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ABSTRACT

This report is conce.rned with the mechanical properties of metals under biaxial-
stress conditions. First, •htre is presented a discussion of the fundamentals of
biaxial-stress systems; this is followed by descriptions and critical evaluations of
various types of biaxial-stres: tests, the associated test specimens, biaxial-stress
property criteria, and data presentation for Military Handbook 5. The major portion
of the report is devoted to the graphical presentation of biaxial-strews property data
from various published and unpublished sources. The properties covered include bi-
axial stress-strain curves, biaxial yield stress, biaxial ultimate stress, strain at
biaxial ultimate stress, and strain at biaxial-stress fracture. The alloys considered
include twenty steels (standard and specialized engineering steels heat treated to high
ultimate-tensile-stress levels, stainless steels, tool steels, and high-nickel maraging
steels), five aluminum alloys, three nmagnesium alloys, and one titanium alloy.

Supplementary thecretical considerations are covered in the three appendices.
The report concludes with a discussion of the biaxial-stress properties, the factors
affecting them, and suggestions for additional tests needed to provide more complete
material-property data for designers.
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t Wall thicknessa

tm Wall thickness at maximum pressure (see Appendix IJI)

UTS Ultimate tensile stress (nominal, uniaxial normal)

V Volume of material

x fC/Fty, see Appendixl!

y fAiFty, see Appendix I

E: True strain, see Appendix III

xvi
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INTRODUCTION

Most mechanical-property data for metallic materials are obtained from simple
tensile tests. However, in many aerospace applications the material is often highly
stressed in two mutually perpendicular directioni, rather than in only one direction as
in a simple tensile test. Such applications include pressure-storage bottles, pres-
surized aircraft fuselages. liquid-propellant tankage, and solid-propellant motor cases.
Curiously, metallic materials behave quite differently under these biaxial-stress condi-
tions than they do in a simple tensile test. Biaxial loading changes the stress-strain
curve of a mate1.ial in both the elastic and plastic ranges, Reported values of the nomi-
nal stress at burst in a pressure vessel have been as high as 121 percent of the ultimate
tensile strength (UTS) obtained in a tensile test. In other instances nominal stress 4

values at burst have been as low as 60 percent of the UTS.

Obviously it-is very important to those having xesponsibility for design and mate-
rial selection for advanced aerospace vehicles to know as accurately as possible the
biaxial strength of the various materials under consideration in these applications. If
there is going to be considerable increase in strength under biaxial conditions, this can
result in a significant saving in structural weight or an increase in the structural
reliability. On the other hand, if failure,- 2ccur at stress valuer appreciably below the
UTS, this can limit vehicle perforrmance rather severely.

Some investigators have attempted to predict the biaxial strength from uniaxial
tensile properties by the application of the theories of elasticity and plasticity. Today
it is possible to predict reliably the elope of the biaxial stress-strain curve in the
elastic range for ill isotropic (or nearly isotropic) metallic materials and the shape of
the biaxial stress-strain curve in the plastic range for some isotropic metallic mate-
rials. However, it is not possible to predict whether failure will occur at a low nomi-
nal-stress level in a brittle fashion, or whether the stress-strain curve will proceed
a short distance into the plastic range or continue far into the plastic range and permit
failure to finally occur by a ductile necking-down action.

Since failure under biaxial-stress conditions could not be predicted reliably on the
basis of tensile-test data only, many investigators have attempted to devise relatively
inexpensive laboratory specimens to simulate the biaxial-str'ess conditions presented in
the full-scale structure. As will be seen in the next section, must of these simplified
afecimens have not correlated well with failure data from full-scale tests. Thus, con-
siderable caution must be used in applying failure-stress data obtained from laboratory
specimens to the design of full-scale structures. In fact, the only reliable small-scale
specimen which yields failure data which correlates at all with data obtained from full-
scale tests in a relatively expensive pressurized specimen which has ceirtain geometri-
cal relationships to the full-scale structure.

Even a small-scale pressure-vessel test is considerably more expensive than asimple tensile test. Thus, it is expensive to run tests on the dozens of alloys of current

interest. This has been recognized for some time by the Military Handbook 5 Coordina-
tion Group, who as early as 1960 began to consider criteria for Waxial-stress proper-
ties. Some of the considerations involved in selection of criteria are discussed in
Reference I, while Reference 2 describes the criteria finally adopted,
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FUNDAMENTALS OF BIAXIAL STRESS SYSTEMS

General

The stress-strain system acting at any given pIoint in a loaded body is most con-
veniently handled in -terms of principal stresses and -principal strais. In this section,
these concepts and other fundamental definitions are explained by way of review.

Normal, Shear, and Principal Stresses

The stresses acting at any print in a stressed member can be resolved into com-
ponents acting on various planes passing through the point.

The stress component acting normal (perpendicular) to the plane is called
normal stress (such as Ix in Figure 1). :Noxmal stresses are~of two kinds: tension
stresses, x.hich'tend to -pull apart-adjacent particles, and compression stresses, which
tend -to press -together adjacent -particles. .In multiaxial stress systems, it is customary
to use a sign convention in which tension stresses are denoted as positive (+) and com-
pression stresses are coa-sidered to be negative (-). i

Any stress component which acts in 'the -plane uider conrideration is called she ar
stress (such as Ixy and f1x in Pigure 1). Shear stresses tend to cause adjacent parti-
cles to slide past each other. -

In order to define the sign convention used for shear stresses, it is necessary to
cc.,s. der an infinitesimal square element cut from the plane of a thin-sheet type struc-
"ture (see Figure 2A). Suppose ther'e exists a shear stress acting downward un the right-
hand face of the element (face a in Figure 2b). Then equilibrium of vertical forces act-
ing on the element requires that there be a shear force acting upward on the left-hand
face (face b in Figure 2b). Furthermore, equilibrium of moments acting about any
point on the plane shown requires -that the pure couple in the clockwise direction pro-
duced by shear stresses fsa and fsb be balanced by a counterclockwise couple of the
same magnitude. This couple can be produced only by shear stresses acting on the

M upper and lower faces (faces c and d). Thus, there must be shear stresses fsc acting
-toathe left on the upper face and fsd acting toward the right on the bottom face, as shown
in Figure 2b. Thus, it is shown that, if a shear stress exists on one fa.e of an infini-
tesinal plane element within a body, it must exist on all four faces in the form of two

pairs of stresses. The shear stresses which produce a clockwise couple are denoted
as positive (+), while the shear stresses which produce a counterclockwise couple are
considered to be negative (-). Equilibrium of normal stresses is shown in Figure 2c.

If one selects three orthogonal (mutually perpendicular) vlar.n.s through a point,
there always exists some orientation of this system such that only normal stresses
exist, the sheaz stresses all being zero. These normal stresses are called principal
stresses,* and the numerically largest of these i6 denoted the maximum principal stress.

A The directions perpendicular to the three orthogonal planes are known as principal-

stress dir,-ctions.

J 3
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The easiest way to vlaualize the relationships involved in a multi-axial stress,system is to use a Mohr stress -circle diagram. This serves as an aid in calculating

the principal stresses and principal-stress directions. In this report the chief concern
is with deterrnination of principal stresses. For information on calcu2ation of princi-
pal-stress directions, refer to any modern text on elementary stress analysis or

strength of materials.

To construct',a Mohr stress-circle diagram, the abscissa of the diagram is
denoted as the normal-stress axis and the ordinate as the shear-stress axis. That is,
taking due account of the sign conventions mentioned, all normal stresses are plotted as
the abscissa and all shear stresses as the ordinate. Figure 3a is a typical biaxially
loaded two-dimensional element. On face a of this element ihere are acting a normal
tension stress, fx, and a positive shear stress, fxy. Thus, on the Mohr stress-circle
diagram (Figure 3bW, point a is plotted with coordinates (fx, fxy). Note that point a on
the Mohr diagram corresponds to the stress situation at faces a and b of the element.

k Similarly, corresponding to faces c and d on the element, point c is plotted on the Mohr
diagram with coordinates (fy, "fxy).

The geometry of the Mohr diagram is such that all Mohr circles have centers
located on the normal-stress axis. Since points a and c are two points lying on the
circle,, and since they are equidistant from the normal-stress axis, points a and c must
be ends of a diameter of the circle. Thus, the center of the Mohr circle is located at
the point where line ac intercepts the normal stress axis and the radius of the circle is
equal to one-half of distance ac (see Figure 3c). In terms of the stress components,
fx, fyi and fxy, the center is located at an abscissa C cf

C = I/Z(fx +fy),

and the radius is 2

r /(9F) x y +f 2z -- xy *

Each point on the Mohr circle is associated witla_ particular orientation of the
infinitesimal square element. Thus, the principa1Istresses (denoted by fl, f 2 in
Figure 3c) occurs at the two points on the Mohr circle where the shear stresses are
zero. From the geometry of the diagram, the principal stresses are calculated as
follows: . ,-

f +f

fl=C-r= K + y +f2 ()

2 \2/ xy
S2 \ / xy (2)

Equations (1) and (2) can be used to calculate the principal stresses fI, f2 from
the component stresses fx, fy, fxy for any biaxial-stress sytem.

It should be noted here that the most general stress system which can exist at a
point in a body is one in which none of the three principal stresses are zero; this is
called a triaxial-stress state. Thus, a btraxial-stress state can be considered as a
special case in which one principal stress is essentially zero. In thin-walled members,

44 k



"-.•."<,'• / * . -' . . -, L", •,;4 .

i fx 100Wksi
d

fxy = 25 ksi

a. Element. considered

A,, 50,

Offx, fxy)
0 A

V) 50 100
U Normal Stress, ksi= •~~(f , -fxy) ';•

-50.

b. Location ol Points a and c on Mohr diagram

C-

Ia/ Max shear stress r
Ua

.-1 50 / 100 Iormat Stress, ksi

Do '06C r
S f2 = ). ksi

i•• • it = •10.3 ;•si

Sc. Mohr stress circle

FIGURE 3. A TYPICAL BIAXIALLY STRESSED ELEMENT AIND
THE REPRESENTFATION OF ITS STRESS STATE BY MH TESCRL IGA

A MOHR STRESS-CIRCLE DIAGRAM

7'



the principal stress which Is zero is the one in the thickness direction. Finally, the
"simplest stress state is the uniaxial onei sach as that which exists in a long, slender
pin-jointed tensile member with no eccentricity.

In biaxial stress systems, it is often convenient to refer to the state of stress in
terms of a dimensionless ratio the biaxial-stress ratio B, which is defined as the ratio
oi one in-place principal stress to the other the latter acting in a principal-stress

direction arbitrarily selected as the reference principal-stress direction.

7" Normal, Shear, and Principal Strains

Nominal strain is defined as the change in length per unit of original length in a
member or a portion (gage length) of a member.

Normal strain is the change in dimensions of a member in the direction in which
the original dimension was measured. Shear strain is the angular distortions (in
radians) of a member under loading. For example, consider a square element shown
by dashed lines in Figure 4. If the unit square deforms to the diamond shape shown
by solid lines in Figure 4, the normal strains ex and ey and shear strain exy are as
defined in the figure.

If one selects three orthogonal planes passing through any given point in a loaded
member, there always exists some orientation of this system of orthogonal planes such
that only normal strains are present, all shear stresses being zero. The orthogonal
directions associated with this orientation are known as principal-strain directions and
the associated normal strainis are called principal strains. The analogy to thc concept
of principal stresses is readily apparent. However, it must be noted that in general
the princip-l-strain directions coincide with the principal-stress directions only for
isotropic materials (defined subsequently).

Using a Mohr strain-circle diagram(3 ) which is somewhat anaiogous to the Mohr
streas-circle diagram discussed previously, the following expressions for the principal
strains el and ez can be obtained:

-- -' eel= + e + r- ey 2 + e2y] (3)

e= [(1 + ey) -eey)2 + eZy (4)2/ x

where ex, ey, and exy are the component strains as defined previously.

