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"he problem of evatliwting th:e minluunm praessure in
& treiling vortex systen of w pl.ouar lirting surfoco is
investigated botl: theoretlioully and experirentslly., 4
serdwanpli-icul solution ls obtuined wftor showing thLet
prediotions based omr kinetic enerpy amd induced drag
consideratlions are not in eccord with experimental re-
sults, asswalng the boundary layer developud on the
lower surfaco of the wing to be & measure oI the vortex
asliset thicknouss, expressilons arv developed for this dis-
tance for thie cases of rectangular and elliptle wings
Irom censlderation of tiw wing geometry sand distribution
'cr bouwrxi circulation, Jliese expressions [or Lhe vortex
sheet tLiockness involve unknown constants which rmust be
determnined from the experliientul resulis.
he experinmental ilnvestl,atlon consisted of neasuce-
ments of vortex cavitullon incepilon condltions for
* families ol rooctangular, deitu, wund ellipiic wings in &
lexrge, high apeed water twmel., -l majority ol the
testing was done ail a nsynolds nunber of ap.roximately 7o«
%ﬁﬁg but by varying the terperesture of the water and
using different sizes of wings, mecsureients werc tal:en
for reotunsular wings of sspoct ratleo four over u runpe

: 1§
of Heynolda nuwibers from about < x 10¥ to 2 » 107,
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_'l'ho majorr conclusiona to be drawn fron ths investi-
gation are that: the magnitude of th:e minimui pre:sure
soeffielent in the trallin, vortex system of a wing
inoreases nearly linesrly witl. the angle of attack of
the wingi this nagnitude is almost independent of aspect
retio foi ellivtic wings oul for rectunpular wings ia
slightly nigher, tho preator the asproct ratio, “or
given angle of attacuy :_uL a iven wncle of eilecic thoe
magnitude of tlie minimmmn prossure coofficlent incresses
with inoreasing iieynolds nurbery and-the thicimess of
the tip-vortex core, or tie tilcinuss 5 the odpe of
the trailing vortex sheet 1s dotom.lned by the tl.lelmess
of the boundary layer on ihe lover surface of Lhe wing
&t the trailing edge of the tip and not ve uny consid-
erations of induced drag ond kinetic enerzy of the vortex

sheet itself,<7
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1,000 Introductlon to the -roblem
A aysteu of trailing vortices is mssodlated with

any finite lifting surface, 1liis system reprosents

the disturbance to the fluid attributable to the lift
produced by the surface, [or the hypothetical ocase of
& perfect fluild, the system irmmediately behind the
lifting surface 1s in the form of a vortex sheet, This
sheet defines a surfaco aoross which the tengential com-
ponent of the veloocity is discontinuous, 7This vortex
sheet, for the ulual.oale. is unstable and tends to roll
up into discrete vortices, Although the sheet only
approasches asynptotically the configuration of discrete
vortices, the rute of rolling up of the s.eot varies
oconsiderably with the degree and distribution of loading
on the lifting surface,

In an ideal friotionless fluid the pressure alony
the edge of the vortex sheet and at the center of the
relled-up vortices attains s value of minus infinity,
“his follows from thie sinple applicmtion of Jermoullits
equation, since as will be disoussed later, tho veloclty
becores infinitely large at ti.ese locations. In a resal
fluld, obviously suc:: discontinuities or singularities
in the velocity cannot exiat., :‘owever, t..e pressure
along the edge of the shact or in the conter of the

vortices 1s considernbly reduced, even for the real fluid,



The problew lnvestipatod lLiarein, votii tl.evretically
and experlmentally, is that of onredleting tiie minLmunm
pressure viiiol: existu 1n a tralling vortex systen in
a real Illuld,

hile prollen 13 Laovrtant in cormwection with the
design of marlno pronoilera, In regiond of low nres-
sura in thos trellin: vortex svatam of ti:e pronellar
blades, the phonomenon of cavitation will occur wlcnever
‘ the pressure 13 reduged to the vapor oressure o tiie
liquid, T1his nhenomcuon is plotured in figure 1., 1This
cavitation is unuomirabls sinece; (1) the efficlency of
the rropellor nuy He recducou, o2t (o, the cevitaiion
produces cunsicercbls nolse, I i various factors
which influencz tle rinimwa pressul-. can be deterined,
then soms control can Lo exerciseu in the propeller
desipgn over tl.e oocowrrence of ti.¢ vortex cuvitatiou,
os 1t 18 roferred to in hydrodynamic teir.lnology.

In order to avoldi the snelytiocal Jdifficulties
inherent with tie hellcolual ccumetry of' a8 propellor,
the prosent study 1s rocstrictud to planar 1ifiing sur-
facoes in an inocomprassible fluld, Lhe rsaults for this
case ghiould be indlcative of waat one mi;ht exrect for
propellere, DMurtlher, thoe extenslon of ti.e mecuod of
anpreac: to tlLeo ¢80 o B Dropellor doel noi apneur

unroasonable,
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The difrficulilies in predicting the minimas prossure
in the trailing vortex system of & wing becawe unparent
if ono considers briefly tle benuvior of the systen, It
. riight be well to rofer to a typloal wing and trailing
vortex sysven ua deplcted in flgure 2, If a ediotion
of the ninilrun pressure along the section A of this figure
wors attempted ono would luve to consider the distribution
of the vortioity over the surfacv of the wing, it any
other rotion, for example C, tio vorter shect !5 par-
tfally rolled-up, sven the seotion 3 is distorted from
& plane vortex sheeot sinoce s ti:e vortex sheet is foruing,
the induced effects of tiie voritox system tend to roll up
tlie sheot &t the od,zel.‘ From these eonsiderations, the
followin;; questions arise: (1) Can the trailing vortex
system bLe ooncidoro«.i indsnendent of the distrivution of
the oireulation over itLe surfece of the wing, and (2)
Should the vortex shoet be treated as nun~disiorted,
partislly rolled-up, or completely rolled-up, Tho ideal
solution, of course, would be an exaci solution of the
liavier-Stokes eguations of rmotion subjest to tlic boundary
. donditien that the velocity be zerc on the surface of the
wing, Suclk & solution appears extremely unlikely in view
of the non-linear nature of the Navier~.tol:es equation,
Instead, sirplifylug nypothoses are sonsidered which make

thie problen rore tenable,
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In attempting an analyticsl solution of the problem
the following procsdure has been fellowed, First the
case of the completely rolled-up fortox sheot is studied,
Rankine's hypothesis of a 80l1id rotating core is presented
and osloulations of the core size are given for reoctane
gular, delta, and elliptis wings. These ealoulations are
based upon the accepted prosedure of equating the induced
drag of the wing to the kinetioc energy of a unit longth
of the rolled-up vortex system, Using the caloulated core
8ises prediotions are then made of the variation of the
minimmm pressure coefficlient with angle of attaock and
wing planforn. ‘ihe agreement between this predioted be-
havior of the minimuu pressure and the experimentsl results
is shoim %0 be 80 poor as to question severely the generally
apoepted means of caloulating the core size,

With this negative result, consideration 1s given tq
the non-distorted vortex sheet. A model of a non-distorted
‘vortex sheet 1s proposed whioh, in effect, is merely an
extension of Rankine's hypotheais to the non-distorted
' sonfiguration. Again by equating the induged drag of the
wing to the kinetic energy per unit length of the non-dis-
torted vortex sheet, the dimensions of the proposed model
are determined, In so doing the estimated distribution
of the energy in the sheet is also oconsidered, 7The nmin-
300 Muma predicted on this basis are shown to be
closer to the experimental results than the previous pre-
diotions based on the completely rolled-up sheet, lowever,
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there are still serious discrepancies to be explained

and for this reason, & semi-empirioal approach is developed,
It 1s reasoned that the thickness of the boundary laye: on
the lower surfasce of the wing at the tip of the tralling
edge is & moasure of the vortex sheet thickness, ixpros-
sions are developed for the variation of this thiociness
with anglp of attack, sspect ratio, and Reynolds number

for the restangular and ;lliptic wings. These expressions
involve uninown constants which are deternined from the

experimental results,
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2,000 Preyious Investigzaticna

There has been little wvork performed in the past on
the problem as such, Numerous investigators have oconsi-
dered the spread and decay of a vortex sheet, but these
works have bfon for the vortex sheet which is formed
behind blunt bodies in whioh the 1ines of vorticity are
normal to the direction of the main flow, Figure 3 1l-
lusirates this typs of sheet, liotable investigators of |
this problem were ~randtl in 1925 and Teollmien in 1926
whose works are found in references (1) and (2), Lxperi-
mental confirmation of the theories of Prandtl and
Tallnier were reported by Fage and Johansen in refersnce
(3) in 1928, Briefly, the problem of the strusture of
the vortex sheet was attaocked by rrandtl and Tollinlen
with the methods for snalysing turbulent flow, The spread
of the souns of the vorticity wvas sssumed to result from
the transport of the vorsieity by turbulent fluetusations,
Since the nature of the problem is so dissimilar from the
one eonsidered here and since the method of attack does
not appear applicable, nothing further will be said con-
cerning tho work of these experimenters. An extensive
bibliography on this subjeot is given in reforence ().

The first investigation to be performed which appears
applisable to the problem, as outlined in the introduction,
i3 npresented in referense (S), In the case of en isclated
vortex, Rankine hypothesiged the so-called "ocarmbined" or
"Rankine" vortex in order to oircwsvent the infinite



Te
veloeity at the oemter, 7This idealization consists of an
‘toner oore throughsut wliloh the motion is rosational with
‘& sonatant value of the vortiecity, and an outer region in
whioh the flow i3 irrotationsal,

Auther work with en isolated vortex was porfomod
by Lemb, reference (6), in which an irrotational velocity
distribution was assumed to exist initially with the sub-
.. Sequant alterstion with time due to the astion of vis-
808ity bLeing obtained from the snalegy of the diffusion
of vertiocity to heat sondustion,

Also of noteworthiness are the results of a recent
artisle by Spreiter and Saeks, reference (7), in whieb
the iouiqup of the trailing vortex system was investi-
gated, The purpose of this investigation was to determine
the proper vortex uyltui to be used for downwash ocalcula-
tions, It was found that the rate at which the vortex
sheet x0lls up depends upon the magnitude and loading
distribution of the wing which ia g-wupmg the aysten.
Further, 1§ wis found, at least '!'or downwash oaloulations,
that the rolling-up of the vortox sheot asscoiated with
high-aspect ratio wings 1s of little oonsequence but that
for low-aspsct ratio wings, thie sheet may be considered
t0 be oompletely rolled-up into two restilinear vortioces
within e ohord lemgth of the wing,

In reference (8) as well as the previous reference (7),
a mothed 18 outlined for obtaining the configuration of the
sompletely rolled-up vortex system from energy oonsiderations
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assuming two trailing Rankine vortices., The present
work, in addition to a general discussion of the vortex
ajltch. sresents and extends ﬁxo methods of (8) to an
asswsed hypothetical model of s non-distorted vortex
aheet, |

Imerous other referonces were used in the investi-
gation roportad harein and these will bs listed uhere used,
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3.000 Insoretdeal Anslysia of the iraoblem

In view of the varying confiuration of the trailing
vortex sheot in the direotion of motion it was decided to
treat the limiting oconditions of e ocampletely rollad-up
vostex sheet and & non-diatorted vortex sheet, It would
soen reasonable to assume that tho gatual oasoc lies some-~
vhere between these oxtremes, Actually the econfiguration
of & non-diatorted vortex shoet appears more nearly repre-
santative of the physliocal aase since the dissapative
agtion of the visoosity in a real fluid would tend to
destroy the strangth of the sheet as it rolls up, liowever,
considorable insight into tho bahavior of the vortox syatem
ean be realized through sonsideration of the rolled-up
sheet, In addition, a knowledge of the theory of the
rolled-up sheet 1s necessary to an nndorgtmding of the
theory which is develoned for tho.non-d'iltor*bggi shect,
3,100 gase of the Csmpletely Holled-Up Vortex Sheet

In diocussing the case of a completoly rolled-up
vor-tex sheet, the probleams encountored are thoso assosiated
with a discrete reotilinear vortex, "he properties of such
& vortex will therefore be disoussed hofore treating the
rolled-up asyatem,
3,110 Repkins Yortex

The velodity distridution for a vortex in two-dimen=-
sional irrotationel fluld notion is
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2 r (3.1)

wvhere: v 8 tangonticl velocity
¥ @ eirculatory strength of the vortex

r® radlal distance n'om the center of
the vortex

Asoording to this equation the velosity becomes
infinite at the senter of the vortex, Opviouls". this 1s
impossible in a real fluid. The radisl veriation of the
velosity field of a vortex in a real fluid rmst thus be
altered to remove this singularity,

~ According to the Rankine hypothesis, it 1s assumed
that the vortissty, w , is constant over a eircular
eore of redius a, Inside the core the motion is rotational
80 that a somplex potential does not exist in tris region,
However, & siresm function esn be defined both inside and
ousside the oore, If 1t 1s stipulated that the stream
funetion and the velosity be eontimuous at the edge of
the eore then it is shown in referenes (5) that Rankine's
hypothesis is tantamount to assuming the existence of a
8011d eore rotating st an angulay velaoivy of % . Outside
of this core pure irrotational motion exists}

The pressure gradient within the core is

sE=r r( )2 (3.2)
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Dategrating gives

vhere p, is the pressure at the ocenter,

In terms of the pressure at the edge of the ocore
2

Po =" PC\ - F (L;uo
_ _ P _P:.___ 2 (3.3)
- Pfk 2 <4 ITCL)

whers Pa is the presswre at the edge of the oore,
Sinee the motion outside of the core is irrotational, Pg
ean be obtained by applying bernoulli’s equation from a
PoInt at Infinity tor o a

Therefore

x <
Po = l:l =/ (:’.—[—]’Z:) (3e4)

p“ is the pressure infinitely fer froam the vortex,

In eoefficient form the pressure at the center of

the vertex bescomes P - P
CP° Pt .‘:o___;_;_._z. “
2 F © (3.5)
with V. 1s the reference velooity,

m-umting in the above exnression the relationship

of equation (3¢4) gives > pA
C = s -
A (211 o \/0)

