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ABSTRACT

INFORMATION TRANSFER FUNCTIONS THROUGH PLASMAS

_RD ¢00 82/

—

The degradation in information content undergone by surveillance and communication
signals transmitted through the plasma sheaﬂ';\’lit;iboon colculafed"im for some
specific re~entry conditions. A comparative anolysis\‘{f;:-been mode for all present day
types of modulations assuming a flush mounted slot antenna located near fhg stagnation
point of the re-entry vehicle and operating near, but dbove, the plasma frequency. The
analysis is based on a transfer function which relates the space-time Fourisr transforms of
the antenna exciting field to the received radiation field. The end results, presented
graphically in terms of both error probability and transinformation vs. input signal to noise
ratio, are based on the calculated pulse distortion undergone by the signal as it traverses
the plasma sheath. The results ofmstudy point out that for the plasma model under
consideration the performance of all modulated signals is degraded with the greatest
“degradation occuring for Amplitude Keying and the ledsf degradation occurrirg for Phase
Shift Keying.( ) \
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SECTION |

INTRODUCTION

The objective of this study progrom is to calculate the information deyradation undergone by
surveillonce and communication signals transmitted through re-entry plasmas, in order to arrive
ultimately ot specifications for e optimum design of communication and surveilionce equipment.

As well known, the effect of the plasma sheath around re-e. *ry vehicles is to olter the choracteris-
tics of electromagnetic signals propogaring through it and consequently degrade the performance of the
associated surveillance and aurunicntion systems. The plasma introduces alterations which severely
limit the reception range. |t clso introduces dispersion, which is responsible for smeoring the envelope
of the transmitted RF pulses, thus causing interference between odjacent puises of digital signais; as
v result, the error rate increoses, causing a reduction ¢f information capacity.

In line with the above objec.ives and the plasma sheath effect on communication and surveillance
signals, the following study tatks have been corried out ond ore discussed in respective sections.

Task I: A rec!istic plasma sheath model has been derived for the stagnation point of ICBM's

and IRBM. Curves showing plasmo frequency, coilision frequency and plosmo sheath thickness
versus altitude for a voriety of re-eitry concitions are given in Section i, Task |.

Task Hi: The output response of the plasma sheath to an input electromagnetic pulse hos been

derived for some ranges of plasma parometers; the result is based on the obtainment of o transter
function ralating the signal strength and waveforms ot both terminal e ds of a communication or
wrveillance link, taking into account the antenna charocteristics of the system. The pulse Jegredo-
tion caused by the specific tronsier functions derived are discussed in Section li, Tosk il.

Task lll:  Wsilizing the output of the two previous tatks, tre performa s of several typical

communication ond wrvsillonce digital signals has been derived by calculating the error probobility
and the trons-infarmation as o function of signol to noise ratio. Furthermore, o puc!iminory system
onolysis is given, which shows the optimum digitoi modulation for o given re-entry mission s o

func'lc of trojectory. Thess matters are discusied ot length in Section I, Task 1.




Finolly, Conclusions and Recommandations are given in Section iil. The results of the preient
study point out that for the plasma model under consideration, the performance of all modulation signals
is degraded, the greatest degradation accurring for Amplitude Keying and the least degredation for
Phavs Shift Keying. It is also shown that the attenuation is prohibitive over most of tha re-entry poth
if the antenna is located near the stognation point and that signal performonce depends very critically
on antenna location. It is, therefore, recommended that an occurate and realistic re-entry model for
location other thon the stognotion be derived, in order to determine the mcst advantageous antenna

plocement in regord o information trarsfer efficiency.




SECTICN il
TASK It DETERMINATION OF RE-FNTRY PLASMA MODEL

The abjective of this secticia Is to set up a realistic plasme nodel of re-sntry condi-~

tions typical of ballistic and glide vebicles. Such s mode! must be necessity include vehicle

trajectorles from whici. the plasmas parameters are derived. The importunce of cecurate calcu-
laticn of plasme porometers cannot be overstressed; they form the backbone of any useful pre~
diciions concerning the effects of re~entry on command control signals.

The analysls presented In this section Is divided Into two party:

1) Determination of re-antry trajectories as a function of bullistic cosfficient, ra~
entry angle, veloclty. Pertinent results are plotted vs. altitude in figires 1-5%to 1-9%,

2 Computation of plawmc pavometery that is, plasma frequency, coliision frequency
and plasma sheath thicknes as a function of the several trajectories obtalned In (1) . The
pertinent parometers ore plotted vs. altituda in figures I-15 te {1-18 and figures i -20 to |-25.

The result of this analysis show thot plosma and colllsion frequencies vary morked!y ot
low altitudes by several ordors of mognitude as a function of the baiilstic voefficlenty at high
altitude the varictions do not exceed one order of mognitude. Furthermore, both plasme and
colllsion frequencier do nct thange by more thon one order of magnitude as 3 functlon of re-
entry angle, al! other varigbies mmalning tha some. The plosma theath thicknesn, on the othser
hand, remolns app: oximateiy comtant for all tyoes of trujectuiios considersd and he, o moagni-

tude of the arder 5% to 8% of the nose rod'us.

* The Romon numersls preceding the figur: number refer to the corviponding Tosk number.




l. 1 Calculation of Re-eniry Trojectories

Trajectories of re~entry vehicles, whether they be ballistic, glide or interplanetary, are
comprised of two phases: (a) the phase outside the earth's atmosphere where gravitational
effects are dominant, cnd (b) the phase within the earth's atmosphere where drag effects
are dominant. Various methods have been used for separating the two phases, dependent
to sonie extent cin the nature of the re-entry vehicle. 1.2 For ICBM and IRBM ra-entry
vehicles, it has been found that drag effects do not appeor in measurable quantities until
the re-entry venhicle has descended below 300,000 feet. Therefore, the 300,000 feet al-~
titude level has been selected os the demarcation point between the two phases of the re-
entry vehicle trajactory. Above this leval drog force: are not present and ballistic or
free flight techniques are employed to find relarionships between parometers such as citoff/
re-entry velocity, cutoff/re-antry angle, apogee, time of flight, and range. The values
cf the parcmeters (cspocfnily velocity and flight angle) ot 300,000 feet aititude, together
with the ballistic coefficient of the re~entry vehicle constitute the input conditions for

the re~aniry pha+a of the flight.

Ballistic Trojectories

Consider the points A ond 8 on the eorth's surface between which o ballistic trajectory
is desired, o3 shown in figure I-1. The effective atmcsphere axtending to an altitude of
300,000 feet is shewr to scale in the figure. This altitude is slightly greater thon one percent
of the earth’s radius (3762 miles) . For purposes of simplification it is cssumed that the eorth
with aimosphere included has a 4000 mile radius, and thot cutoff and re-entry occur ot the

two points on tha earth's surfoce between which the bollisiic trajectory is required.

I. K. C. Duncan, " Dynamics of Atmospheric Entry”, McGraw-Hill Boox Campany, Inc.,
New York, 1962.

2, R. J. Tolosko, "Simpiified Decoy Asrodynamic Design Tedh niques ond Porometric Studies”,
Avco Corporation, Research and Advonced Development Division, Technical Memorondum
4 RAD-TM-62-38, 28 July 1952 (Secre?) .




As shown in figure |-1, rumerous ballistic trajectories, paths a, b, ¢, d, or e, between points

A and B ore possible. Each will have o unigue cutoff/re-entry angle and velocity. In as much
as the weight of the re-entry vehicle traversing the various poths is ossumed to be the same,
ecch trojectory will have a unique launch energy amociated with it. That poth requiring
minimum launch energy is termed the optimum ballistic or free flight trajectory. (Alternate!y
stated, the optimum ballistic trajectory will cover the greatest ronge for given launch energy or
valocity) .

3

Krouse™ has oklained general relationships for optimum trajectory parometers, based on the
motion of a vehicle of constant moss m in the gravitational field of a spherical body of mass M
outside the atmosphere. The voriation of gravity with aititude and the cirvature of the central
body are taken into consideration. The free flight motion of the re-entry vehicle is governed by

o central force

-GAm
= = (1=}

where G is Neviton's gruvitational consiant. The abbreviation

p = GM = goroz (i-2)

where o © radivi, and g = gravitational acceieration on the surface of the central body, is
used in the relationships.
Also used is a dimensioniess velocity porometer ot cutoff Q., defined as the square of the

ratio of the cutoif velocity to the circular velocityt

Vv, 2
Q = (yg—=) (1-3)

cir

~

3. 4. G. L. Krouss, "Free Flight Trajectories Close to Celestiol Bodiss,™ Chopter 7, i{andbook
of Astronautical Engineering, McGrow-Hill Book Company, Inc., New York, 1961,




Since the circular voloc!'ry must be such that its narmol acceleration (o, = -\:3 ) is equal and

opposite to the gravitational acceleration of the central body,

2
v
cir (1)
]
(-]
or, by equation (2
2
Vc!r B 'F; (1-5)

Substifuting into squation (3}

2
o Ve

-
c b

Q (i-6)

Among the relotionships given by Krause for optimum free flights ore the following. The

optimum angle (£ deporture for maximum ronge is expressed as @ function of ronge angia by

r
cosq-..r.?.

cot29 = ——L (I-7)

sing
where € = optimum flight path angle
¢ = maximum ground ronge angle
r, = rodivs vector ot cutoff

r, = radius vector ot terminal point
as shown in figure i-2. Note that 9, the angie between the radius vector and the velocity vector,

is the complement of the deporture/re~entry angle y; l.e., 8 = 90°-y. Forthe caser =r, =r,,

equation (7) reduces to

cot 20 = °.2.:i_,.l (1-8)

The relationship between optimum deporture angle und cutoff velocity Is given by




2 o 3
1+ =— (= -1)
an® = |—c 4] (-9

Qe ' !
"—i- (};‘ "'])J

For the coser_=r =r_, equation (%) reduces to

t
1 1
tan 6 = Tm;— 2 (""0)
|
The relationship between the maximum ground range angle and cutoff veiocity Is given by:
1
| Qe+ (2 -1 2
tan L = | 2 i (1-=11)
2 2 T
i 1)
Q. y
For the case re=H =7 equation (11) reduces to
% )
tan E = | 2 (1-12)
2 2 _,
T
wd

The relationship between the summit altitude (apogee) and the cutoff veiocity for the case

TSR is given by:
r 1+Y1-Q
4 = (113}
o 2 - Q

where ry i the radius vector at the summit.

Finally, the relationship between the time of flight and the cutoff velocity parometer is given

by:
V2 = g )
*"‘ *C Re ( rf {i 2‘+ “’ ) II“’
o 3/2 1/’2—*2».(),) (1 -y +oo v (1=14)
t M c
(%




where R_ = equatorial rodius of the central body
r
v o= (Lene-q) -3 (1-15)
c

For the case ner" Ry = For ond where, acoording to Herrick and !dtor’ the constant

Y2
R

€
’1/2 = 806. 8 sec. “"6)

b
was used, equation {14) reduces to:

32
fp~t, = 806.8(2_}0) (/v‘v-v!+cos" v) (1-17)

c

with

v o= 1-2Q (I-18)

Based on equations (8, (10}, (12, (13), ond (17) above, the total range of the optimum
rfree flight trajectory expressed in sratute miles, is selected as the independent varicble ond
correspondting valuves of : (1) total flight tims, (2) deporture angle, (3) cutoff velocity, and
{4) apogee cltitude ore plotted in figures I-3 and 1-4.

Since the trojectories are symmetrical about their mid-range, the re-entry angle is equal to

the daporture angle, ond tha re-entry velocity is the same as the cutoff velocity.

In cbtoining the <urves of figures 1-3 and 1-4, the effects of the earth's votation and atmosphere

were not consideved. |t is pointed out that cutoff and re-enfry were assumed to occur ot the same

cltitude——and total range and flight time ore measured between these points. These simplifying

ossumptions permit the curves to be applisd very widely with negligible errors.

4. Somuel Herrick, R. M. L. Baker, Jr., and C. G. Hiiton, "Gravitatio~al ond Related Con-
stonts for Accurate Space Navigation™, Proceedings of the Bth inturnational Astronauticol
Federation Congress, Barcelono, 1957, pp. 147-235, Springer-Veriag, Vienna, 1958;
Univensity of California, Los Angeles, Astrorn. Popers, vol. 1, pp. 297-338; ARS Preprint
497-57, 1957.




Re-entry Paths

Re-entry conditions for optimur ICBM cnd IRBM trajectories may now be cbtained directly

from figures 13 and 1-4. For example, assuming ICBM ranges of 5500 ond 7000 mi.es, ond IRBM

ranges of 1200 and 2000 miles one obtains:

ICBM Re-entry Path

Range, miles 5500 7000
Re-entry angle, degrees 25.1 19.7
Re-entry velocity, ft./sec, 22950 24200

IRBM Re-entry Path

Range, miles 1200 2000
Re-entry angie, degrees 40.7 37.8
Re-entry velocity, ft./sec. 13350 16400

The above data ore for optimum trajectories, i.e., those yielding maximum ronge for eoch
particular missile. Although many flights ore made urder, or close to, such condivion, in
numerous instances sub-optimum flights are employed. Fir exomple, a solid fuel missile with
a 7000 mile range capability (following on optimum traiectory) is to be used for striking o target
5500 miles eway. Since the cutoff velocity connot be aitered, the cioser target con be reoched
only by changing the cutoff departure nngle. The new departure angie may be found from the
3

expression

1 Qc sin 6 cos 8‘}

X = r_ton (1-19)

3 Q

I - Q sin78J
whers X‘ is the ground range fo the summit, or half the tutal ground range (see Figure 9, ond
the other terms are as previousiy definea.

Using the exampie previousiy referred to where the cutoff velocity is 24,200 ft. /sec. , ond

the new total ground ronge is 5500 miles,




2

v 2
= c = Q4lm [ -4 -
Q c —_9'0 37, 203963 (530) 0.870 (1-20)
5500
X‘ x T = 2750 (1-21)

Then from equation (19)

@ = 81.8° or 48.0° (1-22)
ond

y = 90-0 = 82° o 42.0° (1-23)
Thus the 5500 mile target could be hit by launching ot 8. 2° or 42.0° (instead of 19.7° to hit
the optimum 7000 mile targef) . Since the higher trajectory would require a greater fiight time
and be vuinerable to greter error, the smaller lounch angle is selected.

Similarly the 2000 mile ronge IRBM lounched at 16,400 ft. /sec. ot on angle of 37.8° may be

made to strike a target ot 1200 miles by reducing the lounchk .ngle to 14. 2°.

Re-entry Profiles

The two sub-optimum trajectories discussed obove were odded to the four optimum trojecturies
previously deszribed. For each of the six trajectories, re-entry poths were determined for three
different ballistic coefficients: 2000, 1200, ond 500. The ballistic coctficient, B, of 1200
18 typical for re-entry vehicles used with Atios ond Titan missile systems. ond may be considered
as representativa of the present state of the art. The cose B = 2000 represents a highly streamlined,
low drog re-entry vehicle representative of advanced systems, while the case B = 500 represents
the high drag systems.

