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T• I IVU lllfCUAIIPIC. IQD TO I& UffOUIID bu caUNd an 
ever incraaing volume or publicatiom. The very quantity 
of the• publications, however, maka it dillcult to 11tia
fy the need, bccau1e it becoma more and more arduoua 
lO locale the li1enture peniacnt to any one IUbjcct; aad 
becaute any one of ua becomes more and more wary of 
having IO much to rad. Mono¥er, only a rmll minority 
or thae publication, may help satisfy the need, becaute 
an overwhelming majority i1 void of conleDL 

Coneequendy, it ii i•perative to praeat to the public 
only manUKripu which do carry new information without 
undue Yabiap; hoping lO be judpd not by the nuaber 
or publi•hcd paga but by their quality. In particular, 
papen in the field or Applied lbthcmatia ought to be 
publilhed oaly ir they concain one or more of the '»llow
ing item1: ne,r buic raulta, new methoda, new applicat
iom, new numerical raul11, new prnenaacioa of dilicult 
and imponant topics, up-to-dale bibliopapbie•; and ir 
the number of their pap• ii noc dicta&ed by the daire of 
impoeing upon the •upcr6cial racier . 

To dilchup our coelndUal obliptiou, we publiah 
Tdrut.l" ~ .,,.,,,., euch u the one you now 
haw in your hand,. It hu been our COllllant policy to 
ICC to it, that they utilf'y the abol-e ltrict criterion. 

PAllE MATHEMATICAL LABORATOIW:S, INc. 
carluk, ,,,auaclam,ttJ 
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Acou1tic Radiation from a Pinite Cylinder - llaerical l.e1ultt1 

by 

PNL Staff 

Introduction 

In an earlier report ve pre1ented an approximate Mthod for calculatina 

the 1ound field of a cylinder of finite lenath! In thi1 •thod the field, 

which can be repre1ented exactly by an infinite 1erie1 expanaion in ter111 

of 1pherical wave functiou, ii approxiaated inatead by the finite 1erie1 
N 

, ( r, • ) - ~. a.. "- ( .... ) 1: ( c.. & ) ., ( 1) 

for the axially 1,-tric cue to be conaidered. The coaplex coefficient••

are determined by fittina th• to the aiven boundary conditlou throup a 

velahted lea1t 1quare1 analy1i1. A 1pherical coordinate 1y1tn (1ee r11.l) 

vith oriain at the center of the cylinder and polar ai1 alona the cJlinder 

axi1 i1 eaplo,ed. 

The •thod doe, not differ fund ... ntally froa the 1tandard one which 

would be u1ed for radiation from a 1phe1·e. The nonul derivative of ; ii 

calculated on the 1urface of the CJlinder and equated to the 1pecified 

nonul velocity of the cylinder 1urface which lead• to relation1hip1 froa 

which the coefficient• can be deterained. lut the fact that the 1urface 

i n que1tion i1 not a conatant coordinate 1urface areatly coaplicate1 the 

computation• and ob1cure1 the 1i• ilarity vith f-illar probl .... Althoup 
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thi1 complication ii a genuine one from the 1tandpoint of making practical 

computationa, it can be overcome aa the reault1 in thia report will demon-

atrate. 2 3 4 Aa compared to other method• deacribed in the literature' ' 

thia method ii conceptually aimpler and leaa dependent on thoae kinda of 

approximation• and aa1umptiona which are difficult to evaluate. Although 

theae are important advantage• it ii clear that in the final analyaia an, 

•thod for calculating acouatic radiation from object• auch aa a finite 

cylinder atanda or fall• on ita ability to provide nu•rical reaulta of 

1ufficient accuracy for practical purpo1ea. Therefore ve reaard the reaulta 

to be preaented here, which 10 beyond any reaulta obtained by other Mthoda, 

aa the chief indication of the value of the preaent Mthod. 