(3.6)
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I€ 18 of interest to note that for the Rankine vortex,
the presswro drop through the reglon of irrotational
motion 1s exastly equal to the drop through the core,
~ For & given vortox of lmown strength, the provlem of
oaloulating the miniinmm pressure for the Rankine model is
oqu!.;uant to thwt of detarmining the coro size. In an
effort to gain some insight into the vwariation of the ocore
size, tho fullowing investigations were conducted,
3.12C Dimgnsiooal Anslyals of the Core Size
It seoms reasonsble to asmuie that the cors size of
& Rankine vortex would bs a function of the following
quentities:
¥ = oiroulatorr strengt!: of the vortex
L = massdensity of tho fluid
M @ dynamic viscosity of the fluid

V ® velocity of the free strewn relative
to the generating surface

The simple application of the fundemental 1V - theorem of
dimensional analysis results in the two dimensionless 11 -

‘ , oV
. . TT = —
m;:: \ > |
M
™he size of the ocore san thus be expressed in the fomm:
5. ¥ F ’
a= f (—1—;) (3.8)

The important result to observe is the forrmlation of a
Reynclds! muber sharacterizing the vortex motion, namely

YL
/* [ ]



A 13.
w o . Before eontinuing further with tids analysis, it
‘ would be well to conslder a wirz with « completoly rolled-
up ‘vortex system as shown in fizure L, .3 the vertex sheet
behind & wing rolls up, tho cunter of the virtices assune
& distance apart which is susller tien ths wirg span, This
distanee, denoted on the ff ure &s 2L!', is & “unction of
tre planform alapo and spanwise distribution of tho loadimg
as will be shown later,

From the law of vortex contluaity, as stated Ly

Helxtolts, the stroencth of edoch tralling vorter is clearly
squal to the mid-span value of the béund ciroulution on
- the wing, M o * h
o the Xutte~Joukowskl theorem, thie bound ciresulation
(Q"a at any siation elo.y the wing 13 given by:

M= eV (3.9)
where: C & ohord of the station
 0;® the section 1ift eoceffisient
¥V & loeal resultant veloeity at the section (given
elofely by the fres stream veloeity)

Substituting (3.9) in (3.8) gives

KR = c Gy F ( U, P C°V) (3420)
e ° 2 pa
- wherse: clo 2 gagtion lift coofficient at rdd-span
Lie . , G ¥ ohoml of mid-span station
e . ' -Or 1f the free strean Roaynolds mmber of the wing is glven
i ! R,= LoF (3.11)

mt{ . P Q }(A




UM
then the expreasion for the ocore radius besomes finally:

o= e, Ce, b (<, Ro) (3,12)

A% this point the funotion of °1°Ro would have to
be determined from experiment, Although the dimensional
l;:lly‘ll does not result in a quantitau;ro answer, it
does indieate a basis for the ecorrelation and extension
of the date,

3.130 Lepb's Selution fer s Reatlllnsar Vortex ii e
Jiscous Fluld

Rankine's hypethesis is merely an artifice whish
appreximates the astion of a restilinesr vortex in a
visecus fluid, In s viscous fluid ohviously the vortieity
will not be oconfined %o s limited region at the center
ef the vortex as suprosed, Instead of the velosity funsc-
tion having a diseontinuous derivative it is natural teo
expeet that the radial variation of the velooity will be
amlytic throughout the entire flow field,

By applying the lavier-Stokes equations to flow
soncentrie about an axis, Lamb shows in referense (6)
that, in terms of the vortieity, (o , the equations of

msion reduse te
Dw (bzw

1§

oy
T = > r2 ‘*'Fg ) . (3.,13) -

ot
But Lewb observes that the abovs equation is identical
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with the equation of radial flow of heat in two dimen-
sions, Dy analegy to the heat transfer esse, the solu-

tion is given as: ' o

.Y T4 F h

W= — e &
ATTo ¢
The vélooity distribution is than found as:
re
e | _ o 40t (3e1k)
2Nr

ra

Observe that for the steady oase where . = , the
solutian for (O is:
GD = C‘losy r+ C,
Singe the vortioity is to vanish at a distance infinitely
far removed from the center of the eircular motion, it
follows that for the steady caase

L) ® constant
Rankine's hypothesis 1is thus, in effeet, two distinect
solutions c,t the equations of motion for the two regions
inside and outside of the gore, In crossing the boundary
of she eore, the hypothesis violates the equatiors of

" sotion since (O vanisl.es discontinuously from sume finite

value,

Returning to the expression (3,1ll) which Ladb derives
for the veloeity distribution of a vortex in a viseous rluid,
it 15 to be nt:;tiood that when ¢ ® €, the velocity cistri-
bution is identical to that for & vortex in irrotational
metion, Thus equation (3.,1l) represents the alteration
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to the Wtutiml motion with time as effected by
the diffusion of the vortisity due to viscous action,
The pressure at the c;ontor of the rotational motion
desorived by (3,14) can be obtained as

f‘D‘ o r‘ \
PIY M a4t )
= —_— = — V-
P° Eo (r‘(zﬂr/ v dr
O .
or in eoefficient form: - - ﬂ.‘lft_
ot 2
s - (l«ff” )
CP=-2. il B dr
khn-\{oo r‘$ W'

The definite integral in the above equation 1is evaluated
in the appendix where it is shown that:

—.X<

(h-e ,
J ('_.?N_.,J dx = k ‘03 2
X
o '
The expression for the miniram pressure coefficient

beoames
log 2 / ¥
Cp== =T .57 (3.15)
2.0t ey 3.15
On the basis of the sparse data which is available,
the velooity distribution, as given by (3.,1) & ears to
deseribe the variation of the induced velooity behind a
wing ntilfactoruy sven though the initial conditions
at ¢t 3 0 for (3,14) are unreal, Figure 5 is & com.arison
of equation (%,1l) with upwash measurements obtained from

reference (9). These measurements werc taken two chord
lengths behind and outboard of & wing with e rectangular
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planform with an aspoot ratio of six, For comparison
Ppurposes arbitrary values of ¥ and [ were selected
t0 give the beat £it to the data, The data was insuf-
fioient to choose a value of ¥ and no rational means
of selecting t appears satisfastory due to the unocer-
Salimty of the initial conditions,

As & test of the validity of Rankine's hypothesis
the minimum pressure coefficient for the exast solution

. will be oompared to that whieh is obtained from the

Rankine vortex taking the radius of the core to equal

the radius at whioch the msximm velocity occours in (3,1h).
To f£ind this redius, the derivative of (3,1l4) with respect
to r 1is set equal to sero,

. ‘, ’_?x\ b"‘ / __.4_: N v
- Q—eﬁ )_V_____ ("‘(‘,’ 4 "t }:(\'

2m 2,

\.]‘1

Ir = ;‘ then the above equation becomes
)(
—-2X -1} =

e solution of ths above equation is X ® 1,26 from whence

) |
My, = 1-26 (427 1) (3416)

If the above relationship is substituted in expression
(3,15), the minims: pressure eoefficient for the exast

solution in terms of [, becomes
¥ Vi

Cp=—1-7% (z—n-r;,x'\g"/ (3017)

“‘\
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The megnitude of this expression is seen 10 be
approximately 135 less than that which was obtained .
for the Rankine vortex as given by equation (3.,6), Um
this basis theresfors, the Rankine hypothesis would ap-
pear to be a suitable representation of the rolled-up

vortex aystem,

" 34140 WWW

Yortices From Qonsiderations of Induged Dreg
And_Kinetle nergy
The kinetic energy of the trailing vortex system

is a manifestation of the power required to overoome
the induced dreg of the wing. That the kinetic energy
per unit length is equal in magnitude to the induced
dreg ocan be shown in the following somewhat intuitive
aanner, Consider the wing having moved a unit distance
during whioch time conditions were stesdy, In the absence
of any viscous drag, the work required to move the wing
this distansce oan only be that required to overoome the
tnduced dreg given by Dy x (1), Oy being the induced
drag, ODuring this time, & length of the trailing vortex
system is gengrated equal to the distance moved by the
wing, The kinetic energy of the trailing vortex system
is inoreased by the product of the distance moved and the -
kinetic energy per unit length of the vortex system, S5insce
'no agent is present for the dissipation of the work required
%0 move the wing, it follows that the level of the kinetic
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energy of the vortex system mst incresse by an amount
equal to the expended work, Thus it follows that

K” D‘ (3018)

where K 3 kinetioc energy of the trailing vortex system
per unit length
L4® induced dreg of the wing
A more elegant proof of this relationship is given later
in the eourse of a theoretical developmant,

Consider the wing syetem as shown in figurse L, Sup-
pose a piaha is passed through the trailing vortox system,
This plane is looated far enough aft so that the vortex
sheet has essentially rolled up into two discrete vortives
as shown, The two-dimensional flew on this transverse
plane will be that due to two vortices a distance of 2bh!
apart with strengths of opnosite sense,

A.coord!.ns to Rankine's hypothesia, osch vortex will
eonsist of an inner oireular reglon of radius "a" over
whieh the vorticity is concentrsted and constant (a
80l1d rotating oore) and outside of which the flow is
frrotational, The induced transverse flow will appear
a8 {n figure 6,

To caloulate the kinetic energy of the systen
shown in figure 6, the kinetic energy of the fluid outside
of the rotating cores will be calculated separately from
that of the eores, It is a well known theorem of fluid
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mechaniocs that the kinstic ensrgy of tao two-dmennioml.
h-rontionn ‘motion within tho cloud -ourve C i» gim by

K= § 4 t/; ds _- (3.19)

where v . i1s the veloscity component tangent to the path
of integration s, and Y 1s the value of the stream
function on s, It wx‘ll now Le snown that for the system
of figure O, tho kinetic energy of the irrotational
portion of the rlav is given by

= lim ’(\'/ Ve ds (3.20)
R » 0o

For a vortex with a oore of radius "a" situated

at the origin having & strength 3 , thsa stream function
1

1 - 1S
.z. v = _..F_ [c,» (xz.’_ ‘jZ) 2
2w 'Y TR T

The sbove equation can be reduced to the following

expression
went . (x+b')2+ i

~— —r—— s e o,

(X b)2+. j . (3e21)

2 2
(x+b)"+ -
It (‘;__b-)g_ jz‘. is set equal to a oonstant it will

be seon that the streamlines are ciroles of radius r
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senxtered on the x axis at distances of - ﬂﬁ; ré
from the origin,

Now oonsider the contribution to the asontour

mﬁcgml along the cirele of radius R,
2m

g

O . f\V‘fsd5=JR\V\f5de
As R approaches the limit infinity either x and/or y
approash the same limit with the result that Y vanishes

. at infinity, RAurther upon examination of the contribution

(.

of either vortex it oan easily tre seen that v, aporoaches

sere as fast as -"ﬁ' e Thus
II;‘VI J/\'J \/.5 dSGO

Rw»ooR

vith equation (3,20) being proved, .

The sontour integration is thus reducwd to the path
a8 indicated in figure 7, The symmetry of the problem
allows us to oaleculate the total contribution as twice
the eontribution of the integral about one of the cores,
Oonsider the core on the right as piotured in Figure 8,

S8ince the surface of the flow is a streanline, the
value of \V 418 eonstant along its oonsour, The expres-
sion for the kinetio energy cutside of the core then
bescnes

|
K;=zﬁ"&§%¢€= (3.22)

At the boundary of the core x and y are given by

IO (X =/oEead)" + 422 a?
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or (x+b‘)2+12= Zx(\/rsz+°‘ "'b‘)

(=b)2+ g% = 2x([6Teae ~ b')

These relationships are inserted into equation
(3,21) to odbtain the value of ¥, . The result is

oonstant given b'y
l /R0l + b'
C.j /bl _'_&'L (3023)
The elosed line mtogul of the tangential
velosity about the core of the vortex is, of course,

simply the measure of the vortex strength and is equal
%0 5 « Thus the kinetic energy outside of the cores

is given by:

PKZ]O JoZiaZ + b
.Ki=4n- 3\/’6“'2?:12 Y (3e24)

The kinetic energy inside the rotsting cores can be
exprossed ast

K, Z[ZF( gkuor) rdrd@J

8ince at » B a, WK = 2—%-71 it follows that
' 2
. L
Kr - s 1 (3-25)

The kinetioc energy per unit length of the yortex
i determmined finally as

. 2 ,
K:g@-r-::[uzloﬂ/éf:i.tb J (3.26)

/b Zrad — p
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This oxpression 1s ejusted tu the nduced dreg and
the rosulting oxpreasion solved for "a'.,
I+exp(j:;-;r-2 - ,—;-/ J P -
Sty (3.27)

=] +ex ("'FQ{ -~ ‘:/ >
P l X ~) v »

The strength of each vortex, eocording to the law

o
b\

et e e st riern - e -l

of vortex continuity, is eqguul to the bound circulation
of the wing ai mid-span densted by |_ o (iee Figure lJ
Aarther

_where o, ® nid-span shord

°
Clo' nid-apar sootion 1lift coelfficlent

Alsos \ L
D‘. = Z /\ \ </ L— Dl'
where: s < wing ar.a
Cul- induced drag cvefficient
Thus s ~[91 P G
=t = o T TR

o5 C.~ Cy,
The distance betwaen the two rolled-up vortices 2bL!
is determined from the stipulation that the 1ift impulse
must be preserved throughout the rolling-up process; t:.us:

TR e = - — — (:.28)
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The aspest ratio of a wing is defined by:
b e
abic (3029)

Thus with the aid of the adbove equations, the expression

for the induced dreg ean be written as,

4T D, _ *TTHK <, L, "~

‘F K" B ;L‘i \U
Expression '(3,27) becomes finally
) |
/ xﬁfk«.b phle oy 2 T
' A0 *WU )( ) ' J b
- +CXP[I ‘ R f T l
\ L's- /( . |
) Aasuming that mmch,‘ -
ex '—"—f--~!/)i
P Sy, ,‘_J
4 very olose approximation 1is obtained.
a_ _b_ . 2 4”/&&..5 !’ L_ ' b)(3-30)
R CE N _5
b
&