Velocity - altitude profiles for the 18 cases of re-entry investigoted o - presented in figure I-5

to |-10. Each ro-eniry wos considersd to begin ot an aititude of 300,000 feet for ~easons previousiy
given, ond trojectories were determined through the following reiterative process. Rsferring to

10




fig. §1=11, and letting the subscript o denote initial values, the re-entry vehicle of mass m
re-enters the atmosphere with o re-entry velocity V, at a re-entry angle Y, of altitude h,
(300,000 feet.). The re-entry vehicle is acted upon by two external forces: D, aerodynamic
drag acting in the direction opposite the velocity; ond, W, its welght acting vertically downwerd.
Considering first the aerodynamic drog, from Newton's first low (F = ma) the duceleraiion

produced is given by:

D Og
d=-"-‘- = W (1-24)

The drog force D may be expressed:

v2

D = Cphp- (1-25)

where Cp = coefficient of drag
A = frontal area
p = ombient density

Substitution into equation (24) yields

ChA v2
p
4 = Sv o (1-26)

Since by definition B, the ballistic coefficient, is:

w

B o=
Cp A

(1-27)
Equation (28) may be written

d = .%_ (1-28)

Fina!ly, the omhient density moy be expressed os o function of altitude by the relationship

5
given by Gazley:

5. Corl Gozlay, Jr., "Atmospheric Entry”®, Chapter 10, Han#hook of Astronautical Engineering,
Mc Grow-Hill Book Company, Inc., New York, 1961. 11




p = pg exp(-4.15x107h) (1-29)

whers PsL Is sea level density, to yield

P
d = -7% oxp (=4, 15 x 10-5 ?’t)V2 (:-30)

Substituting the known values of ho ond Vo into Equation (30) , the initial volue of drog decelerction,
do, may be obtained. If a one second intervol is considered, h and V will change only slightiy.
Consequently d also vill change on'y slightly ond in fact may be regarded as constant during the

one second interval. 1'or uniform deceleratinn

AV = dAt (1=31)
For At = 1,

av = d (1-32)
Then

AV = ‘»/O-V' = do (1-33)
or

vl =V, - d (1-34)

Thus the velocity ot the end of the first second, considering drag effects only, is determined.
Similarly the chonge in mognitude and direction of velocity produced by weight {the force of
grovity) octing during the one second period was determined, and the velocity subsequently
modified. The new valu-, of velocity, direction and altitude correzponding to the end of the

first .econd, Vl 'Yy ond hl , provided inputs for determining changes during the second intervol;
i.e., for obtaining Vo, 79/ and hy.  This reiterctive process was continued a! one second intervals

. PSL
until zero altitude was reached. The first term of equation (303 , ——— was assumed to remain

2Bg

constant during éach re-entry.

Compu  *'zii of the rm-entry trojectorias was performed on on 1BM 1620 computer. Values ci V,

12




Y, and h ond also of range and deceleration were obtained for each re-entry case at one-second

intervals. The curves shown in figures I-5 tc |10 were plotted irom these results.




I. 2 Calculations of Plasma Porameters

Collision ond Plasma Frequencies

In arder to cbtain the plasma sheath porameters, and in porticulor the plosma frequency,

fp and the collision frequency v, it is necessary to know the density of the shocked air,
P, and its temperature, 7. T and p2 which determine unique!y fp and v, were calculcted
by Gilmoreé as a function of velocity and cltitude assuming thermadynaniic equilibrium

(an assumption valid ot the stagnation point) . Thus, from a knowledge of the velocity-
altitude reiationship for sach re-entry trajectory, values of the coliision frequency (1 ond
plosra frequency (fp) con be obtained via T ond Py the results are given by several wrirers,
in particular Bachynski, Johnston and Shkorosfiky. ’ Figure 1-12, token from Reference 7,

yields collision and plosma frequencies at the stagnation point directly. Values of these

parameters fu the 3. x trajectories investigated ore plotted in figures 1-13 to 1-18.

Plasma Sheath Thickness

Plasma sheath thicknesses were calzuloted for the six re-entry trajectories, based on the
theory and experiments of Li and Geiger. 8 In essence, Li and Geiger found that for the
ronge of velocities encountered during re—entry, the ratio of sheath thickness (A ) to rodius
of curvature R} of the hemispherical nose cone at the stognation point is only dependent

on the ratio, K, of free stracm to shock wave air density. Using their exprezsionz

b = k(- KQ@-K )
=

0-1° '1-35)

8. Gilmore, F.R. "Equilibrium Composition ond Thermodynamic Froperties of Air up to
24,000 oK™ ,Rand Corporation Report RM 1543, August, 1955,

7. M. P. Bachynski, T. W. Johnston ond |. P. Shkarcsfsky, "Fleciromagnetic Properties
of High Tempercture Air,” Proceedings of the IRE, Morch, 1960.

8. Li and Geiger, "_*agnrction Point of o Blunt Body in Hype~nric Flow", Journol of
the Aeronoutical Sciences, January, 1957.




1-36)

Substituting known values of the ratio of free stream air density to sea leve! density
("‘/ £.,), and shock wave air density to sea level density (02 / po) , as a function of
oltitude gives the variation of plasma sheath thickness vs. altitude for the re-entry course.

Values of (o‘ / po) were obtained from the 1956 ARDC Mode! Atmosphere.9 Values
ci (;)2 / po) were obtained directly for each combination of altitude and velocity.

Results of these calculations ore shown in figures 1-20 through =25 for the six re-entry
trujectories investigated. A sampie of the numerical data upon which the figuies ore
based is given in Table | for the cose of the cprimum 5500 mile trajectory. From the
results presented, it may be generalized that the plasma sheath thickness is approximately
constant for each type of trajectory considered. For the ICBM trajectories, the sheath
thickness is roughly equal to five percent of the nose rariius. For IRBM trajectoriss, it
is equal to six percent of the nose radius. For both types of trajectory, the sheath thick-
ness tends to increase as altitude decreases. At aliitudes cbove 150,000 feet, the plasma
shearh *:ickness is independent ~f the bollastic coafficient, B . However, ot lower
altituoes the sheath thickness is grecier for amaller volues of B; i.e., for higher dog re-

entry vehicles.

J.R. A. Minzner and W. 5 Ripley, " The ARDC Model Atmophere, 1956, *FCRC TN-
56-204, Decembe:, 1959.

10. R. J. Plugge, S. Chen and R. K. Lorg, "Some Calculations of the Phaie Shift and
Attenuation Rates of the Hypersonic Plasma Sheath™. The Otiio State University
Resecrch Foundation Report No. 1021-2, 31 January, 1981, (Cc roct AF 33(616) -6782.




Table | = Vo-lation of Plasma Sheath Thickness During Re-entry for Optimum 5500 Mile
Trajectory (B = 2000)

Altitude Valocity (o, / po) ./ pg) K=p./p A _KG WK(2-K
teet) (K ft / Sec) : 2 e A -0 2

250,006 23.0 3.36x10"° 1075 0. 0600 0. 0448

200,00 2.0 255007 102 % 0.0640 0.0474

150,000  23.1 1. 50x10™ 107143 0. 0475 0. 0364

100,000  22.9 1.35x10" 2 1070 %0 0. 085| 0. 0606

50,00 2.9  Lsx0” w009 2,067
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Figure I-1. Possible Ballistic Trajectories between Two Points on the Earth's Surfoce.
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Figure 1-2. Optimum Ballistic or Free Flight Trajectory




RE-ENTRY ANGLE,¥ =909




S

DEPARTURE/REENTRY ANGLE AND F
VS. RANGE FOR OPTIMUM FREE FLIGI

3000

/

/

w w 0 0

[ ~N -
$334920 - ITONY AMANIAN/ IWNILNVEIQ Figure 1-3 iy

RANGE — MILES

P




g e < g

44

+40

36

32
Z

SIALANIK — 3NiL

o b
(2

— 49

e

FLIGHT TIME

IGHT TRAJECTORY




il i. ] . I I l
APOGEE AND CUTOFF VELOCITY VS. RANGE ot
FOR OPTIMUM FREE FLIGHT TRAJECTORY !
. ! //mloﬁ
- t t —
-
|
lOOO / . —
|
]
A ; APOGEE —
800 - t - [—
" // >
; -
2
. / /
w600 —= ~ -
W
o /
g / | , _n e
< -——1——/4 - +
00 ___// _ !L.v - ,
/11 L
|
{
[ 7
zoe //? b ——
& i i
5 |
I ,
0 loLoo - 2000 50%)0 : 4000 i 5000 6

RANGE - MILES




130,000

-425,000

000

20

3038744~ ALIDOTI3IA 42010PD

o
T T

410,000

3,000

10
10,000

u _, 1 ;N N S S
i : i : ’
1 ; . »
i L : :
¥ A - —— - e i\#‘ s - .1 e .
{ § i !
i “ c N 3 :
- | |
i H—— ! : i 2
T||||q. [¥3] - ~i ’ i%f S i SR - .- - —
i P> ; : g
i i i _ ,
: 4 i :
| 4 B 4 , NS e e
| | @ \ ! / “ _m
i . 4 ! i
S S W VAN 8
.T + *I e lil:i:lwl.li .tlxﬂ. —r B RN ——— R
N i : . ” _ ®
i : I i ;
m ’ A/ i i
. + +f — . +
i ! / i !
_ | ,\
A  S— . ‘ 8
! / W ! ! 2
| .,Y.. i + . ; ————
| o | M
_ b3 ﬂ | i
1 B H
| o i » __ , . S
T B + 1 i <




VELGCITY . KILQFEET/SEC

S
Re-entry Velocity = 24,200 #. ‘sec
Re-entry Angla - 19.7 degrees
{Optimym 7000 Mile Trajectory)
-
| |
' f
26 —_ |
5S4CONDS ) 15 i
|
2 — j‘L
| | |
“ + y T
i8 + “ — ﬁl*
‘ |
!
6 b—_ e o
O S
12 p . .- o
10 o o e e -
8 e - . IS .
b p— . . .
4 - + .
b : . + -
G _;. - ——— - i - - e
30 % 0 %0 1C .
ALTITUOE - KILOFERY Figre 1-3




VELOCITY-KILOFEET/SEC

Re-entry Velocity - 22,550 #1.'sec
Re-ontry Angls - 25.1 degrees

i 1 e ot st

{Optimuem 5300 mile 1rajectory)

R ———

oo oo, —d——__—*’-j

2

3
[
L]
12

10

22

t
% e
—- - e -
i JRST S,
B
X0 25C X0 1% 100 G 0
ALTITUDE - KILOPEET Figure -6




VELOCi7"/ - KILOFEE" /SEC

4

Y]

L o
Re-eniry Velocity - 24,200 ft/sec
Re-entry Angle -~ 8.2 degrees
{Sub-optimum 5500 mile trojectory)
]
et
E
e o
--__.+ -
o p— P s e s
—— VS S
X0 30 xn 150 100 0

ALTITUDE . WILOFEEY




VELCCITY - KILOFEET/SEC

4

Re-entry Velocity - 16,400 ft/ssc
Re-eniry Angle - 37.8 degrees

(Optimym 2000 mils trojnctory}

y h"“%——
,,, AN\
: A\
, | N
. \
‘ \

, | \

250

20 150

ALTITUOE - KILOFEET

100




VELOCITY - KILOFEET'SEC

16

14

12

10

I

Re-entry Velocity =~ 13,350 f+ /sec
Re-ontry Angle - 4.7 degrees

{Optitaum 1200 mile trajactory)
{
|
C— __i_“ -
{ |
|
‘
—— I
r
l
L
f
|
{ |
r-A — i i s e s
S S e _
i
ST W ——— - .
. S
L. SRR W
300 259 200 150 100 5

ALTITUDE - KILOFEET Figure 1-9




VELOCITY--KILOFEET/SEC

26

13

16

14

12

10

Ra-entry Velocity — 16,400 ft sec
Re-entry Angle -~ 14.2 degrees
-_1 P
(Sub-optimum 1200 mile trajectory)
!
i
i —
@
i
I
o
- “
\\\4
_ S S R
SR W B0 USRS S——
R S e
S S U - -
o e e o R ‘"‘-—v-—-r--»*L v - s —— —1
300 250 200 154 140 50 0
ALTITUDE  KILOFEET Fiqure 1-10




Figure I-11. Farces Acting on Re-entry Vehicle
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TASK Il

PULSE DEGRADATION DUE TO PLASMA SHEATHS

{I-1. Introduction

The problem of determining the Infiuence of o plcima sheath cn the infor.notion capacity of the tronsmission
or communication oath in wnich rthe piasma sheath is siivated is one of dotermining the change in bit error
probabilities for digital signols, and the general entropy change for analoyue signals, due to the tronsmitted
signal degradation or smearing which is coused by the sheath. However, to determine these changes, the signal
degrodation nust first by determined. Thus, the basic problem is one of first determinirg this signal degrodation
due to the plasma sheath.

In the present program, work has been concerned with determining the pulsy degrodation of a single
pulsed carrier signal. Since o digital signnl consists of a series of individual pulses, the degradation of o
sing!s pulse should firs: be determined; then, for a linear system, superposition can be employed, io determine
the degiadation of o composite pulte train. Additionally, since an analogue signal hich exists for o finite
duration of time can be represented by o Fourier series, each component of which con be looked upon as ¢
single pulse of a different frequency aid phase, the knowledge of what happens to o single pulse of urbitrary
frequency, phate, ard duration, can also be used, via supsrposition, to determine the degradation of on
analogue signal. Haence, the initici problem which shou!d be considered is that of a single RF pulse of
orbitrary frequency, amplitude, and duration. Thus, the iritial wark trec’s the degrodotion of o single pulsed
carrier.

-2, Dgodoﬁon of a Single Pulse

20. Obiainment ot Tromfer Function

The first step in determinir, the rodiated pulw produced by the plowna cooted vehicle, is to esto-
blish o madel of the camcwmnicotion system of the vehicle and to abtain the effective tronsfer function cf this
systom. Comider, then, the cammunication link depicted in figure ii--1. which shows the vehicle, the arbitrarily
shoped aparture ntenna in the vehicle srfoce, the plommo sheoth, ond the far fie'd receiving point P locaoted
at an arbitrary ponition In the radiotion fleld of 3 digtonce r fram # - ~4i-ja. The tollowing restrictions will

now | 3 mode: -

. e - —y
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1) The curvature of the vehicle surface Is sufficiently large, as compored fo the wavalength of the
carrier frequency, 0 that the operture c:on e trscted as baing situo -4 on o plone surface.

2 The plosma sheath Is hamoge: .ous, linear, isotropic, ond forms a single layer of thickness d over the
vehicle surfoce.

3) The aperture excitetion (in porticular the tongential electric flelds over the aperture) is roken ai
specified.

Thess restrictions ure sufficientiy lax 30 os to approximate octual systems. Hence, the model of the system
is now known.

Referring to the cloe-up view of tha apertur- antenna, o3 shown in figure Ii~1, ond if one considers the
case of an unmodulated carrier exciting the operture, then if E: (x,y) and E¢(x,ﬁ ors the aperture fields (where
the time factor i is understood, © buing the carrier frequency) , then previous work(!) e+ shown that the
radiation flelds preducad ot the for field point P (-,0, 4) are

(it-1) EQ-\E@ Hy = 1@ £

-2 2 H = of@ g

v

where Eg ond E are the radiation ficids praduced by the some aport v didribution in the cbsence of the

plesmo shecth and are, respectively,
, =A A
-3 Eg = AlE,, cas + B sing)
. o » =A =A
-4 E‘ - AcmO(-fndn00Ew cos ¢)
where

W-9 A= Npe M/

with i being the phow foctar in vocuum ¢f the aperhure exciting fleld, . 0.,

;n')

(1} C. M. Knop, "Rediet s Chaocterigtics of Aperhures in Canted Medol Sufacers”, Hollicreften Report
No. 094-900452. Jenuary. 1983, A 56,

st 4 e ¢t
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with
("‘7) xv = 2‘@/90

in (1-3) ond Gi-4 E:,-d?:‘. are the spotiol Fourler franeforms of the specifiad field distribution,
given by
% TR § S SR
4" Aperiure

“16,(x “M*rwﬂ‘h#

with on identicol expression for ;:o with E:(x,y) replacing E:(x,y) in the integrond.

The above cquaticas are for the com of _.: infinite «nial plons. However, these rewirs have been
experimentully and also semi-emy. .. ically shown to be applicable to the cave of o finite plcte antennc. in the
plans perpendicular 10 the plone of polarization'? * @ . For exomgle, iF  thin rectongulor slot is used, the
infinite plons model ca» be used to predict the radiation fields for o Hnite plate in the piane of the long dimen-
sian of the slot. However, experimental wark has shown(2 that results of {11-3) and (I1~8) cannot be used fo
prodict the fields from o finite plote in the plone of polarization (I.e. , for the slot case in the plane perpen-
dicular 1o the iong dimension of tha slod .  As such, only the plone perpendicular to the plone of polarization
will be considered. Thus, If the slot hos its long dimension wlong ths x cxis and is thin in the y direction,
(11=3) und (11-4) con also be vsed & predict the poiterns from o Hnite (cooted or noncooted) plone In the xa
plane. Thus, they con be used Ir. this monner for an aperture in a linite vehicle mrfoce.

in (11=1) and (11-2) the foctars H) and g reloting the radiation flalds with the plowna presant 10 those
without the plawse pressni are given by
(-9 e - om"‘ o..a/(m AR LY

]
010 o = ™ gt jug n

with
([R])) ,-u\!:’- uni9 = Elecicel lorgth of plasme sheth
R . 758, -

@  Frood, \ G. end Welt, J. L., “An lavestigation of Siot Radisters in Motel Pletes”, Mroc. inet. Elec.
% Engn, vel. 103, pt. 3, Ne. 1, 103-110

PR g ——"




(i1-12 g cos O/ :s' -sin" @

(11=13) o, = J'c" - ﬂn’a /x.‘_ cos ©

For th plosna sheath, th: dislectric constant is characterizid by the equivaient complex dielectric
constant

v
-19 o« = o= M

where
(19 o N SRR (V7

r ’
1 41242 1+ 04/l
with u * 21fp being the ongular plasma frequency, ond ¥ the zollision frequency.
Reshicting our interest to the on~axis (0=0) rodiation fisld in the xe plans # = () produced by an cperture
having only on £, component of excitation, (11-3) and (11-4) give

A

(1-19  Eyr.0,0 =AM ol E (W

=17 Eo(.',O,Q = 0.

