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The ionospheric contributions to the non-relativistic Doppler _éf

shift at VHF from satellites sbove the ionosphere are considered to O(l/fz)
F il % »
whereA£§ is th?(satellite transmitter frequency and the vacuum Doppler shift
CFs .2l

is considered ofAQéf;). It is shown that to O(l/fg), the phase of the
electromegnetic radiation field fro hehsgzgglite cannot be approximated

s

by the usual Fermat integral of geometric opticsfﬁkmhfgfgﬁ:f:eensideration

of the characteristics of an ideal doppler tracking feseiver;ﬁypundary
conditions are imposed on the solution to the.wave equation containing the
ionosphere electron contribution to the refractive index such that the
solution to O(l/fz) in the phase is obtained. It is shown that to this
order Fermat's principle can still be applied if the index of refraction is
modified by terms containing gradients of the electron density. This
generalized Fermat's principle is used *to obtain the ionospheric contributions
to the Doppler shift to O(l/fg) at VHF. Upper bounds for the verious terms
are estimated. It is shown tha%: 1) additional terms not given by the
geometrical optics approximetion are negligible so that geometrical optics
theory is valid at VHF to O(l/fz), and 2) except for very disturbed conditions
in the ionosphere, the use of the two frequency doppler data to eliminate
the first order refraction contributi n should yield negligible higher order
refraction errors so long as the lower of the two frequencies is above
100 mc/s.( ){

The p;;;:;531~conclusions of this paper are reported in

reference 10.
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JIOKOSPHERIC CONTRIBUTIONS TO THE DOPPIER SHIFT AT VHF

FROM NEAR EARTH SATELLITES

- INTRODUCTION

Considerable effort is being spent on developing methods for using
accurate measurements of the radio Doppler shift for satellife tracking and

{1
geodesy.\"2’3)

The satellite freauencies, fs’ currently being employed
are predominantiy in the 50 to 500 mc/s region where the ionosphere
contributes significant additions to the vacuum Doppler shift. Accurate
dorpler measurements have utilized the dispersive nature or the ionosphere
to eliminate the first order ionospheric refraction contribution which is
of the order of l/fs. This is done by receiving two coherent frequencies
transmitted from the satellite (usually a factor of two to six apart) and
combining them experimentally to eliminate the first order ionospheric
contribution on a data-point-by-data-point basis.(h) With the use of only
two frequencies the re.ulting "vacuum" Doppler shift still contains all
contributions that depend upon higher powers of (l/fs). In particular,
the Faradasy rotation contribution remains as well as contributions resulting
from sharp gradients in the ionosphere electron density.

To this date, there is some experimental evidence that ionospheric
contributions higher than O(l/fs) are significant for frequencies above 100

(9)

me/s. However, because of the low powe ° levels transmitted from those
satellites containing multiple, coherent, frequencies, the noise level in the

experimental doppler data is sufficiently high that combining three or more
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satellite frequencies to accurately measure the higher order contributirns have
not been as definitive as one would like.

The principal objective of this paper is to consider theoretically\the
refracted Doppler shift to O(l/fg) in order to determine whether contribLutions
higher than O(l/fs) should be significant.* The principal motivation for this
study is to aid in the experimental justification that two coherent satellite
frequencies are adequate to yield accurate Doppler shift data for tracking and
geodesy.

Tne computatic. of the ionospheric conﬁributions to O(l/fz) at VHF

frequencies is made relatively easy because the transmitter frequencies are

far gbove any significant resonance frequencies ir the ionosphere. However, it

VRS e S0 1

is shown in Section II that to O(l/fz) the usual optics approximation (through

uging Fermat's principle) is not sufficient and c-.sequently the more difficult

task of finding the actual sclution to Maxwellls equations to O(l/fz) in the

phase is required.

o G

Section I considers in some detail the expression for the vacuum Dopplef
shift when the ionosphere is assumed to be agbsent. In this section the characterg
istics of an idealized doppler tracking receiver are considered to a sufficient

extent to derive special boundary conditions on the vacuum electromagnetic

T RNAART R R T

field created by the satellite transmitter. The resulting analysis yields

an expression for the vacuum field at an orbitrary point in space which can
itself be used as a boundary condition for the refracted eleciromagnetic field.

In Section II, the solution to Maxwell's equations for an arbicrary ionospheric

Sa R

electron density is obtained to O(l/fz) in the vhase for frequencies near the

X
The vacuum Doppler shift is O(fs) so that contributions of O(l/fz) are of Lth
order in l/fs.

-2 -
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satellite transmitter frequency. The Fourier synthesis of the~refracted frequency
components is matched to the vacuum field expression in Section IIXI. The two
fields are matched in the region of the satellite, vhere it is assumed that

the satellite is sufficiently &bove the ionosphere that the electron density

is negligible. Section IITI also presents the detailed results of the expansion
of the phase in powers of 1/fs to O(l/fz), and the expression for the refracted
Doppler shift that results. Section IV presents an estimate of the magnitude

of the higher order terms in the expression for the Doppler shift where it is
shown that except possibly for Faraday rotation and extremely sharp electron
density gradients, the higher order terms are most likely negl.gzible at VHF.

Appendices I and II present some of the more tedious analysis.
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I. The Vecuum Doppler Shift

Figure 1 indicates schematically an ideel doppler tracking receiver. It
is assumed that the antenna is circularly polarized and tracks (in angle) the
satellite to minimize fading due to ionospheric Farsday rotation. In Figure 1,
the circularly polarized component of the satellite's transmitter field that
matches the polarization of the antenna is labled Es(t). The output of the

receiver has a phese represented by

@

exp [- dmppt + 1 —=-8(¢)]

(o4

vhich is fed to the tracking loop. The signal from the receiver is mixed with
the signal from the VCO to produce a nearly constant anguler frequency output
at (wiF - wF). This signal is passed through an IF-amplifier, BIF(Aaﬁ i
centered at (aﬁF - aﬁg, whose bandwidth is Awand whose phase response is

made as linear as possible. The phase of the signal after passing thr.ugh the

IF-amplifier is represented as .

exp [1 —gé— A8(t) - i(wiF - wF)t]

in Figure 1.