Por cylinder aiae1 llllich exceed the wave lenath hand coaputationa 

bee- iapractical, and a COllpUter proar• vaa written for detenainin1 the 

coefficient15• C0111pUtationa were perforad on IIM 7090 and 11N 7094 

coaputera, and the purpoae of thi1 report i1 to preaent th••• reaulta fnr 

the coefficient• a well aa variou1 pbyaicallJ Maninaful reaulta vhlcb 

have been calculated wt.th th••• coefficienta. The exlatlna proar• la not 

efficient enough to deteraine aa IUIIJ coefficient• aa are needed for calcu

lating all aapecta of the aound field in all caa••• AltbO\lp there are 

1everal waJ• in which the efficiency of the proar• can be i-.~oved the 

machine run• wre atopped when enough coefficient• bad been obtained to 

provide a reaonable evaluation of the reaulta. 

,The computer proar• wa1 written for the caae of axially 1,--tric 

vibration of a cylinder of finite len1th. Bowver, the •thod 1• not 
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confined to the axially 1,-etric cue, nor i1 it confined to cylinder,. 

!he •thod can be u1ea for any reaa nable velocity diatribution on any 

body which ii topoloatcally equivalent to a 1phere. 

The lxpan1ion Coefficient• 

The heipt of the cylinder ii .al, and the racllu1 i1 & a1 1hovn in 

r11. 1. Ve hn• obtained upauion coefficient• for three different ca1e1: 

... •~ti and r, all vlth '-J.• .i • !he boundary condition iapo1ed in all 

c••• ii that for llbich the end1 of the cylinder are aotionle11 and the 

I 1_•••· 1ide1 are vibratlna radially vlth the unifora nonul velocity vc • 'ftli1 

boundary condition i1 axially 1,-eric, and it i1 al10 1,--tric about the 

e41U&toria1 plane which Mk•• the ocld order coefficient• aero. 

ror alven N there are, in the•• cue,, Nia, +-I coefficient,. The 

e >•r of term required for an adequate approxiution i1 one of the que1tion1 

llbich aa1t be inve1ti1atecl. It aa1t be -m1mbered that all the coefficient, 

have different value• for each value of H , althouah for rl'-' rl • .. converge• 

to a 1table value u N increue1. for the ca1e -ii.'• ,~ • /o the 

coefficient• wre calculated for uny different value, of N in order to 

1hov thi1 upect of the 1ituation in detail. The re1ult1 for thi1 ca1e are 

aiven in Table 1 for H • ,111 ~~ ... ,AO where the number• aiven are the di

•n1ionle11 ratio 
4 ¼\J . Table 1 1how1 clearly, for example, that 4• 

ha• reached an approximately 1table value at N• IO, while a.,. ii 1till 

varyina conaiderably at N• ~o , and that the 1ingle value obtained for 4.1• 

cannot be reaarded a• a uaable approximation. Thi• mean, that the coef

ficienta obtained for N• ao can only be u1ed to calculat quantitie1 for 
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which the series conv rgea before n~ .to and for which th i naccurat h h r 

order coefficients are not required. 

In Table 2 we give the coefficients for th case '•c.2, il. ,-_ with 

N•I•, IJ- and in Table 3 for the case '••I, i,c.z. with ,,.,,.,,I. Note 

that 4 111 fot· fixed " varies rapidly with '• • It would not be possible 

from the results for these three i• values to make useful estimates of 4.~ 

for intermediate values of 4'a.. 

Par Field Patterns 

By using the asymptotic form of the spherical Hankel function in !qn.(l) 

we obtain for the pressure in the far field 

, .... "' 
) 

' 

~ e ~ ca... . -• P. (,. ) '°c ... • • , 1 c ,c~•>· •arc u .,.,. L. "iv"' , .. 1.4•• . .... (2 ) 

The magnitude and phaae of the sum in !qn.(2 ) wa1 calculated a1 a function 

of I uaing the coefficients in Table• 1-3 for the maxiaam value of N • 

The magnitude wa1 normalized to unity at 8s ,o• (the direction perpendicular 

to the cylinder axi1), and the result• are shown in Figure• 2-7 where each 

finite cylinder case i1 compared with a line source of lenath .a, and with 

a radially vibratina band of length -,j. on an infinite rigid cylind r of 

radiu1 ~ • 'ftle expression for the far field preaaure of the band source on 

the infinite cylinder was obtained from the work of Laird and Cob n, and, 

in our notation, i1 

( 3) 
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wh r H. th d r vat v of th ylindr i l H nk l func on f z r o 

