‘ 3] By 5‘2- i XXV dp
v ? = gna [ﬁ—z n—! -1 l * = §;§ ax sessp (25951}
e \ ‘a/’s -4 T &
From the enthalpy equation {25,5)
., ar
;E = a.—_a. - gﬁ -ig:{ F oy
éi = ax §§ éx L XY {25&52}

and from the continuity equation (for a constant-srea generator)

%é,; a% g_x_ seess (25.53)

The six simultaneous differential equations (25.44), (25.45), {25.48), (25.51)
(25.52) and (25,53) are integrated using the auxiliary egustions (25.46), (25.47)
(25,49) and (25.50).

The Saha fractional ionization is found from

2 52
X (kT ) L o
;—; 3 = x;’%'&I éT L exp (- Aj’;g} sssas (25!5;)
s
.\ 32 )
where A TE’B‘ ‘ .g__!gi
i h / 75&
F ssees (25¢§‘ba)
and 8 = o7 /k )

The equilibrium electron and atom concentrations are given by

x;!‘ {1 +I}}:;?

{n )} =98 - esess {25.55)
e's 2,4»18;3

A (1-1,) (n), ,
and (Ba}g R ——y — sesse (25:55}

The nor-equilibrium atom concentrations are obtained from

25.18




X
ﬁ'& = g - {‘!-{-X I'i ssass {25‘-5?}
and Rf s e
!% = g - 233 - ﬁ&_j sasxs 2§0§8}
whiatis Py = f‘?— , ceees (25.59)
nei-na ( }
X 2 o 2 2% -8 25’5&
Bp
ne )
and X ==t ceves (25.61)

e &
The scalar electrical conductivity .s found f rom the ususl expression (see
Sectiun 25.2,2) and the Hall and ion effects are found using

eB .
pa= By I E R XX {25552
e e
eB -
and B. =* " ceses (25.63)
1/2
o _{ BkT ‘n - g £
whers Vip = n’f‘;\ gi:-*_,r-xp * f"iaaa) essss (25.64)

The remsining quantities reguired for the sciution of the six differentisl

equations are given in Section 25.2.

25.5.5 BHumerical soiution of equastions

The set of egquations given in Section 25.3.2 may be solved by & numerical
tep method to give the variation of flow and field parameters along the channel
length, Initislly the values of the main varisbles {T&,?;?,Ta,n& and p) are
known at the channel inlet. From eguation {25.5%), knowing the mass flow, the
channel cross-sectional area and the gas constant the total pressure {gT} may be
found, Knowing p, and the seeding fraction (defired in (25.60)) the cesium atom
concentration (33) can be obtained from equation {25.57) and, using (25.58), the
helium atom concentration. Knowing the electron, cesium ztux and helium atom
concentraticns the total electronic and ionic collision frequencies can be found
using equations (25.14) and (25.64); &1l collision cross sections are assumed
constant in these preliminary calculations » -~ *he exception of that for slectron
ion collisions (equation (25.17)). Using equetiens (25.62). {25.53} and (25.11),
ﬁe, ﬁi and ¢ can now be evalusted. [Knowing thes seeding fraction and the electron

and cesium & tom concentrations the non-eguilibriuw frasticnal ionization (X} 1=

25.19
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found froz egquation {25.61). Then, using the sguilibrium frastional icnizatien
from egquatien (25.5&}, the equilibrium election and cesium atom concentrations
are found from sguations (25.55) and {25.56).

This rather inelegant procedurs /ocutlined above) is recuired if the
assumption of low fractional ionization is not valid (as is often true for the
casge of extrathermal ionization) and wren non-equilibrium extrathermal ionization
is investigated, that is when equation (25.48) is used rather than the simple
exrression derived from it (equation {25.22)).

It is row possible to integrate the six simultaneous differential
equations (25.44), (25.45), (25.48), (25.51), (25.52) and (25.53). This is
carried out using the fourth-order Runze-Kutita progess which reguires evaluation
ef sach of the derivatives at the point under consideration;: these are obtained
as follows,

From squation (25.46) B.j is calculated using the values of B, B; and o
f§§z§ previously, then using

o 2
uy = 5. tm1a” 273 ceens (25.65)
the Beynclids number
=D .
Re = A, seees (25,66)

may be obtsined. Using a recovery factor of 0.85 in eguation {25.37), T, 18
a&m and, since T is supplied as date, a7 g/éz {equation (25.44)) is a‘ataiﬁeti.
Psing 4T Jax snd &?aluating equation (25.47) 4V/dx is found from equation (25.45).
Obtaining dg B* from equation (25.49) and the values of (n } . {§333 and Yo
ealeulated sbove, 4T g/é.x is found from equation {25.48), I{zzes‘ing aT o/dx and
4V/dx, equation (25.52) gives dT/dx; equation {25.53) gives 4z/dx and thus

éﬁj& san be evaluated using equation (25.5%).

1]

The integration process gives valuss of Tég W, Hy ?eg g and n, at x=h
®here h is the atep length. The above procedure is then repeated slong the
channel until the exit distance is reached or until the Mach nusber becomes unity,
whersupon the calculation stops.

25.3.4 Discussion and results

Several important differences between ihe investigations reported in
Sections 25.2 and 25.3 bave already been men- ioned. 1In eddition to these
differences the ga: constant, specific heat a* constant preasure and ratio of
spocific heats used in the calculstions of section 25,3 are those for a halium-
¢esium mixturs rather than for pure helium as in Section 25.2. Thus, slthough

25.20




exit conditicns in most respecis, thers

preaent pozzle calculations empicy data for pu:

the gas sorsiant for a cesium=helium miziure
oy N - B ] L. U N N,
of this report; for & 1 /o cesium-helium mixturs the gaz constant iz sbout

=g i N i £
{5 per cent ef that for pure helium.

11

R =7 St s ~v
8Nt SALCUGIFLIIOnN

The essentisgl differerce betwesn ths pra:

1

ones (Seciicn 25.2) is that non=egquilibrium valuss of elsstron §e§§érgﬁare and

consentration may be evaluated. Thus ths sffss

[

paramsters of entrance to and exit from the generaior ragion may be exagined
in soms dstail, For example, if non-equilibrium fios oscurs in the nozzle, the
3

effects on generated power in the channel may ©e sxamined; the decay of slectrical

condustivity on exit from the magnetic fieid regicn and its affect on end leaksge

¢an &lse be investigated, The continuatien of nop—squilibrium fliow froz the
nozzle irts the channel in the sbsence of magneti~ fisld :2an alss be examinsd.
In the present proiramme the magnetic fieid is a stsp function. being zerc cutaide
the generator region. Later caiculations may enabie ithe magnetic field strength
to be varied as & function of channel distsnce. {I=z the prssent programme only
the wall tempsrature {?ﬁ} ecan be exgr&sséé as a funotion of channel distancs;
when sufficient saperisental data on wall temperaturs ars availsble this wiil
be used.)}

Under tgs-' i operating conditions in ths channs. the heat transfer

ccefficient, h {squation (25.&§) deriv

25.3% is saaut three times grester than that of Ssctign 25.7: this will not make
B

& great diffsesrence to the flow conditions ®hen

The orly calculations carried ocut tocd ste have beern with s segmented-elecirode
systex; however, the programme can readily be ussd for eiither a sciid-electirode
or Hall generaior configuration, but no asssunt is taken of Finite segmentation.
In laler versicms of the IRD ¥PD ghangglg elsciredes ars placed only in the central
reggion of the channel, and long blank seciions are ieft st sither end to reduce
end leakaggg The flow in these three separats regions of the channel zan be

is, Ks'{and therefore

In squation (25,48}, § is a factor azcounting for inelastic collisions
and & non~-Maxwellian distribution, given by

= "i
z x.m 3 an3§§rm§

vy,



where _
X, = ’EL"‘ [T 3 2 (2§§$8}

4 + g n

e 4 4
In the present calculetisns & = 1 is assumed, but ithis can readily be changed %o

take into account such sffects as inelastic soliisicons dus ‘o moieczuliar impurities.

In eguation {25.50) the three body elssiron-elsciron-isn resombination
coefficient used is that given by Hinnov and hgrsshharg§*s

2
= 1,1¥10 2a73 /,‘ H LA RN (25:%5}

this hes been shown to be the most appropriate under ¥PD genserator conélt;cn335
o
being ciose to the recent valus cbtainsd by Bates at 3;3 .

The data used for the caiculations reporied here iz tabulated in Teble 25.4
it is simiiar in several respects to that given in Tablea 25,2 and 25.3 for the
salculations of Sectien 25.2. Figs. 25,28 %5 25,35 4 show the resulta
cbtained using this data for a magnetie field sirength of 0.5T. {Note the
semi-iogarithmic scales of Figs. 25.32. 25.33 and 25.34.) These curves may
be comparsd with the corresponding cnes for the saleulations of Section 25.2.

S
b
[
»u«ll
ﬂr[l
Yo
<
o

While the genaral form of moat the the surves sorrespond, thers are several points
worthy of note, as outlined below.

Fig. 25.32 shows the electron temperature as s function of distance down

the channel. The rapid rise of electron tezperature {within the first centimetre
from chennel inlet) is clearly visibie. This finite rise time for the eleatron
§§s§é?atare is governed, through equation (25.48),%ty the rate at whish energy is
suppiied tc the slectrons by the electric fisld, +ro rats at whizh it is lost by

tic soliisions and by ioniszing coliisior:. When thsse crocesses equilibriate
the electron temperature is close to the value given in Fig. 25.14 which was
obtsined using the squilibrium form of equation {25.48) {that is. equ-tion (25.22))
for the same magnetic field (the minor differences sre due i¢ the use of slightly
different constants),

Howsver, although the elsciron temperaturs risss rapidly, the electron
concentration, which is obtained from equaticn {25.51), follows this variation
much more slowly, as may be seen from Fig. 25.33 {sompare with Fig. 25.16).

Taking an average flow velocity of 3000 w/zec in the channel the rise time for
slactron concentration is ~30 usec, compared with 3 i#3ez for the alectron
temperature. This rate of rise of electron concentration is determined from the
reverse process of three body eleciron-electron-ion reczombirnation as given by
Hinnov and Hirschberg. While this procedure may be in some s-ror far from
equilibrium, an unpublished survey of several gucted ela.tron-atom ionization rates

25,22



8ho%s that they are considerably further from sgresment than the rscombination

Thz slow rate of rise of elsciron cennentr

significant in a large-scale MFD generater, but the

may be very important.

piasmps determined from equation (25.11). As expected.the conductivity follows
the general form of the electron concentration curve, being iritiaily low, and

rising siowly to & value of ~130mho/m (compare Fig. 25.17). The small drop in

conductivity in the first centimetre channel diszfsnce is a real effect and ocours
rapidly than the electron

because the electron temperature Lere has incrsased more

The specifis power (power output per unit channel velume)} iz shown in
Fig. 25.35 as a function of distance down the chaunsi. As with the electrical
corductivity there is a small drop in power in the first centimotrs of channel,
for the same reason. The specific power then increasas rapiuly, being
determined primarily by the rate of increase of electrical sonductivity. A
maxirum value {(~ 32 Eﬂéfﬁ ) is reached, béngi which the zpscific power decreases,
The r sascn for this is that the electrieal sendustivity haz become sensibly
sonstant but the flow velocity is decreasing si an increasingly rapid rate. The
area under the curve multiplied by the channel oross sectional area (4.8 amz}

o= ; &

yields an idsal powsr output of about 0.8kWe, {nsglecting effests of finite

segmentation} for & magnetic field (B} of 0.5 T the power output incresses

o 2
approxipately ss B,

Comparisen with the previousiy determined correaponding figures for B=0.5
shows that s Mach pusber of unity for the present calsulations cccurs st xsilen
from inlet; cempared with sbout 40 em for caleculaticnz of Section 25.2 (see
Fig. 25.9 for exsmple). This arises mainly becsuse of the Lower average magnstic
intsraction in the latest cslculations, mainly due %o lowsr levels of electriocal
conductivity.