This signal i~ fed to a phase detector along with a reference signal

vhose angular frequency is (wIF - wy) end the output of the phase detector is

presented by

U.)S 5
— 4 (t) .

vt e r——
T Y PR
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. _ ms L d
DOPPLER DATA = wp -—X  d¢ (1)
RECEIVER
cxpi[ic’- s {t) —w | g.t] cxpi[(a:'.,.-mp)t]
o PHASE
MIXER |~ By . (Aw) fo—expi [ 2 Ag(t) = (o) p,~wr ) t]—o= DETECTOR
e , J
expi [ 2 G p(t)-wpt] TRACKING LOOP _“’E_s_ A (1)
| .
YOLTAGE — 56 (1)
CONTROLLED f=—
OSCILLATOR (128¢(1) | <<m)

Fig. 1 IDEAL DOPPLER TRACKING RECEIVER
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This phase difference is then fed through a servo amplifier with response

T(t - t') producing a phase error in Figure 1 by

w
S

c

8d(t).

This phase error alters the phase (time dependent frequency) of the VCO in
such a way that the tracking loop produces a&s small a phase error -:gg- 83(t),
as practicable In particular, the servo amplifier, R(t - t'), has enough
prediction and long enough time constants that, for frequency changes typical
of satellite Doppler shifts, the phase error remains very small once the loop
has "locked on". The doppler data is then taken as the time derivative of the
phase uf the output signal from the VCO.

For present purposes, it is sufficient to neglect noise contributions

to the phase and to consider the tracking loop as ideal, so that
53(t) = A%(t) = 0,

For this idealized case, the phase error, 03(t), can be represented to s

sufficient approximation by:
A%(t) = @s(t - tD) - @F(t - tD)
where tD is the time delay in the tracking loop IF amplifier and is the order

of the reciprocal of the IF bandwidth, Aw. Consequently, to a sufficient

approximation:

ws ws
A% (t + tD) = — @F(t) - — @S(t) =0 (14)
-6 -
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and the experimental Doppler shift is:

fs d

af(t) = - T op(t) = -

w
c gt és(t) : (18)

lgl—‘

Present day tracking loops have their IF amplifier bandwidth, Aw,
between approximetely 5 ke/s and 5 me/s. Thus the time delay in the instrumenta-
tion prior to detection of the phase error is no greater than

1 -4
= —_— 1
ty o o ) <10 sec. (2)
Consequently, the doppler tracking receiver must ‘sample’ the field created
by the satellite transmitter for times of the order of 100 microseconds around

the current time, t . In particular, components of the field radiated from the

satellite during a time intervel of about 2tD centered around the time

R (t)

t, =t -ty - 7,%;—()—";— ; (3)
where Rs(to) is the slant range from station to satellite and v(to) is the
average speed of propagation from satellite to tracking station; and frequency
components within about l/tD of the satellite frequency are the only contributions
to the transmitizr field that need to be considered. Since the satellite moves
a negligible distance in time intervals of the order of %, and no significent
ionosphere resonance occur near the satellite transmitter frequency, the
calculation of the transverse radiation field is considerably simplified.

Consider now the field created by the satellite transmitter in the
absence of the ionosphere and in a coordinate system at rest with respect to
the tracking station. From the preceding discussion, only the appropriate

-7 -
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circuiarly polarized component of the transverse radiation field need be

corsidered. For the purposes of this paper, the aon-relativistic expression

*
suffices, and

[

E -’,t = — [ ————— ~1 - ————
V(r ) o0 ‘dﬂ) R(I‘ ‘to) exp in © c ( (11-)

where

E (r, t) = circulerly polarized component of vacuum rediation field from
satellite transmitter at the space point, r and at the current
time, t, in a coordinaste system at rest w1th respect to the
tracking station,

'fs(to) = position of the satellite at the time, t_ ,
R(?,to) = |2 - ?é(to)l = slant range from the satellite to the space point ,
and where

R(t)

It-t -ty -

-

is negligible.

¥The relativistic field can be obtained by assuming & spherical outgoing wave in

a reference system at rest with respect to the satellite, and then transforming
to the coordinate system in which the station is at rest. In this transformation,
it is sufficient to use as the relative velocity of the two coordinate systems:

a -
dto rs(to)

Py
vV =

The additional terms of O(ve/ce) do not contribute significantly to the ionospheric
contributions. Consequently the additional cqmplication of including relativistic
corrections has been avoided.

-8 -
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To evaluate Ev(w,to) , consider the space point, ;, to be placed at
the antenrna of the tracking station, ;T . From the precedirg aiscussion, it
is sufficient to choose Ev(m,to) such that the field E(%,, t - tD) is very

small for times far outside the region

R(t) R(t,)
byt e T Rty S -y Sty

and for angular frequencies far away from W, = 2“fs . For convenience,

EV(w,to) is now chosen to be

2
Eylo,ty) = exp [- —5— (0 - 0)% + 20 ], (54)

which yields

ant 2
w| Ry(ty)
exp|- :\msLt-tD-to-—E-—-J;, (5B)
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where

-

Ty = position of antenna of tracking station,
Rs(to) = slant range from tracking station to satellite.
The phase of +he tracking filter is obtained by taking the expression for the

phase in equation (5B) and substituting equation (3) with v = c into the

argument of Rs(to).

o, ®
c QF(E - #D) - ¢

R (%)
s' "o
(o - - =)

Consequently, Trom equations (1), the non-relativistic expression for the

vacuum Doppler shift becomes

» R (%) \ R 2
) - b 2 (oo ) o

c

The results of this section, while not new in themselves, will be
used in the following sections where the ionospheric contributions to the Doppler
shif't are evaluated to O(l/wg) . In particular, the same idealized doppler
tracking receiver will be assumed and the equation for the vacuum field,
equation (%), together with equation (54) for Ev(w,to) at an arbitrary space

point, will be used as & boundary condition for the refracted field when in

the region of the satellite.