ord r wi hr p c t o t 

th l n cure , n n 

r-,(&) a 

r m nt. Th f 

l z d f orm 

S;" ( 'I. Co.s &) 
-6, Gu& 

1 r f r 

iv n by 

ld p t rn f or 

As w uld b xp t d th f nit yl nd r patt rn d ff r from th 

( ) 

other patterns u cd for omp r son mor and mor trongly s th d r t on 

of obaervation approach s th cylind r a.xi • 'l1t c mpar ion• n Figur s , 

5 and 7 1how the "end ff cu" of a finit tor. Note that in 

all three cases the pr ssur amplitude at '1co• fr th finit cylind r 

lie• betw en the valu s for the lin and for th inf i.nit cylind r. 

'nle finite cylind r amplitud patterns diff r fr m th lin nd nfi-

nite cylinder amplitude patterns by not having zero,. Another a1pect of 

this f ature is that th far fi ld phaa patterns for th finite cylind r 

vary continuously with angl, whil for the lin and infinit cyl nder thy 

hav a 180 degree discontinuity at each zero of the amplitude pattern. 'nle 

ptas of the sum in Eqn.( 2 ) and of th funct ona of & in Eqn.( ) can be 

directly compar d. This is d n in Fig. 8 for --6a•/ and .a. nd in Fig. 

for ~.: S". W I e that n ar 8 c ,. • th tw ar n arly n pha1 but 

th t a th obi rvat ion dir ct i n t ward th cyl nd r axis h ph I 

d ff r nc increa •• Wh r th inf i nit yl i nd .r ph p t rn h 

d • ontinuity th f i ni cylind r ph p t rn on i nu us but r I 

rapidly w th angl . 

For th l n our th pr ssur h h 8 pha hr ughou h 
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l ob nd th pr ur ph p r n n i t 0 n t nt pha r gion 

•p r t d by l O d gr di on inu n, in t cyl nd r ph 

p rn r .... / nd ,~ • .z. nd c l 1' 'y t h b h V ur. How-

h r th mi n r ru ur pl d h 

r P ob cur d b y nd h r lob . 

Figur 2 - V h b r u l on ou t c rd ion fr m f nit 

cy l nd r wh h h V b n obt in d t th im . In lat r t on w w ll 

d r V r u l ion r t n nd dir tiv ty nd x from h f r 

f ld p rn , bu w w nt f r t t o h w th d r t o wh ch onv rg nc 

with r p ct t o N h b n ch V d . For this purpos w h V c l cu l t d 

th magni ud nd h ph s of th um n Eqn. (2 ) t 6 C ,.• t> = 6 
• nd s 

a fun tion of N . Th r sult {unnormal z d ) ar giv n in Tabl 

Th r f ld r ultt pp r t o b o ab ut & : ,.· 

( p • k o m j r l ob ) bu onsid "= 0 
• Th t t . ca 

-1-•• ~ wi th V r 1 v lu f N h llumi nat ng. At 9 : 0 • th 

d b tw n h m ni ud nd ph 8 8 r ucc iv v lu of N 

d n t t d ly d r a 6 C 9t> • J hu l v ng th r u l n d ubt. 

Th g n r l p C ur ndi d by T bl i tha on th m jor lob wh r 

11 t rm nth um dd w h V rat r C!r y wh r a i n th nor 

1 b rue u wh h d rmin d by d r nc m n h r w h V 

l y. r h m n m th plitud p rn w ould p C 

h 1 t cur y. Th qu n y N,... j f.J, h h v lu 2 , f r IL = l o t' ~ 
~ ~ 

p i v ly . I m ght b d th r f r , that onv w th r p C 

to N w uld mpr v con i n ly i n th ord r -•= I• tJ ~ . ~ ~ 
V r hi 
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N 

10 

12 

l 

l 

18 

0 

10 

l 

l.) 

