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ABSTRACT

Rayleigh wWave Rejection by Optimum Filteriuy of Vertical Arrays

By
Wm., C. Dean

Optimum array processes such as the maximum likelihood
filters are usually derived from the cross correlation matrix
of the time series outputs of the array. With a vertical array,
however, the correlations of both the incoming P-wave signals
and Rayleigh wave noise are predictabla from the structure.

This paper presents the theory of maximum likelihocod f£fiiters

in vertical arrays which can provide undistorted estimates of
the signal or the various Rayleigh modes with the other wodes
cancelled out.

The performance of these optimum processes will be dependent
upon the validity of the underlying assumptions 3uch as horizontal
bedding, known instrument calibraticn, and knowledge of both P and
S velocities with depth. Examples are shown of the performance of
the optimum filters using synthesized datae where the underlying
assumptions are satisfied. Then these same optimum filters are

applied to data from the UBO vertical array.
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vertical arrays offer some intriguing advantages cver other
arcangements of seismometers. Assuming the noise to e composed
of Rayleigh waves and perhaps some wantle-propagating P-waves,
and assuiring the signals to be teleseismic P-waves, the nois2 and
signals will Dbe recorded by a vertical arxray with some rather
special characteristics.

Wwe can imagine that each mede of Rayleigh wave noise posgesses
a random character common to noise functions in general. However
for each Rayleigh wave mode the responseé versus depth and frequency
relative to its r==ponse on the surface is predictable. Because
the relative depth variation is predictable, the vertical array
can be summed to cancel the Rayleigh modes. In contrast the noise
over a surface array is more unpredictable and mozre varisble and,
therefore, more difficult tc cancel by array summatici..

Normally we compute the attenuvation of each Rayleigh wave
mode relative to the surface continuously with the depth for
several particular frequencies.l'z’3'4'5i5We are thus calculating
mode attenuation (and sign) versug depth with frequency as a para-
meter. However, we could convert many such computations into at-
tenuation versus frequency with depth as a parameter. Naturally,
the particular depths we choose would be the levels where a seis-
mometer was recording in the vertical array. In this manner we
can compute a frequency response, Hkm(w), where

response_at the mth depth

Hkm(w) * “response at <che surface ()

eénr the kth higher mode. These Rayleigh modes must obey these
frequency relationships, Hkm(w)' not only in an average sense
integrated over time, but also in a transient sense for each in-
stant of time. Otherwise these noise modes would not be surface

waves.
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The waveform for any of the modes at depth will be either in
phase or 180° out of phase with that at the surface. Hence the
filter response, Hkm(W) , will be an ever., real function as must
its transform in the time domain. In other words, these filters
are phaseless., .

In a similar way teleseismic signals, and whatever mantle
P-wave noise may be present, will possess very definite delay
(i.e., filter) relationships between the various outputs of a
vertical array., Let us assume that the signal waveform, s(t}),
is the same at all levels and further that the surface reflection
coefficient is unity and the rcflected waveform is the same as
the incident waveform. Then if the signal recording on the surface
is 2 s(t), the signal recording from the mth level seismometer is
given by

zm(t) = s(t + Tm) + s(t - Tm) (2)

where Tm is the one way travel time for the signal from the mth
level to the surface. The fregquency eqguivalent of the above t_.e
equation is

Zm(w) = S(w) 2 cos(me), (3)

Thus, similar to that applied to the Rayleigh modes, the filter-
ing 2pplied to the signals is also phaseless.

We will define the noise mode, n as follows:

kl
n, = the signal mode, s , plus any mantle P-wave noise
with velocity and reflection properties identical
to those of the signals:
n, = the fundamental Rayleigh mode

n3 = the first higher Rayleigh mode
n._ = the k-2 higher Rayleigh mode

absstpn
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the composition of each of the vertical array outcputs is given by

i
WPNTM I

= L o7 ‘n {3 . Eoiy) = ‘ N (4
. zl(t) Koy hlk(') *nk\t; ; l\m) E Hlk(w) uk(w)
5 = % - . =% . \
: . 22(1.:) = h2k(.) *nk(t) : zz(un K H2k(w) Nk(m) (4)
. = : o . ' = E 1
% Zm(t) v hmk(r) *nk(t) ; Zm(w) K Hmk(”) Nk(w)-

where these eguatious can he expressed either as functions of

frequency,w , or time, t. For time equations, the operation (*)

implies coavolution between the h's and the n's. The first
recording level, zl(t), may be, but is not necessarily on the