From equations (3.24) and (3,30) the quantity
oan be written as:
o ‘£ \o! "E) L
\ - /‘\ o/ AN
Thus with the above equations it siould be poasible

o

—

7|

to determine the goro size of the trailing vortex for
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any wing for whiech the 1lift and induced drag aharaster-
isties are caloulable,

The preceding dovo}opmontl wers outlined briefly

by Spreiter wx Sacks in reference (7)., The procedure
followed there however was carried through in terms of
the velooity potont;.al instead of the stream function,
An expression for the kinetic energy of the vortex system
was obtained eomparsble to the expression (3.2l) derived
here, The form of the expression mvélved the core
radius in a much more ocamplicated manner then does (3,24 ;
se mt it wvas only after considerable manipulation that

. the two expressions were shown to be equivalent, Decause

of the complexity of the expression for the kinetic energy
derived by Spreiter and Sacks, it was necessary for them
to make the simplifying sssuption that Uiy e X b

in order to solve for the sore radius, In the present
analyeis, no such simplification was necossary with the
sxaet solution (3.300.5 being obtained for the core radius,
A much oloser approximation to the exact solution than
that in reference (7) is given by equation (3,30b),

The results of the preceding theory for the rolled-up
vortex will now be applied to three families of wings
having rectangular, delts, and elliptie planforms, For
the restangular planforms, a comparison of Spreiter and

" Saeks! approximation is made with the expression (3,30),.
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3.141 Reotenguler rlenforms
For a wing having a rectangulsr planform

~ L
A= -
so that
L).‘ - L
U L,
and ST L {
b exp oot -
RS \;‘L ‘ })L ( L '\ _( // ‘_ S
Pl g T e (3431)
LA ot \ Mlad o
nf’*~ '\\.L" ‘L
The variation of S ’ C and
dc - -
d : as caloulated by Felkner in reference (1.0)
is shown in figure 9, Using these values, the grapl: of
Y '
5 versus /KN of figure 10 was obtained, A

comparison with the results of roference 6 is also given
in this figuvre where it can be seen that the present

values are appreciably groater tlan those of the reference,

3ell2 Lolta Planform

, L
The aspect ratio of & delta wing is /h = + =~
Thus
L: b
L T~ L,
=
The substitution for b into (3.30a) gives:
!‘ ‘-nkaD., - 7 i N —\-
; < Ak AL _T s e —-
R T
D ~ { ‘ -
° W G el = 3,
CEEXE }k"PW - (3.32)

L\ l \\,l:'~ \‘—L{ -,
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The variation of LT ’ - and
qdC ‘i ~X

N :
df;‘ for delta wings &8 a function of aspect ratio

woere estimated from the results of references 10, 1l

and 16 end are given in Figure ll, Using these data,
the variation of ﬁ- with espect ratio was obtained and
is presented in figure 12,

30143 llietie ~lanform
The elliptic planform has an asvest ratio given by:

-t

= pl

The characteristics of an elliptic wing are:
‘Tifkflp;VN

e L

Cu —_1. .

w1

dse ~ 1T

dx ~/’,;:

Bt
Thus o is a constant for all sspect ratios,

A

(3.33)

Observe that thie core radius increasos with increasing
aspeot ratio for delta wings, 1s constant for elliptic
wings, and deocreascs with inoreasing aspect ratio for

rectangular wings.
3.150 2rediotion of iinirmm Pressure Coefficients for

i) ana ings on the Sasls

-y 0 %)

The expression for the minimum pressure coefficlent
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{ at the center of u Lankire vortex Las -beoen derived
earlier as equation (3.,6). In addition, it has been
shown that the ltreﬁgth of each vortex is equal to the
midespan value of the bound circulation as determined
from' equation (3,9.. Further, tho soction 1lift coef-

fioient at the mid-span cun be obtained from

k_ln ‘J\-"I.

@=L 3e3l)
U N

where 1 18 tho absolute angle of attack of the wing.
If the precediry; rosults are substituted in the
equation (3,6 for the minimum pressure coefficient, t..en

the result can be written as

x = =11~ !

i 4

The terw 1in the Lrackets is a function of the aas-eot
_utio and the planform. For the example planforms con-
sidered here, tihils term cun be caloulated wit:. the aid
of the relationshi s just prosonted, Jbcrerve thut the
above result rrodicts thset the minimum pressure coefficient
should vary directly &u the square of the avsolute angle
of attacl:, The predicted variation of - S with
aspeot ratio for the ructangulaer, delta, and\ ellintic
planforms is presonted in graphical form in figure 12,
The elliptical oinse L= shown extrapolated for aspect ratio
less then four since l1l!fting line results will not be

valid in this region,



29,

Qithout roing into & descrintion of the experimental
investigation and its results at this point, let it suf-
fice to say that the results for this case of the come
pletely rolled-up vortex siicet are in considerable dise
agreement with what 1s found experirmentelly., (it only
is the moeasured variation of the ninimum pressure coef-
ficiont with the angle of attack found to be nearly
linear but also, the magnitudes of ti:e ninimum precaure
coofficients are measured to Le much larger than pre=
dloted on the basis of the rolled-up sheet, For example,
fron rgguro 15 one would predlict a rectangular wing with
an aspect ratio of four to produce & ninirmm prossurs
coefficient of -,034l, at an angle of cttack of 690, This
value {8 considerably smaller in magnitude tian the velue
of «1,2 found experimentally as slhown in fipure (L1),
For the rectengular wings in perticular, the location of
the mintmum pressure et the higher angles of attaock was
seversl ol:ord lengths downstrear of the wing where,
acecording to the rosults of refersnce (7), the vortex
sl:eot would be essentialily rolled-up, Therefores the fact
that the predicted minimumi pressure %8s not in accord witlh
tue experimental results indicates & fundamental fuult in
calculating the vortex core size in thils manner,
3.200 lggesAstorted Vortex theot

A vortex sheet 18 in effect a continuous distributlion

of vortex filamcnts, 7The concept of a vortex sleet in
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potontiul motion can be arrived at by conaideration of
figure 1}, OJuppose in each Jiviaion of langth 5 on
& slde, a two dimensional voi'tex of strength ~ exists,
Now 4f & is deoreased to the limit zero while the
atrength and mumber of tho vortices is increassed propor-
tional to \g s then a vortex sheet is obtained,

The atrength of a vortex sheet is messured by the
siraqulatlion around a unit length of the sheet in the
direction normal to the sxes of the vortices, 1If vy
i1s the volocity tangent to the ashest at the upper sur-
face and v, is the velocity tangent at the lower surfece
as shown in the figurs, then the strength of the sheot
would be simply (vl - va).(l). From the symmetry of

the motion it follows that -V, ® v, 80 that ¥= . (" .

To state the result in a slightly z.trroront way, it can
be said that the velooity irmediately adjecent and tan-
gent to a vortex sheet at a given location is ecusl in
magnitude to one half of the strength of the sheet at
that location,

Some observations will now be made concerning the
velooity induced normal to the plane of a vortex sheet
such as tratil from a wing., It will be asswied that the
vortex sheet is non-distorted and livs in a plane, In
addition the sheet will be consldered far enough aft of

the wing so that the flow cuen be treeted us two-dimensional,
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If ["(4) 4« the distribution of the bound cirou-
lation at the wing, then it follows from vortex contin-

uity that the strength of the tralling vortex sheet is
qar
dg ° .
and in the plane of the sheet at the location y, 18 glven

The velocity induced normal to the sheet

by the integral expression:

R L T (3.36)

The very important result is proven in the appendix
that w(y,) is bounded except at { = & L , Therefore,
the oonolusion follows that not only does the minimumm
pressure occour at the edge of the sheet but further, that
only in this region is the reduction in pressure of any
eonsequenge, It should be noted that & spescial case of
the distribution of bound circulation exists which does
‘not produce infinite velooities at the edge, This is
for the case where the gradient of the bound circulation
vanishes at the tips,

Excopt.for this special ocase, one would exvect the
induced volécitio- at the edge of the trailing vortex
sheet to be severely alterod by the wotion of viscosity.,
3,200 Ergposed Model of & lion-vistorted Vortex -heet

A hypothetical model of a non-distorted trailing
vortex sheet is proposed which avoids the infinite
induced volobltiol associated with the vortox shest in
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purely potential motion. The model 1s a natural exten-
sion of Rankine's hypothesis for a rectilinear vortex,
Gonsider the typieal wing with its assoclated tralling
vortex tjntcm as shown in figure 2, The vortox‘ahoet which
18 shed aft of the wing is unstable and tends to roll up
into two disorete vortices, The rolling-up process is an
ssymptotic one but for purposes of calculating the induced
velocities at the wing, the sheet can often be considered
to be complotely rollod.up within a chord length or two
behind the wing; depending upon the aspect ratio, type of
planform, and lift coeffisient of the wing, 7he behavior
of the vortex system in the so-called "ultimate wake" has
been discussed previously, It should be emphasized that
although the existence of a region of rotational motion
is supposed, the fluild is assumed perfect for, in cal-
culating the kinetio energy of the system of two recti-
linear vortices, the dissipative asction of viscosity is
ignored, Similarly, & perfect fluid will be sssuned in
this analysis. Consider the rotion in a transverse plane
aft of the wing as shown in figure 15 where the vortex
sheet 18 essentially non-distorted,

If the motion were ontirely potential, then the
vortex sheet represonts a surface trrough which the tan-
gentiel component of the velocity 1is discontiqnoua.‘ The
direction of the tangential volocity st the surface of
the sheet is a8 shown in the flgure, %he magnitude of
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the velocity is equal to on the left half

of the wing and -\ d 1y on the right half, For

dli R
the usual wing, the magnitude of jlf} V

et n
4}

is zero

at the mid-span, inoreases slightly outboard and in the
near iioinity of the wing tip beocomes quite large ap-
proaching infinity at the tip, In a real fluid where
viscosity 1s sllowed to mot, the tangsntisl velooity

of course is continuous so that the sheet ocan he thought
of as having a thickuess, not disaimilar from the thiok-
ness of a boundary layer. The thickness of the region
in which viscosity predominately changes the irrotaticnal
form of the vortex riotion is probably of the order of the

boundary layer thickness,
Near the conter of the sheet, the tangentiasl veloocity

-

1is small witha the energy of that fluid affected by vis-
00sity beling concentrated towards the tips. For the fole
lowing development it will be assumed initially that the
rotational motion with its energy is confined entirely
within a region defined by a streamline of the potential
flow., This hypothetical model of the vortex sheet is
shown as proposed in figure 16, Ubviously the vorticity
carnot be assumed to have a constant value within this
region, as is the case for Hankine's model of a rectilinear
vortex, since the strength of the vortex sheet varies in
the y direction, In the next section, the distribution of

- o
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energy along the width of the vortex sheet will be oon-

sidered with the subsequent modifieation of the relatione
ships derived in this section,
3.220 gcaloulatdon of liodel bimensions

The method of approach will be the sawe ua wua taken
in the ocase of the ocompletely rolled-up vortex shoot,
That is, the kinetioc energy per unit length of the pro-
posed model system will be equated to the induced drag
of the wing in order to find the value of the streamline

which bounds the region of rotationsal riotion, Immediately

the question arises as to how to calculate the kinetio
energy of the rotational motion within the bounding stream-
line, The energy outside of the stroamline ocan be calou-
lated by the mothod followed in the case of the ocompletely
rolled-up sheet but the distribution of the velocity in
the rotational portion is not so easily caloulable, Fortu-
uto],y there is a way around this difficulty. Iven though
the existence of a region of rotation in the fluid is
being allowed it has merely been assumed to oxist with no
stipulation as to how 4t originated, Thus 47 this model

is sllowed to roll up into the system of the two discrete
vortices sach having an inner core containing the vortieity,
the fluid within the boundaries of the region of vortieity
for the model of the vortex sheet will then be within the
cores of the trailing rectilinesar vortices, liow since it

!
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is assumed that there is no agont present for the dissi-
pation of energy, it follows that the energy of the fluid

| outlido_ of the vortex cores is equal to the kinetic energy

of the fluid outside of the sitreamliines confining the
vortiocity in the model of the vortex steeti, .

The linetic cnergy por unit length of the irrotational
portion of the model vortex sheet is evuluuted by use of

the expression previovusly derived and repeated here,

/

K; = _5/,,}fy Iod (3437)

The path of mtegrat:on to be eonsidered is indicated
in figure 17. The kinetic energy of the potentiul flow
will equal the limit, as & approaches zero, of expres-
sion (3.37) evaluated about the path indicated,

Consider first the integral about the outer paths,
These paths are chosen so that V is conatant along
them, From the symetry of the problem it 1s evidunt that
the stream funotion and '/, along the left hand path are
both the negative of the corresponding quantities on the
right hand pafh. Thus for the outer paths, equation (3.,37)
becones ' ,
vhere the contour is taken as vtho outer path on the right
side of figure 17. Dut the closed lihe integral of '~
about this path is simply the value of the bound oirculation
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3.
a. the loocation whero the patn cuts tlie vortex sl.cet,

1113 value is never larger than [, ; tl.erefore, it follows

ihat

@ . Nt
|‘\lou*|.r‘ - / t ‘°

f/

\

Yo e talion to boe zero along the dividing
straamline as sl:own in the figurs, Thus for any other
streamline, say at (= E as plotured then

T

W = ‘(‘_ar d

vhere w(y) i3 the velocity irduced normal to the shest
as before, Let /(< ) be the least u per bound of w(y)
in the intervel € , This exliats fror tlio proof glven
in the appendix that w(y) is rinite except at the edges
of the shest, It folluws then from an elamentary inte-
gral theorem that

R
¢ = wWie, =

—

It ocan thus be stated that
[Naupar | =0 1001 2

From this it can be seen that as & approaches zero the
contribution to equation (3,37) along the outer paths
vanish, Thereofore the path of integration reduces to that
shown in figure 18,

The problem then i1s that of evalusting equation (3,37)
along the path indicated, As an aid in desoribing the
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\ proocedure, positions in figure 18 along the path of
integration have boen numbered., Thus

I= —L gv.tr)d; +;\H~"_,u;, +J}‘\y;rod; U y-nd. +) AN f)'f": d,’f
~é-4 3= -3 S-e"/ Py -y ~

‘=‘[I.*I‘+Iﬁ,+r4fr+ruj

-

Along the path l-2=3 the stream function is a constant.
Let the value of this stream function be denoted by '’ |- §*/e
Then the first integral becomes

) C A
[,=¥{- E*/ j e 4o
(' | ~< =~ 5
but J '™, d, 1s the value of the bound ciroulation at
EPIEN
the position 1 (or 3), If this value i1s denoted as

["(~4* then the first integral becomes finally:

L= =% 0

¥ k B
The tengential velooity from 3 to L 1is ‘—‘- j ‘T ) .