#nile only a few simple calculations using the lstest programme have been
reported here several other investigations can and wiil be made, Although
the programme is by no means ideal, omitting. for exampls. the effects of finite

elecirode segmentation, MPD boundary layer formation, eisstrode sheath formation

i
]

and versstile than

ot

and fiow inhomogeneities, it is considerabliy mere gensrs)

¥
£

programses hitherto used for MPD investigations.
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APPENDIX 25.A

DERIVLTION OF STAGHATION TEMPERATURE

From equations (25.3) and (25.4)

mR 4T _  mRTAV

dp = 2
o Y AV

while f rom equation (25.5)

ar = ar_ - ¥&¥

o C
P
Combining these equations gives an expressicn for dp irn terms of To and V only:
ap = B _ mr=)av _ZE0 | a(ret)av (25.A.1)
AV 2 sz gAy sssse 1\ e

Using equations (25.,2) and (25.3) to eliminate p:

av _ 2mfVdx 2,
= +dp+ =5 + B (1-K)vax =

aud using equation (25.A.1) to eliminate dp gives an expression in which the only

variables are x, V and T:

Y mRT mRAT ]
[mg;" vz 4dVv + ___r_o. +[§—-§.'f; + C’BZ(“‘K)J Viax = 0 ss e (250A02)
A

When this is combined with the energy equaticn (25.1) %o eliminate d+ a linear

differential equation of first order for TG in terms of V is obtained:

AT, (QVHRIRT  KV(EVK,)

eesee (25.4.3)

“ V(E, k) (Rg¥°-k)
in which £ = o /2
K, = 5323(1-1()
B - o)
F, = /A

Wf®

- &2 3(1—1{)[ K”J
Lh(Tal-T') (r-11/rcpn

m?‘?
[f}

o(r+1)/2Ar.

i
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Equation (25.A.3) may be written in the usual form:

dm
7+ TS (V) = e, (V) eenee (25.A4)
whero J}(V) and 51(V; are functions of V given by:

KI’(KZ\I2+K )
Iy (V) = =

K V(K57 -ke)

v( V24 )
0 -

Ky (RgV-Kg)

The sclution to this equation is obtained by multiplying through equation
H
and then integrating the

(25.A.4) by the integrating factor, exp f1 (v)avy,
resultant equation. This operatiocn ylelds an expression far stagnation temperature
in terms of velocity:

Ky
T j(K2V2+K w0 (5. % ) 10 av eoees (25.4,5)

g <V2-xs>“9

where X = K /1(5

@(T -1 ) (r-1)

]9_

T DL—- - oB (1:&*_—& -1 H
Rl

e { oB2K(1-K) r }
T;

el

[—% - 0B%(1-K) (%l K - 1)J

and K1 o- 59-1 x

: 1C
Provided V2 > KB’ (1 - KB/VZ) may be expanded binomially and the integral
in equation (25.A.5) then becomes:

2K, .42 2K 2K
K[ .av 10, b a,V 107 ) av
22 2K, -4 2K, =i
{ K‘IO 10 10 .
+ ij (v - a.1‘l + a2V ses ) dv ssses (25.A.6)
where a, = KPK‘!O
25.28



2

Ky o(y0~1)%g
8.2:—‘
2!
K, (K, =1)(K, .~ X,
g = 010 107 g
) b H

When the magnetic field is non-zere there are no singularities so that the integral
may be svaluated to give

=xﬁv2*5“10 {xzvz b, b, b,
° (vz-xs)%

T + + = + + esee
2Kigts 2K+ (2K, -1 V¥ (2K, Sl

, comst )
sses v1+2K10 J st soe (25&07)

]

where b, = - K, + K
2 = %8 - K,

= - Ky v Ky
by = K8, - Ky
atc.

and Kyy= K/ K.

From this equation To is obtained as a function of velocity.

o
1l

o
¥
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APFENDIX 25.B

END LEAKAGE LQOSSES

The power output of an MPD generator is

P=E.J1A eeees (25.B.1)
= Ez Jz LA seveys (25.B.2)

for the co=-ordinate systom of Fig25.25(a)

For a segmented electrode system with no end leakage

gg = KVB ssasvse (25.B‘3)
J, = ¢ VB(1-K) cesse (25.B44)
thus P = o V2BK(1-K)IA veers (25.B.5)

Way et alz? suggeat that end leakage l1>sses may be accounted for by use of an
end leakage factor which is contained in the current term:

I = (1-C)(1-K)oVB evees (25,R.6)

so that P_= aVZBZKU-K)(‘%—C}LA seees (25.B.7)

According to their calculations

2 -
C = E_—{1 = 1 J H ex sy (25-B-8)
148° (1+8°)L .1

2s
L is the active length of generator and s the distance bteiween the outer
electrodes and the adjacent earthed portion of the {symmetric) system (Fig.2525(a))

Way's end leakage factor has been estimated assuming a constant conductivity
from x=0 to x=L + 2a. However, with electron heating, the electrical
conductivity is much higher in the magnetic fielil region than it is outside it;
thus this assumption is no ionger true. For this case an alterrative expression
may be obtained for C, as shown below. The magnetic field is assumed constant
in the region L and zero outside these limits, corresponding to the idesal
practical case.

For the co-ordinate system of Pig. 25.25(a)

= L ' _
Jx = 1 2 (E; + ﬁ E;) se s (25.3-9)
J & x‘ L 3K 3 X 3N 3 L .1
VA (25.8.10)
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" g ‘o o QR* .
Jz hae 2 (Ez ﬁEx) LI B 3 (25.8.11)
148
where gf =E+Vx3B (see Harris and Cohinezs) cees. (25.B,12)
Now V.=V;V =V =0
X ¥ z

ceees {25,B.13)

y X z
so that E} = E_ ceeee (25.B.14)
E‘ - E [ EEERS 2 0301
=B (25.B.15)
& & . .
B} =E_+ VB veeee (25,B416)
and J_=~2- (B_+BE_+ BVB) veees (25.8.17)
X v X H4
1+8
J = G’E L X K 3 2 05018
, = B, (25.8.18)
J === (E + VB +§E) eeves (25.B.19)
z 2 'z X
148
For a segmented electrode generator with no end losses Jx = 0, and Jy = Q; thus
E = - ﬂ(Ez + VB) eeees (25.B.20)
When end leakage does occur a similar form for Ex may be assumed:
Ex = = ﬁa(Ez + VB) seeee (2508.21)
where 'a' is a constant to be evaluated, then
J = £ (1-a)(E_ + VB) veees (25.8,22)
X 2 2
148
2
and J =@ {148 a) (E. + VB) eesse (25.B.23)
5 1+ﬁ2 3

Ex and Bz refer to the fields within the generator region L. For a segmented
electrode generator E_1is negative (see equation (25.B.20)) thus the potential
along the axis of the generator is as shown in Fig.25.25(). The total voltage
aeveloped axially along the generator is - LEX, thus the field in the end region
is LBx ;

E, = - 5= ceees (25.B.24)
and the current density is

= 3 'C. ] \
Jx Gs Es * " 80 (2) E 25,
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where o, i3 the conductivity in the end region, which differs from that in the

active region o,

¥

AV

Using equations (25.B.2%), (25.8.22), (25.B.24) and (25.8.25) gives

™
[}

essse (25.B.26)

From equations (25.B.3), (25.B.6) and (25.B.23)

2
C = w‘:‘-)' X ET N (250B027)

148°
2 1
thus c &= —E—g {1 - 2 } scasse (250B028)
148 (148 }Lds 1
?so0 M

Inspection of this squation shows that it reduces ¢o Way'327 expression (equation
(25.B.8)) when o, = 0. The equation may be re-written as

pz fé
o

C =
(146°)

tasae (250B029)
e}
2 42

Wt o

o
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1 the TABLE Do
INPUT VALUES TO CHANNEL (SEMI-FROZEN FLOW IN NOZZLE)

Nﬁ = 3. x1018 m'“‘s
)5 26) , _
5,B.,26) e b g
= 23 =3
Nyg = & x107m
= 102 -1
ve_cs*' = 1.2 x10 seg
= _and ==
'5,B.27) Vo ge = b8 x107 ses
VoiCa T 2or x10'g sec |
= 8.3 <107 sec”
iSOBQZB) VTOT = . x sec

¢ =10 mhv:J.m-1

5 x105 newton .mﬁz (= 0.05 ata)

quation P =

T = 874°K

V = 4100 . sec-1
5.B.29) o

To = 2500°K

TABLE 25.2
CONSTANTS OF CHANNEL

-2 o =1

h = 102 watt, = . K

4

T -7 = 1000°k

aw w
¥ = 1.658
m = 5.6x1G-3 kz. sec“1
=z
f =10
A = 4.8x107% 2P
Cp = 5.192x103 mz.sec-z. OK“1
R, = 8.316x10° jouls.kem . °K "
W = 14-000}

K = 0.8 unless otherwise stated.




TABLE 25.3
DISTANCE FROM INLET AT WHICH M= 1 (for conditions of Tables 25.1 and 25.2)

B=0 x, = 14,25 x 107° g

0.5 106,90 %
1.0 L.043 ) elevated T

A

. /

1.5 1.627 )
0.5 14,18 )

) equilibrium T =T
1.0 14,06 ) °




TABLE 25.4
DATA FOR CALCULATIONS OF SECTION 25.3

HELIUM-CESIUE MIXTURES
CHANNEL CONSTANTS

X = 0.01
RHIX = 1569 }oule/kgm.cii

e

¥ = 1 0665?

MIX
, 2
3 = 0.5 webers/m
K = 0,8
a' = 0.0-{’9
C -, o
pMIX= 2926 joule/kgm. K
m = 0,00645 kem/sec

D = 0.01890 m

A = 0.00048 m°

+3
]

1250%

STARTING DATA

0.0376 kew/z”

Py =

T, = 875°k

n = 3.408/50
€4

m _ 0

‘81 “8;51{

v, = 3570 n/sec

n = 2500%

ot
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THE CONSTANT ¥ACH

T.3,
=~ ey ¥ T
&.1 INTRCDUCTION
Direct-current MPD generators are generally of two %types according to the

working tluid: the open-cycle combustien generstor and tre clesed-cycle generator,
probably with s nuclesr heat source, High gas velocities are aévantageeus in

each. However, the losses associated with trensonic flow willi probably

‘».,.J

prohibitive; gas velocities consistent with high subsonic Mach numbers should

:zead to greatest oversll economy,

otherwise conventional steam cycle but it seems iikely that a

of oxygen enrichment will prove to bte necessary., Consequently, the specific

£
fiow will not differ greatly from flow a2t constani Mach number,

The closed-cycle generator will almost certain’y use an inert gas having a

high ratic of specific heats In this case constant Mach number flow will almost
certainly be more economical than flow at constant velocity, It is propesed to
establiish a general treatment of the case of constant Mach number flow of &

50 tnat the various types of genersior for example
? 4¥ o £ ¥

.

pecome special cases,

The one-dimensional {'low eguations are
.. dr 2 3l By dty Lh{T-To o
energy: ,QL:CPE#QY T 3 -—'-J—-'h-E- ! soocoll@Bc
. . 2
nO@meEntul 3f%+§-§ = -I}'E‘-L'g" r’%'
state: P = PR seses{ 26,

)
o
L]

b

L



and substitution of (26,

dT

r-1 2, 1
(i) f &

1%
F i

Ohm's law can te written in &

v

The maximuz vaiue which

in general E = K UB where 0<€
g 8 i y _{

defined as KfUB.

