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In order to r:ain fs.cili t:r t..ri 0h m0chani~2.l impeds.nce 

m0thcds, and to detenGine the feasibility of using 

theoretical in~edance functlons in the des i gn of machinery 

foundations, the mechanical impedance of a tip - dr i v e n can ti-

lever be21n of un iform cross section was dete r mined exp e ri-

mentall.J . 'This exper'imental impedance function is C Oln-

oared with a theo~etical impedance function . ~orre l ation 

between the two impedance functions is good at the fi r s t 

r esonant and the f irst antiresonant frequenc i e s. At tach-

ment of the means of dr i vi n g t h e cantilever beam and 

me asurin~ i ts resultin~ motion appears to modify the 

natu re of the structure and its response to an exc iting 

f o rce . 1'he accur acy of the experimental impedance 

f un c tion i s limi ted by the accuracy of the phase angle 

d et e rminations . A clamp ing .i ig for ach i e ving exp eri-

men tall.J the clamped end condi0ion is described . 'rhe 

val idity of the assumptions of linearity and neslig i ble 

d amp i n8; is establi shed qual i tatively. A me t h od o f 

chec k ing theo r etical relations, experimental p r o cedur e s 

a nd p r oper functioning of i nst r uments is also des c r i bed . 

The a uthor wishes to express his app rec i ation for the 

ass i stance an~l encouragement given hLa in this investiR;a -

ti.on by Pr ofessor ·_::rnest K. Gatcombe, Professo r ~Jilliam ~ . 

Smith , Mr . Kenneth ~othersell and Mr. Robert Smith of the 

U • .:) , Naval t'ostgraduate :)chool. 
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..L • J. ~ ..... I .... ---- -

'fh i s s t u d y w r s u n J e r tal{ en in order to p; a in fa c i l i t y 

in the use of .nechanical impedance methods for the analysis 

of forced vibrations of ~echan ic al structures. A second 

ob jective was to determine , if possible , the feasibility 

of using theoretical Lnpedanc e function s to check the 

design of structures such as mac hinery foundations. Such 

a ~he ck could be used to a void designin~ foundations 

which have resonant fr>equencies at or near the excitin8 

frequencies of the suppor t ed machine. It was proposed to 

deter~nine the mech a'1ical i1npedance of a cantilever beam 

experimentally , and comp2re the resulting impedance 

function with the mechan ic a l impedaYJ. ce de rived 

theoretically. 

l. 2 1· .. echanical Impedance 

1;/ .. echanical imped ance is a measure of the resis tanc e 

of a structure to motion. Usin~ mechani~al impedance 

metho ds it is possible to descri~e the re s ponse of 

comolicated structures to exc itin~ forces. fhe use of the 

classical method of different ial equations to describe the 

response of such structures , ( the hull of a submarine , fo r> 

example,) Tv"lould "be ~1ifficult or impossible. 

l 



· ~ce is ~o t a n e w c oncep t, Doris i t 

a n olJ ~ne . It i s 1 old 1 i , t he sense t ha t many me chan ic a l 

e n g ineers knoiv somethin[l" al)out it. At the same time, 

howeve r, the e volu tion o f the concep t has been such that 

ch e t e rmi nologJ f or de s c ri~ing mechanical impedance has 

been s t andard ized onlJ recently. [1 , 2] 

fhe mechanical i r~edance concep t will not be developed 

in this t h e sis since it has been developed in con s iderable 

detail in a number of references, some of W"hich a r e listed 

in the bibliography-. [ 2-10] 

References 3, 4., S and 6 are particularly recom-mended 

to those to ~hom mec h anical impedance is a new or 

unfami l iar c on cept. 

Mechanical imp edance Z is defined as the complex 

ratio of force to velocity. [ 1, S] 
F z = - ( l ) 
v 

In the ~eneral case, both force F an d velocity v are 

com~ lex functions of the exciting frequency f. Thus , if 

we use the complex notation 

·wt v - v 0 e,1 

equation (l) may be wri t ten 

F 

z 
v 

2 

( 2 ) 

( 3 ) 



Hhere <J is tnG c •• &:''l1ltUJe of che excitine; force, 

v J is the ~u~~itude of the resultin~ velocitJ , 

w = 2lf f i s the circular frequencJ of the exciting 
force , 

~ is the phase anf, le between force and velocity, 

z0 i s tne magnitude of the mechanic al impedance, a~d 

F v , 
0 ' :J 

z
0

, and ~ are all fu~ctions of the exciting 

frequency f. 

If it is asswned t ha t the structure is linear and 

elas t ic, and that it is excited by a sinusoidally varying 

force of frequenc y f, the resultln~ mo tion of any point in 

the structure will b e directly proportional to the exciting 

force and at the same frequency. [ 5] 

In this study, t he cantilever bea1n was excited 

sinusoidally and damping in the system 1,..;-as asswned to be 

negligib l e. v'lith these sirnplifications, e qu ati ons (2), (3) 

a •1d (!.d o ecome 

where F , 
0 

frequency f. 

F 

v 

z 

F 0 cos ( D) t + y{) ( 5) 

vo cos {v' t ( 6) 

F Fo cos ( uJ t + ~) 
z0!_ ~ ( 7) 

v v o cos (I) t 

Z and~ are functions of the exciting 
:J 

Thus mechanical impedance is a frequency-dependent 

function which relates the force exciting a structure to 

the resu lt a n t ~otion of so~e p oint in the structure. If 

3 



impedance. If they are measureJ at differen t points, the 

paint a "lei transfer imoe3an·~es '.-Jere determined in ti1ls 

study . 

It may be seen from equ ation (7) that the experimental 

determinatj_on of mechRnical impedance involves the 

measu~ement of F
0

, v 0 , and ¢ a t each value of f requency f. 

1. 3 Effective Mass 

One adv antage to excitin~ a struc ture sinusoidall y is 

that d isplacement or accelerat ion may be obse~ved instead 

of velocity . Displacement or acc elerat ion amplitudes may 

t h en be conv erted to ve1 oc i ty arapli tude by mul tiplyi nc; or 

divid i ng by uJ as necessary in accordance with the follow -

i ng familiar relationships: 

X -- xo cos :v t ( 8 ) 

. 
v X - :_r)xo sin ~ t - vo sin c£..t ( 9 ) 

.. 2 {() t (10) a X - u__ x o cos u.,' t - a o cos 

In thi s study, acceleration was observed in lieu of 

velocity. The rati o of sinusoidal exciting force to the 

resultant sinuso idal acceleration of a point in a structure 

is define.:l as effective mass , h . [2] 'rhis swne ratio has 

4 



also been "efel'~'·Y1 ' 2s 'ap-parent mass ' and 'anparent 

rhus 

F P() cos ( J__ t + e) 
= Ivi0L (l l ) lvi = e 

a ao cos (J) t 

where H 
o' Fo, aJ, and e are al l functions of the 

exciting frequency f. In this study, l"l' F and a are not 

comp lex since linearity and ne~ligible damp ing h a ve be e n 

assumed . 9 is the phase an g le between f or c e an d 

accele r ation. It is the angle by which the si nu s o i dal 

exc iting force lends the resultant sinusoidal 

accele r ation. 

I t may be seen that 

and that 

Fo 
v 0 

,7 
¢ = 9 + 

2 

1.4 Receptance Functions 

(12) 

(lJ ) 

Prior to the recent standardization of t e rminology , 

[1 , 2] a numb er of investigators (chief l y in Great 

Br i tain) u sed the ratio of force to disp lac emen t an d the 

rec i p r ocal of this ratlo to describe the resp onse of 

various structures to vibratory forces. [12-1~] The 

ratio of fo rce to displacement in a linear system has been 



.~(.l..!_l J I l,Le rutio of displacement 

118..3 : ~ \_; ' . 1 as an 'admittance' or 1 T'ecep-

tan c e ' fun:~ L i o '1. 

