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Suimnary 

_^ This article la concerned ulth some problems which occur in 

certain tactical considerations: how should one place k circles 

Tspheres^ in the plane H-space^ so that their union has the greatest 

standard normal probability measure, that is, so as to maximize the 

probability that a random normal point will fall in one or more of the 

circles [spheres]. For k > 3 the problem seems hopeless, (except for 

certain special situations)j the case for k = 3 ir jtill unresolved 

and is being worked on by a number of Investigators, and the case for 

k = 2 is solved completely in this paper. The results for k = 2 have 

some practical value when applied to actual problems arising in tactical 

considerations, and some theoretical value, as a method of attacking 

the problem for k X3. 
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Preface 

This paper sunmarizes some results obtained in the summer of 1961. 

Most of the work is mine, although the problem arose, and several good 

suggestions came, from discussions among a group of us (Harold Ruben, 

Otto Hans, Lajos Takacs, and M. D. MacLaren) working at the Boeing 

Scientific Research Laboratories during that summer. Since that tiire, 

the problem has cone up in various forms; most recently a special case of 

the problem was discussed by D. C, Gilliland, "A Note on the Maximization 

of a Non-Central Chi-Square Probability", Ann. Math. Stat. £,  Ul 

(March 196^). 

G. M. 



1. Introduction 

If you were r.hootin/' a rifle at f.wo balloons 100 yardj away, where 

would you aim in order to maximise the probability of hlltinf at leant 

one? If you, and the rifle, were very accurate, you mifht aim at the 

center ci o\e  balloon, while if you were a lousy shot, it mifht be best 

to aim at the center of the pair. This problem Is a .special case of a 

class of problems we will consider in Lhi:; note.  To be precise, this is 

the basic problem: How should one place two circles {.• )hores) in the plane 

(3-3pace) so as to maximize the standard normal probability measure of 

the union? Both have radius r. We consider three ca^os: 

Case I,   Both circles free to move. 

Case II»   One circle flxed^ one I've*   to  move. 

Case III« Both circles free lo  movej but the distance between 

centers, 2b, is fixed. 

Such problems arise in tactical considerations; for example, Case I 

might be of interest to an anarchist who wishes to place two bombs at a 

reception where the location of the dignitary (target) has a circular 

normal distribution, while Case III nay be viewed as the problem of how 

to aim at a pair of circular targets, as in the balloon problem, above. 

These problems have been described as cookie cutter problems - given a 

sheet of cookie dough with thickness proportional to the normal density, 

how should one punch out two pieces with a circular cookie cutter so as 

to get the greatest amount of dough? 



The solution to all three of these cases is given in the summary 

in Section 5. Sections 2, 3,  and 4 are devoted to finding solutions to 

each of the three cases. 

One may choose from several lines of attack for this problem - take 

advantage of the convexity of the normal density near the origin, for 

example, or perhaps use special properties of the non-central chi distri- 

butions, such as their representation as a mixture of chi-cquares. It turns 

out, however, that a straightforward attack along elementary lines gives 

a unified approach to each of the three cases and provides fairly easy 

solutions. The solutions are general, and apply to the placement of 

n-rpheres in n-space, although the chance of an application for n > 3 

seems remote. 

We begin b> noting that if two n-spheres are optimally placed, i.e., 

so that the standard normal measure of their union is a maximum, in any 

one of the three cases above, then the origin must lie on the line joining 

the centers. For example, in this diagram the position in bold line 

cannot be optimum, for if we rotate about the center of one circle until 

the origin, 0, lies on the line joining the centers, we keep the measure 

of the left circle fixed and increase the measure of the right. 



2.       'Ja:;fc   II.     One  Jphere  Fixed 

We consider Cist   II  before Case  I,  as we  shall use  It to solve 

Cast   I.    Juppose one    n-sphere of radius     r    ras center at    ( - b,0,... ,0) . 

