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. ON_JUMP DU 10 BORF CLFARLNCE oy
. coa M
Abstractf .
It $a:shown that i there is & yaw £ at the muzzle becau«e of bore
clearance, then there will be & Jump y, given by
AN 1B
Yo =€ 14 g;;;(-——l)
. . Q‘ . . .- - ‘ ¢
where A and B are the axial and transverse moments of inertia, p the mss, ,
d the cslibder, K; and Ky the cross wind force coefficient and momant : . .
coefficient, u the muza e,yelocity, and N the spin, R R o

It has been observed by ¥r. Kent that as & consequence of the ypre- -~
ceding relation, the mpst accurate projectile at close ranges, for a .
given inittal ysw €, will bo one whose design minimissa the ratde g3 4 C
" and that L5 fired from & gun whose twiet of rifling ie just rapid enongb ' e

to render the projectdls barely stable, With any given projectile.a twist ‘
of rifling, sny greater than is necessary to render the projectile barely
stable, should result in needless {naccwracy. The stebllity fector must
be, of course, enough lJarger then unity  under standard couditions to " .
ipsure atability under actual conditlons, . e ) ' :

. . (REVISED PAGL) : B 00
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. 1. 1f there is an angly ¢ between tha uxia ot u pro-
Jtotiln and the uxie of the bara of o rified gun ‘ut the
Lurtint waen the projedtlie olewrs the murkle, iL 1c well
hnowu* thut tneru reralts b Yuw Wnose m‘ximwu value is

. - 1) = 3 =T

provided Lﬂuu 2 exceeds unity. In the precedin; cxpression

I i1s the rroldctilets transverse mozent of inertic wad A its
exlal somunt of Incrtie, wnile s is the stabliity factor. 1ihe
1ift forces, urising from the preeeding yaw, give rise to &
Bjuxpt. The amount ol the jump will here be riéorous;y evaluated.
& wore elementury anc less rigorous treutuenb, yieluld: the same -

.re«ult, will bs glilven in an ap;endlx.

Af‘
”

<. “he situation muy be cons;d*red in the followin( ‘way.
purin: the fligcht o any purticular rounu, thnere is « yawing nmotion
of 1ts axis. This y“winh motion consists of & repid vitration

of the instuntaneous direction of tne 'exis ol the projectile, with
respect to u slowly chenging average {irection. <he 1liit feorce,

«riging from tnic yow, 1n turn cuuses the instuntuneous ldirection

ol -motion of the projectile!s center ol mass to execuie rapid
vibrations cbout a« slowly changing average; or "mean" direction
of motion. “This meun directiocn of motion is peculiar to ezch
particular round. An uactual trejectory -somewhut reseubles w
nelix, described ubout & gradually curving axis; the axis of

the helix may be terpped the “"meun! trujectory, and its 2irection
the "mesn" direction of amotion. oo .

- Just after. tae proaect1le has clesred the mn:z;e, the
iristuntauneous direction of motion of the centor of muss is in
the process of executing & vibration. &t thils instant there is
therexore a. definite angle betwe«n the siowly chaniging maun R
direction of mction, end tne rapidly chunging, instantuneous,
direction ‘of motion. The angle iy in fact the magnitude of the
vibration st thut iustant.  The meun direction of notion of uny
particular round, at the 1nstunt of ciearinyg the uzzle, is the
ordinary line of aeparture uy determined by & jwap-card, not too
sloseé, ufter dus sllowance for gravitational drop. It determines
whers the trajeciory will intersect u terget surfuce not too close
to tne sun. On th¢ other hand, the instantuneous direction. of
motion Just wfter tine prodectiie clears the muzsle is-the
direction of the bore axie Since the ungle betwean the bore .
axle end the auinu of depurtura is customarily called “Juap®, it
is cleuar thut the yaning motion urising from bore cleoarunce
must produce & Jwrp, whoue magnitude is fiven by the lnstuntancous
value, Just dftor tuu projectile hay claared the muizle, of the
vibrnnion then affecting thu 1nstantaneous direction of wotion.