Elastic Deformation Under Biaxial Stresses

A material is said to be elastical'v isotropic that has elastic properties (modulus
of elasticity, Poisson's ratio, and shear niodulus) that are independent of the directional
orientation with which the test specimen is taken from the material. An anisotropic
material is one having different elastic properties in different directions. There are
many different forms of anisotropic elastic behavior (see Reference 4), some of which

-i4
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are quite complicated. F? tunatly, however, nearly all alloys of structural impor-
tance are elastically iso ropic or nearly so (within 10 percent maximum variation in
modulus of elasticity w•h directional orieatation). Thus, in engineering, it is satis -

factory to use the clas, ic stress-strain relations of claseical isotropic linear elasticity
theory(S). For the c~se of biaxial stresses, these are

e // = (fI-pf 2 )fE (5)

/ / / e 2  (f 2 -Pfl)/E (6)

R3i e3' "! 'f=/ (7)

where e /and e2 are the in-plane principal strains, e3 is the principal strain in the
thickness direction; fl, f?, and f 3 are the corresponding principal stresses; E is the
"moduluis of elasticity; and p is Poisson's ratio.

/

Ii "Solving Equations (5) and (6) simultaneously for the principal stresses fl and f2

gives the following more convenient expressions:

f- + 2 (e I ) (8)

-if2 E (e2 +pel) (9)
1-p

"It is noted that Equations (5) through (9) contain only two independent elastic con-

stants, E and M. This is a considerable simplification compared to a general aniso-
tropic material, which has 21 independent elastic constants. In an isotropic elastic
material there are some other simplifications. As previously mentioned, the principal-
strain directions coincide with the principal-stress directions. Furthermore, the
following relationship among E,p, and the shear modulus, G, must hold:

iE Z (10)

For design purposes, it is often more convenient to use a biaxial modulus rather
* than Equations (8) and (9). The biaxial modulus EB is defineai as the slope of the elas -

tic portion of the maximum principal stress vs maximum principal-strain curve. Thus,

fl = EBel ()

where fI is assumed to be the maximum principal stress.

From the previously given definition of the biaxial-stress ratio B and Equations (8)
and (11), the following equation for calculating EB is obtained:

E
EB (I--MB) ' (12)

10
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where here B is defined as f2/flI and flI>f2. Thus, the biaxial modulus depends only
upon the tensile elastic properties E and 11 and the biaxial-stress ratio B.

Plastic Deformation Under Biaxial Stresses

Although the theory of elastic deformation is well established and widely used in
engineering, this is not the situation for the case of plastic deformation. There are
many more factors which affect plastic deformation. The most rigorous plasticity
theories, which nevertheless do not adequately account for all of the observed effects,
are too unwieldy for widespread use in engineering. However, before discussing these
aspects it is well to state some definitions.

Figure 5 shows a typical stress -strain curve taken from a test to failure.
Whether the loading is biaxial or only uniaxial is immaterial at this juncture. The plot
is of nominal stress versus total nominall strain. The portion of the curve beyond the
point mhere the stress-strain relation is no longer linear and the entire deformation is

Sno longer recoverable is known as the plastic range of the curve; the linear portion is
the elastic range discussed in "Elastic Deformation Under Biaxial Stresses"|.

At any point P within the plastic range, the total str-Ain may be considered to con-
sist of two components: an elastic component and a plastic component (see Figure 5).
There are several reasons wh~y these two strain components are distinguished. The
primary reason is that. the elastic strain is recoverable upon removal of the load, while
the plastic strain is not. Thus, the plastic strain is sometimes called permanent
strain. Another reason is that the elastic component may be considered as having a
lateral -contraction ratio equal to the conventional elastic Poisson's ratio, while the
plastic component may be considered as having a late ral,-contraction ratio of one-half
(this is synonymous' with stating that the plastic deformation results in no change in

-- •l material volume). The total lateral -contraction effect in the plastic range then is the

-- • sum of these two mechanisms; thus, the total late ral-contraction ratio changes fromn the
•I elastic (Poisson's) value tV) the higher plastic value, the charge being a fairly gradual

on.The total behavior of a metal• at any point in the plastic range is' determined by the
different mechanisms: (1) that of elastic deformation which is governed by the equations
presented in "Elastic Deformation Under Biaxial Stress"|, and (2) that of plastic defor-
mation which is governed by much more complicated relationships. An "|elastic-
perfectly plastic" metal (not to be confused with polymers) is one having a flat stress-

Sstrain curve (i. e. , constant stress) throughout the plastic range. A "|rigid -plastic||III
material is one having no elastic deformation at all. only ideally plastic deformation;
this of course is not a very r'ealistic assumption to make for most structural -design
analyses. Most real materials, especially the metals of .;mportance in aerospace

S structures, exhibit an increasing stress with increasing strain, although the increase is
much less than it is in the elastic range for the same change in strain (see Figuare 5).

S Such materials are said to be "strain -hardening". Note that the term "hardening" here
S~ means increasing in str'ess and does not refer to ordinary hardness such as measured

with an indentation hardness tester.

I The term "rigid" is used here in the &mne of volumetric rigidity, since there is a volume change Ln purely e-!:Ac deforma-eon. while there is not volume change associat ed with the plastic component. Thus. a material having no elayic
defoAtation does not change volume and is said to be rigod. d
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S( There are two main types of plasticity theoxy(6 ):

1K (1) Deformation theory, in which the stress is considered to be a

function of the total strain (deformation).

(2) Flow (or incremental) theory, in which the stress is considered
to be a function of the strain increment.

The flow theory is generally conceded.to be more correct; however, it is much
more difficult to apply to engineering-design situations. Fortunately., for the common
situation of continuous loading at a constant biaxial-stress ratio (called "proportional"
loading), the two theories coincide exactly. Furthermore, even for the situations in
which this condition is not met, for the small strains associated with yielding of current
high-strength aerospace alloys, the difference between the total deformation and the
incremental deformation is usually not very large. Therefore, the simpler deformation
theory of plasticity is most widely used in engineering design. This theory presents
expressions for the effective stress and effective strain which are given by Equa-
tions (22) and (24), respectively, in Appendix I.

'1
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TYPES OF BIAXIAL-STRESS TESTS AND SPECIMENS,

Amnong the earliest test. conducted to determine the behavior of metallic mate -
rials i=der biaxial-stress conditions were those by Lode( 7 ). In these tests thin-walled
cylinders (Figure 6a) were subjected to various combinations of internal prelsure, p,
and externally applied axial lovd, P, (either tension or compression). The internal
pressure producad the following stresseo: (a) a hoop strrss fHP in the circ'mrrferential
direction given by

fHP = E (13)Zt

where p is the internal pressure, D is the nominal diameter, and t is the wall thickness
and (b) provided the ends of the cylinder are closed so that the axial fo.:e due to pres-
sure is carried to the cylinder walls, an axial strers tAP given by

AP = pD (14)4t "

The axial stress fAE produced by an external force P is computed by

PfAE: = W( f

where P is taken as positive if the external force is tenrion and negitive it :he external
force is compression.

Ther the principal stresses fH and fA acting on a typical element (Figure 6b) in
the hoop and axial directions, respectively, are given by

fH = fHP (16)

fA = fAP + fAE (17)

Stress-strain relations can be obtained at various constant biaxial-stress ratios

as follows: a series of tests is run on a number of tubular specimens, each specimen
is tested at a constant ratio of external load P to internal pressure, p, then by varying
the vi.lue of the constant ratio for each specimen, the desired data are obtained.

Numerous practical difficulties have limited the use of the tube-type specimen
just described. Im roved testing apparatus of this type have been described by
Osgood( 8 ), Marin(9 , and Fitzgibbon

A relatively simple test for obtaining a biaxial-stress field with a biaxial-stress
ratio of 1/2 is to use an internally pressurized tube with closed ends. Thus, this is a
special case of the combined-loading test just described. This type of test has been
particularly popular in the pressure'oveusel and missile-motor-case industries, in
qualification work as well as in materia.1 and process e%aluations and :n applied
research. In some of these tests very small laborator, -type specimens have been

14
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used, While in others fraction-scale models- and full-scale vessels have been used.

Although ilhese tepts were undoubtedly of considerable value in connection with the par-

ticular" development program of which they were a part. there are many pitfalls to be

avoided in applying data obtained in this fashion to other applications. Some of these
pitfalls are discuesed in Section VI.

The pressurized tube subject to external load is relatively satisfactory for ob-

taining biaxial-stress fields in which both of the principal stresses in the plane of the

tube wall arle tens ion -typ~e stresses, However, the possibility of buckling when the
o resultant axial stress IA is compressive limits the use of this type of loading in obtain-

ing data for cases when it is degired to have ane principal stress be tension and another

Di opeso.For such asttinTylrand Quinney(1 1) and Marin(IG have useda

"•" thin-walled tubular specimen subjected to external axial tension and torsion. '1he
S~torsional shear stress fs is computed by the following approximate equation:

- I-

- fs " T/xrD , (18

fl-~ YA/*+,-'A-1)-+ 2(9

J2Aiwher heapie oru.heenb apyigEqa ion nd been the piipar-

I -.- ~ ~ trc sesare deeopmnt progrmo hc he eeabeyhr emn ptal ob

f2 --VAE/2) - E1 2)2 + f Z(20)

where fApE is given by Equatinn this fnshion tof Equations (19) and (20) shows that

the biaxial-stress ratio fmin/fmax can range from -1 to 0, assuming fAEr range• .tot

0 (pure torsio:i test) to tension values only (in the latter case, f. -- 0). •

Recently Pugh, et al, have descrcbed a machine capable of applying simultaneous
i Ternal pressure and axial load(13). tis

Anit pressure-vessel type of specimen, an intenally pressurized thin-walled I

3phere (Figure 7), has been used by Marin and his associates (Reference 14). Such a
specimen has a uniform biaxial stress state, so that the hoop and axial stresses arer

equal to

fH =fA = pD/4t, (21)

where D is the nominal diameter of the sphere. Then, since there ai no practical means
of applying any external losi ds (other than external pressure which would merely coun-

teract the effect of the intei ual pressure) uniformly, this type of specimen is limited to
tests at onl ne biaxial-strss ratio, a ratio of unity. Thus, this type of specimen is

16~

wherneal T s i lxbls the apledtrue. -Then byaplyingdr uaion pesur ( ads2)stel picia

stressr found to be hg ~t ffbiaigpesr-eslseies ubro

wthere species given byqutin (15).e Inspetions ofe Eqateiona (9 bi andl(20)nshows thasts

the biax-ial-trssratg o sp minm ax sujcanrnetrm- to 0,sur n n asum (ingur 8). Tahgistt fris

Anotn~her prsurge-vessinel typeo specimen, ange ecsitenaly pefressurictued i thinwled"

pD"/t , (21
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material has sufficient ductility. If the platdorm of the diaphragm is circular, the
stress field at the center has a biaxial-stress ratioof unity; by using elliptical
planforms of various eccentricities, various biaxial-stress ratios can be achieved at
the center of the diaphragm. The primary disadvantage of this specimen is that it has
a nonuniform biaxial-stress distribution. Consequently, the unyielded material adjacent
to the yielded portion constrains the yielded material and allows the specimen to reach
much higher maximum stress and strain values than would be attained by a specimen of
the same material with a uniform biaxial-stre .ield. Nevertheless because of its
simplicity the bulge test has been widely . to qualitatively rate or compare various
materials(5--19).