’ surface of the ground.

s Y TR

In matrix form we have

-

Z = HM, (5) i

The vector of vertical arrav outputs, Z, is measured. The matri .
of filter relations, H, is computablie from the structure. The
problem is to determine each member of the unknown vector of noise
modes, n, by a filtering process just as a seismometer would record
the mode or the surface with the other modes absent.

If the number,m, of recording levels ig less than the number, k, !
of noise modes present, (m,k), then the system is underdetermined.

In this case the noise modes cannot all be sevnarated from each other.

. 1f m = %, we have a determined system with just enough recording
levels to find all modes. If the number of recording levels is
greater than the number of modes presert. the system is over-eter-

mined. In this case all modes caa bz separated with the extra




measurements used to overcom> the a2ffeccts failure of asgumptions,

errors8 in catibrations, and instability of the optimum filters.

The following schematic :llustrates the optimum filters, le:

B o le 2

Each of the m input channele must be filcered and these regults
added to produce each dusired noise ..ovue in the output. Thus
the solution leads to a metrix rathezr than a vactor of optimum
filters.
The filtering operation is therefore

GZ = GHN = IN= N - (6)
where I is the identity matrix. The solution G = H-l will not
do since we especially wasnt to find -olutions when H is not square.

Consequently, we let

: 6 = (Hm) tuT (7)
for which the operation GZ gives
Gz = (H'H) “H® HN = IN = N (8)

as desired.
our method will b2 to sclve these equalicas for the optimum

filter watrix, G(w), in frequency for several reasons. First, the

AP LI AN N IV N i ok




well log analysis yields the H{w) filter matrix for the Rasleigh
modes in terms of pericd or frequency.2’3'4 Second, not all
Rayleig. modes are present at zll frequencies. For exampie, nly
the fundamental mode can be expected tc exist at the lowest fre-
quencies. Finally, the solutions of the matrix equations are
independent of each other at the wifferent frequercies. Thus
the inversions of the matrices which are not expected to be
larger than lu x 10 are readily handled on even the smaller

digital computers.
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il. SYNTHETIC EXAMFLE

A vertical array of five vertical compcnent seismomeiers

i

existed in a well at the Uinta Basin Seismclogical Observatory
(UBSO) . Figure 1 siiowz a schematic diagram cf the seismometer

placement in the vertical array and the log of the surrounding

TR LAtAEmTE

lithology. The Rayleigh dispersion curves, alsc shown on
Figure 1, indicate that the fundamental, first, and sezond
higher Rayleigh modes will all be supporteil over the sigral

frequency range of 0.£ to 2.0 c¢cps. Since we want more record-

dQ B aid

ing levels than modes, th se tihree Rayleigh modes plus a signal

mode will be the only ones ~rnsidered to exist in our synthetic

modelino of cthis well.
The Rayleigh wave dispersion analysis of this well log

(w), defined

il SUS UL SR Uit LA it 2

leads to the mocde-depth frequency responses, Hkm
by equation (1).

Figure 2 shows plots of these filter responses for the
first threce Rayleigh modes relative to the responses at the
surface of the ground.

The optimum filter, G, solutions are the least squares
inverse to tihe Rayleigh signal filter matrix H. Tuus the
matrix prcducts of G and H gives the identity matrix as shown
in equations (6) and (8) GH = I. In our test model we have

assumed the signal exists with the same size and amplitude on

all traces. In other words, we are neglecting ghosting. We

. have derived optimum filter soluvtiouns only over the signal range

of 0.5 to 2.0 cps. For the frequencies below 0.5, we have smoothed
the frequency responses to zero acccrding to a sinusoidal gain
function for both the H and G frequency responses. We have smoothed
these responses to zero in a similar way over the range from 2 to

5 cps.
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In our computations the zeros in the jdenticy matrix are
less than 1 x 10‘6. pelow 0.5 and above 2.0 cps the GH product
atill gives zeros in the off diagonal elements. che H matrix
aggumed below 0.5 and above 2.0 ¢ps is (aH) where the scalar, a,
is the cosine function of fregquency. In the same way the solu-
tion assumed for the optimum cilters in this range i.s (aG) .

