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A common method of measuring the velocity of & magnetized
projecillesis o five iy fithiouRh-Shory Fsolenord!'id ot e’ The
induced voltages actuate suitabie chronographic equipment. If
the magnetized projectile traverses a coil 2t a distance b from
its center, the "cross-over" of its signal will occur approximetely
(b/2v) [sin (@ +%) + sin Q] secends later than it would were
there no yaw, eccentricity, or inelination. In this formula v
is the velocity, d is the meridional yaw, and @ is the meridicnal
inelination of the trajectory to the axis of the coil.
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1. General, [(Circulap chbils el wire called
solenoius," are frequently employed to indicate the
passage through thean of lonbltudln 111y mognetizea
vrojectiles. The induced electromotive forces zre
allowed to actuate oscillographs, or chronographs of
other ‘types, in order o furnish the elsEpsed time
between coils. OSuch instrunentation is aiten used for
measuring velocity and retardation. It is well &nown
thnat time lags in the recording ezuipmnent may oruse

the measured time interval to differ from the tru

time interval between coils, and fforts are m-de in
practice to ‘overcomei or' dinmdmish, g stch ) efiiscEss

Studies of such time lags in recording enuipment in
relation to the electiriczl circult conditions nhave

been made by Kent! and by Vinti®. However, althouzh

it has also been rezlized that yvaw, eccentricity, and
pRC SN CNLOF a4 Mrd)ech FegnNeh S PG =g ¢o ' CENg
introduce errors. tnere does nnt zeen to nzve Teen any
general and guantitative evaluatiti I Rl u S e el 5
15 Jecipalble to be_agble EacGrefict sdhetadcuracy nf
zolenoid coll enUitaknt - Sivle and a8 inate fonkbiulas
foX ne erprors laue tolaraw, erﬂfrtr*c'ty, Grts Lne SinEtifen
are given here. . Thelr derivation will be found in an
Ppoemdixsi- il though oy, 28R no it b ncl oeulEs Bre
sufficdentiy gteclurebe,ta, cams Litubesa Uit eies + o Hhe
degree of care with which guns and solenoid coils should
be szligned and oriented, und to saclin-mbeies THR cn 1t cal
evalua tlan of experinental data.

2. b Nsctsienton.t wWinenlle Uon Siltiaall mel g s e .
proectizlefamprtiches. et ebr sl o cal 1L h & vier se & =,
and recedes  from 1t, the changing maignetic flux induces
an electromotive force V in the coil. The geometricsl
conditions of pagsage through the coil wmay be said to
be standard, or ideal, when the projectile uoves along
the axis of the coil and =2t the same time the axis of
the projectile remains perperniiicular teo the plane of the
coil. One 1s here interested in the chsnges in V cauded

1R, H. Kent, Ordnance Technical Note No. 8 (1927)

Z3bepn Vinti, BHL Heport No. 271, "Scme Developments in the Theory
of the Solenoid Chronograph;" Vinti and A. H. Hodge, Addendum to
BRL Report No. 271, "Experimental Determination of Solenoid e.m.f.
Curves;" Vinti, BREL ieport No. 305, "The Practical Determinsticn
of Lag in the Solenocid Chronograph.”
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by small depsrtures from the preceding standard conditions.
Time lags, if there zre any, in the recording mechanism
will not be considered here, for one is interested only

in the change produced in the recorded signal by small
depafcures|fromf therstandard| coptstols ey 3saged E oY

is clear that whatever the time lag wmay be under standard
conditions, between the V signal and its record, any time
Laprin tned' Vi sdgnel Sibsal £ Wi Ll cgdve pileel o b st artl alisy
the same time lag in the record, over and above the time
lag rresent in the record under standard. conditions.

when a magnetic dipole whose axis is pervendgicular
& CRguda bl chiilh iow ag witii e i e o sl ori seah & g o is
S FRES U THinE e el Crom e e i R iV 4. = St o oot

v (ke z2)5/2

whevera, I's PHeprading of Whe et arldilz e lthc b tancengs
Blie, diDoley fnonliiie fokane ST ahhe CoilaT longitudinally
magnatized prg jecitithe (s sngth Exaeit bl a8 A0 l-ce. @nld - the
voltage induced by a projectile under staniard conditions
does not follow the preceding law precisely. The dominant
term, however, in the external mzgnetic field of a longi-
tuiinally wagnetized projectile is the dipole term, and
hence the change in the V of a real projectile, produced
by a smzll departure from standard geometrical conditions
is approximately equal to the change in the V of an ideal
dipole, caused by the szame smzll departure from standard
geometrical conditions.