A specimen somewhat similar to both pressure-vessel-type and diaphragm-type
specimens is the formed cup specimen (Figure 9). This has been used to evaluate
missile-motor-case materials nnder biaxial-stress ratios of unity (homispherical
cup(20, 21) and 1/2 (ellipsoidal cup(2 2 ). This specimen suffers from the same disad-
vantage, nonuniform stress distribution, as the diaphragm specimen, although to a
lesser degree. Therefore, stress values obtained from tests on such a specimen cannot
be used directly in design, but only for qnalitative comparison purpaoes.

Another type of biaxial-stress specimen which has been used recently is the
direct in-plane loading type. This includes the cruciform (four-arm) specimen (Fig-
ure 10b) developed by Chance Vought Corporation(2 3 ) and the eight-arm specimen (Fig-
ure 10a) developed by Douglas( 2 4 ). Several questions have been raised as to the
validity of data obtained from tests on these specimnens. One of these is concerned with
the degree of uniformity of the stress field in such specimens in view of the possibilities

of eccentricity of loading and stress concentration at the intersections of tyW2 arms. A
perhaps more serious point is that such specimens are not valid for obtaining ultimate
strength for applications to pressure-vessel-type structures even though the data are
valid for biaxially loaded flat-sheet structure. This point will be explained and
elaborated on in Section VI.

SAccording to classical plasticity theory, a flat tension or bending specimen with a
groove across a face develops a biaxial-stress ratio of 1/2 when loaded well into the
plastic range. This principal was recently a)pplied to static biaxial-stress testing of
motor-case weldments by Corrigan, Travis, et al, who used a face-grooved tensile
specimen( 2 5 ) (Figure 11). However, later tests by Travis, et al, in which this type
specimen was used(2 6 ) did not correlate very satisfactorily with cylindrical-pressure-
vessel burst tests conducted by the same investigators. In fact, the hoop-stress values

at burst were much closer to the uniaxial ultimate tensile strength than to the strength
of the face-grooved specimens. Two possible explanations for this discrepancy are
nonuniformity of stress field and its effect on restraint (as previously discussed in
connection with the bulge test) or the fact that the ultra-high-strength steels tested did

r not exhibit enough ductility to permit the material to go far enough into the plastic range
to test the conditions of the theoretical solution.

SAl
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GenraBIAXIAL-STRESS PROPERTY CRITERIA AND DATA PRESENTATION

'• ; •General

Since the fundamentals of biaxial-stress systems and the type of biaxial tests have
been discussed, it is now possible to direct attention to the biaxial properties, the cri'-
teria for determining them, and ways of presenting the d,.ta.

Biaxial Stress-Strain Curves

Undoubtedly the most complete information on the behavior of a metal under
biaxial-stress conditions is conveyed to the designer by a series of stress-strain curves
to failure, with two curves for each biaxial-stress ratio of interest. One curve would
represent maximum principal stress versus the corresponding strain and the other
would depict a similar stress-strain relationship corresponding to the minimum prin-
ciple stress.

- Unfortunately, due to brevity in reporting data, very few investigators have
"reported stress-strain curves for the minimum principal stresses; thus, the question as
to the behavior in this direction must remain largely unavailable today. The bright
aspect of this situation is that in the large majority of design situations, the designer
is primarily interested in the maximum-principal-stress behavior.

Typical biaxial strens-strain curves obtained by Goodman are presented in
Figure 12 in format proposed for MIL-HDBK-5. The data are presented as plots of
maximum principal stress versus the corresponding strain for various values of
biaxial-stress ratio. These particular plots happen to cover tension-tension/loading
only (i. e., both in-plane principal stresses are tension); these are primarily of interest
in internally pressurized structures with limited e 'ernally applied compressive
loading3. As will be seen in Section V some investigators have conducted tests in
tension-compression loading; these are primarily of interest in internally pressurized
structures subject to very high externally applied loadings in the ;ýial direction,l Apparently to date very few investigators have conducted test,) under loadings of both
types (tension-tension and tension-compression) on the same material; in fact, proba-

bly, none on metals of aerospace importance.

Biaxial Yield-Stress Criterion

For dep.gn purposed, certain characteristics of the uniaxial stress-strain curve
have become standardized design criteria. These include the yield stress (0. 00 in. /n.
offset), ultimate stress, total elongation, etc.

In design for biaxial-stress loadings, it is also desirable to have standardized
design criteria. However, in the case of yield 3treas, a number of different approaches

have been either used or proposed, each resulting in slightly different numerical -alues
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,• +!l•+!•]+l+++-, I mr me bim• yield stress even though Soy • reduce to the O. 00•- m./m. o+set

i• i -•i•++ I ,J . ©train for the case of unizxial loading. Three diHerent approaches or ways •o determine
!• |+•'+ ]•-• the biaxial yield stress are described and discussed in detail in Appendix I.

:• - The Military+Handbook 5 Worlc•g Group has approved the Norm-plastic-strain
'i•i• criterion ae the standardized cri•.erion to be used in M/•,-HDBK-5. In using this cri- ]

i• ! ¢erlon• the biaxia• yield stress is determined £r0m a bia•ial stress-strain curve in
" exactly the same w•y as the uniaxial yield stress is fou•i from a uniaxial stress-strain

curve. As shown in Figure 13, a straight line (called the offset line) is drawn from the
ii 0. 00• in./in, point on the abscissa+ parallel to the straight-line (elastic) portion o£ the

I+• ++ stress-strain curve, to the point p where it intercepts the stress-strain curve. The
l• stress value at which the offset line intersects the stre•-strain curve is the yield
i • stress. It is noted that although the offset lines for various biaxial-stress ratios

(including uniaxial) all emanate from the same point• they do not all have the same slope
since the elastic portions of the curves do not all have the same slope (biaxial meal.flus -

+ see "Elastic Deformation Under Biaxial Stress").

'+ + - o.s

+ !, !
---:, if)
S • "=G •--Point p

S/ .
S/
S/ _ ,

SStrain, in.lin.

S0.002 in./in.

• offset

F•GURE 13. UNIFORM-PLASTIC-STRAIN YIELD CRITER!ON

SFOR UNIAXIAL AND BIAXIAL LOADINGS

, Biaxi'al Ultimate-Stress and Other Criteria j ,

:-•m.m.• .•s in uniazial loading, the ultimate stress for biaxial-stress conditions is defined
S + simply a• the highest nominal stress value resched. One of the minor problems in

S : connection with this criterion is the old one as to how to distinguish between the ultimate I

I s•.res• and the rupture (or fracture) str•ss if Lhe hi•hes*. 0•ress ]ev•l reached occurred •

Sat fracture. However, in such a case the material must be quite "brittle', and there is
Sno reason whf t• same numerical value c•no• be reported for both quantities. •+ i

Another perculi•rity which has arisen recen'•ly in connection with certain •pec•ally •.•!

hc•t treated high-strength steels xs that the highest point on the stress-strain curve •s



reached before the 0. 002 in. /in. offset strain is attained. When the 0. 002 in. /in. offset
strain is reached the nominal stress has dropped somewhat.

Other biaxial-stress criteria of design interest but which are seldom reported
include:

(1) Fracture (rupture) stress - nominal stress at final fracture

(2) Strain at fracture (total elongation) - self-explanatory

(3) Strain at ultimate stress - also self-explanatory, but believed
to be more significant than strain at fracture.

Presentation of Biaxial-Stress Property Data

As stated previously in "Biaxial Stress-Strain Curves", the best way to convey
biaxial-property information to the designer is in the form of a series of biaxial stress-
strain curves, each for a given biaxial-stress ratio. However, often data are required
at values of biaxial-stress ratio falling between those for which stress-strain curves
are presented. These can be obtained by selecting points (for example, yield-stress
values) from the biaxial stress-strain curves and plotting the value of one in-plane
principal stress versus the other one, both values being the respective stress levels
at which yielding (as defined by 0. 002 in. /in, offset - see "Biaxial Yield-Stress
Criterion") occurs. A smooth curve drawn through a series of such points is called a
biaxial-stress envelope. This er.velope greatly increases the accuracy of determining
"the stress values corresponding to intermediate biaxial-stress ratios as compated to
linear interpolation.

A technique for establishing the biaxial-stress envelope by curve fitting to a
generalized second-degree ("conic") equation was presented to the MIL-RDBK-5
Working Group in April, 1963,(27) and was subsequently described in a paper(l). Since
neither of these publications have received widespread publication, this technique is
presented in Appendix JI for completeness. Figure 14 shows a biaxial envelope for
D6AC Steel. It should be mentioned here that, although the generalized conic equation
is more general than any of those associated with the four most widely used theories of
strength and reduces to all of them in special cases, it is limited to curves which are
never concave (looking from outside the curve, as in Figure 14 toward the origin).
However, as will be seen in Figure 65, for example, biaxial-stress envelopes for
certain materials occassionally do have concave regions. For such cases, the easiest
way to fit a curve to the data appears to be judicious manual curve fitting. In spite ofthis limitation on the generalized conic approach, it does give a more quantitative way

of specifying the biaxial envelope than the traditional one of saying, for example, that
the biaxial-stress material behavior of the material "appears to be closei to that of the
von Mises yield criterion than it is to the maximum-shear-stress theory".

Some years ago., the ANC-5 Panel (predecessor of the MIL-MDBK-5 Working
Group) agreed that elevated-temperature yield stresses should be plotted in dimension-
less form as percentages of the room-temperature yeild stress. Likewise, to facill-
tate interpolation to intermediate strength levels, it was suggebted that biaxial yield-
stress envelopes be plotted as percentages M~f the room-temperatuie uniaxial yield
stress in a specified reference direction. This has been done in prepariiig envelopes
for biahial yield stress and biaxial ultimate stress in Section V and in Figure 14.
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P!I
Most of the alloys currently in use in aircraft and space-structures applications

are nearly isotropic (see "Elastic Deformation Under Biaxial Stresses"). For aniso,
tropic materials. it is important to relate the biaxial yield stres3es to the unianial
yield stress in a referemze direction. Traditionzlly the reference direction ii; defindas•
the longitudinal (rolling) direction for all flat products, and the hoop (circumferentia.L)

direction for shells of revolution (tubes, cones, etc.). However, to prevent any possible
confusion from arising, the reference direction used lor the uniaxial yield stress should
always be indicated clearly.

Since the biaxial yield stress and the biaxial ultimate stress are so strongly
affected by the corresponding uniaxial properties (Fty &nd Ftu), it is advantageous to j
plot biaxial yield stress (for a specified biawdal-stress ratio B) versus uniaxial tensile
yield stress and similarly bieial ultimate stress (for a given B) versus Ftu. This
method of data presentation is used extensively in Section V.
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BIAXIAL PROPERTIES BY ALLOY

Biaxial data were obtained for a number of steels and light metals and are pre-
sented in this section of the report4 The metals were selected tc be of interest be ice
of their structural importance in aerospace-vehicle structures. The metals chosei. tre
not limited to those in MIL-HDBK-5.

Tables I, It, and MI contain a dotailed summary of pertinent data reported :a the
publications reviewed.

Table I is a summary of F01 of the available biaxial data examined and show- lhow
much data are available as stress-strain curves, biaxial yield and ultimate stress,
strain at ultimate stress, exid at fracture. Individu.l references are identified by
prinInipal author. Only a cursory examination of Table I is needed to conclude that few
materials have been evasuated sufficiently to determine biaxial stress-strain curves and
blaxial yield and uItimate stress envelopes.

Table rl identifies the :hemical composition and heat treatment and other process-
in- used for materials in Table I.

Table III contains a geometric description of all specimens used in obtaining the
ibiaxial-stress information described in Table I.

Following the tables are Figures 15 through 89 that contain the detailed data de-
scribed in Table I. These figures include the following types of presentations: i

(1) Biexial stress-strain curves

(Z) Yield-stress envelopes

(3) Ultimate-stress envelopes

(4) For steels, effect of tensile yield stress versus nominal hoop
yield stress

(5) For steels, effect of ultimate tensile stress versus nominal hoop
burst stress.