Thus 1

and 1

and K
Thve EI + E 1
X x v

3utatituting equa

3y, (26.5)

}

i

-

1F

-

+f

q ; Vd Y
tion (26,14

E} can take is UB,
K 1.
f
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i.e. from equation (25.14)
; : K +f°  BE, :
"ms = 1 ¢x§; ﬁz[(’f‘ﬁ,} (1‘ -1———,.} Kjl + ziﬁw*ﬁ._-‘l‘};
i - Jr 1 §§‘—- X 1#:‘& ¥ ¥ ___}
2,2 3 o |
e B 0y R cernn(26.17)
3(1+87)

In tle general case K , = e(1 - Ky1} and thus K_ is computed from {26.1%)

for all other x. Furthermore the tangent of the tube angle {(a) will always be

given by %?I . Only in case (6) asbove will this angle be constant as f will
x

undoubtedly vary with x.
Generally K, may be written ¢{1 - K%} so that by eguation (26.13)

2
(1 +8% 1,

&€ = 1- -F—-m 00...(26018}
J

In this notation eguations (25.15), {256.16) and (26,17} reduce to:
2 2
¥-1 2. a7 ¥-1 Uy &57°
{1 + —2— Hix' —; = - {7}01 = JA =
dx T (1e)F
£Y y 5 2 xz 3 ' St AR
K!r 11 - K-;} (1 *ﬁas:’} + p {(‘; - K‘!; (’ -€E l- I (‘T— &
F J J D G
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A u,B %gﬁ 2 ~
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Bﬁd -E EJF s ’JA ‘_(1 - K ; \4* 'fﬁ Q"} - (T#x — A !ovot(zéoz‘:\}
B Tt Y 2% T &P
7 2 .2
r Z -
e M VL
=22 1, 1B 1 - 1 ) 26.2

The above eguations are now sufficientiy general to treat cases (1) to (5)

simply by choosing Ky and €. However. case (5] presents some difficulty in

Bk

that Ky is 8 function of Kx and is thus & function of x. In this case equation

waid
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A% i . A -1
TP & exp (x-/T,
ﬁ = 31 3 +* a)“gﬁ_' ‘-RT——"" ind | nnoio(_:
7 i L j
9/;
A7
T, 8% .
where A = 2, s o exp {x/2 T/
P
1 \ s 1 -1
N 5 , AT i 3
PN R AL I ]
i.é. ﬁ = a8, + &~ — - ()\ -+ 1n a5 } snocn{:
g ‘7 G 1% 21 > P4
e e
A Aa 3
A oz P
and o= &, €§§- T," exXp (-« o vass sl

Every one of the above quantities is dimensionless. The coefficients 8.,
which are alsc dimensionless, are.

P, ®

a8, = ia, +a.)X)
1 8 7 o7 ; R

5 8
Xé PT%
8 = B4 ™
5k§ T15;1+ eB

[

! o
and a = T3 exp(—t/;e1}

et
q &
wher K =
€ 2T
1
&g to a9 inclusive are coefficients which depend on the gas and seel.

Referring now to equations {26.19) and {26,20), an expression for polytropic

efficiency will be developed. In an adiabatic expancion:
B ¥

r-1
T _ P s ;i Osn < 1
7= )
1 1
A ]
i.e. T = 'fp“’? Y

Thus, neglecting heat transfer,
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It wouid seem that €>1 is a pesiitle unswer but the cancellations made

above are logitinate if 1 - ¢ is negative, thersfore the answer is in the negative,

Anothe:

"

possibliity remains: it is that although the power density wou' s

seer to Le reauced on the above argument, equation {26,21) shows that €3> 1 v_ld

E

LY

mean greaily increased electron temperature, Pollowing & s.milar procedure to
a

that adopted above, the possibilit" that

{(1-K ) (1+ € ﬁ 3} (s-g) (1+ﬁ will be investigsiegd,

Substitution forn from the expressior above leads o
n

0> {1~ c)2

which is cleariy impossible,
Thus it is clear that if efficiency is %o bte sacrificed in order %o increase
power densities {by virtue of increased electron temperature) there is no better

way to achieve this end than by use of the segmented elesctrode gene erator, whether

this e series connected or nnt,

26.% HALL-MODE OFERATION

In the case of the Hall generator, or cther systems which approximate to
it, certain interesting effects (which may settle the issue of enhanced electren
temperature cne way or the other) mey bte observed, The following is a

qualiitative explanstion of such effect

For a Hall generation eguations (26.21) and ( 3.23) become

n|2

vee..(26.30)

»a)'wfi)
n
.cbru
P
ol
+
[}
%]
R
e

2y (1 - ¢ ?3
and € 1 - (1—:£f>) !

: T ceesa{26.34
1+ﬁ12 3 A (26.31)

1]

and if the variation of 8 with Te is assumed to be slow compared with © which varies

10
approximately ss Te then the form of the above equations between Te and € is as

foliows:

£ = 1 - ‘{TG 0.0.0\25 jE)
e

26.8




nd < i ) ) 1 (26 11}
and =~ € = DiTe- 1} S o;ooo‘(’b-_}_g__f

Fossible solutions are represented oy intersections of the above curves of

Y \‘7

m

A BB o - - - # 3
€ versus Te which are drawn below with Hall current (propoertional to {1 - €, ]
a3 paranmeter,

120 — - =t
Ry
(e}
£
0 Fal
T
e

From the diagram above there are, in general, one or three sclutions of the
equations { (a}, (b}, (¢) ), however it is found that solutions at low T, or €
are always unstable and onlr the highest are stable, However, for best
efficiency a Hall generator should aiways have €<0,5 so the result of this

1

instability is high power density ‘high T but very pocr efficiency.
¥ E } Y P

¥

26.4 DISCUSSION

The equations developed in this report are in a convenient form for forward
integration on a digital computer, In fact they have ilready been programmed and
a number of preliminary calculations have been carried out, It is intende. that
the scope o»f the programme will be extended further to include magnet and
COMpresscr power, When this has been done it will be possible to calculates {by
trial and error) the optimum values, from the thermal efficiency standpoint, of all

the independent parameters of the system.

For example, if optimum 3eed fraction is calculated by maximising c¥g or by
some similar device, tne result will inevitacly be a function of pressure,
temperature, flux density etc., However if simultanecus optimi.cation of all
the independent parameters ic carried out as proposed, the optimum seed fraction
will then bte the best for the optimum pressure and temperature range, snd therefore

for the unit of hishest overall afficiency.

~ &
20.9



The preliminary calculations carried out on the computer have drawn sttention
in the case of Hall type generators to a phenomenon akin to voltage breskdown
®hich has not yet been fuily investigated: it is g consequence of electron
temperature elevation due to the presence of the magnetic field and its ef'fect
is tc reduce the efficiency of the expansici. considerably, This could preclude
the use of Hail generators altogether,
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27.1 INTRODUCTION

Research related t¢ *the eveniual uss of

'&ﬂEAavhrs

o

for large-scale electrical powe:

-

in progress, The coals oil- or
metal seeded combustion product

v

system, with & nuclear reactoer

inert gas.

t.re cesium {with the lowest ijcnizaticn rotential of any material) aithough
exp2nsive, is adopted for closed cycie systems: bestause of the 4ifficulty of
corplete seed recovery in the open cyclis 3z
esmpleyed. For thermal ionization, the =lecirical itonductivities of cesium-zeeded

inert gases are comparasble with those of poiasszium-zesded combusiion products at

possibility of achieving high
a

induced exira thermal ionizat

reactor closed cycle scheme appears atiractive,

In & nuclear cycle seiection

difficulties: the reactor should ope

as is technically a.ud economically feasible { ‘o irprove heat! iranafer for

o

permissiblie pressure I1,ss and pumping power) whereas the MPD zeneraior benefits

: o ox 3 - -4 1 . i A 3
in plasma electrical conduciivity o¥ cpersiion at _ow pressures (1 atm or lesc),
o o } i %

27.2 GENERATOR PERFORMANCE

27.2.1 General

In optimizing the specific power in an MPD generator the usual prozedure

* International symposium on magretchydrodynsamic sisci:ical rower generation
Paris, 6 - 1C July 1964,




is to maximize oV assuming thermal ionizatiscn conditions; subsonic Mach numbers

(about 0.5 for helinm-cesium) result.

With magneti caily-induced icnizaticn the retic of slectron tc gas temperature
(Tgf?} increases with increasing Mach numbsr and Hall number of the flow. The
moét important icnization process in wn MPD generator is through electron
collisions; consequent v, if T /Ts 1 can be achisved, the restriction on flow
velocity (impoasd by thermal ioniza*zcr at the low static temperatures associated

¥ith high Mach numbers) no longer applies, and there is the possibility of

[

operating supersonically with high specific power. In this case the expanaisn
pressure ratio in the accelerating nozzle will he "igh, so that the reactor
operates at a much higher pressure level than the MPD duct.

27.2 o2 Thﬂﬂz Y

Assuming that the flow velocity is small at entrance t¢ the nozzle (H <<t)
the static temperature and préssure cre cleosely approximated by the sLagnaticn

conditions. After an isentropic expansion in the nozzle, the static temperature

&nd pressure, and velocity are as foliows (and see Fig. 27.1):

2 Tc[‘; +_ﬁ_x J *sess (2?0"}

+3
1

P, = pg(rz/'po}f/’" ceens (27.2)
v o w fumm V1/2
52 = Hzﬁfﬁig) e a3s {2?05)
In the generator duct,
p L
R |
T P
A e
;."=;[t eeese (27.4)
“2 2

Selecting a typical value of Tsza’ pk may be evaluated, and the average
generator conditions may be apprroximated by using
Py + Pz
P} = "‘%““
and hence, from equation (27.4), the corresponding T5.

Then M = N, (T )’/2 sexws (27,5)

3

and np} = p}/Ej ses s (27:6}

Magnetically-induced extxa-thermal lonization may be investigated using

the equation derived by Hurwitz st al for a segmented-electrode generator (al1

27.2

L




the guantities given below srrly to regicn 3 of the generator):
2

3’(1 -K)zx“ﬁ

= 4 eeee. (27.7)

36(1+ﬁeﬁi)"

An iterative mothod is required for the soiution of this eguation since, in

»3'ml-3

i
general and in the cases considered here, § is a function of ?e, axcluding

analytic sclution of equation (27.7

Then
. 88 )
ﬂe‘-mv s s (2?08)
8 e
Bir, 1/2
- 1 E R 533
whare ve p\om, (He-p : gﬁe“n) ceese (27.9)
and By = uB esees (27.40)

Having obtaine o the correspending eluctiron concentration is obtained

a7
from Saha's equaticn3

AN / ,_ 1 \!3/‘4- e 1/2 / A%
° \T \ h2 f/ \%.a \ Zk‘T j

N . s I n n
in vi'oh 1t is assumcd that the fractional icnization ( a/n ) = a/xnn§ is
determined by Saha's eguztion at the elegtzcn temperature and also that the

. —— . . omm s OfF
fractionel lonization is such that {‘af:i) <<t

For thermal eguilibrium ionizaztion, cguation {27.11) is used to give the
electron concentration, the elec*ron tezperature being replaced by the gas

temperasture,

The scalar electrical conductivity is
n e
¢ = my ssees (2?;12)
e e

and the specific powsr for a segmentsd-clecirode senerator is

. 2 %y x(wc) \
g = (“’Be’si% eeeee (27.43

27.3 SPECIFIC FOWER

27+3.1 _ierating conditions and ja*s

[+
[#]
=

The effects of reactor operating pressur the specific power (elestrical

foda
e
’
-
e
bbe
o

power output per unit volume of generator dus : & segmented-electrode constant-

A
-~
.