- 10 -
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IT. Refracted Field for Single Frequency Compone 1ts at VHF

In this section the solution to Mexwelll's equations is presented to
O(l/a)3 ) in the phase for a single freguency component, w, near ®, which obeys
the radiation condition. The principal result of this section is that the phase

to 0(1/&3) cannot be assumed to be given by Fermat's integral

—

rf

B g7y = & IR Youd| 21

- S(x) - j ar' - &(x*) n(r ,to|m)
rs(to)

where the path is taken such that S(;) is an extremum, but can be represented by

where f(;,tolw) is given by equation (10) of this section and the path is taken
such that §s(;) is an extremum. The appendices contribute to the proof of this.
Iet
p(;,t) = ionosphere electron density whére it is assumed that it changes
sufficiently slowly with time that its change during the

transmission time from satellite to station is negligible,

'H'E('r’) = Barth's magnetic field which is assumed to have negligible time
dependence,

(4
|

charge of the electron in M.K.S. units,

m = Mass of the electron in M.K.S. wnits,

™

.

b=
|

= permittivity and permeability respectively of free space in
M.K.S. units,

-11 -
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-~

Es(;,tolw) = circularly polerized component of transverse field at tie angular
frequency, w, emitted from the satellite at nearly the time to )

4(T) = unit vector in the direction of signal propagetion,
n(;,tolm) = equivalent index of refraction for the ionosphere at the firequency

®, time to , and space point T.

The wave equation for each frequency component, Es(;,to|m) , is
PE (7,5 |o) + et SADEXCARDELIN (6a)

where

(e2/

eo) ot

(z) - Hy(7)
s a)HE -]

n(7,t o) = 1 - , (68)

-—

of 114 (*o/.)
L m
and where the sign depends upon which circularly polarized component is

considered. Let the solution for arbitrary T be represented by:

- -

Es(r’to!w) = R(¥,t ) exp e ‘s\r’tolw)j > ()
where
- _ - )
R(r,t.) = |r - r (t )]

-12 -
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In equation (7A) the functions Eo(;,tohn) and §s(;,tohn) ere chosen to be real and:

i

Etle) = [ @ 4G 2@t le) (78)

?S(to)

vhexe the path of the line integral is such theat és is an extremum. So far,
f(;,tokn) is arbitrary.
Substituting equaticns (7) into equations (6), and then equating real

and imaginary terms:

2 . —~ —
VE, - R VE_+ L (n° -Fe_ - T )E =0 (8a)
C
—_ — Eo A - =D
v -VE -2—x—R-Ve_+EVE =0 , (8B)

A R(r,to)

R(r,t ) =T -7(t) = —l {8c)
(7t O X% (
In Appendix I it is shown that
6’@(}',1;0[@) = 8(7) f(}’,tolw) . (8D)

-13 -
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Thus, equations (8) can be written in the form:

A -
R - VE 2
o) w 2 _
9%0-2 R + =z (n -f2)Eo—0 ,
- Eo A - A P —
. - . . + -‘-_-:
o8 VE, -2 fR -5+ EfV -8 +E§ T =0

In Appendix II, it is shown that

ﬁ(:_‘:)'t;o) + E' (;)tolm)

8(x) =
R
where
oy FAN -
g o R=0 , ooy
®
and
2.2 - o)
®
Since
1 1
f=n+0(—r)=l+0(2) ’
® w

- 14 -
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A,

.

then

R

= 1
lVf l = O(T) .
o

Finally, since EO(;,tolw) should have & very slow dependence upon R, assume that:

i 1
P | =otto)
o
VE |
=2 _ I )
lv EOI = 0( R )

Using the above relations, it can now be seen that:

8=R+T o)
({\]

— - l
5 .VE ﬁ‘VEo-*-O(—;E-) B

1
R-2=1+04)

w
§'§‘=—§—+V-€'+O(i4) ;
8.9 =R Vf+o(—11;—)

w

- 15 =
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Consequently, equation (9B) reduces to:

-t A -t — -o' l
2%-VE°=-E0[R-\7£+V- §]+o(—a:,;-) )

Substituting this equation into equation (9A) and neglecting terms of 0(62}30) s

the following differential equation results for f(;,tolw) .

2~ 2 ¢ [R-TFk+T. 8] 1
f (r,tolw) = n (r,tolm) + 2 R I I o( ] )

However, since,

e =Tn+o ()
o

§ -
‘ the expression for f(r,tolm) finally reduces to:

2 /\ - -t -
- - C R - Vn v EV 1
f(r,tolw) = n(r,tolm)+ 5 + 0(-:0-6—-) . (10)

2»

R |

) From equations (7) end (10), it can be seen that to O(—:Lh—) the phase |
© .

of the field is given through integrals of the Fermat type if the integrand

g To 0(—lh—) , the difference between f(;,tolm) and the index of refraction is
‘ o
L AN - . = -
! ® R-Vniv-.E
2(.02 R

- 16 -
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The first term depends upon the gradient of the index of refraction along the
geometric path. From Appendix II, the vector, E‘(?,tohn), is the gradient of
the deviation of the optical path from the geometric path taken in the direction
of the geometric path. Therefore, the second term in the difference between f
and n is also proportional to the spatial change of the index of refraction.
Consequently, the 'corrected index of refraction' is proportional to the spatial
change in the index of refraction and can become large if the electron density
in the ionosphere is not a slowly varying function of position.*

Substituting equation (10) into equation (7B), evaluating the

'corrected optical path'!, and then performing the integral along this path,

T T
- - - - 2 - —_ . ? ! 1 -
8 (7,t_|o) = [ar' - B(r') n(T',t |o) + c drt - (%) R vntVl @8, o=
8 o} o 2 R?
20 ¢
rs(to) rs(to)

However, it is shown in Appendix II that the optical path deviates from the

geometrical path by an amount, E(;,to|w) = O(——%?~Q4 Thus, to 004%5—) the
w ®
geometrical path can be used in integrating the corrections to the index of

*Jt should be noted that equation (10) was derived assuming the satellite frequen
is significantly above any ionospheric resonance frequency. This expression is
not valid for frequencies near to or at any of the ionosphere resonance frequenc
Equation (10) should not be used, for example, in the consideration of ionosonde
date. See, for example, reference (6).

-17 -
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mi. 3 > o N
The first toerm depends upon the gredien he index of refraction slong the

0

geometric path. Trom Appendix II, the vector, g'(;,tohn), is the gradient of
the deviation of the optical patn from the geometric path taken in the direction
of the geometric path. Therefore, the second term in the difference between f
and n is also proportional to the spatial change of the index of refraction.
Consequently, the ‘corrected index of refraction' is proportional to the spatial
change in the index of refraction and can become laerge if the electron density
in the ionosphere is not a slowly varying function of position.*

Substituting equation (10) into equation (7B), evaluating the

'corrected optical path'!, and then performing the integrel along this path,

T T
2 - — —t
- A c A ROGm A - B
@S(r,tohn) = |ar' - 8(x?) n(r',tohn) +—5 |ar! - s(r') v =i S O(—g)
2w g w
rs(to) rs(to)

However, it is shown in Appendix II that the optical path deviates from the

; ). Thus, to O(—lE—) the
® W
geometrical path can be usad in integrating the corrections to the index of

geometrical path by an amount, E(;,tolw) = 0(

¥It should be noted that equation (10) was derived assuming the satellite frequency
ig significantly above any ionospheric resonence frequency. This expression is

not valid for frequencies near to or at any of the ionosphere resonance frequencies.
Equation (10) should not be used, for example, in the consideration of ionosonde
data. See, for example, reference (6).