As seen on these figures, relatively few biaxial-yield and ultimate-stress enve-
loicks were found for the steels as compared with the light metals. For this reason,
the .-urvc s showing ths, effects of tensile yield and ultimate stress on the nominal hi-
axiaL yiel'.d and burst stress were included as discussed in Section IV of this repoit.

The .lloys fo' which data were found include many low-alloy steels, tool steels,
precipitetioP-hardenir.g stainless qteels, aluminuia alloys, magnesium alloys, and one
titanium a].oy.

28



The specific alloy list broken down into the two categories of Steel and Light
Metals is as follows:

Steels

4130 300M
4135 X- 200
4137 MBMC- I
Mx- 2 R- 270
4140 H- 11
4330M 17-7 PH
4335V AM--35D
AMS 6434 PH 15-7 Mo
4340 18 Ni
D6AC 25 Ni

2014- T4 7178- T6
2014- T6 AZ .3.1 B
2024-T AZ 6'1 A
2024-T3 AZ WjOA

7075-T6 6 AL-4V

29 and 30
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TABLE I. CHEMICAL ANALYSES AND PROCESSI G

Melting Chemical Comnoition. percent by weigm
Matedal Re-.terumc Method c lMn p s $1 Ni cr mo V

Pru A.

4130 28 bo data available
"29 Unknown 0.32 0.47 0.009 0.012 0.23 -- 1.00 0.16

30 Unknown 0.32 0.47 0.009 0,012 0.23 -- 1.0 0.16 --

31 Unknown - -. .. .. .. .. .. .. ..
4135 21 Air 0.34 0.66 .. .. 0.24 0.12 0.892 0.18 --

4137 22 Uaknown 0.39 1,00 0.010 0.010 1.00 -- 1.10 0.25 --

MX-2or 22 Unknown 0.39 0.70 0.010 0.010 1.00 - 1.10 0.25 0.15
4137 Co 21 Air 0.41 0.72 .. .. 0.88 0.04 1.01 0.28 0.14

31 Unknown 0.40 0.63 0.003 0.004 0.90 0.09 0.93 0.27 0.15

4140 32 Air 0.40 0.81 0.014 '0.013 0.22 0.38 0.66 0.22 --

4330M 33 No data available
4335-VA 21 Air 0.40 0.79 ... .. 0.33 1.76 0.82 0.38 0.19
AMS- 31 Unknown 0.38 0.76 0.006 0.007 0.43 1.81 0.79 0.35 0.19

6434 34 Unknown 0.35 0.80 0.02 0.0R 0.30 1.80 0.75 0.35 0.20
AMS- 32 Air 0.35 0.68 0.013 0.016 0.24 1.64 0.77 0.42 0.29

6434 Mod.
4340 35 Unknown 0.39 0.69 0.008 0.012 0.24 1.88 0.38 0.25 --

831 UM wn 0.43 0.1 0 0.013 0.31 1.87 0.88 0.26 -- i
23 U w 0.4 0.71 0. 0.30 1.8 0.8 8 0.2 -

"36 No data available

2, Air 0.42 0.73 0.008 0.007 0.31 1.72 0.76 0.24 -SD6AC 35 Unknown 0.43 0.84 0.008 0. 007 0.24 0.51 1.20 1.05 -. i

37 CEVA 0.44 0.70 0.007 0.007 0.24 0.51 0.97 1.04 0.07
238 C oVA 0.46 0.74 . . .. 0.28 0.45 1.10 0.86 0.06
"38 No data available" 32 CEVA 0.47 0.65 0.004 0.007 0.24 0.60 0.94 0.#8" 0.34 i

S"23 Unknor'm 0.49 0.78 0.007 0.006 0.295 0.53 1.01 1. 05 0.06
i "40 I-O data available

41 NM data available
300 Mi 21 Air 0.42 0.88 .. . 1.48 1.85 0.91 0.30 0.11

31 Unknown 0.43 0.90 0.006 0.008 1.70 1.92 0.90 0.31 0.11

"29 Aix 0.40 0.80 0.009 0.009 1.48 1.72 0.83 0.37 0.11

"39 CEVA 0.42- 0.62- 0.010 0.005 1.52- 1.85 0.70- 0.28- 0.10-
j 0.44 0.67 1.63 0.93 0.41 0.19

"26 AL: 0.40- 0.80- 0.009- 0.013 1.66- 1.72- 0.83 0.34- 0.04-
0.43 0.82 0.018 1.90 1.94 0.44 0.10

X-200 29 Unknown 0.40 0.09 0.010 0.010 1.41 -- 1.98 0.40 0.07

23 Unknown 0.43 0.87 0.010 0.008 1.59 -- 2•15 0.58 0.07

26 CEVA 0.45 0.82 0.008 0.008 1.55 0.077 2.00 0.40 0.06
26 Ah 0.42 0.9,0 0.C31 0,009 1.57 -- 2.0f 0.51 0.07

MumC-1 92 Air 0.44 0.84 0.010 0.016 1.72 0.39 0,72 0,20 0,02
29 Air 0.39 0.79 0.016 0.016 1.68 - 0.80 -- 0.05

"26 Air 0.44 0 82 u.020 0.014 1.68 -- 1.58 -- 0.05

34 ,~
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DATA FR MATEJIALS IN TABLE T

Heat Trearmemxi

Auatent~ RQe~ Tempering :z1
Orhei Tenp. P Time, min Medium Temp. P Temp. F Time, hr FabrictUor Method

steels

- ~ 1625 60 salt 400 f400 21 Rol an Wl
.800 2 Roll and Weld

- 1625 60 Salt 400 400 2 Roll and Weld -3
1625 20 Oil -- 450 2

-- No further data available .-. Deep drawn
-- 1700- -- Oil 500'

1725 Sal: 400 600J Deep drawn

1.00 Co 1700 30-45 Oil -- 550 Twice Deep drawn
1.09 Co 1700 ..... 550 Twice Deep. drawn
1.03 Co 1700 25 oil -- 550 2.1-1/2 Deep drawn

0.06 Al+
-- 1550 120 oil -- 450 2+2 Deep drawn

-- No further data available .... .. Deep drawn
0. 038 Al 1625 20 Oil -- 450 2+1 Deep drawn

-- 1575 Unknown all -- Various Unknown Roll and Weld
-- 1600 120 Oil -- 450 2+2 Deep drawn

-- 1525 Unknown Oil -- 425-900 Twice Roll and Weld
-- 1625 20 Oil -- 450 2+1 Deep drawn-- IM6 10 Oil -- aVious 4 Machined forging •

15-- 0 Oi-- 400 2.6 Roll and Weld
-- 1550 Unknown Air -- 800 Twice Roll and Weld
-- 1550 30 Salt 400 300-1150 -- Machined forging
-- 1550 45 Air -... 4 Macldned forging

-- 1550 60 Air -- 600 2+2 Sheen material

S-- No further data available .-. Deep drawn

0.05 Al 1750 20 Oil -- 600 S-+1 Leep drawn 7++ -. 1600-1700 60 Salt 4o6 7Alt 0- 600 2+2 Roll and Weld

* o.o6- 1650 60 Salt 400o 606-600 9+2 P41 fonaed
0. 10 Al Air

0.86 Cu 1600 30 oil 600 2.5 Roll and Weld

S1750 30 Air 700 0.5 Roll and Weld
1750 60 Argon -. 1

-- 1750 so Air- 101{ 800 1 Flat Spec.imem

600 1
- 7015 Aix - - 6001750 15 Air - 700 2,5 Roll and Weld

S 1600 190 Oil 600 2+2 Deep drawn
-- 16D0 60 Oil• } )S10 Roll and Weld

-'Salt 40

1600 30 Salt 400 600 2.5 Roll and We4j

S35
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TABLE n.

+ ltng 'Chemical Composizion, percent by weight

Mateddn lefezenee moftbd C MA p S SI NI Cr Mo V

-"270 21 Air 0.46 0.62 1.13 1.0 0 1.68 0.52 0.21

j " 31 Unknown 0.45 0.55 0.007 0.003 1.22 1.28 1.70 0.47 0.20

*H-Il1 22 No data available
31 Unknown 0.42 0.29 0.013 0.009 0.87 4.81 1.33 0.514
34 Unknown 0.40 0.30 000 0.010 0.90 -- 5.00 1.30 0.50

* 32 Unknown 0.38 0.43 0.012 0.012 1.08 0.08 5.02 1.35 0.45

29 Unknown 0.41 0.44 0.009 0.006 0.91 5.29 1.36 0.51

is Unknown 0.40- 0.20- 0.02 0.02 0.80- -- 4.15- 1.20- 0.40-
0.45 0.40 1.00 5.25 1.40 0.60

23 Unknown 0.43 0.37 0.001 0.003 0.89 .- 4.834 1.29 0.54

42 No data available

2o dAi a 0.39-bl 0.32- 0.008- 0.006- ().84 - 5.03- 1.20- 0.47-

17-7h ss No data available

1l"-7Ph 33 No data availab~le

S iAM-350 83 No data avaitlabze

PHIS5-7 34 Unknown 0.0" 0.50 0.02 0.02, 0.30 7.10 15.10 2.25
T•-•_ •Mo

18 Ni 31 Unknown 0.02 0.02- 0.004- 0.006- 0.04- 18.43- -- 4.9 --

0.07 0.007 0.009 0.08 19.00

25 Ni 43 Unknown 0.03 0.011 -- . <0.01 24.4 .. . .. --

Material Reference Si Fe Cu Mn Cr Z" Mg

Part B.

2014-T4 44 0.8 -- 4.4 0.8 .- - 0.4

2014-T6 23 0.5- 1.0 3.9- 0.40- 0.10 0.25 0.20-
1.2 5.0 1.20 0.80

2014-T6 45 0.8 -- 4.4 0.8 . -. . 4

2024-T 12 . -. . 4.4 0.6 .. .. 1.5
7075-T6 47 . -. 1.6 Trace Trace -- 2.5

7178-TO 28 0.28 -- 0.46 0.74 1.10 . .

AZ31B 48 0.01 0.009 0.01 0. 7 V - 0.90 Sal.
AZ61A 48 0.01 t; 001 0,01 0.22 -- 0.74 Bal.

AZ8,jA 48 0.01 0. 61l 0.01 0.2 -- 0.4C Sal.
6A L-4V 2 8 -- 0.18 0.025 ..-... .

SAI.<V 28 -- 0. 15 0.022 -. .. .. ..-

6A1-4V 28 -- 0.11 . 08 0.. .. ..
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(Continued)

Austenitizing Quench Tempering j
Others Temp, F Time, m ' Medium Temp. F Temp. F Time, hr Fabrication Method

Steelt (Continued) -

0.32 W; No further data available . .. Deep drawn

1. 70 Co
0.035 Al; 1750 20 Oi1 l -- 600 2+2 Deep drawn

0.31 W

-- 1850 15 Oil -- 975 2+2+2 Deep drawn 'A
1850 -- Air ....-. Rll and Weld Ii

-- 1850 120 Air -- 1000 2+2+2 Deep Drawn - -

1100 2+2+2 Deep Drawn ,
-- 1850 60 Air - 1000 242 Roll and Weld

1025 2 Roll and Weld fJ
-- 1850 60 Air -- 100( Z22 Nearly flat sheet Jý

-- 1850 30 Air -- 1000 2+2 Hydrospln and weld

-- 1900 13 Air -- 1000 2.5 Roll and Weld
18030 20 .00 2.5 Roll and Weld

1. 17 Al Standard "TH" Treatment -- Roll and Weld .