Equation {Ii-14) gives the steody sic'e E.’ on~axis rodiation field of frequency w due to an Er aperture

field of the some frequency. Hencs. the function contained | {11-18 , defined by
A
(18 Gl ® A(d gl o (%)

iv tha Rander Fmtfm of g hypntheticol black hox chor scterizing the commwunication system, whoe In ut is
the apertwre ficid E:(:.y." and whoss output is the on axis rodiation field i.(',ﬂ . Hence, the output of

this block bo= for ¢ time moduloted aper:ure fleld input of
A . A
G119 Ey (x,p, "fy (x.y -’(r)

where o (1} contni~s the timo dependence of E,A(x,y,f) + 18 then the tota! electric fiald Eg . A given by the
sperposition of all the frequency comporents of the form (11-14 , ond Is

Do
.




0-20 £ = j.cw:yAw o3

w0

)
me,‘(«' is the temporc! Fourler fransfarm of the time dependent part of the E_ aperture fiald, i.e.,
(11-21) n’(d ~ Loy(ﬂo &

As a speclal check casc, If o () = Egs'™®', i 0., 1 a continuous wimedulated wove of carrier frequency
wo, then .YA(d = (- v,) ond we of (1I-28 gives Falr. « Gluy,) ¢ which Is the steed, state resul:
(1118 o3 it shouid be.

. Pulsed Carrler

Having formulated the case for arbitrary i« - iation, consider now the case of an input pulsed

earhrélvonby
W12 o = (e - 10 -1 of%'

where

] x<0
0-22 Q=
] x>0

is the unit step function. Equotion (1i-22) represnts o < 7 jer of frequency u, “umac on ot time 1 = 0 and
off ot e t = T, i.0., Is a pulsed carrier of frequenc: ., nd of duration T. Integration of (11-21) for this cose
lves
T
deflw-u )l 6T
{""?Q :7A“ - L o . !(“ “92

. (v- u',;

A+ ompiitude piot d:,Am wvosrs thot the | - quercy sprctrum of S pulswd conier [y cavtered at 2 v,
withir o bandwidth of cpprosimately 1 - 0 _«s_i:': j“ ba 0, wheew {3 % % . 18 practicel guised system
Q<! (typlenily O » 10~%) ond henca, the &p:cm of (11-20 need not h:ola&-m m infinite to dbtain the
outprt, but nesd only sxtend over this bendwidth. i asirstion of the futton ALl awd ;;i’d reveal that theie
phovs Is consiond with respect 10 u, ed that over **.; nbove bondwidth Thelr amplitudes con be token 21 condect

a4




at the volue they have at the cormrier frequency; hence, (1i-21) becomes
- o T
M-29  Ed=C [ ool ool -2) g,
“~

o
where a;\(d is given by (11-24) snd the range of integration hos Leen rs~extended over the infinite rangs.
Equation (11-25 shows that the transfer function of the system redvces to

. r

(120 Gld =Ce " T g(@

whare

M-2" C = -2 Evo(u)

ond C i3 o constont for o given system.

_Lg_g@u Plosmo Sheath

Suppose the cose of o lossless p.cama sheoth s now comsidered. Such a sheath is charoctorized by o relo-

tive dielectric comtant of

(28 ¢ =1-2

The foctor g(u is then via (11-100 (le*ting 0 = 0 for on axly

Al
-9 gl = —0

1

e

cno sing

where ¢ reduce 1o
(11-30  9=Bdd = B 4 {.’:

DPefining & by

|
{1i-3Y b = i }

N
ord ¥ by -




152 WmiSsinge !*
ond using the exponsior,

| =
a3 -2 "W fw] <)
ne

gives for Wl <1, 1.0, %r

(3¢ 2> {?-l.m
o — {3

P
the following representation for g{u)
. d. .
- "g“e ~ipld (2r+1) d
(39 gl = o Z JIRY
n=0
where
2
’.l - (\-.g v% + 3

& 3 :
GG

“’“"‘{‘s -45‘3-%6’*

i

The cosficienn LS wen 10 decrease with  for o given 8, since for condition {11-3) ro hold § < 1.

Hence, mluqmn_)_\jg “ then the radiated puive s given by, vig (11-2%

. 1
- mid d g b-4

(1{=39 Esé'.ﬂ oC [: z Tave y

=0

Siece the sum s unifermly convergent, ong =W [~archange Ba ¢ sarsinn end Infegretion giving:




- - Jde-
f .iml,,%:“'m de-

e

38  Egl.9 'CZ o 41

n=0

whmﬁnlonoﬁhj”hdoﬂmdby

- A = e d.
Equation (11~38) con be \witten as

(140 el =C ) &y
n=0

where

W4 g = oy [ $AW SIS

with
(N-42 #= - {r~d/c.

Examination of (11~41) showr that it represents an outiut dus 10 o phase shift of 9= Bt of tha inpur.
Far n* 0, the phose shift g, = Bl d; for n = 1. ’ « 8 I fornm2, Qz-Sb(dd, otc. Thue, for the
lowiews piasma cose with v > J—‘:'——Hp, the solution to the on axi. rodioted pulw hor besn *xpre sd o5 0 wm
of outputs, eoch caresponding to one canglete 'rarfuce retiaction in the plaima sheath. [ach refisected
component hos an ampiitude giv. by g whict diminishes with n.,

2n+)

it is now noted that since Bld is giver by 11-39 o8

7
(i4) =g, {1

thot it is loenticol to the phoce shift provided by o lomlcas woveguide of cutofl frequency g s v < w.
It s remaing 'hhcanu)ij upmd ¥ o 3 to merely ohicin the pulse reaporx, ¥ Lo @ wove-
guide end nperimpose occarding 1o (il-4Q to chioin the puise ressones of the plaewe conted  aanc.

i




2c. Pulse Resporne of a Lossless Viaveguide

The output recponse of a lossiess guide of arbitrary length L 1o a pulsed carrier input expressed by
(11-22) hos boan cboined by R. S. Ellot™ + @ Lying o Tuylor series approximation for the phase constant
Pld. However, recent work at Hallicrofters has shown that the cutput so abtained violates causality
ond i3, therefore, questionatle. Exoct treatmenis have mostiy besn in the

form ¢* intractable Integrals requiring tedious numerical integration (see referances citad in Appendix B) . An
exact freatment giving the ourss? in the simplest form known to~dote and obtained in a straightforward fashion

using the Laplace ronsfarm msihad (3 given in Appendix B. Thus, if the input to the guide is given by
(11-44 o‘(ﬂ = E, (1O =1t = )] sinwgt
then the output 5, (1) of the end of the guide ot iength Londofcufofffnquoncyup i

(=49 o (0 = %, 0 + '%(s

Q‘
in the Sorm of a ¢ 2vargent sum of Bame! finctions, which are ¢xtensively tabulated. Several exomple cases

whove o (0 lu given by (38 of Appendix B cnd 002(P) by (38Q of Appendix B. These results ore exoct and are

are caraiders” ‘a Appendix § ond 1ome generolizations for the output degeadation cve given. In porticulor,
¢ comparivon of the axcct outpad vic (38 of Appendix 8 with the approximate output via Elliot's method for
the cos of o sep function carrier Is mode (vee figure 6 of Appendix B) , and shows Piat the lottor output
anprouimates the fosmer falely well for times greater thon the tromit time L/c. lowever, before discuising
this comporisn any further, M.e exact output (11-45) for the waveguide, »ill now be ysad to abitein the exoct
output for the plawms cooted untennc.

A Exoct On-Axis Nvise of Plowna ~ coted Aperture

Using {1149 fwith (36 o 3 (28c) of Appendix K) and makirg the replocements on"-ﬁomd/,,*“"l
gives, via (1140 ond (11=<1) for the anoct farm of the on axis rodiotion flel due to the aperture field (11-22 s
b4

“‘-"-r—-w‘-v."




® - o 2ml
(49 Eglr.9 'ZEOCZ {'("' 4/:) aanLZ 1A, -4 ley 2
n =0 m=0

the n/C
4
“\_’ 5 UP
v=(0
o . 2mt+]
e Jt' 2.4 /.2y e - (4, /TN 5 A [l ) 5
2m*1 p n n 2+l , ml g
0 He /e

Ay gy oy 2 (/;,/dnz)]

where Am = cosh{2m+1) 0, with cos@ = "’o/"’p' ard N ) is the Bezsel function of the first kind <f order m and

argumant x.

Thus, (11-48) is an exact expression (for w, > \E: v ard V= () for tne output on axis radiated pulse, ond

~

con be either m-.wally or ele-tronically comp.ted.

2e. Approximate Cn Axis “uise of o Plasma Cooted Aperture

Use of (ii-40h wirh |E, [being given by the upproximate output (Equation (1) of App=ndix A) vic
Elliott's Taylor seriss axpcrsion of the phase factor (Appendix A) can be used to obtain the opproximate on axis
radiated pulse shape. | w’up_.z 2 g single term in (11-40) suffices, ond the opgroximate cutput puise shapes
ore given by figure 11-2 (which is figure | of Appendix A). [t must be emphasized that theie shapes are approxi-
mate and their occuracy will be determined by o c.anparison with conputotions whizk will be mode for the
exoct rodiated pulse via (1i-46) . However, it is not oo unregsonable to Lie these opproxin.ations ay inputs
to Task !il in the mectime, rince the comparirons of the approximats ond the exact outputs due to on put
step function carrier o3 mode in Appendix 8 (figurs & ond also Appendix A (figures 2o and 2b) are reasonabile
for times greater thon the troreit time. Theso findings con alsc be extended to the lomy case (V ¢ O, ou 1y
dene in Appendix C.

1 -3, Cor:lusiom

—————

The sxuct expreusion for the rodigted on axit aule of o vehicie plavno cooted aperture excited by o

auised corrier 1o given by (1144 . This exprewion s valid for .’J/np )J 3 ond v = (0 ond orbitrery piowma
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sheath thickness. |t remains 1o extend this solution to include the colilsion cas.

An opproximate sxpression for the rodiated on axis pulse is given by (11-4Q) with [Eq-§ giver in the form of
Equotior. (1) of Appendix A. If © 2 2 4 and the collisions are snall the resuitont approximate radicted pulse
thapes are of the furm of figure 11-2. 1t has been indicated thot results can be expected t¢ be foirly r -.<onable as

inputs to Task |1l prior to the axact computations using (11-4§ . The approximate rasults of figure 11-2 are also
applicable to plasmas ot very high coilisiens{Appendi. 7).
For the cose w < V4/3 u, the rodicted pulse remaine to be determined via (I1-29 with (Il-29) . Additionally,

thoimlmimdlmfwdlmd»/upuuﬁﬂmcmhAppondixC, remains to bu concidered.

ii-4. Recommendations

In eccordance with the overal! scope of this progrom and the above findings, it is recommerded that the
follow ing work be pursued in future effort on this rrogram.

1. Exact on axis rodioted puise compurations using (1143 for reaiistic ranges of c/wp 473 ond of
plowna sheath thickness.

2. A camparison of the sxoct results of ! with thass using the approximate solution (flguwe 1j-2 .

3. Obtolnment of on « . rodloted pulse for o/ < N /3 and arbitrary 1.

4. Ervemion of above resuity o any point in the rodiation fieid of the vehicle.

3. Extersion of above iingle puise wark Yo a troin of pulses ond alwo to onolague signals.

4. Extorsion of oll of the ebove findings 1o rorhamogenecus plama theaths.
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TASK 11

PERFORMANCE OF COMMAND AND CONTROL SIGNALS THROUG!{ RE-ENTRY PLASMAS

in this task the performance of several types of command and contro! signals has been onalyzed ,
taking into occount the dispersive, as well as the uitenuotive nature of the plasma. In the following
sactions the plasma dispersive effects on signals is analyzed separateiy from its attenuative effects, the
reason being that each effect requires o different solution. !n the cases where attenugtion predominates
plauna modifiers (chemical, oerodynamics, mognetic) ore predicoted. If dispersion predominates, such
os could be the care where the signal frequency is olways sbove tut neor plasma frequency, then the
se'cction of the modulati. 4 may significantly influence the quality of the tronsmission. This task is
divided into two sectioms. Section IlI-1 covers the plasma dispersion problem and Section I11-? the
adenuation problem.

Ili--1. Dispersive Effects of Re-.ntry Plasmos

in this task the performance of vorious modulations hos Leen anaiyzez toxing into account the
dispes;ive nature of the plasma, plus the affects of white odditive ;aussian noise; only binory digital
signcls have been considered. These results are based Lpon the pulse distortion of Figure 11-2. it can
be :hown that the resuits of figure 1[-2 are valid for on uperating frequency obove the piasma resonant
frequency. Alnh-ough the pulse distartion prablem has not been solved below plasma frequency, the re-
suity o3 presented 'n this section are representntive of some communication systems operoting in the
prasences of a plosma medium.

Chanre! Perturbations ond Decision Device

Perturbations in the chonne! resporsible for errors are: odditive white goussion noise and divpersive
effects of the plosma. The disperiive nature of the plosmo infroduces intersymbol fluence among the
succrmive pulses of the digital signol with the reswlt thot individual digits ore no longer independent.
Noiss, howsver, is omumed %0 be independen? between successive digits, since the noise is generatec

pred.minont!y in the receiver “front end” and doss not travene thrcagh the plosmo medium.  Upen

b




detection of the signul, a decision must be made cs to whether o wark or space is present. This function
Is performed by the decision device which cul’s out mark or space, depending on whether the perturbed
signal is above or below o pre-established Hhreshold or docision level. If the nolse is goussion, ond
intersymbol inturferance is dbeent, the optimum threshold leve! Is half the maximum amplitude when

AK (Amplitude Keying is being considered. By optimumt, it is meant thot threshold which minimizes

the average probability of error. The following are the two cenditonal probobilities employed to deter-
mine the average prebability of error for the coherent detection AK {Amplitude Shift Keying case.

s (-89’
1 7 . 20!
PS,|My) = e f_ . dx (n-‘o
v
R
POIS;) = el .f s . dx (-1
2

"sl!MT) is the prebuabl!ity that o srace Is received if o mark is frane nitted. (P(M.'ST) is the probability
that o mark is received If a spoce is tronamitted. Szhbhoqmqopwadﬁnhu-nimd:lmlusd
267 the varianca of the goumion distribution, is the noise powsr. This threshold level is not necessarily
optiewm for the signol envirorment orsidared here, and the ancliysis illustrates the degradation suffered.
All systems analyzed are cxeumed to be syncheonized ond the recelved digit sompled of ity maximum.

The mode! for inversymbol Interference is sstabiished; the conditional prababilivies above are
generclized 1o include both interference and noise and the cvar probabilities are colculated.

Model of Intersymbol interference and Colculotion of crrar Prabobiiities

Evaminotion of Nigure 11-2 reveois that the charmel! can have o mesry of 2T for o degrodoation
foctor o = |, which is commmed for this enalysls. During the intervel frice T 1o 2T the average amplitude
is . 3 of the pedk., whereas the amplitude reduces 10 . 2 fram 7T 10 3T. Afer 3T, the amplitude of the

envelipe remeins below . | end is naglected. The suwe figure ol dhows thet the reletive decay tme is
58
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essentiolly independent of the number of pulses; pulses in sccession are equivalent to one pulse of
duration nT in the figrre with o reduced distorfion porameter o/n. Hence, memory time deduced shove

for cne pulse is valid for any succession of pulses.