In references 1\ and lC: a num'Jer of receptance 

functions for beams in flexure are derived. In these 

derivations linearity and '1er:ligible damping have been 

assumed. ·rhese receptances are functions of the physical 

d imensions and properties of the beam and the frequency of 

the excitins force. 'rhey are deve loped from the 

differential equat ~ ons of motion for the beruns. 1
1he 

recentance function for a tip-driven cant i l ever, which is 

derived in reference 14, was used as the theoretical basis 

for this investi~ation. 3quation (14) ls a ma thematical 

formulation of tnts receptance funcl.Lon. 

ex 

x - cosh 

- 2 

x) - F0 (sin )t_ x - si~ _,lx ) 
1 

EI 

.:x, is a rec-=;n-r.;an~e function which is the r at io of the 

disolacement at x to a harmonicall.r varyin~ force 

l . d ~ I a.t.)u le at... ~. 

x is the dista'lce fr>om the <~la111ped e::1d of the b earrl 

is the free length of the berua 

is {oun~ 1 s modulus 

(14) 

I is the moment of inertia of the 2r~ss section about 

the flexural axis 

4 1 - ~ 
2 .(; A ; 

(lC:: ) 

6 



'"< l ' t., !!e exci tin~ force 

l;.::; 0 ~ 1 \:c II.;;;. SS d en.slty 

Ti' cos L c o sh i -r l 
- I '-t 

(16) 

F sin '7 f. + sinh tt ( l 7) 
7 

F9 CO$ li + cosh i (18) 

l.c; Plo~tit?E_ Impedanc e Functions 

A convenient ma11ner o f presentiDP; impedance , 

receptance and effecGive 1:1ass functions is to p l ot them as 

ordinates against frequency as abscissae, usually on 

logarithmic graph paper. Since the magnitudes of dynamic 

F 
0 diffe~ from the s tiffness F.) and effective inass 

xo ao 

ma e;nitude of mechanical impedance 
F 

0 only by t he facto r ·--<.-· , 
vo 

i t is possible to construct gra ph paper on wh i ch any of 

these three functio~s may be plotted as a function of 

freque~cy. fhe va l ue of the other two functions may then 

be read dire~Llf on appropriate scales. Such graph pape~ 

is a vailable comrnercially. 'l1he impedance curv es in this 

t h e s is were ori~inally plotted as M vs f curv es and then 

replotted for• re p roduction herein as Z vs f curv es. 

1.6 froblems Involved in Ohtainin~ Bathemat i ca l ~nd ---·-- ------
8on ditions 

7 



f~11':)n~ the .IH)re challe.-1 r:i nr; ,_·rob lems eJ.COU'l tered i n 

che ex~--erLnental ~'hase of this investigation ',..Jere -chose 

conce:>necl '.rJi th (a) a;: -roxim3. tinr: the 1 clamp ed 1 end 

c ond ~ tion, and (''J) driving the beazn in a direction 

·erpenJicular to its equili~Jr ium posi tlon without loading 

the beam signlficantly. fhe manne r in which these 

p roblems were solved is cons idered i n Sections 2.3 and 2 .4. 



2.1 =reliminary I n ves t igatiog 

In order to gain familiarity J:Jith the instrwnentation 

and to deterrnine ~he 7alidity of a number of theoretical 

relationships, the effective mass of a cylindrical brass 

mass was determined. The results 8f t his preliminary 

investigation may be found in 3ectiou J.l. 

The ar~angement for supporting and driving the brass 

mass is illustrated i~ Fig. l. ~he force Bene~utor used in 

driving the brass mass (and subsequently in driving the 

cantilever beam) was a Goodmans 'l1ype J90A (permanen~ magnet) 

Vibration Generator. 

An ~ndevco Model 2110 Impedance Head was used to 

measure simultaneously the force transmitted to the brass 

mass and the resulting acceleration. This i~pedance head 

contains two piezoelectric crystal transducer elements. 

One of these acts as a f orce tra1sducer; the other as an 

accelermne ter. In Fi g . l , the impedance head is shown 

mounted on a !-in steel stud between two conically-shaped 

adapters. The ~-in stud i~ connected to the drive spindle 

of the force generator by means of a ? -in stud. 

Both the ~rass cylinder and the vibrat i on generator 

'Were suspenJed from the o verhead by means of steel Hires. 

Turnbuckles were used i ~ the suspension system to align the 

axis of the brass mass with that of the vibration generator. 

9 





The beam use:i in this investigation Has a steel beam, 

the dimensions and properties of wnich are summarized below: 

-0= free length (after clamping) 

b = wid th (distance p arallel to 
neutral axis) 

h ==heigh t (distance perpendicular 
to neutral axis) 

faJ =mass densi ty 

3= Young's modulu s 

lJ . OO in 

1.992 in 

0 . 501 i :J. 

0 .282 lbrn/in3 

29.58 x 1 0
6 

psi 

In order to a pproximate the clamped end c:ond ition for 

the cantilever beam, a clamping j ig wa s designed by the 

au thor and manufactured b y the Engineeri ':1g School I"iachine 

Shop . rrh is clamping jig is shoHn assembled in Fi g. 2 and 

disassembled in Fig. J. It is essentially a vice , the 

loading of which is provided by a universal testing machine 

rather than by a poHer screw as on a machinist ' s bench vice. 

'rhe clamp ing jig consi sts of (l) a body or frame which 

was machined from a single p iece of steel, (2) a rectangular 

base block, (J) two loadins blocks which s l ide vertically 

within the frame, (4) two cl mnp ing blocks which slide hori-

zontally on the base block , and (5) two loading buttons 

which transmit the load from the crosshead of the testing 

ll 
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i\ lc::tl Jf a _, L l , )')) lbf H2 use--< tc clrunp th_,; end 

of the cantilever. At a fo·..,cing frequency of lOr) ,;ps, 

varying the lo!;d from 2,00 1
) to 20,000 lbf had a negligible 

effect on the observed value of effective mass. 

rhe man'!eP in Hhich the clamping jig was actually 

used is illustrated in Figs. 4 and 5. 

2.4 Jantilever Drive Arranpement 

Ideally, in th is investigation, it would have been 

desirable to 

(a) drive the heam sinusoidally so that the drivins 

force was always exerted perpendicular to the neutral axis 

of the beam in its equilibrium position, 

(b) without loadin~ the beam by the attachment of any 

driving member or measuring instrmnents. 

The purrose of the first of tho above b·Jo requi -:r->eme~ts 

is to obtain the pos tulu ted sinusoidal oxci ta tion. 'lhe 

second is to p~eserve the nature a~d hence the response of 

the structure under consideration, namely a cantilever berun. 

1rhe·re are practical consideratio:1s which make it 

difficult if no~ impossible to realize either of the 

conditions indicated above. Very briefly, it is necessary 

to supply the driv ing force through some sort of an attach-

ment in order to set a qua~titative measure of the driving 

14 



of' the structure t~ be :nalyzed. 

In this investigation two Jifforent drive arrangements 

were used, one a 'direct' drive, and the other an 'elastic 

hi~se' drive. 

The direct drive, which is illustrated in Fi~. 4, was 

sugsested by one investigator. [16] It is essentially 

the srune ar~an~ement which was used to drive the cylindrical 

brass mass in the preliminary investigation . (See Section 

2.1) One of the adapter•s hTa s simply screHed into the end 

of the berun. The reasons for employing this direct d rive 

rather than some other arra~~ement were that (a) lt was 

simple, and (b) there ; . .Jas re'lSO"'l to beLieve that the 

elements in the drive between the impedance head 
, 

aYLl the 
.. 

berJn could be treated as pure masses in correcting the 

observed effective mass. (It is difficult to evaluate 

ths influence of elements in a Jrive arrangement which 

cannot be co~sidered as pure masses.) 

·rhe elas.!:_~ hj_ng~ drive, which :Ls illustrated in Fig. S, 

was suggested by another en~ineer [17] as a means of 

providing for (a) rotati o n of the point of attachment and 

(b) protection of the vi~ration generator against bending 

moment s applied to its drive s nindle as a result of this 

rotation. fhe details of the elnstic hinge dr ive and of 

the direct drive are illustrateu in Fig. 6. The impedance 

hee.d, one of the conical Jy-shaped adapters, and tr.e two nuts 
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suown in t f t.he fi u.r~ 1tJec~ also t~sed with 

che 1 lirecL' irive wLi.ch is illust::-r-Le::J in Lhe lower part 

of trle fi~ure. 

rhe results obtained usin~ the jirect a~d elastic 

hinse drives may be found in Sections 3.2, 3.3, 3.4, and 

J.S. 

2. S' ii.rrangement for Obtainin£\ Transfer Impedances 

As defined in Section 1.2, transfer impedanc e is the 

ratio of force to velocity in which these two quantities 

are measu~ed at different poiDts . Two transfer impedances 

were determined in this investi~ation in order to ~et an 

indication of the linear behavior of the ~antilever. As 

Bishop points out in referenc e 14, if the structure is 

linear, 

(1 9) 

'rhat is, the rntio of the displacelr1ent at x due to a 

I 
sinusoidal ly varying force actir..g at '- should be the sa.rr:e 

as the displacement at 1 due to a si!1usoidally varying 

force applied at x. (rhis is a statement of the familiar 

reciprocity relation.) 

One transfer impeiance was obtained by driving at the 

end of the cantilever, as shown in Fi~. S, and measuring the 

resulting acceleration at a po int four inches from the end 

of the beam. Force v.ras measured usi'l'" the in:..pedance head, 

19 



... ·"' . ~· 
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~:..·~c·::lGl~u~:let.e:.~. 1he 1.0·~·'5~erometer Ho..s s cut:J. - mount ed on an 

alulflinum block naving D lia:nete r of 7/f.) in anJ. a hei ght of 

3/4 in. 1he alu.11inum 8lock Has attached to the steel canti-

lever wi th dental cement. 