We want to place anoth  r    n-sphere of radius     r    so as  to maximize  the 

standard normal  measure of the two.     Clearly if    b > 2r,     the best choice 

for  ti -., movable sphere is with center at the  origin.     Otherwise,  if 

b <  2r,    let the center of the movable sphere  be at    (z,0,...,0),     as 

pictured  for    n = 2: 

or 

1   -JrtC 
Let    qp    be  the  normal density,     cr(x) =(2TT)   

2e c     ,     and  let    F. 

be  the chi-square-n distribution: 

n 

(1)      F (a)  = Z-^rCn/Z)"1  f*-*/2^/2** - ^e^2^-2^.. 
n 0 0 

Then  the measure of  the union of the  two spheres,  say    M^z),     i 

z-t-r 
. (z)   =    T 'F    j/~(x+b)^l(p(x)dx +  j 
n 

n 

M (z)   =    j2   J       F    1[r
2--(x+b)2]g)(x)dx +  5 Fn  , [r2-(x-z) 2]flp(x)dx. 

-b-r n-1 Mz-b)  n-1 
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Figure 1.    Functions    g    and    h    usecj to determine the placement of one 
circle or sphere so as to maximize the measure of its union 
with a fixed circle or sphere.    (Case II).    g   and    h    are 
both asymptotic to    l/xj they are defined by 

J        e^yd-yV^dy = 0 
-1 

h(x) 
5        ye^dy = 0  . 
-1 



/. 

If we   .li I'l'ere.Mihte with respect  to    z,    we get 

2 + r 
M'(z)   = 25 F'  . [r -(x-zr](x-z)<p(x)dx. 

i(z-b)   r-1 

Trie conditior    K\{z)  - 0    becomes,  after substituting the density of 

F    ,     from (l)   and  removing extraneous  factors, n-1 b ' 

(z-i-b)/2r        0 /    -s /^ 
(2) 3 (1-y ) '   ye    •'dy = 0. 

-1 

For the case    n = 2,    let    g(x)     be defined by the condition 

5        e^yd-yV^dy = 0. 
-1 

Then  the solution  to  (2)   is  the value of    z    for which    g(rz)   = (b+z)/2r. 

Thus  the critical value of    z    may be  found  from the intersection of the 

2 2 
curve    y = g(x)     with  the line    y =  (rb+x)/2r  .     If    (rb+xn)/2r    = g(x ) 

then    z = :xr/r    solves   (2)  and  is  tne optimum    z. 

The  function    g(x)     is drawn in Figure 1,    As  an example 

of the use of    g(x) ,    when    r =  .5     and    b =   .£,     tne line    y =  .^ + 2.x, 

drawn in Figure  1,   intersects   the curve    y = g(x)     at    x_ =   .27,  so that 

if the fixed  circle  of radius     .5    has  center at    (-.^,0),     tnen the 

movable circle of radius     .5    which maximize,   the standard normal measure 

of the two has  center at    (.5A»0). 

When    n = 3>    we need 

(z+b)/2r 
(3) 5 yeZrydy = 0. 

-1 



We may integrate directly to get the condition 

(z +b2+2zr)/2        2ziH-2 e  ^        . 
2-z -bz 

However, if we let    h(x)    be defined by the condition 

h(x) 
5       ye^dy = 0, h(x) > 0, 
-1 

then the solution to (3)  may be found at the intersection of the line 

y = (rb+x)/2r     with the curve    y = h(x).    A graph of 

h     is   also in Figure 1. 

Example.      Let one sphere have center at    (-1,0,0)    and radius    2. 

Me want to place another sphere with center at    (z,0,0)    so as to 

maximize the measure  of the union.    We require that 

^ = h(2z). 

The intersection of the line y = (2+x)/8 with y = g(x) is at x = 1.77, 

hence 2z = 1.77 and z = .885 is the optimum value. 



3 •      Case  l.    Both Spneres  Free  to Move 

Given Wo    n-spheres of radius    r,    the problem is  to place  them 

4n    n-3pace so as  to maxlrdze the measure of their union.     The argument 

for   n = 2    will apply to the general    n.    Let the centers  of the optimally 

placed circles be at    (- b,0)    and    (a,0).     We use the results  from Case II. 

In that case we found  that the best value of    a    for the fixed center 

at    (- b,0)     required  that   g(ra)  = (b+a)/^.    Since the left circle 

is  also optimally placed with respect  to the  right, we must also  have g(rb)  = 

(b+a)/2r.    Hence   g(ra) = g(rb)   and   a = b, since   g   is monotone.    We conclude that  the 

optimal choice of centers is at    (- a,0)     and    (a,0),    where    g(ra)   = a/r. 