. 300. tor 1nqtance, T. J. Hayoes, 'Eltnontavor Ordnnnco*. Tley nnd Sons, 19N,
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It may be inferred froum the preceding genercl considerations
that the amount ot the jump will not depend apyreciubly upon ihe
rate of damping, or even upon whether or not there is dumping.
The vibrations are.described by geriodic terms, .which muy or
may not be multiplied by decay faclors of the torm exp(-At),

"t being the time, There are no terms other than periodic terms
(thut is, there are no constant or secular terms) provided tnat
the iiean direction with respect to wnicn yaw is measured, sna
- the mean direction of motion with respect to which the instantan-
eous direction of motion 1s nieusured, have been properly chosen.
The initial values of the vibreticns are not influenced appreciably
by the rates of damping, which govern merely the rupidity with
which the periodic terms, &nd the acsociated vibreutions, decay.
wWith no dampinyg, or with slow dumping, th¢ instantaneous cdirection
of motion will continue to vibrate for a long time about the
slowly changing mean direction of motion, while with rapid
damping the instantaneous directicn of motion rapidly approsches
the mean cirection of motion as @& limit. The initizl value,

" however, of the vibretion affecting the direction of motion
constitutes in «ll cases the jump due to bore clezrance, und
hence cunnot cepend appreciszbly upon the dumping rates.

The Iawing'Mgtion

3. ' The following discussion of the yuwing motion is teken
largely from BRL Report 345, "The Effect of Yaw upon &ircruft
Gunfire Trajectories". Consider a set of right-handed.uxes
moving with the tungent Lo the mean trajectory of any purticular
round, 80 thst the wxis 01l is the tungent to the mean trajectory
drawn in the direction of motion, while 02 1s the upward normal
and 03 is horizontal and to the right, as viewed from the gun.

- Denote by 1, m*, n the direction cosines of the bullet's axis,
and by x, ¥y, z the direction cosines of the velocity vector

of the center of mass. One may set m* - y = J, and n -,2 = k.
For smail angles of yaw, one has very nearly ‘ .

J=b8cosg
k=% sing

where b ic tha angle of yaw, und ¢ is the angle of orientstion of
the yaw., The angles b und ¢ ure thus referred to the instantaneous
direction of motion of the center of muss, uand are appropriate to
yaw-card measurements; while ] and k are the "rectangular com-
-ponents" (in the dlrection of the upward noraual, und horiiontally
to the right, respectively) ol the yaw. Thut i8 to say, J and X
are the rectangular coordinutes of a polnt whose planc polar
coordinates sare b, o.. " ‘

The discussion of Féwldi*‘ngg a). (their e uation7 +01) showxs
that if the rtability factor i,cxceeds u huabgr sjiuﬂtly arger
than unity,which muy perhaps be tukep\to be about 1.1, wnd if

. rowlér; Nallop, Lock and R&éhmond.lrhfl, Trans, Royal Soc. A, Vol. 221,
p. 295, 1920, , ‘ '
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the yuw is not largér thun ten or fifteen degrees, then §J .nd
K cre the real and imaginary parts of s conplex variuble 7
wnich varies according to tne law

n= Ky einlt-krt ‘K, oinot=At | 1)

where Ky and K2 are two conmplex cOns;Ants,.whose values are
determined by the initisl conditions. In this eguation
n, = (AN/25) (1 + p) o
s (2)
n, = (aN/28) (1 - p)
where o St
p=(1-~- l/S)l/f

.Here N 1s .tne spln in radians per second reckoned positive if
right-hancded, wnd s iJ the stabllity factor . .

= Azw.,s .o
where p is the moment Iactor S
po= pus 31\ Lo

in +hich p is the air density, UM is the velocity of the bullet,
- Ky is the overturning moment coeflicient, and d is the diameter of i

the bullet. ‘lthe damping rates Alund %L are given subetantially by

h .
™ - )
L (1/4P)(dp/dt) + 4 ‘;‘!:gl

(1/2p) (¢p/at) + £.2. L_z-.v‘

in which
f = ud4KH/B : “ ' : .
K = g ud'KL/m

where' m is the muss ol thulproJoettlé.“hnd x“. KL’ and RJ ure

the dimenslonluse yawling moment, cross wind force, and Nagnus
mument coufficients. Jalthough it 13 now known that the trewtment
of Fowlor, gj;gi.ums loglioaul g defective 1In tnut some wercdynsxic
forces and couples thut probubly ogour were nov considered,

-4- RO,



nevertheless a recent trestment b& J. L. Relley &nd r. J. Mcthune,
BhL Raport No. 446, hus coufirmed that equation (1) aoves nold,
with the values of n& and n, given by (2), wnd with values of

)\1 and )\2 believe
equations (3).

