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SUMMARY 

Two aspects of power flow associated with electromagnetic waves in plane- 

stratified,  dispersive,   anisotropic media that are also lossless and linear are considered. 

One aspect is the relation between group velocity and the velocity of energy transport of 

surface waves in such media.    It is shown that the group velocity of surface waves is 

equal to the ratio of the real part of the complex Poynting vector,   integrated over the 

coordinate of stratification,  to the corresponding imegral of the stored energy density. 

Th3 second aspect is the relation between the dyadic surface impedance representing 

either a slab cf plane-stratified medium above a perfectly conducting plane or a semi- 

infinite region,  the latter foi- the case of evanescent fields,   and the pcwer flow in the 

respective structures.    The significance of the surface impedance and power relations 

for su/face waves is discussed. 

This ri;search was supported by the Office of Naval Research,   V/ashington,  D. C. .under 
Contract No.  NONR 839(38).    ARPA Order No.   529. 
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INTRODUCTION 

In this paper two aspects of the power flow associated with electromagnetic 

waves in plane-stratified,   anisotropic,  dispersive media and their application to surface 

wave propagation are considered.    The first aspect is that of the relation between the 

gro^p velocity and the velocity of energy transport of surface waves;   the second is the 

relation between a dyadic surface impedance and the power flow and stored energy in the 
structure it represents. 

It is well known that monochromatic plane electromagnetic waves  in a homogeneous, 

dispersive,   anisotropic medium that is also lossless and linear,   e. g. ,   the ionosphere for 

small-signal propagation,  carry power in the direction of the normal to the plane wave 

dispersion surface.    Specifically-   the velocity of energy transport of plane waves in such 

a medium is equal to the group veiucity,   that is,  the gradient in the wave number space 

of the frequency.     '        This relation between the gvoup velocity and the velocity of energy 

transport finds an important application in the ray interpretation of the far fields radiated 

by sources in the presence of homogeneous anisotropic media. 

It is shown here that an analogous relation involving the group velocity holds for 

the case of surface waves in plane-stratified,  dispersive,  anisotropic media that are also 

lossless and linear,   in that the group velocity of surface waver that can propagate in such 

a medium may be interpreted as the surface wa\ e energy transport velocity.    For such 

surface waves,  the direction as well as the magnitude of the r-?ai part   js   of the complex 

Poynting vector is,  in general,   a function of   z,  the coordinate in the direction of strat- 

ification.    (An example of this dependence is described in Reference (4)).    Therefore,    s 

divided by the energy density cannot be identically c-qual to the surface wave group 

velocity;   which is a vector independent of   z.    It will be shown,  however,   that the group 

velocity of the surface wave is identical to the velocity of energy transport of the surface 

wave taken as a whole,  i. e. ,  the gradient in the transverse wave riumber plane of the 

frequency is equal to the integral ovi.r   7,   of   s   divided by tho corresponding integral over 

z   of the stored energy density.    In a marner analogous to that for plane waves in aniso- 

tropic,  homogeneous media,  the relation between group velocity and. energy transport 

velocity for surface waves should prove useful in formulating a ray interpretation for the 

surface wave fields excited by a source. 

The proof of the relation between the j^roup velocity and the en«?igy transport 

velocity is furnished for two configurations.    In the first section o' this paper,   the case 



considered is that of a plane-stratified mediurri filling all space, while the second sec, .on 

contains the proof for the case of a plane-stratified medium fillini; the half-space above a 

perfectly conduct ng plane at   z-0. 

In the third section of this paper,   the relation between the dyadic surface imped- 

ance at   z - dP  which represents a plane-stratified,   lossless,   anisotropic medium filling 

the region   0 < z < d   and bounded at   z = 0   by a perfectly conducting plane,   and the power 

flow and stored energy in this region is considered.    With the help of the developments 

of the first section,  it is shown thai the power flow and stored energy in the region 

0 < a < d   are directly related to the derivatives of the surface impedance,   wich respect 

to transverse wave numberr and frequency,  and to the components of the. r. f.  magnetic 

field transverse to z at z=d.    The relation of power flow and energy to the surface react- 

ance apply for all frequencies and real transverse wave numbers,   not just th^ "e associated 

witli sur'ace waves.    In particular,  for surface waves propagating above a dyadic imped- 

ance plane,  the power flow and energy relations are shown to bo significant in calculating 
the energy transport velocity. 

The fiurth section of this paper is devoted to a discussion of the dyadic surface 

impedance representation nf a semi-infinite,   plane-stratified,  lossless,   anisotropic 

medium for ranges of frequency and transverse wave numbers for which the fields in the 

medium are evanescent at infinity.    Again the power flow and stored energy relation 

involving tho surface impe.lai.ct are obtained.    The power division between the space 

inside a.id outside of a surface wave guiding str-icture is determined in terms of the dyadic 

surface impedances defined in the third and fourth  ..actions of the paper. 

The Appendix treats briefly the dyadic admittance representation of a medium 

above a perfectly conducting olane.    At iho-^e values of frcquei.:.y and tran iverse wave 

numbers where the impedance formalism breaks down, the admittance formalism may, 

in general,   still be used.    Power flow and stored energy relations in terms of the surface 

admittance are given. 