Consequently, the matrix product of these frequencies is given by

aG aH = azI (9

Consequently. the orthogonality of our optimum filter solutions is

maintained over the entire frequency range.
In order to deaonstrate that our optimum filter solutions are

indeed correct, we created some gynthetic data which does conform

to the well log analysis we have assumed for the UBO well. we

chose four independent seismograms from ous digital data files.

We bandpass filtered each SO tnat the main energy content was

between 0.5 and 2.0 cps. The first of these traces was jdentified

as the fundamental mode on the surface of the ground and filtered

according to the H matrix to produce the equivalent fundamental

wmode at the yvarious instrument depths in the UBO well. The

gsecond trace was jdentified as the first higher mode and similarly

filtered according to its depth behavior determined by the H

matrix. The third was jdentified as the second higher mode, and

so on. These Rayleigh mode traces we combine with an artificial

signal to produce a mixture of signal and rayleigh modes expected

from this well.

Figure 3 shows the data from the five levels of the vertical

array if the gignal only weve present. The companion traces on

Figure 3 shuw the optimum filter output (estimate) for the signex,

the fundamental, the first higher, and secona higher modes.
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Figure 3. Opcimum Filters Estimating Four Modes

(the Signal ~nd Three Rayleigh Modes}
from Synthetic Data with: the Signal
Only Present.
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Immediately below each optimum filter estimate is the true noise
. or signal mode that a seismometer would see on the surface if the
other modes were not present. The distortion of the signal is
glight and can pe attributed to the bandpass properties of our
cptimum £ilter solutions. The Rayleigh mode outputs should be
zero and, in fact, are less than 7 X 10 5 everywhere.

Figure 4 is similar to Figure 3 except that the data contains

the signal plus the fundamental mode. As can be seen, the optimum

filter ouvtputs agree in size and waveform with the true surface

L L LR L

responses of the signal and the fundamental Rayleigh mode.

Figure 5 is similar to Figures 3 and 4 except that the data

E contains the signal pluv the fundamental and first higher Rayleigh
modes. Again, all three modes present are reproduced in size and
wave shape. The output trying to produce the second higher mode,
which is absent, has no value greater than 1 x 10 4.

Figure 6 is gimilar to the previous three except that the
second higher mode has been added into the vertical array data.
Again, the outputs for the signal and the three Rayleigh modes
are reproduced in size and waveform within a few percent of the
expected results. The signal trace shows better than a 20 db
improvement over the best gignal/noise ratio available in the

vertical array-

-
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| from Synthetic Data with Only Two Modes
Present.
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Figure 6. Optimum Filters Estimating Four Modes
(The Signal and Three Rayleigh Modes)
from Synthetic Data with all Four
Modes Present.
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ITi. EXAMPLE WITH UBO NOISE MND A SYNTHETIC SIGNAL

We have seen that the optimum filters perform as expected
when the data properties match the dispersion analysis of the
well log. W& mmst now apply these sclutions to data recorded at
the vertical array. 7o ccncentrate on Rayleigh mn7e suppression
and reproduction, we have avoided complications which might be
introduced hy deghosting. Any signals recorded by .his array
will bave ghost reflections., Consequently, we must add a syn-
thetic signal, which satisfies our identic.l size and waveshape
assumption, to tiie five-level noise output of the array. The
first five traces on Figure 7 show the noise background and
synthetic signal used in this test.

There are several sets of signal and noise mode estimates
shown on Figure 7. All cof the optimum filters used require
inputs from all five levels. However, wg can ask for estimates
of cnly a single mode or for estimates of several modes in the
filter outputs. We designate a five level input, two mcde out-
put set of filters as a 5 x 2 set. The more modes a set of
filters estimate, the larger the filter gains will be. It
follows that any errors resulting from incorrect dispersion
analysis, insctrument calibraticns, or non-parallel layering will
be amplified much more in these filters with fewer degrees of
freedom.