The vreceding expression for V shows thet V vanishes
for a dipole under standard geometricsl conditions rhen
2z is zero. 1If, under certain non-standard geometrical
conditions, V vanishes for a dipole when z nzs the value
295 then it follows that the V of an actual projectile
would vanish under such non-standard conditions at a
time later, by z,/v seconds, than it would under standard
conditions. Thus, if one measures on an oscillograzh
record the instant when V, as affected by time Lags,
vanishes then such an instant will be late by z./v
seconds 53 comrared with the instant when V wou}d have
been observed fto vanich in ithe absence of gceenteicidy ,
va®, and inclination. Alternatively, if the chronograghic
eguivment records the inst2ant when d*V/dt® vanishes,

;

t being the time, then to determine the error in such time



caused by departures from the ideal geometrical conditions,
it is sufficient to determine the vzlue of z for which
d®V/dt® would vanish for a dipole under the actual geome-
trical conditions. Under standard geometrical conditions,
d®V/3t® for the dipole vanishes when z is zero. 4 tvpe

of eguipment that records the instant when &°V/dt?, rather
than V, vanishes is the electronic counter. There tae
signal is amplified and differentiated, and the counting
mechanism is actuated by the maxima or minima of dV/dt.

3. BResults. Denote by P the point where the
magnetic center of the projectile pierces the plane of
the coil, and denote by b the distance between P and the
center, 0, of the coil. The distance b may be called
thetMeccentricdtty ."* Choose ‘8% fhe Z=axis \thelaxis of
the coid; int Shesdirect onipfefotiong] ahoese wes “the
Xaxks  the Tine 0Py choose ' dsithey v—akis s line i’
nerrendiculer to the x- and z-axes, $o a5 to form a
right-handed system. Denote the direction cosines of
the direction of motion of the projectile by 1, a@, n, and
theé alretiiongcosines ois the axisio I life~pno e ek /] evaby
i', m', n'. Tne standard geometrical conditions are
DFA Dul A = e O Vs (N en's St L =R o B fid e %
the actual, non-standard conditions, it 1s Shown in the
Appendix that the signal will be late by the time
interval

NI o T T ) (1)
approximately, and this is the desired formula.

The results may be expressed in an alternative
form. Project the path of the projectile, and the axis
of the projectile, upon the plane xz. Denote by 8 the
angle between the z-axis and the projection of the path
and by d + 8 the angle between the z-axis and the
projegtion: ef Tkhe ~proiert il et 8l daxis. “N0ne fay call g
the meridional component of the inclination, and d the
meridional component of the =zngle of yaw. Then (1) may
be written .

At = (b/2v) [éin (b + 8) + sin &_]J. (2)
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As a numerical i1llustration,: if % ds 6°, and 9 i
while b is G.5 feet, then by (2) v AL is 0.043 feet.
e TG 1 IR @ VEDIc AEByol IS NI eSS e o I . SO0 DT 10 A
‘S, approximately.
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The preceding eualtions ere applicable wnether *he
chronographic ecsuipment is designed to record the instants
when the signals are zero, or the instants when their rates
of change asre largest.
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\PPENDIX