L]




velocity subsonic MPD generator have been examined using the simple guasi-one
dimensional thecretical modsl deseribad in Sestion 27.2. Helium-cesium and
argon=cesium mixtures are investigmted for thermal eguilibrium and magnetically~-
induced non-thermal ionigation. Wall friction and heat tranafer losses are
neglected, In a first series of caiculations, s generator inlet Mach number

of 0.6 is assumed; in a second series the Mach number is increased to supersonic

values,

Data for the calculations are given in Table 27.1. The electron-helium atom
collision cross section is obtained from a previous survey of experimental
meaaurementak. The electron-argon atom cross section is obtained from an
approximate curve fit to Brodes rasults5. Aithough several measuremsnts of the
electron-cesium atot cross section have recentily been made, there still exists
considerable discrepancy and an average is adopted (see chapter 22). The ionic
mobilities are from the measurements of Chanin and Biondi~ (Ce' - He and Cs' - A)
and the recent measurements of Chanin and Ste:en'7 (Cs* - Cs); the total mobility
is obtained frec«

gk I ceess (27.44)
ui 131 “2

274342 Results

Using equations (27.1) to (27.14) and the data given in Table 27.1, a

Pegasus Autocode programme has been constiructed to perform the calculations.

Specific powers for & generator inlet Mach number of 0.6 are shown in

Figs.27.2 and 27.2, and as 2 function of Mach number in Figs.27.4 and 27.5.

The ratio ¢ (enhancemant in specific power) is shown in Fig. 27.6 for the
perameters cf Figs. 27.2 and 27.3.

27.4 DISCUSSION

27.4.1 Constant Mach number

In Fig. 27.2, toth for thermal equilibrium and elevated elctron temperaturs
conditions, maximum specific powers are obtained at particular value= of reactor
pressure, d erending on the applied magnetic field. The maxima occcur because
of two opposing effects: as P, decreases, and other parameters remain constant,
the electricel conductivity increases; and as P decreases ion slip becomes
increasingly important in the specific power equation (27.13), giving a reduction

in power.

The maxima for equilibrium and non-equilibrium conditicns occur at different

pressures because of the different form of dependerce of the electrical conduutivity

27 .4y




and ion alip terms in each case, Over the central pressure range the specifie
power for nor-equilibrium concucstivi.y is very much higher than for thermal
equilibrium, but at very high and very low reactoer opsrating pres="" -3 non-
equilibrium effects are relatively unimportant. The curves for different magnetic
fielda cross at certaln pressures because of the dominance of ion slip so that an
optimum magnetic field exists in this low pressure regime. At typical reactor
operating preasures (; 10 atm} the specific power increases monotonically with
nagnetic field over the range considered. The loci of pointa are shown for which
¢ = 10 and 100% at high operating pressures; as the magnetic field is increased

the reactor may be operated at higher pressures.

For argon-cesium a lower range of pressure and & sseding fraction of 0.01
are considered. In the argon-cesium mixture the electron-argon atom cross
section varies appruciably with electron energy (= 0.02 represents an optimum
value for helium-cesium in which the eleciron-helium atom cross section is nearly
independent of electron energy); x = 0.01 represents an average value to give
maximum conductivity over the relevant energy range. Comparing Fig. 27.3 with
Fig, 27.2 the maximum spoecific power is lower and, at high reactor operating
pressures, ¢ is greater for argon-cesium than for helium-cesium, because of
the smaller electron-argon atom collision cross section. However, even with
non-equilibrium ionization, the specific power at 10 ata for helium-cesium is
greater than for argon-cesium, primarily on account of the lower velocity for

a given flow Mach number in argon.

It has been assumed that the fractional icnization (nsfna) is small,
allowing electron-~ion collisions to be neglected ard adoption of the simplified
form of Saha's equation (27.11). The regions for which nd/na > 0.01 are
indicated in Figs., 27.2 and 27.3 and it is probable that specific powers

attainable in practice are lower.

27.4,2 Variable Mach number

The effect of varying the generatcr inlet Mach number is indicated for
helium=cesium and argon-ceaium for reactor operating pressures of 1,3 and 10 ata;
for a1l pressures ‘he maximum specific power for equilibrium cornductivity occurs

at a flow Mach number of about 0,5,

In Fig. 27.4, &t the lowest pressure, non-eguilibrium ionization has
conaiderable effect, and up to a Mach number of 1.4 the specific power increases
menotonically with Mach number. At 10 ata and low Mach numbers the non~equilibrium
curve i8 close to the equilibrium but at Mach 1. the specific power for non-

ecuilibrium is sbout seven times greater than for equilibrium, aithough the
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absclute magnitude is less than %the maximuz both for sgquilibrium and non-egu i1ibrium,

At intermediate vressure (~3 ata) iritiall ibriuz curve is close to
that for equilibrium (because the static temperstirs dscreases more rapidly than
TG/T increases in eguation 27.7) tut, st high Mach nusbers, non-egqu iiibrium effects
become important and the specific power increases rapidly. For 3 ata pressurs
there is no max:-um in the non~equilibrium spscific power over the range considered
but for j <p_ <10 ata the non=equilibrium power %11l follow the maximum in the

equilibrium power and then diverge to a greater value at high Mach numbers.

For argon-cesium (Fig. 27.5) there are several significant differeonces. In
the range of parameters being considered ion slip is appreciable, and has the
affact that greater specific power is achisvable with Py = 3 ata than with 1 or 10

27.3). With ncn-equilibrium

ionizatior at Py = 1 and 3 the specifis power initially increase rapidly with

ata for equilibrium ionizstion (also arparent in Fiz.

Mach number, For Py = 4 the rate of increase of specific power falls at high
Mach number, eventually showing a mexizmum. The maximum arises for two reasons:
as the Mach number increases the siatic gas pressure and temperaturs in the MFD
generator decreases but ratio Te/T increasss; at low Mach numbers (for Py = 1 ata)
Té/T increases sufficiently rapidly to producs an cversll increase in electron
temperature, whereas at high Mach numbers the static ges temrerature becomes very
low and the rate of incresse of T 6/T iz restricted by ion siip. For P, = 10 sta
a meximum and & minimum occur in the non-egquilibrium power. A% Mach 1.k the
specific power is apprcximately the same as for the maximum at ~Msch 0.5, but is
continuing *o increase with Mach number. The actual magnitude of specific power
is in this case greater than that for helium st 10 ata, even though the flcw

velocity is considerably smaller.

27.5 COBCLUSIONS

1  In helium-cesium mixtures at typical reactor operating pressures (10 ata)
magnetically-induced extra-thermal ionization will not be of consequence
in a typical subsonic segmented-electrode MPD generator unless magnetic
fields of greater than 5T are used. Lower reactor orerating pressures
would enable greater specific powsrs %o be achieved with the same, or

lower, magnetic field strengths.

2 In argon-¢ssium mixtures considerabis non-egquilibrium effects will occur;
typically, for P, = 10 ata, B = 57, the non-equilibrium specific power
iz apyroximately twice the equilibrium specific power. The actual
magritude of the srecific power in argen-cesium 1s less than that in

helium-cesium at a given ¥azh number, bezause of the low attainable




flow velocity in argen.

As the operating Mach nusber of the MPD gzenerator is increased non-

equilibriup effects become increasingly important, but for helium-

{
‘r‘d

5

cesium mixtures the effects are not zignificant for a reactor crperating
pressure of 10 ate even with & Mach number of 1.4. For argon-cezium
mixtures the specific power at Mach numbers grester than 1.4 increases
beyond the maximum at ¥ = 0.5, and the actual specific power is greater
than for helium-cesium., In both cases, if the reactor operating
pressure is reduced, for example fo 3 ata, the specific power increases
very repdily with Mach number, the =ffect being most significant in

argon=cesium mixtures,
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TABLE 27.1

DATA (MKS UNITS)

Universs:! constants

m, = 9.108.’!0“:{'1
e = 1..601.10—19
B = 6.625.10%
k = 1.38.107%7

All calculations

’?L = 0'85

K = 0.80

& =1
b L S

s&
Vi = 3.893
T, = 2000°K
TZ/TL; 1.3
-20

Qygg= 300410

Figa 21-2, 22.37 and 2?'6

B =5,3,2,1,0.5

M, = 0.6

p, = 0.01 = 20 ata (helium-cesium)
p. = 0,05 » 29 ata (argon-cesium)

o]

Helium=cesium
¥ = 1,658
R = 2.0?5!10}
_ 22
My = 1.73.10 /nHe
_ =20
q'e-He = 6‘10
Argon=-cesium
r = 4. 0668
R = 2.079.10°
X = 1.19'2
22
o 97
By 5.92.10 /nA

{3.12.19‘22 e 2 101 cec0.37)

le-a” 14.2.10720 €2 (0.37 <e<t.0)

27.4 and 27.5

.
3

3
1,3,10 ata
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NOMENCLATURE ( CHAPTER 27)

magnetic field strength

electironic charge

oM oo

. statistical weight of electron, ion, atem
Flanck's consztant
Boltzmann's constant

ioad factor

B W o o

electronic mass

s

¥ach number
atom concentration of seed gas
electron concentration

atom concentration (of parent gas)

.ﬂﬁ mﬁ g” x

static pressure

stagnation pressure

Q

specific power

collision cross section Subscripts

-« ST B v B B ¢

8as constant stagnation conditions

stati > te ! . .
static ga. temperature nozzle inlet conditions

stagnation gas temperature

=

MPD generatour inlet conditions

: s -
electron temperature average MPD generator conditions

F oo - o

Tlow velocity MPD generstour exit conditions

“‘-‘:409-'9*3'-3

H.‘

ionization potential
electronic Hall coefficient
ionic Hall coefficlent
ratio of specific heats
inelastic collision faetor
Te—/1 1605
local isentropic efficiency
P(T,) - B(T)

PF(T)

v electronic collision frequency

"o e

t_:.“!

S

ﬁi ionic mobility
electrical conductivity
X seeding fraction




CHAPTER 28

POWER CONVERSICH IN SPACE *#

by

I.R. McHab

28.1 INTRCDUCTION

Electrical power is undoubtedly the most important single subsystem of any
space vehicle, being vital to communications, data gathering and processing, life
support and, directly or indirectly, to propulsion, In many cases the constraints
imposed on the vehicle design and operation by the power system are severe, For
example, the power system can accouni for a large fraction of the payload weight,
it can influence the thermal control system and it may introduce crew hazards,

In addition it may also vequire sclar attitude contrel, involve complicated

prelaunch procedures and 4 rectly limit the missions the vehicle can perform.

Criteria to be considere< in the selection and operation of space power
systems include the power to weizht ratio, reliability, compatibility and degree
of integration with the spacecraft, launch and operation techniques, resistance to

space environment and, for manned spacecraft, the possible crew hazards.

Present and past power requirements for satellites, spaceprobes and manned
missions have been filled by the use of solar cells and batteries, either
separately or together, aad radioisotope-thermoelectric devices; the power
levels generally being much less than 1 kWe, While such systems have performed
satisfactorily they become less attractive when more advanced missions sare
considered, mainly because of power to weight ratio considerstions. Estimated
power requirements for space vehicles over the next few yearsz’k, (Fig. 28.1) show
that electrical propulsion systems wiil eventually reguire large amounts of power,
Missions utilizing electric propulsion may be arbitrarily divided into four

classes, typical examples of which are, in probable order of ccocurrence:

(A) earth satellite attitude control and station keeping, and earth satellite
orbit transfer;

(B) solar, non-ecliptic, planetary and interplaneiary probes;

* I,R. McNab., International Researzh and Development Comparny, Newcastle upon Tyne, f,
(Paper presented at the I1.E.E, Colloquium on 'Electrical Methods of Propulsion in
Space', London, February 13th, 19484.)