-17 -
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refraction in equation {10), and

r

W — m - A= —

= és(r,tolw) = ] r . s(r’)n(r‘,tolw)
T

(t,)

S° 0

N — - —_ —
A R - V'n(r‘,tolw) + 9t . §’(r',to|w)

C 1
—— |ar! : + 0(—=),
2w R(r )to) (1)5

}'S(to)

(11)

where the usual optical path can now be used in the first integral in equation (11.
Equations (10) and (11) are the principal results of this section. If

the usual form of Fermat's principle is used, the phase is given by

—Lg—- =—"3- f - B(71) n(;',tolw)
T (t)

s* o0

where the path, 8(7), is teken such that this integrel is an extremum. From

equation (11), it can be seen that

- 18 -
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® o . R:-Tp+v . € 1
¢ (és - 8) = 2w | ﬁ(r’,to) R(vito) + ol ash )
:'Es(to)

and the right hend side of this equation must be negligible before the usual

1
3

w

optical approximetion for the ionosphere can be used if results to o( ) are

desired.

-19 -
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III. Expression for the Refracted Doppler Shift

In this section the single frequency components are combined to yield

the expression for the field. The evaluation of the resulting Fourier inte. .3l
is performed in the following way.

1. Assume that the satellite is sufficiently above the ionosphere that in a

region near the satellite the electron density is negligible,

2. match the expression for the refracted field to the vacuum field at space

points close to the satellite,

3. assume that when the space point is placed at the tracking station antenna,

no singularities are introduced into the amplitude of each frequency
component for freguencies near the satellite freguency, and then

evaluate the integral over the frequency domain by the method of
steepest descents.

The resulting expression for the phase is then expanded to O(l/ws3) and the time
derivative taken to yield the expressiocn for the refracted Doppler shift to
O(l/wsh) of the vacuum Doppler shift itself. Appendix II contains a detailed
calculation of the extremum path for the phase function, és , which is required
for the final evaluation of the phase in powers of 1/ws .

From equation (7A), the expression for the fi

point is:

- . 1 -
Es(r,tol‘t) = "'21‘—.}"‘ dw ——R(—;-%—y— exp{_-lu)[t - tO - -z— @ (r,t0|w)]] .

(12)

- 20 -
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Now assume that the satellite is sufficiently gbove the ionosphere that a region
in the vicinity of the satellite can be found where the far field pattern of the
radiation field is still essentially the vacuum field and the electron density is

negligible. For space points T , in this region the refraction index is unity

and eguation (12) reduces to:

1

- DB (rle) T R(¥,t) 1l
E (7,5 ]8) =5 [l —=—2 i [t - g - —— ]z =

= Ev(r:to))

.,
-

where
R(r,to) << Rs(to) = er - rs(to)l

From equations (%) and (54), it can be seen that within this region,

£ 2

= D 2
E (1,8 ]o0) = exp| - —5— (0 -0)%| °

R(r,to) << Rs(to)

Let the field point now be placed at the antenna of the doppler tracking

station, T = qr , and assume that for frequencies in the complex plane near the

(real) satellite frequency, w, , MO singularities or branch points appear in

El(?f’tolw)’ where:

-2l -




The Johns Hopkins University
APPLIED PHNYRICS LABORATORY
i Silver Spring, Maryland

o ¢ et

- wTE B

Ny
.}

i

Eo(rT,tolw) = El(rT,tolw) expf - — (w- w_)

| RO

-

It is shown in Appendix II that no singularities or branch points appear
in the phase for w near I and therefore the integral in equation (1<) for
the radiation field can be evaluated by the method of steepest descents.

Equation (12) then reduces to:

1 109 21
. [t -t - — (w0 3)]
) E(xi,t Iw) eXp 2tD2 o c aus Oy s)J
‘p( tlt)’-"— 1 (o] S .
B\ sty R (%) -
D
(13)
f 1

exp [ims[‘t -t - —%— 3,(%, 0t o)) E

The time interval, tD, is the order of lO-h' sec. and in this time
the satellite moves a negligible amount. Thus, in the phase, the time, ’co,

can be identified with the time, t, by the expression

1 -t
'bo =t - = —aa);— [(DSQS(I‘T,‘CI(.DS)] . (l’-l-A)

The Doppler shift is proportional to the time derivative of the phase, and

thus the refracted Doppler shift is represented by:
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u)s d
at QS(TT :tolws) . (14B)

ar(t) =

lgl—-‘

It now remains to evaluate the function és in detail.
In Appendix IX, it is shown that the optical path deviates from the

geometrical path by an amount of O(l/wse). Thus, from equation (6B),

- l e2 -— + 1 e3 - A e
n(r,to|ws) =1- 5 5 p(r,to) z 3 p(l‘,to) Rs(to) HE(I‘)
i\ o) ) 2m o)
s s
!
L
1 e 2, 1
- p“(xr,t ) + of )
wh gple 2 7 o 2 ?
s o} s
A Tqp- rs(to)
B(t) = e
% - 2 (5]

Substituting this expression into equation (i0), and defining:

-+ 2 —
32(r~to) = - 21?180 p(r,to) ’ (lﬁA)
. -t o+ e3 uo - TA) R 2 A
y(Fitg) = —S =2 olieg) B (o) BB (158)
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2 |7 -2 ()] °

-
the expression for f(r,tola)s) becomes:

B} Yoe (Ft)
#(F o) =14) sty . (16)
fia)

w
k= s s

Also in Appendix II, the integral of this function over the optical

path is given to O(l/wsu) by:

Tp
- - A —1 1 s S | 2 1
@S(rT,tole) = [ dar’- Rs(to) [£(r ,tolws) -5 & (r ’tolws)l 1+ of 5 ), (17A)
S
rs('bo)