STRATTFIED MEDIUM FILLING ALL SPACE 

A lossless,   anisotropic,   dispersive,   plane-siratified rnediui."  ?s> assumed to fill 

all space.    It is uniform in the   x and y   directions and its interaction with 3 monochro- 

matic electromagnetic field can be described in term? of the cor.stitutiva pdrameters of 

the medium,   the dielectric tensor   e   and '.he permeability ten?or   u .    Since the medium 

is lossless,   e  and u   are Hermilian,     '   '      and because of the assumed uniformity in   x 



and y,  they a-e independent of these coordinates.    The tensors    e and u   0re analytic 

fu.-.;dons of the angular frequency   %  and are assumed to be continuous functions of   z 

except for a possibly denumerable number oi finite jumps.   The   *   dependence of   c and 

U   is further assumed to be such that the medium supports surface      .v?o propagating 

transversely to   z.    Such surface waves are solutions of the source-free Ma:cwell equa- 
tions and have the form 

E(r; kt.   i) I e(z; Jc   ,   t) I 

H( r; ktt :v))     ( hfz; kt> «,) 

"j^ti 
(1) 

where  £ and h   tend tc ".ero as    |z|    approaches infinity.    As used th.oughout this paper 

p=x   x + y   yis the position vector transverse to   z   and   k^xk+yk     is a real _—o-*-o' r -t—ox-^oy 
frana^erse ".vave vector.    The vector amplitudes   e and h   are required to be such that the 

* 
eisctric and magnetic energy densities,   as well as   Re(exh ),   are integrable on the 

infinite interval   -»< z < «».    Because the dependence of _E and H   on   x and y   is   e'^ — t^, 

the electric and magnetic energy densities and   Ex H     are independent of o •    Furthermore, 

since the field components transverse to   z,  e    and h , must be continuous in   z   across 

any jump in   e or (a ,  they must be continuous functions of   z.    For simplicity, e and h 

are assumed to be   R.ms   quantitieo. 

In the aböence of sources,   Maxwell's equations in a medium described by   c and 

u   are 
V x H  =   j ty ^ ■ E 

V x E £^   -    - J 'JU u ■ fj 
(2) 

where ihe harmonic time dependence   eJ'K '   ha& bcf'n suppressed.    Subs'Uuting  JL and H 

from equation (1) into (2) results in six linear homogeneous equations in the six unknown 

field components,   four ordinary differential equations in the variable   z   and two algebraic 

eouations.    For any particular medium that ran support surface waves,   these six equa- 

tions will have solutions satisfying the cavity-type boundary conditions   e=h-0  at   |zj = «, 

aad possessing the integrability properties described above,  only for restricted values 

of the parameters   k    and  $   fhat satisfy some functional relation of the form 



Ds(k t, x)   =  0 (3) 

■vher? in general   D     is a regular function of   k    and  ii.    Relation (3) is the surface 

wave aiijpersion relat.on and determines the fusible: aurface waves that can propagate 

trancversfcly to   a   in the particular plane-stratified medium. 

Let   k    and  x be such as to satisfy the surface wave dispersion reJation (3) and 

consider neighociing values   k    + dk     and    i+ du;,   also satisfying (3).    The i'ields of 

that purface v/ave propagating with wave vertor   kt + dk     at the frequency   U)+ do) are 
given,   to first order in differential quantities,  by 

E(r; kt + dkt.   ,+ da-)  =   E(r; k^.  x) + 5E(r; kt,   ,) 

ail- kt + dkt,  ,t.+ dj   =   H(r; kt.  x) + 6H(r; kt.  ,t) 

whirr the variation   5  symbolizes the differential operation 

9 

(4) 

dk V" (5) 

with   V^   =_xo •i^- + y0 -rjj- ,   and the partial derivatives of   E and K   are evaluated at 
— t x y 

(k   , ;D).    Since   E    and H     are continuous functions of   z   for both sets of values   (k   ,   t) 

and   (k   + dk   ,  x+ dou).  it is seen from (4) that the variations   5E    and 6H,.   must alec 

be continuous functions cf   z.    The differential equations that   jE   and JH  satisfy can be 

found by applying the variation   5   to Maxwell's equations.    Recalling (5) and because   € 

and u   do not depend on   k  ,   the variation on Maxwell's equations results in 

S x e 
V x 6H jdiü a,t E +jj 5E 

^ x 5E   =   jdji -—= 
O X1 

(6) 

H-Jmu      6H 

Consider now the identity 

^ ■   (E  x 6H + 6E x H*) 

- 6H • V x E1'. E5-'. 7 x 6H + H* • V x 6E -  6E    V x H* (7) 



With the help of equations (2) and (6),  the right-hand side of (7) can be rewritten to (jive 

the relation 

OS  x 6H + 5E xH ) = -jd i(E Tf^ + « if-'S) [a) 

when the assumption that   e and u   are Hermitian is used to write   6K ■ e   ■ E     as 

E   • e • 6E   and   ^H ' U  • H     as   H   • u ■ 5H .    The first term on the right-hand side of 

(8) is twice the time average electric energy density   w     whil^ the second is twice the 
(7   Q   Q\ e 

time average magnetic energy density   w, . As pointed outj  w    and w,    are 

independent of   p.   In terms of the total energy density   w = w  + w, ,  equation (8) can then 

be written 

V • (E*x 6H + 6E x H*)   =   -jZwd,:     . (9) 

The divergence term on the left-hand sid ; of (9) is now evaluated by expanding 

6E and  6H   and subsequently applying the   7  operator.    With the kelp of (5) and (1),  It 
i 

is seen that 

5E   =   (6e - jd!kt   P   e)  e 

6K   =   (5h - jdkt -^ h) e 

■^t-Ii 

■jkt- pi (10) 

The variations on the transverse vector amplitudes,   '<e    and  6ä    ,   a/e coa'.anoua 

functions of   z   since   5E  .   5H   ,  e    and h      are,a face that wili p.-nv : useful later. 