The seconrl transfer imnejance was obtained by driving 

at a p0int four inches from the end of the cantile ve r and 

measuring the resultant accelerat ion at the end of the beam. 

The elastic hin~e drive was used, the elastic hin ge being 

attached to the beam by means of an aluminwn. ' T '. Force was 

measured ~rJi th the impedance heod sn·J acceleration with the 

model 2~1~ accelerometer. 

11he results of thjs phase of t he i~vestigation may be 

found in Section 3.5. 

2. 6 Ins trumen tat:. i_on 

·rhe equipments used in measurinc_: eff ec -c ive mass in 

this inve sti~ati on can be cons idered as three s ep ar a t e 

channels of instrumentation - an excitation channel, a 

fo r ce channel , anJ an acceleration channe l. 

The ex<.;i t ation chan·1el ·c o'~sisted of those instrwnents 

used in exciting the driven s t ructure: 

a . Sine wave gene rator 

b . t-owe r amplifier 

c. Vibration generator 



1. ~.:.:le;....;.L~ ri .., !' !u(· L•lvni r·i_l~ the frequency of 
ex-.;.=_L__:.tion, and 

e. ·je ters for moni torinr: the vol cage and current to the 
vibration generator. 

·rhe fo~ce and acceleration cha"'l~els were identical and 

consisted of 

a. Transducer (Impedance Head or Accelerometer) 

b. Cathode follower 

c. Band pass filter 

d. Cathode ray oscilloscope for monitorin~ voltage 
wave forms 

e. Vacuum tube voltme ter for measuri ~~ signal voltages. 

·rhese three channels of instrumentatio'l are sho1.,m 

schematically in Fig. 7. 

In order to determine the phase angle 9 between 

force a"'ld acceleration, it was necessary to modifJ the 

instrumentation shown in Fig. 7. Two different arrange-

ments were used to measure phase angles, depending on the 

amount of Jistortion in the signals. 

were u ,distorted, the arrangemen t shown in Fig. 8 was used. 

One of the signals was connected to the vertical deflec-

tion circuit of a cathode ray oscilJoscone and the other 

signal to the horizontal deflection circuit. Since VF and 

V were sinusoidal signals of the srune fre quency, the 
a 

resultins Lissajous pattern was an ellipse. A simple lag 

network, which consisted of a variable resistance in series 

with a variable capacitance, was used to retard one of the 
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e LL i p s o co a s l. I' a irY,u t l_ i n e . Eh e ruu~unt o f resistrnco and 

cap aci t ance i nserte'1 :-:letermi ne d the anr:1e by wh.lc h one 

si gnal ~a s retarded in ord e r to produ c e phase coincidence 

(po sitive slcp e o f the collapsed ellipse) or phase 

opposition (negative slope). A schematic diagram of the 

lag network and the development of the trans fer function 

from which 8 was determined is contained in Appendix ~. 

A simple switch was used to select whicb. signal, V~~ or V , 
.t< a 

would be retarded. 

When either or both of the sir~nals from the impedance 

head were distorted, it was necessary to resort to a 

similar but more tedi ous method for determining e. fhe 

equipment arran gemen t f o r this alternate procedure , which 

is shown in Fig. 9, i nc ludes a band pas s filter to el iminate 

the offending higher frequency components in the signal 

from the transducer. 

The procedure for me asurin8 phase angl es was similar 

to that outlined above for the ar~ansement shown in Fig. 8. 

However, in this case, t 1tJO phase angles were determined at 

each frequency of vibration. - one phase angle between VF 

and a reference voltage v1 and another phase angle between 

Va and v1 . It was then necessary to compare these two 

phase angles to determine e, the phase angle by which 

force led acceleration. 

A comple t e list of Ghe instru1·nentati on used in this 

investip;ati on i s c o n t aine d i n Appen ·l ix A. 
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3 . i 

~ . l _. r e l L:n i n a r J .L n v e s t L: a t i o o 

The ar~an~eme~~ for supportins and excitin~ the 

cylindrical brass mass used in the prellminarJ investi-

g a t ion 1.-J as des C! rib e d i "~'1 .Sec t l on 2 . l . r Phi s rr1as s VJ as vibrated 

in or>der to f7ain fa..'Tliliarity with tne instrumentat i on and 

to determine the validity of a nwnbe r of theoretical rela-

tionshi~,s. If the impedance head and the means of 

attacbinr; it to the brass cyl inder act as a pure mass, 

being perfec~ly rigid, the observed effective mass of the 

brass cylinder corrected for the ~ass of the drivin~ 

should be equal to the actual mass of the cylinder. (See 

i1.ppendix ;) . ) The effective mass so deten:ained should be a 

constant function of fre,1uen cy. Furtherrnoce, the 

sinus oidal accele~at~on of the mass should be in phase with 

the sinusoidal drivi~~ force. 

Che results of this prelimi~ary investigation are 

sho' . ..rn graphically in Pir;. 10 , Hhe ..... e both effective mass a~d 

phase angle are plotted as a fw1ction o~ the excitinp.; 

frequency. 1
1Ile effe·,~ ti ve ;nass of the brn..ss cylinder is 

essentially constant from J5-lJJ0 cps . Above lOOJ cps it 

increases until an antiresonant peak is reached at 3680 cps. 

The effective mass then decreases rapidly toward a 

re soYJ.anc e Hhi ch preswnabl.J occ •..l rs above lJ kc . 



, t1 1s pl 

s 8.--~ 0 f · 1 1 , r 1 f s . ale Q s bserved e f f e -~ t i v e mas s . 8 is 

essentialLy zoro i'r0111 lr ens to the 3600 ~ps antlresonant 

peak at which it chan~es abruntly ~o approximately 180°. 

If there had been a resonant frequency below 10 kc, 

theoretically the phase angle would have shifted from l8J
0 

to 0° aG tha~ freque~cy. Although a resonant 'valley' was 

not observed in this preliminarJ investigation, this 

patte:r·n of phase angle shifts Has observed when a cantilever 

beam was vibrated. (See dection 3.3.) The rate at which 

the phase angle changes with freque ncJ ~ ives a qualitative 

indication of the amount of damping in the system. A 

relativel J small amoLlnt of damping is indicated by an 

ab~upt change su~h as thRt shown in Firr. 10. If there had 

been more damp in~ in tru~ system , the chanr;e \vould have been 

more gradual. 

The average value of the effective ~ass of the brass 

cylinder below lOlO cps is about 6~ less than the mass of 

the cylinJer as determined ~y weighln~. rhe 6~ discrepancy 

noted here indicates Lhe orJer of masnitude of the experi­

mental error which maJ be anticioo.ted vJhen exciting s~11all 

s tructures with this drive arrangement ani this impedance 

he ad. 

rhe antiresonant pea~ at 3600 cps in Fig. 10 is 

considered to be an anti~esonant frequency of the brass mass, 

and the impedance heud- adapter 'package' considered as a 
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indicates ~hat the Lnpednn~e which the impedance hcu.l 'sees' 

cl1.a.~·~es from an inr:Jelan::;e 1..rhich is 'nwss-likc 1 belOl,J 

36,JO cps to one l...rhlch is 1 Sf;rinp;-llke 1 above that fraqueney. 

11hus, it appears that, in acLiitio-:1 to the masJ effecbs 

which wero anticipated, there is a stiffness in the brass 

cylincier-impedance head syste m which influences the observed 

eff ective mass above 1000 cp s. 

Vibration of the impedan ce h ead - adapte::' 1 package 1 

separately indicated that the ant i resonant 1 pea\: 1 observed 

i n Fig. 10 was not due to an antiresonance in this 

' p a ckage', or subsystem. Ob s ervation of fo~ce, accelera-

ti on and the phase angle between force and acceleration 

e stablished that this 'package ', b J itself, d 9e s act as a 

p u r e mass from 30 cps to lO,OJO cps . Although the obse?ved 

eJ' f ec t i v e mass of t his 'packa g e' v a r ied between 0. 730 and 

0 .787 lbm between 30 cps and 7000 cps c:nd increased to 

0 . 950 lbm at 10 , 000 cps, the phase angle 9 was essentiallj 

zero throuc;hou t the observed fr e quenc.J rann;e. 

rhis illustrates the difficult] of measuri~~ 

experimentallj the impe lance of a pu~'·9 .m3.ss. 'l,he necessl ty 

of physically excitin~ Lhe mass anj of measurln~ force anj 

ve locity (acceleration in this case ) requires the attac~nent 

of some means of drivin~ the mass and measurln~ the 

resultant motion. Once these attachments have been made, 
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~· i~. l!J. L'ne sa .. rw pr ' 1! L :;m 1·Jas encourd,ered in dete rm'_ning 

drivins, )Ln0 an-1 tran~d'e_r impedances of o. cantilever beam. 