J
Thus since ds = dy the second integral can be written as:
o, ey
I A R

—_ 4
Y

The tangential vdolocity from 4-to S in the direction
o A
indicated is also - 4 l‘ Y o The third integral is thus:

~
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Along the path 5-6-7 the stream function is oconstant,

Ir this 3.- denoted by \/ ('j*) then the fourth integral is:

- - ~ */r- .
Ly= Wiyt paids
;‘\':"'l !,'
But in the direotion indicated on the figure | ‘7, Y-

. 567,
1s the negative of the value of bound circulation at y*,

say |(yY,
The fourth integral is then:

T LAk K
I L R N )

In like manner the fifth integral isj since ds 2 -dy:
Y
v YRRV
= - 3
Ly=mo it g ]
('( 3

A

and the last integral 1s: .

But I, 3 -I; and Iy ® -I;, Thus

[:: _*’l_.jl),‘l_j*/:*_*/k }‘/i‘\ .)R"/
.o (*
/ Jdey . Lo :
B T S U B di iy
AR /Hj’al )

._jt
From the symmetry of the problem
T = 0y
ai'-f gl

4y qa

<
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(» The expression for I oan then be written as
. oA
AR LN,
I=zvuvruv-jwwud; dgj

[

RGO e o
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Gonudor tbo lntogral in t.he lbOVO Sxpression:

e BT e PN

< S { dy ()
(v()d d‘“P‘” G
o 0 J
1 ‘,r
: . SWIR ) dk/
j =\ (‘j*)- t 3 : ] d
f . C’
The expression for I thon begomes
. ) (J~ ,(‘IJ)
. L=2 T (3) dy

o
How 1f w(y) denotes the induced velocity in the

-2 direetion at any point on the y-axis, then from the
definition of the stream function
awviy)
dj_.

The final expression for the kinetic energy for the

= " (‘(JJ

{rrotational motion outside of the streamline which inter-
seots the y-axis at y* is linply '

3R
Ko=j gjbenrigd (338)
D
This expression allows of a simple physical inter-
pretation, Since w(y) is the downwash in the ultimate
wake, the downwash at the plane of the wing will be
W) | dhe Xutte-Joukowski Law states that

2 - —
F=rpV, (7
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where: F ® foree veotor
V = yelocity veotor
M = eirculation vector
Applylng the Kutta-Joukowski Law, the induced drag

on a differential lengtn of wing, dy, is given by

Ly

dL = NEVEY

Thus expreasion (3.38) can be seen to be equal to the
induged dro‘.g contributed by that portion of the wing be-
twoen -y* and y¥., If y* 13 allowed to approssh b, then
this constitutes & proof that the kinetic energy per unit
length of the vortex system 1s oqu'al to the induced drag.

Now the kinetic energy of the irrotational motion
outside the cores of the model of the completely rolled-up
vortex sheet can be expressed as the difference between
the induced drag and the kinetic energy within the cores,
This eiroumvents the necesaity of ocalculating the oore
radius since the kinetio energy in the cores was shown to
depend only upon the strength of the vortices, This energy

was developed earlier as:
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’: ( Bquating (3,30) to the above gives finally the integral

‘ relationship for 3™

1 7 b

3 Lo : 1 /( °

? Pl Cpproepdy=L = (3439)
& o

% .

The above equation oould also Le written as

7 - b AR

1 . (

] TeCouwr gl = >

(j*f Ciparlyd p= o (3.40)
3

For a given distribution of bound siroulation, it
18 now pou!.bl..o to determine the region in which the rota-
tional flow 1s assumed to be oconfined, The expression for
the downwash w'p given previously as

b all 3
’ a7
W (4,) = )T (3.42)
A . —p ~TMLi.m .
( The stream funotion for a vortex in irrotational
metion at the origin is:
- ( ‘ L
i ‘ \Wom o= | Dy :/k+ PR .
j LA )/

Por the vortex centered at y the straeam funetion at y,
along the line s » O vhere | U gs:

\ L e
v ('&a)zz—n ‘OJ' kSO“ J)

The stream function outside of the vortex sheet is found

: from

: b

.4 [ 4P -

W=7 | 57 ey e )Y (3.42)
& J

! -t

£ ey, e
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The procedure then is to ocaloulate w(y) given
M(4) o Then by application of (3,39) or (3.40) the
value of y* can be found, The wvalue of 4’ ( (*/ 4is then
salsulated fram
t1

3
i
§
f
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4

Ly

1N = ~"' j 4!
FAS = e (3.43)

A Bus this streamline for which the stream function has the
i value ‘W ('{*/ ie also the streamline defining the outer
‘ extremity of the rotational flow, '+’ |*, is thus equated
to (3.42) in order to find tr_, the looation of the
odge of the rogio:: of the rotational flow, The veloolty
. ab this point is then determined from (3.51),
3,230 Mediffeaticn Lue Lo the sistribution of Lue Energy
in _she Vortex Sheet N
S8ince the growth of the region in the vortex shzet
in wvhich viseous forees predominate does not necessarily
¢ follew the streanmlines of the potential flow pattern, the
artifiee of assuming the rotational motion to be confined
within s stresmline must be modified in order to be appli-
eable, ,Gﬂ.lsgcttmt must be made as to the shape of the
astual sheet, Allowing for the ~ution of viscosity
! - W its breadth, the streanmline pattern of a typical
trailing vortex sheet will appesr as shown in figure 19,
The dashed lines ruming horisontally indieate the region
slose to the plane of the sheet in whigh the visesous forces

e
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predominate, For the sake of desoription, this region

is shown considerably thicker than it aotually ‘s, Also
indicated by dashed lines are the positions of the stream-
lines of the irrotational motion before acted upon by
viscosity.
low of course what is actually desired in figure 19

is the value of the streamline ‘Y, s Which outlines
approximately the rotational flow around the edge of the
sheet, Ilowever, since the energy of the core of the
relled-up vortex includes the energy of rotational motion
both inside and outside of V, , it follows that by the
prosedure as outlinéd, & value of the streamline will be
obtained which encloses the streamline '+ . In order °
to obtain the value of ', , the energy of the irrotational
notion must be taken as equal to the sum of the energy of the
sstual irrotational motion as obtained from the rolled-up
sheet and the energy of the rotatiomal motYon outside of

V, o Thus it 1s to be expeoted that lower values of
the mintimmm pressures will be obtained in prsctice than
are predicted here, On the other hand it would seem reason-

‘able to expect that predictions hased on the bounding stream-

1ine would be qualitatively indicative of the results ob-
tained from ‘{, . The experimental results to be discussed
laser, indisate however that the energy of the inner region
samet be neglected if quantitative predistions are to be
made,
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For an insight into the behavior of the inner region
of this sheet application will be made of the Kdrmin
momentum integral equation, given in reference (13), for
the boundary layer., It 1s realised, in view of the tur~
bulent nature of the flow behind a wing, that the results
of such analysis will only be qualitatively indicativs of
the actual oase,

Consider a portion of the vortex sheet as shown in
rigure 20, Along the outer edge of the "boundary layer,"
the velooity will be denoted as ‘ LL, o ior a vortex sheet
of constant strength and w:.n.l_to oextent, the velooity
induced tangent to the sheot is constant away frowm the
sheet and 1s equal to one half the atrength of the sheet,
Thus, if the thiockness of the sheet pictured in figure 19
is miall as compared to its ovreadth and if the spanwise gre-
dient of the strength of the sheet is not too great, then
in view of the infinite shiset the approximation appears
Jutmiblo that the velocity ‘A, is equal to one half
the strength of the sheet, Cuch an approximation should
hold exsept in the region of the edge of the sheet, The
thiclniess of the layer will be denoted by & as indicated
on tho figure. The genersl velocity distribution through
the layer will be denoted as u, If x iz the direstion
along the sheet in the direction of the velocity and y is

- -
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the outward direstion normal to the sheet, then the
momentum equation states

al A Ay
/‘(é*) = A F + (@ Fd, ) L, L

3 X

°

{30 booX

F (3.14)

where!

Yt nomentun thioclmess
5, = S (l - —E') a4 . displagement thicimess
If all di:‘i;amu in the sbove expressions are made
dinmensionless sith respoct to the seni-breadth of the

sheet, b axd all velocities with respect to the reference
S

velooity, S Jand if further 1t is assumed that the
form of the velooity distribution, 3 , is independent

of x, the equation (3,4l;) ocan be written as

d(Rpd) SEY ‘
oMy T +(I tele Jikpey 0 =1 (0 (3445)
. A
where: T ('\)" o,
" { Jlf
{ LO)'; \d \/,\zv
- 1
" \
T, = +(\)k““()

]
,.g(t-Hu 1
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and all lengths and the velooity W, are dimensionless
as previously presoribed, Since the strength of the
shest, and thus A, , is lmown, the equation (3.45)
is of the fomm

48 .

a2 x) & = L
ax trw / (3.46)
This is a common linear differential equation, the

nolutvion of which is given in closed form as

-qux/' 1P dX — > da
f

fae Qe da o+ K27 (3.47)
J

K being the oonstant of integration, The functions ?
and Q ean be seen to de

F oL
T,v<Ile)
Pw= ( dIT TR
I(."-l.
Ny
N (ay= -
\xk) I€ \\\

The funstion f(' ) should be chosen so that £(1) 31
and its derivative at the edge of the layer 1s .equal to
that of the irrotational flow, Sinse this-derivative
varies along the sheet, for purposes of qualitative analysis,
the funotion will be selested on the same basis as for uni.
form ﬂ.ow over a flat plate, This discrepancy in the
derivative should not seriously alter the results of the
analysis dnoe for an infinite vortex sheet of constent
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strength this would be exaeily the case, If £( 1) ) is
then chosen of the form T(|)= An + B 7% to satisfy
tld=0 , +W=1  , 40 =1  then the finm
funotion besomes:

-{- ('l/‘ - l( - r( < (30“-8)
For this distribution T o = \:—:
; \
! [y =2
4\(0)2' —
Thus equation (3,55) can be written as
S(Rps, o & IS
o o 2R (RN )= T
) X <A ARy b Ay (3.49)
. ANRE W
or e >4 e
-%J(Qfd)(/ MK gy -TT‘, t\"\i 4 x
] \s . ZJ A, . Coee = / '
= - & ax + K&
Rpé ) k.

The total kinetic energy per unit length of the

vortex shest in the boundary laysr of the sheet between

=% and x oan be found as - A
PR i
| Y A /
= — PolSdy dXx | o
KBL AZﬁJ j j _} (3.50)
: o

Q

In texrms of the dimensionless cquantities previously

employed, this can be mritnnxu
~ar s

: i ," - , ‘
Koo= K~ Lgﬂud'l‘]‘ ‘WS (Rpd)da (3.51)
o

O
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C) ‘ Some of the uncertainties involved in this develop-
ment will be oircumvented now by, in effeot, normalizing
the problem, That is, the éxpresaton (3,51) will be used
only to eatimate the distribution of the energy in the

z rotational motion of the vortex system, For this purpose
,' e fastor ", (X) 1s defined by
9 » X

,
1 )( \ Rn 3) P
Y ) - -9..._,,.,..4-, ) ( 052)
rlc_(x) - ,'l - ?
rl wvhere Rp $ 1o obcunod from equation (3.49).

To find the energy of the rotational motion between
x and =x, the energy between x ¢ 1 and -1 is multiplied
by M. (X) « Thus equations (3.39) and (3,40) will give
more closely the imner looation of the stresmline '{/, ,
mtigml‘) 1rtboymmdifiodbomd

fmm gy =Li- ji!‘ U (3.53)

2

b . Y
)( Plyjurigdy =

$*

The question now arises as to how to determine the
pressure drop through the region of rotational flov. In
. opder to deSermine this drop, the distributios of the

% - velosity in the reglon of rotation must be known, Sinoe

-

(-n.) (3.54)

316
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the steady model of the vortex sheet, as in the oase of

Rankine's model of a vortex is a vioclation of the equa-
tions of vigcous motion (in a viscous fluid, the vor-

tiocity was shown to be a function of time) a continuous

solution of the equation of motion cannot be expected,

llowever, the equations of motion can beé considered fox
the repgion of rotation distinct from the irrotational
flow with ounditions at the boundary being ignored, If

_ the stresmlines for || > b in the rotational motion of

the shest are assumed to 11e on olrcles concentric about
the edge of the sheet, then, as in the case of the vortex
oore, the v component of the velocity would be piven
closely by (" o From oconsideration of the equations of
motion..thia ansunption'uppeara valid, at least for small
values of r, At the boundary of the region the velocity
18 to be oontinuous and equal to the yolooity of the irro-
tational motion at that point.

Under these conditions the pressure drop through the
region of vorticity will equal the drop through the region
of irrotational flow. Thus is ', equals the velooity at
0% qo) then the miniram pressure coefficient for the model

. f the vortex sheet will be given by

R PP i L& o

C P = e .2"’ = - 2 ‘ ~ 2 ) ‘3095)
Ly R Vo :
2 / Oy \ "/
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3.240 Irediction of illnlrum Dressure Coeffialent for
A, [ ] i >)
To the approximation of & 1lifting line, the elliptiec
distribution is readily applicable to the theory just de-

veloped for the non-distorted sheet, For an elliptic wing
the distribution of bound ciroculation 1is

R
' v \b/
If this distridbution of oirculation is substituted into
equation (3.,41) for the downwash velocity, then it will

(3.56)

be found that .. ()= ‘2 Lo b
L J
“ln
L \ '
- o I tJ . I » L
Wiiy)y= — - s
V= o( ) - ) (b)
/
The induced dras for thie cano is onloulltod as?
! Nt “s~ ~
Moo= o— 1k - 58
L, =) [ e (3.58)

while the mid-span value of the oirculation is related
to the wing 1irt coefficient by

- "- o L (3059)

sinse
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For this particular ocase, 1t is somevhat sasier to use

expression (3.54) for determining y*.