Since   e  and h   are independent of n ,  using the above relations on? has 

V- (E'"x 5H + 6Ex H) 

& # Sji ♦ 
=   7 •  [ £ x 5h + 6e x h   - j d k -0 {e xh+exh )] 

=  ^- z„    (e*" 6h + 5e x h") - j2dk   -p ^-(z    ■ s) -j2dk   • s 

(ii) 

,vhere   s{z) =  Re(e x h )   is the real part of the complex Poynting vector   Ex H   = e x h  . 

It is easily seen that the term   z    ■ s   is independent of   z,   i. e. , — (z   • s ) = 0,   since in 7 - - o   — d z —o   ~ 
a source-free region filled with a lossless medium,  the divergence of the real part of the 

Poynting vector is zero andr  for the plane-stratified medium under discussion, j!   is 



independent of r,    so that   g~ U0   ±) - ^(^0- !>  r   0- '   Thv^ with ti.s aiu ..* (11),  equa- 

tion (9) !<ecomes 

i   a * * 
J2 "^^0- (£ x 5h+ 6e x h ) + dk   • s = wd L    . (!2) 

In the derivation of (12),  the essential assumptions used are that the medium be 

lossless and that it be plane-stratified so that waves of the form gi/en in (1) satisfy the 

source-free Maxwell equations.    The assumption that   (k  ,   t) and (k    + dk   ,  ^ + d yu) 

satisfy the surface wave dispersion relation (3) serves to restrict the changes   dk,. jid 

d;t'   in   k    and x'   to a surface in   k. - x. space,  so that   5e , and 5h     will be continuous 

functions of   z   for all   -»< z < «   and   tend to zero as    | zj -» . 

Since the wave vector   kt+ dk    and the frequency   - + d •,   satisfy the surface 

wave dispersion relatioii,  to first order   d.r= dk.-V.     i(k )   where   ,!<k.)   is the 

solution of the dispersion relation (3).   Using this expression for   dx,   and after rear- 

ranging,  equation (12) becomes 

j| -^o" (e*x 5h + "fcxh*) = dkt- (-.vT^  ;l- s)   . (13) 

The term or the left of (13) does not vanish identically so that in general  £ ^ w9    ^ 
t and hence in the surface wave case   V    ;   cannot be interpreted as a local energy velocity. 

-t 
In order to eliminate th j term on the left-hand side of (13) we now integrate this 

relation and obtain 

J7    ^   -— z    •   (t*x 5h + 6e x h^dz  =  dk   ■ (W7,    .-S) (14) 
^JoZ — O — —       — — l K^        — 

where » 
-t 

S ^    f s dz (15) 

atid 

=       J 
-CD 

00 

w J wdz . (16) 

Because   s   =_z    • s   is independent of   z,   as discussed above,   and is zero at    jz| = <», 

since   e and h   are zero there,   t     is z.^ro for all values of   s.    Thus   2»   and hence   S, 

Bccinse   e. and h^   afe continuous functions of   z,   z   ■ s   is a continuous function of   z 
■-t      .  — t — o  — 

:   d tuerefore   ~ (z    • js)   car.nct have a deMa function behavior at the jumps of   s or u . 



are purely transverse vectors. 

Recopnizing that 

z o - (e x 6h + 6e x h ) " .£ 0 • (e   ^ 6h t -! 6e t x h t )     , (17) 

and using the fact that   e   ,  h   ,   6e    and  5h     are continuous functions of   z,  one has 

JTi & $ * ^ 
-— z     • (e  x 6h+ 6e x h  ) d z   =   z    •  (e . x 5h. + öe . x h. ) 
oz~~o ' —'        --— —O        —• i —t ■" t       ■^ t ' 

(18) 

which vanishes as a consequence of the boundary conditions on   e and h   at   j zj = ». 

Hence, 

dk.    (W7    A- S) - 0 (19) 
1 -t 

and,  since   S   is a purely transverse vector and   die.   is arbitrary,  it follows that 

S/W    . (20) 

Although the real Poynting vector  £   can vary in magnitude and direction with   z, 

the total real Poynting vector   3   is independent of   z   and represents the total surface 

wave power flow across a strip normal to   S ,  infinite in   z   and having unit width.    The 

term   W   represents the total stored energy of the surface wave fields in an infinite 

cylinder, parallel to z,  whose   x-y   cross section has unit area.    Equation (20) thus 

states that the group velocity of the surface wave, 7     c,  is equal to the velocity of 

energy transport  S/W   of the surface wave as a whole.    This statement for the surface 

waves in plane-stratified media replaces the relation   7. x - £/w    for plane waves in 

homogeneous anisotropic media and should be useful inlhe ray interpretation of the sur- 

face wave fields excited by a source in anisotropic plane-stratified media. 