JOrS RPN -
where %s(to) . E (r,tolws) = 0, and each of the two components of § = (§l,§2)

are given by:
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T, - -
L i a (_.l . ) }
ot . a(r ,t
Cs §k(r’to|wé = (d Rs(to)t o, : Vo
J ! E=0
- b | &=0
rs(to) =
(1718)
I{i z [e o) 7
1 . A ; -t o a2 r ’tO ;
- Rsitof ’dr s(to) ¢§dr ﬁ(to) ! SEk {
"’)—t -~ } 1
rs(to) rs(to) (. - -g =0 ,

T
—1? A
The symbol,-;— dr - Rs(to) denotes taking the integral along the geometric
T
path, The derivatives

da,(7 st )

=

| WP S
un

i
o
-
W

0
H
~
V]
-

denote taking the gradient of ae(;,to) in two orthogonal directions, both

orthogonal to the direction of the geometric path, and evaluated on the geometric

path.

- 25 -
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Finallv suhctiin

inally, substi tuting cguabion (16) imbto eyustion {iTA) and letting
p
RN ;
Loy L el _ -
8,(R;,8,) = o) ,l R(t) ayr ,5) (183)
rs(to)
r
1 -1 N, —!
= ——— ° )
§3(Rs,to) (2n)3 ar R(to) a3(r ) , (18B)
I‘s(to)
Tip
< 2 3
_ 1 (_.: A 1 &4 1 ot 2
%, (R.,t,) —-('2-;)1;' );dr B(t )| (r ,t) - —— | §(r ,t |o] ;
rs(to)
(18¢c)
it can be seen that the phase is given by:
L
7 = L 1
B, (Fystloy) = Ry(8g) + Z (f k) 8 (Ry,t,) + 0 (f 5) (19)
o s s

where f_ = ws/2ﬂ has been used.
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To order v/c (non-relativistic approximation), the time derivative
of the phase(po give the Doppler Shifﬁ)ig given by teking the time derivative
of the phase with respect to to and then substituting the value of to given

by equation (1kA). ILetting

£
.52 5
8 (te) = - = &, e (Bete) (204)

the expression for the refracte® Doppler shift becomes

é—-. Aty t0/~ 1
ae(t) = Afv(to) + }_‘ —g % 0(_5‘;' , (20B)
k=1

where, from equations (1kA) and (19), to o(V/e):

o o )
\C.L ,
‘s s

C
.

I
R
£t =t - (t) +§— -g———Lé(R t)+0¢ 1 . (200)

k—2

Equations (20), together with equations (15), (17B) and (18), provide t.e required
expressions for the non-relativistic refracted Doppler shift. The expressions

are valid to O(l/fSB) or to O(l/fsu) of the vacuum Doppler shift itself. Section
IV contains a sumary of these results and some numerical upper bounds to aid in

estimating the significance of the various terms.
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IV. Summery and Conclusions

The equations given in Section III for the refracted Doppler shift
are writter in a notation especially chosen to display those variables important
in matching boundary conditions. This previous notation is somgwhat awkward
for purposes of discussion and the final equations of Section IIi will now be
rewritten in a slightly different notation. Figure 2 schematicalily shows the
geometry of the satellite motion during a small time increment, At , relsative
to the tracking station. For convenience, the origin of the new coordinate
system is taken at the tracking station antenna. From Figure 2, it can be seen

-

i that the velocity vector, és(to) , lies in the plane defined by the position and
velocity vectors of the satellite, ;s(to) and fs(to) respectively, and is normal
to ;s(to) . Finally, it can be seen thet the new unit vector, Qs , is just the

A
negative of the unit vector, Rs(to), used in the previous sections

With this notation, for an arbitrary function, g(;,to) , end T = r?s

: T rs(to>

: -1 VAN —1 A

| ar - R(t)) a&lr ,t ) = [dr' g(r'r_,t )
. J’_’ ,/'!

’ r (t ) r

Also letting

= o Bmy 1o
ni’,(r’to) = ws 32 gz(r)to) )

§ ‘ L=1,2,

the various expression for the refracted Doppler shift cen be written in the

&
|
| following way.
|
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v : Afk(to) 1
et ) = af (t)) + Z . + 0( - h) ; (214)

k=1 s s

where
£ (t_) = vacuum Doppler shift, (21B)
k') T T ¢ Q& kL syl = 1,2,3, c
*
rs(to)
to =t- v ’ (224)
P
3 (r_,t ) |
1 2'\ g’ C

VP=Cl- 2 r(t)o +O( 3\ ; (228)

ki) s 0 f /

S s
r(t,)
1 e2 A
- ' '
§2(rs’to) = (gn)2 2m€o dr p(rsr ,to) s (234)
o
rs(to)
q’ (r t ) = I L e3 uo dr' (é‘\ rl £ ) 9 . o (,I\' l) (23B)
A R PRFS™ %) T T BplisT )

*If the relativistic expression is desired, the relativistic vacuum doppler
expression should be Af (ty) and equation (224) altered to be the corresponding
relativistic expression. The refraction correction terms, Af (to) , are
sufficiently small that the non-relativistic expressions are still valid.
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r (t )
@h(rs_:to) =- (2::)1;‘ 8 {,(dr, Ep2(/1§sr’,'to) _ 1]12(;' ’to) i ‘922(;, ,to)]
o
(23¢)
T (t )
- ; .
- (QU)H hme j (r (t) - r')[ ; p(rsr ,to) +
33 M (Fr + ) =2 (¥ rt +E% )
gl 1'V's 1% 'ﬁ;‘ , ' J
50 |20
r (t,)
n(;t)—[dr: o) (A'+_.t)
AN R LA j —ggj‘ o) rsr E, o
r E=0
(23D)
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In these expressions, the following identity can be used.

r.(t,)
d ' A drs(to) -
Eou f ar' n(r! ;) = —g=o— n(E (,)t,) +
r
(24)

ro(t i~
sd? g(t,) CTRG )+ (D)
r

where, by assumption number 1 of Section III, the first term is zero when the
function h(;s(to)’to) is proportional to the electron density or its gradients
evaluated at ;s(to)' Except possibly in Afl(to), the explicit time dependence
of the electron density can be reglected, so that usually (—E%E—) can be
neglected in equation (24). °

Equations {21) through (23) are the non-relativistic expressions to
O(l/fg) for the Doppler shift corresponding to a circularly polarized receiving
antenra. Admittedly they are rather complicated. As expected, the lead term is
the vacuum Doppler shift, evaluated at the satellite position corresponding to
the retarded time, t - rs(to)/vp, where vy is the average signal velocity to
O(l/fi). Higher corrections to the signal velocity are negligible when
considering the non-relativistic Doppler shift,

The first order refraction term, Afl(to)/fs, is the term that is

eliminated when two-frequen.y doppler data is used. From equation (234) it can

-32 -
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be seen that this first order term is proportional to the time rate of change
of the total number cf electrons in a tube of unit cross-section evtending
from the tracking station to the satellite. Figure 3 shows a typicai set of
experimental data taken from the satellite 1960 ETA 1. On rare oc~asions,
Afl(to) x 10_8 has been observed to be as large as 10 (cps)e.