If (3.,59) is sub~

stituted into expression (3,54) then the result reduces to

where

or

» —

XV1= x*& 4 sin '«

7
v
2

X

oy

r l
J- X% dx:q'ﬁ (1=

x

—
-

Tl v (s

21T

(3.60)

(3.61)

The funotion qe(x ) oan be found by integrating
esquation (3,49) with ‘',

A =

[y

>
“~
Al

given by

A

"- , X - A\

and subjest to the condition that R » 4s bounded,
The solution to equation (3,61) will then be found as

The stream funstion at y* ean be found easily by

integrating the constant valus of the downwash fronm 0 to y+~

PR
: e 2 Ao

If the |

-

-
o

e. 476 1,

(3.62)

distribution given by (3.56) &is sub-
stituted into expression (3,42) for the stream funetion
for y> b, then upon integrating the resulting equation
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it will be found that
i/ o e
Rl Bl ey g B (3463)
2\t o/ , 3463
Equating the above to ' \ {*¥ gives
30 = .00 wG b (3.604)

This then i¢ the outer 1limit of the region of ro-
tational motion for an ‘elliptiec wing. The downwash
velooity at this looction oan be found from (3,57b) as

- N BN
wWrie) = 04/ o (3.05)

The minimum pressure coefficient for this oase by
virtuo of expressions (3,59) and (3.65) 18

\h

CP_—"‘J(‘)/’
: (3.66)

/ PR TSR
== "\mk Jx PN

This expression has been evaluated for the elliptic
wings of aspect ratios L, 7, and 10,2 with the results
given in figure (21), Ilor comparison purposes, the exper-
imental data obtained for these wings are also ineluded,
Although the sgreement is considerably better than for the
ease of the rolled-up vortex asi.eet, there are still appreoc-
fable differences between the predicted and experimental

results as is obvious from the figure,
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pressure the following oaloulations were performed, As-
sume the velocity in the core to be given by

V=Cr+ C 0rm? (3.67)

] -~

"This 1is the form of the velooity whﬁh is indicated
by the first two terms in the expansion of Lamb's solution

for small values of the radius, c:1 and 02 are oconstants

to be determined from the contimuity of the velocity and
1ts derivative at the edge of the core with the velooity
of the irrotational motion outside of the oore,

Without going Mto‘thn details of these calculations,

the expression for the velooity becomes
Nl e
i e I i .
Y Lr o («&,‘ N {3,68)
The pressure drop through the core for this velocity dise

tribution can he caloculated as ‘
o [,\ & .
/ .
A . (3.69)
L4 = \"
The kinetic energy per unit length of the fluid motion

within the core would be

s
Ke ALY

P~ P =

'Y

A

I ,
(3.70)

If this expression for the kinwetic energy of the ocore
is used in place of expression (3,05) then the expression

for the core radius (3.,30s) will read
o b' ’ X "HTALL /L' L

== L MhvCxp NG,
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If the elliptic wing 1s oonsidered, the core radius
s found to be a & 2695 b, The minumm pressure coef-
fiolent 1s predicted to be:
C,f_--477[-(:-—° e 4&;}"'— '
X2 - & v Jdx (3.71)
The minimum pressure coefficient for the elliptic wing
assuming & linear variation of the velooity in the core is:

— f

Cp Do e L, W
—==4sil o7

X4

Thus it ean be seen that even though two extremely

different forms of the velooity distribution in the core

{

vere assunmed, the considerstions of kinetic energy deter-
mined & value of the oore radius in each case 80 as to
produce predicted minimum prossures whish vary only
slightly from one another,

Attempts to Lmprove upon the results of the theory
of the non~distorted vortex sheet have not proven fruitful,
Altheugh the treatment based mainly on the relationship
between the induced drag of the wing and the kinetio
omergy of the vortex sheet neglects any effeot oz; the
voriex sheet of the boundary layer developed on the wing
or the effest of the turbulense generated by the wing, it
48 dirrisult to see how these ean Le accounted for theoret-
fsally, It was mentionsd earlier that & solution of the

Navier~3tokes equations satisfying the boundary conditions
i
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which the wing imroses would Ve desireble but evon here,

the results would be questioenablo due to the turbulent
flow. Becauro of theso reasons it was decided to devolop
a sani-enpirieal approach which would furnish engineering
answers to tte problem, DBDefore presenting this develop~
ment however it would be well to diascuss the experimental
investigation and its results, |
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44000 Experimental Ixvestisation
4100 Janda of Investization .
It was mentioned earlier that the pigblem of the

ainimm pressure in a trailing vortex system is important
in eormection with vortex cavitation of marine propellers.
Is is this same phenomenon of cavitation whioch was used
in the experimental investigation to determine the mini-
mum pressure in the vortex system, It might be well,
before getting into a desoription of the astual experi-
nent, iao diseuss briefly the phenomenocn of eavitation,
Cavitation will ocour at a given point in a flow
of liquid whenever tine local static pressure at that point
is redueed $0 a pressure equal closely to the vapor pres-
sure, The exsst pressure for the insnption of savitation,
scnmetimes referred to as the eritiocal pressure, although
elose to the vapor pressure depends somewhat upon the
state of the liquid, This is spparently due to the sur-
fage tmion‘ which prevents the growth of cavitation
bubbles unless mwolel are presont about which the bubbles

.ean form, Unless a spesial effort Las been made to reduce

the air content, however, the oritieal pressure and vapor
pressure are nearly identieal, It will be assumed that
sush is the ease for this experimental investigation,
The series of photographs of figure (22) illustrate
the manner in whiech ocavitation is used to determine the
ninimm pressure, In these photographs water is flowing
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poass a hemdgpharical nose. ‘In the first photograph,
either the veloeisy is great enough or the free stream
ssatic pressure is suffieiently low so that the loeal
stasis pressure at the juncture of the hemisphere with
the sylindrieal afterbody has decreased to the value of
the wvaper pressure, In this instance vapor pressure
exists over a eonsiderable region of the nose with the
resulting eavitation oosuring over quite a brogd band,
In the seeond pieture, the veloocity has besn decreased
or $he free stroam static pressure increased so that the
enfuing savitation is not as pronounced, In the third
photograph the free stream conditions are sush that only
the smallest smount of cavitation remains, If the free
strosm veloaity were deoreased slightly or the free
stresm static pressure ineressed a small aneunt then

. this eavisasion would disapoesr altogether,

Now suppose that p _ and V_, are the free stream
pressu'e and veloocity respectively at whieh the cavita-
tiem just disappears, Ior these particular values then
it 18 known that the minimm pressure along the body is
loesatcl et the point where the cavitation had been present,
and further it p known that this minimnxn pressure is equal
to the vapor pressure, The minimm pressure coefficient
ean then be ealoulsted as ‘
| Pe- s

L L
) Ve

C

-
—

P



59
Thus the rinirmyn pressure ocvefflicient cen be deternmined
for the body from observatlon only with no recourse to

direct measurenont,

un a body such as tiiat just considered the diroct

g
&
¢
7
v
AL
H

neasurement of the mi:ii:.un pressura is not too difficult,
For a tralling vortex .owever whose location is rati-er

] unstable, the advaniage of doternining the minirmm pres-
sure by observing the cavitation at the center of the
vortex 1s apparent, actually, it 1s diifioult to see

. how the minirum pressure would Le measured directly in a
\ ‘vortox iun view of the veloolty uisvripution about the |
o vortex.

It 18 standard prectice in lLiydrodynamics to define
the state of a glven flow with regards to cavitation in
terms of a paraneter knowﬁ as 8 cavitatfon index, .l.is
: paraneter, denoted vy 6° , is delined as
; : P- P e
i = ——— (el )

zpPV

The partioular value of tiis index at whish cavitation
Just begins is lniown es the oritlical cavitation index,
dtnotc{i by 0.. . oserve tiat tiio minlmum pressure
A coefficient 1s the negative o 0. . if the operating
g« . index, 0~ , 1s greater taun @, tl.en cavitation will
* not be present ::.ile 1f § s less tlan (. thon the
, 1} mintsews pressure will Le less thun L. e vapor pres-ure and
a | ( , osvitation will ocour,

,



S

e I oy ¥ T T 2 R

ot oy B 15D AT S T

[

PR

R B1 2 5,y e e o E T

B ekt

o e v A s T e~ i 3

4 & T e ‘ 2

~ 60,

4,200 ZIeat Eouiomens

"lho pm-x;ou of the experimental investigation was
to dotermine the variation of the minimnm pressure in
the trailing vortex systams of elliptie, reetengular
and delta wings as n. funotion of aapeot ratio, angle of
attaok, and Reynolds muber, These results could then
be used to eompare with any theoretiocal predictions or,
&8 18 done later, be used as the basis for a seni-empir-
el development, Detem:ination of these minimur pres-
sures was aooompliashed by observing the cavitation in
the trailing vortex nyitm of families of elliptic, reo-
tangular, and delta seai-wings mounted in the Garfield
Thomas water Tunnel, This tunnel is & facility of the
Ordnanse Repearcli Laboratory, opsrated by the College of
mclmorlng and Architecture of The Penns7ylvenia ltate
University under contraoct from the U,5, Navy Dureau of

" Oordnanse,

A sketgh of the Garfield Thomas Jater Tunnel 1is |
given in figure (23), This tunnel, with a eapasity of
100,000 gallons, has a four foot diametor eiroular test
sestion with A length of 1, feet. The test seotion
velosity 1is continuously variable up to a maxizam velooity

 of eighty feet per second, The statio pressure «t the

oenteriine of the tunnel is variable from three to sixty
pounds per square inch débsolute,
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A diagran of the test equipm mt mounted in the tunnel

test sestion ocan be seen in figure (24). A four-by-four
foot false floor divides the tes! section along the hori-
sontal diameter. This false floor is supported in the
ennter by a large strut and at tie middle of the leading
and trailing edges by smallédr struts fabrisated from elli-

ptieal tubing. At the sides, the floor is attached to the

tumel walls with lengths of argle iron, The large «nté
strut is hollow with a shaft running up through it to a
tumtable. Mounted on this twmtable projesting vertisally
into the flow is ﬁu semi-wing shape to be tested., G&ince
the fulse floor lies on the dividing streamline of the flow
about the wing, except :'or the boundary layer of the plate
the flow about the semi-vwing will be unaffected by the
presense of the floor,

Pigure (25) 18 a llée-toh showing the arrangsment for
turning she wings. A worm-wheel is fastensd to the end
of the shaft from th. turntadble., This wheel is driven
by & worm gear sush that ten turns of the gear produwses
about 30 degrees travel of the wing, Attached to the
shaft whieh drives the wing is a potentiometsr., This
potentiometer is connected in an astive leg of a bridge
eireuit, A diagrem of this oircuit is given in figure (26),
ﬁ\&l u. & mull cirsuit vhich was used to determine the
angular posision of the wing. Angular calibrations of
$iw eirsuit were performed frequently during the tests..
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1hese oalibratiuns are perfurmed as ifollows, ihe
asswiod gero 1ift line 1s marked on tiie base ol ouen
wing,. ' A protra&tor‘ is iined up wit"n & so0rive line do~
fining tue direction of tue undlst‘x.ubud {low in the

tunnel, Li.eu the wing 18 set to the limit of its angular

travel, it the »otontiomotor . set to a I'ixed resding,

tho potentioreter .. is ayj:sted so thwmt the milliammeter

reading 18 zero, L.:0 warle of tlhe wing is then enanged

about two desrecs, 'L gsetiin: oi ‘the potentiormetoer O

is then rocorded wilci. s nocescer Lo ouce asuln sero

the arrstosr, “nis procedure is nerfored vver Lie anudlar

travel used in ihio tests, ..o resull o’ L.o oculibration

is a graph o the angular pocsitlion o' U e ning as uw fune-

tion or the setting of v.o noteutlouotur o for & Iixed

setting ol potentlomotor .., .ugi a calllrctlon 13 glven

-

in figure (27), Li:c motiwz of cttac in- Lo Winge to tte

turntablo was rolatively sliple, & flanse at the Lase of

the wing shtiapos £its inLo a millod receass in the turntaile,

A cover piatu then 8lips down over tine tluige anu is nolied

down flus- with tle sur’aco ol the lalse i'lour,

iviere ure ninoteen wings testod altojot.er. .ov
euso of noiation tuese vings vers glvea wu laontlr lng
mber, Lo mribers i descrliniions of Lings ere listod

in teble (I,

#Ang mumber 1 t.us manulfnctired to axtralsly close

tolercnees »Hy thie Leshnical .ervices Jorporaiion of
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Bowport News, Virginia, The cost invelved in doing this
for all o2 the wings wes prohibisive however, so that it

- wad deesided to mashine and hand«fintsh the rest in the

wter Twinel Mashine Shops. In order thas the effect of
mamifesturing differenses might be determined, at least

in part, wing mmber 10 was selested to have thie same

planfuam xhape as the first wing, uring the course of

the emperiment however, & special profiler was installed

in the Water Tuinel Maghine Shops 80 that it was pessible

to mashine some additional wings assurately using parti-

eular stations of wing mmber 1 as the templates, A photo-
graph represantative of the wings whieh were testod is .
shewn in figure (28),

ko300 Ammarimeniial Iressdirs
The ving % be tested is {.rst mpunted on the twm~

' sable. A ealibration for detemining the aigular position,

&8 previously deseribed, is then performed. Following this
the hatelr sover 18 plaged on ths test seetion and the tun-
nel filled, After filling, the Heise precision type pres-
sare gages vhich read the tést sestion pressure and a mer-
sury Mw. wvhieh reads the pressure drop asross the
asssle musts both be bled to recove any ailr entrapped in
the 1Ums. Also & meresury barometer reading is taken and
the Hslse gage adjusted to read the correst sbsolute pres-
e, With these preliminary arrangments, the testing is
ready to begin,




“Q
he vumel 48 started and the tedt sestion veleeisy

and pressure are set to the deaired valuss, lNext the

wing angle s inereased until cavitasion in the tipe

verven bosones prominent, the angle is then gradually

desrensed %0 the peint where the last trase of eavitation

Juat dieappears, At this eondition readings are taken of

the manemeter drop aeross she nessle, the test sestion

g | pressure, the wvater Smperature and the wing angle.