If    g(x0)   = x^r   ,     then    a = x^r. 

For    n = 3,     the best choice of centers   of two spheres   is at     (- a,0,0) 
2 

and    (a,0,0),    where if    h(xj   = xVr       then    a = xVr. 

The functions    g(x)     and    h(x)     are both asynptotic  to     l/x.     Hence 

if    r    is  large,   the best choice for two circles  or spheres   is when 

2 a = xVr    and    l/xn = x
r/

r'  >    that is,     x    =  r    and    a = 1. 

Knowing that the best placement of two  spheres  is  symmetric  with 

respect to the origin,  we can derive an exoression for that common 

distance directly.     If the centers  of two ovorl-ipping spheres  are  at 

(- a,0,...,0)     and     (a,0,..   ,0)     then  the measure of the union is 

3.+r 

25 Fr     [r
2-(x-a)2]q)(x)dx. 

0 

Differentiating with respect to    a    and   reducing leads   to  this condition 
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Figure 2, To maximize the normal measure of the union of two circles 
or sphei-es of radius r, place the centers symmetriot-lly, 
centers distance a from the origin. These curves show 
a as a function of r. Relations between a and r: 

J  (l-y2)"1/2ye"arydy = 0  (circles) 
-a/r 

a2   2 
e" (1+ar) = e (l-a )  (spheres) 



V?- 

for an optimum value of    at 

J1    (l-yV^^y-^dy = 0. 
-a/r 

When    n = 3,     this leada  to 

2        - 
e^Uar)  = ea (1-a2), 

and when    n = 2, 

51   (i-y2)^«-0^ = o. 
- a/r 

Graphs of solutions    r,a    of these two conditions are in Figure    2. 

Thus  Figure 2    shows  the best placement of two circles or spheres as 

a function of the radius     r. 
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L,      Case III.    Dlstarice between Centers  Fixed 

Let two    n-spheres of radius    r    have centers at    ( z-b, 0,... ,0) 

and    (z+b,0,... ,0)    so that the midpoint of the line Joining  their centers 

is at    (z,0,...,0).    We assume first that   b < r,    so that the spheres 

overlap.    We want to choose    z    so as   to maximize    M (z),    the standard 

normal meaaure of the union of the two spheres.    We have 

z z "4"b 4" r 
Mn(z)   =  ^        Fn_1[r

2-(x-z+b)2](i)(x)dx + 5 Fn_1[r2-(x-z-b) ](p(x)dx. 
z-b-r z 

We let    x       .  - y    in the first integral, and    x = z + y    in  the second, 

to get 

b4r ? o 
"n^   =  ^      Fn_1[r -(y-b)'i][(i)(y-z)+<p(y+z)]dy. 

Differentiating, we have 

b+r 
(A)    M'(z)   =5      F      fr -(y-br][(y-z)(p(y+Z)-(y+z)9(5rfz)]d7. 

0 

Since    M'(0)  = 0,    we need    M"(o)     to see if   M(0)    is a  local maximum or 

minimum.    We have 

b+r ? ? 2 
(5)    M"(0)   = 25      F    Jr -(y-b)^]<p(y)(y -l)dy. 

0 

If we integrate {U)   and  (5)   by parts, we get useful variant forms: 

b+r 
M'(z)   = 25      F'  Jr -(y-b)   ](y-b)[(p(y+z)-<p(y-z)]dy 

0 

b+r 
M"(0)   = ^5      F'  Jr -(y-b)   J(b-y)yqp(y)dy. 

0 
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Using     F1     from (l),    we have n 

b+r     .r   2  .     Lx2- 
M'(2)   =kj      e-Mr -(y-b)   ][r

2_(y.b)2]("-3)/2(y_b)k(y+z)_(p(y.z)]dy 

0 

and 

M"(0)   . k2e-«r2-b2)   Jb+rn-by(b-y)y|r2-(y-b)2]'n-3)/2dy. 
0 

When  the two spheres do not overlap    (b > r) ,   the same  formulas as  those 

above apply,  except that the lower limit of the integrals is    b  - r 

instead of zero: 

b+r 
Mn(z)   =5      Fn_1[r -(y-b)<i][(p(y-Z)+(p(y+z)]dy 

b-r 

b+r 
Mn(z) = ^    fn.^1- -(y-b) ][(y-z)n(y-z)-(y+z)(p(y+z)]dy 

b-r 

M'(Z)   =^5    re-^r -(y-b)   ][r2-(y-b)2](n-3)/2(y-b)[V(y+Z).(p(y-2)]dy 
b+r     ir  2 