STRATIFIED MEDIUM ABOVE A PERFECTLY CONDUCTING PLANE 

The plane-stratified medium described in the first section is now assumed to fill 

the half-space above a perfectly conducting plane at   z =0,    Again we assume the   z 

dependence of   c and p.   to be such that surface waved of the form given in (1) can 

propagate transversely to the direction of stratification.    The vector amplitudes   e and h 

of these waves tend to zero as   z   approaches infinity and satisfy the boundary condition 



St 0 at  55 = 0.    The electric and magnetic energy densities,  as well as   Re(e x h ),  are 

now assumed to be integrahle on the semi-infinite interval   0 < z <•».    As discusoed in 

the previous section,  e    and h     must be continuous functions of   z.    Solutions of 

01 MaxweU'a equations satisfying the above conditions occur only for values of  k    and 

that obey a surfact; wave dispersion relation,  D (k   ,   \u) = 0,   valid for the semi-infinite 
S ""* t 

medium. 

As in the previous section,  the fields at two neighboring sets of values,  (k ,  uu) 

and   (k    + dk   ,  ao + dou), both of which satisfy the dispersion relation,  are considered. 

Using equation (4),  the fields   E and H   at   (kt
+cl^t<  iD+duu)   a^e found,  to first order, 

in terms of the fields and the;.r derivatives,   with resp«ct to   k  , k    and a,» evaluated at x    y 
(k ,  (u).    Since the variations iv the fields,   6^and fiH. .  in this problem also satisfy (6), 

equation (13) holds in this cas^ as well.    Because the term en the left-hand side of (13) 

is,  in general,  not zero, V.   x   again cannot be interpreted as a local surface wave energy 

velocity.    However,  upon integration of (13) over the interval   0 < z <•,  the left-hand 

side vanishes and   V    (g   can again be interpreted as the velocity of energy transport of 

the surface wave as a whole.    To see this,  one recognizes that since  £t = 0 at z-0,   6e 

must also be zero there.    Hence,    ising equation (17) and recalling that   e and h   are zero 

at   z = •,  it is seen that 

a            *                    *                     * 
-^— z-(ex5h + 6exh)dz  =  z    -(e.xöh.. dz —o      — —        _      _ _Q      —i         ( 6 e t x h t) 

o 

Defining 

and 

W   ^    f wdz 

o 
w 

§ = r s d z 
o 

(21) 

(22) 

(23) 

(S -being a purely transverse vector since   s^ - 0) the integration of (13) over the interv.J 

0 < z < •   gives,  in view of (21), 

0  -   dk,,- (WVk  w. S) (24) 
-t 

Again, because   dk    is arbitrary,  it follows that 

9.    ui  =  S/W     . 
-t 

(25) 



T!1..1t i.~ to !lilY. !or surfaet· waves above a perfectly conducting plane, the group velocity 

':, i~ cqu.U to the ~relocity of energy transport S /W of the surface wave as a whole. t 
.::~ t 

SURF:\CE IMPEDANCE AND POWER FLOW RELATIONS 

When formulahng steady-state electromagnetic problems ir.volvtr.g fields of the 

!orm given in (1) in a lossleas, plane- stratified anisotropic medium above: a perfectly 

conduc:tirAg plane at .: -= 0, it is sometimes profitable to represent the effect of the strucl~:e 

below a plane z = d > 0 on the fields i11 the region z > d by a surface impedance dyaciic 

..1.t z :: d. The impedance c!yadic ~ may then be employed as an equivalent boundary con

dition at <:: = d when solving for the fields in the region z > d. In this section the relation 

between the derivatives of the impedance dyadic, with respect to the spatial wave numbers 

k and k • and the power flowing in the region 0 < z < d will be established and the 
"' y 

signi!ic ance o! this relation for surface waves supported by such an e':luivalent impedance 

plane wi.ll be pointed out. The relation between ~~ /?J ..v and stored energy in the region 

0 < z < d will also be established. 

In order to define ~ and to find its relation to power flow and stored energy in 

the region 0 < z < d, consideration is first given to the auxiliary problem of finding tl-.e 

Helc!s in this region when Ht of the form given in ( l) is specified at z =d. Thus, we look 

in the region 0 < z < d !or the solution of Ma."Cwell • s equations that satisfies the boundary 

conditions 

E = 0 -t 
(Z6) 

.:&t z = 0 and 

(Z7) 

a: z =d. All values of ~t and .,., except those at which ~ is singular, are considerec! 

(!or further discussion. see the Appendix). No restrictions are placed on the fields in the 

region -r. >d. In fact, ~he medium filling the region above the plane z = d may be taken 

eo be arbitrarily stratilied, since, with H t rigidly prescribed at z = d, the medium does 

• I! ca second perfectly conducting plane at z = d > 0 is present, it is easily seen that (ZS) 
&s seill -,.aJid !or the fields between the conducting planes iC S and W are now taken aa 

d d -
s : r! d z and w = r w d z. Thus for waves in a parallel plate wave guide tilled with 

0 0 

'"' pl.mc- str.1tilied, lo•slesa. anisotropic medium, the group velocity is equal to the 
vctocHy o! enersy transport. 
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not affect tht fields for   0 < z < d.    The medium filling the region   0 < z <d   is assumed 

to be lossless,  uniform in   x an-J y and characterized by   e and u,  wMch are analytic 

functions of   a'- 

Specification of the above boundary conditions JS sufficient,  in general,  to uniquely 

determine the fielda,   and hence the power flow ard sto-ed energy,  in the region   0 <z <d. 

