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ABSTRACT

An snelytical study is made of the behavior of a certaln class of
RIC neiworks which contein & theoretical nonlinear negative capacitance along
with various possible corbinations of constant raranaitic clements that zre
certain to b2 present in any physical realization of this type of sapucitance.
Trhe theoretical capacitor is defired in terms of its charge-voltaege reletion-
ship, i.e2., e = -aq + bqf,,where e 1is the voltage acrces the terminals of
the cspacitor, g 1is the charge associated with the capacitor; and a. aund
b are arbitary, positive, resl ccastants.

This study is directed toward an evaluvation of the usefulness of &
ncnlinear negative capacitance in a network to accomplish either amplifice-
tion or oscillation or switching.

In order for a network to be useful as an ampiifier, its smell-
signal model must be stable. Therefere, for this part <f the study the non-
linear capacitor is represented by a linear, negative capacitance. .07 the
twenty-four networks defined for this study only two are found Lo be possi-
bly stable. - Both of these networks, and only these networks, heve & posi-
tive capacilor in series with the assumeld negstive capscitor.

Singular point snalysis discloses that any of the defined networks
may have two steble equilibrium points. This iz the basic criterion for a
bistable device, so the comclusion is that roniinear capacitance, like non-
linear resistance, can be used effectively to construct & switching circuit.
Fhase plane plots of one of the second order networks are included to illus-
traete switching Srom esch stable singularity to the other.

It 1s proven by phase plene methods +hat .vine of the second order

systems cean support a sustained cseillaticn. .Arn argument based on energy
relationships and on the noncscillatory nature of the seeond order networks
is presented to show that nané of the third crder nehioris can serve &8 Co-
cillators. Hence, the results here indicate that, unlike negative resise
vance, negative cepacitance cennot be used as the mechanism by which oscil-
lation is induced in & pessive network which containe dissipative elements.

A nonlinear negative capacitance hss been realized by mesns of
a tronsisior negative lipedance converter circult. From sualyeis of the
Aative lmpedance converter, the lumped wmodel of the negative capacitance
is predicted to be o noplinear, fraguency-dependent resistor in ceries wikh
Lagar, Trequency~dependent negative capaciter. The locus of the tip
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of the ccamplex impedance, as s function of frequency, is predicted in this
analysis; this locus was subsequently verified by AC steady state measure-
ments in the laboratory. .Although not considered in the analytical study,
the effect of unavoidable stray capacitance was seen in the experimental
results.

The square wave response of the negative impedance converter is
also obtained, and a relationship between the steady state square wave re-

sponse and the values of the model is derived.

111
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CHAPTER |

NONLIMEAR NEGAT!VE CAPACITANCE

1.1 lIntroduction

The concepti of a negative circuit eiement is not new,
Jo L, Merrill first reported the ijdea of using active circuit
2lements {i.e., vazuum tubes) to contro! tke voltage-current
relationship at a pair of terminals_in order to make the im-
pedance seen at that terminal pair equal to the negative of an
impedance placed elsewhere in the‘network.] This impedance con-
verter, or, more descriptively, negative impedance converter,
wes s5ed to obtairm negative resistance which was successfully
usze” in telephone repeater amplifiers,

As transistors became reasonabiy reliable for mass
production, it was only natural that transistor negative imped-
ance converters be considered, J, G, Linvill wrote a cliassic

paper on transistor NIC's (negative impedance converte‘rs);2

1
J. L, Herrill, "Theory of Negative Impedance Con-

verters,' Bell System Technical Journal, Vol, 30 (Jan., 1951),

2J. -

W,
verters,'" Proc,

Linvill, "Transistor Negative Impedance Con-
IRE, Yol., 41 (June, 1953), pp. 725-729.

o

]
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this papef is primarily concerned with négative resistance, as
is a later paper by Linvili3 which describes the use of negative
resistance as a circuit element to realize various transfer
functions of an RC filter, Other examples of the use of-nega~
tive resistance include a nonlinear phase shift circult re-
ported by Barbiere.u

On a more theoretical basis, Larky? presented a
method whereby the effect of undesirable parasitic elements as-
scciated with the NIC might be reduced or possibly eliminated,
Lundry6 furnished some basic relationships in terms of the four
terminal network parameters concerning the analysis of NiCfs as
well as their practical realization.

“re preceding references 21! refer to a negative im-
pedance obtained by means of an KIC, However, the cancept_gf
negative linear capacitance (and negative linear inductance)

7

has been used in the analysis of scliid-state masers,

34, 6. Linvill, "RC Active Filters in Which the NIC
Uses Transistors,' Proc. IRE, Vol, L2 (March, 1854), pp. 555-56L,

uR. G. Barbiere, '"A Graphical Analysis of a Noniinear
RC Phase Shift Feedback Circuit,” Proec, [RE, Vo!, 43 (June,
1955), pp. 673-683. |

5A. I, Larky
IRE, PGCT (Sept., 1557), pp. 124-131,

6w. R. Lundry, ‘Negative Impedance Circuits~-$ome :
Basic Relations and Limitations,' Trans. !RE, PGLCT (Sept.,
1957), pp. 32-139.

7R. L. Kyhl, et al,, "Negative L and € in Solid State
Masers,'" Proc., IRE, Vol. 58 (June, 1961), p. 1157, with correc~
‘tlon Proc. 'RE, Vol. 60 (July, 1962), »n. 1608. .

“"Negative Impedance Converters,' Trans,




Much work has also been done concerning negative

elements In general wlithout regard to how they might be
8

gives scme general

S

réa!izad. An article by Menliey and Rowe
energy relatioashlips for any nonliinear 2lements; then Rowe” ex-
tends this papar to Inciude small signal analysis of nonlinear
circuit elements. |

Finally, McDonald and Brachmanlo discuss nonlinear
capacitance specifically, although thelr article i5 restricted
te the charging of a theoretical nonlinear positive capacitor.

Various describing~function-type approaches have been
devised In order to apply some of the theory of linear circuits
to the study of nonlinear systems, e.g., in a paper by Thomsen

1 an approximate solution of a network which

and Schliesinger
contains ronlinear reactive 2lements s obtained by use of some

of the concepts of linear network theory,.

8J. M. Manley and H, E, Rowe, 'Some General Proper-
ties of Nonlinear Eiements., Part [--Genaral Energy Relations,'f
Proc., IRE, Vol. &b (July, 1956), p. 99L,

9. E. Rowe, ""Some Genera! Properties of HNonllinear
Elements, Part il--Small Signat Theory, Proc. IRE, Vol. 46
(May, 1958), p. 850,

105, R. McDonald and M. K. Brachman, '"The Charging
and Discharging of Nonlinear Capacliters," Proc. IRE, Vol, 43
(June, 1955), p. 7hi.

}'J, 8. Thomsen and S, P. Schlesinger; f'Analysis of
Nonlinear Circufts Using Impedance Concepts,' Trans, IRE, P3CT,
CT 2 {Sept., 1955), p. 271,




fn Linviiits'2 paper the NIC that is described is
used to> obtain a negative resistance, A plot of the input ter-
minal impedance phazsor shows that the terminal impedance is nct
pure negative resistance, but that parasitic reactance must be

asscciated with the resistance. This parasitic reactance is

w3

capacitive for low frequencies and is inductive for high fre-
quencies {above aboutr 50 KCj. For a certain range of frequencies
(about 4G XC to 100 KC) the reactance is small compared to the
negative resistance, Outside thls range of frequencies the re-
actance is not small and the NIC could not be considered even as
a first approximation as én ideal! negative resistance.

in the preceding discussion reference has been wmade to
nonlinear positive and wsjetisw resistance, nonlinear positive
capaclitance and linear negative reactance., To this writer'!s
knowledge no wo}k has been reported concerning & physical non~-
linear capatitor that is negative for some values of charge
and/or voltage, The primary objective of this paper is to con-
tribute to the theory of nonlinear negative cépacitance {NHC) cir-
cuits, This is dons in twe parts; in the first paft the behavior
of a ciass of networks which contaln an NNC is studied, and in
the second part an NKC is produced in the iazboratory by maans of
an K!IC circuit, The first step in this study is to dbtéin'thg

bezsic power and energy relationships for the HHE, as we.i as the

"2Linvitl, “Transistor NIC ' p, 725,




| 2
naturzal respon§e of simple two element networks contafning only
the NNC and one each positive tinear R, L, or C. In this step
one sees the differences as well as the similarities between the
solﬁtions of these networks and the wel)‘kncwn solutions of the
corresponding networks which contain only linear positive
elements,

If a useful property of this c;pacitanée could be
established thlg would be an impértant addition to the circuit
theory of the NNC, Therefore, the ncxt step is to study thg
response of a broader class of networks which contain an NNC
to discover whether its presence In these networks makes them
particulariy suitablie to perform certain fundamental and useful
network functions. There is no doubt that the ideal NNC will
not be physically realizable but will have parasitic elements
associated with it; therefore, for this part of the analysis
various combinations of R and L are used in conjunction with
the NNC to represent lumped models of a pctentially realizable
capacitance.

The results of the preceding analysis depend on the
way the NNC Is defined., Since it is a capzclitance it can be de-
fined by the charge voltage relationship at its terminals.

Thls charge-voltage characteristic miust be hypothesized since
no single element is presently known to exhiblit & characteristic
with the desired properties. Negative capacitance is obtained

in this woerk from an active network., There s some indication
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that single devices possessing negative incremental ;apacltance‘
may eventually be developed.'3 Consequently, any characteris-
tic that is assumed will be an apprdxlmation of an actual ch&ar-
acteristic. A cubic charge-voltage relaticnship Is chosen to
represaznt the HNC in portions of the analysis; in Gther_parts a
piecewise linear curve !s used, It [s felt that for scme

actua! NNC the plecewlse linear characteristic might be @ better
approximation than the cubic curve.

A study of nonlinear negative capacitance must Include
data on @ physically reslizable capacitance as well as on @
theoretical one. Therefore, an anlysis of a transistor negat}ve
impedance converter is presented and a prediction is made of the

lumped mode! of the realizable NNC.. This model Iis subsequently

verified by both AC steaay state and square wa transient meas-

urements, Heasuremént of the charge voltagg ché?n;tsr%&tic of
this capacitarce {s d!scqssed and wavaforms af‘tﬁelﬂicvcurrants
and voitages are shown under small signal and large signal
operatisn,

1.2 Definitions and Basic Circult Analysis
of Nonlinear Negative Capacitance

The term '"nonlinear negative capacitance' s very

genera! and can be construed as an electric circult element

‘36. 0. Harbourt, '"Lumped Models for Megative~
Parameter Electrical Devices,' to be published in JEEE Transac-
tions on Circuit Thsory. o

e s e




which dissfpates‘no power, which Is characterized by the
voltagg-acroésilis terminals and the charge that has éntered
the terminals, and which has a charge-voltage cﬁaracterist?c
that is nonlinear and that has a negative siope for scme vajues
of charge and voltages.

For purposes of this theoretlical study the charge-
voltage characteristic that is used te describe the HMC has two
semi-Iinfinite regions in which the capacitance !s positive; In
one flnite region the capacitance Is negative. Such a charac-

teristic may be expressed analyticalily as

N
. 3 ‘

:—_...Q_g-;-—/ég} (1.1)
where e Is the voltage acrose the terminals, q is the charge
that has been deposited on one of the plates of the theoretical
capacitor, and a and b are constants, This characteristic
is shown in Fig, 1.!, Note that if b =0 the value of the
linear capacitor Is =-1/a,

For the characteristlc of Eq. (1.1), e is a single-
valued function of g, se the capacitance Is expressed as a

function of gq, |,e.,

He = e
C= ey = Sa#3hgt. 2
Assume that the charge delivered to the NHC i3 a
periodic functlion of time with period T. Then the avecrage

nower dellversd to the NNC Is
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Ny S
dsie = 7F-d[£?£ 0(

.gy%g
-1 [} ~a f«é;ﬁg) do
ary 7 2

‘g\

- /"‘a’f *i/q;@) ) (1.3)

Since q is periodic, ¢(T) = q{0) and the value of the integral
{Eg. (1.3)] is zero,
The average power can be shown to be zerc for aﬁy
device for which the wvoltage across the terminals of the device
is a function of the charge that has been delivered to the de-

vice; l.e,, for q perlodic

5
VAZ“’J@(O‘/f ”'“‘“f@ﬁ‘”—“‘ fé)@ f

Now, If e 1ts a function of g, the Integration can be per-
formed, and the upper and lower limits are identicai, so the
vaiue of the integral is zero, Naturally this does not imply
that the average power dissipated by a resistor ls zero, for
the voltage across the resistor is not a function of the charge
that has been delivered to the resistor, but Is a function of
the time rate of change of the charge fiéwing through the re-~
sistor, The energy asscociated with the RNC is given by the

time integral of power:
2
&. /
efodt -JCagets ) E e )

fquation {i1.4) 1s shown plotted in Fig. 1.2.