¥ It must be emphasized that, in the absence of a British space programme, most of the
information contained herein has been obteined from American sources, particularly
references 1, 2 and 3.
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(€) large spacecraft, manned or unmanned, of the lunar feriy type; and
(D) manned planstary missions.

The electrical power supply reguirements for these missions are typically
3 - 30 kWe, 50 - 300 kWe, 1 - 3 MWe und 20 - 40U MWe respectively. Mission
Ccurations are unlikely to be less than a week and will generally be severasl months,
It is mainly this condition which leads %to superiority of electrical propulsioen
compared with chemical or chemical/nuclear propulsion systems for interplanetary
missions.) Flight tests of electric propulsion systems, and possibly of Class A
missions, are likely to occur during 1964. The early introduction of electric
propulsion for Class B missions {by about 197C) is currently anticipated, although
this is dependent to a considerable extent on the availability of electric power
supplies.

At present a great diversity of space power systema are under investigation,
covering many different power levels and mission times, Fig. 28.2 shows
approximately the power levels and mission times for different power systemss;

{1 slectric propulsion systems with high power levels and long mission durations
the mid and upper right hand region of this figure is of greatest importance.

To give the background to the development of the advanced conversion systems
currently under consideration a brief review of some of the systems shown in

Fig. 28.2 will now be made; some of the advantages and disadvantages of each
system will be mentioned.

28.2 PRESENT POWER CONVERSION SYSTEMS AND ASSOCIATED RESEARCH

28.2.1 Solar cell systems

Solar cells, with or without associated storage batteries, have been the
most widely used power systems to date. These have grown rapidly from the amall
wattage devices used in early satellites to arrays such as that for the CAO
satellite {Orbitinz Astronomical Observatory) which, if deployed so that all cells
wers simultanecusly illuminated would generate about 1.5 kWe, the average power
peing about 600 Ve,

Tae main problem of solar cells is the performance degradation occurring
due to the nuclear particie radiation sssnciated with the earth radiation belts
and sclar flares. A change has recently been made from the diffused boron P/N
ailicen cells originally used in 1,3, Satellites to the more radiation resistant
diffused phosphorous N/F cells. The most probable method of increasing
performsnce will arise from the development of new materials, One possible
methcd of increasing the power level of present systems is to use reflectors to

28.2
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thermionic diodes, Devices of this tvpe have bees ground tested and have yielded
efficienciea of zbout M.

In solar-dynamic systems & mirror is used to focus the solar energy into a
cavity containing the working fluid. Rankine cycle systems are generally
considered for such devices, thus the working fliuid is evaporated, producesw
electricity in & turbo-alterneticr nnd it then condensed in & condenser/radiator.
Considerable effort is currently being pub into such systems in the United States,
particularly on the NASA “Sunfiower™ and USAF "Astec" systems, the power outputs
veing about 15 kWe, The Sunflower system, which is based largely on SNAP 2
turbor ivernator technology, uses & 32,5 ft diameter petal-type mirror and mercury

as the working fluld, Scme of the major components of the system have already
been tested.

To date the accurate focussing reguired for solar-thermionic and solar-
dynamic systems is only aveilsble with precise, one piece, rigid mirrors,
Considerable effort is presently being made on the development of foamed,
inflatable and unfurlable petal systems wiich can be launched withcout difficulty.
Table 28,1 summarises the advanced mirror development programmes in the U.S.1.
While mirrors probably eliminate the radiation damage problem of sclar cells,
little i:s known at present of their performance characteristics in a space
environment, althcugh it may be anticipated that micrometeorite damage will have
a significant effect on long term mirror efficiency.

For power systems up to about 100 kWe solar dynamic systems have potentially
higher power to weight ratios and lower costs than other systems. The absence
of radiation and shielding problems make these sclar powered systems atiractive
for manned space stations. The energy conversion ecuipment for the aciar-
dynamic systems 7 - similar tc that under investigzation for nuclear-dyramic systems
and thus offers opportunity for in-fiight demonstration and testing without the
¢osts and hazards associated with reactors.

28,2.5 Reactor systems

Reference to the categorisation of electric propulsion missions in the
Intrcduction %o this report asd to Fig. 28.2 zhows thav, of the systems this far
discussed, only solar coilectors are likely to provide the power levels and long

lifetimes required for electric propuision, aud then oniy for Zl1ass A &4r lower

power Class B missions., For long tere missions of more lhan %0 - 100 We, nuclear
power cources ares reguired.
Several power conversion systome for use with nuclear reentors are currently

unéer c¢onsideration. Protably tne mcst advanced svstems, in terms of the expected
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rlight test times, are resctor-con

Auxiliary Fower) series,
N

develotment programmes . The eari
launched) and SNAP 10A use ithermoelec

cycle for the SNAP 2 system (Pig.

22% K) reactor coolant loop which remains 1iaquia

in which mercury is vaporised. expandes through 2 iurbine, eondsnsesd and recycled,
3 ¥ 3

Cnly one moving part, the combined roisaiing unit

from the use of the CRY for example, the lubriesting sbility cf the mercury, the
t

balance of component efficiencies at s comszon =haft speed, thermal dis
shaft alignment and balance, and protection of sensiiive pari:z from the hot mercury
vapour, The start-up procedure is complex and orbital operation will be further
complicated by the zero-gravity condition snd the effects this %ill have on the
processes in the boiler, and to a greater extent, the radiator/condenser. The
SNAP 2 system is about 132 £t long and 5 ft dismeter st tre tase, and the weight

with a8 lully shieided reactor is about 1500 1B,

The more powerful SNAP & 5. 'stes: can he conzidered ss a logical successor to
the SNAP 10A/2 systems. Several components of the smaller systems and much of
the accumulated data will be incorporated in the design and construction of
SHAP 8, The aim of the programme is tie development of & long-life generating

x

system capable of providing at least 35 _ : o mest anticipated needs f~r large
amounts of auxiliary powser and, pos sibly, for eariy electrieal propulsion. The

aw‘

basic design is similar %e SNAP 2, thus tha he
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removed by liguid NaK and transferred to mercu ury in the boiler. The mercury is
evaporated, drives the turbo-alternator and is then condensed and recycled, An
additional NaK loop is provided tc trarnsfer the heat from the merecury te the

radiator.

Many problems have been enccountered iu the development programme for SNAP B
and the current design emphasizes relia btility of performance st the expense of
weight. (ne severe problem iz that of turbine operation, Eecause of the
requirement of low specific welghts for space power svstems the rota ting speed
must re very high. This condition, together with tne low v scosity of ligquid
metal lubricants, creates a condition of tearing operation in the turbuient region,
which is not well understocd a+ present.  In 5Su:AF B the protiam of turbulent

lubrication by liguid metals hasz been exchanged for that of seal development and




the use of anti-friction bearings lubricated from & fourth loop circulating an
orgwnic fluld, The shaft speed has been dropped from the original 40000 rpa
to 12000 rpm.

While SNAP 8 will provide an early nuclear-electric capability, much higher
powers and lower specific weights are required to realize the potential of electric
propulsion for advanced missions.

SNAP 50 (for which some data are given in Table 28.2) is one approach
currently under investigation in the U.3. to the problem of power generation in
the power range up to about 350 kWe. The system is basically similar to the
SKAP 2 and 8 projects in that a condensing Rankine cycle is used with a
turboelectric power conversion system. The reactor power to weight ratie is
however vastly increased by using a uranium carbide fuelled lithium coolec fast
reactor and as a consequence the overall power to weight ratic is expected to be
far better than that of the previous SNAP systems, If the design and performancs
predictions are fulfilled the SNAP 50 system will enable many useful missions to
be carried out usi.g electric propulsion in the Class B missions pPreviously given,
although the cost of such a system may be very large,

28,3 HIGH POWEK EEJA!AQTLWSYSTEIS

FPor power levels in the several magawatt (electrical) range, it is by no
Reans clear at present which power conversion system will be best, Present
uardware commitments for nuclear electr o spacecraft powerplants in the megawatt
range are limited to liguid metal Rankine cycles., This arises from early
comparisons of such cycles with Brayton closed gas cycle power gystemaz. These
early comparstive studies were based on the weights of the components inv ved
and isc to a large extent on the weight and type of radiator. The radiator
repreaents a major portion of the weight of the power conversion system and is
also the largest component, being therefore difficult to lavnch and decreasing
the system reliability due to meteornid penetratios. (If armour is provided to
decrease the probability of penetration the radistor weight increases.) Thus it
is desirable to minimise the radiator area, Calculations performed for Rankine
and Brayton turboelectric cycles (Pig. 28.3 and 28.4 respectively show typical
cycles) show the superiority of Rankine cycles compared on the basis of radiator
eres (for the same maximum cycle temperature) or on the basis of the maximum
working tempsrature for the same area. (Table 28.3 shows results due to Sutton7
which illustrate this, although these relate specifically to powsr conversion by
magnetoplasmadynamic generators.)

These cycle studies have spurred the development of practical Hankine cycle
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systems, iniiis

of the many difficuit problems encountered in the development of alkalil metal
devices some at tion is being given to the Bravion cyole, Gaz cocled reactors

and turbo-machinery have teen proved relisble over zeversl years of operation
whereas alkali metal systems have yet to demcnstrste long life performance. In
addition, while Table 28,3 indicates that gas cyvolies regquire higher maximum
temperatures than alkali metal cvcles for the same radiator ares, gas turbines
can almost certainly operate at higher itemperatures than alksli
Further advantages of the single phase =asecus working £luid are the avoidance
of flow problems occuri*ing in two rhase syatesms in zerc or low gravity operation
2

and the elimination of freezing during snut-down pericds”.

It is interesting to note that the conventisnal steam ¢ycie has been proposed
o F ¥

as an alternative to the liquid metal Rankine cvele, Wni

P

(5]

e = is limited to
low cycle temperatures by vapour pressure considerations, its -igh heat capacity
and the possibility of using aluminium construction results in = low radiator

weight per unit area and a reascnable power to weight ratic of the cversll system.
£ A4

If full advantage is to be taken of the high resctor powers available for
either gas cr alkali metal cycles it is necessary to use cne, or more, of the

methous of direct conversion of heat to eiectricity presently under investigation,

£

e

The two methods of greatest applicability are thermionic dicdes and mzgnetoplasma-
dynamics (MPD). Both these methods have the advantage of cperation at higher
temperatures than turbogenerators, which are limited by stresses in the rotating
machinery. While both systems are currentiy in the research and development
stage it is probable that in neither case will the efficiency be very high, For
ground based power stations, both diocdes and ¥PD are currently under consideration

only as 'topping' devices, working in conjunction with a convent

o
foin
]
b
Jons
ka
s
b

=

e
turboalternator plant, However for space power plants the ability of these
systems tc work st high temperatures, and thus %o reject heat &t high femperatures
may reduce the rediator size to such an extent that thermionics and/or MFD become

competiftive &8s the main power conversion =v:

Several differeni cycle arrangements covering different dicde locations and
working fluides have been suggested for thermionic systems, Frobably the most
general categorization of thermioni~ diodes is iuto 'in-pile' and 'out-ocf-pile’
systems . In the in-pils configuration the heat supplied %¢ the cathcde
(electron emitter) surface comes direct.y from the rescior fuel and hest rejected
by the anode {electron collector; is removed Ly the coolant passing through the
reactor. 1In the out-of-pile systems the reactor cociant heats the cathode and

the rejected heat is either removed by a second flui’ or radiated directly into

28.7



space,

Thermionic cell performance is currently tempersture limited with typical
realistic long-iife vaiues of ??5333 &t the cathode surface and a corresponding
optimum anode temperature of about 750°C.  Thus the in-pile systems can use
resctor coclant temperatures of about 1000°C less than the out-of-pile systems,
for similar diode performancez. This results in a considerably different choice
of coolants for the two systems. Inert gases, liguld metals and boiling or
superheated steam can be considered for in-pile systems, PFor out-of-pile systems
the high temperatures necessitate the use of inert gases in view of the corrosien

problems involved with alkali metals. Several possible cycles are discussed below.