to upfee closely with Lnosg"g;ven by

From equation (1), 1t is clear that the motion about the .
center of muss is the resultant of two tundumentel and independent
motions,with arbitrurily Jisposuble umplitudes und phases. the
first of these is & motion in a circle in the J-k plune, clock-
wise at tne unifora ungular rate n,. 1he center of ihe circle
is the origin, wnd the r““SPﬁ of t&e,ci;cle aisinishes in
cccordance with the law e” "1, The secoud is a moticn in a
circle in the j-k plane, clockwise wt tue uniform angulcr rote
n,. The center of the circle 1s .the origin, &nd the rudius

dimirishes in accordance with the law e~ %, The first motion

is always at u faster rate thun the second.
GCeometrical hepresentation of the tewiny Motion

4. - the motion about the center of muss has a simple
geometrical interpretution, which fuciiitutes the clear con- -
ception of the nurure.ol the yawing motion. For the moment, let the
dumping rates Abe ignored. 7Then by equation (1), § «nd k are
the recteangular coordinates of a point R which is rotating in a
clockwise direction at the(ulgebraic) sngular rute ny in & cir-

cular path of radius ay» whose center is & point § thut describes
a circle of radius a?.clocknise around the origin at an angular
rate n, (algebraically).

A

g
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The clockwise unhle, fron thP J-axis to the ruéius vector to R,

1l the wngle ol orientutlon, ¢, ol thc yuw; wnd the distunce

of h from the origin is the angle of yaw, S it is seen that

the motion is mexely epicyclic, to thne acvurucy ci ~owler et.zi.'s
anulysis. Tne part ol tie morion involving n., nmely ine roiction
in a c:irele of radius ay at & Tate nl, muy be“cuiled the Ynutuiion®j

ti.e rotation in a cirele of rualus &, at the slowver rute n. oy be

catlied "precession'; the resultuant of the nutation unia precession
is the couplete yaving motion. 7ihe Lexniuolo*y nere iatroduced
(which has been used also in BAL Keport No..345) is at variance
vith thut of some ballisticiens in the past, who have applled
the term "nutaticn" to the periodic vcrintion of the an,le ¢ %hich
involves n;-n,, thus .-
b2 =u® +a e 2ala2cos(nl-n2)t (4)
if the time, t, is measured from & suitable instsut. The prescnt
terminology apreurs to be more in keepiny, nowever, with the
dynamicul situation, und has long been usced by astrcnomers
in descrabing the yawing motion of wne eurth .bout its center of
muss (lhe lon.-xeriod motion being, termed “precessican", una the
superimposed ruster motions being teraied "nutaticn").

One awy dull a. the "amplitude" of the nutation, <t a. the

-1 . ¥ :
enplitude =i the rrecession., It is now clear thut the occurrence
of dampinn ~ates A docs not ulter the geometricul construction >

thul hae Leen pliven, out erely involves the graudual variuvtion
of the two zmplitudes., <the anplitude of the nutation is taus
fome cons tdﬂt multiplied oy -\t .

e *,

while the umplit%s@ of thy piacesslon is some other counstant
rultiplied Ly e 2 ;3 and the genaral, recult.nt, motion anwy
Ltierefore be deseritea os bellg dumped cployclic so lony us s is

not so small, or the amplitudes so 1arfe, u$ to lavulidate tﬁb theory
on whicn equatlon (1) resty., ;

1ne vibration of the uirection of xotion of the
venter of Mase ‘ .

5, agsoccluted witn tne yawing motion .bout the cenver
of' mags there'ls w motion of the cehter of nassy itseif about
the muun trejectory. The 1ift force ucting oan the snntnr of
mass in thoe 02 direction is

RN
. pu*d “L’

£0 thal the toceleraiion 1n the 02 diroction due to lifu 1

u'd‘l( J/Ns

-6- e



"This scceleruticn muy ulso bé written; howevef, us

(4/¢t) yu = Ju + yi
= syu

very nearly, since y ana & are euch ol the first order of
smail quantities so that the term yu is of the second order,
and 1s &s smull s othner terms ignored in the treutmcnts of
Fowler et ul., ana ol helly and feChune. Hence

y = o ua®k, J/m
- 'j.
By the same arguwhent,
2= xK.

Hence it follows tnut the 02 und 03 direction cosines, y and 2z,
ol' the vector velocity of the center of mucs are the real and
imag}nary_parts, respectlvely, of the time integral of xn ,
nanely c . , .

xK,  injt-ht  xK, . fngt-hot
_ 1 1 < 25 "2
y + {2z = -ﬁl—lT;l € + n2_ e . ‘ (5)

The \'s are very g£aall compared with the n's, und thus
it is clear tiat in generul y and 2z perform vibrations having
the esame periods as tne vibretlons in J and % with amplitudes
equal to the aauplitudes of the § wnd k vibra ions multipiled by
x/n1 for the nutution wnd x/n2 for the preécession, und with phuses

that are smaller by 90° (at any tlwe) than the phuses of the §, x
vibrutions. These results follow lso from equation (3.215) of
Fowler et. &l. They ure accurute if the inclination of the meun
trajecrory chungas only slowly with the time, ' . .