The significance of the ~urve (Fis. 10) obtained using 

the elastic hin~e drive is expla i~e d in 3ection 3.4 . 

The results illustrated in Fig. lJ are similar to 

those obtaineJ bJ other investi~ators who used this method 

as a check on the accuracy of their experimental procedures. 

3 .2 Santilever Beam - Direct Drive 

rhe arrangement for excitiDK the cantilever beam by 

means of the direc~ drive is described in Section 2.4 and 

i llustrated in Fig. 4. 

The results of exciting the bemn in this mann e r are 

shown graphically in Fig. ll. The lower of the two curves 

was obtained using Sishon's receptance function which is 

discussed in Section 1.4. ~quation (14) was used as the 

1Jasis for the comruter> solution for effective mass as a 

function of frequency. Appendix B is the computer program 

which was used to calculate the points from whl!h the 

' theoretical' curve was plotted. rhis then provides the 

theoretical function with which the experimentallj-derived 

impedBnce function is compared. 
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functior-1 in. FJ." •. LL ·iLl the theoreti::!al furlCtion , a nwnbe r 

of features of the ~u 0ves become evident: 

a. ·rhe general sh:. .. ne of tne curves , 

b . The vertical displacemen t between the two curves, 

c. 'rhe greater number of' resonances and anti resonances 

i~ the experimental curve, 

d. The difference in f~e~uency at which corresponding 

reso nanc es (or antiresonances) occur on the two curves, and 

e. The good correspondence between the two curves at the 

first antires onant frequencJ. 

These features will be iiscussed in succeeding paragraphs 

of this section. The experimental curves obtained using 

the dire8t drive (Fig. ll) and t he elastic hinge drive 

(Fi g. 13) are similar in several respects. Therefore, some 

of the remarks in the following discussion may also be 

considered under Section 3.4. 

One feoture of the experimental curves in .Ei,i gs. ll and 

13 is the manner in ':vhlch th8 resonant 'valleys' and anti­

resonant ' peaks' alternate. Thi s is a s eneral characteristic 

of impedance curves. 'Ehe 'valleys' occur at frequencies at 

which the Lnpedance of the st~ucture (and hence its 

resistance to motion) is low. These 'val l eys' correspond 

to resonant frequencies of the vi"fJrating system. ·rhe 'pe o.l.{s' 

occur a t frequencies at 11'lhich t h e impedance of the structure 

is hig;h. rherefore, they corres~o~d to antiresonant 
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curve and Lhe ln ;,ll'0 vi .:t.L ·J..~·ve iY.t .i.''i -s. 11 ma.J be explained 

by 

(l) the necessitJ of correcting obse~ved values of 

effective mass and phase an~les, 

( 2) the ac8uracy with \'il1ich these ~1ua~1 ti ties can be 

measured , and 

(J) the 'different structures' concept (pre sen ted below) . 

Practically speaking, the impeda~ce head use d in this 

i n ve s t i gation measures the ef fective mass of the s tructure 

beyond the midile plane of the impedance head. In order to 

determi ne the effective mass of the cantilever bea.:n, (or 

the bras s cylinder in the prelimi~a~J investigation , ) it 

was ne c essary to apply to the obsepved effe8t i ve mass a 

correct i on to account for the ef fective mass of the 

acc elerometer end of the imp e dance head, the a dapter and 

p a rt of the ~-in mountin~ stud. ~he manner of makin~ this 

correction is outlined in Jetail in .~\ppendix D (dample 

Calcul ations). Reference to equation (4-~) in Appenlix ~ 

i ndicate s the vector natur·e of the GOPr>ection method . Jery 

briefly, the effective mass of the impedance head - adapter 

'package' must be su\)tracted vectonially from the observed 

e.ffective mass. ·rhus, the effect-ive mass of the beam, by 

i tself , is a vector difference . Since the correction to 

be ap~lied to the observed effecLive mass is approximately 
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0. ", j 3 s t v a ·J. e .s f' ~- ) s 0 r v e J ~ f f e c L i v e 

L.L ,-,f1Jr_;.:; ,.,ier of ll1ae;ni~.1le, lL is apparent 

, '"\ - 3 l' or J..v - om. ·J:lhe 

effective mass at the first computed resonance in Fi~. ll 

is about 10-S lbm an(l, at th0 third con-:Juted resona_nce, 

10- 0 lb:m. 

0ith the instruments used i n this investi~atlon and 

the values of transducer sensit ivities provided by the 

manufacturer, measurement of voltages VF and Va to three 

significant figures is a~out the best ac curacy which may be 

expected. 

Thus, the Limitations imposed by the instrumentation 

preclude a precise correlation of effective mass magnitudes. 

~ffective mass coordinates are not indic ated in ;:'ig. ll; 

but it is interesting to obs erve that all point s on the 

theoreti cal curve a bove S28 cps have ordinates ( effective 

mass) less than 10-3 lbm! 

The a bove discussion assumes that phase angles between 

force a~d acceleration siR"nal voltarses can be d e0ermlned 

with tho same accuracy as tho voltage n1ensurements. 

Unfortunately, the rhase angle measurements were even less 

precise than the volta~e mea s urements. (A detailed 

discussi on of the proceJure for measurin~ phase angles and 

the accurBcies of these determina tions is the subj ect of 

Section 1.3.) D1e inbe:'~:lt limi tatioYls of t:r1e procedures 
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correlQ c::..on of t11e ;_,-,J cu:'V8S in F'i P:. ll even more unlikely. 

'l'hus , i: illD.f oe .1oserved th&G, _Ln p:enerr:L , the 

corre lation ~e~ween cxrerimental ani theo~et i cal values o f 

impedance (effeccive mass) in this investi~ ation is valid 

qualitutivelv but no-L luantitative~_y . 

I n co:n.parinr: the expe"' imental S'l.d the theoretical 

curves in Fi~. ll, it is important to ~ear in mind t hat 

they represent i m£_f.3dance_fu11.ct ions for 9-if'fe_rent struc~ures. 

rhe lowe r (theore tical) cu~ve descrl~es a mathemati callj­

defined can t ilever beam . For this beM1 , at the 1 buil~-in 1 

Or I ClDJnped I encl, the cl ~ S Ola Ce::'1181:1 t and th e SlOpe are always 

ze ro . At the 1 free 1 ond , '')o th ~end 5_ 'lf'\ mo.men t and shear are 

zero, as developed in eleillenta~J stre~gth of mate~ial s. 

'l'he upp er (exp erimen tal) curve describes an appY'oximation 

to the mathematically-defined cantilever berun, and herein 

lies one of the pnincinal reasons for the d ifference in the 

appearance of the two curves. 

In prac t ice, the ca1til ever beam used i n this investi-

ga t i on onlJ approximated the mathematically- def ined cant i­

lever for the f ollo<rJ1 nr::: rensons ! 

l. 1\l thouq;h tr1e clan.nlnp: ,iiP: wor~{eri very well , it did not 

terminate the beev~ in an inf i :1i te impedE1 -:1ce (as it should 

have done i ieally) . :Jhe'l. vibrating at the first resonant 

fre1uency, even with modest power i nnut to the vi~rat i on 

generator , the 1·Jlv:l'3 ~,estin;; :~lachine , by means of Hhich t he 



-t . • ,-; c..~hL . -a is a r_~·ncr nwssi·v"e slructure. 

'-· Hth Lhe direc:_ Jrive, Lhe cantilever t~~Tas driven aL a 

poiilt about J.4JO in fro111 the 3nd ;)f the beam. 'rhe manner 

of attaching the impedance h ead ' package ' to the beam was the 

controlling factor i n select in~ the driving poiilt. One of 

the adapters was simply sc1,ewe d in to the end of t h e beam. 

(See Sec tior. 2 . 4- and Fi g . 4. ) The d istance from the 

cl~~ping blocks to the cente r line o f the t hreaded por t i on 

of the adapter was 1 3.00 in. Tl1us, the free length of the 

beam was about 1 3.40 in . The theoretical curve is based on 

a free l ength of l3o00 in. In add ition to the difference in 

leng ths , it is also apparent that the physical structure 

represente d by the experimental curve is not a tip-driyen 

cantilever. The dr iving point is actually inboard of the 

end of the beam about 0.400 in. 