The second order contribution Af2(to)/f§ , can be seen from equation (23B)
to correspond to the same term in the ionospheric refractive index that gives rise
to Faraday rotation since its sign depends upon whether the antenna is left or
right circularly polarized. From equations (23A) and (23B), it can be seen

that Af2(to) / fi has an upper bound which is approximately

oim t, . £, | ° (25)

8

Choosing an upper bound for Af. x 10 of 10 (cps)g,

1

<0.14 (cps)3 ,

16|
2

\Af x 10~

or at fs = 100 mc/s, Afg/f§ < 0.1h4 cps. Under normal ionosphere conditions, the

magnitude of this term should be a factor of three or four smaller.
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From equation (23C) the third order contribution is composed of four

distinct terms.

rs(to)
L
1 e 2/n _,
éh,l(rs’to) . (2n)h 8n2e 2 4[;r‘p (rsr ’to) ’ (268)
o
o
rs(to)
8, r b)) = —= ! art (12,5 ) + 1,357 1 )] (26B)
y,2\sr Y%’ = (om)F 8m2602 1 VT T g AT, ’
o
(5
22 A
_ 1 ce dr! 9 opo(rr',t) (26¢)
él{-,3(r5’to) == (211))4_ I&meo [ (rs(to) -y ort 5 o ’
o
rs(to) { 1
22 r ' an an 2
- . 1 ce : dr' 1 2
éh’h(rs,to) S em)t e | (rg(t) - r') of; " %y 1 (260)
o l o,

where the nz(?,to) are given by equation (23D).
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The first term arises from the fourth order term in the expansion of the refractive
index in powers of l/fs. The second tcrm represents the contribution to O(l/fz )

of the difference between the optical path and the geometric path. The last two ‘
terms of equations (2€) represent the additional terms obtained from the solution
of the wave equation that are not obtained when the geometrical optics approxi-
mation is used. Crude upper bounds to the magnitudes of their contributions

to the refracted Doppler shift are now given.

From equation {24) , neglecting the explicit time derivative,

r

s
| | ¥ E (s
d 1 e = A i
—— O = t H
T, et 7| o 22 /“r o ”T(‘)‘ Y
o J i
)
T -
s .
<. 1 e2p max. . 1 e2 dr? gs 'K-f.‘p
~ (2n')2 2me (2TT)2 ame Ts
o
i as
< ;dz R 1 e%p max
~ J
ma.x; dtO max (2“,)2 2m€°

where fmax is the meximum plasma resonance frequency in the ionosphere;

fma.x < 15 me/s.
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From equation (21C), using an upper bound for Afl(to) x 10-8 of 10 (cps)z,

2
2 n 2 _ 1 e p max
lAf?;,l(to)l S ey | 0085 T, = (2m)2  2me, ,  (21)

or

2l

|A£3,l(to)| x 10 °7 < .23 (cps)h'

From equations (24%) and (26), it can be seen that the remainder of
the terms depend upon various derivatives of the electron density. To obtain
approximete upper bounds, it is assumed that over a distance of about one
kilometer, the electron density can change by no more than its maximum value
and tiat its second derivative can be no larger than ten times the maximum

electron density.
Accordingly, assume:
[Fo(r,t )] S oy (x - x) (284)

[Fo(br,t )| S0 6(r - r)) - (288)
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From equations (24) and (284a),

P v {4-

: I's(to) I‘s“’o) rs(to) 1
|%,] <o l:ir' L G L g x rdr‘ ‘rdr" 6(x" - r )

L2V =~ Fmax . | g rsltoi '
|/ - _
Lo I r?
T, T
- - - 2
< Ppax |17 85| |2 r (%) 2 =1,2,

vhere S(rg) is the unit step function at r =r . Thus,

rs
, ? r r r (t)
2 2 2 g g 2 s' o
H . - =
[dr lnl + Tl2 < pma.x rs(t) rs [1 rsJ Prax N ’
l o)
so that
f2

|§h,2| < "_’}ma}__ rg(t)

Substituting this expression into (21C), and using the fact that the vacuum

Doppler shift at 100 mc/s is not greater than about 2500 cps,
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Iﬁi.3‘,2(“"o)l 5_%&}(_ | Af‘&r(to)I ?

- (29)

@]
¥

2l

!Af3,2(to)| x10 7 < .O8(cps)h

Employing similar analysis using equations (28), it can be shown that

|2t (e ) x 10724 < o[10™(cps)*1

2 < of107™* (cps)*]

lAfs’h(to)I x 10~
Therefore, unless the satellite is below VHF (near the plasma resonance
frequencies) , the two terms not obtainable from the geometrical optics
approximation are negligible. The fact that these two additional terms are
negligible affords a proof that for each circulerly polarized component of
the received signal from the satellite, the Doppler shift at VHF is given to

O(l/fg ) to sufficient accuracy by
d
bf = —2—8(t) , &= [nas (304)

where the integration path is the optical path which makes % an extremum. From

equations (21), (22), and (23), it can be seen that to 0(l/f§),

o = ~5— [ndr (30B)
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where this integral is taken along the geometric path.

Table I summarizes the results pertaining to upper bounds on the
various contributions to the refracted Doppler shift. Assuming that these
bounds are realistic, the second and third order refraction contributions mey
be significantly large. It is believed that the upper bound for Afz(to) is
correct to within a factor of two, so that if the ionosphere is unusually dense
and the propsgation path is parallel to the earth's magnetic field, the Faradey
contribution should not be ignored at the lower end of the VHF region. The
estimated upper bound for Af

3,1
it is dependent upon the square of the electron density.