The outputs on Figure 7 are froma 5 x 1, 5 x 2, 5 x 3,
and & 5 x 4 set of filters. The 5 x 1 set gstimates the signal
merely by averaging the inputs from all five levels. These cut-
puts show progressively increasing low frequency errors nn the

egtimates of all modes as the degrees of freadom decrease (i.e.,

as the number of outputs increase).

o

e A e e
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Several sets of optimum filters are
applied to UBQ noise datz with a
synthetic signal. The more modes a

set of optimum filters estimatus, the
larger the filter gains, and the more
errors are amplified. These data con-
tain considerable energy below 0.5 cps
for which the filters are not designed.
As a result low freguency errors are
large.
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we know that the optimuym filter gsolutions do not agree with
j1quencies below 0.5 cps. The well was

the well analysis for f
pather the cptimum filters

aot analyzed below this frequency.

were interpolated petween 0 and 0.5 cps from thre solution at
0.5 cps. Yst we expect tne correct soluticns to hecome mMOre

erratic as the array aperature m
1f the optimum filters were Cor

easured in wavelengths becomes
smaller. rect at all frequencies,
as seems likely fromw

gher mode were absent,
the 5 x 3 and

and if the second hi
then the ocutputs from

the bottom trace on Figure 7;

the 5 x 4 filters would match.
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IV, CONCLUSIONS

Qualitative experience has disclosed the following features
of nur optimum filter solutions:

1. These filters arc indeed orthogonal and separace the
noise wnd signal modes as planned.

2. These optimum filters extend for 400 points in time
since the frequency interval chosen was .05 cps.

3. 'The gain on the synthetic examples was greater than
20 db with s»lutions restricted te 0.5 to 2.0 frequencv range.
More resoluzion in frequency could increase this figure,

4. The optimum filters are zerc phase shift filters.
Therefore, c:chey are algebraically additive.

5. The optimum filters become larger in gains (both positive
and negative) as degrees of freedom decrease.

6. The optimum filters become larger in gains (both positive
ard negative) as the aperature of array goes down. Thus, for low
frequencies the solutions tend to become unstable.

7. Extra modes not considered and errors in sssumptions
cause errors in the output. Errors in assumptions can include
an incorrect well loyg, non-parallel layering in surrouncing medium,
and incorrect ~alibrations of seismometers.

8. Extra degrees of freedom are needed to cut gainszs of
optimum filters anrd make optimum solutions more tolerant of errors.

9. Extra degrees of freedom are best obtained by increasing
the number of seismometers in the vertical array.

10. More stable solctions (i.e., optimum filters with lower
gain) will be obtained from the deeper vertical arrays which have

the ceismoweters distributed rather uniformly throughout the array.

-11-
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we will evaluate these properties of vertical = rays

quantitatively as the =tudy progresses. We will a.o add

' deghosting to the optimum filtex programs.

M The next vertical array of interest is the cne in the
Grapevine well, GVTX. This array has six seismometers down-
hole plus a surface instrument all recorded on the same tare.
In agdition it is located in a sedimentary basgir rather than
the Rocky Mountains 80 tle assumption of plane, horizontal
layering may be better satisfied.

.

-12-

i

i

18
I

Sl



REFERENCES

Haskell, N.A., 1953, The dispersien of surface waves on
multilayered media: Bull. Seism. Soc. Amer., v. 43,
p. 17-34.

press, F., Harkrider, D., and Seafeldt. C.A., 1961, A
fast convenient program for computation of surface-wave
dispersion curves in multilayered media: Bull. Seism.
soc¢. ..ner., v. 51, p. 495-502.

Ar~hambeau, C.R., Alexander, S.S., and Biehler, F.E., 1863,

Tdentification and elinination of microseism noise at depth
using theorezical Rayleigh wave and cbserved noise displace-
ment: Supplement to Final Report, Project T/1129, prepared
for Headquarters. United States Air Force under Contract

AF 33(600)-42890 by United ElectroDynamics, Inc.