3. Attaching the impedance head 'package' and the 

vibrati on generator to the end of the berun was necessary 

in order to excite the beam and t o measure b o th the 

exciting fo~:•ce and the resul tant motion . However, by so 

doinp;, the freedom of lnotion of the end of the beam and Lhe 

very nature of the structure were modified. This is very 

important. 'rhe manner in wh ich the attachment of this 

driving-measuring structure affec ts the response of the 

dri ven structure is clearlJ indic ated in the results of the 

preliminary investigati-n (Sect i on 3 . 1) i n which a mass 



of tne •198.111. . ) rhe conseouence of sucn an 

attachmen1., Has that "Ghe sinusoidal ex~j tinn; force Has 

&lHays exerted per·pe··d.icular to the er1; d' tne bePJn. 1he 

theoretical curve is predicated on aP~~i~ation of the 

excitinrs force per~er::licnlar- to the neutral axis of tne 

beam in its e·,-JU~ libriwn cosi tion . One of che practical.. 

consequences ~r thls drive arran~ement was a rather violent 

lateral vibration of the vibration ~enerator at fr e quencies 

beloH 28 cps due to tha rotati:-J:-1 of the end of the beam. 

rhe greate~ ~~aber )~ resonances and antiresonances 

in the expe.:·L:.ental curve Gn:l the difforel,ce in frequencies 

at which correspon1ing resonances and anLirosonwlces occur 

on the two curves may oe explained by the 'different 

structures' discussion presented above. Jhen additional 

elements are adds·l to a vioravino; sfs Lem, the nwnber of 

degrees of freedc'lm and the num~Jer of Pa tural frequencies of 

the system are increased. 

~ven though the nature of the structure has been 

changed, theee t:L e . .vell-defined r·esonanc~es and anti-

resonances in U1e experimental curve tn F'ig. ll wl1'Lch 

correspond to the resonances an<l antirosonances in the 

theoretical curve. Ilhis correlo.tioL is summar>ized in the 

folloHing tCJ.ble. 
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Table lo Jvmpa::is: f -~xpe·!"i;nen+-aJ a ,j 11:1eoretica1 
F "'G'lctene!i ~;:., f ~esonance an·i Antiresonance. 
~ip-jriven ~teel Jantilever Beam. Direct 
Jrive~ See PiG. ll . 

goode ~.t the fir;:jt antir-esoYJ.an~e, there is veY'Y r:sood c~ur!"'e-

Ehi..s is rart:icu.lc.'rly si-'-r..:.ficant because tL.is is tn0 une 

frequency at which the theoretical cunve oenecrate3 tte 

domain uf -che eA.perimenta.l ~urve. Good cory>elati ;n at lrlis 

noint lends ~redibiliGJ to Lhe methoJ of measurinG Lhe 

3.3 I-hase A"1_.<Le veter'll_._,la.l 1 0DS - 0iY'e~t Jrivs 

The pbase a J e 1a~a ··; ·esentel in this sec i r·c 

~ection 2.2 -~~ t!.._ ~1.0 -:.i: r· drive illL~strat.ed i"l L 1 1 

't the cantilever- •,· • _,_,_ 1 
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.... i -~ . .l.L a L 12 .c 

1 :.. t l GS u :;sinr; '.he 1 3 1 rec t 1 drive 

arr&rw;em;:;; .. t describe ,J i r: )e c. t ion 2 o L~. r h e p hase angles in 

fhaL i s, the observe d Fig. 12 ure 1 co~~ected 1 p~use angles. 

phase angles have been cJ~rected to acc,unt for t h e 

effective mass ')f t.O.e iLrl.t!c,1ance head - a dap-cer c o.m1)ination. 

L
1ne ~hase angle da La s.t1 JirJU in Fig. 12 mu st., o e cons iJered 

vJ .i th the ex:r:-erimental im}'S iance r;:tar.;ni tu.,ie .lat a sho··dn in 

F i g ., ll to get a 0o~nnlet.E:J picture of Lhe e x p er i mentallJ-

de termine d impedance of this canti lever b eam . 

r ecalled LnaL botb. n~u.;· ... -;.~u.de and ~)huse ang le i u f o-::··..:rHit.:_,Y: are 

r e quired fop the e;::;mpl·,;~e ~peci f ication of imped ~:nce.J 

An examination Gf 1' ig.::>. l_~. a:vi 12 in jicat es t hat tee 

phase ar"it?le ¢ Joes, 1·!1 fa.~..-L, c han.c~e fro m 27J
0 

throu:;;h 0° to 

90° in the \1 ic ici tf of a resona-:--lCe, e.s i ulp edanc e t h eory 

predicts. [ S'] Plle t·-- u d rate ·')f change of ~ L-..ri th 

111 LLt.; vlci' ' I l' a res::-· _ ,,_;e o r anti :>es 

:~onfirms -:J.clcolitatil.i·eL 1 tLe validity r;f the a s .sumpti 

negligible lamr inrt. 

1'he ph(.se angole ,6 1s 2ro'-' ur: 1 

1' at f r·e quenc i es ·~ 

r 1 qusnc .ie.J :>etvJeen ench a.:,, 

I'esonance t:.n·i the llt=>_,;. 

angJe onlJ a~proa~he~ ~'his i:-; Jue -co th e ' sLa..r 1 
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1 d<-,.:5S w -.L . ..., 1- L- t ud in Pi r:s . 1 0 and 1 2 ap _t.:·e ur· t o 

b e r ~ c.~. s o ~ w. L 1 / ~v e l. : - ' t~ L v 0 d • H o •.-·r e v e r , a p o e a ran c e s are 

dece ')Live . 11~l.G )lhase a.-w~le data i n this thesis inves Li-

gaLion Here tile le:lst nrecis e of all the d ata taken. S i n c e 

the 8or:'ecte i ~11agni tuies of impedan ce (on eff'ective mass) 

are J.epende:nt on the 'tlase aru;le, lac ~ of' precision in 

de termi Yiincs these phase ar1_c.:l es reduc es th ~ accuracy w i Lh 

.vhi ch imperi ance ll1an:'·li LLtde.s may be rel ia'J l.f deteJ-.mined. l n 

succeed ing paragra~hs, the p rocedures used for obtainin~ 

and reducin~ rhas e an~le d a ta will be discussed. Susges­

~,, l~,Jns are al.so inc .Luded fo l' subsequent investin:ations. 

11h e instrL..wentaLio n and procedures used in deter­

la.:n i n g phas e angle s in th i s investigation are descri b ed i n 

.Section 2 . 6 . 1<1 i g s. 7 1 '3 anti 9 are blocl{ diagrams Hhich 

i llusteat e tne eltd.rmenL a i'rangements used. 11 list of 

e q~ipment and insLrunents u sed in this thesis is conta ine J 

i n hf.t--'-'ndix A. A d.JLaile'i ierivu.ti nn of the equations for 

:iet-e.c;:ninincs t-Jhf.:se t:dl -·les maJ be fou ·1 d i n Appendix J. Sam.Jle 

ce1.lculat i ons of nhase angle s, usj_ng both equi-orrwnt ar r·ang:e ­

ments de s c r i')e i 1~1 .Jqi~Lion ? .6, are in c luded in Appen fix J , 

As ir·d i ca0t~.l i: ecLi n 2 .6, t he p r o cedure fo r let~r-

... n· ·litl'\ phase ancde.s -Jas 3 noint-by- noin t pPocedure. l base 

angles HeJ:'e '1Jt determir.ed. ~·J ntinuouslJ, :--,ut a t selec ted 

f requencies ---' L \Ll >~11 effecti ve mas '" datu h ad be en t aken. 

L i.. ) 



v GU.C'V8 i.l 

l -3 CUI'V8 1 n r'ig. 12. lLc 

. ru ;~, J. · e J ~ ~~ow and cedious one . 

metnod, Llsinr~ ,_,he equJpru8!lt arranr>:elne~t shown in Fig. b, 

required less ~_,na•1 1 lr Ltl':j time required by t h e 1 indj_rec t~' 

pro0edure illtA.~L-ra e:i ~n l''ig. 9. Hov.Jever' , the indirect 

"Hetno :i is c,)rl.s i Jere::. U_, iiH r•e accur& te of the t Ho proceiures . 

.• hen it is de sired to determi_ne 

ins tl'wrwu k:t t iu L. a !'0 .1;:; i'i e r' e d un s a L i s fa c to r y . 

rtl9 r h 'i s e a. 1 :-" l t r r u c e i u r e ; L1. a c1 d i t i on t o b e in p· 3 1 o ~f ~ 

left ruuch to be desired as far as accuracy is c oncerted. 