With the velosity held sonstant, the preasume 1i»
changed u\xl the presedure L8 repeated, There is 8 definite
vessen for measuring the gngle at vhieh the eavitation just
disappears rather than that at whish 1t begins, The data
- obtained 16 much mere sonsistent, In general, the angle
-\ st vhieh exvisation begins is somevhat greater than the
" angle ot whieh 15 disappesrs and 1s net as repsasable as
- ~%he laster angle, This 1is apparently due to the fast that
6. the covitation 160017 Suppliss $he netessavy ruslel in the
N fowm of mimute aly bubbles about whish the eavisation
bubbles fosmj whereas, with ne esvitation present, the
g ineeption of savitasion 13 somevhas of a statistisal
‘g“‘ | Dressss depending upen: the presenss of wandem mislel, This
I behaview 14 sharastoristis of most savitasion Puenemmens,
£ As nobed previewily, sesh snguler pesition of the
Ving 15 messwred yolative to an ssswmmd sove 11ft direstiom,
If Whis vewe the servest direstion fov sero lift then, sines
the airfeil sestions are all symetrisal, ons would sxpest
the same wesults for positive and negative angles of attask,
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However, bessuse of errors in the menufesture of the
wings, exvoye in the aligmnt of the wings, or a slight
anglarity in the test seetion flow, this is not the ease,
this wneartaiaty in the direeticn of sero 1ift is easily
ssecunted 98 however by taking meamirenents to bLeth sides
amuwmlmmmumnmumgm
meaed angles by & constant amount to assure that the
Posults are the samé for equal absolute values of the
angle of astask, Sueh a pressdure certainly seems legi-
Simates & beyond question, The correstion anounsed on
e avevege 90 about four-tentas of a degres and was oon~
sistent with fhe wings,

Toats vare sendusted at velooities up to sdbout 4O
foob por secend, Although the tunnel is sapable of highey
spesds, Btruetupal limitations of the false floor proe
hibited highey speeds, Even st the veloeity of 40 feet
pOw aosond & faflure cesswrred during the coupse of sxper~
. Smpubobion, “The false floor, altlough in line with $he
Slieokion of W flov, experiensés s considersble L4f%
forse whieh is probebly attribusadle to tus interferense
oF %20 large semdral support strut, During the soursse ef
& et with wing mmiber (5), the leading edge support tore
Mm&onm&ﬂu‘»ﬁm“mtnt sestion
allowing the »iabe 40 dsfledt upverd produsing an even
Sresher 115t feres, The Frosess being a diverging ene
esgurwed in o brief fustant whem it appeared to the ob-
Sosverer &3 Af overything hed simply dissppeared before his
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oyes, The funnel was stopped with the emergensy stop
butten but by this time ths equipment was badly beaten,
™he wving was tern loose and carried downstresm ending

| W in the lower leg of the tumnel, Swrprisingly enough,

however, aftur having gone through two corner guide vanes
end the tumel Lwpeller, the only damage to the wing was
8 Slightly bemt tip which was easily eorrested, The false
fleor hevever 414 not fair as well, The forse of the
vater pressed the plate to the top of tho test sestion
Lesding this ‘~insh thiek alumimum plate to the contewr
of the twnnel. The tumnel itselr suffered some damage
vith gashes i1 the bronse walls and a oracked viewing port,
Fortumately, tals damage eould be repaired satisfactorily,
After this strustural failure, the apparatus was rebuilt
vith additionsl strengthening smployed.

In addition to the usual tests, measuremsnts wers taken
oVerF & renge of tinmwl water temperstures in order to extend
$he vange of Reynolds mmbers, It is possible in this man~
Wew alerw to shangs the Beynolds mudber by & fastor of two,

o .ﬂui"dmnt festure of the tunnel that the temper-

odwre sons be waried from about L9C up to L50C,
A typleal raw data shest is included as table (II),
A8 menSioned previously readings were token of the test

| sestien statis pressure and the nossle drop, ss measured
by & mereury manometer., The mereury mancmeter across the

messle has had the name "Long John" attached to it,



7
‘p“mbly because of 1ts lLeight, hence the headings on
the date sheet "long" and "Joln" sicnify tiie levels of
meroury in the two legs, '‘he tunnel ies been calibrated
and 1f /\ denotes ihie pressure drop in inchies of roere
cury aoross the noz:le, then the averare test svction
b velooity is pgiven by
“ V= 8’.2/2}_— feol per sevond (he2)
o The statio preasure upon which Lo base the oritical
7 eavitation index cwmuiot be talken sinply as the nressure
¥ measured Ly the !'sise cage, Ghe lielse gage resorda tho

absolute prossure ut the stert of tie test seollon along

the senterline, 4..1s sressure nust therefore be corvected
p for the pressure graaiun‘é alons tho test seciion and also
: ( : ) Tor the height of the wing tip ebove ihc ocenterline of

t‘.}w!tunnol.
Let b be the hei;it o the wing asbovo tie conterline, .
Gince the surface of the falss floor 1s on the tunnel
sonterline, this hoight is also the semiespen ol tne wing,
~ In addition let P be the sitatic px-euurg in ti.o test

segtion at ilLe wing location and p the test*section pres-

sure &8 moeusured by tho ‘.clse gupe, If v is tle uniw

Torm test ssotion velocity at the location of tio wing,

thon the cevitstion indox ut the wing tip will be ~iven Ly
B — P, — bur

5P Vo2

——

t,—-

(Qo3)

2
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: m'“ “»m‘ M‘t of the “t”. E’ Sernoulli’s
| Squatten PrEpVis R v Lp Vs

- (Loly)

™e mm' for ths tip cavitation index then besomes
o G't"r;\"&;";i@* “B, T zgffj (he5)
0~ ie the eavisation index based on the meamured pres-
sure and the veleeity as given by equation (he2)s The
prelswre eoeffi¢ient, U, , is known from ealibretion
Sests of the umal, It is a slight funetion of Reynolds

. mumber bus sinee it enters as only a smmall oorrestion to

0 o %ais varistion can safely be ignored and an average
velne of 8, = - (0,023) used,
, Far ease of computation, the expression for G} oan
be put in the form
|
6;-0977[2 2:2(13‘/’..) 0% :).“f.(wo:/%.j (Lo g)
ware: p ® test sestion pressure in psis as realt on
Helise gage
A ® nosale drop in imehes of mercury
b » wing semi-span in inches
PU'_ vapor pressurs in pasi
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The vaper pressure as a funetion of temperature is
given in table IXI,
Lei00 Jparimential Resta

The tests vhish were performed are swmmrized in
table IV, The test nmumbers correspond to the mmbering
systma used at the Gerfieid Thomas Water Tunnsl. Most
ef the tests were sondusted at a test seetion velocity
of 1,0 £ps with the test sestion pressure being varied
from about 5 e 6 pala up to 20 or 30 pata, The water
u-pn‘m for the majerity ef the tests wvas constant
at abous 24° C, 7Tome of the later tests were run at
SEtTeme yanges of temperatures and different nluivtiu
te study the effeet of Reynolds mmiber, Defore discus-
sing the detailed results of the experiment it might be
woll te first discuss the gensral performanse of the

umtypu of vings, . .-
kel BAohia lanforma

The bshavior of the tip-vortex easvitation was very
fiailay for all of the elliptioc wings, irrespestive of
e aspest rasio, At the higher angles, the location of

. 4he minisam pressure was same distanes aft of the wings

with eavisatsion disappesring at s distance of about a
sami-span downstrean, A$ the lower angles the vortex

esvitation appeared to start down a 1ittle on the leading

odge, ouwrve up Wround the emd and treil from the very
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odge of the wing tip. Az the vortex cavitation was sup-
pressed it would disappear simultaneously on a small
roglon of the blade and Lmmediately aft of the blada,

FMigure (29) s a photograph typical of the vortex cavita-
tiom fram an elliptic wing,
Lski20 Lagtenular Flanfoms

As in the sase of the elliptic wings, there was little
differense in the general behavior of the vortex cavitation
fyems one aspeest ratio to the next, Unlike the elliptie
wings, at the lower angles of ettack the cavitation osourred
uniformly along a considerable extent aft of the wing, never
appearing initially attashed to the wing, The inception of

she eavitation was quite definite at the lower angles but

1

at the higher angles it was very sporadic, Two states of
vortex savitation fram a rectangular wing with an aspeet
ratio of four are shown in figures (30) and (31). Figure
(30) aicws he vavitating vortex io‘avinqvtho blade and
trailing downatream while the seoond photograprh illuse

trates a state of cavitation where a region exists just

aft of the wing in which there is no oavitation,
Leli30 2al%a Dlanforms
The cavitating vortex from wing muwber 5 which 1s
s delta wing vith an aspeot ratio of 2,55 wes considerably

 differsnt from the other wings tested, The photographs

of figurer (32) to (35) inclusive Lllustrate this cavi-
tation, In these series of protographs $he angle of the



71,

ving and test seetion velocity were held constant while
the pressure was varied, There are several points to de
observed on these photographs, First it should be noted
that a type of vortex cavitation coours along a eonsider~
able extent of the leading edge of the wing. Alse notice
that the trailing portion is shed from a losation inboard
of the tip unlike the elliptic and rectangular wings.
Finally observe that as the pressure is increased, ths
cavitation remains the longest on the wing itself,

For the two dalta wings of higher aspect ratio it
was impossible to obtain vortex cavitation in the trelling
vortex system of either of these delta wings, Cavitation
osourred along the leading edge as with the small delta
wing but & definite cavitating vortex aft of the wings
sould not be obtained, The effest 1s shown in the phote-
graph of figure (3 ) where, instead of the trailing cavi-
tating vortex, only s murky region appsars as saused by the
air bubbles released from solution by the eavitation om the
blade,
LeilO Gemaral DAssussian of Results

The Garfield Thomas Water Turnel 4is a relatively 2w
fasility and these tests were the first of this type to
be performed in the tunnsl, 7The false floor installation '
and wing pitehing mechanima wore designed with little or no
previous experience from which to draw, It was only natural
therefore that many "bugs" had to be eliminated before
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sonsistent, depsndable results couid be obsained, The
first of these as mentioned previously, was the overall
strength of the false floor installation which proved
insuffisient and failed during a tedt, The fallure was
attributable to a large extent to excessive vibration
prodused by cavitation on the false floor struocture
{tself. Prior to the failure of the apparatus, it was
very diffieult to twm ths wings &0 that in redesigning
the apparatus, the meshanioal adventage between the wing
shaft and the driving ahart was inoreased, |

The soatter of the data obtained before the fallure
of the uppmm vas rather large. From laber experience,
this wvas blamed on two causes. The first was the test
prosecure in wnieh the veloeity and wing angle were held *
fimed and the pressure varied, 7The desay of the cavitation
was vy gradual and offered oonsiderable latitude in the
tholee of the pressure at whioh the S&vitation was to have

o diseppesred, The sseond fastor to whioh the scatter was

attridbuted was difficulty in measuring the angle of the
wing., Initially a ten-turn helipot potenti.meter was
ocomnested to the driving shaft sinse & potentiometer of
sufficient agsourasy to be attashed directly to the wing shaft
eould not be found, This nscessitated two ealibration curves
fer the wing angle in order to secount for $he basklash in
the mmxmm gear drive, DBeesuse of sticking in the
beayings and * 0" ring seals and ths nature of the loading
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there was always some uncertainty as to whioh of the

calibration ocurves should be used.

The rebuilt apparatus was strengthened considerably
but the location of the aotive potentiometer was not
shanged, The testing procedure was changed with the wing
angle being varied us desoribed earlier, This proved to
be mich more satisfactory. All of the oarlier tests were
repeatod in a seoond series, Unfortunately, in strengthe
" ening the equipment s sealing gasket was relocated and did
not funstion properly. This allowed an excessive amount
of air to leak into the tunel at the lower pressures
making it difficult to determine whether the investigator
was seeing ocavitation or a colleation of undiasolvod alr
in the region of the vortex, 7The dats from the second
series of tests, slthoug: appareatly repeatable within the
scatter of the data, displayed inconsiastensies whichi made
it advisable to perform sadditional tests,

The two major faults with the rebuilt apparatus were
eured in that a potentiometer was obtained whieh 6ould be
fastensd directly to the wing shaft and the sealing gasket
was redesigned to funstion properly,

A third, and by far the most complote, series of tests
was performed., liot only were the tests of the first two
sompletely redone but additional wings were made and the
tunnel water terpereature varied to stuldy the effects of
Reynolds mumber. The apparatus perfommed entirely satis-
ractdx*y for the last series of tests with tl.e data obtained
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being moch more consistent end with: less scatter than
that cbtained in the earlier tests,

The experizental data are summarized in figures (37)
to (ly), inclusive, Inaludod on the figures are ti:e pre-
divied results based upon the semi-aipirical develouient
presented later, The curves of 5y . Versus X for
~ each wing were all taken at a velocity of LO fps, The
Reynolds mmbers based on the mid-span chords are given
on the figures, rigure (L)) presents the veriation of

G}U_ with heynolds number as measured ror o series
of reetangular wings all of aspeat ratio four, 7he lower
Reynolds mmbers were obtalned at reduced waier teaperatures
of about 10° C and velocities of 25 or 30 tps while the
higher Reynolds mumbers were obtained with elevated temp-~
sratures of sbout 40° C and a speed of 4O fps. ‘ine experi-
mental points given on the figures for the two angles of
49 and 8° represent points oa the ourves which Leat 't
the dats obtained of ')‘tg: versus \ at eadin Heynolds
nmber,

The experimentel variation of Tt with + for the
elliptic wings is seen to be nearly linear up to an angle
of 62 or 79 It 1is also interesting to note tnat the exper-
imental results are nearly identical for the three aspect
mtios ‘cénlldog'cd. This is demonstrated more clearly in
figwre (45). The data obtained for the restangular wings
do not exhibit the linsar variation of the olliptic wings



but tend more towardsa a parabqlic shape, Also, the
variation with aspect ratio is rore pronouwneed than that
obtained withi the elliptic wings. The restangular wings
are compared in figure (46), |
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54000 semi-impirioal Analysis

The experimental results do not agree very well
with the earlier predioctions based upon consideratione
6!‘ induced dreag, 7The magnitudes af the prediocted mini-
mon pressure coofficlents based on the campletely rolled-
up vortex sheet are. considorably lower than the oritical
oavitation indices neasured experimentally, ihe varia-~
tion with planform, aspect ratio and angle of attaeck .
predioted on the basis of the non-distorted vortex sheet,
though oleser in nagnitude than that predicted on the
basis of the rolled~up shoet, still deviates appreciably
from the measured values, The effect of aspoct ratio 1s
not nearly as pronounced as predicted and the variation
of cpmin with the angle of attaok 1s more linear rather
than parebolic as predicted.