L

The Lffect.of Yaw in the Bore

6. Due 10 Lore clearance, & projoctile wlll huve some .
initial yss#, ¢, ot the instunt it clears the wuszle. 0 fiXx °
mutters, suppose that the orientution ungle ol' this yuw ia I70¢. °
1he rute of increosa of & ‘st tnis instunt is sero, but the rute

of increusc of the orientation angle » at this inhstant is the

npin, N. ‘Thus the iniivial conditions ure '



.....

= 270°,
= N

Ore O
" ]
QO o
-
€, €
1 [

1he initial situetion must therezore be us shown in the alog*am
below, , .

Fig.'2

and it i‘ollowc from the inicial condicionx that at tnc instant
or clearing the muzzle, . .

nlal - ?282 = cu_'

N-nz

whence *a, =2.¢ - .
. 1 . nl-nz
N-n
. 1
a,. 5 ¢

[
- A}

with a phuse 90° for the precessionul motion and & phase I70°¢
for the nutational motion, phases being measured, like the °
orientation ungle Y’ clockviise from Lthe J-axis. Hence the muxinum
yuw, a8, + a,, i{s glven by ' RS

.
L3

we@Boy) ‘ )

4 well known rolétion,‘by equdtcions (2).

A 1
. il R ' . .
Y [ ]
e —
DY . » AR . »~ A . “A toa . N



From the penercl relotion that was siated in geragraph 5,
it follovs thut the initial phnuse of the precessionul coiponent
of 1he center ol mess must te zero degrees (90°-90°), ini of the
nutationzl component 180°(270°-90°). Hence 2 wust initiualliy be
zero. For y the initlul velue 1s ciearly ’ . -

T

(xap/ng) - (ay/m)

Yo =
: - i4-n,-n,
| 4BS B o : -
or. Yo = xe Ag (% - 1) - (7)

by ecuztions (2). Replucing x by its expression in puragraph 3,
one finds . . :

3'°=ep-ﬁ§;d‘ K,_.u(-f-l)' N (8)

an!l i one repluces g8 by its expression given in paragraph 3
one obtalns, fiaclly, ‘ ~ . C

. K . ' _ .

It wili be noticed that if the initial yaw, g, due to bore
clezrance is to the left, tnen the initial vibrution of the
directicn of motion (churacterized by « zero value of z, in

the X-direction, and by tne vilue of y, in the j-direction,
tnat 1s given vy equation (9)) is in the direction or tne
uapward normel. The inctantancous value of the vibrution of

the direction of motion is thus given by (9), in the same units
as €. It follows from the discussion of paragraph 2 that the
yaw € to the left hus produced a jump, in the direction of the
downward normul, given by equztion (95. In genersl, the
oricntation anyle of Lhe Jump will always be 90° less than that
of the initie. yavw g,at the muzzle,cnd shuatever the orieatdaticns
may be, equation (9) always furnishes the relution between the
magnizude oi' the initisl yaw, €, and the resalting Jjump.

rrojectile Design

7. It nas been pointed out by Mr. R. r. Kent that in
concequence of equation (9) the smallest jump of wany purticuiar
projectile will result from a given initial yuw e if the twist
of the rifling is &s small us possible, cousistently wita a
value of s only slightly lurger than unity. . greuter twist

-9 htrore a8
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than this will result in unneceéssarily inaccurate fire, at
least at close ranges, rurther, ilhe best decign of projeciile
for accuracy at close ranges should be one having a small
ratio (b3*/a,), ani the rifling snould then have u-twist just
sufficiently rapid to render the projuctile stable. This can
be seen from eguation. (9). if B wnd Ky wre veried, while N 1s

varied siuult¢neoasly in such « suanier as to Keep the stabliity
. factor 5 constunt and sli_htly lurger than unity, then W must
be Mede Lo vary like tne squere root of BK,. Heace, since h/h

is large »onpared to unity, the Jump for any given & 4111 v
like (ba/ﬂ ) , vhich should be made small by a suitable ucsigne

TRewdore &, /&ﬁ-

. X Theovuore o, Sterne
Mojor, Ord. Dept.