Us ing the d.il'e\:!t wet11 _2,, i L is estimated that ~.Y (equation 

I ~ 1 ) ) 
\. )- .J can d is l ess Lhan 

co. vi tl :i 'l 20 \.vl en 1 s betHeen [A) 
and 10° · an l 1t1ithin 

' ' 
,..,0 

Hhen u., is be~H ,c. ) ? - ~:.tnd 3'' 0 - 0 • Value s of a ;·l·e&tcr 

. .3-0 . . it b f than ·J so dete'Dlltl _i ur>e C0'1Sl'--ie' ,~, o e o qu. 

accuracJ. As 

appr)aches int'1 ,. .. 

of 1 and J ::n.J.s~ c.I.J.·fJL -J..d infiniL;. l'hi s consider 1 ~ 

i .~ i i c o t e s the 

experimental ~Y ,JJ:, ,11 ~, a.J ... r.roaches 
0 

j ) • {his dif't'. 



. .J !.•' 

1::in L lt,_ ... v · C:JLlapse the ell i! e . 

-; · s' 1'~ _; 'H3JOnJ this value Hould r~ot produc8 

·; f ~ .Lu~;, t.~L r1ear-1.'esonant J:r - a:Ltiresonan t f reque n c i e s, 

.:; and --U LJ w~'3re lndeLer'm~ late , a'1d it Has ne c e s sary to use 

the i n-l irec L ... nethod cf determinine; these phase an s le s . 

lcltnouP;r., cue L,iirect we tnod i11 volve cl de termini ng tHo 

va ~.ues )f J' or e b. c r ~ v a lt)_ e of 8 , i t i s c o !1 s i d e red the 

.mor>e ac cu~'a te ) 1' th.:-; v . ..ro ~,h~1 s e ana:le procedures . I t was 

used. 1--.rhenever ! _,or ',f r· 'lllas d i storted , t...rhen :.; wa s i ndet e r -
l' c.:. 

mi. nate usL1r; t.ne 5_irecL approach , o r 1.-vh en th e r e Has so.me 

:1 i:cec t ly. J t is di r ~· icu 1 L ·c o even es tL.na te the a ccuracy 

o f this me thod . So~e ~enera l iza t ions are possi b le , howe ver . 

It is suhiel.!L to tne srune limi tation as t h e d ire ~t me ttlod 

dlle n the anc~le 1-Jetwe 3:l '!;_.' (o r V a ) a nd t h e reference vol tc.r:e 

\ .nervJis e , the accuracy of phase anr;les 

s o dctern-li rt e d aJ,pears t-o be constant and 1·Jithin abou t 2- 3° . 

Once agai n , hotvever, tLis f igu:-·e represents on l y a n 

educated csuess. 

Jiff'crer:~e l1 v&lLles ·;f 8 o::Jtn.ine':i us L:1g t h e d i rect a::1cl 

i ndi rect metho ·l s. 11he f"e 1Uf')nC.f selected fo1· t h e se samnle 

0 alcul at i 0n s i :1 o r:e a L ;dd ch a rel s. t i ve ly laro;e d i fference 

1-:--n1 8 r·1s iete:--.air::e:1. at ether frequo-:Jci os 

L2 



L~S i jifferer c .. ·Jer>e freque nul..f 

\../.J. ·.L ··• 1 , r· 

f' e:1·:lix ~ wa~:. :.-b e basic equa -Lio n 

'l'he use of this equa t ion 

a·'J th::; u nr,,,-J\;r-k ;.:;!1:u,r schematically in Fig . 1 - _] was 

b as e J o n L h G '-' s . ~ um p t .:_ c n t. h :: t the r e s :i s t an c e s and c a p a c i -

tances i~Lrodu~ed Lj this lag ne twork would be large com­

pared to ot.bel' resistarces and capacitances in the 

rneasurinq; ~ircu.Its. lne ob se r•vations made below [T ive cau.se 

to douot tne vaJii.ity -:>i' th is assump t i on . 

·l1h eo ret i c all.f , t L ·. value o 1' R .; r e q u l red to p rod u c e 

ph ••se coinci.lerce or ;} :Jse opposi tlcn at a "' iven frequencJ 

shouJ d oe a cous t~iL L. J·~ch was not the case in practice. 

1\s.bl e 2 indicates one ·.;xamo l e 1.-vhere this concli t i on t'Jas 

obse rved . fhese 1ata were t aken when driving the cantilever 

bea1•. Hi th Lhf; eladt i c uin--;e drive arranr~ement at 1000 cps . 

All of t-he snrrles 1·-Jer·e smal l , but the v a riation iD w]:; is 

cons iderat) l e. In orJer that the results obtained wou ld be 

reasonably consistent, { = 1000 ohms v-ras used v-rhenever the 

elli1·se co~ld be 0olla.psed Hi t h th:i. s v r.:. lue of resistance. 
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'l ·t-, :,JLiC!.i i::., i i_:_ ·S 

i 

il.1..1 .. Ll 1'( 

] i scussiun o1' feature~~ of' t11e 

tvllo experim_;~naJ curves 1.vhich are s ]wilar is containei in 

Or.s :;o..::,i dlt'fer·ence oe twee n the two experimental 

rhe exp er i .n1en t a.l 

curve; i.n .tl'ifl., 11 was ydotted usin g cor•rected values of 

in .t<' i ~~ . , -~ 

(a) dC e>;.alrllC.E,iiun C.l lhe obseY>Ved. d.3.ta susgesterJ Chat 

the imped;::"·,t~ head - ;:;l.s.. ,ti~ h ing e system could not be 

trsated as a p ;~ , .Gass i ··1 co r r>e ctinc: the observed eff'ec t.:., 3 

( 0) 

i r1pedance heari e 1 a s r i 0 ~ 1 i 1g e s y s t em was , i n f' a c L ~ 

.Lte 1 at -, 

:au~ 'Li e; if th e etasLic hinc;e G( .. u.d be 

:, r e a 1 e l ·~ .:; -J . 

effective l·. _. 1 ·; 
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Fig . 13 . Dr iving-poin t Impedance (Uncorrec t ed) as a Func tion 
of Fr equency. Tip-driven Steel 8antilever Beam, 

13 in x 2 i n x O.S in. Elastic Hinge Drive. Comparison of 
~xperimental Resul t s wi t h 1rheoretical Function. 



L i q,;:,e in lieu. 

L~:-3 t, "t..vhich are 

j ll . i l''l-~. 10 ) illus tr>at.. ed dramatically 

111. _. '\IdS n ot acting like a pure mass at 

all . ;~sb1v~i values of ef f ecLive mass were 

plottcJ L1 ··i _.. 3 I'J.i tr. 'tO attempt m.aJe to correct them. 

l'heoreLicallJ, ~ L.:·an.::;fer· Lnped[•n ce functio n for the 

impeJan-;e 1 ·c,i- e.l_a0t...ic hi nge syst ew could be determin e d 

whi ch wou1'1 ma~~c: ] t ~'ossi'ol e to correct the ob served 

,J.u. t u. 1.'Lis transfer fun~ L ion coul d be 

deriveJ ~.Le' i-=::all.J OJ C' ns i dering tr. e impednD.ce head , 

th e Cijap Le.:.· :he mo~~tins stu d as a pure mass and the 

elas tic lu. Or a transfer function coul d be 

ierived ex.·_) •. C·ltaJ l] b.f .:-ne asuring for-ce and accelera tion 

at the impeJa;. 'c tleEtd, ( 11'lhi ch p ose s no problem ,) and al so 

measu:einr~ ·v0 and ac~elerati on at the end of the elasLic 

I~~ a for.cr.,j Ja t le t ask from a pract ical point o i' 

. c,s_ 1 :;t.....r•vc in iig. 13 is similar in shape 

a nd in tr-"- ,_,. an1 l JCL.ti on of resona nce s and anti-

reso nance.::; t_) ~or'e~pon~lng curve in Pi~ . l l . In 

p;eneral, i ILs sha~e resembles thn, 

_ cl .... r·vc.· up co and inclLldinr; the second 

res onance ueb .. u better tna n does the exp erimental 

curve of I<i- howeve~, t he hei~ht of the first anti-

resonant '<2' , v.~s r juso·, Lo C]Uesti0n the "'esul ts obtained 



vi Pu.L L r 

u C( l to cor·_e ec t foro Lhe lJehr-v i or oJ' 

Li bette r 1uantiLative results 

'i l ' 
t:-; is .-nuch to recon;.;.:lend its use in a:1 

,, i, . s . 

ve~e obs erved in orde r to det ermine 

)~·~.~he', .3Lu.·~Dl;ion of a linea r struc ture. A 

l I :.us ,-1 ,, r the reas ons for this phas e r)f 

r; foJ.nd in Section 2 . c:.' which also 

J.escr-iocs tLe f~x .grinr~t.Ls.l ar"'ang emen t empl o yed . 

l .bJ. G 0:0 0 d. correlation bet1,reeo 

~Le val i Ji t.r of the rec i Drcc .L t ,, ---·-··--· ·-~-··--- -~·-

1. v ; s . lig . l~ were plotted from M vs ~ 

. ..:u.r·ves. '-'1-: VJ.! 