)
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In order to further characterize the behavior of the
NNC consider the combination of the KN{ with one cach positive,

Itnear R, L, C, as shown in Fig. 1.3,

First consider the circuit of Fig. 1.3(a) The

»

homogeneous equation for this clvrcuit Is

R ‘;/%L -ap v‘-;éi'?»‘-'-"

d ,5 3
e A w o)

This is a form of the Bernmﬂli”4 equation; the substituiion

or

x = 1/q2 leads to a linear equation, for

dr _dx dg _ 2 sa b F

& " dp Z’gz PARSF Z) ,
and \

dx | Za _._.";5".

ErRTF - (1.6)
The solution of Eq. (1.6) is —-20. £

22 Py .za. =
X = éf‘/? ‘Jn'“" 5izL ~ K c
- é’“?éf -;:E e’-;-fé‘-‘—’z" 7‘-/(’6 &t
Vo L »n@FC
! ' . .
fz.; %4 +i\"_,,—%fg’é , : v (1.7)

lhw J. Cunn!ngham, Introduction to ®oniinear Analvsis
(New York: McGraw-Hiil Book Company, (nc., 1958}, p. BOFF,
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Note, from Eq. (1.7), that, if the Initial value of q {is zero
then the constant of Integration mu;; Ee infinite and q-é 0,
_‘Aisp,vregardless of non-zero }nltza! conditions, the final .

"i}a'ljﬁ’éj";-c;f q = _J%: , which is the polnt of zero voltage acrcss

the NNC (see Fig. 1.1). From Eq. (1.7) the current Is fognd'ts

be

{1.8)

Equation (1.8) indicates that the current in the circuit of
R T , . )

Filg. 1.3(a) decays to zero, as Is expected In & source free ki

circuit, but the decay is obvfodsly more compiex than in the

corresponding !inear RC case.

The homogeneous equaiion from the circult of

Fig. 1.3(b) 1is
2 z , SR |
'Cf 23 o _..fé;é? ; . (y‘ }

Singular point analysis discioses that the locatlonvandktyps‘

of the three singular points of Eq. (1.9) are:

@ ; center,

a

1v]
-
]
1]
[~
-
L
il

0 ; saddle,

v
£
:
19|
-
]

= 0 ; center,
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Equation (1.,9) can be integrated once If the substitution
dg/ds = p, daq/dt2 = p dp/da Is made, The resulting equation

after in egration is

3 2
\a_(, '—//? "'(/) (1.10)

A boundary condition must be speciflec. When dq/dt = 0

at its maximum value, say Q,, and
2 z 7
(= -@ 2 @
/ D Zza Yo
Equatjon (1.10) becomes

Equation (1.11) constitutes one form of a solution to Eq. (1.9)

since @ may be plotted versus q for various values of max-

imum charge, Q.. However, the sclution will be carriad further.
ge, 0 »

A plot of Eq, (1.11) has the form shown In Fia. 1.4, MHNote from
Eq. (1.11) that 4 s imaginary for small values of q if

2
Q

o < 2a/b . It will now be shown that Eq. (i.11) can be put

Into the form of an alllptic Integral,

Rewrite Eq. (1.11) as

d TR
%rtV%[j‘@'ﬁl(?ﬁgf) (1.12)

Let qfo) = Q,; hence §(0) = 0. Choose the (-) sign for the

radical so that § < 0 for t small., Assume

f-.—.@ocm,da ; d,;:-@ scre B and

z,- - QP (j (/72) becomes

;.5 \[%\y.?a,(pz’c’/"— f(@cﬁch-a“fgt)




th
Separate variables and rearrange terms to get
t ¢7 dﬁp
SCﬁf \; 16 Q% 2
\ ( i}ﬁ;{j@%@‘””‘ o= P 7(1.13)
or ' ‘
L (6-£) ;
ZL: \/%(@z___%> , where - (1.1k)
. A o
-%? = 2_(&3:;_€22> . {1.15)

The relationship between u and ¢ 1Is cn u = cos @ where

cn u is the elliptic cosine of u. From Eq, 1.1k} it is seen
x

that Qg » aft is necessary for t to be real. Thls require-

ment may 2iso be seen from the phase portralt since the phase

trajectory must encircle at least ‘one of the centers, ¥ocate§i

&
.

T

on the abscissa at i_ﬂ%g . However Eq., (1.15) indfcates thht

1<« k2 < w s if
BT, then K< A%
—'< Q2<m” , then A:>1
Q:'::?é& P th.en -fgazz
First consider the case where Q§ > 2a/b  so thét 5 5 k < f;

then -
5= ® o = G on [ \NEG G )

& JZLLLL DZM Ao ?)maa’mw

(==

{(1.18)}
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“This Is obvfously the case where the phase trajectory encirclias

on

é?l three singular points. Next assume .that a/b < Q_ < 2a/h

so that k® > 1. In this case the identity (for k2 > 1)

on(W1€) = do[uk 1]

may be used to make the charge depend on an eliiptic function

whose parameter is less than one. So

j: QD GJ/)'L LL/
P ” @ZP"_/%,):L ; /
Llrég:r_- > |22 ol Ol

Where wu' = uk = Qo\l;é ¢, and the glliptic functions of

(1.17)

Eg. {1.17) depend on the parameter

O ith () =t = 2B

The phase trajectory in this case encircles only one center,

Note that the average value of dn u! is not zero (unless
k2 = j); this establishes the nonzero average value required of
q for this case.
Thus anaiytical expressfons have been established for
» the expected oscillation of the losslessﬁLC circuit.
The homogensous equation for the netwerkAof Fig. 1.3(c)

!s a nonilnear algebraic equation:

17 ” — N
5 - *f ’L’é; = (1.18)

which is satisfied by

/7 .
g=e,0r jl""‘/:’_(a“"//é> (t.19)




i6

Equation (1.18) Is of little value in determining the behavior

of the HNC in Fig. 1.3(c), since the solution of this eguation

yields only three isolated values of charge. The solutlion does

not reveal how or whether the charge changes from one value to

another nor does it lend any Insight into “he stability <f the

clircuit.



CHAPTER |1

PROPERTIES OF METWORKS WHICH CONTAIN A

NONLINEAR NEGATIVE CAPACITANCE

2.1 Definition of Networks to Be Studied

The NNC has been introduced In the preceding chapter
by presentation of some voltage and power relétionships as well
as source-free circuit responses. It is now desirzble to con-
sider the possibilities of tke thebretical NNC as a circuit ele-
ment, It is axiomatfc that the idealizzd NNC discussed in
Chapter | can rever be obtained in practice; one would expect
some dissipation In any practical NNC (obtained, e.g., by a
negative impedance converter) as well as parasitic positive
capacitance; at some frequencies an inductive effect might be
noted at the terminals of the NNC.

This uncertainty about the lumped model of a realizable
NNC prompts one to consider the ideal NNC [n several circuit con-
figurations, assuming that one or more of the circuits will ap-
proximate thz NNC throughout some range of frequencies and/or
some voliage level, In order to simplify the analysis that
follows, the cubic curve that has been used tc define the ca-
pacitor will be replaced by a piecewise linear characteristic,

17




' 18";'
Active netwcrks are used basicaily for one of three
purposes: as ampliflers, as oscillators, as on-~off devices;
viz., switching clircuits; therefore each of the foliowling net-
works will be studied with regard to {ts usefulness for any of
these three functions. The type of networks to be studied will
be defined as follows:
1. The basic three-element networks will consﬂét of one
each +R, +L, and piécewise iinear C, )
2, The networks wiil be studled with resistive, capaci-
tive and inductivz loads,

In order to be acceptable as an umplifier the natural fre-
quencles of the network must be ad?ustab!e so that the netwgrk
appears dissipative; !.e.,,!nitiai energv stored In any of the
reactive zlements of the network must be uitimately dissipated
by resistive elements of the network. In linear nstwork terﬁi-
_nology this simply says that all the poles of the ngtwoék"fuhcn
tion must be in the left half of the compfex frequency p!aﬁé,
If the network Is to be useful as an oscl!létar,'then.in}t!aj;{
energy stored in any of the reactive élements muStk§g§Qﬁﬁ;?h;a_
sustained oscillation. If a nétwbrk s to ba'suiéaﬁle é;‘é?~.w
switching cfrcu!t, it will be necessary that the netwo?k‘hévéf

two stable states, It must be possible to trigger the network.

from one stable state to thg}btheflby appiication;of:aq:appfbf ‘,;f 

priate voltage or current,
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.2.2 Basic Networks and Amplification

The basic networks are shown without loads in
Flg. 2,1(a). These one-port-networks represent all possible
_combinations of one each R, L, and (ptecewice linear) C.

The flirst part of the study ;[i? be concerned with
the effect of negative capaclitance on the small signal sta-
Biilty of the networks shown in Fig. 2.1(b). 1t is assumed
‘here that the capacitance Is always negatlive and linear, this
may be accémpllshed by proper biasing, operatlon.in a.limited
frequency rarge, or restraint on the magnitude of the signal
scurce,

>

I1f each of the networks of Fig., 2.1{(a) is placed in
the conflguration of Flg, 2.1(b), It Is seen that there are
twenty-~four possibilities., It turns out that twelve of these
possibilities are second order networks and twelve‘are third
oréer networks, Since llinear network theory applies to the
ampilfication study, all twenty-four netﬁQrks may be conven-
lently Investigated in this respect. |

The system used to Identify each cf the twenty~four
networks is as follows: each network will be denoted by an in-
teger {one through eight) followed by a2 letter (R, L, or C).
Tha Integer Indicates one of the networks of Fig. 2.1{a) and

the letter indicates the load that Is placed on this network

Tsee Fig. 2.1(b)].
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Fig, 2.'(b). General Network Used to Study ihe Effect

of Negative Capacitance
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jThe characteristic equations of the networks are
found and then inspectsd for possible right-half plane poles,
The only networks that could be considered as smali! signal
!{nggr amp}ifieré are ne:works 2C and 4C (see Fig. 2.2). The
poles af both 2C and 4C will all be fn the teft half of the com-
plex frequénﬁy plane |f C, £ C § this condition insures that
the totai serles éapacitance Is non-negative. Properties of
these natviorks may be explainred as foliows. Consider networks
2C and 4C with their voltage sources reduced to'zero, and with
L=0 In2C and L =o in 4C., Both of these network;lthen be-
come the-ﬁc circult of Fig., 2.3. First, assume that tHe RC cir-
cult Is driven betﬁeen terminals & and b; this is the case
where the negatlve capacltance with dissipation is placed in
parallel with the series RC clrcult made up of Rg and C,., |If
the elements are adjusted so that R - Rg and C, = C then

the AC [mpeadance between terninals ab s

2216(}40) ///'+ :?au c* .

At low frequencies the magnitude of this impedance Is higher
than the magnltude of the Rg - €4 combihatton alone; hence

tne voltage Vab Is higher wath the loséy negative capacitance
Included then it is without the capaciganée. in this sense‘

the negative caﬁacttance may be considered to accomplish voltage

amplification. However, another effect Js also seen; note that

Zab is real for all frequencies. The negative capacitance
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canceis the effect of the positive capacitor as far as phase
- shift batween the current and voltage at the input terminais,

" Thus the negative.capacltance may be used to cancel
the effect of capacitive reactance at terminals ab. Obviously
1 £ ‘Rg =R =0 and C=(, the negative capacitance completely
cancels the positive capacitance and Z,, becomes infinite,

How assume that a voltage source is inserted in series
wifﬁ the elemeﬁts of Fig. 2.3. This corresponds to the case
~where the lossy negative capacitancé is placed in serles with
the Rg - €, combiration. Since both capacitors are linear the
equivaient capaclitance Is Ceq = - CCy/(Cy - C).  Note that if
C = KCo, K > 1, then Ceq = KSo/K = D. The effect of the nega-
tive capacitance Is to make the equivalent capacitance larger
than the positive capacitor, C,. This capacitance multiplica-
tion becomes more pronounced as K approaches one, e.g., if
1 c

K=1.1 then C Again for low frequencies and a

eq © o°
given voltage functlon the current In the cfrcult will have a
greater amplitude with the negatlive capacitance than without
{t. Thus a type of current ampiification is exhibited, The
usefulness of this circuit Is not current ampiification as such
but fs capacitance muitiplication. !In microelectronic cir-
cuitry the practical deposited capacitance Is on the order of

picofarads, so a negattvé capacitance might be used to signifi-

cantly Increase the possible fange of capaciter values.
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2.3 Phase Plane Analysis--Switching Circults

Considerable insight intc the operation of a network
corntaining one or more nonlinear elemeats may be acquired by
means of phase plane anale!s; unfortunately this technique is
presently limited to second order systems. Consequently, oniy
the tweive s3ccond order systems are consldered in the fbllow%ng
analysis, The cublc charge-voltage characteristic of the NNC
will be replaced by the piecewise linear characteristic shown
in Fig. 2.4, When the second order systems are represented on
a2 phase plane three distinct cases are observed, An example
Iilustrating each of thase three cases follows,

~

Retwork IR is shown redrawn in Fig., 2.5 with a DC

voitage source Inciuded, The equation for the networkvfs:

-

e-£& ;i/ﬂ I+ + e ¢ =0
-————iga 7 e dt 7 # )
or )
sode , e 1 de, d
% AF T 'R 4T gE T° (2.1)

However e = f(q), so %g =§5 d't = ‘;551 :

and i =;§4 therefore, Eq. (2.1) may be ertfeﬁ;
L, Nde s elg) | dE |
(47&/@)%04. » L =0,

and IR Is complétely ;fscrlbej,%; the folloWing;fwo eéuqtfans:
de (},* /’) g ¢ e ' ‘ ,fﬁv : ﬁ
— s )7 € - .,_.z. ¢ : ' R
AE ’f:/f dg " = 2% . B O R
| T SR
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Fig. 2.4, Characteristic of Piecewise Linear
Capzcitance
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Fig. 2.5. HNetwork IR Redrawn tor Phase
Plane Analysis
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Fig, 2.6. Phase Plane Plot of IR
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%? de ' .
At the singular points vid ==25? = 9, consequentiy

I =0, e f(q) = 0 are singular points of IR, From Fig. 2.4
it Is seen that there are three points where e = f{q) = &;
these points are at q = 9, q = + Gy -

To find the types of singuiarities Eqs, {2.2) ar=s

o7
(%R -jJ Zi- S

7

combined:

Yo -

xR
QND

N
™
>

Near a singularity the phase plane varlables can be written as

I = 1g+ iy and q = qg + q, where I, and g5 are the

values of the variables at the singularity snd i, and "gg
are small changes, In order to make zhe preceding substitution

into Eq. (2.3) the first two terms of the Taylcr’é series ox-

paniion for e(g) must be used, viz,, y
d §¢
e=§'(;) = Q(Zﬁ)*’ "g“g;{ /o

(2.5)
Z4(
also define ?‘F—Zé/fo) = ,//C5) ,
so that ; @ ‘
= '%?) = F(js) ’ Vs, (2.5)

This Taylor’s series expansion and the definition of T, wiii
bo used in &11 of the phase plane examples. With the aforemen-
tioned substitutlions the system Is described, in the vicinity

of the siagular peints, by the relationshin
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The three singularities may be classified as follows:

1. At g5 =+ q,, g > 0; Relrg,nz! <0 so th; points

g, AL g, =10, €, < 0; *3,2 are real and of opposite

\§

are stable nodes, or stabie feci if A%s >(®

’

o

(4]

! 1o

X s B d
- W [ -~ 4w

[N

peint (s a sa

-

-
e H

-
-

A

A possible phase plane tra;ectory for IR is sketched
in Fig. 2.6 superimposed on the assumed charge-voltage charac-
teristic,

Note that, while IR always has two stable states
separataed by an ursiable state, this circuit (s of limited
value &s a switching circuit since there is no covious way to
cause the switching action to take place., The 2C bizs voitage,
E, doces not appear explicitly in Eq., {2.2) so It is not easy to
say how much of a change in E would be required to cause |
te change enough té effect a movement Trom onz stable point to
the other, If this switching were done only the initial and
final values of the charge con the capac!for would be switched;
the voltage, e, across the capacitor always becomes zero in the

steady state. This would result in 2 pulse of current flowing



into or out of the capacitor. The other networks that exhibit
this type of phase piane are SR and B8R,
Another type of phase piane configuration is {ilus~

trated by network 3R, shown in Fig., 2.7. Thz equatiecns for

z?z,fzc‘éf—""‘ =£ ™

this network are:

L="-f"9l/;f§.)‘ J

dt A
de _ ) _ 9(2) (2.9)
ZZ§:'”‘ = ¢ Y :

and

M F |
e(j) 7y + K g {2.11)

Equafion {(2.11) may be drawn on the assumed @e-g
characteristic of Fig. 2.4 {redrawn in Fig. £.8) and regarded
as a loadllne as far as tha singularities of 3R are concerned,
for the voltage, e, at the singularities is determined by
£z, {(2.11), and the voltage across the capacitor at ail times
is determined ﬁ# the piecewise linear charecteristic., Oy using
the concept o7 the icadline the valuaes of charge 2t tha singu-

larities may be fTound.
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Fig. 2.7. Hetwerk 3R Redrawn for Phase
- Plane Analvsis

Fig., 2.8, Charge-Voltage Characteristic with
Loadline for 3R
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Note that, In Fig., 2.8, two cases are indice
2
Eﬂ;?r < ey then there arc three intersections of the load-

ilne and the e-q characteristic; hence, there are three singu-

lar points with values of charge g4, g, 9c, @3 labzaled in
/-7:,' E .

Fig. 2.8. On the other hand, if TP 22" > ey, then there [

only one singular point with charge 4qq.

For Case | (three singularities) the characteristic
roots are:
- y. 2 /2
£ L w75 (/Y j?
/\,1.._.1. ~(I—£ *‘-92":5>"" (L 76?2(5 LC}
/

. (2.12)

With regard to Case | the following statements are true: (1) If
A Y

€, > 0 at a singularity then the singularity |

2ither a stable

(%]

node or a stabie focus, (g) if €, <0 at a singularity then
that singularity Is a saddle point‘regard!ess of the reiative
values of Ry /L and 1/Rg|Cg].

For Case |1 the lore singularity with charge g4 has
essentially the same properties that the singularity with charge
qc has in Czse I, A possible rhase portrait of 3R is shown In
Fig. 2.9 for Case |, Several other networks exhibitvthe same
type of loadline and phase portrait that 3R does; these net-
works are: 3L and 6R, with the phase plane variables belrng In-
ductor current and capacitor charge, and 2R, 2L, LR, aud 77,
with the phase plane varlables being capacitor current and
charge,

Note that switchling @cticn could take place in a cire.

cuit of this type i7 the voltage E Is variable, For cecxanple,




suppose the system were initially at the state Identifled by

q, (see Fig. 2.8), and the voltage E were Increased so that
A2, £

-l > eq; this would result in a system with only one

VYR LAt

‘singularity which might be the one identified by qg In the

tigure, The operating point wouid move from the positimn on

the left side of the character!stic ts the point on the right

cide of the characteristic, This would result in an Increase

in the capacitor voltage, e, that could be ccnsiderably out of

preportion to the increase in E, as well as an Increase in the

capaclitor charge, q, This !ncrease in charge will be accom-

panied by a pulse of current with magnitude depending on how

.

fazt the charge changes,

Finally, only networks 2C and 4C remain to be studied
bv phase plane analysis. As prevfously ncted, these are the
only twoe networks that could be made stabie for possible small
sigrnai ampliflers. It will be seen that the loadlines for
these two networks make them interesting as possible swlitching
circults also, Both 2C and U are redrawn In Fig. 2.10, al-
though only the detailed analysis for 2C will be presented,

The equatlons for network 2C are:

F=Fr +Zz-— (o*e(f)

PSSV

Oa:____,é"/ﬂ f’/-e())
7 == ( 5 (

3}
°
0
L
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Fig, 2.11, Possible Loadllines for 2C
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For 2C the singular points occur where | = 0 and ef(q) =

(2.14)

E - q/Cy. As before, the exp;éssion for e(q) that partially
defines the singular points may be viewed as a locadline on the
e-q characteristic, except that, In this case, the slope of
tﬁa loadline !s not zero, but is -1/C,. The slngular points
muct be on the Intersection of the e-gq curve and the loadliine
(see flg. 2.11). There are three possibilities depending on
the values of E, ey, and Cg,,

Agalin the substitution if made that near each singu-
tarity ! = 1g + Ig jnd q = qg +i‘q0; also é(q) = e(qg) +
q,/C; where 1/C =%§ @S . Then the ratlo of Eq. {(2.13) to
Eq. (2.1L4) becomes
o, (- S, - )
cefo C; : {2.15)

and the characteristic roots are

ot {-£ 2| G-

2 =2 (2.16)

Equation (2.16) will be used to determine the typee of singular-
Ities for each of the three cases indlcated In Flg. 2,11,

Case |. Three Singularities

In order for this case to exist, It Is necessary {(but
not sufficlent) that |E| < ey, and, in additlion, it is necessary

that |1/Cg| > 1/€, wi.ere this value of Cg Is the negative value,



3k
At g, and q.,C; > 0 and Eq; (E.Ié)xshows that the chavrac- '
teristic roots for both these cases;w{ll always have negaﬁive;
real parts; hence, these are elthef stable nodes or stabiec foci,
At qy, however, Cg is negative and must be less than &g, so
this point is a saddle., A pha;e portrait of 2C is shown in

Fig. 2.12.

Case Ji. One Singularity on the Negative-Siope
Portion of the e-q Curve

For this case to exist the values In ths system must
be adjusted so that 1/C,. > 1/|Cg|, where C. is zgain the
negative value, and also soc that E < e,B{CsI/CA)— ﬂ . The
Inequality Is found by considering the values for which the.
lcadline intersects the piecewise iinear characteristic at the
point (qy, - e;)(see Fig, 2.11); at this peint the equation for
the negative-slope portion of the characteristic is -ey = |
q1/|Cs|, and the equation of the loadline is -ej = E - q1/Cq.
If qp Is eliminated from these two equations the value of E
for which the intersection is (ql, - ey) is‘gfven; obviaust?u
E must be smaller ~han this value or Ca§e 11l will resulz, A
similar Inequality holds for E < G, For this case 1/Cg Is
negative but less than 1/C,, so Eq. (2.16) reveais that this
singularity Is efther a stable node or a stable focus,

Case ill, One Singularity on the Positive-Slopn
Portlon of the e-q Lharacteristic

Phase plane analysls reveals what m!ght be expected
heve; §1.e., the lone singular point may be either a2 stable node

ar 2z stable focus.



g
|

\
|

|

Wi

|
:\_/’?

o

/

\

Fig. 2.12,

A

o

Do

Phase Portralt of 2€--Case I

Reqrow L

Fig, 2.13.

Regron |2

Network 2C,

DY,

!
/

o~\\\:939/bA/.3

Virtual Singularitlies

Case II

35



%6

The precedirg phase nlane analy:.is for 2 wos checked
on an apalog computer as well as by an isocline construciion
and fo;nd to be valid,

it shouid be pointed out here that the Esociina Coii~
struction of both Case I! and fase IIl involves the concept of
virtual s'.lngl.al:an'ity.‘5 Iin each of these cases the loadiine is
situated so that there is only one real singularity; each of
the other two singularities may be thought of as having moved
Into regions other than where they started in Case !, and, while
they no tonger exlIst as real singular points, they still Influ-
ence the phase trajectory exactly as they did In Case {.when
the trajectory is in thelr region ;f influence,

The foregoling stateﬁents are illustrated In Fig, 2,13
for Case I!, The eorigiral singular polints for Case | are num~>
bered 1, 2, and 3; when the parameters are changed s¢ that
Cese 11 results, singularity 2 Is shifted some to 2', but sin-
gularities |t and 3! are now virtual singularities located by
extending the positive-slope portions of the e-g character-
Istic, Note that, although ' and 3' are now in reg%onka,bthey
still Influence the phase trajectory in regions ! and‘B, ra-
spectively, in the same way as they did for Case i, Of course,
thess virtnal singular polnts would be represented on the g

axis In the phase plane,

. ittt

ISCunn!ngham, p., 112fF.
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Networks 2C and LC are obviously suitable as
switching circuits; thcy may be i-duced to change states
either by & momentary change of appropriate magnitude In E, or
by varying the value of the capacitance g .
The switching action of network 2C has been demor-

strated by means of an analog computer. The constants chosen

for this study are (see Fig. 2.10) R =1, L =1, G4 =1, and
E = .25; for the piecewise limear characteristic the consftants
are (see Fig. 2.4) ey =1, q; = .5, q, = 1, and [Cs] = .5.

Selection of these constants results in three singular points
which is Case |, Fig. 2,11, :

A phase portrait of network 2C with £ = ,25 is shown
in Fig. 2.14, From this portrait the location of the two
stable feccl and the saddlie point may be noted. The next three
figures show the results of momentarily changing the magnltude
ef E. In Fig. 2.15 a family of trajectories is shown for dif-
ferent values of E, These trajectories ail start at the left
hand focus obtained when E =~ ,25; thus each curve represents a

step of voltage added in serfes with E. Timing marks have been

added to the'frajectories so the duraticn of the pulse as well

as the amplitude may be seen, In each case the time from the
start to the first timing mark {s .38 seconds, &+ the time be~
tween ail other timing mark is .85 seconds., So - 2 given

amplituds of pulse applied to the circuit one may estimate the

rime required for the switching action to take place. The
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sadcie asymptote has also been drawn on the figure to give a-
idea of how iong a pulse of given ampiitude must be appiied for
switching to take place., if a puisé'af given ampiitude is zp-~
plied long enough for the trajectory to cross the saddle asymn-

tote and then removed the trajectory will continue vy %o the

.

right hend focus obtained when E = ,25, This is illustrated

in Fig, 2.17 by the curve labz2led Positive Step. This curve

starts at the left hand focus obtalned when £ = .25; 2 positive
step o¥ amplitude 1.25 is applied in szries with E; 2t point A

this step is removed and the curve splits into twe curves, one
labeied E = .25 and the nther labaled Total E = 1.3, ?hé
curve labeled E = .25 s a trajectory of the original systemn;
note that it ends at the right hand focus shown in Fig. 2<lh.
The other curve is incliuded here to show the final state of the
sysfem if the positive pulse is not femoved; this curve also
has timing éarks from which the duration cf the pulse may be
estimated, | ‘ |
The same general remarks made about‘Flg.aeuls apply
also to Fig, 2,16, This femily of curves iifu&trateﬁ the re-
sults of applying negative pulses tc the system when it is
initially at the rrght hand focus obteined when £ = .25, 1in
Fig. 2,17 the curve labeled negative step shows the trajectory
obtainsd when a negative pulse with ampllitude aqual to ¥025 i
vsed to switch the systenm fram the right hand focus to the

hand tocus, the negative pulse being removed at wolnt B,  Thase
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curves clearly indicate that the system has twc stab!e‘states
and that switching from elther state to the other one may be
effected by a pulse of appropriate amplitude 2and duration.