(to) mey be in error by a factor of five since

The upper bound for Af3,2(to) is very difficult to estimate. It is
relatively easy to show that if the ionosphere electron density contaiuns no
sharp gradients, Af3,2(to) is negligible. Consequently, only unusually large
gradients can contribute significantly, and equations (28) were assumed to aid
in establishing upper bounds to the contributions from regions of sharp density
gradients. However, equations (28) assume that only a single region contributes
at any one time. When the ionosphere is unusually disturbed, for example during
a severe magnetic storm or in auroras, there could be many suéﬁ regions
contributing along the transrission path. If these should constructively
contribute (have the same sign) the contributions from density gradients could
be considerably higher. ©Such cases should be rare, however, since there is
the probability that if there are many regions of large gradients they would
contribute with random signs and partially cancel.

Table I contains a summary of the estimated maxima. Except for the
vacuum term, typical values are probably s factor of three to ten smuller., If

very accurate measurements of the vacuum Doppler shift are required, ounly time
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periods when the ionosrhere is normal should be used. For such carefully
selected periods, contributions higher than first order should be aegligible.
Table II presents estimated maxima of the second and third order
contributions to the 'vacuum! Doppler shift when dual frequency data are
combined to eliminate the first order refraction contribution. Ietting the

two transmitter frequencies be f., and f, and the corresponding experimental

1 2
data be 6§E and A;E , the combined Doppler shift becomes:
1 2

[ } [ 15 fs
)My - A Af - 1

1 2 _ 2 1 2

t = Af +

s 2 _ 58 2 £\ 2 £ \2 f
17 %2 s ( 1) _( 2) |
—- - fs fs / j

+

where fs is a chosen reference frequency. Table II lists three typical
combinations where the entries in the table have been converted from frequency
shift to errors in the range rate in meters per second. From this table, it
can be seen that if the lower of the two frequencies is not less than 100mc/s
and the ionosphere is not extremely disturbed, the second and third order

refraction contributioné should be negligible.
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periods when the ionosphere is normal should be used. For such carefully

selected periods, contributions higher than first order shoull be negligible.

Table II presents estimated maxima o the second and third order
contributions to the 'vacuum' Doppler shift when dual frequency data are
combined to eliminate the first order refraction contribution. ILetting the

two transmitier frequencies be fl and f2 and the corresponding experimental

data be AﬁE and A@E , the combined Doppler shift becomes:
1 2
i 1 A £
)My - T af £ " % -*
1 2 _ 2 1 2
£ = Af + ;
s f2 _ f2 ; f2 l 2 2 £ 2 ¢
1 ) ! ( l\) _ ( 2\ }
- . -\ fs fsi J
- 2 \2 -~
A - !
N I3 ! ta /| + ofL
f3 £ 2 7 2 f4 ?
5 ( 1) ( 2.0 s
- : Cod
-\ 5 fs /-

where fs is a chosen reference frequency. Table II lists three typical

(31)

combinations where the entries in the table have been converted from frequency

shift to errors in the range rate in meters per second.

From this table, it

can be seen that if the lower of the two frequencies is not less than 10Cmc/s

end the ionosphere is not extremely disturbed, the second and third order

refraction contributions should be negligible.

- 42 -

L 1

g

- r o R
f

o

UL TR e B

W YR




BLANK PAGE




"Qz"

oo St e e e

TABLE

ESTIMATED MAXTMUM CONTRIBL

DOPPLER

(Entries are in

e

1 2 2nd Order
(me/s)

0 300 .10
100 300 .05
150 | k0O .02




$ .
BIE II
'RIBUTIONS TO DUAL FREQUENCY
'LER DATA
- in meters/sec.)
ey
! 3rd Order !
! ’
i
.26
.01

- cmmsnse ] s m

—— vy e Aen S - priet o ot e v

—— o ot e 2t

01




The Johns Hopking University
APPLIED PHYSICS LABORATORY

Silver Spring, Maryland

|

10.

References

Guier, W. H., "The Doppler Tracking of Project Transit Satellites", Prcc. of

IRE, 48 , No. 9, Sept. 1960.

Kershner, R. B., "Status Report on the Transit Navigation System", Proc. of
IRE, 148 , No. 9, Sept. 1960.

Newton, R. R., "Potential Geodetic Applications of the Transit Satellite
System", Proc. Am. Geophys. Union, Spring 1961, Washington, D. C.

Guier, W. H, and Weiffenbach, G. C., "A Satellite Doppler Navigation
System”, Proc. of IRE, 48 , No. &, April 1960.

Stratton, J. A., “"Electromsgnetic Theory", McGraw-Hill Book Co., p. 327 £f,
1941,

Ratcliffe, J. A. "The Magneto-Ionic Theory end its Applications to the
Ionosphere”, Cambridge Univ. Press, 1959.

Landau, L. and Lifshitz, E., "The Classical Theory of Fields", pp. 136-14%”
Addison-Wesley, 1951.

Sommerfeld, A. and Runge, J., "Anwendung der Vektorrechnung auf die
geometrischen Optik", Ann. Physik, 35, p. 277 f££, 1911.

Willman, J. F. and Doyle, J. F., "Ionospheric Refraction Errors Measured

in the Doppler Shift of Radio Transmissions from Artificial Earth Satellites”,

APL Report CF-2991, 11 February 1963. i

Guier, W. H., "Ionospheric Contributions to the Doppler Shift at VHF from

Near-Earth Satellites”, (L), Proc. IRE, Vol. 49, No. 11, pp. 1680-1681, (1961).

N o SR




Tha Johns Hopkins University
APPLIED PHYSICS LABORATORY X

l: « Seiiion

Sitver Spring, Maryland

APFENDIX I. Proof of Egquation (8D).

While well known, the author has not found in the current literature

a detailed proof of the fact that if the line integral,

-

Ty

g =|ar - s(x) 2(z) |, (A1.1)

-t
T
0

is taken over that path going from the point 'r'o to the point 'r'l which makes

¢ an extremm, then -

— _ - A= )
Vrlé = f(rl) s(rl) ) (A1.2)

where Q(;l) is the unit vector tangent to the path of integration at the
point Ea%. Equation (Al.1l) is given as equation (8D) in the main body of
the paper. A proof is given in this appendix for the benefit of the reader.