Pig. 28.5 shows a typical single stage 1liguid metal vapour system employing
in-pile thermicnic diodes, This configuration appears capable of producing a
rather better specific weight than a turbo-electric cycle operating at the same
temperature., The main problems are the production of a reactor cooled by metal
vapour, thermionic dicde reliability in the radiation environment and the complex
reactor construction required tu contain the cells and their associated electrical
connectiénsz. {Note that, although a single stage two phase cycle is shown in
Pig. 28.5, a practical system would probably use a two stage sysiem with a heat

exchanger, )

An out-of-pile iiquid metal ¢ycle would eliminate the disadvantages of
in-pile diode performance and reactor design, but the very high temperatures

required would undoubtedly cause severe corrosion problems.

In-pile gas thermionic systems of the type shown in Fig. 8.6 suffer from the
same problems of diode reliability and reactor construction as the liquid metal
vapour aystemsz. Bowever the use of inert zases minimizes corrosion effects on
the cycle components and may enable the ancde surface to serve directly as the
coolant wall. {With liquid metal vapour or steam coolants an electrical insulator
which is also & good heat conductor is reguired botween the anode and the coolant
channel, ) |

To avoid some of the problems inherent in the in-pile cycie the cycles shown
in Pig. 28,7 and 28,8 have been investigatedg. These out-of-pile gas thermionic
systems have many advantages (for example, fissicnable fuel need not be used, the
reactor design is improved, electrical connection problems are simplified) but a
very high temperature reactor is required since the coolant must heat the diode
cathodes to about 175006. For the cycle shown in Fig. 28.7 the overall efficiency
is improved by employing & turbins to drive the compressor, The results of a

recent thecoretical analysisz comparing various liguid metal and gas turboslectric
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and thermionic systems are shown in Table ZZ,4. The temperatures sonsidersd in the

analysis are

liquid metal {maximum: 1130°¢C
gas {=maximum} ??ﬁﬁas
(turbine} 1280

dinde, T -7 r1.0%

cathode " gnos

The criterion on which the systems have been compared is the specilic radiator
weight, which i3 the singie item of greatest weight for a system producing more
than 1 MW=, The results show that for a thermionic cell efficiency of more
than about 1% the in-pile themmionic gas system will be superior. It is
possible, even if advances are made in the efficiency of turboelectric liquid-
metal systems, that if corrosion problems cannot be solved, gas systems will be

preferred from a relisbility viewpoin%, even though less efficient,

The second direct conversion system for power levels above 1 ¥Weo is
magnetoplasmadynamic (MPD); this system holds promise of generating larger amounts
of power with better efficiencies than thermionic diodes. MPD generators mey
be di-ided into two main categories, combustion and nuclear resctor powered;
combustion devices are usually open cycle and nuclear devices closed cycle systems,
Direct current generating combustion devices are the most advanced at the present
time so far s&s power output is concerned, Substantial amounts of power have
been gene-ated by several systems, for example the AVCO Mark 2 senerator has
given an output of over 1 ¥We with an efficiency of about 7. Larger Jevices
are expected to have a higher efficiency and it is likely that land based MPD
stations generating several tens of pegawatts will be operaticnal within the
next flew years, However for space missions of several weeks open cyecle

combustion systems are not attractive in view of the large fuel supplies required,

Closed cycle nuclear fuelled MPD systems, while conserving the working
fiuid, sulfer from the temperature limitations of present and foreseeable reactor
developments, The main considerstion is to increase the electrical conductivity
of the working fluid to a high level (3 30 mho/m)., In both combustion &nd
nuclear reactor heated MPD systems the main working fiuid is seeded with an alkali
metal to enhance conductivity. Generally only & few atomic percent of the seed
is used since the electrical conductivity has a maximuz with respect to saed
concentration in this regime., Thus pure alksli metals are not usually considered
for iand based MPD generators; however, radiator size and weight requirements may

alter this pleture in the space field, as shown in Table 28,3,




Even with the optimum amount of alkali matal seeding it is unlikely that
reactor temperatures will be high enough tc make MPD conversion feasible if
the electrical conductivity takes its thermal eguilibriua value, Conseguently
several methods of producing extra-thermsl icnization in MPD generators are

currently under investigation. These methods include:

jonization by high voltage electron beamss;

ionization by high current arcss;

ionization by r.f.9;

phctaicnizaticn1e;

magnetically induced ioz‘ziza'ticnﬁ;

ionization by § rays from fission produetsa; and

the use of high ecceleration to produce non-equilibrium flows
in which the slectron density dces not decay significantly

during the expansion proeess12’13.

At present none of these methods has been conclusively demonstiated in an
MPD generatcr producing substantial amounts of power, although several devices
are under construction.

Pig. 28,9 shows a typical seeded inert gas nuclear MPD system for space
purposes, For this system the probiem of corresion due to alkali metals is
lessened by the low percentage of seed present and the fact that the alkali metal
need not enter the reactor, however as with other gas cycles the radiator area
will be large compared to the metsl vapour system,

The main problem of MPD generstors may well te the weight of the nagnetic
field coils. ©Even if superconducting magnets are available the weight of the
essociated cryogenic equipment will be high and there is the additional problem
of m=diating away the excess heat7.

To overcome the weight disadvantages of the large compressors required for
gas #PD cycles, two phase liquid-vapour =ystems are currently under consideration
in which the reactor is cooled by a liquid metal which then mixes with metal
vapour and expands the latter into the NPD channel’h. It seems probable that
the overall efficiency of this system will be lower than that of the usual MPD

gas cycle, although tne power to weight ratio may be similar since compressors
are avoided,

26.4 CONCLUSIONS

Por power leveis up to about 100 xWe, sclar or isotope powered systems will
probably provide the necessary power for space vehicles; power levels of about
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propulsion systems, For power levels rangins from 50 k¥We tc several ters of
} 4 A F =
M¥We, several alterrative coanvers

consideration. Of these, alkali met

receiving the most attention at present, sithough many problems beset the

development programmes.

show prumise of greater efficiencies and relisbilities

v’\n
-(:*'

being particularly interesiing sbove one mEgaT
ultimate choice of svstem will be baszed on reiisbility (particulariy for manned

missions) and the use of hybrid systess inveiving tvo, or more, of the conversion

methods mentioned above, should not be diseounted,
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TABLE 2

j Diam, , Po
Type £t Contractor ag
Mylar foam-rigidized _ 15 k¥
mirror i3 Goodyear dynam
Electroformed unfurl- , 15 kW
able petal mirror bse5 | EOS dynam:
Large high-performance , Solar
one-piece mirror 20-30| EOS syste
Large high-performance| .. Y ar
- one-piece mirror 20580i1 789 syster
Tnflatable rigidized = Low 4
mirror 2-~ || Tighsm syste:
High precision mirror M GE Solar
mAS.er systet
High precision, high Salar
temperature rigid 5 EO3S, TRW, BOEING | _ s,
mirror ¥




E 28.1

ELOPMENT PROGRAMS (Teem and 353_5‘01}

. Power system
| appiication

Status

 kWe Astec sclar
namic system

Hardware development; form for
front skin completed

i kWe solar
namic systems

Six petals completed and optically
and structurally tested

lar Brayton cycle
stem

Study preogram in progress
emphasizing electrofomming

ar Brayton cycle
stem

Study program in progress
enphasizing stretch-forming of
aluminium

7 temperature
stems

Analytical and experimental
regearch on predistributed
rigidization materials

lar themionic
gtem

Hardware develcpment; fabrication
complete; evaliuation to be
performed

lar thermionic
stem

Hardware development -~nd evaluation;
glectroformed nickel, stretch-
formed aluminium, epoxy fibreglass
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BADIATCR AREAS AND MAXIMUM WORKING TEMPERATURES
FCR VARICUS CYCLES (Sdttﬁﬁ?}i_
Component Gverall Radialtiieiz; ’?i’c;:}“king fluid
Cycle of fg oo thz?m'nal area max., temp, gcr

v | efficiency | parameter | same area, K
P;ankine - 0,66 15%% i 16 1360
Erarton {a) 0,80 iB% 145 2370
Brayton (b) (L 15‘,% | 8, 2070
fntercgsled Era:;tc;n ;.80 15% 220 2690
Tri-cycle G906 10% ) 144 2350
éegenerative Brayton 2% LE 1800




TABLE 28.L

SrECIFIC RADIATOR WEIGHTS FCR SEVERAL TURBCELECTRIC AND THERMIONIC

POWER SYSTEMS AT DIPPERENT THoAMIONIC CELL EFFICIENCIES

=3

(Grey and Williams®)

Ther@icnic ceil efficie;;y 3,05 .10 0.15 0,20
System | Specific radiator weight (1b/kWe)
6§t-of¥pile gasi(raaiatiog cooled} > 10 >> 15 | > 10 4.5
Gas turbealecéric .4 3;& 3'&“' Bels
Qut-of-pile gasc {split radiaéor) 7 4.2 2.78 2 ]
(280 ekl urbaiisdoe R EEEEEEER
Jnepile Tiquid metel 7 RN Y
In-pile gas ~1§ 2 1.0 0.6
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A _NOR-EQUILIBRIUM ELECTHCH MUDE FOR KIILCWATT-RANGE
MPD SPACE POWER®

by

I.R. MceNab

29,1 INTRODUCTION

The demand for electrical power sources for terrestrial and space purposes
is increasing rapidly and many techni ues are presently under investigation i-
efforts to increase the efficiency of conventional equipment and to provide
alternative systems. The problems associated with space power systems are
severe so far as the power-to-weight ratio, reliability, and operating conditions

are concerned; 1t is these systems which will be considered here.

Fresent and postulated space power systems include: solar cells, solar
collectors (Brayton or Rankine cycle and thermoelectric), nuclear reactor -
thermoelectric, nuclear reactor - turbogenerator, nuclear reactor - condensing
fluid; radioisotopes, fuel ~¢lls, and magnetoplasmadynamic (MFD) generators.
while several of these systems (for example solar cells’) are already well proven,
others nold promise of generating much larger amounts of power with higher

efficiencies: one such system is MPD generation.

MPD generators may be divided into two main catejories: combustion and
nuclear reactor powered. Combustion devices are usually open cycle and nuclear
devices closed cycle. Direct current generating combustion devices are the most
advanced at the present time so far as power output is concerned. Substantial
amounts of power have been generated by several systems, for example, the AVCO
Mark 2 generator has given an output of over 1 MWe with an efficiency of about
7 per cent. Larger devices are expected to have a higher efficiency and it
is likely that land-based MPD stations generating several tens of megawatts
output wilil be operational within the next few vears. However, for a srace
mission of duration greater than about one week, it is unlikely that open cycle
combustion systems will be attractive in view of the large fuel supplies
required. At present the prospects of deveioping closed cycle combustion

devices are remote,

* oixth AGARD Combustion and Fropulsion Colioquium, Cannes, March 1964
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Closed cy.. nuclear-~fis.ied MPD systems, while conserving the working
fiuid, suffer from the temperature limitations of pressnt and foreseeable
reactors, thus limiting the Saua electricel conductivity and consequently the
maximum attainable power output. Development of nuclear reactors to yield
high working tempsratures, while resulting in a higher electrical conductivity
and power output, will introduce more severe materials problems which are only
capable of leng term solution. The solution to this paradox is to increase
the electrical conductivity of the working fluid in the generator without
increasing the gas temperature. High power outputs could then be obtained
without severe materials problems,

Several methods of odtaining this extra-thermal ionization in MPFD
gensrators have been suggusted and a few have been tried experimentally.