Switching possibilities for the twelve second order
networks have been determined by singuler point anaiysis, and
possible trajectories from one stable singular point to the
other one have been shown by phase plane plots. The twelve
third order networks may also be investigated for possible
switching circults., Singular pvwint analysis reveals that all
of the third ordaf networks may have two stable singuiar pcints
and one unstable singular point, of may have only one stable
singular point, depending cn the magn, "ude of the bias voltage.
From this viewpoint alone'%nyﬁbf these networks might be con-
sfdé?ed suitadle as swlitching circuits; however, only networks
4L, 6L, and 7L would be practical switches since the equatlions
for the charge on the nonlinear capacitor for these netwerks
contain a term proportionz! to the voitage, E, This means that,
for these three networks, not only the location of the singular
goints, but the number of singular points may bc changed by
varyino E. The equations for these networks all have the same
form, so only the éingular point analysis for 4L Is [llustrated
below,

The equation for 4L 1is

e OIA’Z_ A / ) 4 ..‘jfz—— - 4 4 2 /P
: Z,z..(_afb'é?// "z,éa( 0“355/=IZ%,E (2.17)
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AR # A # R '
whera K =7 %, . The parameter numbers ars Indicated

%
in Fig, 2.18. The location of the singular peint {or points)
is defined by thg following equations:

1. § =0,

2. q=0,

3. e = - aq + bq3 = £
Equation (3) above is shown in Fig. 2.19 ac & icadline to spoc-
ify éﬁe possible location of the singular points on the a-q
characteristic for 0 < |E] < e; . The characteristic equation
of thls network in the nelghborhood of any ofmthe three singular

peints Is
£B 35 7 344 -
)\+/<)\ HZz" —(5 /\7‘ 4443?’//'% &) =0 (2.18)

with gq, equal to the value of charge at a givén‘point. Let
g, In Eq, (2.18) equal a, (Fig. 2.19); at thls singular point
qg - af3b < 0, and there Is one sign change of the coefflcients
of Eg. {(2.18) for any values of the clircuit elements., Therefore
this singular point is unstable since at lzast cne of the rects
of this equation has a positive real part, VWhen ¢, s equal
to either q, or qg., then qf - a/3b}> ¢ and ait the coaffl-
cients of Eq. (2.18) have the same sign. Application of the
Routh stability criterion fndicates that both of the§6 singular
points arc stable due to the characteristic roots at each sin-

gularity having negative real parts. The switching action of

this network, as well as networks 6L and 7L, may be explained
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in an analogous manner tc network 2C, which has bsen discussed

in detail in the preceding paragraphs of this study.

2.k Oscillation

Thus far the discussion has been primartly corcerned
with the stabliity of networks as small signal ampliflers and
with thelr utility as switching circuits, The questlion of
stability has been investigated by means of lincar <ircult
theory, and the switching possibiiities have becn Jilustrated
by means of phase.nlane analysls, The case fTor osciilatlon,
however, is not nearly as straight forward as the cases for am-
plification and switching, There Ps ne wéy to tell, in generai,
whether a 1imit cycle can exist for » nonlinear equation. WVhile
there are numerous theorems dealling with the existence of limit
cycles (e.g., ses Graham and McRuer, p. 345ff.), these are
theorems for vary special cases or thecrcms which give either
sufficlient conditions for a 1imit cycle or necessary conditlions
but not both,

!t might be well to peint out again ﬁhaﬁrthe guestion
here concerning osclllatlon Is whether a limit cycle can exist
In any part of the phase plane; this is significantily different
from the question that arisas In control! system design Ia which
the search is for some reglon of the phase plane for which no
osciliation can teke place, Indeed, if the control system de-
signer can find some reglon in which ne llmit cycle can exist,

he will attempt to operate the contir2i system ip this reglon®
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and will be confident that no oscillation can occur. In other
words, if the present problem were approached by the secend
method of Liapounoff, a Liapounoff funcilon would have to‘be
found that would promise stability of the whole phase plaﬁe in
order tc say whether osclllation could occur; part of the plane
wwould not be enough to completely answer the propcsed question,

Formal preofs wil! be given to show that none of the
secorn¢ order networks can support a sustalh@d oscllilation; how-
ever, it can be intuitively argued that norne of the networks:
which contaln a resistance can havé a variable that os<llilates
without decay, It has already been shown that the average power
associated with the nonlinear capacitor is zero; fh!s is signifl-
cant here, since if the average DC Input power to the capacitor
is zero, and the average AL output power Is zero, then no energy
conversion from DC to AC can take place. That is, AC energy
cannot be suppliled to the network by the battery— NNC combina-
tion. The battery can deliver no AC power to the resistance in
the network, so the AC power consumed by the resistance must
come from the energy initially stored In the network. Therefore,
the AC energy in the network must ultimately decrease with time,
The LC network of Fig. 1.4(b) has been shown to have an oscil-
latory solution; thls can be true because no energy is taken
from the network, If a resistance were added anywhere In this
network, prwer would be lost and the energy in the system wouid

decrease to zero,
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Cne theorem that Is quite general (for second order

networks) and that reveals some facts about the present prabienm

16

is known as ths negativé criterion of Bendixson, The theorem

states that [f the equations of the system are given by
, X = /9(§5é/)
’ ¢
S:Q(ny)/
then no limit cycle exists in any region of the x-y phase
L |

plene for which the expressionDx +-ay has an invariant sign

and s not identiceliy zern, #HNote that the theorem gives z suf-

ficlent condition that prohibits the existence of a limit cvclie;
32 28

this is nut a necessary condition. !f the exprassicngx + éy

changes sign Iin a reglon then a limlt cycle may or may not ‘

exist in that reglon, Slnce partial derivatives are involved,

the continuous relationshlp between charge and voltage, l.e.,

e = - aq + bq3, will be usad In the aquations which éasér!he

each of the nelworks, rather than the pincewise linear charac-

teristic that was actually used In the phase plane analysis.

" The results of the application of Send!xson’svTheetem
to the twelve second order networks 2ve shown In Table 2.1,
The first case of Tabfe 2.1 Is self explanatory; for the four
2F 28

networks ilsted, ¢ -rgy!does net invoive either of thes phass

plane variables; hénce, the algebraiec sign Is Invariant over

the whole phase space, Cases 2 and 3 of Table 2.1 may be

? . [ LI 3
16y, Minorsky, Monllinear Qscillations {New York:
D, Yan Nostrend Company, inc., 1862}, p. 82ff.
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LiMIT CYCLE COMDITIOQNS NETWORKS
1. Mo limlt cycle possible 2R, 2L,2C,7R
R‘R2
j2. No limit cvcle possible if a < 0 3R, 3L, 4R, ER, 8R
RiRa
3., No limit cycle if a < S L LC
L to
4L, Mo limit cycie possible if q2< f% 1R, 5R

TABLE 2.1, LIMIT CYCLE CONDITIONS FOR THE SECOND ORDER
NETWORKS OBTAINED BY MEANS OF A CONTIKUOUS
q-e CHARACTERISTIC

b &

+ ' . L4
L RECGION _1_..91(_____. /eeg/o,r/ Lo : R&’f}/a."/ 3——--—-¢-

Flg. 2,20, Piecewise Linear Capacitor Characteristlic
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+
F= L9 oT-°¢
1

Fig. 2.21. Network IR
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consldered together slnce these cases hoth give relatlonship
between the clrcult parameters and the coefficient @, whizh
partlally characterizes the NNC, Fcr thase two cases Bendixson's
Theorem simply says that If the coefflicient of the camplng force
s always positive there can be no osclillation., |f the coeffi-
cltent of the damping force is positive fér some vaiues of the
variable and negative for other values, then csciliation Is pos-
sible but not certain. Case 4 of Table 2.1 gives no new infor-
matlon about networks !R and 5, This s3ys that there can be

no limit cycle for which the capacltance is always negative. A
consideratlion of Polncaré's indax rgsults in thls same cenciu~-
sion,

Thus Bendixson's Theorem ic used to eliminate four of
the networks as possible osclillators (Case i, Table 2.1). The
question of oscillation for the other elght networks will now
be answered by means of a phase plane study. If the charge~-
veltage ;haracteristlc of the noniineer capacitor is aSsﬁmed to
te plecewlise linear then rhree regions may be deflned'$é showﬁ
in Flg. 2.20. Phase plane trajectorias may theorétlcally be
calculated for any of the twelve second order networks by means
of linear network thecry, a given solutlon belng ohtained for
each of tne thrse llinear reglions, and then thegthraebsaiutions
belng jolned at the region boundaries. This aﬁproach &tll now
be used for one of the second corder networks to show that, re-

gardlass of where a2 glven trajectory starts, It is Impossible

¢
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for that trajectory to return to Its starting point. The gliven
trajectory w%i! eng up at cone of the stable singular points for
gil values of the network narameters as well as for all values
of 9y, 9y, and e,. The network chosen for this analysis is IR,
redrawn In Fig. 2.21 with R and Rg combined into a szingle
resistor, R, The plecewise linear capacitor Is designated as
CP’ where p takes on the values 1, 2, or 3 depending on the
regicn under discussionrn. The value of Cp is ebtained from
the chérge-vo!tage relationship for each region, which is:

v (2.19)

e,

Keglion 1, f“‘-“-’—; /57)() )' C/

~,

o
8, ‘

; .- . (==
’R‘&Slcﬂ 2. E— i/ ; J Cz— (2.20)

: o )
Region 3. e-;’}:;é}; (;—/@)/ Cs = f’\":f/__: . (2.21)

e
The network equations, valld for each region, are:

d%e /. de e _,

emasmp—

e T RCG dE TZC, T 7 (2.22)

‘ de ad
€= C/’ dt =2‘f; . (2.23)

First the pertinent relationships for each reglon
will be listed then the phases plane calculations will foilow,
Region 1. i(8) = Ij, 4(0)

/ , / / \
Gharacteristic roots: ng 2,€Z; - vQ;A%Q)

£
5<?, §2<O‘). ls?»{>lsl{'



- o
f:--?x ,4',' Z(X.V *‘QS-D -Z—/e _ S‘,f‘jg%@o)-—_rje 2
e S (2.24)
A
oo & CE%( ,,+,u) ‘4”]@ “rs,(/zv_+@),zj‘josaz‘g
~— j’;( [?/a S, -5y B L S.= 35y - 5 (2.23)
/ !
rse(grdy)-237 rg/f AN
A L e Y -
R e Je (2.26)

If the sinrgularity at {g = gy, | = 8} iz a nods then the slope
of the asymptote as t = - o |s 52(% + ), end zha siape of
the asymptote at t =+ = Is sy{qy + q).

Region 2. qf0) = Q,, 1(0) = I

: /
B B T A
tharacteristic roots: 792 = TR2RC, ~ W{?A’C?) Ll

# >0 and real, A<o and rea/; /,w/' %/

[ BGo-Ti P 44,7 N N
; P J‘e [ f?—“’f/ o (ﬁi..??)

\3 ° 28)

Asymptctes of sadd!e:?:p‘q 2s t o+ w

=P 9 85 L = - @
7=Fa
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Reglon 3. q(0) = Qg, 1{0) - I,

/ Z

-/ \
Character{stic roots: S)z: <ﬁ£;(é kaﬁ ) - 7

but C3 = €y so characterfstic roots are same as for Region 1,

j7i;§ Z/ 2(4é453 Lo = Zizr5>(z7:}i) Zo 5.t

Sz- S, 52 e !