~'"':; '-'r1e JOser·vo(i values. 

' ' ~ e he f1 d , c an be a s ~-rmn e d to '; e 

Lr.f.) 
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the tHo cu::.nves. 

drivinr; qt "Lhe end of trw ';ea:n . :·Jhen J. ri v L n rr thr; ~leD.;.YJ. at a 
',,) 

p oin t fo u r i nch~s from the e·1d , the elas tic hi~e:e -..;~_ s 

attached t o t he beo..rn lJJ means o f a 11
- shap ed c onnec -cor . 

( b ) I n obta i nin~ 'Joth curves , ic is likel y that Sldall 

errors in a l ign i np anl attachi~g the dri ve as s emb ly to the 

bea;.n result e d i n the beam not b ei n~ Jrlven on i t s cen::.er 

line or per ren d i culnr to this center line. 

(c) Due to t rw uwn'l.er in v..r h]._ c h the acc el e ro1:1et-e2 ;,v-as 

1ilo unted, the d i stance "lJet:.vreen the points whe r e fo:nce and 

acceleration wore measured W3s 4. 01 l~ for one curve ~ni 

abe>ut IJ .lO i n for the :;the:> curve . 

·Jons iclerinrr ~-he s e Ji ff ere'1.C e s , the corr e1 a~: ion ~) e :,·:Jeer 

the two curves i s considered v e r J ~ood . 



L'h· 

'1f i rn1·~ i J, J,3.l i.. ta ti ve ly the val i di 0f of the 

assw;i.ptions of neo;li.gjble damping an·'l 1ineariLJ i,vhich ltJere 

1naie in the derivati~n of the receptance function for tne 

cantilever hea:n. 

2. ~~e clampin~ ji~ ~hen loaded ~y the universa_ 

L-esti:J.o' mG.chin3 •,ra:s [en efre~t ive means of achiev:'LJ.r_; 

exoerimenr.~allJ tllP 1clamped.' eni co'littic;n re•1uire·1 for 

lilenLallJ on, .Y acproximateJ the sinusoidal e.xcitatior-1 

a'1r-le Jetermj 

the -~has G an c'" 

t.: _ l ) 'r ) .. 1 ~. ~ 

• ; · ·es l +, 

P T 
.• c.l. v 

) a2.neJ . 

i ; ) t.; ~ .~ j o n '3 • ~ . 

1'he error ;_ n ohas e 

:nar-ni tude 

• .~ i' .. r• '_· . i f'o.,.., de tertai 'l ~ nrr ', . ' 

of 

.. .J i; f. u. G..> e 
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ure s vi. L'c.d n J i.""J. t11 is thesis, 

t l e and its response appear Lo be 

afr eo eli ns~JerablJ b J attachi ng the means of drivinR 

the .::lGructu.re and measurin~ t he J.riving force and 

resultant motion. T:C1e eff e ct of this atcachment is tnat 

the effective mas.::-J measured by the impedance head is noc 

the effective mass of the structure bein~ studied. It is 

the ef~ective mass of tne system consistin~ of this 

structu:,:'e 1 U:,e acselerome·c er e n d of the impedaYJ.ce head, an:i 

the elements of the d~ivin~ arra ngement between them. 

i 1his at ~_,achl"'leYJ.t ap_r::ears to have i ntroduced additional 

resonances anJ. antirescnanc es in the experimentally-

7. .J.s a J.'es.JlL Gf .Lis investi gatio'l, the use of 

t ht30reticsl imrsdance func tions does r~ <)t atlpear to be a 

rel i a"' f r·nininp: ~he res •rw.nt feeque'1Cies 

::,tel~--:, L'dS .Su-2L as J.rwr ~ine ry f'ounJations. 'l'he J. if J 'i c u l L ; 

ex 9 e ::> i e c ~ e ;:i i : t ' :~ a L L z ~- ·; rs a t rue e aD t i l ever b e aJn under 

~a~oratory c0~11 tL Q 'niicates the likelihood of a 

c;orresrondi d:r_.·· ('J're··t·:;.,_, difficul t:{ in describ i ng 

theoretj cal y -:-.~lf: s , .. lctur-al elements in a founcia-cion. 

uue to the mstJ:1od of joininr, 

.- ·ems reasona 1le to antic:ira e 



onditions will not be realized 

in u .l a c t u o. L ~ • '"'U ,~ L J. .t' • . t shoul_d i::le emphas ized, h0wev e r, 

tn~: this onserva~ion is an extrapo lation of the result s 

of this invesLi~aLlon. rhe evidence is not conclusive. 

]o~~inued iDvestigation of this possib ility appears to be 

Jesira'Jle. 

F3 . 11he difficul t,Y of 'd ivo rcing 1 the cantilever beam 

used in this inves~i~ation from the driving-measurin~ 

structure i~dicates lhe pos sibility o f encountering 

simil ar prohlems i n other i mpedance measurements, and in 

she interpretation of the results thereof. 

9. fhe elastic hinae dr ive was effective in reducin~ 

laLe ~al vibrations of the vib r ation generato r at low 

frequen c ies. Howe ver, the 'spring-like ' behavior oi' the 

elastic hinge itself intro duced the additional problem of 

cornecti n~ the observed da ta to acc ount for this behavior . 

10. Goo~ correlation between the theoretically- derived 

i:n.pedance function and tha t d e termined experimentally was 

ob tained o~lr in the vici~ity of the first resonance a nd 

the f i "S~ an~iresonance of the c r<nt i lever bea.111. At othP-r 

fr e1uencics, correlation was adversely affected by (a) 

the accuracies of the phas e angle determina t ions anrl 

signal v oltage me[surements, and (b) the resonances 

introduced by attachi,~ the driving-measur ing structure. 



:11rr: f' e~ r\ .1<2 

1.'ai. ,J ~'e co ::{.~.ieve thc:rma1 equ i 1ibriUJi1 L1 tne electronic 

instru.menLs, a~J.l ( ~)) minor differences in the aligmnent 

._Jf the lri ving, measurin~ a nd driven s true ~ures. 

12. Vi~ratian of a pure ma ss provides an excellent 

t 

method for checkin~ theoret i c al relationshins, experimental 

procedures, and the proper func tionin~ of the ~easurlng 

instrwnents. 

1]. rhe "~ncieVCO i"lOdel 21 1 0 impedance head appear s tO be 

'Jetter suite-l to the iueasur emen t of the eff ectiv e mass of 

structures lar~er (more mass ive) than those used in this 

investir;aticn. 



~ained in this thesis inves tigat ion : 

l. ihat a suitable port ion of each introductory course 

in mechanical vibrations be devoted to instruction in 

mechanical impeda~ce methods. ~overage should include 

fundamental concepts, four pole parameter methods and at 

least one laboratory exerc ise to gain familiarity with 

i mpedance measurinp; instruments and techniques. 

2. ·rha t e;raduate students be encouraged to pursue 

research, both theoretical and experimental , directed 

toward the solut io n of steady state vibration problems 

us ing mechanical impedance methods. 

J. That more precise methods of determining phase 

angles be inves~ igated. 

4. rhrt practical methods of obtaining continuous and 

direct readout of both imp edance magnitude and phase an~le 

i~formation ~e investigated. 

That adJitional rese arch be directed toward the u se 

of theoretical impeiance funct ions as an adjunct to the 

desi~n of foundati~n-like structures. 
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R~AD 400, B, H, ZL, ~HO, ~' X, GC 

ZI = B-::- ( H-::-::- 3) /12. 0 

I - , - ' 

J1n2N.3IOH FR( 3)00), ci.l'l( )(})() ) 

.JO 911 J ::..::: 1, 3000 

FR = J 

R = 39 .l.J. 78~;. FR-::- F'R~: A-:: ::<HO/ ( E-::-ZI -::-G.:;) 

r - B~H:-0. 2!) 

Fl.~ = ~00?(.1-'-::-:~L)~:-:.;csH( t·-:c ZL )+ l.O 

-;:t'Jr~ =- ..,TIT7( 'J,"'/--L)-1- ,~- CJ( '.J.•.'7L) ... ::::> ·'- 1J 1 l • '-' .~ L .11 l: . • _, 

F9 = ·JO SF ( 1:-:·- ZL )-t .:; 0 ~H ( 1)-:·- ZL) 

G l = .:; 0 :3 F ( h.- .i ) - C 0 3H ( .t-::- X) 

G2 = :3INF ( F-:·-X)- 3lNH ( r-:·-.K) 

A1·1 = 

FR(I) 

!:..1•. ( I ) 
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Alt-'ENDIX C 

JERIVATION OF ~~uAriONd POR D~TERhiNING PHAS2 ANGLBS 

Fig e 1-C is the circuit diagram of the lag network used 

in determining the phase angle by which one signal voltage 

was retarded in order to bring it into phase coincidence 

( o r phase opposit i on) with a second signal voltage. 