Solving this auxiliary problem for arbitrary polarizations of  h .   then permits a unique 

determination of the dyadic surface impedance   L.    Having determined   Z   from the 

auxiliary problem,  one can now solve for the fields above the Impedance plane   z = d   in 

t-rma of   Z,  the excitation in the region   z > d,  and the boundary conditions at   z = o». 

The requirement that   H     be continuous across   z = d   now permits one to uniquely deter- 

mine the fields,  and thus the power flow and stored energy,  in the region   0 < z <d   in 

terms of  (H J        . + and the given   Z . — t z - d B 

In practice,, the auxiliary problem need be solved for only two linearly independent 

polarizations cf  h   ,   since the linearity of Maxwell's equations permits the solution for 

any other polarization of  h ,   to be expressed in terms of those for the two independent 

polarizations.    Thus,  at each of the values of  k    and (u to be considered,  we solve for 

the fields in the region   0 < z t d   when   h      takes ou two linearly independent polarizations, 

e. g.,  h j = x      and   h , =J[   •    Having found the fields,  which wiil be of the form given in 

(1),  for both polarization? of  h ,,  Z   may uniquely be defined by requiring that the relation 

(EJ       ,   =   Z • (z    xHJ . —tz=d -     —o     —tz=d (28) 

be satisfied for both ^ets of fields.    This requirement is equivalent to specifying four 

inhomogeneous,  linearly incb^endent aquations from which the four unknown elements of 

Z   can be found.    If one now wisher  to solve for fields of the form jiven in (1),  in the 

region   z >d,  relation (28} may be used as a boundary condition at   z - d,  which will ensure 

that the transverse fields connect continuously to valid fields in the region   0 < z <d.    That 

is,  if  e and h   in the region   z > d   ar? such that (28) is satisfied,  then, taking  h .   as 

(h ) . ,  the corresponding   e   in the region   0 <z < d   will be euch that   {e ) 
z = d z=d 

(O 
z = d 

Having thus defined   Z,  we proceed to investigate the meaning of ita derivatives 

with respect to   k  , k    and w.    To fhis end,  we assume the fi'ilda in the region   0 < z < d x      y 
are known and   h ,   of (2?) has been selected such, that the derivatives cf the fields with — a 



II 

respect to   k ,  k    and to   exist.    Equation (12) can now be employed where   dk    and doj in 
x      y ' — t * 

the variation   6   are arbitrary and independent.    Equation (12) is valid for the fields in 

the region   0 •' z < H   since the assumptions used in deriving it are also satisfied in the 

present case — see the text after (12).    The restrictions placed on   dk   and da   in the 

first section are net necessary in the present discussion since,  as previously mentioned, 

solutions of Maxwell's equations for which   et and h     are continuous in   z   will exist in 

the region   0 < z < d   for all   k. and uu (excepting the singular points of   Z,  as discussed 

in the Appendix),  thus ensuring that   6^ and 6h t   are continuous functions of   z   for all 

dk    and d^.    Since the fields are bounded as   z   approaches   d   and as   z   approaches   0, 

it is permissible to integrate (12) ever tee closed interval   0 < z < d.    Performing the 
integration and using (17) yields the relation 

1 jI^'(£tx5lit+^tx^V.d-wd*»-%-s, . 
Here 

and 

z--d "  "d0"'- a*t*d • (29) 
d 

d   =   J Wdz (30) 
o 

d 

^d   =   | ldz    • (31) 

Note that since  ^sz  =7.1 = o   and   isJz = 0 = 0.  sz=0   for all   0<z<d   and hence   S 
is a transverse vector 

Since   E and H  have the form given in (1),  the impedance relation (28) may be 
rewritten as ' 

^t>z = d S^o«Vz=d    • (32) 

Applying the variation   6   to the above equation gives 

(5e ) = Z • (z    x fih ) + 6Z(z    xh) . (33) — tz=a      ~     —o       —tz-a        ~    —o    —tz = d 

Usir      !.)       ,   from (32) and   (6eJ       .   from (33),  it can be verified that -tz = a —tz-a 

^0-(lt*x6ht+6etxh*)2 = d = -[(zoxh*).6Z.(zoxht)]z = d (34) 



It 

when the anti-Hermitian property   of   Z   is used to write   [(2 ih.)-Z •(*   x 6h )] 
r »* * ~ —o—1~—o—ts 

-L(zox6ht)-Z   • (zo
x ht)]Z3d •    With relation (34),  equation (29) becomes 

. 1 
J2ßloxV- 55    ^ox^t)]

Z = d  =  Wddt-diVSd 

Since   dk , dk    and d^   are all independent,  one finds that 

(35) 

and that 

3Z 

jicu0*htv äif-^^A.-d =sdx 

. 1 az 
Jl[U0xht) • äif-^-]lt)]z = d = s dy 

.1 az 
-JlR.%xlit) •  fz '^^t^.d = wd 

(36) 

(37) 

It is thus seen that   W   and S      can be found knowing only   Z  and (h )       ..    As 

previously pointed out,  if fields of the form given in (1) exist in the region   z >d   and 

satisfy the impedance boundary condition at   z = d,  there will be unique fields in the 

region   0 <z < d   that satisfy the continuity conditions   (h ) 
z=d z = d 

and 

(e )        _ = (e ) .    Because of the continuity of  h    at z=d,  the power flow ami 
z = d z = d 

stored energy associated with the fields in the region   0 <z < d   can be calculated from 

relations (36) and (37) using   (h )   _,- Lim h  ,  i.e.,   the limit of  h     as   z   approaches 

d   from above. 