8 

Tabl 

Illustration of Conv rg nc w th R sp ct t o N 

Hagnitud 

.8 8 

.8 

. 6656 

. 505 

. 38 O 

.2970 

.41' 8 

. l l 

,7 7 

.722 

ita - • iti - 10 

~co • 

Phas 

185 

l 0 

17 

170° 

155° 

l l 

2 

52 

25 

-1 -

Magn tud 

3. 0 00 

3.15 l 

3.2591 

. . 3 0 

3. 

. 589 

2 . 03 11 

2 . 0 i 

1. 2 57 

l. 17 

75 B-SR-1 

6r: ,o • 
Phas 

25° 

25° 

25° 

25 

25° 

25° 

l 5 

2 
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i n pp n fr om h v i bl r ult in "'"= t.f how th b s 

or r n Th n 1 o b n n T bl 2 nd 3 wh r onv r g nc of 

h a"' w th ti r l o V\ m r mp l t f r '-~ c ~ th n f or 
' ' C .2 . 

In h r ld l ul t n h 1 t f w t r ms of th ums r n l -

lbl nd h 1 w co i i n (wh i h w do n know a ur t ly ) r 

n t r qu d. It mph z d how v r h t t o alculat r n 

phy l r ult w n d to u c rtain valu 0 N not b C U w n d 

"'12. ~ I t rms n th p n on bu t n ord r t o t b 1 co ff i i n ts or t'1 

on d r bly l s th n N , h valu of H r qu i r d d p nd i ng on th phys i -

1 r ult t o b al ult d. Far f i ld r sults of practic lly us ful 

accur y app ar t o r qu i r av l u of Na l st qual t o .2,& for .,/a.=- .:l . 

Ne r fi ld r sul s would r qu r larg r valu s of N han w hav obta n d 

at th i im • 

Rd at on R ctivity Ind x 

Th tim v r g rad i at d cou8t i pow r c n b sily calculat d fr om 

th fr f ld pr 88ur pl tud wh ch h v b n gi v n prev ously. The 

r sult n b xpr 88 d most m n ngfully n t nn1 of th radiation r sist nc • 

From th p w r nd th pr V u ly li.!u l d p tt rns w can also find the 

din? V ty i nd x. 

In th f r f ld th t i V r nt ns ty 

I(&)- .. ,.. 
( 5) 

.are. I 

- 20-
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and the power radiated ia given by 

T • ., -r 

p c 5 f lC•) .... S;., a J&tlcp 
• • 

_ ;: • f. ,-I"• s;,. & .l &- . 

U1 i ng Eqn.( 2 ) ve have 

... "' 
P. 1r .rc: ~&u .. 1 \ ?:. :~ ~ -" f>.. (c..•) \ & ~ .. e .l& . 

The radiation re1i1tance, R, i1 defin din thia ca1e by 

I 
p. -:r RU" , 

and the active area of the source i1 

A • ~'Tf c ( ~ £. ) = f 7'f a 1. 

i i. nee ba ~• in the pre1ent ca1e1. Thu• ve hav 

-r "' 4 
R .L l J ~ _!. . --- • ~ &U c. 

re.A II- • ••• 

The i ntegr a l 1. n Eqn. ( 10) was evaluated numerical iy for th three finite 

cylinder ca1ea, and the cot"r sponding calculation wa1 don.e for the band 

1ource on the i nfl nit cy lind .. u i ng Eqn.( 3) . Th reaults are giv n in 

( ) 

(7) 

( ) 

( ) 

(10 ) 

T bl 5. We • that th lack of an nf i nite cyl indr i l baff l l over• the 

radiation re1iata ce of a radially pu ha ng yl nd r. 

The d ir ctivity rati is defin d a h r t o th maximum int n1ity, 

Sw 9o • wh ich hr occurs in th d ir ct ion t th fnt n1 i ty av r ged ov r 

all d i rec tion1. The. av rag i nt nsity i qua l to th t o t l r d i t d p ver 

di vided by th 1urfac ar of a 1ph r i n th f r fi ld. Thu• ve h v 

- 1-
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u ng Eqn. ( 5 

Using Equati n (2\ , (3) and ( ) th s an b written 

"" 2. 
..L \ ~ ~ "-"' P.'. co) I ~ D•O -,\,J Ill OR• 

R/rcA 

The directivity rat:io can be obtained immediately from Eqn.(12 ) and the 

previously calculated quantities. The figure which is commonly uaed in 

Sonar application, i1 the dir ct vity index, defined by: 

t):I 2 IO I _ _.. t)" · 
~ .. 