^b-r 

b+r 
M"(0)   = 25      F    1[r

2-(y-b)2](p(y)ly2-l)dy 
b-r   n 

M"{0)   = k^-^^-^T'e-^Cb-^yir^y-b)2]^-^/^. 
b-r 

Of particular interest are  the cases    n = 2,3-     When    n = 3i    M"(0) 

becomes 
w  2 h2x   b+r 

M"(0)   = k e~t[r "D  M       e"0y(b-y)ydy when    b < r 
J 0 

w   2 h2v   b+r    , 
M"(0)   = k2e -lr "D ;5      e"Dy(b-y)ydy when    b ^ r. 

b-r 
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Figure 3.    Curves for determining the optimum location of two circles 
or spheres with centers a fixed distance    2b    apart.    If 
the point    (r,b)     lies below the appropriate curve, then 
place the centers at    (-bjO,...^)    and at    (b,0,..,,0). 
If    (r,b)    lies above the appropriate curve, place the 
centers at    (z-b,0,.,.,0)    and    (z+b,0,...,0), where    z 
is  the positive solution to the equation 

min(l,b/r)    . o f'    -JWO 
j e"bry(lV)(n'3;/ 7 3inh[z(ry+b)]dy = 0 . 
-1 
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Furthermore,  the solutlone to   Mi(z)  = 0    are those of 

b+r     . 
(6) i     e"yD(y-D)(e"yz-eyz)dy = 0 when   b£r 

0 

and 

b+r      . 
(7) 5     e"yt)(y-b)(e"yz-eyz)dy = 0 when   b ^ r 

b-r 

Figure 3    shows how the solutions to (6)   and (7) divide the 

(r,b)     plane Into regions which either have    z = 0   for an optimum 

value or else require the solution of   M'Cz)  = 0,  z > 0.    Figure 3 also gives 

corresponding results  for    n = 2. 



5.      Summary 

In each of the three cases, an optimum placement of the spheres 

may be found with the centers on the    X-axis. 

Caoe I.    To place two circles  (spheres)   of radius    r    in the plane 

(3-space) so as to maximize the standard normal probability measure of 

the union:    place the centers at    (-a,0, ...,0)    and    (a,0, ...,0)    where 

a    as a function of    r    la plotted in Figure 2.    The relations between 

a    and    r    are: 

1 „    i 
5      (1-/) -c" ye^^dy = 0 (circles) 
-a/r 

a2       2 
e      (1+ar)  = e    (1-a ) (spheres) 

5      (l-yV
n-3)/2 ye-arydy = 0 (n-spheres) 

-a/r 

Case II.    To place one sphere so as to maximize the standard normal 

measure of the union with another fixed sphere iiaving center at 

(-b,0, ...,0) :    place the center at    (z,0,...,0)    where 

(z+b)/2r        2(n_3)/2 
3 (1-y )v      ^    ye    'dy = 0. 
-1 

A nomograph for finding    z    may be based on the function    g  (x), 

define \ by 

gn(x) 
f xy  ,,     2x(n-3)/2,    _  n 3 e^'y(l-y )x       ''   dy =  0. 

-1 



Then    z = xVr,    wh«r«    x0   la at the intereectlon of the curve 

7 = g-U)    with the line   y = (rb+x)/2r .    The functions   g«   and 

g.    are plotted aa    g    and    h   In Figure 1. 

Caae III.    To place two circles (spheres) which are a fixed 

distance   2b   apart so as to maximize the standard normal measure of 

their uniont    place the centers at    (z-b,0,... ,0)    and    (z+b,0,... ,0) 

where    z = 0   if the point    (r,b)    llea below the curve In Figure 3i 

otherwise    z   may be found as the solution to 

^nln(l,b r ^^^(n-^ fllnh[z(ry+b) ]dy = 0# 

-1 