The EMF Induced in a Circular Coil

By a_Moving Dipole,

Taxe a right-handed set of rectangular axes asz in
Patagraphy 3-0F 1this Hetor Ly y Rie radSiheioie il csc o iy T
a. The Orbgrl, S 4 Slhah Phile, Cen ek IR =i CEivi e £ Tc ) Elhie
fhz+0 s e paxiis of) ehal 601 S Fuataists Wl as Rl ver et o clifin-_fre
direction of motion; the axes Ox znd Jy sre in the plane
o ftRe ol p o wre- s cﬁo&en that the coordinuates of
the boint P, ‘whereithe path of the disole sntersects the
nlane of the ¢cnil are b, 0 0. One aay call b the
"eccentricity." It is sufficiently accurate to consider
the path to be a stralght llne, intchedvicinity of the
goa v with idireetion gosines’ b, sit =kl SEance along
Bhi's Bline, Fegsuret T ot RMLe ETERaETD bl yle
:tronft of the divole is dennted by M, the direction
2t t R e R M Eonc, L dats at, n', snd distance zlong the
Jits nf the digole, @weasured frof tie dipple, is dencted
by v,

A X

, A S

/
/'P J
O }:._;,

The s0lid s

ng 2 , subtended by the coil at = point
2 is a function %

FLE,
gg z) of the cylindriczl coordiaate:

e

and v of § where r* = x? + y® The colid angle @ is =g
i8fined as to e zero wnen G Ssythe pdint 010, > .

is &m at the orlgin amu 47 ut tne poiat 2, 0, +w
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The function & (2.r) can be derived thus. At o point
on; the axis,. the solid angle is clearly

¢ oar(l 4 ——Eem (3)

(32 + Z2>l/ <~

fote

SETIC @ Balie ) T2 Causii o el IS Ha T ehl surface, whose center 1is

3 m ] : . . : 1/2
the voint § and which contains the c¢ail, is (a2 + E$)) &
This ~xpression can be exyanded in vowers of

45 Byi=eie
binomisl, fhsoretitiand for. r<ds
Lif 5 7 -
| ; 3 ; j
Z i .z o 12 g 2 IR,
B e L e e e L e e
% ad T G w 16 - u » (4)

wnile for z > a there is ‘another Epthnice sk fonl R R eg 4 (7)) 5 E
is possible to-deduce the solid Feiie 95 S TsRnts now' el the
axis. | Take spherical polar coorainates, with the center of
the coil as origin, the axis of the circle as the line

8'= 0, snd with the symbol R denoting the distance from
the center of the circle. Since the desired colid ‘zangle g
A% any point is enual $o the plegnd Litchialbiben Shis ) ot tHet
point that would be procuced by & unit current flowing in
the circle, it follows that @ must be a sobution of
Laplace's e%pation VEG = 0.Inzide the sphere R = a, the
solid angle & is also symmetrical about the axis o = Q,
and remains finite at the origin. It is therefore cupable
of expansion in the form

I o)
< :ZAanPH (cos &) (5)
=e >

where the A, 's ~re numerical coefficients, ond Pn(cos 9)

is the Legendre coefficient of order n and arguzent cos 9.
Now

Pa(l) =1,
S0 alon 7 Gl B i oy < 40 eﬁu:ticn_(S) becomes
P . o ’
= ngnﬁ (6)

enabling the coefficients'An to Dbe determined by comparison
of equations (4) and (6), since B = z for points on the axis

A o



It is seen that the even orders above the zero!th are
absent, and since

clers LEN==a (i
while
P,(x) = x,
Py = (L/2)(5x" - W),
Po(x) = (1/8)(63x° - 70x° + 15%),
Po(x) = (1/36' (429%" - 693x> + 315x® - 35%),

one finds that whenm B< 5,

A R R? i
3= o {} e % o (Suiealy o=
5 22 73 z
LR (63 =T VAT e S R _‘] o
5 R R3 R

Mzking use of the relation

one finds that
G2 al)es 2 [E & § - —l”--;(?,z3 S o W S X
La
'(8z5 Mol 152r4) = .Tq

which is the desired function, valid when R <a. 4n
expansinn ¢ (z,r) that is valid when B >@a can-be similarly
deTived Foui ks nobinlecd edSmar o

At any instant, the surface intezral over the area of
the coil of the normal component of magnetic induction is

[CEW ¥ VRS "W
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and since

IR L NIRRT
I Bk W LT i e
it follows tnat
N = ¢x + mty) O L (8)
!“Q mty r 3r 8z ’

i

N (0, - T Z) s

an explicit function of the four non-independent variabies
Xys Voo o ARembag: wh Lo Pl RS IRt o | gl ety .