Fig. 1-::;. La g Network for Determining Phase Angles 

Using loop current methods 

i = 
R - j Xc 

( 1- c) 

vl ( ·x ) __ , __ • -J c 
R - jX, 

v 

v l • _ _:;;;.1 __ 
R 

+ l 

- l -V ·-----
l j w rtC + l 

-jXc 
(2-C) 

It follows from equation (2-C) that V2 lags V1 by the 

angle 

CX = arctan wRC ( 3- c) 

In Sec-cion 1 . 3~ 8 is defined as the angle by Hhich 
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If the two si~nal volt ages ~en tioned above are Vp and 

Va , and if the two signals are brought into phase by the lag 

network~ (indicat e d by a pos icive slop e of the major axis of 

the ellipse on the oscillos cope ,) 

8 = 180° (due to polarity of impedan ce he ad signals) + c~ 

(4-C) 

if Vp is ret a rded. See Fig. 2-C. 

e = 180° (due to polarity of impedance head signals) - a 

(5-C) 

if Va is retarded. See F ig. 3-C. 

If the two signal s a re brought in t o phase opp osi t ion by the 

lag network , (indica ted by a negative slope of the major 

a xis of the ellips e on the oscilloscop e,) 

e = 0° (due to polarity of impedance head signals) + -~ 

(6-C) 

if VF i s ret ard e d. See Fig. 4-C. 

8 = 0° (due tO polarity of impedance head signals) - a 

if V is retarded. See Fig. 5-C. a 

(7-C) 
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Fig. 2-C . Phase Angle 
Determination. Positive 
Slope. Vp Retarded. 

e - 18o0 + ci 

Fig . 4-C. Phase Angle 
Determination. Negative 
Slope. VF Retardedo 

e =(l 

a 
/­

v I a 

I 

I 

~ /Va 

1800 IX/ 
. - ) - >-

Vp 

e 

Fig. 3-C. Phase Angle 
Determination. Positive 
Slope. Va Retarded. 

e = 180° - CL 

Figo S-C. Phase An~le 
Oetermination. Negative 
Slope. Va Retarded. 

e=- ~ 



1t is necbssary t0 add ( or subtract) 180° to phase 

angles determined by c'J:lparing v .. , and J as they come from - ~ a 

the impedance head . 'i'11e explanation for this lies in the 

manner in Hhich the piezoelectric crystal transducer 

elements are mounted in the impedance head. [19] 
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SAMPLE CALCULATIONS 

The calculations contained in this appendix are pro­

vided to illustrate the method of determining experimen tally 

the effective mass of the c antilever beam described in 

Section 2.20 rhe calculations given below are those required 

to determine one point on the M vs f curv e from which Fig. 

11 was plotted, and one poin t on the i vs f curve (Fig. 12), 

for the direct drive configuration illustrated in Fig~ 4. 

The symbols used in these calculations which were not 

included in the Table of Symbols are defined as follows : 

Subscripts 

a acceleration channel 

b beam 

c correction 

F force channel 

o observed 

s supplied by manufacturer 

t transducer 

x external 

bb 
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>1..1..dg d ·~ ~ ~ ere taken a t the dat a point 

seJ ec. cd for t hese caL .. ulation s . .Sensl t i vi t ies and .Jtner 

cnaracter·isLlcs of t.he instrumentat i on ·llfhi c h are re'lUired 

for the calculations are al s o includ e d . 

.... 
f) . 8 57 ~ - 167 6 pf Ja J t a 

Gl~ :. Pso ' 99 7 p f '"'tl:<, = 

~sa Sl . S rms rnv/reak g 
,.., 

107 pf vxa 
-, 

5 . 00 I'ffi3 mv/Deak 1bf c - 109 p f ~ .... j._., x l•' -.::.. 

f 379 cps R 1 0::>0 oh...rns 

VF 13 . 7 mv rms "1 2 . 6 X l0- 7 
f a2ad v 

'! a bb.O mv rrn.s slope o f ellip se: ne gaL,ivc 

v a retarded 

11he 1 Gl!; ratio 1 given in equation (1-'")) 1.·Jas defined tv 

f acilitate t~e cal culations . This ratio remains t he srune 

for any given drive arrangemen t and comb inatio n of i ns L,ru-

ments. [19 ~ 

a~~ r atio 

GE ratio 

= Ga. ~sa( ::;t a + 100 ) _;x? J (1-.J) 
Gp ( Cta +- CxaJ T' ( ."< 

~sF vt;F + 100 ) 

l . 8S7 Sl.S rms mv.(l676 + lOO)pf. reak lbf 
o.Beo· peak s (1676 + 107)pf '· .00 r r;1s mv 

10.33 peak lbf 

peak o_, 

((j97 + 1 0 9) pf 

(997 + l OJ) pf 





rhe __;..:;erved efiec viVe mass l'·lo is .:L;termined USiHg 

equation (11) in Section 1.3. 

Fa Vp G:2: ra ti.o 
(2-D) l"lo 

ao Va 

Ho 
13$7 mv rms 10.33 peak lbf 2.15 peak lbf 

= 
66.0 1r1V I'll!S peak g peak g 

H0 = 2.15 lbm 

'the phase angle 8 0 associ a ted with 1v10 is determined 

by ()), R, C, the slope of t he ellipse, and the signal 

val tage \..rhich is retarded. The se relations are developed 

in Appendix Co 

C1 = arc tan cuRe (J-C) 

a arctan (21/)(379 cps )(lOOO ohms)(2.6 .x 10- 7 farad) 

arctan 0 . 618 

a .3lo 44' 

8o 0° - a = -.31° 44' (7-C) 

The effective mass of the beam Mb and the phase angle 

associated v.rith i.t eb, are determined from the following 

equation: [ 19 J 

( 3- i)) 
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pt..:.!"'e 1u . .s s, i..he value of 1·.ic in equation i: 3- J) 

is the ::.;vJJ:J. v.L chc c.fJ'ecLive mass of the accolero~":lcL-er end 

of' -::.no imr-eJ.ance head, ~ ' ' oc'a!' ~c:-· , anu ~ne ll .. 8 .. SS 

of that part of the steel stud bot~ocn tho center plane of 

the impcu::u1ce head and the boron . [ 16 J It Has vo::·ifiod 

pure mass. 379 cps, h,.. = ') . 71~3 lhrJ 2.nd 
'-' 

8 = 0° . c 

hl 0 

···c cos sin a 0 - siil 

(1~-.)) 

2 • .1.) lom ccs (-31°44') + j2.1.5 lbm ::.dn i ')10!.1.') 
\ - _) 1-f-Lt-

- ) .743 lbm cos 0° 

~ . 93 lbm - J 1 . 132 l bm 0 . 7L~3 lbm 

· . () 9 1 ~'m - J 1 • l 3 2 l bm 

_ lor:; 

6QJC I l t d t ~ 
.L • :) l 1 t)L and 8 0 - - 4 .;; a r o r- - o L - o a .1 379 cps 

in 1•'igs . ll and 12 respecvively . 

In ordoP tc check ·vrJe value of 8
0 

de cerr:d.nocl anove, 

a second determination Has made using the a l ter-nato 

('indirect') procedUI"e describ ed inJection 2 . 6 . The data 

u9 
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L..l 

z.::__ 

, ... 
C},_ v ul t:..<e J }~v 1' .t 

l. f arEJ ds ) Wl18 ~1e tardf d -~ l J._ l ~ s 0 \ r ... n s ) ----
'{, 

1' 
1000 

0 

0 X 10-/ o. ·n; ~3 oO:J.9 I 

-7 
3 . :+2 1() I eolS JC) 0 12' X pc·sltive l o·JJ 

raule l-.J. Jata and :.;a-culat ions foro Determinine; 9 0 by 

the Alternate Procedure Desc r i bed in Jocticn 
2 . 6. f- 379 cp s. 

r'ig. 1- J. 

0 01 c' L_._ 1 

Je Lerrnina ti on of 
,.... . " ~ v8mparlng vp anc 

90 = -38°23 •. 

80 at f = 379 cps oy 
Va with a Reference Vol0age if1 . 

At this frequ e rcy, and with the above data, there was 

no reason to th:ink that one of the phase angles so deLer-

mined was more accurate than the other. rhe difference o~ 

6°39' is indicative of the accuracy to which phase angles 

7U 
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f t11is ~ag" .~ .<d. can f)e det ermine .J using the p rocedures 

w~nich Here U::JcL: in this investigation. This points up 

the need for a more prec i s e method of phase angle deter­

mination . F'or a mo !'e deta iled discussion of the errors 

involved in phase angle obs ervations, see Section 3.3. 
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