Since the relations (36) and (37) hold for arbitrary   k    and uji  they are valid,  in 

particular,  for values of  k    and .t>   that correspond to a surface wave.    Thus relations 

(36) and (37),  with appropriate values of  k   and jp, furnish an alternative way of cal- 

culating that portion of the surface wave power flowing in the slab and that portion of the 

stored energy of the surface wave which is in the slal,. 

The impedance dyadic   Z   is anti-Hermitian,  i. e. ,  the matrix representation for   Z   has 
the property that the transpose conjugate   Z +   is equal to   - Z .    This property follows 
from the facts that   EZ = 0   for all   z< d   an3 that the fields are continuous as   z   approaches 
d   from below so that   Re(ei x h^ )       .   must be zero. '1()' —"     -1   z - a 
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The relation between power flow and the derivatives of   Z   with respect to   k   and 

k     given in (36) doea not appear to have been previously recognized.    While the connection 

between stored energy and   äZ /a^,  to the best of our knowledge, has not bean shown 

explicitly for the case of traveling waves,   the connection between stored power and the 

impedance matrix of a lossless junction is well known. 

The consistency of relations (36) and (37) for surface waves with the results 

obtained in the second section will now be shown.    Consider a surface wave propagating in 

a lossless plane-stratified medium above a surface impedance plane at   z = d.    The sur- 

face impedance   Z   is assumed to be known and to represent the effect of a plane- 

stratified, lossless medium above a perfectly conducting plane at   z=0.    The surface 

wave fields in the region   z >d   are assumed to be of the form given in (1) with   k    and ou 

related through the appropriate surface wave dispersion relation.    The surface wave 

fields satisfy (13),  which,   when integrated over the interval   d < z <",  yields the relation 

-Jl^o"  (et*^6ht + 6etxh*)z = d- dkt- [7^^  jwdz-   Jsdz]    . (38) 

Since   e    and h     satisfy the impedance condition (32),  equation (34) holds.    Using (34) 

and the fact that for the surface wave   am - dk   •  7.   tu,  the above equation can be written 

as co 
dk    -     fr__   .i 

-t 
az 

lkt.7^{Jwdz-ji[(zoxht).iI=.   (*0xht)]z = d} 

az 
=  ä*t'{!±dz+£oiUZox±t)'W- ^ox^z = d 

az 
+ y   4 TU   xhj • ~ •  U   xh.)]       .   \ J-oZ     —o    —t       ak —o    —t Jz = d   J (39) 

As discussed above,  the terms containing   aZ /ak    and BZ/ak     that appear in (39) ~        X «.       y 
are equal to the   x and y   components of the power flow   S ,   below the plane   z = d.    Further- 

more,  the term containing   SZ/au;  is equal to the stored energy,  per unit area in the   x-y 

plane, below the plane   z = d,  namely   W..    Thus (39) may be written 

*, • V{ Jwd2 + Wd} = **' {Jldz + sd} — t , j 

(40) 
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since   dk     is arbitrary. 

V {Jwds +wd} = J adz + Sd    . (41) 

Finally,  from the definition of   W    and S ,   given in (30) and (31),  equation (41) is seen to 

reduce to 
m 

7^11.'      wdz   ~    Isdz    , (42) 

o o 

which is precisely the relation found to hold in the previous section for surface waves 

above a perfectly conducting plane at   z = 0.    Hence if a surface impedance boundary con- 

dition representing a plane-stratified medium above a perfectly conducting plane is used 

when solving for surface waves,  the icsultant group velocity  V   ^   is equal to the energy 
^t 

transport velocity of the entire surface wave,  not to just that portion of the surface wave 

above the impedance plane. 

SURFACE IMPEDANCE FOR THE CASE OF EVANESCENT WAVES 

In the derivation of the power flow and energy rcslacionp for a surface impedance 

representing a plane -stratified medium above a perfectly conducting plane,  the presence 

of the conducting plane served to ensure thr.t   s   = C   and that 'he stored energy,  per unit z 
area in the   x-y  plane,  and power flow are finite in the region   0 <z <d   for all possible 

polarizations of  (h.)       ,   and all real values of  k    and ju.    Since the fields of evanescent — t z = o —t 
waves in a semi-infinite plane-stratified medium also possess these two properties, one 

would expect   power flow and energy relations similar to (36) and (37) to exist in this 

case for the surface Impedance representing the semi-infinite medium. 

Let a semi-infinite, plane-stratified, lossless, dispersive,  anisotropic medium 

fill the region above the plane   z =d.    By analogy to the case of the medium above a per- 

fectly conducting plane,  consideration is first given to the auxiliary problem of finding 

those fields in the region   z > d which satisfy the boundary condition 

jdut - kt-p) 

--c  =£df 

at   z = d and the boundc. ry conditions 

<üt}.=d=*de <43> 
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Lim (E ,H) = 0     . (44) 

In addition,  we require that   jsdz and   jwd«   exist.    The term "evanescent," as used 

d d 
in the rest of this papar,  will refer to fields satisfying (44) and the foregoing integral 

requirements.    Evanescent fields will also have the property that   a   - 0.    The auxiliary 

problem is to be solved for all polarizations of  h,   so that the aurface impedance may be 

defined. 