Two coses or models are assumed which specify the nature of the Intersvmbol lnter-
ference. Cove | amsumed @ uniform plasma of finite thicknesu through which the alectromognetic
wave propagates. Under this condition It Is possible to specify the intersymbol In'crference in

a completely deterministic manner. For exomple, assume that the sequence SMM (Space-Mark~

Moark) is transmitted In a Phase Shift Keying (PSK) system. This corresponds to shifting the

phase from 0° during the space interval (with respect to a reference ) and to 180° during the

mork intervols. Since the system under consideration Is linear, superposition is appiicoble ond
the smoared spaca wili Interfere destructively with rhe marks, tl.areby reducing the mark signal
omplitude and Increasing the probability of error. The degree of destructive Interference Is ab~
tained from figure i1-2. On this basis the signal amolitude is either reduced or increwsed, depen~
ding upon the tronwmitted sequence and system under consideration.

Case il assumes thot the phase of the Intarsymbol Inteilerence, with respect to the
reference, is random ond con occur with equal likellhaod from 0 to 2x. The resulhy of Figwe
11-2 are still employed to abtain the amplitude of the interfsrence. 1his condition could accoum?
for some rapld spoce and time variations of the plasma charocteristics.

Since the chonnel has a memary of 7T, the conditional probabllities of aror P(S, 1 ”‘7‘
ond P(M‘!S‘) are o tunction of the past history of marks ond spaces. ‘When ¢ mark or spoce is
tronemitted, the two are=lows digits will Influence the signol amplitude. it follows that 2° se-
quences of marks and spaces munt be considered to detarmine the averuge errar proiiabliity, Thess

sequences are thown in Table | anc labelod X.




Xy M M M
X2 9 M M
X3 s s M
X4 M S M
Xg s S s
X M s s
Xy M 5
Xg 5 M )

The mark or space on the arireme right I3 exomlined for error, toicing Into account all
possible combinations of pravious marks ond spaces. Thus, the probabliity of an amor in the
I3t Sigit of saguence X 4 i

7, () = POXQ Py x) | -2

Stice marks and spoces cre assumed to occur with equai tikaiiseod,

3

!
PiX) * &5 i=1,2 § (-3
and the tolal error  probabllisy 13 glven by
3 -
ot [P #915 x 2+ 05| pis [ o004 | X
+P(M | X ) +PIM [ ) 4200 ix j (114

The subscript R referring bo recalved symbols Los been droppedy from noar on, whenever ¢
conitional prsbiobillity accurs, the symbol o the left of ﬁw%siwaye rofars to recolved dight,
whils the symbol{d on the right refar to trensnittad digitly . In raquences 1,7.2,5, nolse b
the oniy perturbing efiact, wherer ~ wmining moeusnces, wnerpy fiom the post movks or
maces contributs 1o the dighwbonce.
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Error Probabliiities for Specific Modulation Schemes

AK (Cohersnt Detection) = Case |

Tha AK system fronsmits Information over the channel by keying tha transmitter or:
during a mark and off during a space. A block diogrom Is shown In figure I1-i. At the recciver
*he signal 's demodulated by mix!ing or multiplying the recelved signal with a locally generated
signal of Identical frequency and phase. The mark-space declsion iy made by maans of ¢
thresiiold which Is set ot u level equal to one-half the received signal empiitude.

The recelved mark has the form .ﬁs cos wt where ﬁS Is the ampiltude und t  the
carrier frequency. The ,T!s Ircluded so thot sll the systems compnred will have equal averoge

transmiiter power, As previousy staied, the error probchllity must be determined for each of

the sequences of Table li|-1.
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MMM, SMM, 45M Sequences. In this cusw the oniy perturbing effect Is the odditive

white govssian nolss. Tha respective conditional probobilitins are equal. Thus

T 2
Pls | %) =pls |x) is|xg= Lo S . (x-_29

- @ 2‘;‘2— dx (i-5
-] - 1 P
SRR Oy

2
wonere -{-‘ Is the signal te noise power catlo PS5 ;& = 9,2
$SS Sequenca. For this case, noise is again the only peiturbing affact. The condi-

tional probability Is
| ) x2 =
P(‘Mlxs)- ;mf e 204 4 x-T‘-\-l-erf,’—;- Tg (1t1-6d)

MSM Sequence. Intersymbc! Interference is prasent In this cose, since the extrame

loft mark will smear across the space and Into the mark which s being exomined for error.

Since this Is o coherent system, howaver, the infersymb-i Interference will add constructively.
From figure |1-2, the omplitude of the intersymbol interference is . 2 of the psok omplitude. This
mecns that the peok cmplitude of the mark Is Increcsed to 1,2V 2 S, The conditional probabi-

lity of esrce 1s then glven by

£

S

Z -

¥ T (x-1.229 i
PIS X ) ™y SR LIRS L& SRS I I N
Xl e dxe g | Vel 2]

MMS and SM$ Soquences.  E»umination of the right hand spoce reveals that Intersymbol

) E (111~5b)

ntwference I presont from the prevics morke  The umplitude equci to . 3 of the peak amplitude

is obtoined from figire 11-2. The cunditional prubobiiity of entr Fur thesw Mo cows it egual;

<
i " H % w* - S {fs) )
PO X M| Xg) = —ram | eSO 5.1
" m 5{;‘5 & ¢t g x* '2’L¥ ~oef{, [2 R)J (-2




MSS Sequence. This condition is identicel to the pravious sequince with the

exception thot the ampiitude of the Intersymbol Interference is . 2. The conditional probnbi-

lity of error Is glven by

P(MI X ) = _f': - orf(.3 [2 )A] -8

-~

The total digit arror probability Is then obtained by substituting the conaitional probotliities

for the above sequence into equation (I11-4) yielding

P -— 8- 4or.J:—: - erf(s 7, 2-—) - 2 erf(- {-) -erf( 7{1 )‘g (in-%
* 6] 2 N B

The resultent error probability curve for this case Is plotted in figure 111-10 cnd labeled

AK.

AK (Coherent Detectlon) = Case |l

Let K be the rotio of Intersymbol interference to psak pulse amplirude. If the pnose
of the intarference as compared to the reference sigral occurs with equal likelihood from O to

2w, the probobillty density function for a transmitted mork Is

2
- et r"‘ i ol 3
PIX, e)a o (.’.‘, V25(1+Kcos® ) (10
Q 294
and the conditlonal probabi!ity of a space occuring, glven that a mark was tronwmitted, I3
Co ]
PISIM = | i1 uu ) )
SIM =, 27" ”\f (12Kent) ), 0 (i=11)
|
where .% ls the 3lyna! to nolse power ratio.
Likewise the probobility density function for o franwmiNed spoce !s
) ] } -
p(y'e".e%_‘w . yn& KS&.»&!@ |
¥ 30 22 (-1

and the conditlonal probebllity of erree P{MI S 13 glven os




) —
z';- ko l—“l (1 '"'(J:} ,{; - zxcose)_)J de ‘ (11i-13)

Since the avaroge over 0 Is from O to 2v, the P(S| M) Is equal tc the P(MI §) for Identizal
volues of K. From the sequences of Table [1-2, the average error probubility Is given by

: T »
P‘u ‘ &MJ%N -;L ﬂ[J;E(‘*.‘Q“]“
-.} J; OV{\’ - (1+.6 coﬂtl (111-14)

Tha abm lntogm!: have besn evaluated numerically, and the resultont curves are shown in

figure 111=11 under the label AK".

ﬁ;{!mobcmm Detection

The r3caiver smployed for omplitude keying using an Incoherent detector is shown in figure 111-2.
SRR
] $ } m-:lop!‘ t'__“’1 LPE |l Dearson

Ii Am’ &?Og"’nv ——

Figure i11-2 - Receiver for Incoherent AK,

The envelope detector tronslates the signal and noise to video frequencies, where i? is exomined
by a decision device which consists of o pre-set threshold at a voltoge amplitude of 1.,3. Energy
oxceeding this thrashol d is designoted a1 ¢ mork, u spice eccurring whan the energy does not
excond the threshold. The selection of the tiveshold ot one half tha padk signol amplitude is
optimum for coberent Jetrction, the cptimum threshold foxr irconrrent detection is o function of
.’% which I improcticsl 1o implement. In o chonnel where the disturbonce is odditive wh 1z

goussion noise the difference betveen the average probubility of error for the optimum thresholc
&




ond o threshald ot .{?2 Is approximately 1 db of P/N ot low signal to noise ratios. At high P/N
2

(P/N >0db) the two curves convergs, thersby justifying the thrashold seriing o {;S_ for the in-

ccherent dotection case. As in the previous analysis, there are eight cambinations of marks ond

spaces to be contidared.

MMM, SS5M, SMM Secuences

Additive white goussion roise it the only perturbing foctor in this case. The conditional

probability of error is given by

S
S 24952 _ o
- x ""'(""',—“ x{?%- Woe 1. Yy o4
U e K N TR (1-19

MSM Sequence

Intersymbol irterference is present in this, with all phasas being asivmc to be equally likely.

The conditional probability is given by

5/6 h""_

26 Ty cow
P(S/M) uf ! > exp(- -il?) (,-2+,2(|ﬂ<2))f ) o °

a o

o 2vo

.r —— ey
nol_% 1+ 2com &2} & dr
(ii-16)

This integral hos beer evaluated numerically and the result included in the determinotion of the

average error probobility.

385 Sequence
Noise is the only perturbing foctor in this sequence. The conditional probobility iy given by

2

r 1P
!-;"l’t‘k"o'2"Fj

J [ 4
S 7

PM/S =




SMS. MMS, M3S Sequences

Intersymbol interference plus noise ore present in these sequences, the omplitude uf tha
intersymbol interfersnce boing . 25 of the pack omplitude for SMS and MMS ond . | for the MSS

sequence. The conditional prabability is given by
[
P(M/9 = Q L& F! F
N N
The averoge probobility of error is piotted in figure 111-10.

PPM (Pulse Position Modulation)

The performance of pulse position modulaticn is compared with the other binary systems on
@ quantized basis. Mork ond spece are tronsmitted by comporlng the time position of a digit to

some refecence. Figure |11-3 illutirctes a possible trongmission

— ‘NG
: < I i REFERENC,
s e ‘
—
i §
j | i [ . i ‘,
J l | r

Figure 111-3 - PPM Pulse Train

in figure 11{-3, if energy is trarumitted during the inst half of o time slot, the signal is interpreted

a3 o mark, wharsos if energy is tronwnitted in the second haif the signol is colled o space.

The receiver emplayed for PPM is shown in figurs 1114,

B e W s N o

P Aeg . L‘,,):_,"""; { Deciviani

&%

Figurs 11i~4 - PPM Receiver




This is an incoherent detection scheme where an envelope detector is employed to convert
the raceived sigial to video frequencies. Two somples are taken per tima slot; one ot the "center”
of the time slot after which the low pass filter {LPF) or integrator is dischorged ond one ot the termi~
nation of the time slot. The two somples are compared by the decision device and the lorgest is
designated as the mast likely signal tronsmitted.

Sircy this i; on incoherent fransmission the intersymbol interference caused by d'spersion
results in the oddition of signais ot ony phase from 0 to 2x, all phase ongles are ossumed Vo be
oquaily likely. Figure 111-5 illustrotes the pomsible combinction of morks and spaces considered aloig

with the intersymbol interference.

———— w_ym TINING REFERENCE

i o g o OECISION SAMPLING TINE
I ¥ ‘»——»\ S
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Figure 111-5 - Cambinations of Marks and Spaces for PPM

The conditionol probability of error for cases | and Il is given by

2
2.-—-. ¢
..p(, \(v2+z(m’)s’§0(ﬁ'~',,,‘,’..)f A

P(SIM = f
m ‘d’

o

(l:,-r' xll »kLAcm:!acN (n-1a

Y




x2 k,s.2

{ - 1
Qs, V)« J x e l,(j%i)de (119
e 20 -
\2e
This relation cannot be soived In closed farm and an cpproximate solution is obiained by consi=
daring aight discrete phase angles; that is, the phase of the intersymbol interferance, with respect
to true signai, is teken at 0°, + 459, + 90°, + 135°, 180°. These possibilities ore ail considered

aqually likely und on gverage Is obtained to determine the condifional probability which Iy given
by

Ll -Q(‘jlﬂzz'*&com; \F;,E,E)] +%Q[&,\I-£,Qlﬁ2*2k 204! : ]
N d

Q.P—
N

SR R

n

7
PLu ™ % Z
=0

2 (111-20
kuuma.zs«mp.d‘mpnmwk,«.as,.& °'S'i’ The conditional probobiiity
2¢
of error for cases |1} ond [V are given by
r J— .

1 [\[‘g.ﬂ‘[rr;m n
W9 2[ al v "?Q’R_J Lol (L VL | e
whers kg = .25

x[ P r\] | R

N - - - w—y - - ,"‘"l — C v “”"2”
PN(SIM) " ] Q(QN HE *20&3 ~ N) o

MRJO.JS. The average probabllity of errer is then given by
Pa= A Pyt Py

This resit is plotted in figure 111-10 versus P/N.
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FSK Case. A simpliified diogrom of the FSK recclver I3 shown In figure {li-ba.
It Is necessary to examine only the first four sequencas of Table I1i-1 in crder to calculate
the averoge error probability, since the conditional protutllity of error for the last four sequences

have their identical counterpart In the fint four sequences.

MMM Sequence. Nolie Is the only disturbance In this sequence. The probability

density In the mark ond space chunnels are glven respectively byl

2.2
4 +5 ,
Ply)= = o~ ) lo (-E{—) (i1-23)
o 20
)'2 , 2
P(v.) = e 2
~ 2) o 2¢ (111-24)

The decision device examines both channels, and a mark or space declsion 13 made on the basls

of which channe! has the largest signal. The conditional probobllity of error 13 then glven s

. Davegpart ond Ract, "Rondom Slgnals and Nolse®™, McG~ow HIl! Co., New York, 1958.
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SMM and SSM Sequence.  Nolse plus intersymbol interference are present In these

sequences. A decislon in this case must be in the presence of the decaying signal in the space
channel. The conditionul probabllity of error Is similar te the previous case, except that the

probabllity density function of the space channei Is glven as

2 22 .
Y, +K'S YQKS)

- by

g

(in-28

72 .
el i

¢ 20
The appropriate amplitude K must be used for each case. The conditional probability of srror

Is glven as
v st s y 2 22 K$
-, - +" - y
P(slx‘)-j”g—e L ol )I AP/ D ;(._3.......;
2% - —‘2—"—'2 o i Y o .2
(-
dy
il (11127

~

These Integrals have been sclved in terms of Q functions

[ lel 1 -qg+kd v
P(S‘XQ-QVE’J;I - ) L

e o (11-28)
whera
- 2 2
Q(O;.ﬂ-'JB o BT g fxp) dy (1-298
2

3
ond s tob-)loted.

2. 5. Sreln, "Unified Anolysls of Certaln Non-lseal Coherent and Nor~Coherent Binary
Communications Systems”, Sylvonio Applled Ressorch Laboratry Report, December, 1962,

3. J.l.Morcum and P. Swerling, “Studies o/ Target Detection by “vised Rodor”, IRE Tromoctlons

on Information Theory, Vol. IT-6, No. 2, Apri! 1950, p. 727,




MSM Sequence. Examinution of this sequence shows that Intersymbol Interferance

is present in both the mark and spack channels. A phasor diogram of the mark chanael 1s
shown in figure lil-6b.
The probabliity density function Is found to be

- & ’) -2
Ho+x ﬁy, fl 271N\/7 " ’I Kiyeomt

+ X +2K cos B -J de
-39
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This Integral has not baen evalucted 14 clcsad form. However, it con be evoluated for the
worst situation where Interference In the mark channel Is 180° out of phase with the sigral.

The conditional probabliity for this case Is

IL[(;-K) +|<;1 | ]
PSIx,)~ Q Kgfg :G-K"J_;—q; }2 o 'J [20- !%J

(114-31)
The averoge error probability for the FSK case Is then glven ox
[ | B (11-32
Py = o I PSIX) + PRSI X)) + Pls| Xy +F(s] g
L Jd
since
(1§1-33)

PMIX) = P(s|X).