Karlovitz ard Halasz', who started work on MPD in 1938, investigated
several modss of extra-thermal ionization in their natural gas-fuelled
combustion generstor. Most attention was paid t» ionization by high voltage
electron beams, but glow discharges, arcs and r.f, were also tried. These
attempts were unsuccessful mainly because of the effects of dissociative
recombination which rapidly removed the slectrons created by the ionization
process, This fast recombination mechanism will not be as severe in a
monatomic gas,

Kerrebrock’ has -uggested and investigated, theorstically and experimentally,
mp.etically-induced ionization in MPD generators. In these processes the
electrons in the plasma gain energy from the electric field induced by the magnetic
field through which they pass, The energy gained in this manner is lost through
collisions with the gas particles, but if the parent gas is monatomic, there are
no molecular energy lcsses and an elevated electron temperature can result.

Since electron-atom collisions are the dominant ionization mechanism under MFD
generator conditions, the electrical conductivity is considerably enhanced. The
success of thin method depends, amongst other factors, on the degree of purity of
the gases present, as may be seen from the following expreaaion3:
T, B2V Bo2KR’ 2
¥t e d | (el r 0

e ofi

where § is a factor accounting for the effects of inelastic collisions (other than
ionizing ones) and non-Maxwellian electron energy distributions. In general, §
is a function of temperature but typical values for MPD generators are § = 1 for
monatomic gases and § « 103 for molecular gases. The theory has been verified
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axperimentally by Kerrebrock2 with an eslectric field and tentatively by Robbenzé
with both electric and magnetic fields. Devices under construction te
investigate and utilize this effect include those at IRD and Martin-Marietta.
Recently it has bheen reporte65 that the device at Martin has proved extra-
thermal ionization, but no details are available. Rosab has shown that the
pruduction of extra-thermal ionization by this means is quite sensitive to the
degree of uniformity of the gas; it is possible therefore that the effect may
prove more difficuit to achieve experimentally than originally anticipated.

7

Sternglass et al' have discussed theoretically extra-thermal ionization
for closed c¢cycle nuclear powered MPD systems by electron beams, by § rays from
iission products and by d.c. arcs, Of these methods electron beams appear the
most promising in view of the high efficiency of generation of beams, continuous
application, ease 3f adjustment of energy spectrum and lack of contamination
caused by their use. The main disadvantage appears to be the technical
complexity of the system. Fission product ionization is less efficient and
leads to radiation hazards, although this may not be a severe limitation for
space systems, D.C. arcs, while giving high conductivities, cause severe
heating of the electrodes (which must be cooled) in addition to Joule heating

of the gas stream,

A novel extra-thermal ionization method suggested by Eaitland8 is to
utilize photoionization caused by a high energy light beam, Initially a laser
was suggested as the light source, although this has a low basic efficiency but
the recent development of high intensity ultra-violiet lamps may make this a more
interesting suggestion.

9

Gourdine
plasmas by r.f. discharges, The main difficulties are assocliated with the low
density of the plasma, the difficulty of coupling intec it, and diffusion losses,
The technique has the advantage of providing high flow velocity and high
conductivity independently -~ a useful condition for high efficiency MPD

is presently investigating the production of non-equilibrium

conversion, bearing in mind the temperature limitations associated with

materials.

29,2 FPROPUSED NEW MODE

Although, as is apparent from the above, many methods of producing extra-
thermal ionization in closed cycle M?D generator systems are being actively
examined at present, to date no MPD generator producing substantial amounts of
power has yet utilized such an effect. It is the purpose of this paper to
examine another mode of operation which may permit high power ocutputs to be
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obtained from MPD generators. This method, suggested independently by Lindley1Q
and Lachenroeder and Daiberﬂ§ consists of rapidly expanding a high enthalpy gas
through a large area ratio nozzle, so that the rate of fall of gas temperature is
very large. when the temperature falls rapidly in a gas many internal adjust-
ments must ve made by molecular coilisions. For example, the energy of
molecular vibrations must be reduced, a new balance must be found between atoms
and molecules, chemical reactions must take place at a different rate, and ions
and electrons must recombine to form neutral particles. All these adjustments
require a large number of collisions between particles before a new equilibrium
iz established. If the temperature changes faster than the equilibrium is
established then non-equilibrium flow resuits.

12-19 20=23

Many studies, both theoretical
flows have been published recently, most are concerned primarily with molecular

and experimental + on non-equilibrium
gases or gas mixtures where vibrational and dissociative non-equilibrium are the
dominant factors., This interest arises be. ause the main domains in which such
flows are encountered relate to real or simulated (shock tube and wind tunnel) high
altitude hypersonic and missile re-entry conditions in air and similar conditions
in combustio: gases, In general the theoretical solution of such problems is
complicated since, in addition to solving the quasi-one-dimensional flow equations,
the population densities of the (many) species present mus® be determined from the
rate equations governing the appropriate reactions, In many cases the required
rate coefficients are not fully tabulated. Solution of the flow equations is
generally complicated since the changes of energy during the relaxation phenomena
usually form a cignificant fraction of the total enthalpy of the gas.

The flow of a monatomic recombining gas is more amenable to analysis since
valid simplifying assumptions can be made concerning the number of species present
and, consequently, fewsr rate equations are required to characterize the flow.

For example, the recombination mechanism may be assumed to be controlled by only
one excited state. COne significart difference between a recombining atomic gas
and a relaxing molecular gas is that the electron temperature may be considerably
higher than the temperature of the heavy particles in the atomic ges, This leads
to reduced recombination, amongst other offects.

Bray and Wilsenak (following the methods outlined :n references 25 and 26)
have described the flow of an atomic recombining gas in terms of the equations
of mass, momentum and energy, the thermodynamic equations of state and enthalpy,
the rate equation for production and loss of electrons and the electron
temperature equation. Even such a simple model is difficult to solve and again
requires detailed knowledge of the rate coefficients,
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To examine the consequences of non-equilibrium nozzle flow on the design
and power output of an MPD generator a imuch simplified model has been constructed

which retains the esseatial features of a non-ejuilibrium flow,

29.3 THEORETICAL MODEL AND RESULTS

In concepts of closed cycle nuclear reactor MPD generators the working
fluid is usually selected %o be an inert gas seeded with small amounts of an
alkali metal. This may not be the final form of an “PD space power supply (for
example, a completely condensing cycle may be supericr on a power-to-weight
bagis) but such a system will probably be the first uo yield experimental cata
and it is this type of generator which will be considered here. The assumption
of small fractional seeding, which is generally valid, enables cousiderable
simplification to be made in the analysis since the energy involved in the
ionization and recombination processes in the seed element form only a small
fraction of the total enthalpy of the workiang fluid and thus may be neglected.
Consequently, neglecting boundary layers and shock phenomena the quasi-one-
dimensional flow equations for the parent gas only can be assumed to approximate

the real flow system,

To simplify the model further the isentropic flow of a perfect gas has been
considered so tha:t the relation between area ratio and Mach number in the nozzle
is

A* "M | T+l -]

4
which, for ¥ = 2/3, is

A 1| 1 BE
I [n c3+u2>J ceee (29.7)

To avoid discontinuities in the theoretical flow caused by a discontinuous

throat area th- nozzle shzpe has been assumed hyperbolic, of the form

A= A* + KHEX?' eees (29.2)

where x is the distance along the nozzle axis measured from the throat and where
the half-angle of the nozzle at infinite distance from the throat is given by

tan 6 ;Kﬁ/ﬁ o

A — . _
Using the non-dimensional quantities A = A/p* and % = KEAA*, and combining

equations (29.1) and (29.2) yields an expression for Mach number in te: .3 of the
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dimensionless distance through the nczzle

% - {é <}E>jz-1 ceee (29.3)

which has the form ahown in Fig. 29,1 The temperature, velocity etc, at any
point in the nczzle may then be obtained fror the usual isentropic flow relatious.

The electirical conductivity at any point in the nozzle is determined from
the flow, rate and slectron energy equations, In view of the diffic:lties
associated with the values of the rate coefficients and the solution of these
equations it is assumed that the electrical conductivity at the exit of the nozzle
i= related to thethroat value by an exponential function of the form:

63: = athr pr(- ctf} tees (2901")

vhere ¢ is a coefficient depending on the rate coefficients of the various
processes occurring and the electron temperature, and tf is the time of flight

through the nozzle,

The exit conductivity is related to the throat conductivity rather than the
inlet conductivity since, in general, the gas is not accelerated sufficieatly
rapidly in the subsonic region of a nozzle to causs pon-equilibrium flow, The
threat conductivity may be obtained from the iniei parametera through the use of
the isentropic relations, which, for a perfect monatomic gas, are

Tthr = GQ?S TQ s s s (2905)
Pewe = 32 2, ceee (2906)

To and Py being the stagnation temperature and pressure respectively.

The time of flight hetween two points (11, 22} in the nozzle is

A

fxz /’12 a
t. = 1 dx = 'JI‘ 4 dx
| 4 —

L

For the isentropic flow of a perfect gas with ¥ = 5/3

.f;%]*

and thus

3% 5
ty :[ ] /: (%)%d? ceer (29.7)

_A*
2
Ky cpTo
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Evalustion of the ‘ntegral enables the time of flight and hence conductivity
to be calculated a\ any point for given inlet coaditions.

The power output per unit length of channel for an KPD generator when
Hall effects and ion slip are neglected i=

P = oVBK(1-K)A

If the MPD generation section jcins smoothly on to the exit of the nozzle this
sxpression gives the power output per unit length at the inlet of the
channel when g, V and A are the exit values for the nozzle, so that

BaK(-!iK) = cex vzex AQI sass (2908)
For a family of hyperbolic nozzles with constant expansion angle and ;in = 'iQEx =
constant, the values of temperature, velocity, etc,, are identical at each value
of X (for *he same inlet conditions) provided the mass flow is adjusted
appropriately.

Examining such a femily of nozzles for constant magnetic field sand load
factor shows that if the eleetrical conductivity were determined only by the Saha
{equilibrium) equation, the exit conductivity woula be the same for each nozzle,
and thus the power output per unit length of channel would increase linearly with

7088 sectional area,

If, however, extra-thermal conductivity occurs owing to the non-eguilibrium
effects of a rapid expansion this conclusion will ne longer hold, The conductivity
will decrease as the nozzle dimensions increase, owing to the increased time-of-
flight, while the cross sectional area will increase; consejuently, a optimum
nozzle size cen be expected for mny given set of inlet conditions.

Tc examine this optimum nozzle sgize for the family of nozzles “ith-gan =

*'Qéx = constant, equation (29,5) is used: Vox is constant, o . 1is determined from
equations (29.4) to (29,7) and Ay from
A A &
Rox = 1 +%,.° sees (29.,9)

Combining these equations ;ields

% =’§ = A* exp(- ¢1IA'%} 1 sees (29.10)
[~
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shere By =0y, ¥, 2325(1.x)(1+‘:% 2) ceee (29,113

2 'é‘ = )
(1 = c(a% GpTJ) se8 e (»v9:12,

2\3
(zp A - ceer (29.13)

The variation of I with 12 = x (that is, from the nozzle throat tc the exit) is
shown in Fig, 29.2.