In general,  only for limited regions in   k   - m space v.;*l the auxiliary problem 

have unique, non-trivial, evanescent solutions that satisfy (43) for all h,   and thus permit 

definition of the surface Impedance   Z  .    r ther values of  k    and '••   will not be considered 

for one of two reasons.    First,  in media havi.ig an appropriate   z   dependence, non-urique, 

cavity-type,  evanescert soluticr-s satisfying (43) with   hj= 0   may exist for points lying 

on surfaces in   k   - s.   cpace.    In euch ca'jes,   Z     will have singularities on tTe8ä surfaces. 

(Discussion of such points and the d jrivation of a surface admittance formaHsm that is, 

in general,   rc^iüar at euch points,   are analogous to those given in the Appendix for a 

medium of finite thickness abova a perfectly conducting plane. )   Second,  in some regions 

of  k, - tv   space,  fields satisfying (43) will not be of tha evanescent type for most or all 

polarizations of  h ,.      Thus,  unless alternate boundary conditions are specified at   z = <» , 

s.*ch as the radiation condition,  the fields,   and hence    Z   .cannot   be uniquely defined. Even 

if boundary conditions are impose at z=» and if Z    is defined in this casefit ie no longer 

anti-Hermitian), the asdociated fields do not possess the integration properties necessary 

to deriv»; simple power flow and stored energy relations. 

Hence only those regions in  k   -(u   space in which the auxiliary problem has 

unique,  non-trivial solutions satisfying {43) and (44) for all   h , ^  0   will be considered 

here.    The regions where the auxiliary problem can be solved,  the nature cf which depends 

on the particular inedium under discussion,  are assumed to exist and to form open lets, 

i. e.,  not merely surfaces,   so that   k , k. ,  and x   will be continuous,  independent variables x    y 
within these regions. 

An example of a region wher? no evanescent wi /es exist J.S formed by the poin'.F in and on 
2       1 2      2 the cone   IU   = (k   +k  )   when the medium being sfdied is free sp^ce.    Outside tHs 

Cc.üo     x      y 

cone uniquCi non-trivial solutions of the auxiliary problem exist for all   h    . 
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Thus restricting   k     and u iio those regions where unique,  non-trivial solutions 

of the auxiliary problem are assumed to exist for all polarizations of  h ,,  the surface 

impedance dyadic   Za   can be defined for the semi-infinite region.    Since the linearity 

of Maxwell's equations permits the solutiors for all   h , to be expressed as a euper- 

position of the solutions for two linearly indopendent polarizations of h ,,  we again need 

consider only two such polarizations, e. g. , h , = x    and h. =y   .    From the solutions of 
— d    — o —a   ■*■ o 

the auxiliary problem,  which will be of the form given ir (1), for these t«'0 polarizations, 

£      can be found mnquely from tie requirement that the relation 

[a.)      . = Z   • (-2    x h.)      , — tz-d       ~s       —o     — tz = d 

t 

(45) 

be satisfied ty the fields ox both solutions. 

By analogy to the  liscusiion given hi the previous section,    Z     may be used as a 

boundary condition at   z = d when solving for the fields below this plane.    Also,  requiring 

h     to be continuous at   z = d   uniquely d-stermines the fields above this plane when th« 

fields below are known. 

Assuming   Z      and the fields in the regjoa   z >d   io he known, equation (12) is 

employed iu finding the power flow and energy relations in rhis region.    Equation {iZ) is 

valid lor the fields ir. the region   z >d   since the assumptions used in deriving it are 

satisfied in the present case — aee the text after (12).    The differential quantitit-s   dk    and 

dju in the variatior   6   tre arbitrary and indepondent since ' _ , k    and ui are independent 

variables     Lite grating (12} from   S = J   to   z = » gives 

1 
"j 2 ^o    (5t x ^t + ^s 

X Vz = d =   Ws d'ü " d-kt' 5 0 

where 

W =   Jwd 
d 

(46) 

(47) 

■f In the above relation,  -z      is used instead of   z   ,  as was used in (28) and (12) for the — o —o 
n -*dium above a perfectly conducting plane, because   -;'.      is the outward unit normal for 

the configuration being considered. The convention of using the outward unit normal in 
defining the impedance is based on the desire to have the impedance mafrix be positive- 
definite when Joss is present in the structure. 
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and the purely transverse vector   S      is 
— s 

en 

Ss   -   [sc- -.    . (48) 
d 

In a manner similar to that of the previous section, the term on the left-hand side of (46) 

can be written in terms ot   6Z      if the anti-Hermitian property of   Z      is taken into s ~ s 
account.    That   Z      is anti-Hermitian follows from the fact that   8=0   for evanescent ~s z 
fields in a lossless, plane-stratified medium.    In terms of   6Z ,  (46) becomes 

-Jlß-lo^t)    ^s(-0xht)]z..d=  W9dU;-dktS8   . (49) 

Since   dk , dk   and   dm are all independent, the abo/e relation can hold only if x      y 

[x   ■* (-z    x h. ) •   -^i— • ^-z   x h.) —o 2 ' — o    —t ak v — o    —t x 

y    J(-z   xh ) • ^r^- (-z   xhj]      .   =S ■^-o 2    — o    —t        3k - o    —t' -"z ■ d      - s 
Y 

(50) 
and 

-Ji^o^tJ-^r-^c^t^z^d-ws  • (51) 
1   v, . ':\       ^-S 

The foregoing relations should be compared to (36) and (37).    Note that if   v 

instead of   -z     had been useo in (45),  the abo^e relation^ would contain an additional — o 
minus sign. 