The resultant errcr probabliihy curve Is shown in ficure 111-10 under the lcbel 7SK'.

f_S_K (Coherent Detaztion) - Case |

Ths phare hift keylng (FSK) recelver consists of ¢ locally generated refersice
sighal which Is compared to the recalved signol In 3 synchroncus detector.  The output of
the datector !s eithar a positive or regarive voltoge depending on the phese of the recelved
signol, o shown in figure H1i-7

The miecved pulse wiil aither odd constructivaly or desrructively to the diglt under
considerotion, dependlag upon tha phase of the pravicus digit. The onalyils Is simlior tu the

AK modulation cose with the exception that the dacliion threshold Is set at zero. Only the




first four sequences of Table 1i-1 have to be examined to calculcate e conditional probobility;

g« in the FSK cose, the remaining four have Identical counterpar’s In the flrst four sequences.

MMM Sequence. Nolse Is the only perturbation In this sequence, ond the condi-

tonal peobablitty of error Is given as

P(S| %) =L i-n-..-f‘[—” —\ (11134
> L VN |

SMM, S5M Sequences.  The interfering space Is 180° out of phase with the mark

being examined for error and ndds destructively to Ity Its amplituds Is reduced by . 25 and . 35

respectively for the SMM and SSM sequence. The condltional probabllity of error s glvari as

‘ - orf (1 K)VN -\ (111-38
P(S|X,) | ]

where t & appropriate K s usec for each sequernce.

P(slX,)

[N I

MSM Sesuence.  The toral Intersymbol Interference for inls sequance reduces the

mark omplitude by . 1. The coaditionai probablilty of erro- 1s glven s

z v (111-36)
PSEX ) = |1 meefl 9Dy | it
s 2 VA
H _“}
The average error probobility fre PSK s
r' J— r.....,.. -~ :;
e § i -
| 7/ P, N I {139
P = srfw-»n‘o -r*?gw‘-—aé‘,‘?.fm« !
o H I orflorf—7) - s “Y5i ! r(xN}é

-

ani is protted in figues 11310 onder the fgbe! PSK'.

Y (Cohorent Datection) - Cave il

H the phawe of the Intersyndiol Interference '« rondam, the conaitionc! probobiiiry

for any tronwnitted saguense Xy




y -
POM| X)) wp(s] x,)-.i.l.., [ .% l

- .
A-ﬁ%‘—'—(‘i +Kemt ) |do (n-38

N -
Again, the appropriate K must be used for each sequence. These Integrala, as In th AK cass,
must be integrated nunsrically,

Thu srror peohablilty Is the sum of the [olnt probablilties

4
w3 . -39
fy 22 PUsiX) POX)

fw]
and is shown in figwe Hi-11 under the lobel PSK".

DPSK {1 coherent Dohcﬂon)__

Ditfavential Phose Shift Keying (CPSK) conveys irformation by compacing the phase of
wecassive digite. A phase shift of 1802 between twe digits desigrates o mark and 0° phase

shift g space. A sinplified block diogrom of the receiver is shown ir figure i1,-8.

i o S )
L—-—A:“..f’. J— { e e — lc‘k AR i
»
l

RSN

Figure 111-0. DPSK Receiver

The deiay line shown in the figure has o delay of the time duration of onve digit. The delayed
digit serves o the mixing signal for the wwccessivy digit whare the mixer output is positive if

there is no phose reversal and neyative when o pluse reversal is preneni.

o




A phasor diagrom of the way in which a decision is reached is shown in figure l11-9. This

figure assumes that o \S:
N - -
v Ll VA
; o g ;
$'r
«

Figure i1i-9. Phasor Dingrom, Noise On!;

mark is used as reference, its phase angle being O degreas. When noise is considered the referenco

phasor has an arbitrary phase anc'e 0. If the signal that is 1o be compared to the reference phasor

has a component 180° out of phase with the reference, as shown in figure 111-9, it will be consicered

a space, wheregs if it has o component vs. phase with the referenca, it will be considered o mork.
When intersymbol interference is taken inio account, the magnitude of the spoce and mark

phasors are no longer equal to 5 in some cases. When the mognitude of the roference signai is

taken to be A » S and the mognitude of the signal compared 0 the referance signal it B x S, the

conditional probability of srror con be shown to ba

il

~}

2 P = Poaagr
] = AT AN W LN AT ey oo
PEB -2 ™~ ¢ - j cos @ o i.ff(A‘s‘i..i c@,a,'rﬂsi 9 .
2 s © N YN
i«»...? ;
et Bi co @ | o0 {1143
N i
355 Sequenca

Neise iy the only perturbation in this com; therefors, A ond B ore equal tc unity and 4




P

S
PIM/S59) —2- s N (li=41)

Other Sequences

Table 1l1-1 lists the values of A und B for ali the sequances which necasscrily have to be token

into considerctio~ because of intersymbol in*erference ond noise. Since equation |1-40 cannot be
tolvad In cl:2ad form for sequences other than those where A is equai to B, e.g., the S5% or MMM
sequences, the other sequences must be numerically celculoted on a digitol computer,an 1BM-1620
is smpioywci for this purpese.  Thus for afl cases have been soived except for the 5345 ano AiSS
stquences.

After the *wo remaining cases hove been solved, the average prohabili‘y of errar cor: be

calculated by simply o-+saging the prabobilty of error for eoch T‘:— ratic.

4. C.R. Cchn, "Perfurmance of Digito! Phase Modulation Cummunization Systems™, (RE
Tronsoctions on Communicotion Systems, Vol. CS-7, pp. 3-0, Aoy, 1959,




TABLE Wi-2. P for All Sequences

Sequenca; A PE

g LA F oo LA

! N N N N
§5 1 0876675 | .00916 . 0000250
SSM ) 1309012 | .03785887 | . 001323732 , 0000260192
SMS .7 1640385 | .0544797 | .002083) . 00001 639
MM .7 1453122 | 0442009 | .0C15026 . 0000075044
MSS .8 1040949 | .0228943 ! . 0003007 . 00000077
MSM .7 16406295 | . 054335571| . 0021334 . 000041786

t+

MMS .9 J119392 | .0289148 | . COGAIS. . B0656 x 1078
MAM .9 . 09895 0194 016
Averoge 1243024 | .0339135 | 000596
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Discussion of Results

In figure 11i-10 the performance of Ak (coherent and incoherert detection , PPM, FSK and
PSK (cohersnt and incoherent detection) are compared in terms of the averoge probability of
etvor.  The performonce !5 iiivsirated by the varistion omong the modulstion systems in the dis-
persive channsl aiong with the performonce of these systsms in the white gaussion noise channel.

in H.e dispersive chonre! the performani:e is determined, assuming that the infersymbol interference
is deterministic in ore case and random in another.®

It ir seon that AK suffers the greatest performance degradation because the decision thresheld
which is maintained at $/§2 is no ionger at its optimum level. The performance could be
improved somewhat if this level were increased. It is important to note that, in the presence
of intersymbol interference, the performance of AK is below that of FSK in spite of the fact that
coherent detection is used with AK while the FSK system is nor-coherent. The performance AK
with coherent detection and AK| with incoheren: latection converge in the dispersive channe!
for high signcl to noise ratio. The relative degrodeticn of PSK Is opproximately 2 db and slightly
less than 2 db for FSK. Degradation of PPM is greater than thai zuffered by FSK in spite of the
fact that their performonce is identicol in the gaussian channel. FPSK, however, remains superior
to the other modulation types.

in figise 111-11, error probabilitiss cre compared for the some cases ¢s cbove except that the
phase of the intersymbol intarference is taken or random to occount for phase jitter caused by
random varictiony of the medium. In this case, the performance degrodation is less than in the
previous case. This is readily undenstood by exanining the past histary of mcrks and spoces.
Thus, for on AX signal, conditional error probability is reduced for thiee of the sequences if
the intersymbol interference phase is rondom. These seque.ces are MMS, MSS ond SMS. For
o PSK signal thare ore two saquences (SMM or Ors, SSM or 00w) for which the conditional probability

is reduced. AK is ogain degroded to the extent where FSK s wuperior, the cross-over point occuring

1‘\:,




ot a P/N of 12db. FSK ogoin remains superior to FSK, AK ond PF'M.

Information Rate

Ancther method of comporing communication system performance s given by the rate of
transferred information.  Since uncoded systems are being analyzed, the information rate |,
in the obsence of the interference, is equal to the transmission rate 1/T bits per second. where
T Is the duration of a digit.

The uncertcinfy or information loss caused by channe! interference Is given by

e oig? (11-42
HOR = - ) Plx;) Ply.[x,) log, Ply:[x;).

i=l =1
where x, = transmitted bit

yi = received bit.

The conditional probabilities ore effected by the previous *wo bits or digits whether they
are marks or spaces. Therefore, the joint probability P(yi, x;) is the 1um of joint prababiiities

P(yi’xim) , where m denotes any of the sequences of Table | with the same last digit.

4 4 )

Ply.. x;) i (=43
Plyped s —d = L § bty nd = —— N bty Ve, ),
P(l;) P(xi) m" | P\x;) n;’;‘ ! m

. .
The unprime symbols, e.g., AK, refer i signal plus noise without intersymbol interference. The
prime ona double prime refer +5 the some signol with intersymbol interference of ¢ detarministic

phose (AK’) and rendom phase (AK’ ) respectively. B




where Xim ™ tronsmitted sequence with some last digit,
P‘xlm) = probability of X, sequence being transmitted = 1/8,

P(x') = probability of digit X, being transmitted = 1/2.

The rate ot which information is being transmitted through the channel is then the raceived
average information per digit minus the information loss per digit because of channel interference.

The received information Is given by

Hip = - Z Ply,) leg, Ply.) (111-44)
i
or
HOY = - ) () Plyox) loa,( ) Ply..x). (11143
oK ¢

The tronsferred information rate is then given by

i(x, ,

—Tr—ﬁ—- = H(y) - H(y|® bity/digit/second. (111-46)
The resuits aro thown in figure 1H1-12; the use of the *ansinformaticn criterion in conparing

system performance leads to the some results as thosa oblained from the error probobility curves

of figures 111-10 an. wi-11.
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H1=-2: Attenuative Effects of Ra-antry Plawnos

As a forerunner of a system onalysis, o preiiminory investigation of attesivation both at UHF anu

ot C-band is preseniad. For this rongs of frequency and for the re-entry missions described in Task |,

the trensfer funetion et the stagnetion point? raducet as shown In Appendix

y, Ve

2 lcglG(o.) |= - 8. 684
a+ /4

cos [-12 hn" V/uJ db+bdb

A plot of this function again.*® altitude is shown in figure  [1-13for two frequencie, 2. 2 kme and 220
MC. The plot is indicative of the artenuation introduced by the plasma sheath when excited by a
rectangular slet antennc located noor the stegnation point.  The increased tronsmission at 150,000 feet is
due to o decrecse of extrame attenuations ore naturclly due to the location of the ontenna near the
stagnation point. A reolistic analysis mutt of necessity giva similar calculations for different antennd
iocations. One important conclusion can be drawn from these resulds: VHF performs better than S oand
as long as both frequenciss are below pluama resononce, simply becouse the ratio v/'wis lorger for fcwer
frequencies. As well known from plons wave theory, the desres of =allision in the plosma is measured
by 1/wand the higher the collisions the lower the attenuation ard reflection coefficient of the plosma
sheoth o3 :ng as @ < EX
MNaturally, if one ii foced with similor attenuction levels for other antenna locations, the choice
of modulation is irrelevant; the only ponocea is 1o select + witable modifier (chemicai, cerodynamic
cr magretic) which will vestore ronwmission. In fuhere work, the offects of plowng modifiers will be
ircestipated.
A preiininary system anolysis wus alwo performed In which on anfenna location noor the afr end of the
REV wor ossumed ard campared 1o the performonce of o 1ysrem with the entenna located at the stognation

point for o corrier frequency ut 2.2 Kme. This anglysls gives on ineight into the ronge of the attenuative

effect of the plaenc.

“re




The foilowing mode! was chose:: to demunstrate the effects of the plosma on o transmitted signol:

Model
S-watt tronsmitter
Optimum 5500 mile trcjectory
B = drog coefficient = 1200
9 = re-entry angle = 24, 2°
R = effective REV radius = 10 Inches
F = roise figure = 8,45 db
G' = Anten.:a gain at trongmitter = D &b
G, = Antenna gain at receives = 48 db
B = i-F Bondwidth = 1 mc
The ubuve pcromeiers were used for both antenna locations axcept For the plosma thickness. If
ds is the piasma thicknes at ihe stognation point and de '« the plasma thickness at the aft end, then
the relation used between da and ds i
do =6 ds
Figures Il1-14 and [11-15 show a camparison of plasma transfer functicn |G(d | ond signai-to-
noise ratio PN va. aititude for the two antenna locctions. 1t i3 seen from tiese figures, that the system
performance it critically dependent upon the antennc location, Hence, if accurote predictions ore to
ve mode about the pesiormance of communicatioms and srveiilonce sigrals, an occurote and raalistic

. a-entry plosma mode! must be obtained at lccations other thon the stegnation point.
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SECTION il

CONCLUSIONS AND RECOMMENDATIONS

In the present study on attempt has been made ! - arrive ot an accurate model of the re-entry
plasma ond its effects on communication and surveillance signals. The study consisted essentially
of three porty.

In the first port colculations were me.de to estabiish how the plasma parameters which affect
electromagnetic signals vory during the re-entry course. It was shown that ot the stagnation point,
both plosma frequancy and collision frequency increose ropidly os the vehicle comes down. The
plasma frequency reuchss its peok value befare the coilisic.. frequency. The peak value depends

strongly on the vehicle ballistic cosfficient and is between 101! and 102

cycles in all cases. The
plosma ¢.3ath variation with cltitude was olso colculated and found to be approximately of the order of
5% to 6% of the nose «one radius and increasing with decreasing altitude down to 50,000 feet. The
major limitation of this study lies in the lack of data away from the stagiation point. [t is, therefore,
recommended that a simiior analysis be performed at other vahicis positions, toking into account

the non-hcmogeneity of the plasma sheath.

The second port of the study concerned itseif with the establishment of o mode! of the communi-
cation sstom for the plasma sheathed re-entry vehicle to ground path and the obtainment of tho effective
transfer furction of this puth. Ths transfer function so obtained, relates the temporal Fourier
tronsforms of the input antennc field ot the vehicle to that of the radiated field produced. This
transfer function for a lineor polarized aperture ontenna, coatea with o homogen. ‘us plawno sheath,
for the cose of a vehicie having o large rodius of curvature with raspect to the operating wavelength
is given by (11-268 ‘or an arbitrary for field point. For the case of on on axis for field point, and
for a/up i m with ¥ small, the trrwafer function con be educed to the form (11-3) . The on
oxis vodiand field is ther given by (11-37) for any type of modulation of the exciting antennc tield. Fcr
the cow ' on RF puise of corrier frequency u ) ond of arbitury duration. T, the exoct on axis

tevdiated fiald produced is ¢ .er by (l1-48 . Examination of (11-37) ond/ce (1i-44) show that the




rodiated field consists of a superposition of components of 'screasing omplitude corresponding to
successive interfoce reflections in the sheath. Each such component is identical to that of ¢ wave-
guide of length corresponding to the number of interface reflections undergone, and of cutoff
frequency equal 1o the plasma frequency of the sheath. The axoct output of such a waveguide is
determined in Appendix B, while on opproximate form for this output, based on Elliott's
work, is given in Appendix A. For volues of time grecter than the transit time, a comporison
of the exact ond approximate wavaguide outputs for o specific cose reveal that the approximate solutions
ore reasoncble (ses figure &, Appendix B) . As such, for a/upg_ 2 ond v smal! *he approxi-
mate on axis pulse shapes are given by figure 11-2, for a pulsed carrizr antenna input. These curves
show that the pulse degrodation increases with an increase in plasma sheath thickness, o decrease in
Ua/'ﬂp' and a decrease in the input pulse duration, T. However, the extant of the correctness of
the shapes of figure 11-2 should be determined by a comparison with the exact comp.tations of on
oxis rodiated pulse, os given by (11-46) . This remains to be done.