(2,30)

%;)(52 5] (G f1)- zle” [Sf(@i)'fje (2.31)
S[MERE g

SL—S/ h 51- S/

If the singularity at (g = g, | = 0) Is a node then the slopes
of the asymptotes as t becomes farge are the same as fcr RI1,
The phase plane is shown in Fig. 2.22 along with the
e~-q characteristic of the capacf/ftor. Also shown in this figure
are possibie asymptotes for the saddle point and the values of
current at which these asymptotes {ntersect the boundaries of
Regfon 2, Refer to this figure for the following diszussion,
Assume first that infltlal conditions are such that
the trajectory starts in Rl {Region 1). There are three poss!-
bilitles
1. g cecays to =-q,, never leaving RI,
2. q enters. R2 at sume time ty but returns to Rl be-

cauyse I(t;) < ~-p a, the intersection of the saddlie

2
asymptote with the boundary between Rl and Rz,
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Fig. 2.22, Phase Plane Piot of Network IR
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%, ¢ enters X2 and passes through to R3 IF
.:\’;3_3 }--pgqi‘

The singularity at {q = - q,, i = 0) is either o stable node or

z stable focus., Obviously If the trajectory never icaves =&

thare can be no limit cycle around this singuiarity
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Assume that nossiniifzy 2 na

157

aves Rl, enters R2 and returns to Al, The minimum value that

ir
)

ha surrent can have when re-entering R! is - p,;¢;; 2t this

yatlue of current q = - q,. With these values as inltial condi-
¥
tions 1t [= desired to flnd the value of current when the charge

reaches -~ .. This occurs In the time it takes for e to go
- ~

from e; to zero. To find this time set Eq. {(2,.25) equal to

l{"’:‘// /\* D5

; [ /é ; LNAXT //~ /_// ,
107 5.5 7 L s,(gx-f,);—/,;/_/ (2.33)

insert tp into Eq, (2.25) and get

() =

.I/./l

_S2 _

-5 (5) f//]gz's’
S'\p/\,j)¢//-/ 52~>,

How suppose that the singularity at (g9 = q,, i = 0) {35 a node;

N

the foilowing statements may be applied to Eq. (2,34)
1. i{t,; must be rea!
~ - e » oY
e Tt - q;, < ¢

A

- Q§) (4]

2
%)

£
had



e
A

L Pigy > O

- - 7, o A . A s + de o ey e oo

Do 32ﬂ92~SQ ING S;ﬁ¢2~$;)ar2 not o jniegoers, 50

s { Y |
3L Loy Fow Ter
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8. S”(q?"qi} is the intersection ¢of the node osymnpicin
and the boundary of Rl as ¢ = - =
Kmq;) is tne intarsaciion i Ihe node 2syngiois

bad

and the boundary of ¥
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trajectory satisfying Statements { through

e
il

A possibl

{0

e
wire
3

3

i

shown in Fig. 2.23. Also shown are the asymptoies with

ALY
]

sections specified by Statement 8, Yith referecnce to
note that 17 s,{qy-G;) < - pya; then the trajectory could reoch

the singular point only at ty, = = this conditicn is preveniod

2ment 6 above, The important thing here is that the nede

o
g
W
[ d
23]
-+
It

asymptotes are solution curves which extend throughout i, and,

since no solution curves may cross, [t is Impossible for any
traiectory which enters Rl to do anything but apprcach the sin-
quiar point. Similar stetements may be made 2bout the singular
pcint in R3; hence, the concluslion to be drawn s that there
can be no iimit cycle if the two stable singulerities are ncodas,

or tha remaindar of this discussion i1 will be acsumed that

r
s
D

¢

od
;)
)

hosa plane contalns two stable foci and one saddic point,

Tauntlons {2.33)and (2.34) may be rewrltten as
. &
a7 o (2.35}
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vhere sgeln, s, = - + jﬁ and s, - -0 - i /4 end

C ' =
C -l )]
Ty ﬁ3<fk32&tm”-

- (o — =
e 2 7

Now [t can be shown that € = ¥, and, since 0, > G

[}

and 9y > 0 the conclusion is reached that

Ea
A
[y

(NN

W

S

[1{eg) ] >liGe) | .

)

i

6]

This conclusjion demonstrates thet there can be no 1'mif cy:

AY

arcund the focus as well as that possibility 3 cannot result §f

possibility 2 exists initially., {f initial conditions are such
that the ¢rejectory passes through the point i{t,), then the

preceding analysis guarantees that when the tra

through 180 degrees It will be nearer the singular point than

<

ectory can nevar retrace (tse

o]
(W,

it was at E{ts), The tr
matter now skewed the spiral s since the twe points in ques-
tion are 1380 degress apart., {t may also be said that there can
be no limit cycle around the singular point in R3 due to the

symmetry of the problem,

Possibllity 3 remains to be discussed, If a limit
cycic 2xists for this poscibility then It ercircies 211 three
singuiar points, The llmit cycle will pass through the point
g+ a2, , 1 = I >0ya; {see Flg. 2.22). 1t will bs shown that
iT o nrajnctory passes tnrough the point I, encirciss the

in

three singular polnts and returns to intersect the iine g = <

tiran tha valus of current at this intersection %711
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than the value I, It is actually not necessary to trace the
trajectory through a complete revolutjon due to the symmetry of
the capacitor characteristic, I|f a closed trajectory passes

through the point q = q; , | = I then it must alsc pass

~qy , i = ~ I, Project backwards from

1

through the point g
i =1I,4-= q; to the ordinate; the trejectory will Intersect
the ordinate at some §(t,). Project beckwards from 1 = - I,
9 =~-4q; to the ordinste; the value of current at this Inter-
section Is - i(t ). The statement to e proven, then, if there
is to be no limit cycle, Is that {f & trajoctory gasces through
the point q = 0, | = i(to) then whgs t%é‘ﬁré}ectory has gepe
through 180 degrees, q = 0 again but 1 > - §i(t ). This
proof is done by proving that if 2 glven trajectory passes
through the point g =190, | = i‘(to}~ then a second trajectory
the point 9 =0, 1 = - I(to) since trajectories cznnot cross
one another [n the phese plane,

First, choose any value of I > Pidy; with this value
of inftlal current and Q, = q, find i(t ) and if{ty)
(Fig. 2.22). Find

ZL _ ;7—'&
J - f3

-
n

Ln)

)

and

c’,'t/ﬂf’)“"‘Mé |

s
P
7
s
o
a0
P
o
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(2,42)

Now a possible trajectory may be drawn through the points de-
fined by I, i(td) and i(to).

Assume that a second trajectory is started at q = q;;
i =-1I. This trajectory intersects the ordinate at 1({t )

and intersects the line q = q at i(t,) (see Fig. 2.22).

These values are:

’ / 29, + L
tx:f;pﬁm[;%%]
()= -G A

J (2.43)

A Y

A
Pama
V)
=

=
N”

(2.45)

) (2.46)
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where in R3, sy = ~ 4 J/? 52 = - - Jﬁ? and

G =L olgiog)-2] A N

o 6)(/’(_,._.__
A= Lo ::(;OX—/’«,)—I ‘

Now it remains to be shown =io. ilty)] < [i{tg)] and

Pr(eg)l < [i(ey)]; if this is true then the original trajectory

must intersect the negative half of‘Qﬁe ordinate at.some i(ﬁy)

which is greater than - i(tg).

First, compare |i(t, )| [Eq. (2.44)] with (1{ty)]

T d .
E:&‘{Z/*Igwf [ T-fF f’ 7

7
' w’g%}z <: = "ﬂﬁz(~ ’ (.47}
R 4 G [_-_7_— ,/7/&,7 |

it has already been establiished that

\%

I>pq, and [py] > jppl, so
{p2q§| ; also pyqy > 0 eand pyqy <0
so for any value of I it is obvious that
192q1‘ < I+ !92Q]|
and
I+pq >I -9

sn inequality Eg. (2.47) is indeed true. Then compare bi(eg) |

{2.48)
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First consider the exponential terms of Eq. (2.L8)

pc,”f’(rﬁk) %(37}'—/\;#)

E;-,ff;(:ur—/&) = e

but 0 <> < g and 0 < pu < a sO0 A+ p < 2¢ and 3Ix - (N + u)

> n , therefore

T BRr-4)
E? ;

and

sord)  -3ar o)

e > & L, (2.49)

in comparing the terms under the radicals 'n Eq. (2.48), it is

anly necessary to consider

PR o=

[—oc(;,;ﬁ)—lj] > [o(g-p) - 7] (2.50)
Now I 1Is considered pesitive for this example and a > 0
4 - 9 > 0 so inequallity Eq. (2.50) fs oviously true for any
I. t!aspection of Eqgs. (2.L48), (2.49), and (2.50) clearly indi-
cates that |I(td)! < | :u)|. Thus no 1lmit cycle can exist
for network iR, T7Thls also appiies to network 5R, which is es-
sentially the same network as IR,

Six second order networks remain to be considered as

osclillators; of these, network BR may be eliminated immediately
since the equaticns for 8R for sach linear reglicon have the same

form as the equations previously dliscussed for 1R, The equa-

tions for these two netwcrks are [isted below,
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letwork 'R,
2. 3# y oo = - S [ .
Ki: & H#f "4c, g 45/ Z= - (2.51)

i
¢

Al ;'*//F(;j‘"/i/ﬁf - {e.52)
e 7 ,_‘ / - /
/?_3, Z/*/F(;&f *é(;] 46

3
Network BR, (The resistor In series with the source

"

x - {2.53)

s Rq)
A
ryl aY I RL\ he - - j)(
AL i*fm e A/j*zc@mj CGOENTT T sy

)
P2 f43 4§§. hysz.<(}(k9¢Ag\/7 -

(2.55)

S 22 A <§; ) = '“fz_— A}Q

73, /*/ZJPL/’“ a4 L€, [()f,e;z 4G (FR)S - (2.56)
Now {f 3 set of numsrical coefflicients [s chosen for the egua-
tions of 8% then the parameters of IR mey be selected so that
corresponding equaticns of the two sets are l[dentical, HNote

that 1/LCo(IR) may be made equal ta R,/LC (R, + R2) (8R) and

then R of IR may be varied to make
/ .
4 _ ( al \( *AL>
XCP— Pfﬁz/ /’//‘/ﬂ Vs ’

The equations fosr each of the other flive second crdsr

networks arce similar to ths equations for ne work IR except for
the incluslion of &8 constent term which is proportional to the
sppiled voltage, E. It can ba shown, however, that with a
simple traniformation of variablaes tha anslyvs!ls just completed

for IR applies 10 tness networks also. The aquetions for

RTINS e
e
.

K ,W—-———ml‘mwum% » wasnaniil MNEDHIE SIS




re. vk R oare presentsd as an cx=mple o illusirate this
t:ansformation. The equartions for iR sre:
, \ ! 5
LS /f"/ = "“‘*',' ',‘,Z ;(_,( s _/ <. AN /"\';./(’z"' ,“2.57)
oo Sl e N T L — Yy 2 £ (2.58)
e - - - I ¥ 7 i = T -
M e /,Z (;_ LL‘,/’l (‘,‘( e ,L/, e \2.5
T ’ o
. oee _‘7"* I/_" .E_/; - ;o ar \ = ___{# - ( o 3
7. ;_r { A :_3)‘ £ (3 A /,'j A Ly Ja ;L
‘I/V ,’ ~
A /4 v £ 7if £ /
Civ L€7 L= R T LGOS 2.60
- ( / “.’-‘ /J/ 7& _Jl 2 ( )

the preceding equz ions then become:

Y o ‘ Y £\ L AN
K1 w ":’,C,) Y*(C,\//";i VX = 7 A(,( A )Jx . (2.61)
A

z /
L . /P \ o / ,,\ -
Fol DR e (P R)Y =0 (=02
K 2 A4 #'fi _1 -~ >
R0 0 (Er Rt (05 U E YA e

Nore chat each equat:on of network IR may be made identical to
one of the Eqs. (2.31), (2.€2), or {2,63); thus the I-x phase
plane can have no limlt cycle, 7o gu from the i-x olane to
the [-q plane, h waver, each polat cf the Il.x plane Is dis-
piaced horizcntally by an amount that Is proportional to the
voltage E [see Eq. (2 60j]. Since sll of these displacements
are horizontal -ad o. the same magnitude it follows that If
Eqs. (2.61), (2.62), and (2.63) cannot describe a c. .sed tra-

ectory then £qs. (2.57), (2.58), and {.2.59) cannot describe ¢
’ ’

clvsed (i« ectory eithar. in other worde the rransformation
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o s

s sebles indicetod by Eq. (2.0 amounts teo rescaling the

absci<sa of the system d:scrived by Eqs. (2.57), . .5d), and
(.95, Thus in conciusi-n r caci.ed here is thet there cean be
no osciblatory so.utlon of any of the second order networks for

any values of the clrcuit parameters .r for eny values of gqy,
q,, or e;.

tt has not bsen proved rigorously whether a limit
cycle exists for sny of the third order systems; however, the
fatultive sarqument based on the consumption of AU energy by the
resistance of Lhe system spplies to the third order networks.
That is, without 8 source of AC energy all oscillistions in any
of the networkhs must eventuslly die out.