"‘10— : i

 BEEER S S e e e e S ———— - - —— P T ——————



‘ APPENDIX

- .

iemo ntary Evaluation of the Jump Due to Lore Llearan»e

g. Denote the unble of yuw by t, the angle or orientution
or the yuw by p, and the initial angle of yaw Just ufter cleaning-
trhe muzile’ by €. Any particulur .state of yaw muy ve represented
by a representative point, whose polar coordinates are ¢ and 95
in a 8,9 plune. In thc present elementury treatment, damping
of the yaw will be neglected. Then it is known that if the :
stability factor s exceeds unity,the motion of the representative

"point in the b, ¢ plane 1s dumped epicyclic. The representative
point rotates in & clockwise direction (see Figure 1) in a circle
of arbitrurily diSpOScble radius al at an angular rate ,

ni = ‘B(l-* p)

radlans per seconu,wnile the center or this circle rotatea in & -
.clockmise dixection at. un ancular 1ate ,

n, =_25(l‘p) .

iﬁ a circle whose arbitrarlly'di posable radius 1s a2 and whose’
center 1s the origin. The meanins of 2 ls ' ] oL

(l l/:’.)l/2

fand'N ls the ~1ockwise spin of the’ proJectile in’ radians per
“second, - while A dnd B are the axial ana transverse mowents of
inertia. - . . S :

uuppose that the ungle of orientation of the initial yaw e
is 270° 1hen the initial conditions ure, :

=, . g =amoe N

o O

'.= 0’. o '- ‘. v = N. .
From the 1nit141 conditions it follows that a, and a, must
satisfy the conditions-. SRR s

G -ayre o

nlal-nzaz N I .'.‘.' ’




"und that the initial phase of the n, motion must be 270° while
that. of the n u; motion must be 90°, “The situation nuﬁt be as
e _

'shown in Pib 2, and it follows thut

s a ._'e"_ _N-n2 N

: . =. - .
1.7 my=a,,
e ik
o l- 2

- Let K, be the cross xinu force coef:icient, p the air density,
-d- the diamkter of the projoctile, ﬂ its mass, und u its velo.ity
- and -let , -

(10) K

;iﬁ-fp. - i'?f x = pud?KLlﬁt .

"Lét X, ¥, Z be & set of perpendiiulur axes such that the X axis
iz the boPfe axis, thut the Y axls-is in the vertical plane '
through the bore axis, and pointing- upward, and that-the.Z axls

. 4s norizontel and to the right as viewed from the gun. Fhen the
components of acceleration in the X and Z airections due to 1ift

. &re . . : -

¥ . 'u[E; °°5(“1 t * ‘7°°) + a2 °°s(°¢t * 900%]

':T 2 ‘.' xu [lsin(nlt + <70°) + 32 sln (nzt + 90')]

Ignorins the siow variation 1n'9 due to drgb, one riads by
'1ntegration that _ .

b [ e 20) o 3 iy ¢ 9
..a“ - a.' B
1 %2 o
..+  — -—— ) - K - .
. : nl .:-T. n2 . ‘ e -. . \ o

ot

P . . a . ) i ' . .‘ ."" '. A
z ’~*“ [;'5% cos(nlt.f_?7oo).f Ez cng(nzto9og)

where: the conztants of integration huve been chosen so az to .
rendor Y ‘and zzro at the amuzzle, when the time, t, is zero. .

It 1s seen that the component of velocity in the Z directiou, .
contains only: periodic terms' so thut its uverage value 1is zero,
Hence there is no jump, dug to bore clearance, to the lef't or
right. On.the other hund contains, in addition to purealy

. ' N . . Lo
SETRRER Aoy
. . .




preriodic térms,~tne constant terms.

a,- a
1_ %2

wnich constitute its .verupge value. HHence there is a jJuap,
due to bore clearance, 1n the Y-direction, of answlar amount

'8

(.....___

From the exprescticns for 4y, a:, n, and ni tnat have élready been
civen it follows that the jump in tre Y-direction is

- xeﬁ—s('ﬁ-'l). T

In the ﬂrecedins -expression, «x may be repluced by its expregsion
(12) wna s by its expression 4_ _

s = At /4hpuzd’hy

ahere X,, 1s the moment coefficlent..'lf tnis is dohe, thé‘}ump
in.the §-d1rection, ) . . .

t

K, B
. an fprom_gy
. "fmd K 1 G- e

is obtained, in agreekeﬂt with ecuatioa (9) thut was.cer1§ed more

‘rigorously in the poiy of this neport. 1lhe negative sign means

that the jJump 1c in the direction of.the dcwnward norﬂal, if »
the initiul yuw e 1s directed Lo the left. :

w3- L e
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