The principal fiult of tho previous approacliet ape
pears to be in their neglect of the boundary layer on
the upper and lawer surfaces of the wing, It does not
appear faasible with the present state of the art to
attempt a detailed analysis of the turbulent boundary
layer nsar the tip of the wing in consideration of the
oomplicated velooity arxl pressure fields, DMNeverti.eless,
a8 simplified and approximate anslysis cen be made which
appears to explain to & large extent the observed results,
The development will be performed only for the rectanguiar
and elliptio planforms since he delts wings of higher
aspect rayjlo did not exhibit distinct vortex cavitation

-



7.

behind the wings and the flow over the low aspect ratio
delta wing sppeared to separate near the tip,
5,100 Kectangular clenform

Inmediately adjacent to the tralling elge of the
wing the thickness of the trailing vortoex sheet is
deternined Ly the tlillolmess of the boundary layer at this
looation., 3ince the miniram jpressure ooccurs ot tlie edge
of the ahoeet, the boundary layer at the outor ‘end of the
trailing edge of the wing would appear Lo Le the roverning
fastor in determining the minimum pressure,

In order to gain same inasight into the factors
governing this thickness, consider the disgram of figure
(47)e As siiown, the flow approacuing tie wing is diverted
inward over the upper surface und outward over the lower
surfaco, At the tip therefore, the boundary layer can
only grow as a resull of the flow over the loer surface,.
Thus the thicimess of the boundary luyer on the lower
surfaso of the wing at tho tip of the trailing elyge should .
be a good neadure of the tulcknes: of the odlge of the vortex
sheet, In order to estimete thils tilclmess, some sinplifying
assumptions will be made which will be introduced where needed,

Consider the streamline on the lower murfuce whilc: passes
through the tralling edge at the tip as shown in the diagranm
of flgure (L6)s It will be assumed that approxirmtely tiils
strearline 1s deflected Ly v constant angle ove: the wing.
In eddition it is assumed tha. the ti.lokness of the boundary
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layer along this streamline 1s proportional to the
distance from the leading edge along the streamline di-
vided by some power of the Keynolds number based on this
distance; that is, ths thicknoss of the boundary layer
at the tralling edgoe of this streamline will Le given by

,4=kﬁy (5e1)

Vit

where Ry = T
vV, ® "average' resultant velooity along
streawline
K a gonstant of proportionality

This san be ruwritten us

Now the term in the brackets is a funetion purely of the
loading and aspeet ratio so thet to the approximations
whieh were made!

! (5e2)

At this point a slight digression rmust be made, The
ealoulated ciroculation distributions of most wings do not
vary greatly from the elliptic distribution and as such
ean be approximated very c¢losely by

) - o i T -~ + “\
i = ‘C“v"’ - X~ \ir KA A , (563)



! 79.
For most purposes it 1is sufficlent to constder only the
_a; and &, terms. The caloulated distributions of refer-
ance (10) for the restangular and delts planforms were
spproximeted to within an error of less than one per cent
all along the span in this manner. 7The values of 8 and
L whieh were determined for the rootmguur and the delta
\dm are given in table (V). How if equation (5.3) is
substituted into the expreasion (3.41) for the downwash
veloeity than it will be found that for xo > 1

\ /

AMbur ko) T Cif ) i)

.3 ol

+<ﬂ‘+“u)(x SIS
A ° //'(. =i "“'_' (Ko =K —t ,' i

4 I / | \ J

If the values of w as determined from (S,l4) are sub-
stituted into equation (3.55), them the variation of
Tery X? with X, ean be asloulated, These ourves are
givem for tha three rectanguler wings in figure (49).
Nou scusider equation (5:2) for . If x,

"48 taken to be 1 + >  then the variation of with
Reynplds mmber ¢an be determined from the data given in
figwre (L4) and the ourves of figure (49)., The exponent
of R in expression (S.1) is then given by the slope of this
data plotted on log log peper as presented in figure (50)

. Tor angles of 4 and 8 degrees, From these plots the value

of r was determined to be G,35. This value of 1~ s

very reasonable in view of the valuss of 0,2 for a turbulent

(Selt)
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layer and 0,5 for & laminar layer on a flat plate,
There is a point to be considered Lere, It is
possible that the expression (5,1 for & in terms of
/Q and R, should also contain some factor depen-
dent upon x o As fdr a8 the exponent |~ 1is concemmed,
1t does not appear to vary to any extent with X as is
evident from figure (50), Consideration of the loading
distsribution near the tip will also show that the factor
k will vary only slightly with X. . ﬁ‘xis fqllows from
the faet that the product oC; must always vanish at the
tip regardless of the angle of attaock, oince ¢ is con-
stant, 61 must vanish at the tip whioch means that the
absolute angle of attack of the tip section rust always
be sero regardless of the geometris angle of attack,

The variation of DS with aspect ratio and angle

|9
of attask will now be determined from the geometry of
figure (48)s The length \ and the resultant veloeity

are given by i‘."f{’_‘
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2 k ‘ \k‘-]".:
A

TR R Voo (5.5)

[
—
JULN

The average velooity ratio ‘ will be ansumed
A2
proportional to the circulation distribution at ome
. looation near the tip raised to m power

wr ! \ N 1]
\’ = f\ l U e _'- L T, 1 .
, o b :

. L (546)
| & (-i ‘J . Y !
o K\rkr‘\;;\«
Cloan s

where i ®» constant of proportionality to be deternined
n * unknown exponent to be determined

The use of % Lnntoa.d of b in equation (86) 1s tan~

tamount to sssuming that it is the tip shape end not the

i -

Ths expression for : becomes finally
$ - \?‘kh ‘( ’K ae L R | : "‘l,'{‘-‘.—
b ”’_R, R,:,;‘,\‘fzm ‘: u\’\lt-‘Mt‘L,\/, N, : (57)

The oonluntn ky, K, and n must be dotominod from
experimsnt, The procedure for doing this is s follows,
From the experimental data of figures (41) to (43) and
the curves of figure (4i9) the variation of : with
can be obtained for the three restangular wings at & son-
stant Reynolds mumber. These curves are given as figure
(51)s 7The question now arises as to whether suiteble
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values of k, K, and n ean be found to satisfy sizmltan~
oously the curves of figure (51),

The constant k ean be determined immediately firom
the oxtrapolated values of |-  for x=(
G SN

- (548)

<

vhere: O, ® & for .\ ®Q
The constant nis most readily obteined by comparing

A ‘

5 values at X, and _ for a given wing,
‘ . bt
Crvag) ™"

N

!

i

- e '

b aa \

3%
( /ae) -
With n detomiiwd. the constant i is found from:
i
Y Y NPT : :
IRC
L— - -

(549)

K = SN/ . ';_ (5410)
L ' :
L L Y o O
o oy 1 x \ /

For the reotangular wings, the oonstants were cCetermined

an
ks 1ol
X w537
' ns 3,37
The agresment between the ealoculated values of -
using the above values of k, K, and n are inoluded with.
the experimental values i{n figures (41), (42), (43) and
(li)e As is evident, the velues of | ss caloulated
using equation (5,7) and rigure (49), are in quite good
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agreemgnit with the expsrimental measurements, Tho fact
that such agreement was obtained for the diffarent as-

. pect ratios and angles of attask lends considersedble sup-

port to this seni-smpirical approash and to the suppo-
sition that the boundary layer on the lower surface of
the wing is tﬁo fastor governing the thiekness of the
edge of the vortex sheet,
50200 Eliptie Flanforms

The same proocedure will now be followed for the
alliptioc wings taking into account the geometry of the
wing tip, This region of an elliptic planform is shown
in figwrs (52)6°

As in the previous case of the reotangular wings,
the thiekness of the sheet leaving the wing at the tip
wi{ll be assumed to be desoribed by

§ =k fé’..:.:
M

vhich can be r-writto_n as

k o \

b G e s
V' Ca UL

vhere: Ro - -

s mid-span chord

1’1

3

e,

.}
(-]
The chord at any dimensionleas x location is given

" by o ®.C, /x5, X will be 6loso to unity so 1f it is

‘asmuned that x ® 1 - ¢ where .. i3 small campared to
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" unity, then approximately 1 - x° = 2¢ ,
' Prom the geometry of the picture

- , £L
{:» S L 2 N %\"\ &+

Alsot

But: ' C'l - L Ch“

Y
Pac, + o« b

-~

S0 that!: !k~ {7§;3 , PR
’ - ‘\ v
Equating this to the pmioucl expression for 1 gives:

. R SRR,

- PN ‘t

"y &
‘ The retic is then given by
. o i [ e ohn g
) Ao NLv T
,_‘(\ ”J \“:. - /. (‘I‘
From the geametry of figure (52)
: |
-
, [ 2R &
S L g
. i? / - [ Y 1

Vs AT
L’v’r/ =l eV

Thus the quantity C(' %’; oun be found from

(_- »,L- . i/ L_:o ! _\:"‘ - _\:)-
Co \\" ) \2-0 \/, \ .
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i with ¢ " given by i
{ L:l v } | k‘— }w )
G Lo \“‘Ll \W
Therefore in terms of ‘f/‘ s the expression for 'A-t; beecmes
, e iy D ‘5‘
g 2“ oo \ /’U'%'t"l PNty
- e B | te ! . ( 12)
b R.D5 (;‘,D"‘ \\’// it \ v / J SO

AS in the case of the rectangular wings ‘-;; * will be

i

expressed by - . (L, Glesfo .
R N I O R TR
\, L" ‘. L‘\ ~ V3 o
’
. l-
N
po- R T R )
o 1 A

Sinse for an elliptic lift distribution

. - . Y
ozl =

Cla .
O -

E s the expres-

~

Singe for the elliptic wings 7. * ..~
sion for % comparable to equation (5.7) for the restangu-
lar wings becomes '
% Ak //1*- .\‘).(ﬁ,:g'g ,j ‘,”‘ \:,l; ~e e /‘\ i (K'_].!:.
R LT T TEEERRCIN
s R‘éag{m\/ Y TNy, sas

As in the case of the rectangular wings, ’.- / . -
¢an be saloulatéd es a funotion of Xye This variation
is given in figure (53) for th; three aspeet ratios of
by 7, and 10,2, From these curves and the experimental
resulls given in figures (37), (38), and (39), the ourves
of % versus X given in figure (51) for the
elliptic wings were determined,
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Again the question arises as to whether s k, X, mx
n esan be found such that an expression of the form (S.13)
oan be made to fit the curves of - versus x . Ob-
serve that the form of the expression for the elliptie
wings is oconsideradbly difromt than that for the reotangu-
lar vings due mainly to the difference in the geometry of
the tip. Unlike the restangular wings, : for the el
liptio wings goos to zero as X goes to zero,

The ideal situation would be of oourse to have the
values of k, K, and n found for the reoctangular wings
hold for the elliptic wings, There is the question how-
over, as to whether the k or ths power of the Reynolds
mmber of 0,35 will remain the seme since at the ¢ip of
the elliptic wings the boundary layer buildup cccurs over
& very small lcngth.of ehord which is inereasing in thiok=~’
ness, The K and n are questionsble in view of the fact
that tho edge of the vortex sheet is shed from the very

t4p of the wing which is ahoad of the rest of the trailing -
If the wvalues of k, K, and n are inserted inte

equation (5.,13) the caloulated values of : will be
found to be too large. Dy varying n it is possible to

[4

obtain values of (-  1in agreement with the experimental
values of figwe (51). In fact, with the power of the
Roynolds nmumber fixsd at .35, the values of k and i must

remain the sams as for the restangular wing in order to
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87.
ebtals suitable agreement with the experimental values,
Yor the elliptic wings thorifui'i. the f‘ollwine values
vere deterwmined,

k @ ,1544

K ® 53,7

ns 1,6

The a.gromt betweaen the ealculated values of Sjtu_
the experimental values in figures (37), (38) and (39).
Again the caloulated variation of :: with x and aspect
ratieo produces velues of ."\‘tu in good agreement with
experinent,
5.300 Rlasuasion of Semi-impirical inveotization
The agreement between the experimental results and the

¢aleulations based on the semi-empiricel investigation sup-
parts the besioc approash to the analyeis, The vnrhti.on
both with angles of atteok and aspect ratio for a given
planform shape 18 prediated ascurastely by consideration
af the effest of the geametry of the wing tip and the
leading dhtribution. on the growth of the boundary layer
on the lowsry snurfase of the wing, The nocessity of varying
the expenent n with planform is not too desirable but this
18 offset somewvhat Ly the fact that the coefficients k and
K remain unehanged, Atteupts to prediot the variation of
B have not proven fruitful to date,
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6,000 Conclusicns
Theoretical, experimental, and nmi--spiriul‘
investigations of the minimmsn pressure in trailing vortex
systems of olliptis, rectangular, and delta wings

been presented, 7The oconclusions of these investigations,
some of them in the negative sense, are summarired below, £
1, The magnitude of the minimmm pressure coefficient Cf‘fu-
inoreasos with inoreasing Reynolds mumber,
2, The magnitude of the minimmm pressure coefficient
inereases nearly linearly with the angle of attack,
3o The minimm pressure coefficient is almost indo-
pendent of aspeot ratio for elliptic wings,
e The magnitude of the minimm pressure coeffioient
inoreases with inoreasing aspect ratio for rectan-
gular wlng_l.
Se. . Becauss of separation nsar the tip, only the delta
wings ot low aspeot ratioc produces discrete vor-
tex cavitation in the trailing vortex system,
6¢ The thickness of the tip vortex oore, or the
thisckness of the edge of the tralling vortex
sheet 18 governed by the thiskneas of the boundary
layer on the lower surface of the wing and not by
any oonsideration of induced c;rag and kinetio
energy of the vortex sheet itself.
| 7. '111? thiocker the boundary layer on the lower surface
. at the wing tip, the smaller the magnitude of the
ninimam pressure coefficlient,
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8. Reduotion of the wing loading near the ti, does
not necesasarily ‘reduce ths magnitude of the
ninixum prossure coofficient since the thicke
ness of the boundary lxyer will be reduced,
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\ : 84000 Azpendix
/|- TR X )
8,100 iYaluatisn of the Intesral: ] ........ 2 dx