Another argumant concerning oscillation In the third
order networks is 8s folilows, (et the source resistance in all
of these networks except 4L be Initially infinite. Then netwo:k
3C becomes the RNMC circuit of Fig, 1.3(a) which will sot os-
cillate; 5L and SC become the LNNC circuit of Fig. 1.3(b, and
will osclil'ate because they are lossiess., The ramaining net-
works become ldentical to second order networks for which os-
clliation has been shown to be Impossible. Now, if tha sourcs
cesistance Is sllowed to become finite, 2 discipative alament
is essentially added cto each of these netwcriks, Hetworks SL
and 5C will not cscillate since they wil! ac longer be lenstecs;
If tha remsining networks will not oscillate without the sourcs

resistance then certalnly tha addlition of (nis resistance 1t
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Aol cause osclllavicon but will sad to the damping that s
already present, The same argument spplies to netwrrk 4L ex-
cept o different resisterce (s considered inftliatly Infini.e.
The prsceding arguments con be used to precdict with

rea dnsble certainty that no sustalined csclliation can occur In

any of tte third o -der networks.




CHAPTER | 1 |

TRANSISTOR NEGATIVE {(MPEDANCE

CONVERTER CIRCUIS

tn this chapter dats taken from s transistor nagativs
‘mr pnace converter (NIC) will be presentad, The NIC (s de-
slgned ito0 that, ideally, the lumped mode) <een ot Its terminals
ifs a8 negative capacitance., Of course, this Idea! modal cannit
be obtained:; some dissipat.on Is expacied to b= associated with
the mode! o3 weil as shunt posltive _apacitance. It Is the
purjose of thils port of the study to Investigate the parasitic

el maman e
< ~

~ .- * b
s eSS .

4 el muae ecCcUBpeny ithe ?{ici:ci: Cép.h:iiﬂi., Gﬂ. oD~
Jective is to obtaln the charge-voltege characterliatic of tnis
capacitance for compsrison with the theoretical charscteristic

previously assumed.

3.1 The Basic NIC

The NIiC clrcult chosen for this study of neonllinerr

reactsnce was suggested by Linvill.'7 The baslc circuly,

l'il.lrwl‘.l, “"Transistor Hegative !mpadance Converters,'
. 125,

68
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complete with blasirg network, [3 snowa !n Fig 5.1, and the

AC portion of the clrcuir Is shown In Fig. 3.2

The netwark of Fig. 1.2 may be simpiified somewhat
before tre quatl!t2rive operation of the circult Is discussed,
€, end (- <can be made large enough so0 that their resctance
is negligibte ar al!l frequencies of Interest. which places &j,
Z_, #and R7 in parsllel, Since the Input l;pedanCe. Zins Is to
be equal to (~ZL), neither R3 nor R7 need be presert In the ex-
pression for Z;,. 0Qne might consider, then, rhe possibility or
askiny tire parslie! rombination of R3 and R: much lerger thaen
the Impedance of I, thus essuring that Z;, is Independent of
R} or R7, There ere practical limitations (0 the maximum re-

slistanca of both R3 anc Ry, From Fig, 3,1 It can be seen that

fncreas!ing R

a
-

ar RB fncreases the necessery DC cuppiy voltage.
The mex!imuym rss
stability considerations; since R7 and R3 aire In the bsse cir-
cuits of the transistors these resistare are preferably kept
very low for bias point stabillty purposes. Emitter reslstors
R, and Rg are chosen as iarge as the suppiy voiisce will permit
In order to improve staullity. Notlce tha: C) produces regen-
eretive feedbeck so the clrcult would simost certainly osclitl-
iate were it not }or the dezeneration pirovided by Ry and Rg,

The upshot of the praced ng dliscussion Is that [t Is not prac-

tizal to mako any of the resistences so large tha they may be

negicrted In analysis,
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A brief discussion of the operation of the clrcult
foiicws (gee Fig. 3.2). A current ! flows intce ihe input termi-
nals ¥ the network: th'z ceuses current to flow ayt of rhe col-
lectar of T,, re-ulting in & rise In collectes voltage, This
rise Is coupled to the base of 1, by cagacitor €, csu ing the
collector voltage of 12 to decrsase, This decresse is coupled
te the bsse of T,, #nd current flows up th. ough R, resuiting in
s voitage, E, scross R with the polarity shown In Fig. 3.2,
Thus 2, = E/I Is negative. The network paremeters sre acjusted
to that 2;, © -KIy. Hence the positive Impedance Z Is '"con-
verted' to & corstant K times -Z;| over some range of fre-

quencies.

3.2 Anslysls and Design of the NIC

A clrcuit anplysis bersed on the clicplcat posvivie
mode! of ths trensistor {f'g 3.3(a}] very qu ckly predi-ts the
possibility of negative Z;, but does not yleld enough infor-
megtlon to choose values of all resistors., The transistor mocel
actusily used in the analysfc Is the h-prrem-ter-small signal-
low frequency mode! shrwn in Fig. 3,3{b); this mode! car be
simplified [ smee Fig. 3.3(c}] sleace for practicai transistors

fre 1t vary small and its effect cen be neglected, also h, 1%
large enough that its effect can be ntjiected. Transistors with

an a cutoff of 8 mc {(Texas Instruments 2N118A) are usad In the

experimzental NIiC, so for frequencles beiow sbout 75 KC hy, &nd

hfe

ure essentiailly resi,

[T R S
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Tte NI!T netwark iz redrawn 10 Flig. 5.4 with the
sarsumption  nat ail capscitors except Ly are large enou-h thet

their effects are negligible at the lovest frecuency of opera-

tion (which is tc te determined). Routine nodal ansiysis vields

the following expression for Zj.-

Py | \VS(|\\1(f’:—*‘j‘ "jl.'-"‘)-‘\\(é/
N T T T F —
z//) \{: Yg(%* L!)J"Lj‘L.h:\:‘\‘/@ v:"t -)(ll JL\() + { 1’4\,/ - j l'lr‘t {b
; J\I
T "r“'\\:g* i (4.1}

The only previously unmentioned assumption recessary to arrive

at Eq. (2.1} is

J ’ {:.2)
It should be noted here that, as long as the &8ssump-

,

tion of &q. {3.2) 1s true, Z;, ccnteins no terms dependent on
transistor 2; hence, no treansistor matching is required, How-
ever, Y, willl contaln a cepacitance, so the inegquality sets a
‘ow fregquency limitation on the circuit, With C, - 1 uf it
turns out that this inequality vill be true even for zero fre-
quency so in thils case no lew-Trequency limit is i1mposed by
Eq. (3.2). As C_  !s decrsased in value the lower frequenc:
limit increases.

'v Is possib!e to choose the circult resistances so

that only he terms in Eq. (3.1) wnich 2re mult.piied by ¢C,

i»

are signi icant. This, of course, ailow: ocne 10 ¢

ngcel ;C| -

~ -
i

néke .., independent of T,

acle ~.! shoas (he values of
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ten stances 1hat wete cbhopsen ac wall ad the qignificaent

,oraerelers ot T4 and the . rarameptrers yoire measured wito
. Tekironix Type .;% curve tracer and are for ZNIIBA “ransistors
RUE I 1. ma and L eX ' With tte values trom

labte 5.1 it furrms out that Zin may be simplified still furtner,

since wilh these values

R A TN T L P i< Y b \-’S) , {(5.3)
So 7., is fina'';, simplified to:

_ 'Ti«_i-g- 4 LIL ;jhlﬂ;,:? ov"_:‘“ ,

S N OF R P (3.43

Some characteristics of 2, {€a. (3. L)) -0

. The ncalinearities of hyy and hgy 272 ¢ €5 nt :n Z;,,.
nenre any attempt to achieve large voltage or curvenl sai.4s 3t
the term:nals of the NiC w.ll te £ccompanied by nonlineer be-
navior of 2, , &lso, the choice of Q point can affect Z;,.

2. As 'ong as the transistar h parameters sre real! the

only frequency dependent term In Z. is 7

in o- The reasch that 7

is assumed freaguancy de dent Is that & ic a vapacitor In

hf s study,

[

. Assuming hgy and h;; reasorably constant, Z  has the

form

-— . s T [
r .= K. - A £ , L)
rd

CF S resistive term appeats in series with th - converted jm-

pelasce . ris suggests thut one might 3+ yome ftypr of com-
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b Equation (3.4) Indicates tnat Z, (see Fig. i.1) rather

than Z{, !s converted to a negative impedance; therefore, It Is

nececsary to consider 7. as a function of Z, before any compen-

sating network car be incorpratad Into the system,

Consider I, as a pure capacitive reactance attrlbut-
abie to a capacitance (,; then Z_ = RBI!R7|!XC0 . Fcr brevity
iet the parailel comblination of R, and R] be called Rp_ With

Iy written in terms of C, and Ry, Z,, becomes

o
< . A :’_‘ . 1/ cy B
{(Y@-@fﬁ‘jﬁ,)[" *(Wff’(ﬂ)j-@jt.hﬁh f\ézwﬁ /‘//",*// Lo
e
L,:'rr: : A } e ~ 27 (3-6)
' th.*m(‘fﬁ‘fg)b * (-w‘p(,o)_/
or . i
K o+ Ky + ;&UAG Co
ZI"/: = = , Q“ _ Kl ( O - .
Koy rAs)” / (.7

Equation (3.7) (ndicates that both the real part and the Ima-

ginary part of Zi are sensitive to frequency changes, at least

n
throughout some frequenzy range. The theoretical iocus of Z;,
{(Cq = 1 uf) is shown In Flg. 3.5, along with the locus of an
ldeal negative capac!tance and also the ltocus of a positive re-
sistance In series wlith a negative capacitance, Thus this Z;,
does exh!bit 3 negatlve cepsclitance effect, but the narasitic
resistance 8ssoclated with the capacitance and the low frequency
1imitation make some sort cof compensating network deslrab’ 1f

this Impedance Is to be vsed a3s a circult element.

A plot of the impedance of the actuvai NIC (uncompen-

sated) s shown in flg. 3.8, 7Tnis plot differs from the
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theocr2tical [mpedance locus In that ths effaects of unavoidable
shunt capacitance are present Iin the actus! plot, The actual
locus compares favorably with the thaoretica! locus for frequen-
cles from about 200 cps to 2 KC; at this fraquency the shunt
capi zitanca beglins notlicesbly to shift the phase of current
with respect to voltage and tha two plots beqglin to differ. The
complete N!{ mode! !s shown In Fig. 3.6,

For tha sxperimental MIC (Co = | uf), the constants of

Filg. 3.6 ere as follows:

K=Y+ Tt Yo, —‘ji,h:}.‘(’g Rp =~%7 Xl53
£ = (g 9t YN BGY = #/ %16
Ks= B Gobt) Y, = 18,5

Ko= Yo hgi (VoY) = 155500 °

3
H

As = ye, I'?{,C)’.’li-‘T'g/X/?/:C; = 37)(10""
Ks s

Ky= 202 =37

=]

Now conslder the frequencles for which K2m2

>> |K;] and
K5m2 >> K4. The flrst inequality is true for f > 170 cps, and
the second inequality is true for f > 300 cps; therefore, for

f > 770 cps:

2 - g
En= ks ot £ (3.8)

.7
- /D * F 2 Co . (3.9)

Y
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Equations (3.8) and (3.9) !ndicate that, excluding the effects
of shunt capaciteance and assuming that the h parametcers re-
ma!n real and constant, Z;, looks like a 110 ohm resistor Inr
series with a negstive capacltance equa! to 2¢,.

The clircuit used to measure the phasor impsdance I,
is shown in Flg, 3.7. The termiral voltage of the negative ca-
pucitance is Vg ant the current Is -Vga./100; the phase angle
between current and voltage s weasured with a dual-trace os-

clilloscope,

3.3 Compensating Networks

Although not directly pertinent to tnis study, & brief
discusslon of possible compensation i5 preser :ec here., This com-
pensation |s based on an Inspection of the expression for Z;,
fEa. (2.6))1. For a more theoretical approach to compensetion of
negative iwpedance converters the reader s referred i) the
lltarature.'s

The first step in Improving the locus of Z; .  wil' be
to put 8 resistance in series with C,, resulting In Z, shown in
Fig. 3.9. The inclusfon of ., will result in a negative-
reslstance term in Z; as well as 8 positive-resistance tarm.

The va'ue of Ry, w!ll be chosen so that the rea! part of Z,;,

will be reduced. Witn Ry Included,

18, arky, ». 12k,
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*ln:

Yy [eSC (Ror RV 1] | (3.10)

YorVer Yo mhos
yc - 'ujL“y‘nr\Yé, m"‘os ded/e/,
N4 = thl'-l“g'(\’/ﬁv?) mhos %;adrea/,

how |f Ro is chosen so that
ValRor&p) =Y Rp %o
or \(a KP
o-'\k ?,-—YZ. g
for this value of R -
3 N (e C

Z (‘7(;,'\/c/\c/9> "'j‘w < ip e Te P, e
yagPRe s : = (.11

7N AT i) ] ’

Witk the parameter values given in Table 3.1, Y, - YCRP < 0 so

7 has the form

-k, Jwk G
o7 B ‘CCL‘)I/\ T

The locus of this Z;, is shown in Fig. 3.10. Note that, with

in

;K‘>o) K, >0 . (3.12)

R, inciuded, the iocus of Z;, Is simiiar to the locus of a con-
stant (-R) In paraliel w!th & constant {(-L). Furthermore, the
value of R, is independent of C,, but depends on the transistor
parameters hgy and h,.