7.6-9. 4 Cr. 1500 60 Air -. 915 4 Roll and Weld
0.39-0.55 (Solut. anneal) (Maraged)Ti

1.7 TI 1500 60 Air -- 1300 4 Machined f,-wHng
(Solut. anneal) 900 1(Maraged)

Ti Al Ni Mo Cd Pb Sn 0 V H

Light Metals

-- Bal. -... .. .. .. ..
0.15 Bal. - . . ......

-- Bal. -. .. .. .. .. .. .. ..-- Bal. . . . .... .T

-- Bal. -. . . .....
-- Bal. 0.44 0.S6 .. ... 0.05 -

-- 2.4 0.001 -" 0.01 0.006 •..004 .. .. ..

5.8 0.001 0.01 0.032 0.004 .. . , --

7.8 0.001 -- 0.01 0.018 0.004 ... ..

Bal. 5.2 0.023 .. .. .. -. 0.018 4.1 0.009

Bal. 6.65 0.015 .. .. .. ..- 0.019 4.2 0.0026
Bal. 5.98 0.025 .. .. .... 0.07 4.28 0.0049
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T\T AM I . GEOMETICAL CHARACTEISTICS OF SPE1M!NS Mr TABLE I

,y e ,Dimensions, Inches Type End

Ma"40l eRd=WC Vftxel Wall•bftl I T tb Ma-Mater WD Clcsrex Remarks

is iA. Steels '1
4130 28 Cyl. 0.050 5.5 2.0 2.75 Threaded --

- 29 CyL 0.094 22 12 1.83 Spherical Suxcae test vessel
3 30 CyL 0.094 11.85 -.
"292 CyL 0. 075 13.25 3.,375 3.89 ..

4135 2 21 CyL 0.050 24.0 6.75 4.17 Ellipsoidal M-58 Falcon
4137 22 CyL 0.050 27.0 5.75 4.70 Ellipsoidal Subscale r=st vessel
MX-2 ot 22, CyL 0.050 27.0 5.7 4. 70 Ellipsoidal Falcon motor case design

4137 Co 21 Cyl. 0.070 12.0 3.43 3.50 Spherical Subscaleten vessel
31 CyL 0.073 13.0 34 3.4 77 Spherical Sub-.ale test vessel

41*0 32 Cyl. 0.100 53.5 11.55 4.63 Nearly flat Subscale test vessel
43SOM 33 sph. Un.nown 0 6.50 0 -- Subscale test vessel

. 4335-VA 21 CyL 0.070 12.0 3.43 3.50 Spherical Subscale test vessel
A MS 31 C-. 0.073 13.0 3.45 3.77 Spherical Subscale test vessel

6434 34 CyL. Unknown 12.0 6.00 2.00 Elllpso.Jal Subscale test vessel32AMS 3 Cyl. 0. Z00 53.5 11, 55 4.63 Nearly flat Subscale test vessel

35 CyL Unknown 4.00 4.00 1.00 Flat Subsale test veel
,31 Cy 0. 073 1.0 3.45 3.77 Spherical Subscale test vesel

/ 2e Cyl. Unkown. 2.00 2.00 1.00 Threaded Stubmcle test vessel
36 Dome Unknown -- Unknown -... RC-10 motor case
36 Sph. Unknown 0 Unknown 0 - Storage veMUl
L6 Cyl. Unknown 8.0-14.0 8.0 1,00-1. 75 Spherical Subscale test vessel

D6AC 35 Cyl. Unknown 4.00 4.00 1.00 Flat Sutscale test vessel
37 Cyl. 0.070 Unknown 10.00 Unknown Flat bolted Subtcale test vessel
28 Cyl. Unknown 2.00 P.00 1.00 Threaded Subscale teat vessel

38 Cyl. U~nknown 20.0 24.0 0.833 Unknown Subic ale test vessel
35V Cyl. 0.040 Unknown 24.0 Unknown Unknown Sut~cle test vessel

3 Flat 0.026 ... .. Speci~d specimen

40 Cyi. Unknown 203.0 65.0 3.20 Ellips. + Fullscale motor case:kirt !

40 Cyl. Unknown 21.75 14.5 1.50 Flat bolted Subscale ten vessel
41 cyl. 0.060 37 37.35 0.99 Ellips. + Fulscale MM/lst stago

kidrt

300M 21 Cyl. 0.070 12.0 3.43 3. a) Spherical Subscale test vessel
"31 Cyl. 0.073 13.0 3.45 3,77 Spherizal Subscale test vessel
29 Cyl. 0.082 22.0 12,0 1.83 Spherical Subscale test vessel
"39 CyL 0.123 Unknown 55.0 Unknown Ellipsoidal Polaris A2a 2d stage
"26 Cyl. 0 067 8. 0-4. 0 8 00 1.00-1. 7• Spherical Subscale test vessel

X-200 V9 Cyl. (.072 22.0 12.0 1..S Siherical Subscale test vessel
" 23 Flat 0. 02C -- - - -- Spechal specimen

26 Cyl. 0.063-0.0182 8.0-14.0 ,0 1 0-1.76 Spherical Subscale tr*t ',emel
MD,-. 32 y1.. 0,100 &1. 3, 11.55 4. 63 Nearly flat Subicale rest vestal

22 Cvl. 1. igS 22,20 V 3 L, 813 Sphwical Sulzcale ,nt vessel
26 Cyl 0.082 8 0l-14.0 -% 0 1 1.0-1.75 Spierica! Stibicale test vesscl

R-270 21 ,-yl. 0. 070 1$,. 0 3.43 3. 50 Spe.irf.ai Sutecaic teet vco'ek
31 Gyl, 0. 073 1~ 0 3, -i5 3, 71 Si1,l-a',"al Sizbecaic teat vesaci

. 22 Cyl. 0. 0o, 27.00 5, 70 4.73 ,Ine Sutiýca!i test vesiel
spherx"d

•~~~n I~ttelmr

r' 0 or, 13.0 77 .. . '/ i .~
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TABLE 11. (Continued)

Type Dimensions. inches Type End
Material Reference Vessel Wall Thickness Lcagth Diamete L/D Closures Remarks

Part A. (Centnu, )

H-11 34 Uyl. Ufl-o1wn 2 .00 3. 00 2. 00 Ullps5odal Subscal test vessel

"32 CyL 0.100 53.5 11.55 4.63 Nearly flat Subscale test vessel
"29 Cyl. C. 085 22 12 1.83 Spherical Subscale test vessel
"39 CyL 0. 0C3 Unknown 54 Unknown Unkotwn Subscale test vessel
"23 CyL 0.040 9.0 9.0 1.0 Sphalcal Subscale test vessel
"42 Cyl. Unknown Unknown 9.4 Unknown Spherical Subscale t•e vessel
"26 Cyl. 0.047-0.083 8.0-14.0 8.0 1. u-1.75 Spherical Subgcale test vesel

17-7PH (TH) 33 Cyl. Unknown Unknown 6.50 UnJc•.ne Unknown Subscale test vessel
33 Sph. Unknown 0 6.50 0 -- Subscale test vessel

17-7PH (RH) 33 Sph. Unknown 0 6.50 0 - Subtcale test vessel
AM-350 &M Sph. Unknown 0 6.50 0 -- Subscale test .essel
PH 15-7 Mo 3W CyL Unknown 12.00 6.00 2.00 Ellipsoidal Sulacale test vessel
18 Na 31 Cyl. 0.073 13.0 3.45 3.77 Ellipsoidal Subz tale tre veesel

"40 Cyl. Unknown 28.0 40.0 0.70 ElUps. + Subscale mtoor ca=e
skirt

"44) CyL. Unknown 210.0 65.5 3.21 Ellips. + Pullscale motor case
skirt

"40 Cyl. Unknown 9.3 6.19 1.50 Flat bolted Subscale test vessel
25 Ni 43 Cyl. 0.070 Unknown 6.00 Unknown Unknown Subscale test vessel

Pa= S. LiihA metals

2014-T4 44 Cyl. 0.05 7.0 1.0 7.0 Threaded Subcale test vessel
0.075

2014-T6 45 Cyl. 0.05 7.0 1.0 7.0 Threaded Subscale ten vessel
0.07

9 Cyl. 0.10 16.0 2.0 8.0 Threaded Suwcale test vessel
12 Cyl. 0,10 7.0 1.0 7.0 Threaded Subscale test vessel

2024-T3 46 Cyl. 0.027-0. 096 Unknown 0.375- Unknown Unknown Subtcale rest essel
1.5

47 Cyl. 0.10 16.0 2.0 8.0 Threaded --
46 Cyl. 0.025-0. 057 Unknown 0.375- Unknown Unknown Subscale test venal

0.750
7178-T6 28 Cyl. Unknown 2.00 2.00 1.0 Threaded --

AZ31B 48 CyL 0.03 2.00 0 4375 4.57 Threaded Subscale test vessel
AZ61A 48 CyL 0.03 2.00 0.4375 4.57 Threaded Subscalc ten vessel
A780A 48 CyL 0.03 2.00 0.4375 4.57 Threaded Subscale test vessel
6AJAV 28 Cyl. Unkr.own 2.00 2.00 1.00 Threaded Subscale test vessel
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AND ROOM TEMPERATURE FOR 300M STEEL. .
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Data Source: Bliat(31)
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FIGURE 70. EFFECT OF ULTIMATE TENSILE STRESS ON HOOP
FRACTURE STRAIN AT A BIAXIAL-STRESS RATIO
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fluto Summary Sheet for:

25 Mi Moaoging Steel

1. Typical Biaxial Stress-Strain 'Curves

Not available

2. Biaxial Yield Stress:

vTYS SYS -7 280,000 psi,TYS 2.045,000psi

at 8 =0.5 and UTS : 259,000 psi

Envelope: Not available

3. Biaxial Ultimale Stress:

vs UTS IOUS a314,000 psi, UTS .469,000 psi

I at 8:-0.5

Envelope: Not avaimable

4 Strain at Siaxial Ultimate Stress

vs UTS Not available

4 5 Remarks:

Reference: Kitchii, (43)

FIGURE 71. BIAXIAL-PROPERTY DATA SUMMARY SHEET FOR

25 Ni MARAGING STEEL
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Data Source: Morin 81 Wiseman (44)
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Data Source: Marin (9)
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TEMPERATURE FOR 7075-T6 ALUMINUM ALLOY
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D-ISC U,8-1014 OF B'IAYJ.AL,- STRESS -PROPERTIES AND
tiSOME FACTORS WHICH A:-";7ECT THEM

, ,-

In this Section, various factoris affecting the biaxial-eitre-se proper~ties are dia- 'i

cussed primarily irom- ,the standpoint of design application. Many of the trends de- -
t-ribed are based dire~ctly upon the biaxial-stress property data preeinted in Section 5; ••

' others are illustrated by direct comparirons with. da-tai-from -various other sources and"?

are further supported by results of plae tic- tensile-.ins tablility theory presented in !

Appendix Ml 77

Effects of Type of Specien an

0>

' ~~The main types of test specimens are described in Section Mi as follows: ,

SI (1) Cylindrical shell, subject to internal pres sure alone or internal
dpressure plus externally applied axialload

a(Z) Spherical shel subject to internal pressure

(3) Flat-.%'iaphragm opecimen (bulge test.)