Let a parameter, o , vary from zero to one when following the path
from ;o to ;l , and let the path be specified by:

r= r(c)rl) = X(U,rl) ’ Y(chl) ’ z(o,rl

¥This theorum forms the basis of the transition from electromagnetic theory to
geometrical optics. See, for example, references (5), (7), and (8).
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Writing

ML
a8,

the line integral can be written in the form

1
¢ = [do L(z',T,0)
o
L(x',r,0) = [x‘2 + y‘2 + 212] £(x,y,2) . (A1.3)

With this notation the path, ;(d;;l) , is the extremum path when

4 du(rtre) _ Ar,re) _,
do ox! ox ’
X, = x(l,rl) ,
(A1.4)
x, = x(O,rl ,

with similar equations in y(o,;l) and z(c,;l) . The fact that ;(c,;l) depends
upon the end points has been expli.itly noted so far as the upper end point

is concerned,

ez e

7

Tz

ot

U B
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Now consider the chenge of & with a change in the velue of &, = xl(l’;l)’

where a new extremum path is chosen corresponding to the new value of x, .

£

1 l
. o8 _ i {BL ax + 9L Bx-! + 'da oL_ _oy' , oL oy
ox ox? Bx ox  ox, | By Bx dy ox
1 | | 1
o o
1
+ dcr!- oL_ _oz! ) C
) [ oz? ox%y Jz c‘»cl ’
o
Partially integrating and using equations (Al.lL):
r -1 _ T e
2 _ | | Loy an|o? S it
axl [Bxl ox! 5 Sy Bxl oz !
0=0 0=0 'o=0
At the end points, with a change in only X —%ﬁ— = 1 , with all other
1 o=
similar partials being identically zero. Thus,
$
35 aL ] x] .
. ax = 2 2\ f(rl)
1 o=l —\/ X1 + x} xé (A1.5)

-8, fE)

- A}-
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where g(él) is the unit vector tangent to the extremum path at the point ;l .

Partial derivatives with respect to ¥y and z. yield equations similar

]

to (Al.5). Consequently, the three partial derivatives combine in vector

notation to give:

- Ar— —r
V,. & = 8(r;) £(x;)

- A -
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APFENDIX IT. Evalustion of the Pnase Integral and Extremum Path.
In thisc eppendix, the line integral,
T
- — N,— -t
& = [ar' - s(xr') £2(x*) (a2.1)

rs(to)

' 1 -
is evaluated to 0(—-3—'1—) together with the deviation , § , of the extremum path

W
from the geometrical path to O(—-];z——) . Let:
w

R

E = £,5,

]

unit vector from ;s(to) tor,

vector difference between the extremum path and

- A
geometrical path, € * R =0

It is assumed that the function, f(;) , is of order unity and that

G£@)] = oQ—g—)

It will be shown that

2 1
-4z)
w

The vector integration variable in equation (A2.1) is given by:

o= R+ B(T) , 0Sr  <R=]r-71(

- A5 -
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where, at the end points of the integration,
g(o) =&(R) =0 .
Tt can he seen that

- A - N -
dz' = Rar! + 4t = (R + §!)ar?

vhere
T - 52
& = dr
Therefore,
A /f( + B
Mrt) = —mn ,
11+ |g'|2
so that

_"""—1
ar® 'Is\(r’) = dr’Vl+|§‘|2 ,

and equatior (A42.1) can be written in the form.

R
/.

§ = ,fdr' Vi + |82 £(z*,E(x"))
J

o]

- AS -

(a2.2)

(82.3)
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By definition, & is an extremum if the extremum path, E(r'), is such

that
. .
d §lk s
- _ 0 - -
. ar _‘/_:’_2_. f(r,g) = T§;— f(l‘, §) . k 1,2.
1+ |8
) 1 20 [1 .
Since, £ = 0(1) and |7f] = 0 —5) > B Oi—% and the above equation
a) \w 7

to 0(1/(.02) can be written in the form:
L [e(x) 2(r,8)] = ~2— 2(x,8) + o[-2) k=1,2
ar ok ’ §§k s L ’ ’e-

Consequently, € should also be of O(l/me) .
Assuming both € and &' are small, and expanding equation (A2.k)

to 0(1/w2) ,

4 150 #e0)] - = 16, D] + 0 ) (12.4)

1
0
E=0 k=12,

Integrating this equation with respect to r and re-expanding to 0(1/w2) s

r
t(r) = [ar' —2— 2(zt,E(x")| + €2(0)
o T % (a2.5)
0 £ =0 k= 1,2

- A7 -
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Integrating this equation and using the fact that E at the end points of the

integration must be zero:

R r!
: 0= [dr' ar" agk £(x",3) | + R 'g'k(o)
o o} E =0
or,
R rt
51'((0) = —;:Z:- Irdr’ Lt ag
i k
-~ - —
o o E=0

Substituting this equation into equation (42.5),

T R r!
t(r) = Cir' of - ’fdr’ dr" of ! (A2.6)
R T TR o5 | '
) ,'
; o} §=O o o ‘E=O s k=1,2.
’ -
|
; Finally, integrating this equation,
i
|
T r! R rt
§k(r) = ﬁ.r' [dr" agi - fdri [dr" -—a-ag—kil-l (A2.7)
o o E=0 o o |E=o , k=1,2

which is of O(l/we), justifying the above assumption.

- A8 -
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To evaluate the phase integral & , given by equation (A2.3), expand
the integrand tc O(l/w#). Then,

R
: - J ot Cate o) + £y e atar,0) + 8 - Fa,00] + o 2]
o

Partially integrating,

il

~

R
R
ar' € - &' £(x',0) = - fir’ g - —d—ir-(i’f(r',O) + [E - Bre(x',0)]
o]

—

o)

o]

Therefore, since E = C at the end points,

R
8 = [ar' [£(x',0) + € - (@£(z*,0) - -%f-—agr— (£81))] + O(ﬁ%;)
®
o

Partially integrating once more after substituting from equations (A2.4), the

final expression becomss:

R
5 = ‘dtf(t’)l"l,,_l‘_glz-i-g’aJ'FO(l), A2.8
jr I‘.O i. 2(1 2) —a_)'g_ ( )
(o}

vwhere the §£ (r') are given to sufficient order by equation (A2.6).

- A9 -
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