Now refer to £q. (3.11) and investigate the frecuen-
cles for which w2Cg 2y, ? Rp¢ >> (Y, - YCRp)e, for this NIC the

ineauall y abovs is valid for f > 260 cps, so this frequency
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limitation will be placed on the WNIC and Z; will be simplified

againr:

, (Y&- -Ye P) ~ J /},Cll /T/:) ;
LA A AR AT A | (3.13)

or

. - 43 .
250 = TLoF * 07 e

Kiy>e,Ky>0. (3.14)

It was menticned eurlier that the lccus of I, with
R, looks like (-R) in parailel with (-C). This prompts one to
examine Y, In order to remove the parasitic resistance. For

f > 260 cps,
i ' ‘uC,ﬂVE
Yi,n /Yo. I'RP) / ( - YA f);k {3.15)

Since Y, - Y R Is negative the real part of ¥V, ]

will be negative. Obviousiy, if & positive resistance, Ry,
eauel to (Y, - Y RP]/Yd Is placed across the Input terminals

of the NIC, the pnrl;!tic resistancs wi!l be cancelad out end

Z/'? /@’(—o ‘/chéfjr P (3.16) .

Figure 3.1 displays the compensatad #iC w'ith the

velues of resistances naeded to eff:ct the [mpeds~:e convarsion.

Note that nelther compeasat!-; resistor depands oa C,. A capec-

>

Itor Is included (n series with the 730 ohm resistor, R;, so

the DC bilssing of ;e transistor will not be upset, Eguation

3.16) implies that the compensating resistors witl casuvsa the
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terainals of the MIC to look like an Idea: neanstive capacitor;
of course, this will not be true for two reasons: first, a very
slmple low frequency, linesr modal of the transistors was used
in the analysis and design of the NIC; second, both R; and R,
are dependent (st lesst) on the transistor parameters he and hy,
so Q point, magnitude of Jdriving ource, and frequency affert
tha optimum values for Rl and R,. The effect of compensation
(for o fixed Q point and driving-source magn!tude) is sketched
in Fig. 3.12. HKote the frequenclies at which Z|, Is purely capac-
ftive and at which Z;, Is reail, both with and without compensa-
tion, and with R, only, Severa! polints can be made concerning
compensation of the NIT. Firs. consider the Intersection of
the three loc!| of Fig. 3.12 with the real axis; not only {s the

- N & P | P O B e T I T P _ . . - [y -
’ + s - I SY ML Y SN IIWwWSIowYY vy t. UMM WEN DG L U'l‘. WV

— .- - ’
14 1
e 4 H :

831 58ive pairt of I
the uvseful frequency range of the regatlve capaclitor is Increased
by a factor of three. Second, the reductlon In the real part of
Z,, 15 in evidence at the intersections of the 'ocli with the
imaglinary axis; although the capoacitive reactance is diffterenx
for esach of the loci, the frequency Is #lso diffarent so that

at this Intersection each of the loci reprercnt a capaclitance

of approximatsly the same value (3.5 uf). Finally, note tnat

the largest part of the compensation Is accompliished by R .

The measurements fcr Flg. 3.12 were made with Ro - 220 ohms aad
R, = .0 ohms (680 + 100), since these were readily avallable

in standard resistor values in the lab; It is presumed that

this compensation mighi be improved if desired,
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3.4 The NIC Used As a Circult Element

The data presented in this section are intended *o
demonstrate the use of the NIC as a circult element, The NIC

is placeu :n the circuit shown in Flg., 3.13 and the driving

point impedance is measured as a function of f-equency. This
clircuit Is chosen to illustrate that it is possible to eff_ct
capacitance cancellation by using the NIC. tf Ry - R, = R

and C; - C, = C then the impedance of the RC circuit is real

at all frequencies and Is

/

Z, T I T 2Awict ’ (3.17)
The impedance c. the NIC is measured ard plotted 1n Fig. 3.'3
From approximately 1 kc to 3 kc the NIC looks like a resistor

with value slightly less than 100 ohms in series with 3 nega-

tive capacitor with value of 2.5 uf. Therefore, valu2s o1 Rj
and C; are chosen a: 94 ohms and 2.5 uf, respectivety. The
impedance of this series R;C, is also plotted on Fig. 2.13.

These values are used to piot Eq. (3.17).

Then the NIC is placed in paraliel with the series
RyCy, and this impedance is measured and plotted. It can be
seen from the figure that the reactive component of the imped-
ance is indeed smal! throughout the frequency range considered.
Obviously, neither the tvo capacitors nor the two res stcrs are
exact'ly equal at all these frequenctes, but the cancellat!lcn
effect can be seen. Furtherirore, since the measured curve

agree fa:rly we!l with the theoretical plot of Zi” “Eq. (.3 7)1,

IIIIIlIlllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
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tie assumpilon tnat the NIC 15 a circult elemen- which consists
of & constea’r rssistance in seri=zs with a constant negati-e

capacitance [see Eq. (3,9)' is reasane'ly z:od.

3.5 Square Wavs Meusurewnents

A iumped mcdel of the NNC has heer predicted from
arialysl: of the NIL, and this model bas beern ver!fied through-
out a certain range of frequencies by meanc uf AC steady state
measurements. This ncdel will row be used to calculate the
transient response of a circult which contains the NNC., Values
for these calculations ~ill be obtalned from measurements made
on the circult.

A square wave osciltator is apoliad to the NIC, as
shown Ir Figs., 3.74(s),(b); some response waveforms are shown
In Figs., 3,1uf{c),{d). With the ampiitudes imp'ied In Fi;g. 3.i%
tha circesl 13 vpsreiing in 2 reasonably 'ingcar mode, if ihe
driving-source magnltude Is increased the mode of operaticn
naturally becomes noniinear and distortion results, thls will
be discussed ‘'ater,

The presence of negative capacitince at this square
wave frequency (2 KU) may be seen from Flgs. 5 ih(c),{d). ~ote
thet wrlle the sour-e voltage Is a positive constant the cur-
rent is pasitive and | . not quite consta. t buz is jncreasing
very siightly. Threoughout thls ha!f period, ho sver, the NiC

terminail voitage is decresasline almes ilineariy,
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The purpose of this section of the discussion is to
lrterpret these waveforms in terms of the !'umped mode! of the
NIC; |,e., I, im oserlss witn C,; the shunt capacitance is neg-
tected here. The values of R _and C, are assumeJ to be constant
although this is not strictly true since the transistor parameters
will vary some even In the small-signal case.

with this magnitude of driving voltage the current and
voltage waveforms exhibit half-wave symm:ztry, so it will only be
necessary to disc:3s the half cycle for which the source voltage
Is +i/2. At this time It is also convenient to indicate the
soluticon for v, —of ¥Fig. 3.i5¢a) which is the clrcuit of
Fig., 3.1 (2) with the external resistances combined and with
the 100 uf cagaclitor omitted since its only purpose is to block

OC current., The scurce is also considered a step function of

volitaare . The ~itlal wvaoltage 2075355 the nevaiive capacitor is

V., as si1ow . This network !s easily solved by standard tech-

niques to yieid: %t
(A’#fj)(—

,07; (%-%) E?

(i< > ) 3.1
/?}“A\;/ P ( 8)

aad

£
(Jp=\e ) 5 e'{fﬁeﬁ)c

\\/l:'-r, !\‘Ll ) = V;- - yan /Pq

. (3.19)

tguation (3.18) iIndicates that if a very short time is consid-
ered then zurrmnt might be ¢ sidered as ircreasing lineariy.

cquation {(3.!S) indicates tnat for a very shtort time the voitage

will decrease approximately linea-iy, Equations (3.18}) and
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(3.19) denote the responses messured from & time t = 0, which
Is tha [nstant that the step Is appiled to the clrcuit, The
present problem, however, involves a square wave offapplled
voltage rather than just a step, Consequentiy, It wili be nec-
essa:y to consider the response at some time t; [see
Fig. (3,14(c)] when the clircuit is cperating In the steady state
in order to relate the waveforms to R and C . Refer to

Fig. 3.1k for the following discussion:

\ , Ny :
at él(’)) \/5 =2 V:n =V let ch = \/!&
at tl(+},‘ \/IS:{ '; vfn':V?. : \.:,<='r\/0~
let A\};n: A\/EX :‘\j'z 'V| and AE = ﬁ’(’%) - ‘-,_:,
AL Ax

so, A\/fx'-' m‘ , where R = all series resistance except R_,
cr, B ;ZL‘A‘V'E,(‘{_ (VZ-\/;)k'

T AF A £ (V-Y) (5.20)

Thus Eq, (3.20) gives an expression for R, tnat contalns quan-
titles which can be measured externaily to the NIC,
An expression for C  Is derlived as follows: as be-

fore,
/ : Y YA -£ L .
at 7.{': ('), \/m :Vr ; \\/C;( = Va \;" T Z and \‘/KK = \/Q*Va_ J

at t/(*>) Vin - V2 )‘éx =\A;(JV§’ f% and \@( - I = B
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\/ -V (’e'f/)),. _ —_":-/(:(__. )
R 2.7 {3.21)

Equaticn (3.21) gives the voitage scross the negative capaci-
tance at the end of & negative half cycle of the sourcs V-

Now between t(+) and tz(-) the source looks like a step of
voltage, and Eq. (3.19) may be used to describs the decreasse In

Viy, during this Interval of time. Thus, for t, <t <t,,
{-%

Uiz G - (BVRE SRR

< £ r Bx

Equation (3.22) contalns ¥

‘ (3.22)

a’ which cannnt be conveniently
measurad, so suostitute Eq. (3.21) Iato Ee. {3.22). This

yields, stiil for ¢t; <t <t

e f o, F
V7 R +Ex .'/2("»*’&) £ Ay
v, = { 4-Vc~)( = - e“’*""”‘)" % -3
Finaliy, at t = ty(-), ty - {r = cihe-half period = T/2, and

T (a23)

Eq, (3.23) becomes

V=V = (£- v)("*"x e(meu /4\/&_(.@* . (3.24)

Equations (3.20) and (3.24) togethar mey de used to obtain ex-
perimental values for Ry and Cy for any glven source frequancwy
and ampiitude. These expressions arz as good as the assumpt!on

that R, and L, are constwnts, Fo: example, using the circuit
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of Fig, 3.14(a) with open clrcult sourca magnitude of | velit

peak-t -pesak end Lo = I uf, one finds R, = 102 chms and

cx
2.98 uf: this Is good sagreement with the vaiues predicted In
Eq. (3.9); viz., R, = 110 ohms and C, = - 2 uf, where neither
magnltude nor fraquency of the driving source was considered
explicitly,

Table 3.2 shows some addit!ional measurements that
were made a.ong with R, and C, 2s calculated from Eqs, (3.20)
and (3.2, items 2 and 3 of Table 3,2 are in error since there
ls obviously some s.g5rificant nonlinearity due to tranrsistor
actlion., The comments accompanying these twn [tems Indicste
that the assumptions made in the derivation of Egs. (3.22) and
(3.24) are not satisfied nere; i.e,, that R, and C, are con-
stant. This can be seen rrom the fact that v, does not ex-
hibit half-wave symmetry with these magnitudes of driving
sources, Hhowever, it Is surely true that the parasitic resist-
ance, R, as well as the negative rapacitance, (,, Increase in
value with 8n Increase in the amplitude of the driving source
at least up to some point, The difficulty encountered (n meas-

iring the varistion of R, and Cx with changes in current and/or

voitage will be dJealt with In the next sectlon.

3.6 Attemgt to Measure Charge-Voitaege Characteristic

One objective of this exijerirental work Is to deter-
mine the nonlinear relationship bhetween tiie charge and voltage

associated with a practicii negative capacitance, tn the first
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part of this paper a number of calculations were based on the
assumptior of a piecewise linear relastionship betwasn charge
and voltage. It is desirabie to compare the actusl q-v char-
acteristic with the assumed characteristic 8s well as to deter-
mine which of the lumped circuits of Fig., 2.1 most closely
approximate +t‘e actual N¥C, The lumped modal of the actual NNC
has been clearly shown to be a nonlinear, frequency-dependent
resistance in serfjes with a8 nonlinear, frequency dapendent naga-
tive capacitance, the series combination being shunted by a
positive parssitic capacitance, Vhll§ the shunt capacitance
can be neglected in some instances, the series resistance cannot
be neglected, and it is the nonlinsarity of this series resist-
ance which prevents a complete messurement cf the q-v charac-
terfstic. The bactie difflculty in thle measuremant s se2tling
at the terminals of the capacitor. It (s certainly |mpossible
to get at the junction connecting R, and Cx for obviously this
clearly defined junction exists only in the modz2l, not the NIC.
Therefore, irdirect methods must be used; Fig. 3.16 shows .
scheme used to measure the voitage across the cspacitor based
on the series R-{ mode! and to obtain the charge on the capaci-
tor by intagrating a voltage that s propoartional te the currant
throug! the capacitor, |(f the output of the subtractor (!) is
fed to the vertical umplifier of an oscllﬁoscopo and ths outnut

of the integrator (3 !s fed to the horizontal amplifier of the

ascilloscope, then the gq-v characteristic should appear on

-~ TS o o MMarn A s mmmmem m i = . .o+ s ez - i L L L L - L = =
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the face of the scope, As previously mentloned, » voltage
proportional to the charge on the NNC may be obtained by inte-
‘rating a voltage proportional te the current through the NNC,
Since the current | flows through tha NMC and R; (neglecting
shunt capacitance), the voltage V, = - R, is integrated and
Invert.d to give a voltage proportionai to charge; viz., K;q.
To obtain a volitage proportional to the voltage across the ca-
pacitor it is necessary to subtract from the [nput voltage,
Via» 2 voltage In phase with and egual to Vp; now Yin iR, +
ve 2and v, = - iR, and the output of the inverter (2) is
+ iR, therefore, if R is adjusted so that it is equal toc R,
then the output of the subtracto (1) Is + Ky_. Indeed, this
can be shown experimentally to be the case as long as the am-

piitude of the

[+ %

riving source is smaii enough that Ry, is reason-
ably constant and linear. Wher e(t) is a square wave the out-
put of the Inverter (2) Is a squsre wave [see Fig. 3.18(b)), as
it should be, since the current (s essentially & sQquare wave,
Under these conditions v, Is trianguisr {see Fig. 2.18(c)]).