Additionaily, the determination of the radiated pulse for the case of “o"/“p <1f4_/-3 and arbitrory
¥ remains to be determined by solving (1125 . For the cars of high v ond “o/""p 2 2 the gpproximate
on oxis pulse shapes cre determined a» for no colllsions, in accordance with Appendix C of Task li,
which shows that for all other parame’ s constant a high collision frequency will decrease the pulse
degradatior.

Based on the overall purpose of this progrom, ond the above conclusions, it is recommended
thet the foliawing items be included if future efforts are contemplated in this progrom.

1. Exoct on axis rodiated puise computations ting (11-44) for realistic ronges of u/up >m

ond of plowno shecth thizkness.

2. A ccnparison of the exoct results of | with those using the approximate w.iution (Rgure 11-2 .

3. Obtiinment of on axis rcdiated puise for c/up < m and orbitrary V.

4. Extersion of obove iesulls to any point in the radiation field of the vehicle.

S. Extension of above single pulse work *o a train of puises and also to analogue signals.

6. Exterion of ali of the at.ove findings to nonhamogenecus plasma sheat.u.

e




With o knowledge of the pulse degradation yndergone in the communication path, the information
transfer can then be determined.
The effects of a plasma medium upon the »erformance of binary digitol signals has been considered
in Task [1l. 1t is shown in figures 111-10 and 111-11 thot the performance of oll modulotion systems
is duyraded with the greatest degradation occurring for AK. Th-se calculations illustrate the effect
of the dispersive noture of the plasma ond are valid for carrier frequencies greater than the plasma
resonant frequency (f, > 2 fp) . in the vicinity of plasma resonance it wil! be necessary to determine
the pulse smearing via the work reported in Task |1, in the event that the smearing attains an ampli=-
tude of one half the signal omplitude, the error probability for some of the modulations considered
will approach a constant value for high signal to noise ratios. This is cqured by the fact that the
smearing is exactly at the decision ievel for some sequences.
The effect of attenuation is shown in figure ill- [4 and iliustr tes that the signal wil! be :everely
attenuated. It is important to note that these calculations are deterinined for the stagnation poirit
of the vehicle which is not the most attraciive location for the antennas.
Continued investigation i: recommended in the following areos:
1} Cetermine the omuunt of oulse smearing 10 the vicinity of the plasmo resonant frequancy
and its effect upon the various modulutions, This will show if dispersion will morely hove the
effect requiring an increase in signal 1o noiss ratio to ottain performance comparchle 1o a sy ten
operating in o non-dispersive medium, or if dispersion is copohie of catostraphic 1ystem degrada-
tion.
2) Perform an extensive system study to determine the optimum o~te=ng focation on the vehicle
whers signal transmissicn encounters minimur alienvation. Cons'deration must be given to o
combination of factors: plowma resonant und collision frequencies, corrier irequency, pi. wme
thickness, efc.

3 Letsimine the performance of aralog systems.
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Approximate Analysis of Wavea'ide Qutput

Comments on, " Pulse Waveform Degrodation due to Dispersion In Wavaguide,® by R. S. Elliott

o Recant work ot The Hollicrafters Compony concerned with the analysis of the transmission of
pulsed sioctromagnetic energy through dispersive madia has caused the writers 1o review the
chova wark of R. S. Elliott. | In this review 1t way noted thot equation (14 of that work contolns
on error (which hos been brought 10 the attention of R. S. Elliott who agrees thot it doss exist).
This equation should read

Fl) = 7'3. szw' )

where
X = C(A)) - CAy) (2
Y = SCAz) - S(A‘) )]
with
A
CA) = [ casl -;-yz)dy = Cosine Frese! Infegral ©
0
A ’;'2
S fsin(*z-‘y Ydy = Sine Freme! Integral (5
0
A‘ - xt1 (6
a Y2

x w 2 @
.
ﬂ
o = f:'{ll. by
§
tow pe AL (10

Equotion (1) has also been ablained independi~tly and of about the some time by Richard O. Brovks

of the Raythoon Campany.




The obove I3 for an input pulsed carrler turned on ot time = =T/2 and of duration T. For

the some pulsed corrier, but turned on at time t = O, the resuit is given by {1) with X and Y

@iven by
X w CUy) - Clay) an
Y = sy - SA) 02
where
A; . —— (3
a \[=/2
by v i (14
o \[n/2

Numerica’ computations of (1) using (11) and (12 for the cases of a =0, 0.032, 0. 16,
0.32, 0.50, ond 1.00 are shown i Figure 1, ond reveal that these shapes ore proctically
identical to those of Elliott except for the large values of a. The computations were performed
using the Frewnel integral Tabies of Pearcy. 2 However, examination of these shapes revealis
that an output exists for ol values of time. This cbses vation, an output occurring prior fo an
input, is disquiating since it violates the law of cousality.

The reason for this is that the use of the app ~<imation of equation (7} of Elliott's pagr
for the phase constont B(W gives rise to an effectiva tronsfer function, H(W , of the woveguide
opproximated by

~i|p. +tAlw-w) -Blw~w) |L
Hd = o (%, ° °2] 0%

[iis tronster furction s not physically realixobie. This con b seen very readily by determining
the output respunse due 1o on input Impuise (dalta) function of a hypotheticol block box choroc-

terized by this trorafer function.

This resporne, designeted by h() , Is given by the Fourler transform of the tronsfer funciions




hid --i_‘; f H(v\nmw (19

Insertion of (13) imto (Y), reduction Inic Srigonometric Functicis, ond uss of omw'.‘ Integrals
858, 584 and 858. 565 glver!

2
. | "5@,*'-—“—“-M'~
hi) = ‘ 431' o[%' o"" 3 L ]

Lt (17)

N

Inspeciion of (17) shows that on output axists prior to an input. which Is physically impossible.
Hence the transfer function H(W givan by (15 Is physically mnreclizable. Use of Bodo'ss
physical realizoble criteria to the approximate transfer function of (15) olso shows It to be
physically nonrealizable.
it is interesting 1o note that the convolution In’togmla con be uted o detemmine the outp:t, f(1),

via intagrotion in the time domain, |.e.
L.}

) = [ slt-r)hlr)dr 09

)
where e(t - 7) = input to waveguide of time t - T,
hir} = responss of waveguide to Impulse function (given by (18)).

Equation (18 gives the some result for F(t) as given by (1) without the necemsity of waing the
Foster and Campbs!1® poir 731.1.

Since (1) violctes the law of cousaiity its odequacy te Jes:ribe the actual output of o
waveguide must by usad with this violation in mind. This situation is somewhat simlilar to *he
case of the ideclized iow pan ﬂlm7 which predicts on output prioe to on input. The accuracy
with which (1) describes the aciual ou'put con be determined by comparing It with the solition
cbtained by using the exact tronsfer function of the waveguide. |t Is believed thot this solution
hos not as yet baen cblained In ¢ closed form. However, some work for the case of o step function

corrier wtilizing numericol integraiian of the emoct tronsfer funciion of the waveguide hos been

A
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performec for a few specific coses. 8
it is interesting to compare the waveforms predicted from this work with those utilizing the

approximate transfer functlon glven by (15). For ¢ step function Input of 1

o) = B slnwt 1(d Ao
where 11} is the step function defined by
1 - {}, e (20

the outpui of o wavegulde cha acterized by the approximate tronsfer function of (15), vie (18 or
following Elliott, Is

"

J

£ i[u!’-ﬂl
() o= 2o ez, ()

whers it is understood that the Imagina:y part of (21) Is to be taken for F(t) , ond with

_h-AnQ+p)

z, = ) o (22
where e

ercho'—ﬁ zf o 4 ra)
integration of (25) gives for the output envelope, F(1) ,

oz i = E:‘,Q qwzﬂczu;) +52(A;) +Cla)) +su;)]1 (249

where A; is given by (13) and C(A) ond S{A) by (4) and (5) , respectively.
Plots of F(1) vio (24) (which Is assenticlly bosed on Eliiott’s work) , ord of F(1) (based on

Cohn's work, Figures 3 ond 4 of reference B ore siown in Figurs 2. These ploh ora for the

two caoves!
2 o 11, L =087 ond f—x.io,y&- 1.75
= \o ¢ vo




L)
where A -mmlcngmduclhn«w-;—, f » -2-.9-. ¢ = speed of iight.

mmacmwmmmmmm shorts gt the time & not - , where
e[t “0)2 2 e Y
voumnmzr,,-x-(fl n . Eor the case of Figure 2,
. vl o, uc')
- w 2.40. This Is In accordance with the meaning of wave front velocity. 9 The plots of
2
Figwe 2 Indicate tho! the waveform em~icpe prudicted using the approximate transfer function of

the waveguide given by (15 approximates that obtoined via numericl Integration using the exact
tmmmr function of the waveguide quite ‘vel! for the tims range Indicated. The -welope for

¢ < 0 via the approximere traasfer fimction is not shown but Is non-zeo.  The close ogroemers
for ﬁﬂl step function inpu? for the spec:ic cases of ;;- ond Rv-; Lwiccte that the vie of the
opproximate transfar functicns gives o jood approximation for the output waveform for the time
renges avallable for corsparison.  Generalizivg from this comparison, one would expact the ome
opprorimation 10 be s goud for,the pulsud corter Input ¢ | herca that for t > £ that the
enveiope thopes of Figurs | ore goud ur wimations tc the outpxs puise shapes of a waveguide.

1t wouid be In order, howaver, to confiun hls general'tation by cblaining an excct closed form

wivtion for the pulsed cawe. (This is accomrlisned roapierdix 4.

Sy e —s
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APPENDIX 3

Exact Analysis of Waveguide Output

l. Introduction
The clasmsical problem of determining the tronsient rexgonse of a dl.persive medium (elther
o lossless waveguide supporting a single mode, or an unbuunded loasles plownd) due to on Input

vlectromagnetic pulse hos recelved considercble attention in the techniLai literature doating from
1945, 02,019 fect, os noted by A. Rubinowtex(® , this prablem is nothing more thon @
spacial case of the more ganerc! protilom of the same *ype, but Wi th diuipation included in the
medium, o8 originaity treated by L. Brilloin?® and A. Sommerfeld@) in 1914. This work'ls
outlined in o conclse woay in stratton(Z2, and ..o also recently been fully wreated in book form
by L. Beiliouin. @ Unfortunately, when dissipation Is included, wnly appraximate solutions
have been cbtaired. ) For the lonless cose exact solutions wing cmvcluﬂon,(‘ :2,3,5,6,12
Fourier transform hchnlquos,aA'S'b"” o Loploce fronuann hchniqma's'é"g have beer
chtained. However, most of these are in the form of integrals which, to—dote, must be integrated
numerically. As wch, relat’ve!, few computations of the outut respore have been given. (5.6,12
However, exoct solutions in the form of o canvergent sum have alwo been rbfaimd("”"'w and o few
computatiom have been mads. (% Such o solution was first obtoined by A. Rubinowlicz. (@
appaars thas this relative!y sl 11 work of A. Rubinowlcz(® has been wodly overlooked by
all following American outhcry, rew.lting in their usa of numerica! Integration.

5ince this integrotion |y tedious, approximate solutions have been Mt(‘é' 1719 Which
use o theaw term Taylor sevies opproximotion cf the phase foctor. With this approximation o
closed form solution in terms of well known functions i cbtained and an overcil insight into the
effects of pulse degrodation on the various porameters Is provided (see . for example k. 5. Elionl! M),
Kowaver, 1t hos recently been sthown(29 that the above finite Taylar serles of the phase foctor
givas rlse 15 an output which violotes couslity, since the trorefe function amocioted with the
approximote phase foctor Iy physicaily nonrealizable. Hence, oll these approximate wiutions

are incarect. Howsver, thess approximate soiutions may sill serve 10 estimats the puise

distartion thet oan be antielpated, wm wiii be discumed.




Now, although on exact solution 1y available in a closed form of o convergent wm,(‘) the
mathoc used to obtaln this solution Is somewhat difficult, though ciever. The present paper
glives an exact solution to the outpit response in termis of u convargent serles of Bessel functions
which Is of a simpler form than that cbtained ho-datsy ond which Iy obtalned In a very straight -

forward manner using the Lapiasa trensform method. This is done by Airst considering the speciel
casw of a zero order Bemel type pulse os the Input. Exomination of the resultant output for this
caw ond a comporison of that cbtained by direct use of Laplace tronsform tabies then suggests .
o method to be ysed for the orbltrory pulsed input case. This method is to initially expand the
pulsed corrier In terms of Besse! functicns prior to toking lis Laplace tronsform. The use of the
transfer funcrion of the medium, ond then the obtainment of the Inverse Laplace transform to
give the output s then reodily performed.

Computations of the resultant output using *'.0; solution are then mode. A particular case
olready computed by mecns of numerical 3n',_groﬁon(é) is considered to serve as a check on the
sclution. A camporison of the exact pulse output via the meihod of this poper and those obtained

using the availoble approximate mothods(w are then made and some genwralizations regording

the adequacy of the approximate solution ore given.

*3vs Appendix 4.




. Formal :<lution

@ Reduction of Problem to @ Hypothetical Black Box

; Conslder either a lossless unbounded piasma medium or a mctched (or Infinitsly iong) loasless
waveguide. It Is well known that a steady state signal of frequency w propegaies through such a

medlom s o diw) In tha forward e direction (a time dependence of ol Is understood)’s The féctor

i AT b+

¥ (u) 1s the propogation factor glven by

e R ot~ R ok

ot(w) = (Gb/c)&-u?/ubz F< upz rhesjul < 4
z M Y=
; Bo) = (/<) ,_sz/uz 4> upz, hes 101 2 4

FE s rremrsptia A €

whare rhe plus square roots are understood, ond with “ being the plasma frequency of the piasma or
the cutoff frequency of the wavegulde.* Equation (1) siates that for frequencles ] < 9, the wave
undergoes pure attenuation; whareas for frequencies lul > % It undergoes pure phase shift {note the
phase Is dalayed for @> % and advanced for w< —ab) , as shown In Fig. 1, which Is a universel

curve of 3 (w).

Thus, If E,(w) Is the stcady state Input ot some arbitrary point (say & = 0) In the medium, then
at on arbltrary distonce = = L. down *he medium , the steady state output, Eg(u) . wlill be

(2 Ele) = o x("');'q (w)

The medium can be thought cf as a hypothetical black box, having a transfer function, G(juw) , Jefined

by

() Glw) s ol o -T0L

] (H)
Since this functlun Iy linear (1. 8., Independent ot the mognitude of the fle!ds) superposition apples.

As such, for an aiblirary Input, o,(f) , the output of the distarce a = L, ey(H , Is, via the Fourler

¥ For the wavegulds case, It Is assurv d that the propogation occurs only [n the dom. “n* .ode, ond
that u, Is the cutoff frequency of this mode. Ths azlumption s reasonable, since a typical pulsed
carr#it has a frequency spectrum centersa entirely cbaut the carrler frequency, &, ot which the wave-

gulde islinvariably dasigned tc operats.




or real frequency domaln.

0 o0 =) T Ot

where 5,(u) i the Fourler traniform _! e Input
@ Tk [ ot Pa

From (1) and (3) the tronsfe/ function becormes
( o'("b"/d '!-02/01;2 i< 4

(@ G(ju) = ]
IRV 1-“’2/;]

whers the plus square reots are ur.derstcad.