S(4) Formed-cup specimen

(5) Direct in-planer loading specimen (such as the cruciform specimens) r

(6) Face-grooved tension specimen.

oerAlthough very few direct comparisons are possible doe to the paucity of experi-
mental data, reference to Figures 90 through 9a does indicate that in genedal the type of
test specimen has a smaller effect on the elastic rang and yield stress than the inherent
scatter ýn •he matyial properties as measured. In Figure 90 the stress-strain curves
are corapared for cyllndrical, flat-diaphral,m (bulge), and in-plane (cruciform) speci-
i mens ¢ pf Z014-T6 aluminum alloy. In Figure 91 cyaindrical versus cruciform Specimens

,4 D6AC steel are compared at B n 1. 0, while Figure 92- covers the same comparison
(3): H- Fl at B a 0. 5. Figure 930 compare cylindrical versus fiat-diaphragm buege Spec-

im - of Z(Z4-T alum)n alloy. Compared with the cylinder specimens, there doesS seem tc Drc a lowir n eld stress associated with the flat-diaphragm bulge-test specimen
and a higc- z one for the cn sciform specimen (Figures 9Z and 93). However, Figure 91
suggests tha, latter stateFrest may not be valid in general.

tssThusci in su namalary, in the elastic range the specimen type is not important. How-

ever, in some cases ia phe early portion of the piastic range, the specsssraen type may
arinfluence the results.da

Then e eff of auim of specl-men o n Fbiaxiag ultimate nd reil an biaxial ductimity

o A(strain measured either at ultimat1 stress or at fraig .rel cppears to have a much larger

effect. For example, compare the dpference in ulthe linsress and in ductility, bot,e

semlv oe il ýes soitdwt h ltdiprg ug-etseie
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U strain at ultimate and at fracture, for 2024-T in Figure 93. This indicates that the flat-
Sdiaphragm test is more severe in regard to ultimate stress and lesR severe in regard to

ductility than Othe cylindrical shell. In contrast, the formed-cup specimen, as used by

SBhat() for e•'Ample, appears to give ultimate-stress values which ar3 considerably
higher than thode given by cylindrical-shell specimens. This is surprising for several
reasons: first, the formed cup superficially appears to be very similar to the tOulge-test

I specL-n6i, especially at failure. Second, the "biaxial kickup" or strength increase as-
sociated with a biaxial-stress ratio of 1/2 (or Z) would be expected to give the cylindrical
shell subject to internal pressure a considerable margin over the formed cup (which, like
the flat-diaphragm bulge-test specimen, has a biaxial-stress ratio of 1),

There do not appear to be any experimental data availablb to verify the relation-
ship between the biaxial ultimate stress obtained from a pressurized spherical shell and

that obtained from a cylindrical shell at the same biaxial ratio of unity (achieved In the
cylinder by a combination of internal pressure and externally applied axial load). Fortu-

Snately, however, plastic-tensile-instability theory predicts that the ultimate stress should
be identical for these two cases (see Cases I and 3 in Appendix III). Thus, at least for
the case of fairly ductile materials, it should make little difference whether the data for
B = I are obtained from a spherical or a cylindrical shell specimen.

As previously mentioned, the face-grooved tension specimen, although simple in
concept ard inexpensive to make, unfortunately does not correlate satisfactorily with t
cylindrical-pressure-vessel burst data and thus should not be used for pressure-vessel
design purposes.

In summary, the effect of specimen type is usually small in the elastic range and
early stages of yielding (say up to and including the yield stress). Th', effect of speci-
men type on ultimate-stress and ductility data appears to be quite stroug. The following i 41
types of specimens are recommended for the applications indicated:

Application Type Specimen Recommended

Pressure vessels, rocket-motor cases, Cylindrical shell with internal pressure
liquid-propellant tankage, pressurized plus axial load as required to achieve
cabins biaxial-stress ratio

Flat skin panels loaded in-plane Cruciform specimen

Mate ria 1-fo rmability studies Fornaed-cup or flat-diaphragm bulge

specimens

Effect of Heat Treatment

For the steels, various heat treatments are selected in order to increase the ulti-
mate tensile strength of the material. This increase is usually determined by measure-
mentb made on uniazial tensile specimens. The effects on biaxial properties are shown
on the numerous figures prt~aented in Section V of this report. These figures show the
nominal hoop burst and yield stress versus the uniaxial tensile ultimate and yield
stresses respectively.

As an example, Figures 16, 18, 19, Zi, and 23 qhow these carves and data points
for 41210, 4135k 4131?, 4140, and MX-4 ateels. There appeara to be sorrne scatter in the
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data points as can e expected, but the points generally follow the lines FH 1.1 F
and FHy I Fty. Thus, as the ultimate tensile strength and yield strength are in-
creased, the hoop buret and yield sWrengtha are increased by a factor of 1. 1. This ex-
ample is not necessarily apphitable to all of the steels, however, as shown in the subse-
quei•t figures in 6ecticn V. For instance, In 4340 steel as shown on Figures 31 through
39., the increase factor is between 1.0 and 1. 1.

V
The stinless steel, 17-7 PH, shows a pecaliar behavior regarding the effnct of

heal treatment. Flguves 63 and 64 show that for the TH heat treatment, all of the data
points fall "elow the FH , 1. 1 Ft. line. That is, as Oic ultimate tensile atress in-
creases from say 150 koi to nearly 190 ksi, the nominal hoop burst stress increases
from about 160 ksi to about 198 ksi. But after the ultimate tensile ,trength is increased
to above 200-kai level, the hoop burst otress drops off drastically. This dramatic
change is shown most clearly on Figure 63. With regard to the RH heat treatment, it is
not certain whether the same condition occurs at strength levels equivalent to the usual

draw temperature used for the RH condition. This level will be in the range 210 ksi to
240 ksi.

Effects of Biaxial-Stress Ratio

The biaxdal-stress ratio B affects the following biaxial-strength properties:

(1) The slopt of the elastic portion of the biaxial stress-strain, curve,
i. e., it affects the biaxial modulus discussed in "Elastic Deformation
Under Biaxial Stresses"

(Z) The biaxial yield 3tress

(3) The biaxial ultimate stress

(4) The total strain reached at the biaxial ultimate stress.

In the paragraphs to follow, these various effects are discussed from both a
plasticity-theory point of view and in the light of the actual test data reported.

The effect of the biaxial-stress ratio on the biaxial modulus EB is easily pre-
dicted by Equation (1Z) in "Elastic Deformation Under Biaxial Stresses", repeated here
for convenience:

EB - E/(l - AB)

From this expression, it is readily seen that the effect of P. is riot a strcng one, since
Poisson's ratio ,u is approximr.ately 0. 3 for most alloys of structural importance. Also it
is apparent &.at EB is a maximum for a biaxial-stress ratio of unity when it is recalled
that B as used in Equation (12) is defined as the ratio of the smallest in-p)ane principal
stress to the other in-plane principal stress (i. e., B * I). There is good agreement be-
tween theory and expervment for the effect of B on EB.

Numerous theoriee of multiaxial strength have been proposed over the years to
predict the effect of multiaxial-rtresa conditions on tLe yield strevs of materials, es-
pecially metals and alloý s. Soene of these are mentioned and depicted in Appendix II.
However, by far the most popuLar theory for yield stress of "ductile" alloys is theI 131



octahedral-shear-stress theory, proposed by von Mises. Applied to the case of biaxial-
stress loading, this theory predicta a! ellip~ical-.shaped biaxial-stress envelope as
shown by Curve 3 in Figure 96 in Appendix IL Using the equation for this ellipse, it can

be shown that the octahedral-shear- 3trass theory predictf, that t•e largest yield stress
occurs at biaxlal-stress ratios of 3. 5 and Z. 0, where the predicted value is 15. 5 percent
greatr than the uniaxial tension yield stress.

For al! of the alloys reported in Section V.• the highest y•ied-a~tress values do occur
either at B values of 0. 5 or 2. 0. In many cases the yield-streas values at Z values of

0.5 and 2. 0 are equal; however, in some cases there is a slight difference between them.
This slight difference indicates a small amount of anisotropy. either inherent in the ma-
terial or more likely due to the nature of the ma~ei~ial processing, For example,
Figure6 17, 23, 30, 40, and 60 show the effect of biaxial-stress ratio on yield stress for
various steels. In all of the alloys represented by these figures, the highest yield-
stress values were associated with a B ratio of 2. 0. In every instance, the hoop-stress
direction war perpendicular to the rolling direction with the possible eýCception of the
4340 al.oy. The 43.0 specimens were machined from hot-rolled bar stock and all of thei! ~ other specimens under dliscussion here were rmade from either machined forgings or by

deep drawing. These latter two processing methods may produce more grain orientation

than hot rolling, but generally it is not considered to be great enough to influence the
data of the type prevented in this report.

Further comparison of the yield stress at biaxial-stresb ratios of 2. 0 or 0. 5 with

in yield stress compared to the tmiaxial value is less than the 15. 5 percent increase pre-

dictee by the octahedral-shear-stresv theory. For the steels covered, it appears to
range from approximately 8 to 12 percent. This slight reduction in actual biaxial gain
compared to the theoretically predicted value can be accommodated quite easily by the
genera lik.ed-coric biaxial-strength theory discussed in Appendix II, at the expense of
more termg in the equations and consequently more data reduction effort. However,
this latter theory can be adjusted to give excellent biaxial yield-stress predictions for
steels, compared with the slightly unconservative values predicted by the octahedral-
shear-stress theory. As ecplained in Appendix II, the difference is due to the inclusion
of the "linear terms" in Equation (26); these terms are associated with the slight effect
of the "hydrostatic" or mean-principal-stress effect on yielding.

Among the metals other than steels, the general picture for the effect of biaxial-
stress ratio on b-axial yield stress oll titanium alloy (6AI-4V, in particular) is similar

to that of steel, although there does seem to be a greater difference between the yield-
stress vLlues for B = 0. 5 and B - 2. G. This may be partially explained by material
aniaotropy.

The picture is not nearly so clear-cut in the case of aluminum ailoys. There ap-
pear to i~e large deviations between yield stress values for B =0. 5 and Z. 0 as illustrated
on Figure 84. These greater deviatious between values predicted by' the octahedral-
shear-stress theory and those actually measured can be explained, at least partially, on
the -basis of the greater strain hardening (increase in stress with strain during plastic
deformation) in the metals other than steel, as follows: The octahedral-shear- stres--s
theory as originally proposed by von Mises is intended to predict the beginning of plastic

deformation, however, the standard offset value used ae the MIL-HDBK-5 criterion of
yield stress is 0.002 in./in. Thus, in , ndergoing the first 0. 00 in./in. of plastic .. :ain
most of the steeIs enhibit very little ;ncrease (if any) in stress, while the other alloys
show a significarat strain-hardening effect in the initial yield region.
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So far the discUssion has been l-nited to positive values of the ratio B. i. e., to
stress fields in which both of the in-plane principal stresses have the same sign. Very
little data are available onthe effect of negative biaxial-stress ratios on yield rress tor
materiels of aerospace structitral importance. However, the general trend predicted by #
either the octahedral-shear-stress theory or the maximum-shear-stress theory appears M
to be verified. This trend is that for pure shear (B a -1. 0) the yield stress is lowest and
as the ratio B moves either above or below this value of -1. 0, the yield streas increases.
This trend is exemplified by Figure 76, for example,

In regard to biaxial-yield-stress data, mention should be made of a relatively re-
cent development in metallurgical process apparently most promising for materials -with
hexagonal close-packed crystalline structure, such as titanium. In this process, by
orienting slip systems, the crystallogiaphic texture is changed in such a way that the
yield stress in the thickness direction is increased and thus the in-plane yield stress
(under certain biaxial stress conditions) is increased appreciably. The concept seems to
have been originated by Backofen and his associates. (52) It has the effect of modifyiig
the biaxial-yield-stress envelope so that there is an appreciable increase in the convex
bulge in the envelope in a certain range of positive biaxial-stress ratios. For instance,
if a material is originally governed by the octahedral-shear-stress theor:y, its biaxial-
yield-stress envelope is governed by the following equation, with the symbols as defined

*! in Appendix IM•

X42•+ -xyZ I I
However, if this same material is texture hardened, it may have an envelope expressed
by

xZ + yZ - Axy 1 I

where the coefficient A may range as high as 1. 7 from experimental data(5 3). This cor-
"responds to an increase in biaxial yield stress (at B = L. 0) of 82 percent based on the
assumptions in the reference. No pressure vessels were used to determine the data.
The texture-hardening process has not yet been used in production applications. How-
ever, with the considerable promise it holds and the intensive research presently being
carried out on it, the texture-hardening process probably will go into use in production
items requiring high biaxial yield stresses.