(11) 

( 12 ) 

(13) 

flle directivity index for the three finite cylinder caaes and the corre-

1ponding infinit cyl nd r cas I ar ah wn in Table 5 . There i1 no 

practically important distinction b twe n the two. For small'• the finite 

cyl nd r ia 1lightly 

incr aae1 the infinit cy 

finit cylinder. 

Radiation ll 1i tance 

'R/rcA 
~ finit 

1 • 33 

2 . 2 

5 . 4 

ctiv than th infinite cylinder, but aa ,._ 

c mea slightly more directive than the 

Tabl 5 

and Directivity Index for ~, •• .1. 

OI (4'1t) 
infinite finite infinite 

.752 1. 37 1.27 

• 7 . 00 .2 

8 .02 8. 
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In the paat the performance of an actual cylindrical tranaducer could 

have been eatimated by uae of the theoretical re1ult1 for the lnflnite 

cylinder. Table 5 1hov1 that thl• would overeatlmate the radiated powr, 

while the directivity index would 1ometime1 be overeatlmated and 1ometllr.e1 

be undereatiaated. 'ftle maxi .. overe1timate of aource level (power in J~ 

plu1 directlvl ty index) indicated by the cue, ln Table 5 11 for '£• I 

where lt would be about 1.7 J, . Such error• are not of mch 1lgnlflcance 

ln tranaducer de1ign e1timate1. But lt l• important to know that the error 

11 not greater than thi1, which the pre1ent finite cylinder calculation• 

demon• trate, probably for the fir1t ti•. !'he difference• in the • inor lobe 

• tructure for the cylindrical •ource vith and without the infinite cylindrir 

cal baffle may al10 not be of practical • igniflcance, although auch queatlon1 

ai• t be con1idered individually for each application. 

The re1ult1 preaented here have been intended mainly to deaonatrate 

the fea• ibillty of the method of calculation deacribed in reference 1. In 

th follovlng paragraph• ve ment i on other intereating probleu for which 

calculation• could be made, a well a, 1ome of the vay• ln vhlch the method 

could be improved. 

In thi1 method of 1olvlng the finite cylinder problem it would 1eem 

appropriate to u1e prolate 1pheroidal oordinate1 (and the correaponding 

vave functiou ) for b/i >I, oblate 1pheroidal coordinate, for ~/a,/ , 
and 1pherical coord i nate, only for ~/a.• I • Hawver, the relative • mplici.tJ 

of the 1pherical vave function, would favor their uae for ~~different fr om 

- 2 -
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unity, and one of the que1tiona for further 1tudy i1 the range of ~4_ which 

it i1 fea1ibl to handle by u1e of 1pherical wave function,. 

'ftle pre1 n .. calculat ion,, u1ing 1pherical wa"e functiona with ~/a,• .L 

have provided aome r 1ult1, but have allo ahovn that it ii difficult to get 

the accuracy deaired. We could expect that th aame amount of computational 

effort would yield more re1ult1 for ~,,. cloaer to unity. 'ftlere are varioua 

other finite cylinder calculation• with ~,•a. not far from unity which would 

be uaeful in tranaducer deaign. One of the moat uaeful caaea ia probably 

that of the cylinder vibrating on one or both end• with the aid~• rigid. 

With aoae laprove•nta in the exiating computer program it ahould be poaaible 

to obtain enouah coefficient• in auch caaea to permit calculation of the 

near field and auch practically important information u the radiation re-

actance. 

Practical proble• involving acou.atic aourcea of other ahapea could 

alao be treated by thia Mthod. Source ahapea which do not differ greatly 

fr011 a aphere 11tuld, of courae, be the eaaieat to handle, and would not 

tax the capabilitl•• of the •thod u aach aa the finite cylinder. Por 

ex-•ple, the rigid aphere vlth a vibrating flat apot7 would aerve .u a 

uaeful aodel of a tranaducer in a rigid houaing. 
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