X5
(o]

This integral is first reduced by integrating by
parts to the form below:

-'kX,o B .
-kx \‘1’0 ‘4-KX€3 J-2 )
l"' ‘/—} - ""‘"‘“";‘-——- ——— JA

- X<

The first quantity is seen to vanish at both limits,
Now 4f the transformation t = kx° is applied to the
integral, 1t reduces tot
k / ; _mf,“ )_Jt
) t
o
The intogrend of this integral cam itself be ex-
pressed in integreal oy, . I
— Pt
,_(!FE_A dt =1 i & i\ktdt
J
L |
’ 80 that thie original integrsl can bs tiransformed to the
double integral

\O’/r:r\VL
kr ]o dudt
@]

Reversing the order of integration and integreting with

rospect to t gives ,
. , L 4 L

kj vy
|
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The vilooity induced normal to axxi in the plane of

the asheet i3 given by b
: ih dy
w(\jo):: ~_<i___l__
AT (4= '8

It -pb < Y.< b o this in;oml cannot be integrated
direstly by parts from -b to b becsuse of the disscontinuity
in the integrand at y 3 y,. In this case it is broken into
three integrala

ijm %Cds /%£Q1
WiY,)= a4 Tl i

zn(\jo S) l\n ( fo _‘S) ST (‘vso =)
vhere 1.3‘< \3°< 32_

The first and last integrals osn be integrated by parts

and sinee ['(+b) =0 the result oan be written as
NCORAS d - i
v J .-,.9_2‘) f di Pu l

o :j «12.—. ‘jo ( 5/ (5 j )
! / ° k jQ j
-b 5. "4
There are no singularities in the range of integration

for the first two integrels so that the only qusstion ocon~-
oeorns the last integral, For the usual wing the function
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St
du { 18 well behaved except at y 3 £D, 1This funoe -
tion is thereTore bounded between . £'{ < 4, o Let the
value of the least upper bound be denoted by Me Then

S2dly 1 PN ;‘d 5
TP
S _ M\:S' \. ( 5" ) g
< Ve g = YO
$ -»0 Lj‘\s'“—kj TR et

\Sn“\S\
< ™ \er -
\ 'S AL e

Ir !o 2 b the integral for the downwash can be
integrated by parts immediately to givo

‘ r ' b / b [1 jf,

ZTT\ATKb)nD"__ ')j i J (L~ ,)z_

since (D) 1s zero the first part in braokets will

be finite at b providing [ (b/1s finite, In the integral

however, the integrand scan be ssen tc havo a seoond order

pole at y = b unless ['(b) 18 zero and | (0) 18 rinite there,



Table I

Specifications of Wings Testad

i 3 |
g 3 3 :
] L]
i i F Iy 1 i
¥ Q B ° ’ 3 S
2N R S A U R
= -9 rX = - 3 *Q L]
1. Qlliptic 10 00 Y4 or: 10020 (X)l'; Btainleﬂﬂ 1l
eteel
2. thmm h.OO 2.0 L.OO 0012 brass 2
3. rectangular 6400 2.0 . 6,00 0012 brass 2
4e rootangular 8,00 2,0 500 0012 brass 2
S5 delta 2455 7.0 1.6 0007  brass 2
6, dclta LoD 70 2479 0007 brass 2
T7e delta 700 7.0 i 00 Q007 breass 2
8¢ lliptic 3493 2.5 o) 0015 brass 2
9, welliptic 6637 2.5 7.00 0015 brass 2
10, elliptic 10,00 2.5 10,20 0015 brass 2
1l. rectanjular , L.00 2,0 L 00 lat strel 3
¢ plate
12, (lliptic 393 2. L.00 flat stesl 3
plate
13, rectangular 2,00 1,0 Le00 0015 brass 1
1, rectangular  L,0C6 2,0 4,00 0015  brass 1

(a5

15, rectangular 6 340 LeOD 0015 brass

# ), MHachined on specinl profiler and polished,
2+ Rough cut on a rmilling ~achine and hand finished,
3. 1/8=inch shoet stock with edges rounded,



rectangular
rectangular
rectangular
rectangular

Table I - Continued

8pecifications of Wings Tested

» @
g 3 § :
23 5 % ;
P F @ e
§ 2 9 3
9 B o E 3
H R, W 3 B
& F g 4 3 %
8.00 15 .O h.OO 0015' bx‘aﬂu
600 2.0 6,00 0015 brass
8,00 2.0 U400 0014 bLrass
6,00 340 11,00 0015 brass
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wo Table II
Sample Raw Dats Sheet

TEST NO. 1313 PROJECT_19,L211  ENGR_MeCormiak

LRIGRIPTION ______ Iip-Vortex Cevitatlon -- .ing:0
CONSOLE OPERATOR Langaster
' LMD
lang Jehn X -bqgrees  psls  _°C_ ALr Coptent
«10,38 13,10 8.5 3l 254 846
«949
‘903 3107
5:2 30
'90&-
9,3 26
[
©10,2 12,95 o0 26
'707
: Lk o
- 6.2 22
I a
6.3
joz 19 2507 805
Wl0,05 12485 -tzalg 16
®
PY 1
£ 7
<6 ,0 16
249 15
250
"50‘)' 11+
E; 13
1§:o 12
349
.10.15' 12.65 9 11 805
d 0,4
-l&.l& 10
3‘3
2.9 9
-3.
"309 8
2,
2, 7
0%. 6
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Table IXI

“ater Vapor Pressure

ol
ol
20
21

28

30
o3




Table IV

Smary of jesta

99.

Series I ~ Considersble difficulty was experianced uith
the wing positioning meuhanisz in this series,

Tpst

Jmhex

790
791

792
™4
797
798

799

926
929
930

931

932

973
9L
975

For this recson the date ls felt to be une

reliesdle, This mochanism was redesigned after

the failure of the entire apparstus had occurred,

¥ing
Jaber

1

W = N

Late
10/29,’52
10/30/52

10/31/ii2
11/3/52

11/10/5:!
11/12/52
11/13/52
11/1k/52

3/12/53
3/12/53

.3/123/53

3/13/53

3/14/53

L/13/53
L/al/%3

 b/1s/53

Velnelty

Low
Varied

Varied
Varied
Varied
Varied
Varied

Varied

o
4o

30

40

30
4o

Lo

Lorments
Test incomplete

Tost appears
fastory

Teat appears
faotery

Test appears
factory

Test appears
fagctory

Test appears
faotory

Test appears
faetory

Teat appears
factory

satis-
satia-
satis-
satlis-
satis~
tﬁﬂl-

satis-

Test incamplete
Angle ungertain

Test appears
factory

Test appears
faotory

satis~

satie-~

Angle unsertain

Test no good

W twisted
%ﬂﬁ » data no

é%mploto failwre of

apparatus
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Table IV - Contimued

Speary of Tests

Series 1II ~ In this sesoond series of tests, considerable
backlash was present in the wing positioning
mechanism which mado it diffioult to determine
the w angle accurately. Alsp a sealing
gasket leaked, allowing an excessive amount
of air to enter the tunnel so that although
the tests were apparently alright, the data
is questionable, particularly in view of
the third series of tests,

Test Wing Velocity
Jumber oxate  ___fps Copmants
1198 2 11/18/53 40 Good test
199 2 11/19/53 L0 Good test
1200 10 11/19/53 30 Considerable amount
) of air present
1201 L1 11/19/53 Le Somes uncertainty in
wing angle
1202 5 11/20/53 Lo Iéopzat of preceding
es
1203 8 11/20/53 Lo Good test
120 9 11/20/53 Lo Cood test
1208 6 11/20/53 Lo No vortex cavitation
produced
1206 7! 11/20/53 Lo Yo vortex ocavitation
. produoed
1207 3 11/21/53 Lo Good test
1208 L 11/21/53 40 Good test
1209 1 11/23/53 30 Considerable air
present
1210 8 11/23/53 L0-20 Good test
; 3211 9 11/23/53 L0-20 Good test
22 5 11/2L/53 ) Good test
1213 2 11/24/53 1O Good test
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Table IV - Contimued '
Sumgmary of Gests

Saries IIl - The potentiameter whioh measures the wing

Tesy
1323

132,
1325

1326
1327
1328

1330
331

1332
1333
1334
1335
133%
1337
1338

angle was replaced and the new one attached
directly to the wing shaft for this third
series of tests, In addition the sealing
gaaket was redesigned., YWith thess changes,
the equipment functioned properly., This
third series s therefore the most complete
and acourats of the three and is the data
from which the experimental data presented
in the text is taken,

wing Veloocity )
haber 24tke —iRR Sorpenis
2 . 3/15/5h Lo Good teat, except at
. low p .
g 3/16/84 Lo Good test - camplete
11 3/16/54 Lo Cavitation not pro-

- g

nounced = plotures
taken - inoomplete

3/21/54 - 4O Cood test

3

9 3/11/54 4o “Test no good

L 3/18/54 Lo Test apparontly 0.k,
10 3/18/54 Lo Test apparently O.K.
12 3/19/54 40 Kesulta questionable
9 3/19/54 Le Test no good - angle

slipped
9 3/19/54 40 Good test
8 3/2¢/54 Lo Good test
3/22/5L  L0=30 Good test

17 3/22/54 10=30 Cavitation sporedic
18 3/23/5., L,G=30 Cavitation sporadic
n 3/23/54 40 Test 1ooks Ceile

2 3/23/5k 40 Check test



Test

1339
1340

3
132

134l

155

147
1348

Table IV - Contimued

Speary of Testke
Series IIXI - Cantinued

02,

Sopenta
Check test

Good low temper-
ature test

Good low temper-
ature test

Good low temper-~

_ ature test

. Wing . Velooity
mhar Dake o]
2 3/24/s5h 40
13 '3/26/5l 1,0=30
i 3/26/s4 ,0=30
15 3/29/34  4o=30
15 3/29,30,31/54 30
15 3/31/54 30
16 L/1/54 30-40
19 L/2/5h 30
1) L/2/54 Lo

W W2/ 35

Temperature changed

Good high temper-
ature test

Good high temper-
ature test

Good high temper-
ature test

Good high temper-
ature test

Good high temper-
ature test
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Table V
Sranskars for Glrewiation 22 I
M= /1-x2 (l XS X */f
PR Hantan Aspeat Ratlo a 2
o Reatangular 2 0458 0117
o ks hestemgular I (815 +00U6
P " - Restemgular 6 .. e23uB 1269
Sk Dedta 2,307 -e2361  -,0L07
gk Dedba b 2360 =41073
| Rlipste any 0 0

L
N »} -v:,:"r,
5 - PO
‘t‘!"- [ i’ )
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Tiv Vortex Cavitstion from a Marine Propeller
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FIGURE 3

The Crowth of a Vortex Sheet Fehind a Elunt Rody

FIURE L

Completely Iclled-""p Vortex Sheet
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FICURE 6

Transverse Plane in Ultimate ¥ake of Complstely Rolled-iip
Vortex Sheet Including the Path of Integration for
Cbtaining the Kinetic Enerpy
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¥IRE 7
Reduced Fath of Inte,rati - for Ohtaining the Kinetic Fnergy
]
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FICURE B

Trailin; Vortex Core
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dodel of a Jortex Sheet

#I7.4E 15

Transverse Plane of a Jon=Listorted
Vortex Sheet in Irrotational Flow
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FIWURE 16

Proposed Lodel of a hon-liistorted Vortex Sheet

q:-cog:!nn(

Pa'l of Interration for Eraluatirg tig Xinetic Energy
Cf +he Irrctational “c*liorn for ttie !lodel of
The Vortex Shect
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FICURE 15

Reduced Path of Integration for Fvaluating the
Kinetic Energy of the Irrotational fotion
For the lModel of the Vortex Sheet
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FIGURE

Effect of Viscosity on a Trailing Vortex Sheet

——TY\ ) I

i)
1

w(n.y)

PIGURE 2C

The Inner lecion of a Vortex Sheet
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FIGURE 23
Schematic Diagram of the “arfield Thomas Vater Tunnel '
semi-wing

foise floor .

x 131‘3”% 1t Y rl_l.sﬁh

.,
FIGURE 24

Diagram of the Test Eguipment
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FICURE 25
Arrangement for Rotating the Wing

Power switeh

/°

. balan
A PO""‘

Sran

L [ L
4 Vv

FITURE 26

Circuit Diagram for Position Indicator
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PIGURE 29 8
. | Number
V=)0 ms:ngod&o psi, O =9,8°

st
Ving lumber
ValiS fps, po=27.5 psi, & =11,9°

e n
Ting waber 2 .
. Tahs frs, Po=3?.5 o8i, u =11,9



FIGURE 32 : PIM'RE 33
Wing Mumber & Wing Marter 5 -
V=l fps, perl8.0 pai, O =13,5° =0 fps, por2060 nsi, § =13.5°

FTGURE 3L TTGYRE 35
\iing *Wmber S Ting tuster §
7=h0 fos, pyr26,0 nei, (K =13,5° V=40 fos, p=29.0 psi, & 13,57
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flow over flow over
lower wrﬁul vpper surface

!
W

FTICLRE L7

Flow DPirections on the Upper and Lower
Surtaces of a Rectangular Wing

. v&/&
T
¢l T\
FIGURE 48

Geometry of the Flow on the Lower
Surface of a Rectangular Wing
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FIGURF 52

Geometry of the Flow Over the Lower
Surface of an Elliptie Wing
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