When elt) Is sinusoidal the plcture on the scops |s & conven-
tional Lissajous figure which :ndicstes a 180 degree phase dif-
ference between v, and q.. When the driving voltege Is increased
in order to study the large sjgns! gq-v charscteriastic; however,
the waveform IR, no tonger sssumes the same form as the current

because of the nonlinear characteristics of Rl. Since the volg-

age IRy does have rhe same wavefcrm as the current, it is
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impossible to '‘cancelt the vp Fart af Vi, Whth v aid “he
output of the subtractor (1) Is no 'onger + Kv_ wut is =+ Kv. +

-

K(;R + v‘)lsee Fig. 3.20(c)j.
The tnverter {2} and the inteqgrator (3) for this part
of the sxperliment werz maae with Phllbrick operaciona! amplli-

fiers {Mode! K2-XA); the subtractor f1) was the differential

input of 38 Tekttronix 503 oscilloscope.

1.7 N:C Waveforms

The ncnlinearities present n the N.C have been re-
ferred to previously. This section presents direct oscilioscape
observations ¢of their effects. The only elements of the N C
cireuit that are considered nonlirear are the transistors, I f
an analytical! appreach s trlied, then, even for the simple
transistor mode! that has been used, the varjation of hfe and

LI with tréns,siur currents or voirtage must be approximatend

ie
ana.ytically; since there ai2 two trancistors in the N!{ 6 the
resulting nonlinear different,al equation Is guite compiex and
requires that an approx mate scolution be made. No usefu! ap-
proximate solutions have been fourd in this work. Various
wavetor s of the N € can ve shown, hcwever, .or different values
of driving voltage, and some irsight into the mechan sm that
causes the rnonlirearities can ba ottalned.

Two sets of waveforns are pres -~ted in figs. 3 18
thnugh -2 The first set ronsists of var,ocus N«U voltages

ocbtairen wren the amplitude of the driving s<ur. e is of such a
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ragnitude that the trensistor operation is essentially linesr,

Far the seccn<¢ set of ~aveforms the source amplitude has been

increassd unt!! a2 hjgh level of distortion is present.

A squa e wase source was chosen for this psit of the

stuady since |t was decided that the waveforms would be more

aasily

internrated than [f the source were cinuscidal., The

following date spply to Figs. 2.!8 throuoh 3.21 also:

Square wave fraquency: 2 KC

Q point (2N} 1BA transistors): I, = i.5 ma ; vee = 20V

Small-sligna! onpen clrcuit source voltage: 2.3 v

Large-signal open circuit source voltege: 7.2 v

*

ptp

ptp

Waveforms of the voltages listed below are gliven for each of

the two case ., For convenlence these voltages are defined In

Filg. 3,17, The waveforms are presented only for the Input

transistor, T-1 (see Flg. 3.2), =ince this transistor begins to

operate

In a nonlinear fashion before the nther transistor does.

The waveforms shown are:

.

input voltage, v;_

fnpat current, I;, {(Presented as voltzge across 1607 ;

n

Capac:tor voltage, v_

Capacitor charge, q
q-v. characterist'!c
Coliector voltage, v_,

{oliector ¢ :rrent, I, {(Presented volitage across 1500)

Base-emitter volzage, v
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9. Base current, I, (Presc.ted as voitage across 1000)

10. Te - Ve thavactisristic,
Only the AL portic v. iihese wavefeorrs are glven, Knowledge
of the Q point anc !ec oscilloscope sensitivity can be used

In most coses to determine total v .tages and or currents.
Figures -.,18(a),(b),(cj,(d) show the relationship be-
tween input voltage and current and the negative-capgaciisnce
vo'tage and charge under small-sigral operation. Note that
during ths half cycle when current s positive charge is in-
creasing, however, Yin and the voltage across the capacitance,

1

v are decraasing. This indicates that the capaclitance is in-

¢’
deed negative. Figure 3.18(e) indicates that ths capacitance
is not only negative but 's essentially constant for this ampll-
tude of driving force.

Figure 3.19 .hows transistor vo'tags and current wave-
forms under the same conditions »< Fig, 3,18, From Flg. 3.18(c)
it is seen that the total collector-emitter voltage swing about
the Q point Is appronimately .25 volt whlle the collector-
current varles abowut & ma above and below the Q point., This
is a rather large current swing but practically no voltage
swino at a#l1, Th:s the loadline for transistor T-! |s alwost a
vertical line,

The waveforms In Fie, 31,20 are for iarge signal ocpera-
tion. Figure 3.20fa) shiws the distortion that Is pres=nt In

the inpit vo tage, Figures 2,20(b) and {d) indicate that the
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current and the charge ars ressonably undistorted. However,
Fig. 3.20(c) obviousiy does not reveal a triangular v.:ltage
across the capacitance. Actually Fig. 3.20(c) Is not strictly
the capacitance voitage since the effects of the nonlinear re-
sistor, R , are present in this waveform as well as ths non-
Iinearity of the capacitance, C,. For this same reasor
Fig. 3.20{(c) is not truly the q-v_ characteristic, slthough
f the negative s'opes of this plot do indicate that tte caspacl-

tance Is still negative,

Figure 3.21 shows transistor currents and voltages
under larae signal operation, The principsl cause of distortion
can ba seen from elther Fig. 3,21(b) or Fig. 3.21(c); 1.e., on
the rnagative half cycle of collector current, the collector cur-~
rent goes to rxerc. Although not obvious from Figa. 2 .2¥(2), the
base current is also driven to zero at the same time that th-

collecteor current s zero.

3.8 Conclusions

A theoretical investigation has bsan made of the class
of circuits which contains lumped models of a potentially rea!l-~
izable uonllinear negative capacitance in serles with resistive,
capacitive and inductive loads. This serles cembinatlion Is
driven by a voltage source with nonzero internal resistance,
The lumped models of the reaiizeble NHC consist o° all ¢ mbina-

tions of one positive !inear resistor, one positive liunear in-

U et

ductor and a hypothetical nonline2r capa itsr. Two of these

IIIIIIIlllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
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networks are found to be stabis on & small signal basis, [.,e,,
when the amplitude of signal variations are assumed to de small
enough that the nonlinear capacitor actually appears to be nega-
tilve and lineaar.

When the mode!l of the nagative capacitence in each of
these two netwerks is assumed to contaln no inductance the net-
works become [{denticasl,. When the resultant network is driven
from a soldering iron entry it Is capable of voltage amplifice-
tion, and it [s also capable of capacitance canceliation; that
Is, the negative capacitaice can be used to cencel the affect
of capacitive resactance due to a positive capacitar. When thls
RC network is driven from a pliers erntry It is capable of cur-
rent anplification as wall as :apacitance mulciplication., The

- grncrirniiy

c-

phenomenon of canacltancs =multipgllication may
sicnificant In microelectronic circultry, since, In the present
state of the art, the values of deposited capacitors are on the
order of picofarads, A negetive capac!tance might be used to
increase significantly the effectlive deposited capacltance,
thus allcwaing the circuit desligner to work with a much widaer
range of capacitor valuves,

Buth phase plane analysis crnd Bundixson's nsgative
criterton have bcen used to prove that none of the second order
networks can be made ta suppurt an undamped osciilation dus to
the Inclusion of the nonlinear capacirance, These proofs and

anergy conslderations have been used to show that nons of the

third order networks ars capsbie of osciilation,
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Singular point analysis Indicates that all of these
nstworks have two stable singularities; hence, all are poten-
tial switching circults; however, it Is pointed out that come of
thas networks would make more practical switches tlan other net-
works dua to the fact that the location of thke slangular points
can be changed by varying the constant voltage applled to the
naetwork,. One of these circults has besen simulated on an analog
computer, and switching actlicn from sach stable singularity to
the oiher one has been demonstrated., The amplitude of che
switching pulse as well as jts duration has bean onsidered Iin
this study., Such & capacitance should be Quite useful as a
lossless storage device, for when the capacitor [s In either of

'ts stable states no current flows, hence no power s dissl-

wns o ad
s,

Nonlinear negative capacitance has been prodiced in
the iaboratory by meoans of a negatlive impedanca converter clr~
cuit, This NM{ has the expected dissipat!ve element associated
wlith {t as well as parasitic positive shunt capacitance. The
lumpcd model predicted analytfically has been verifled by both
AC steady state and translient measurements, Ay the frequencies
used for testing no inductive =ffect Is expected ur noted in
measursments. Uss of this reatlzable nagative capacitance as
8 circult element has been demcnstrated by measurements made

to confirm capaclitance cancellatlion and mu tiplication.



Waveforms of the various tranclestcr voltages and
currents are presented under both smail signal and large signal

aperaiion to point oui ihe nenlinear effect of the transistors

in th_ NIC circult.
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1. SUPPLEMENTARY NOTRS Includes !eﬂearch h}’OﬂIONlMG M LITARY ACTIVITY I.I S Atr Force

3 macT. Ko ana yrical studs 78 madeo e behavior ol a €ertain ciad8 of HLL networka whlcn
QA 0REIMC I aoretical nonlinear negative capacitance along with varicua possible combinatiors of
£
constant parasitic eismexls that are certain to be present in any phyzical resiization of this
type of capacitance. The_theoretical capacitor is Jdefine’ in termB of its charge-voitage relation
ship, i.e., e » - 3aq + bg~, where e 18 the voltage acrost the terminals of the capacitor, ¢ 18 Lhef
charge associated with the capacitor, and a and b are arbitrary, pogitive, real constants.
Thiz study s directed voward an evaluation oi' the usefulness of a nonlinear negative capac!
tance _in a network to accomplish either amplificaticn o o8cillation or switching.

In order for s networh to be useful as an ampliffer, {ts 3amall-signal model must be stabie.
Therefore. for v.ais pgrc of the study the nonlireav c.pacitor_is represented by =& linear, nsgstlv’
capacitance Of the 24 ne'wcrks deflred for this studvy onl¥ 2 are ouns to be possibly stable.
Both of these ne‘works. and only tnese netwcerxs, have 4 pogitive capacitor in series with the as-
sumed negative capacator.

S+ingular ¥w1nt aralysis diacloses that any of th. defined networks may have 2 stadble eguililb
T puinl 18 15 the basic criterior for a bistable device, so the cerclusion 1s that non-
irear capacltance, like non!inear recistance. can te used effectively %o constru‘t a luitching
frcuit.  Phass planc flots of wne of the 8econd order networks are included to 11..strate swifohd
=g from 2uch stab’” . singularity to the other.

It 1% proven .5 i:ase pilane methods that none of the Second order systemsé can support & sus-
tairad osciliation argumont bosea on energ{ relationghips and or, tha nonoscillatory nature of]
the second urder “etworks Ja presented to show that none of the third order networks can serve as
ogscillators. ence, the results here indicate that, unllke negative resizionce, nogative sapaoi-
tance cannot Le usel as the .echanism ty which oscillation i8 Induced in a pe:aivo network ich
con:ains disaipatti- =2 elementa.

A nenlinsdr negative capacitance has been realized by meens of « transistor negativse imped-
--~cg converter circul® From analvsi{s of the nagative impedar.ce converier, the lumped a xdel of
gn. .’ Lve capacitance {8 predicted o be a nonlinear, fre uancy—degenaent veaistor in .eriss with
neniinear, frequency-dependent regative capac'*o-. The Jocus 7 The tip of the compien impedanre.
a: a Tunction of frequencz, 1s Qredicted in this analysia; thia locus 428 subeoquentli verified by

~Aateacy statc measurcmeris in the laburatory. Although not consideled in tﬂf arzlytical study,
ne effest of unavoidable 2tray capacitance was 8een in the experimental results.

The squ=re wave respcnse of the negetive lmpedante converter 13 alsc obtained, and a rela-
vicnsni: cetween the steaty 8..te square uave response axd tha vaiues of the model is derived.
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