Dormar, J., and Prentiss, D., 1960, Particle amplitude
profiles for Rayle 'gh waves on a heterogeneous earth:
Jour. Geoph. Res v. 65, p. 3805-38l6.

Sax, R.L. and Hartenberger, R.A., Oct. 1964, Theoretical
predicticrn of Seismic XNoise in a Deep Borehole, Geophysics,
vol. XXIX, No. 5, p. 714-720.

Rosenbaum, J.H., 1964, A note on the computation of Rayleigh-

wave dispersion curves for layered elastic mediz: Bull. Sels.
Soc., Pmer., v. 54, p. 1013-1019.

-13-







Unclassified
Security Classificatiua

DOCUMENT CONTROL DATA - RAD

(Security / lasaitication of titls, bedy of absiresi wud indering snroiation swet be snicmd when & aversil repa.d le Jwaeiiied)

§ ORIGINATIY G ACTIVITY (Corporets suthne) 2a. REPONT SECURITY C LARNPICATION
TELECYNE INDUSTRIES, 1HC. Uaclassified
EARTH SCIEMES DIVISIO TSTrT e
ALEXANDRIA, VIRGINIA 22714 L

3. REPORY TITLE

RAYLEIGH WAVE REJECTICON BY OPTIMUM FILTERING OF VERTICAL ARRAYS

4 DESCRIPTIVE NOTES (Type of .spert and inciusive dates)
Scientific

5 AUTHOR(S) (L et name, lret nams, initial)

Dean, William C.

6 REPORT DATE 74. TOTAL RO. OF PAGES 75, no. oF REFS
7 October 1966 21 6
8e CONTRACY OM GRANT NoAF 3-; ( 657 ) _15919 25 ORIGINATOR'S REPORY NUMBENS)
b epmoszct wo. VELA T/6702 SDL Report No. 166
« ARPA Order No. 624 85 QTHER REPORT WOME) (An7 oihar numbers $ot may be sseigred

2 ARPA Program Code No. 5310 | T

10, AVAILABILITY/LIMITATION NOTICES
This document is subject to special export controls and each trans-
mittal to foreign governments or foreign national may be made only
with prior approval of Chief, AFTAC.

1. SUPPL EMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

ADVANCED RESEARCH PROJECTS AGENCY
NUCLEAR TES™ DETECTION OFFICE
WASHINGTON, D. C.

13 ABSTRACT

Optimum array processes such as the maximum likelihood filters
are usually derived from the cross correlation matrix of the time
~eries outputs of the array. With a vertical array, however, the
corrzlations. of both the incoming P-wave signals and Rayleigh wave
noise are predictable from the structure. This paper presents the
thaory of maximum likelikn~od filters in vertical arrays which can
provide undistorted estimates of the signal or the various Rayleigh
modes with the other modes canceled out.

The performance of these optimum processes will be dependent
upon the validity of the underlying assumptions such as horizontal
bedding, known instrument calibration, and kncwledge of both P and
S velocities with depth. Examples are shown of the performance of

he optimum filters using synthesized data where the underlying
assumpticns are satisfied. Then these same optimum filters are ap-
plied to data from the UBO vertical array.

DD ey 1473 Unclass_xfied




___Unclassified

KEY WORDS

LIRK A
ROL_K LR

LINK C

Liks [
ROoLE Wl

ROLE

wY

Optimum Filters

Vertical Arrays
Maximum-Likelihood Filters
Rayleigh Wave Dispersion

Multiple Channel Filtexring

INSTRUCTEIORS

1. ORICINATING ACTIVITY: Enter the name end address
of the contractor, eubcontructor, grantee, Deperiment of Do
farae activity or other organization (covporele suthor) ieesing
the report.

2s0. REPORT SECURTY CLASSIFICATION: Entesths w
eii accurity cieasification of the report. Indicete whetn..
“Reatricted Date” is inc’uded lierking it to be in sccord-
ance with approprisie ascurity regulatican.

2b. GROUP: Aviomatlc downgrading Is specified in DoD Di-
rective 5200, 10 end Armod Forces Industrial Meoual. Enter
the group number. Alao, whwn applicabie, show that optional
markinga have been vied for Group 3 and Group 4 an suthor-
ized.