The concept cf a surface impedance to descrfbe the effect of the medium above 

the plane   z =d   on the fields below this plane can be employed to derive Jhe dispersion 

relation for surface waves.    The physical configuration to be considered here censists of 

a plrjae-stratified,  lossless,  anisotropic medium above the plane   z-d>0   and K cecond 

plane-f'ratified,  lojsiess,  an;sotropjc medium between a perfectly conducting plane at 

z = 0 and th« plane   z-d.    It will be assumed that the vaJue-i of  k   and uu of interest are 

such that the medium above the piano   J = d   is repT^senrable In terms of an anti- 

Kermitian surface impedance    Z     that satisfies i^)-    This restriction on  k. and m is 

equivalent to the, requirement *haX -he fiods in the region   z >d   be of the surface wave 



type for all   (h ) .    (In special c*ses,   surface waves may exist when the fields in the 

region   z >d   are of the surface wave type for only one polarization of   (h )       ,.    Such 
— t z - a 

cases are not included in the present discussion. )   The structure below the plans   z = d 

ia assumed to be represented by the surface impedance   Z   that satisfies (32). 

Since   e    and h ,   for the surface waves are continuous functions of   z,  theee 

quantities must be the same in both (32) and (45).    Thus subtracting these two equations 

gives 

(Z + ZJ •   (z     %hj   . .   -  0, (52) 
-      -s        —o     —tz-d 

which is a homogeneous sat of two iinea? equations in the two unknown elementa of 

(z    x h )       ,.    For non-trivial solutions of (52) to'exist one requires that   det(Z +  Zj = 0, 

which gives the surface wave dispersion relation   D (k , Uü) = 0.    At those values of  k 

and x  which satisfy the surface wave dispersion relation, (z   x hj       ,   can be found. 

If the partial derivatives of   Z and Z      with respect to   k , k    and UJ are calculated, the 

power flow and stored energy can now be found in each region by using (36), (37), (50) and 

{51}. 

Thus it is seen tvat the knowledge of   Z and  Z      *or the lossless plane-stratified 

structures previously described is sufficient to find the surface wave dispersion relation 

and the division of power flow and stored energy between the two regions.    Also,  this 

procedure can be applied when the structure below the plane   z- d   is a semi-infinite 

medium whose regions in  k   - yu space,  where the reactive surface impe     ice may be 

defined,   intersect the corresponding regions for the medium above the r^o-ne   z = d. 
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APPENDIX 

In order to define tu-t   Z   which represents a plane-stratified, lossless,  dispersive, 

anisotrcpic medium above a perfectly conducting plane, the auxiliary problem,  with 

boundary conditions (26) and (27),  was first considered.    For most vpjues of the param- 

eters     JSt an^ a' ^ie auxiliary problem 'vill have ur-que non- invial solutions of the form 

given in (1) for all   h .^ 0.    At the remaining values of k. and Ui,  which lie on surfaces 

in   k   - uu space,  non-unique cavity-type solutions will exiet for   h , = 0   ^nd no solutions 
«■■■ ^ ^m Q 

satisfying the boundary condition (27) will exist for all  h.^ 0.    Th? non-unique solutions 

exist when the plane   z = d   corresponds to a magnetic field null and would give infinite 

values for some or all of the components of the imped^ice dyadic   Z.    For this reason 

such values of   k    and m   are excluded from the consideraticn of   Z .    Although the surface 

impedance formalism breaks down at these values of  k    and uu,  a surface admittance 

formalism will in general remain valid. 

The surface admittance   Y   is the inverse of   Z ,  when both   Z   and its inverse 

exist,  and is regular at those values of  kt and U) for which   Z   cannot be defined.    In 

studying the properties of  Y,  one would consider the fields in the region   0 < z <d   with 

E    rather than  H ,  specified at   z-d.    Thus to find the admittance,   one requires that   Y 

be such as to satisfy the relation 

U    xh.)       ,   = Y- (e.)      . (53) — o     —tz-d        ~     —tz = a 

fcr two field solutions in the region   0 < z <d.    The two field solutions to be used a^e those 

satisfying the boundary condition 

jdut -k^ - o) 

^t>z=d=lde " (54) 

at   z = d   with   e,    taking on two linearly independen,' forms.    If (53) is satisfied for these 

two field solutions, because of linearity,  it will be satisfied by the solutions for all pos- 

sible   e ,,    Those values of  k. arid uu   for which non-trivial solutions exist when   e .= 0 — d — t — d 
sr«» excluded from consideration.    T'-.- i.v.r-edance formalism may, however,  be used. 

in genera.1.,  at such value'*. 
The energy and power relations containing   Y can be derived from reasoning 

similar to that used for   Z .    Thay are 
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.1 r   * SY 
j2[V-ar-i^z = d   = sdx 

and 

. 1 r   * 
av 

j2[^'älf-^t] 
z = d dy 

. 1 r    * hY 
jICV   li--lt3z = d       =    ^C 

(55) 

(56) 
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