The effect of biaxial-stress ratio on the biaxial ultimate stress is a much more
complicated subject than the effect on yield. One reason for this is the anisotropy in-
duced by large plastic deformations; in other words, a maicrial which is initially iso-
tropic can have its stress-strain curve under loading in a .tertain direction raised as a
result of extensive plastic deformation in that direction. Furthermore, the mechanism
of failure depends upon the biaxial-stress ratio. Thus, for example, the ultimate-stress-
failure phenomenon tinder conditions involving it maximum principal stress which is ten-
sion is often the pla-stic -tensile -instability phenomenon which is qukite different from the J
phenomenon of failure under conditions of pure shear (B x -1. 0). It is beyond the scope
of this report to give an extensive discuss4 on of plastic-tensile-instability theory as ap-
plied to the ultimate stress of biaxially stressed materials such as pressure vessels,
rocket-motor cases, pressurized cabins, etc. Such a discussion, with particular refer-
ence to rocket-motor-case applications, is given by Bert and Hyler'' t ), and more re-
cently the th~eory has been extended to arbitrary preý,surized shells of revolution, cincld-

ing eLlipsoids, paraboloids, torsipheroids, etc., ty Bert(55).
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Since the theory of ultimate-stress failure under biaxial-stress conditions seems
to be adequately developed only for the tension-tension quadrant of the biaxial envelope
fi, e., positive values of B), agreement between theory and experiment can be discussed

I Ifor that quadrant only, For the materials tested by Goodman there was excellent agree-
ment between pla stic-tensile-instability theory and test data. (?8) Fox other cases, there
has been a- lack of safficient data for positive verification; however, the -trend has defi-

1 .. nitely been verified.

One interesting thing about biaxial ultimate stresses for pressure vessels subject
to various biaxial-stress ratios is the slightI"apparent anisotropy" due to the differences
in mechanical behavior of different B ratios. For example, the predicted (and measured)
ultimate stress of a pressure vessel of isotropic material at a ratio B of 2.0 is slightly
lower than that for a B value of 0. 5. The difference is due to the greater contribution of
hoop stress in the first instance compared with the second.

The effect of texture hardening on the biaxial ultimate stress has not been ade-

quately explored to date; however, there is some theoretical indication that this process
may actually decrease the ultimate stress at the same biaxial-stress ratio for which it
produces a aignificant increrse in yield stress.

Effect of Cylindrical-Shell Specimen Geometrical Parameters

For pressure-vessel type applications, in "Effects of Type of Specimen", the
cylindrical- shell- type specimen was recommended. In this section, the effects of the
geometrical parameters of the cylinder are discussed. The basic geometrical charac-
teristics are defined as follows:

(1) Cylinder nominal diameter D
(2) Wall thickness t
(3) Length of cylindrical portion L
(4) End-closure configuration.

For convenience, by application of dimensional analysis, the following geometrical
paramcters are found to be more convenient than those listed above:

(1) Wali thickness t
(2) Diameter/thickness ratio D/t
(3) Length/diameter ratio LID
(4) End-closure configuration.

The effect of wall thickness is an effect on the basic material propertied such as
the wdlaxial-tension properties Ft. and Ft.. This is the reason that different uniaxial
strength properties are listed in MIL-HDBK-5 for a variety of thickness or "size effect"
should be expected to carry over into the biaxial properties. Unfortunately, however,
insufficient biaxial-stress property data have been gathered for materials of different
thickness to provide quantitative details on this paint.

Other than the inherent relationship among stress, internal pressure, and D/t, and
the effect of thickness described in the preceding paragraphs, there is no known cause
for any appreciable effect of D/t, provided that ihtý D/t value is w-ithin the range consid-
ered to be the thin-walled range, say D/t greater than 20. Again, however, no experi-
mental data are available to substantiate this hypot~h*si§.
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The effect of length/diameter ratio is one effect which has been observed experi- 4"
mentally(37, 38) and has been predicted analytically using plastic tensile-instability
theory(56-60). In contrast to a long cylinder which expands uniformly along its length up
to the point of localized tensile instability (ductile thianing of the wall), a short cylinder
bulges considfrably near the center prior to initiation of tensile instability. This differ-
ence is due to the girdle-like restraint afforded by the end closure in the short cylinder.
Thus, the short cylinder tends to approach the shape of a ophere, which inherently has a
higher burst pressure than a cylinder. Thus, the shorter is the cylindrical portion (i. e,,

* the smaller the L/D ratio), the higher is the ultimate stress.

Closely related to the L/D ratio effect is the effect of the end-closure configuration,
Since the so-,called girdle effect described in the preceding paragraph is primarily due to
radial restraint, it is logical to expect that the more rigid is the end closure, the greater 7
the girdle effect and thus the higher the ultimate stress. This was borne out by analytical
work carried ou:t by Costantino, Salmon, and Well, who found that a hemispherical end
closure results in a lower ultimate stress than a rigid flat end closure. (61)

.iU
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stress and ultimate-streso envelopes are presented in the form agreed ,;pon for presen- 7
tation in M4II-,HDBK-5~. More often, however, 'iidividual investigators or groups of in-
vestigators have evaluated materials of interedt at only one or two biaxial-stress ratios I
but over the useful etr-angth range of the material. In these cas~es, the biaxial-stress
i-nvelopes could not be constructed4. Instead, the graphical displays show the biaxial-
strength property plotted as a function of the correrponding uniaxi6al- strength property.

t xanination of the large compilation of test results shows that considerable Varia-
tineit ntetypes of specimens employed and in the quantity of useful measurerneuts
made during testing. Since test type and specimen configuration affect qute signific ntly
the usefulness of the results, and since the instruimentation and consequentin~easure-
ments determine the quantity and quality of data, it a1pp~ars that futcre progrý\-ns should
focus attention on these details.

P lthough it wvould be commendable to expect or hope that standardized biaxial-stress
test procedures could be established, it may niot be feasible to do so, since many tests
are co.,dticted on protiutype hardware.. However, from the standpoint of establishing de-j
sign allowables for a document such as MIL-HDBlE-5, s~pecimnen design &ntl -est proce-
dures should be such that properties should reflect the, material behavior rather than that
of the tesit specimen. To this end it appears that the cylindrical.-shell test speirmen may

j be a k-.seful and versatile one, since with this specimen a range of biaxial-streas condi-
tions (of structural signific~ance) can be evaluated readily by combined internal pressure
and external load (tension and compression).

with such a test, some standardization of specimen design can be done in regard
to LID, t/D and end-cap configuration to minimize end-restraint interactions,. Also,
specimen manufacture, either machining or forming with welding of longitudinal ar~d cir-
cumferential seams, can be specified so that processing and flaws from processingI
(particularly weld flaws) do not influence behavior. Since many materials are etrain-
rate sensitiv'e, a standardized rate of loading, or alternatively, strain rate should be

I ~specified. Finally, such testing should include instrumentation with which comnplete
streas-strain curves can be determined, particularly in the region beyond the yield
stress up to ultimate stress.
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APPENDIX I

DISCUSSION OF VARIOUS PROPOSED BIAXIAL YIELD-STRESS CRITERIA

The purpose here is to discuss the reasoning behind the development of several
yield-stress criteria which have been -proposed for laotropic-or nearly isotropic metals
under biaxial loading. All of these are comparable to the well-known,0, 2 percent offset
yield-strength criterion for uniaxial loading. It is desirable that a standard biaxial
yield-stress criterion be selected so that there is unanimnity in analyzing and presenting

C data as well as in design use.

The three yield criteria discussed here are;

"" Uniform plastic-strain criterion

"* Equivalent plastic-strain -criterion

"" Equivalent pat-,,xi, criterion.

Perhaps the most simple biaxial-yield criterion is the uniform plastic-strain cri-1' teflon (described in "Biaxial Yield-Stress Criterion"). The reascning in this case io that
if 0. 2 percent permanent strain is acceptable for uniaxial loading) it should also be ac-
ceptable under biaxial loading conditions, Although this criterion haF been used by
several aerospace companies, theoretical objections have beex, raised to its use because
it is independent of the biaxial-stress ratio. Nevertheless, this was the yield criteria
adopted for use in MIL-RDBK-5,

F:r a wide variety of structural metals, it has been found experimentally that
* under multiaxial loading the initiation of yielding occurs when a certain "effective stress"

reacher a value equal to the uniaxial yield stress in tension. For many structural metals,Sit is agreed that this effective stress is the stress value associated with the von Mvises

yield criterion, which is the same as the octahedral-shear-stress theory, the distortion-
energy theory2, or improperly, the deformation-energy theory• The general expression
for the von Mibes effective stressTis

where f1, f7, and £f3 are the three principal stresses. For the biaxial-loading case,
which is the primary interest here, Equation (ZZ) reduces to

T= £~-~ 2 4 .(23)

2. Strictly speaking, the distordon-energy theory cointides with the von Mises criterion only for isotropic mAterials.
3. It is improper to ute the term de•ormadon-energy theory, since It does not distinguish between tbe total deformation energy

and the distordon (shear) encrgy.
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For practical engineering purpose. the interest is in the stress correspondingwe
to -some plastic Jtoffset) strain, such as 0. 002 in./in., rather than the stress at whichS-yielding begine.Sinetefec esrs concept was welestablished, itwas a logical

otep, first made ýby Dor= and Thomsen( 62 ), to define an effective plastic strain ¶p by an
equation analogous -to the von Mises criterion, namely4 ,

ePýJT) I e -2  + (eZ e,,) + (ep 3 -epj)1 (24)

where ,e~1 , ep2 ep3 are the three principal plastic strains. In the general biaxial-
loading case, none of the principal plastic strains are zero, since the biaxaal stresses
can produce plastic deformation in the thickness direction. Although the constant ap-
pearing in front of the square root in Equation (24) is different than the one in Equa-

f tion (22), both expressions result in effective values (T, Zp) for the uniaxial case which
are equal -to the actual values (fo, epo).

Marin, Ulrich, and Hughes, following a suggestion by L. W. Hu, equated ex-
pressions for the effective plastic strains for the uniaxial and general biaxial cases,
respectively.( 6 5 ) The result was the following expression for the relationship between
the plastic strain in the maximum-principal-stress direction on a biaxially stressed
specimen and its equivalent uniaxial plastic strain epo-:

4~e.

(1-Os )J1B+? (25)epo7/

This relationship is depicted graphically in Figure 94 as a function of the biaxial ratio B.

In determination of an offset yield strain equivalent to the urniaxial yield criterion
epo = 0. 002 in./in., it is only necessary to enter Figure 94 with the ap propriate B
(or I/B) ratio, move vertically to an intersection with the curve and horizontally to the
e- e /eo ordinate. This ordinate value when multiplied by epo gives the equivalent offset
e~rain. Except for the difference in offset strain, the procedure for determining the
yield strength is the same as for the uniform plastic-strain criterion.

The equivalent plastic-strain criterion is based partially on a particular theory of
plasticity (the octahedral-shear-stress theory) and partially on actual test results for
the material concerned. This is because the amount of offset strain used is based on the
theory in conjunction with the biaxial ratio concerned, while the actual yield-stress
values are taken from test results for the material, biaxial-stress ratio. and offset 5.

4. Further discussion of the concepts of eff,-' ve stress and effective plas'ic strain may be found in Reference (53). Also, it is
noted that Equation (24) is based on the assumption that the plastic Polsson's ratio is 1/2. This assumption has been verified
for the plastic portion of the strain in most metals by numerous investigators (64).