Differentiation of equation (29.10) yields the result that the maximum value
of P occuras when

»

opt Q,IEIZ seve (29.1%)
The value of A* opt for a hyrerbolic nczzle uith,ﬂ = 2 (that is, A__ = 54°*),

8 = 10° and “p for pure helium is shown in Fig. 29 3 as a function cf T, and c.
The values of T used, 1000° - 2500 Xy lie in the range of interest for MPD
gensrators. “hlrc is little information available at present which permits
sccurate evaiuation of the coefficient ¢ in the above expressions. Tentative
calculations earried out at IRD indicate that, for a heliux plasma seeded with
one atomic percent of cesium, ¢ will be afios/hec; thus the range of ¢ shown in
Fig. 29.3 ahould adequately cover the error in the independent calculsations.

When the value of 2, is altered the value of A% 4 is shifted owing to
the change in time of flight through the nozzle which causes a decrease in
conductivity ae R _ is ircreased; this sffect is partially offset by the
increase in exit velocity. The effect is shown in Fig, 29,4 for T, = 2000°%K

and ¢ = 105!aec, where A‘ent i3 seen to decrease as Qex inecreases.

The power output per unit length of th;.HPD channel when A* iz optimized

ia
P I = 'z A ! ses (29. !5)

The actual power ouiput psr unit channel length for

T, = 2506°K
po = 1 ata

¢ = 10°/sec
2 2

X " ,
B = 3 Hb/n
K = 0,5



for nelium seeded with ornz atomic percent cesium is ~ 32 kW/m. The astual power
output in a wmetre long channel will be leass than this since power extraction will
cause a rapid drop in the total enthalpy of the gas. This will reduce the
velocity leadiag to a reduction in power output through the Y2 terz and alzo a
reduction in conductivity because of jincreased recombination, Hevertheless

this calculation does show that the power output of an MPD generator using a
non-~equilibrium nozzle expansion will lie in a range of interest for space power

purposes,

29.4 DISCUSSION AND CONCLUSIQNS

ithough many methods of producing extra-thermal ionization in closed cycle
MPD generators have been suggested and tried experimentally none has yet been
utilized in a device producing substantial amcunts of power. An alternative
method of gaining a high electrical conductivity iz to use the (already proven)
methods of producing a non-equilibrium flow. The non-equilibrium expansion
through a hyperbolic nozzle of a plasma with small fractional seeding has been
examined here usiry a simple theoretical model. The investigation shows that
the nozzle exit conductivity will be high compared with the egquilibrium value.
If such a nozzle immediately precedes an MPD generator section this nigh
conductivity enables high power outputs to be achieved with relatively small
devices, for example, for the case quoted in the previous section, an initial
power output per unit channel Zength of ~ 32 kW/m for a channel of 7 cma. A
power source producing such an output is certainly of interest for space
purposes; more refined calculations including the loss mechanisms neglected
here (hoat transfer, wall friction, boundary layers, shock waves, Hall effects,

ion slip) will be worthwhile.

The optimum throat area for a hyperbolic nozzle expansion has been
evaluated and shown to depend on the inverse square of the coefficient c.
This coefficient depends on the electron temperature throughout the expanaion
and the rate coefficients for ail the atomic processes rccurring. In order
that it might be accurately evaluated the complete solution of the non-equilibrium
flow must be found. Whilas there is at preseil some doubt concerning the rate
coefficients, irdependent calculations carried out at IRD indicate that, for a
heliumay a/e cesiva plasma, ¢ will be ~ 195/sec for a nozzle inlet stagnation
temperature of 2000%¢.  Under these conditions the optimum throat area is

~1.5 en”, a size which falls into the range 2f interest for space purposes,

It may be concluded that the effect outlined here is certainly of interest
for space power sources and is worthy of a more accurate evaluation than so far

performed, It should be noted that other methods of producing extra-thermsl
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ionization in the MPD generator channel (for example, electron beacs,
magrnetically-induced ionization, etc.) are not precluded by the use of a
non=equilibrium flow,
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NOMENCLATURE (Chapter 29)

A - area of nozzle or channel

B = magnetic field strength

¢ - coefficient in electrical conductivity equation (29.4)
e, - ccefficient defined by equation (23,10}

- specific heat at constant pressure

- integral defined by eguation (23.11)
- transverse MPD generator load factor
- axial MPD generator load factor
nozzle constant

- Mach number

- pressure

- stagnation pressure

- power output per unit channel length

0"\:! “Oo'ﬂ "U 'X?:&?‘ - me
]

- characteristic power output

tf = time of flight in nozzle

T - gas ‘emperature

Te =~ electron temperature

To - stagnation temperature

Y - flow velocity

x - axial distance

Be - electronic Hall coefficient
ﬁi - ionic Hall coefficient

¥ =~ ratio of specific heats

§ =~ Tfactor accounting for inelastic energy losses
# - hypersonic nozzle angle

g = electrical conductivity
Subscripts

ex - nozzle exit

in -~ nozzle inlet
opt - optimum value
thr - nozzle throat

Superscripts

* .- vwvalve at sonic speed

A~ = non-dimensionalised g :antity



CHAPTEE 30

NON-EQUILIBRIUM PLASKHAS

30.1 INTRODUCTION

For a plasma in thermal eguilibriuz {that is, in s steady state of
equilibrium with its surroundings and having no irteraction with them) the Saha
egquat *on1, which is derived on a purely thermodynamic baszis, serves %o give the
particie concentrations of the various constitusnts present (atoms in ground and
excited states electrons and ions}. If however, for any reascn, the plasma is
disturbed fror this equilibrium state the particie concentrations cannot be
obtained from the Saha equation but must be found by inve=ziigating the appropriate
particie creation and annihiliation mechanisws. This situation upplies if a

=

plasma is momentarily disturbed from the thermal ecuilibri ste and then

+

[
B
0
(o

s
relaxes back te it, or if the plasma is meintained in the non-thermal ecuilibrium
state bty a cocntinuous disturbance. In the first* casse the rale at which the
plasms returns to thermal equilibrium, and the particis concentraticns during this
period, must be obtained from the appropriate rate sgusticns for the various
mechaniszs involved; in the second case the non-thermsl eguilibrium particle

concentrations are obtained by setting the aprrorvriate rates sgual to zero.

At present it aprears likely that if closed cycle gas nuclear MPD systems
are to prove economically feasible, non-thermal eguilibrium viasmas zust be used
in seme form. Two typical non-eguilibrium piusma conditicns presently under
investigation at IRD are: non-eguilibrium fiow during a rarid expansion, and
photolonization-induced nci-equilibrium. In beoth ihese cases evaluation of,

for example, the eleciron concentration, reguires sclution of the prropriaste

To study recombination ard ionizaticn meckanisms it is necazzary o consider

the rates at which all these trocesses carn gecour in all the eneregy leveis of an

atom, While in princicle this reguirez an infini‘e =8t of simulianecus differential
g

rate equaticns 1t can be shown in practice that convergence can be obtained with
3
a finite set, Thus Bates et al” used sels of sbout twentiy simultencous rate



squations in the caleulatieon of recombinaticn and ionization ceeffizients.

An slternative approach, particularly ussful as many of the reguired rate
coefficients are not accurately known, is to sigulate the many snergy lavel
system of an atom by a simpler model, For examyie, -
investigatsd a four level model of the cesiuz atom coniaining the ground atate,
two excited states and the continuum, While this model iz not completely

accurate, in many respects it closely resembles the many level aystem.

Three =zsn

;.,u

:arate lines of investigaticn have besn ocns
=4

et

ucted at IRD {it must

be stressed that these are merely of s preiiminary nature). these are:

(i) a three level model of a cesium piasma in which only electronic and radiative

processes are considered;

(ii) e =any level system of a cesium plasma in which only slectronic and radiative

processe:z are considered; and

(i111) a three level model of a cesium-helium plasma in which atomic processes ars

inciuded in addition to electronic and radiative procasses.

The sims ¢f these three investigations are. respectively:

(i) to evaluate the deviation from Sahsa's equaticn in an equilibriva
{.ci-,uerma;) piasma 8% low eleciron concaniraticns,. with and without
reacnance trapping;

{ii] tc investigate a more accurate mcds® of a ~esium plasma than (i)

a=d to conzider its application t¢ a plasma not in squilibrium {thermal
¢r otherwise); and

(iii) te investigate the influsnce of atomiz prcecesses oa recombination and
ionization in plasma mixtures where the fraction of inert gas atoms
is high.

Only the first of these investigatiors is repcrted nere since the remainder

have not reached the stage where definite conclusicns san be formed.

30.2 THREE LEVEL MODEL

For a thres level model for pure couium {ground stats. exsited st te,

[Vi]

continuum) in whick electronic and radiative precesses only are considered, the

ionization and recombination mechanisms invss tigated are:

al1) +e 2 a(2) + e A(1’?) coees (30.1)
3

a(1) v e a*  + e A(i*f s (30.2)
} ]



* r2,8 \
al2) +ez2 8  + o6 A7) ceses (30.3)
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s + wil 0 :
8{(2) + v a + e B(c,?} eesss (30.6)
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where A and B are the collisional and radiative ionizaticn s #aombingtion

rate coefficients respectively.

The egquations giving the rate of change of the partiule densities in each

of the three levels are:

WL - a1,2)n(1)n(e) + A2,1)n(2)n(c) = A(1,c)n(t)n(c) + A(e,1) n(e)?
. Pl .
-B(1,2)n(1) + B(2,1)n(2) - B(1,c)n(1) + B{=,1)n(c)" vevss (30.7)
WL = A(1L,2)n(1)ale) - A(2,1)n(2)n(e) - AZ,e)n(2)n(c) + Ale,2)n(e)’
Tt = s2)n(1)n(e) = A(2,1)n(2)n(c) -~ A(2,c)n{2)n{c) + A(c,2) 'n(e)

+B(1,2)n(4) - B(2,1)n(2) - B(2,e)n(2) + B{c,2)n(c)? veers (30.8)

£
[#]

3 = A(1,e)n{1)n(e) - A(c,‘!)’n(c)3 + A(2,c)n(2)n(=) - A(c,2}1n{c}j

+B(1,c)n{1) - B(c,1)n(c)2 + B{(2,¢)n(2) - E{c,z}n(c)z ..... {30.9)
and the conservation eguation is:
N =n(4) + n{2) + n(c) .e... {30.40)

(N.B. In equations {30.7), (30.8) and (30.9), A(g,€)1 snd A(c,?)1 &re not

functicns of n{e).)

In equilibrium the rates of change of particle concentration with time are
zero. Making du{2)/dt and du(c)/dt equal to zero in egquations (30.8) and (30.9),

n(2) may be eliminated (after some manipulation) and a relation between n{1) and

n(c) obtained: ]
nuﬁ[mwz + n(e)K, + K|
n(’} - - K’ ‘2 l._] LR I B ] (30.1‘.)

n(c)2K3 + n(c)K5 + K

; 1 £ = F ’“45
where K, = -A(2,c)A(c,1)’ - A(2,1)A(2,1)% - A{2,1A(e,2)

rs

-A(2,¢)B(c,1) - A(2,1)B(c,1) - A{2,1)B(c,2) - B(2,c)A(c,1)]

nfs

-B(2,1)A(c,1)" - B(2,1)2(c,2)]
= A(1,2)A(2,c) + A(2,c)A{1,c) - A{2.104{1.¢)

= «B(2,¢)B(c,1) - B(2,1jB{c,1} - B{2.,1)B{c.2)

LAl
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