»
l“l it “P

Now, since this tronsfer furction Ir physically realizable, the Lepluce transform and the
complax frequency donaln can also be used to ¢ Yaln the cutput. Thue
i cHu o
(o ()= P G efd o s

| é=jeo
or, l.o.,

@ o0 =L [ $0 o]

whera'd! 1s the Inverse operator defined by the right hand slde of (7, and o/(d ' ths Laplace tronsform

of the Input
6 5@ = [ 20 o

and G0 's the transfer function In the complex fraqua.«,  «. 3, plors. G() ls formaily ubtained

by replocing [& by s In (8, glving

(0 oW = /eyl




The transfer function G(§ glven by (10) Is double valued, and since It represents a physically
rs1llxzoble transfer function, Tt must bs mxde single valued. This Is done by Insisting thqt when

s 15 pure Imoginary (l.ev, whens= |§ - < v < w) that G() reduces to ()« To accomplish

this we write

an (i u J"’W"‘l‘b’ = i) foriy)

and et

02 '_I"b =n ol*) ,-v/2_<_¢l <3¥ 2

(i3) s+ IUP- r20”2 , =3/ <025_ %/2

which deflnes e Ty ¢l , and 02. The complex s pla.se is depicted In Figure 2 and defines thaese bronches
\i__+ . Equatlons (12 and (13) Imply that a branch cut hes been mode along the ju axis .

between Nw two branch polints {up ond -|up. as shown In Fig. 2. That this branch cut Is physically

valld can be confirmed by allowing s = ju and showing that G(3) reduces to {§), 1. e., provides pure

attenuation for l¥1< UP + pure phase lead for w < -, and pure phase log for v > % this s shown |

In Appendix 1. 18 Is Imporiant to note that the only branches of W that wil! satisfy the physical

conditions of (6} ore those defined by (12 ond (13) . Having now detrrmined the oppropricte bronch

cut and branches of {52 + \bz , the problem of determining the output response of the dispersive mediur

has been reduced to that of a hypothetical biack box, deplcted In Fig. 3, which has a tronafer functlen

G(y given by (10) with (12 and (13}. The output for a glven Input Is then &?almd from (&) *

Tt should be noted here that the input ot 1 = 0 can be ony component of either electric or magnetic

flold (for example, either Ex, £y, Ex, Hx, Hy, or Ha In rectangular coordinates and that the output

Is the some component but ot the distance = = L and ot a loter time. Regordless of which component Is
consldered, each has the some tromfer function. However, th.. does not Imply that the output of all

the fleld components wili be the same, since th - Loploce tromforms of these inputs are not, In genercl,
the some. For example, 1f Ex Is specified o1 the input, then al’ the other Input fleld componenh are
determined from it via Maxwel!'s equations and the csumed propagation and, In gereral, thelr tronsforms
wlll not equal the tromsform of Ex. As such, from (8 it fcliows that, In general, the outputs of these
fleld comnponeats will not be equal to that of the Ex output.

165




b. Response due to on input Bessel Type Pu'ss

Before proceeding to the casa of a pulsed corrler, It Is Instructive to conslder the case of a zero
order Bessel type pulse at the Input. Thus, let
(14 () =1{» ..'"/('-b')
where 1(t) Is the unit step function (1() =0 1<0, 1(N=1 t>0), Equation (14 represents ¢ zero order
Basssl pulse - "frequency” o, turned on ot time t = 0 ot the point n = 0. Use of (), then glves for

the caresponding output of the distance x = L

(19 oy =10-U/ J, [y, VP27 ).

This resul? I obtalned In Appendix Il using a formal Integrotion In the complex s plane with
G(9 defined by (10) with (12 and (13). It is Important to note here that the some result con be

(25)

obtalned Lsing tables of Laplace transform » and that this rssult Is Independent of how the branches

of {:2—*—;;5 are defined and what branch cut 15 used. Therefore, In the problem ot hand, In going

from G(ju) to G(3) , It suffices to show that G(3) can be written as (10) without vielating any physicel
condltions (as hos been done) . Once this has been done, one con Ignore how the branches are defined

and make use of Laploce tronsform tables directly. Thus, for any other type of input, G() can be taken
solely as (10) without use of (12) and (13) ond the output can be chtalned vie () and Loplace tramsform
tobles. This observation greatly simplifies the obtolnment of the output for the pulsed corrier case, as will be

shown,

Another Interesting feature =i :™) s that the outpu® arrives after a time delay ~f L/c In accordance

with the meaning of ware front wloclfy( 22 ).
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Another Importart observation for this specicl zaro order Besse! type pulse case s that when !t iy
passed through the hypothatical black box characierized by G(0) , Its output Is an exoct Inverse, whizh
is tcbulated. This sarves as a suggestive ciue that ay Input should be expressed In some form of Bessel

type time functions prior to taking the Input transform, 10 ay to obtaln ar output tramform having a

tebuiated invaree.

€. Response due to a Pulsed Corrler

Lot the input fleld be glven by
(16) o =€ [l(r) - 1(?--1‘)] Jn gt
which represents a corrler of angulcr frequency “ tumed on ct time t = 0 ond off ot time t = T. The
corri¥r frequency, w , cnd the duration of the pulsa, T, ore orbitrory. It is seen from (16) thot the input
o
puise consists of two step furction carriers
W) .'(ﬂ = a0 + 0,500
whers

(19 a”!r‘) = (4 £, oln !

(% o0 =-t-T Egalnel.

To find ooi'?) it 13 merely necessary !n find the 2 tput comespanding tu o (N, lLe., @ ](PV )

(¢}

and to 012(.‘) e, wlt), and superimpors these outputs fag{time (1) + @ () }; suparposition being

r
Y
[« % t

valid, rince the syatem iy Hnear. Comider first the obtainmant of o 3&3 . From (5
o
.

U ANy

201 e
ol

which from (13 beccmey

. S R
~ A 2» w ¢
(@) o0 = L7 VO WS

i
where

(22 o 0 = | 0 () 0" &
°




Before toking the trorsform (22) , in eccordance with the sug vestion offerad by tha lest sectlion
on the zero urder Sawe! type pulss, the Ineut wave Is expreced in terms of Bessel Functions uiing the

idﬁnﬂfy( %)

(23) sinfw cos @ = “'Z (0" Jy g0 coulzm) S

ns0

which Is voild for ofl 8. Now, let

2 ™yt

(24 w .

(25) cos » V'»P .

For g > Y% 0 murt b pure Imeginary, O = 9, ond hence cos § = cosh 6. Tharefore,

o)
)]
. oy ’
(28 wngpw 22 1A Jpn
n=(

aTiore

o8 [(erﬂ) ’3] W < Hp
(29 A, ™

Lco-ah E {21} aJ . .’:“p

The volid:ty of {23 tor Q pure Imoglnary is shown In Appendix 3. In (Z 9 and o are determined by

(18 cceVom /w v < w
c p [+ g p
[~)

: /,
(29) cosh o= ., <

e‘/

p p
From {23 ond (2§ rhe trorsform ;”(0 thar: becomen

(0 e -2 [ .,(.,L; NN PP
"'

Sine:  tha sum s con ergent the summation and n1rgrotion uperotions con te Interchonged, thu
-
- < N . g
(A -~ \ S
(B LITR A aEa / {-1) A” on(u
n=0

with

Ry o




02 S = [0 Jy (e v e

which ls, via Tnbln( 77)

2t

! ) n> -1

o (—R
N

6 30 =

Use of (33), 31, and (10), In (8 fh?n givas for the output
{ SN .
(34 o) =L |2 - -1 A, ( o)
0‘ L o |‘2*$2 ] | n .+ P-‘}sz
{28)

Interchanging the Invene and summation operations, and use of the inverse trormform via obles

\i 2, 2
N L -
A 2m1

a o-; %
35 X (A - ) -
7+ [, 2 J

Y )

RN

e 2 2,2
W e L/e) (ammlim ) 2 5 i #2195
J '+ Ue PICC U
glves
- s
n v-u'e 7T Ty, g
o Ve N e A T - yré - L4
(35 et + 28,1 Lc.é.ﬂc(: AT PO LR
nﬁ

where 4 1y definad b~ (Z7). Equation (36 i then iha Sutput responte of the dispersive med:um dua
te the input (i 8, and is valld for gii value: of g"up (incivding unityl , ¥~ . valiasef L > 0, ond
for nil volues of .

As o portlcl check of (38) it I seen thor | = U 3A) reduces to (18) . i dhould. Additionally,

for up-L {34 becomes

- ‘?ﬂ'!
4
, : o, e lgiee Wi 5
37 e, ] = E -L N - T b U e [ W -Ud)
Qi < o fa. oy b Q v -
“ LeTYY g
HP-O nw :

\ 2 ) . . )
as |t “hovid. (This check resull 13 abioined veing Jm(x) ~ (L»@Mf‘m. for ovali x ot ™ >0, ond




(2 c.b/sblzm.‘ /2 forlorge g, l.e., for 5 approaching zmo, In (34 ).

Ancther pertlal check i obtained by allowing t to approach Infinity, for which the outout
should become the steady state volua.

To find the output, eoz(ﬂ , corresponding ic the Input, 'lz(') » the some procedurs |s used,
and amounts fo changing the arival time from L/c to L/c + T, and changing the sign of E, from

plve to minus. Hence,

2né

I
s a2 %o 10 (l/eﬂﬂz (0" A L “éig] I, B mi“]

The output pulse i then given by

(38%) ‘om P N + *02(6
and is the output corresponding fo the Input pulsed corrier of (14) .

Hi. Numerical Results

Use of (38) anchis: the output responie of the dispersive medlum due to on Input step function

L]

to be computed. For sow of computation (301 is written In tha normalired, or unlversal, form.

() 0 ] 2t

[ ] ' o~ ) n m—:--w- 2"""

ol - fo Lty Y - e 2 -

(3% 5‘66-“1:_. 210 ) (-4 An(‘ﬂ) 2"*](9;’ £
o n={

whete

40 et/ {L7%)
Is the normalized 'Ime, ond

(41} ¢ = uwi/e=n (LA 3Au i
P £ vo / [+] p

Is the alectrical length of the medluws, wits &« v« Zxery being the wavelength in free

v

spoce correspond!ny to the carrier froeus ty . The yuluimm 0 In JB e 'B"‘!“p {the rotio of

carrler to plasnc (v cutofl) freqrency) which appeons Irclrectly rrough AL end slse throgh




oP, ond L/, which appears through Oy The Indzpendent vorlable Is v,
Te obtain a portlal check on the solution, given by (39) , for the coss of an Input step function
carrier, the case (Case ) of UJUP = 1,10, and L/ Avo = 0. 875 (corresponding to Op = 5.00) wos
rcompuhd. This case was nreviously considered by Cohnl® up to values of T o 3 using numorlical
integration of the Inversa Fourler transform of the output; (. Computations of (39) were made
ustng axisting tables c§ the bessel funcﬂom(m 0 and were performed on a Friden calculating
machine. A minimum of six values of ¥ were token for sach cycle of oscillation. The number of
terms needed to close the sum (39) to five significant figure accuracy for any partizular volue of ¥
was approximately UPT/(uc/up). The computations were done up to T 8 and are shown In Figure 4.
The steady state output (sin Euot - Ploy) L] = sin Euo/upr(f - ‘ll - upz/ug ) ] ) Is also shown
in Figure 4. Cohn's results ore also shown In Figure 4. It Is seen that his results and thosa obtalned
via (39 are substantially identical. Exomlmﬁon of Figure 4 shows that for this cose, the output
starts with smaller Inftial omplitude- ond a higher instantaneous frequency than the ¢ responding

steady state values. For later values of time (1« 4 tc 5 the output almost coincides with the shaady

state. For still higher v, the output cubstantiaily colncides with the steody state. However,
It 1s noted that for v & 8 the negative peck exceeds ~1 slightly, Indlcating that perhaps for
lorgo 7, some osclllation cbout steody state may occur. Eventually, for large time, v >> 1,
the staady state will be reached. Exoctly how large ¥ m;:sf be to reach steody state remains.
fo be determined from further computations and/or examination of (3%) . .

The output for Cose | was also computed® using the expression obtalned by Rublnowlcxm )
and exact ogreement with the results of (39}were obtalined.

*Tn the process =gan specliic computation, it was noted thot the terms in the sum of Rubinowlcz

(in porticulor, equation (16a) of Goicwsklds’ for Rubinowlicz's result was used) and these of th ~ result
of *his paper (equation (39)) were numerlcally Identical.” This observation caused ona to suspect

thu Identity of the terms of thess s.:as for any general case. This Identity Is established in Appendix
4. Hence, the work reported hers, using a relatively simple stralghtforward application of the
Laplace m’:%fom method, also ur:/« 1o valldate the original eorller (ond scdly overlooked) work of

Rublnowlcz
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A more practical case, Case 11, was olso computed. For this casc, the length ot the medium
was held fixed at L/Avo = 3. 58 and three values of carrier frequency, corresponding to ug/up -
1.50, 1.00, and 9. 95, were considerad.

These cases correspond respectively to operation above, ot, and below plasma resonance
(cutof) . Tho computations were performed as In Cose |, ond the results are shown In Figure 5.
For the cose “o/“é = 1:50 the output behaves in o manner similar to Case 1, namely the initial
omplitude is smaller and the initial instantaneous frequency is higher than the steady state values.

Computations were only made up to T o 1. 60; however, it is anticipated that both the amplitude

and Instantancous frequency will apprbach thelr steady stote value for Increasing v, as In Case

I« Then for larger 7, the stuady stote will be reached.

For uperation at plosma rescrance (eutoff) , w, = Vo it Is seen that the initial amplitude and

frequency are again lower and higher rasnectively, thon the steady stote and even more 3o than for

the cose above plasma rowonance. Thus, the envelope of the output for this cose will require more

time to reach steody state than for operation abave cuto  1,e., more envelope distortion occurs,
o1 can be anticipated. For 7> > 1 the steady state (sin w_t = sin Op7) will be approached.

For operation below plasme -esonance (cutoff) , <.a°/(ap 0.95, the output starts out with a
much larger amplitude than its corresponding steady state value (E“ = od(u") sin wgt =
o"“_(“() sin (v Op r/up) ,» where <(u) =, L/c :»Z-/::_g—:- Op(uo/up) \I sbz/ug -1,

1Egsl m 0.001) , but oyaln with a higher instantaneous frequency than the steady state value.

From the obove computations, one is tempted to make the following genero"zaliomz for
operation above plasma resonance (cutoff) the output response of a loulos; unbounded plasma
(waveguide) to a step function envelope carrier initiclly hes o smaller amplitude and o lorger
instantaneous frequency than its corresponding steady siate vulve. Both the amplitude and
frequency of the output then opproach the steady state value uatll this steady state Is attalned.
For operation at plasma resonance (cutoff) the bchovler;.ls, In general, the some a3 above

cutoff, but Is more extreme, I.e., both the ompiitude on! Instcntoneous Frequency change
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more rapidly giving rise to more envelope distortion. Below cutoff, the output ogaln has a higher
instantaneous frequency than the steady state output, but the initial omplitudes ore much lorger

than that in steady state. Those generalizotions sheuld be confirmed, however, by further work.

Comparison of Exoct and Approximate Envelope Solutions

A1 mentioned in the introduction, the fact that the problem of propogation of pulsed
eloctromagnetic waves in dispersive media has been mostly treated in such a way as to end up

with Integral expressions for the output which, to-date, have required tedious numerical Integration,

has caused approximate solutions to be sought. A concise closed form approximate solution for tha cose of

a pulsed carrier (of carrier frequuncy wy > up) has been given by R. S. Ellior(17 (29 by using a
three term Taylor series appro ..ation of the phuse factor. The solution obtained Is in terms of
well-known and tabulcted Fresnel integrals and presents an overoll insight into the dependence of
pilse distortion as o function of the parameters involved. However, the transfer function cssociated
with the approximate phase factor is non-realizable and the output cbtained violates ccuwlity(z‘o .
Despite this, the use of the cpproximate solution for times, t, greater than the transit time, Ve,
(1. 0., for 7= 1/{L/c) > 1) may be used tu obtain an approximate estimate of the resultant envelope
for the case of a step function carrier input, as revealed by the following comparison with the corres~
ponding exacr envelope.

If the input 1o the lossless plasma or waveguide is given by (18) , the output envelope, Fif) =
16(1)1, using o three term Taylor series opproximution for the phase factor is following Rlllott,
given by equation (24 of reference 24. Plots of this envelope and also of the exact envalope
(obtained by connecting maximum polints of the instantanecus output given by exoct solution (39
vio Figure 4) cru shown in Figure 6 for the conditions of Case I.  This Figire reveals that the

appreximate solution gives the general behavior cf the output envelope for the step function input
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cae falrly well® tending to osclliate somewhat cbout the exact envelope.
V. Conduslons ' | |

The exost outpu? response of a lossless unbounded plasma (or lossless waveguide) to o step
function corrier has B«n found in the form of o convergent serie: of Bessel funciions, as given
by (3.  This expression is valid for all values of time, all carrier frequencies aad all plasos
parometsrs. The solution Indicates that the cutput response clways commences at the tronsit
time L/c with zero amplitude. Using this expression, calculations of the output response due to
a step function carrler for veveral coses were maode. From these computations the Following
generalizations are suggested: for carrler frequencies above plasma resonance (cutoff) the output
response Initially has a smaller amplitude ond o lorger Instantoneous frequency than its corraspon-

7dlng steady state value. Both the amplitude and frequency then, somewhat directly, approach
the steady state vaiue untll this steody state Is.mochod. Exo~tly ut plasme resonance (cutoff) the
output I3, In gene.ul, the some as above cutoff, but Is more extreme, 1ince the amplitude 1s even
smaller and the Instantaneous frequency even higher, than the corresponding steady ttate, glving

rise to moro severs envelope distortion.