5. A more consistent procedure would be to determine the biaxial stresses for the equivalent plastic-strain values prescribed
by Dor and Thomsen's definition of effective plastic strain, next to use these stress values to determine the coefficients
of the general conic curve, then to use these coefficients to define a new prescription for equivalent pla.ttc strains, and
finally to determine the stresses corresponding to these new plastic-strain values. This procedure could be repeated as
many times as possible to obtain any desired accuracy. However, for the sake of standardization, it may be desirable to
have the same offset for the same biaxial ratio regardless of the material. Since, in general, different materials would
have different effective-stress coefficients, it is better to use tLe Dorn-Thomsen definition of effective plastic strain.
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•i To over-come the disadvantage -suffered by the two previously described criteria,
i Dr. :L. H. Lee of the University of Nolcre Dame has proposed the equivalent plastic-work

4 ,

criterion. This criterion is basod on the wo~rk of Dr. D. C. Drucker( 6 6 ). Basically, the
concept here is simply to equate the plastic work done (strain energy) under biaxial load-

j ing -to the plastic work done in straining uniaxia.ly to a plastic strain of 0. OOZ in./in.

The unit plastic work done (measured in in-lb/cu in. of material) is equal to the
"total area beneath-the stress-strain curve minus the elastic work, zas shown schematicallyIf.. in Figure 95. Thus, -in order to accurately determine plaotic work from experimental

data, it is necessary to planimeter an area from the stress-strain diagram.

Under biaxial loading, work is done in each of the biaxial principal directions.
Thus, for each biaxial test, it is necessary to determine the area of the stress-strain
curve for each of the two biaxial principal directions and -then add-these areas. This
means -that experimental strain measurements in the second principal direction, which

S- usually have not been reported in the literature, are required in order to utilize this
criterion.
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APPENDIX II

DISCUSSION OF THE 0ENERALIZED CONIC THEORY OF BIAXIAL STRENGTH

Many differwit theories -f multiaxial strength have been proposed for isotropic
mzate-ital. Five of the-eo have be;.n discussed in detail by Marin(67} and can be repre-
sentod, for the tae•*on-tenseionAadrart of the biaxial-strelgth envelope, by the follow-ing &ondirneneionheu�niaxalnsilytan " •uaionz, where x denotes fH/fty (and FH/ and y is
(and FAY !Fty ),, where f ty is the uniaxial tensile yield strength. "

(I) da~nxtirv -norral-stress theory, proposed by Rankine, best suited
for so-ca•led brittle materials:

S(•-I) (y-i1) = 0

(Z) Maxirum-shear-stress theory, proposed by Coulomb, best suited
for some ductile materials.

! (x-l) (y-)=0

(3) The octahedral-shear-stress theory, proposed by von Mises, beat
isuited for mazuy ductile materials:

2 x +yz -xy_

(4) Maximum-strain theory, propcsed by Saint-Venant, not in current use:

(x-py-I) (y-x 1-) = 0 .

(5) Maximum total-strain-energy theory, in very limited use:

x 2 + y2 - /Axy I

The nondimensional biaxial-yield-strength envulopes representing these five
theories for tension-tension loading are given in Figure 96. Tiowever, there is often
uncertainty in determining which of the theoretical envelopes correaponds best to actual
test results for a given material wider loadingc correspondin$ to a range of biaxial-
stress-ratio values. Many times it is quite diflicult to determine whetner test data fall
closer to the maximum-shea'-stress theory or to the octahedral-shear- tress tiheory.
Sometimes it appear's that the data pointo form aa smooth c.z:ve which d&ifei a from aln of
the theoretical envelopes. Also, for reasona of economy; it is custor-ary to conduct bz-
axial tests for only & limited number of biixial-stress ratios (usually five: 0, 1/2, 1, Z,
and wo) This sometimes presents diffi.-ulty in fitting a smooth envelope curve to the dpta
points. In order to oveecome all of these difficulties, It is suggested here that a go.eral
conic curve, which is the most general second-degree algebraic cV've, be used to re-
duce the data. This c,.n be written as folo~ve:

aZ + by 2 + cxy+ dx + ev = I , (26)

, As in VIL-HVBY-, the symbol f denotei an actual or calculatad stm*, w hereas the symbol F irnfcatcs a minimum or
allowable streng'h.
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where the coefficients a through e can be determined from test results for five different

biaxial ratios. For an isotropic material, Equation (26) has a = b and d = e. Once the
coefficients have been determined, Equation (76) can be used to compute points on the
envelope curve corresponding to any intermediate biaxial ratio.

It is noted that each of the strength theories mentioned above can be represented by

Equation (26) provided the coefficients are selected properly, as shown in Table IV.

TABLE IV. SPECIAL CASES OF " 1RE GENERAL CONIC
I BIAXIAL-STRENGTH ENVELOPE

Coefficients for Equation (26)

Strength Theory a b c d e

Maximum-normal- stress theory 0 0 -1 1 1
OctMaximum-shear-stress theory 0 0 -1 1 0
MOctahedral-shear-stress theory I 1 -1 0 0
Ma.'imum- strain theory p p - ( l+) 1-p I-p

I Maximum-total- strain-energy theory 1 1 -p4 0 0
I Hill's anisotropic plasticity equation a* b* c* 0 0

* "Arbltray value.

For those who desire a more fundamental basis for ttw conic equation, reference

is made to an equation given by Hill for triaxial stress in an anisotropic materiaL( 6 8 )
First, the third normal stress and the two out-of-plane shear stresses in Hill's equation
are set equal to zero since here we are dealing only with the biaxial case. Next. it is
noted that when the biardal normal-stress values used are principal-stress values, the
in-plane shearing stress its zero. Furthermore, normal stresses appeared only as dif-

J• ferences in Hill's equation (thus, d = e = 0 in Table IV), because he assumed that th,.
superposition of a hydrostatic stress does not influence yielding. However, more
recent experimental evidence obtained by Hu suggester: that hydrostatic stre-ss can affect
yielding significantly.( 6 9 ) Thus, the final result is the general conic equation suggested
above.
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APPENDIX III

ANALYSIS OF ULTIMATE STRESS OF DUCTILE MATERIALS UNDER BALANCED
BIAXIAL WOADING FOR THREE SPECIMEN CONFIGURATIONS,

USING PLASTIC- TENSILE-INSTABILITY THEORY

Provided that there are no severe local discontinuities such as notches, cracks,
metallurgical flaws, so that flaw failure (brittle fracture) does not occur, the ultimate
stress of a structure is determined by a particular kind of instability pheuiomenon known
as plastic instability7. This instability phenomenon is not to be confused with buckling,
which is a compressive instability phenomenon. In fact, plastic instability occurs only
*.znder tension loadings. The most simple example of plastic instability is the so-called
necking phenomenon which occurs in a uniaxial tensile specimen as the ultimate tensile
stress is reached.

By definition, the ultimate tensile stress is the maximum load reached in a tensile
test divided by the original cross-sectional a:rea. Now as a tensile specimen is stretched
well into the plastic range, its cross-sectional area becomes smaller and smaller due to
the Poisson contraction effect. At the same time, the material usually undergoes a cer-
tain amount of strain hardening; that is, as the specimen is stretched, it can accom-
modate higher and higher stresses. However, depending upon the exact shape of the
stress-strain curve for the particular specimen, eventually a point is reached at which
the relative area decreases at a rate exactly equal to the relative rate of strain hardening.
At this point, which is the plastic instability point corresponding to the ultimate tensile
stress, a local neck begins to develop somewhere along thc length of the specimen.
Further extension is concentrated at the necked region and the load decreases.

Ae is well known to materials engineers, the ultimate tensile stress ir, a basic ma-

terial property for a given material, material condition, temperature, specimen size,
and rate of loading. However, in the general cane of biaxcial loading, the ultimate stress
is highly dependent upon geometrical configuration, as illustrated'by the three examples

i treated subsequently.

To vividly illustrate the effect of geometrical configuration on biaxial ultimate
stress, theoretical calculations will be carried out for three configurations with the sarrnL
biaxiahty:

*.(I) A thin-walled sphere with internal pressure

(2) A square plate loaded uniformly in all directions

(3) A thin-walled closed-end cylinder with internal pressure and sufficient
external tensio., load to give a balanced biaxial-tension-stress field.

q1. It would be better nomenclazure to use the term "tensile instability", since it can occur in highly elastic materials such as H
rubbru, as well as it the plastic range In the case of structural metals.
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ft Case 1. Thin!- Walledý Spbere

Th tru ste/ th a of the sphere) which is; the sames in all directione is

/rpD~ (2,7)IAsr p1 ioru, e 6 7l iO pD/4rss retDi the intna e u :iameter.. an~dt is the b

insb'%ntaaaoUV htka

owthe 17in ofmtra in the shell ___tesac oueenlsdb

the shell)i to

V ViTD?-t t 2~

-if it is apiurned that tbao mterial volume does not cbange during plastic deformatlnwa.

Eqaiskl (2~7) aaud IN) can be combined usa as to eliminate D), with the following x. esult:

orp =/~/ Cadtm t3/ZdcMm=

whor the na bscuri pt r enotres The odtinatiwmipresthe poxint. resr i echdi

II

Now the quantity dt/t reprosents the change in wall thickness as a ratio to the
instantaneous wall thickness. This is the negative of the differential of thxe true btrain

-< ~(sometimes called the logarithmic strain) ct Lii the thiekness dlirection. Thus,
Equaticn (30) reduces to

=(Z/3)dqm/de * (31)

Since dam/dcE* is merely the slope of the true stress-true strain curve, the
simple graphical construction shown as a solid straight line in Figuare 97 can be used
to obtain the value of th- true ultimate stress am.-

Case 2. Bixal-oddSgjtarePlt

The total load P acting on each edge of a square plate of edge len~gth L and 1C
thickness t is simply

P=Lta

136



71i

2

True stress-true strain
curve for c biaxial-stress

fro) ra tio o f u n ity

IIn

L.

/"/ ura'm (Case 2)
(Cases I 83)

2/3 True Strain e-

2-

FIGURE 97 TRUE STRESS-TRUE STRAIN CURVE
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and the material volume of th- plate is merely

S' V =L?-t

S~Thus

. (32P c2) 4/2
Differentiating Equation (32) to obtain the maximum load point and substituting

the definition for the true strain in the thickness direction in similAr fashion as in the
previous example, it is found that j

am =Zdam/d%* ,(33)

which is represented graphically bI the dotted-line construction in Figure 97.

Car e 3. Thin- Walled Tube With Axial Tension

Recently Felgar has demonstrated that the governing relationship for Case 3 is
the same as that given above for Case I.(70)

From these three cases, it is evident that ultimate stress (or plastic instability)
is not necessarily a constant value, but will depend rather directly upon the geometry of
the part, the type of loa ling and the biaxial-stress ratio. For this reason, when re-j porting biaxial ultimate stress values in a handbook such as MIL-HDBK-5, it is neces-
sary to identify the type of specimen from which the data were obtained.

In the above discussion use was made of true stress-true strain relations. How-
ever, material design criteria usually are expressed in terms oe engineering stresses,
which are based on the original cross-sectional area. Thus, it is necessary to convert
from true-stress values to engineering-stress values. The following equation can he
used for this conversion:.

omM

where here e denotes the base of the natural !.agarithmic system (approximately 2.72),
0* is the true strain corresponding to am, and 1r* is the effective Poisson's ratio
(defined here in terms of true strains, rather than the usual definition in terms ofengineering straina). Application of these results to Figure 97 shows that the ultimate
stress for Case 2 can be appreciably higher than that for Cases I and 3 for materialt.
with a large amount of strain hardening.
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