The induced electromotive force is given by

s e
VS nea
= ~ an
The =Y e G s
or
o - AN a N gl
el iy (Q57k+ b T oo (9)

where T is the number of turhs im the coil, v is the velocity
of the dipele, and R is regarded as a function of the three
independent variables, x, ¥, 2. If N is avallable as an
explicit function N(x,y,r,z) of the for non-independent
variables x, ¥y, r, z then equation (9) becomes




. = |VaN gN L 5N 3N ‘
V = - vI [%ax tmgy t (Ix + my) plr AR N o (10)

and hence, by equation (8),

V = - pV‘I‘-)((QQW mm! ) IJ;%IEZ + (fx +my) Q' xemry) IJ: ?;1, I]f;g—gi%
L
+ Br(ﬂx+my) + n(lrx + m*f?yl 8°9 + nn! Qi% AL
AN ey gl i i

From equation (7), the leading terms in the partial derivatives
above may be evaluated. Ilhey are

TR00 . 4 3% SO G Szr®
S AN T s %ég; A e

da_la@. 45 %

r ot ror - AT 25 e e e PR

S et i3 3 _&2 gﬁg &iﬁ

T 5zop + zm(5gs v a5+ i€ 73 + Y
2 t 5

728 == (RlaRRia s a2, )
z . R

Near the instant of passage through the coil 1, 1', m,
and m' are small quantities, of the order of magnitude of
the yaw; usually no larger than about 1/6 (for 10° yaws).
The quantity x is nearly equal to b, and y is cLose Ly - zeroy;
while n and n' are approximsately unity. It follows from
the preceding relations that at the instant of passage,
wnen z 1ls zero, the only contribution to V comes from the
terms involving

1 38%@
r 3zdr



and thus at this instant

o e AR DTSN LT AN S

o

approximately winile the principal term in dv/dz is
CmvTlad,
Hence Vv is zero at the instant when

b
-

& =

e (12)
approximately, which occurs approximately
At = (b/Zv) (L + 1) (13)

seconds af'ter passage. 7This is the desired relation.

a word 1is aesirable as to the degree of approximation
involved in equations (12) and ElB). In deriving expressions
ror ¥V and dv/dz from equations (7) and (11) only leading
terms nave been retained, and terms contuining the factors
(b/a)®, (b/a)4, etc., have been discarded. A rough
evaluation of the eflect of neglected terms indicates tnat
the rigi-nand members of equations (12) and (12) are correct
when b/a is very small, ana should be maitipiied by 0.7
when b/a is 0.5, =nd by 0.4 when b/a is unity. Thus the
formulas in this Report should be regarded as furnishing tne
order of magnitude, only, of errors due to gavalleCceri e Lty ,
and inclination. Althousgh it would be rossible to retain
terms that have been discarded, tne resulting gain in
accuracy would be largely rormal, rather tnan real, because
of' the mugnetic differences between actual projectiles and
ideal dipoles; and the resulting formulas would hte con-
siderably more complicated than the present formulas. The
present formulas (1), (2), (12), and (12) are sufficiently
accurate as they stand Cor the purposes for which they are
intended, which are to furnish a guide as to the degree of
care with which guns and velocity-measuring equipment should
be aligned and to facilitate the critical evaliuation of
experimental data. :

Equation (i3) gives the time interval, Lt, between
tae pascage of the dipole through the plane of the coil wnd
the instant when the induced eiectromotive force, Vv, is
ro. In case the chronographic eguipment differentiate:




the voliage input , and determines the instant when the
derivative is a maximum or minimum, the time interval

that is of interest is the interval OL' between coil passage
and the vanishing of d®*v/dt®. This quantity vanishes,
substantially, when d®*V/dz® vanishes. At the instant of
coll passage,

d®v/dz® = 45muvi b(L + ;_')/a5
from equation (11); and tne principal term in gs Yl g ke
—9DvaT/as.

Accordingly, d*v/dz® is zero when
&) |2 by 2) (CICE )

approximately, and thus

att = (b/2v)(1 + 1v)

seconds, which shows that At' = At approximately.