3. REPORT TITLE: Cntar the corplete repost title in &3

capits] isttera, Titles in ail cases ahould be vnclassified.
if a meaningfu? title canmot be celected withou? cloasifice

tion, ohow title classification in aii capitsis in pareithesia
immediately foilowing the titie,

4, DESCRIFTIVE MOTES: I sppropriste, enter the type ¢f
report, 8.4., imerim, progreas, summary, ennual, or final,
Give the inclugsive dstea when a specliic reporting perind ie
covered.

5. AUTHOR(S: Enter the name{a) of suthor(a) sa ahown on
or in the report. Enier last nama, firat name, midds initiel.
If xiiitery, show rank end brench of service. The name ~f
the princips] «ithor is en abaclute minimum requirement.

6 REPORT DATZ: Enter the date of the report ea day,
month, yesr, or moenth, year, If twore tha one dete sppeate
on the report, use dete of pudlication.

70. TOTAL NUNEER OF PAGES: The total page count

shouid foliow normal paginativn procedivea, L., enter the
number of pagea containing informetion

76. NUMBER OF REFERENCES Enter the total numbaer of
references cited In the report,

8a. CONTRACT OR GRANT RUMBER: If mppropriate, entar
the sppiicstie number of the contrast ¢ great uader which
the repori was written.

30, &, & 8d. PROJECT NUMBER: Enter the sppropriste
military department idertification, such as project samber,
aubproject mimbes, system numbers, task numbar, stc

9s. ORIGINATOR’S REPORT NUKBER(S): &nter the offi-
cini report number by which the document wiii be idectified
and controlled by the originvating sctivity. This number must
be uniquc to this report.

9%, OTHER REFORT NUMBER(S): i the report has been
essigned ony othor repert numbera (either by ilie ariginator

or by the sponsor), &lso enter this number{s).

i0. AVAILABILITY/LIMITATION NOTICES Enter eny lim
itatiors on further dissemination of the report, othar than those

impoaad by securlily clasaification, using standard alatements
such es

(i) *'Qualified requesters may obtain copi_s of thie

=port from DDC.”’
“Foreign snncuncement and disseminativn of this
repert by DDC is not authorized "

U. §. Government agencles may obtsin copies of
thia report direcily from DDC, Other gualified DDC
uaera shall requeat theough

'
&}

3

*U. S militery egencies may obtein copies of this
report directly from DDC,  Other qualified users
sheil request through

“*All distribedon of this report ie controlled Qual-
ified DDC r.aers shali request through

”
0

If the report has been furnivhed tc the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact snd enter the price, if known,

1L SUPPLEMENTARY NOTES: Une for edditionsi expisne-
tory notes.

12, SPONSORING MILITARY ACTIVITY: Enter the name of
the departinentel project office or ieboratory sponeoring (pay-
ing for) the resesrch ard developmeni. Incicde eddress,

13. ABSTRACT: Enter an sbstmact giving a brief and fectuei

* summery of the document indicative of the report, even though

it may siso appear einewherv in tha body of the technicai re- |
port. If add:.tionsi space 1s required, & continuation ahaet sheli
be sttached.

It is highiy deairable thst the abstrsct of classified reporta
be uncissaificd, Each peragraph of the absiract sheli end with
2n indicstion of the military securlty ctassification of the in-
formation in the persgreph, repreacoted as (T§). (S). (C), or (U).

There is no limitstion cn the length of the abstract. How-
ever, tha suggested length is from 150 to 225 worda.

14. KEY WORD3: Key words sre techaicaiiy mesningful terms
o5 shori phrases that charactorize a veport and may be used ss
index entries for cataleoging the report. Key worda muat be
aslected sc thet no security cizasification la required. Identi-
fiers, such sa equipment model designation, trade name, military
projact code neme, geographic locrtion, may be used as key
words but will be foliowed by an indication of technical con-
text. The aamigninent of ilnkz, ruiez, and weighta is optional.

GPO mag- 551

Unclassified

Security Cisssification