®However, such may not, in general, be true for the case of o pulse input of duration T, as con

be anticipoted by the following considerations. A pulse input of duration T con be thought of as two
step function inputs spaced T aport in time and of oppasite polarity, as given by (16) . The output
pulse is then the sum of the two responses to the.e step functions, as given by (38b) . In most
practical cases T will be large enough so that the output response due to the first step function input
will have reached its steody state by the time Li'c + T; at this instant the output response due to the
second step function commences. As teen from the chove computations of the exact response due to
a step function carrler, the Initiol omplitude can approoch unity (*he steady state value for u, > w)
sven ofter only a few cycles. Thus, if the time duration of the input pilse, T, is such thot the P
steady state output of the first step function adds in phase with the Initiol output of the second step
function, a peck value of -? can be reached ot times corresponding to a few cyc%s st T+ Le.
Thus, o symmetrical output, as is clways predicted by the approximate solution, ( 'on‘) will not,

in gereral, be obtained. Additiona!ly, from the foregoing, o critical dependence of amplitude

shape on T, ofter the time T + L/c con be anticipated. In a practical serse, however, it may be
argued that since the pecks which may occur of times greater than T + L/c will last only during

the transit tima of the output (corresponding to the second input step function) after which time the
output }s zero, and since this transit time wiil probably be orders of mognitude below T, then all
omplitude changes which occur at the end of the time T + L/c will be very rapid - 30 ropid as to

have a frequency spectrum much broader thon the bandwidth of the system used to propogate the undis-
torted pulses of dumtion T. As such, this critical rapid am plitude variation of the trailing edge of

the output pulse will probably not be "seen” by the 1ystem.
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For the carrier frequicy below cutoff, the initial output is much higher in amplitude than its
corresponding steady state value, but ogair rhe instantaneous frequency is higher than the corrier
frequency.

A comparison of available approximate snlutions with the exact solution here obtained for the
output,due Yo an input step function carvier, reveals thet for time greater than the tronsit time
{t > L/c) the savelope con be predicted fairly well using these former :olutions. Haweve-. jor

. . T ! -
the case of an electramagnetic pulse of duration T the some will, in general, not be trye. .

howeaver, T is much larger thon the transit time, {the times required for the step function responses
te reach rtheir steody state) then in a practical system (one which s designed *c hove bandwidths
only wide encugh fo accommodate prapagation of tha undistorted pulse) even than tha approximate
solution may suffice to describe the output envelope "seen” by the s;.iem for timss greater thon

]

L/c. All thewe gensrcilzations would, howaver, hove to be verified by further work.




APPENDIX 8-1

There cre four ranges of v 1o be exam!ned:

tbibin) th O_f_uiy lilz-upiuf_O; lVl--iuiwup.

, #)/2
in reglion §, ¢\ =x/2, ¢2-|/2, LRV rzlup*u .o -;Z:PZ -Qr‘rz ow" ) -

N ll'ﬁ-i” -u '-]iu’ -[oJ’l- ;F Therefore, from

(L/e) ‘1- WUF
(10 of the tuxt, Inronge I, Giy = o‘ wie Hp which ogress with (6 of the text. in

a simllar way for reglon iV, ’i %1 ¢, = w2, " up + lwl, = lul-—up and G(s) reduces to

¥ ) = e - - =t
the some form os for region 1. Forr_gglonl : v/ 2 =x/2, Sl S A $*uund

V-’
G() becomes G(9 0-‘b e % whch agrees with (&) ; s!m”orly, for reglon ili,

¢I "‘“'/2, ’2"/21 l']

= Up + lul, r2 = (% - lul) glving the same resuit for G{3) a3 In reglon
il. Thus, the seiaction of (12 and {13) of the taxt which Identify the branches d{;i’ + upz

reduces o the necessary physicol form when s = ju, |ustifying this cholce of branch cut.
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)
From (14) of the text, the Laplace transform of the xero order Bessel pulse Is, vio Tobloo(

- “ -t 2, 7
@0 5@ =10 Jfan e - by

From (7) and (10) of the text, the output for this case s then

CHeo -/ \Fﬂ? "
2.2 agf) = —— / : o d c>0

C-leo \!l:! + $!

—
where the branches of \1!2 + upz ove defined by (12 and (13) of the text. The Integrai ciong

the Bromwich contour, B‘, defined by (2. 2) is cvalucted by consldering the cloed contoun Jefired
In Fig. 2. 12 and using the residue theoram. This method |s well known and wiil only be outiined

here. Conslder first the ciosed conteur (."L to the laf: of 8‘. The cloted coniour CL is defined as

g:CL = jé]'+‘(i + '[2 + f3 + j‘ + ‘[32 + jS + jé where 8} s B; for g Finite X, and 52 i3 the

clockwise dumbell type contour around the bronch cut and brunch paints. Since there

are no reslduas withinC, , @ w0s [+ j ¢ j+ 1 ¢+ [+ + ]+ ] . Now, | =-,, ano
v%, Lrh 5, IASAS) b L=

as R—P o ard for t> /¢ It In sasy to sthow that | + | *j + j. vonish, MHence, | = -, .
2% 1 8 ‘B.i 32

-

Neaxt consider the closed contour to the rl :ht of B! , &.ﬂ.

“leariy, @ = 0, since there ore no residues within CR' Hence, O = 0 =) +
CR "CR are g’
i

For t <L/c ond os R—3 w . It coan be shown that .»"j ~—> O hence, _“ =0 fort < Lc.

arc
1

Thus, from these two closed cordour cases ona car write

e
—(\_/C) \‘2 * ) 2
.

P o
[ ] [+ }

1t - e
(2.3 co(ﬂ » ———— ,

i ol o




where 82' Is the counter ciockwise dumbel! cuntour around the branch cuwt, ond {2 + bbz is
defined by (12 ond (13) of the tex.. = .valuate (2.3) . the Integral Is broker up into its four
ports, the two circles on the top and boitom of the dumbeil contour, and the two siralght |!ne

components to the left and right of the branch cut. I this integrotion the rodius of the circles must
be ollowed %o opproach zero, and as this is done the two Integrations ore.rd eweh olrale venlih.

Thiz leaves the two side litegrals os chown In Fig. Z.1b. On the right ond left cides 3= |u,
/2 W, /2
da = |du; \jl-lup‘-w 0”‘ ;\ll*iwp- \|r2 ) 7/ wonr‘-\b-umdrz-uP*u.

— “
On the /ight side ‘l = y/2 ondéz »v/2; henca, \j;z + upz - *{qu - 4. On the left side

as the point of integration moves ar .und the upper branch polnt, 02 aiters Infinitosimally, whereas

——
3 Incrsases by 2x; hence, here 3, = 3/2y, O /2. Hence, on the left lld',\liz + %1 -

. ..bz-..". Thus (2.3) becomes

B R o\ T
-1/ { b “ e P oh‘ }

"
4T

f't;o .d“‘*J

(2.9 o1~ - ey —— !
4 \QT—J b (2- J
p

which can be expressed os

(2.9 o = 1r-UQ I L'y

where

w/? -
(2.8 1{t, Ud» /v | coaeeln @ wowr {L'cd § con @ ] a9

o p ’

. , | . oy ‘ (31}
after moking the sbstihtion sin @ = vy, and . ng sywwnetry. The integrai [T, L/c) Is known ,
giving
——

(3 o B - - L/ "oL‘b h’—ﬁ/c?j .




APPENDIX it

To prove the valldity of (23) of the text, use Is made of the generating function for the
(32

Besse! functionse. Thus

L2
3.1 o2 (1 - V0 . Jo(w) + Z E?" *(-\)‘n p ] In{w)
n=|

where t can be any number, real ov complax, exz!i 'ing t = 0.

Let o be a real positive number and le?
(3.9 t=je°

which I3 then nonzero for all such a. Substit tion of (3.2) Into (3.1), seporcting both sides
into real and Imoginary parts, breoking up the resulting sum Into a sum over odd and even

Integers, and then aquating the real and Imayinary parts 2. both tldes, mspectively, gives

-
{3.3) cos(w cosh o) = jo(w) +2 2' (wl‘,n cosh{2n q} J:,n(w)
nw)
;’_ n - .
(30 sinfw cosh o) = ?‘: (-1 cosh L (drie 1) a 1 'EZ’r.v\*v(w}
na{

Equation (3.4) 1s {23) of the te-t for @ = iy, thus vaildot kg the direct substitution of § = (g In

(23) of the tert, whick glves H - .. 0 re1ut.




A Ix Bl

This appendix wiil establish the term by term Identity of (39 of the text with the
result oblalned by '!ublmlczw which Is

(1) R = 16-0) Z sinfme/2) J,,,[O,Jr’ =1 Iy ey, ™.

mw]

wherg 4 ® [(HD/6-1) ond yo® JlrgH) fbrg-1)  with
1/2
02) *

To = (Uvgo) /L/Q = c/vgy= 1/(dW/cd | =1/t - oY
oY
With v = group velocity ot the carrler frequency.
If in (4=1) one let n = m=1/2, then one notes by comparing the resulting sum with (39)
of the text, that If

(42 2 comizml) am yo 2™V 4 02)

the nth term of each sum will be Identical. In (4-2) a Is determined by (2) of the text and

Uo > @ Inspection of (4-2 reveals that 1t will certainly be satisfled If yo = % From the

above definition of yo In terms of Tor Yo -{[’_ 141 - ug/uz)'n] /0-0 -u}/uf)'n ]} 2
Then on using (29) of the text In the form "'p/“o = 2/(e%49%), direct swhstitution glves

Yo = 9% Hence, (4-1) Is term by term Identical to (39 of the text. However, Equation

(39) 1s somewhat simpler In form, due to the conclsensss of the hyperbolic function term.

The cbove term by term Identity holdz as well for uy < us. For this case the factor
cosh(2m1) a In (39 of the text becomes cos(2n+1) G where cos O = u, /upe , For term by term
equality of (4-1) ond (39) of the text, the relation 2 cos(2m1) 0 = yo 2™ 4 1o~ (2M1) iy
hoide This will be trve If yo = ¢~1% Following the preceding direct substitutions and noting
that for u, < Yy %o Is given by v = l(upz/uz - l).‘/zom indeed cbtalns yo = o719, Hencs,

B9 of tre text and (4=1) are term by term Identical for all thd»g/u’.
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it Is now very worthwhile to note that ({-1), and hence (39) of the text, can also ba
wrltte' in a somewhat diffecent form (for w, > wy) which happons to be more rapldiy convergent
fur times corresponding to ¥ > v f1g it colled the arriva’ of the maln weve; o1 wes noted by

Rublnowicz, Thus, using (3-4) and (4-1) one first notes that the stesdy stute wave can be

writtes ¢

f -~
(4-3; ;5-!(&:0? - S(uc) Ow=sin {_(uo/mp) prr *‘l }-ug':"luoz J= - sln(rm/2)

T
¥

s 01

m

r‘-—-d‘ faal
3 LN - S+ /v

-

Adding cnd subtroctins tnls steody state wave to {4-1) then giver the eq lvalent foem

| ——— .= — -
- P Y R I , empm__-my\ 1(2-4)
(4-4} wgsin L (g 'ap) Qp(v «\‘ i m;v Yo Y- N sinleves 2 Jm(_Op‘rz—l) Yo Ty j} g
mos

in performing the computotions of fR), (39) of ihe taxt (o (4-1)) abon 0 be usad for 1 C T W 7,

und (4-4) forv v, fur quickest convergance. tauation [4~&) can ciso be used *o cetermine

ine deviction 37 ftd from the steady state vaive foe an: particyior valve of v and for o, > v
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APPENDIX C

Extension of Elliott's Approximote Pulse Degrodation Anulysis to High Collision Case

For the case of high collisions, by whick is meant
(M v > )
and
@ v w2
P
the relative dielectric constant of the plasme becomes
@~ i-jed/m

and the factor & becomes
@ 5= - n:lm

hence, 1514 << 1 ond the ‘un-tion of g{w) becomes

od/
O TR

0 -8De
which is the some form {(Equation (11-35 of Task 1 of the text) for the case v=C ond w2 2 . except that & is

naw complex. Neglecting &7 as compared to unity then correrponds to a single traversa! of the sheath with

a pnuse shift of g = Blw d. Following Elliot and expanding 9 in o finite Taylor series about the carrier gives
TR ?

B A Blag) < Blug) (- ) ¢ PU9 (L)
2

where now M is given by

. fd = &\~ gu;,-"uu

Evalvaring Blug) . Flwy) . ond B'¥{ug) shows that

(2 ﬁ(uo) ' ki _B(uo‘- i

high collision v 0

@ Blog = Blo,|

high collision ve(




2
{10 f;ﬁ"(cao)i = (- 1/4 2’3-)&!(«9)

high collision pe0

whers for the collision.less case

(: r; afu)zw - ug_/uz

s
bence, the foctor B (uo) d fur the nigh coliision cose can be writtes as
2
, d _
(12 fa) - el g
high collision p=0

where £is the equivuient plosma tickness for the high coliision case. but having the same disfortion facter

(i.e. . the some B’e(uo) as for the cose = O end is given by
?
lyi .
0 = - i/ 3‘;12» d

It can be shown by going through an identicol process as for the cose v = G with Bl given by {11} mat
the resulting oulps} Sor this case is the some {i. e., is given by 3 of Appendix A) Lut with d reploced by 1.
Thus, the output pulse shapes orm as given in figure I Appendix A were in the parometar o the iength LA
is used insteod of d for the plasma thickness. Mew, since for ¢ given value of d und high coilision 1A <<d
it is seen thot for o given satio of operating to plosma frequency (uo/’%) and g given plasma thickness, d, the

value of the parameter o (since o is replaced by L) will effectively decrecse for the high collision case, ond

hance less pulie degrodation will occur, in accordance with figure | of Appendix A.

[
13




APPEZNDIX D

The expression for the magnitude of the tronster function, C (@)

1 i
cos(ﬁvL 1€, +é, gn{8,L

6| -

can be simplified if the antenna is located near the stagnation point. Then, the relative dieleciric

constant

02/02
e=1- —

T-fvie
has a highly neg itive real part for the re-entry missions described in Tosk | and covering frequency

range (200 MC t 2000 MC.)  As ¢ resuit, the foliowing inequality holds

U,?,/ (,.,.\2 ‘

—E——— - | >>1

‘}-iV//&)

fhe index of refraction n = [c simplifies to

. Yo/ i/2 tan” (/)
AV B »

. , e
(H':Jz/u?)‘ 4

The orqument of the trigoncmetric function in the denominator of G(u becomes

w, /e 2 tan~ (/0

(v is the speed of light in vacuumy .

For the re-entry missions unaer study, it can be shown thar G/u) can be grectly simplified beccuse

the following inequalities are tulfilled.

e




wl/c
v Ve <<
i

(1412 / u%'/‘

0< 1/2tan” W/ < w/4

yielding for the denominctor of G(d :

w, e N Gl i [‘ -1 J
1 -] i — sin| = ton~ ' Ve
- . 4
P . anZa C“[z tan™ v/ "J 7 027t L2
cos(B, LV +,,—_-¢.,,- sin(f L (@)= 5 e e
¥

Hence ,

Snl/c [_]_
- (1'9'3’2/92)‘/4 ot 3

4

km"l V/u]
gG(d] N 2e

Yhe chove expression in decibels is

*pl/c o[ L ton”] v/u] db + 6 db
(‘ﬂ,Z/QZ)i/Q w2

20 logjd | = -B.686




