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ABSTRAT

A general. methodalogy in StructuraL Dmamia based an the
use of generalied mordinates: is preaented., These general methons
are demonstrated- by analysis of some of the prahlems of slender, aon-
ventlonal,.laineh vehicles., ApjLaication of the generaL methadology
are alsa given tar ampley. aonffigu=rtions em-gloyin- thin sheIL tanks
i-x alustered arrangements. The methods of strcttnral. analysis and-
vibratio analysis: that are presented. are not restricted. to any parti.--
cular geonetry and apply- to an_ canplex redundantly coupled, structre.

a ffurther demonstrate the general methods, a viratioo
analysis of the alustered. Satur E launch vehicle i- presented-.
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1. 1 THE NATBE MUM D FURPOSE OF THIS REPORT

The purpose of this report is to provide a consistent methodology for
solving structural dynamics problems associated with the design and operation
of large, clustered, launch vehicles. The methods, are motivated by the need-
to, obtain:

o Structural Load design criteria

o Control system design criteria

o Operational capability and performance boundaries
for boosted flight through the atmos-phere.

The emphasis has been more on the methodology than on the selection of detailed
design criteria... The attempt to establish rational design criteria, however,
has been the guiding motivation for the methods that are documented herein.,

This report was written with the intention of fully documenting a.
specific methodology which is in accmon use in the aerospace industry, but
which has. received. limited. treatment in the published literaturae., Ta be
specific, the methodology referred to could. be called. "a finite degree-of-,
freedom approach to structural dynamicsa." The maor part of this: report is:
devoted- to the detailed, development of this general methodology. In. subse-
auent sections of the report this methodology is demonstrated. to be applicable
to the launch vehicle dynamics problems associated. with aomplex clustere.
configurations. Sufficient information is given in these latter sections to
show that the methods of this report are general enough to eover the structural
dynamics problems associated with non-beam-like launch vehicles (such as Titan
III C and. Saturn 1 B).

An attempt has teen made in writing this report to show the exten--
sive generality of the methods. This motive influenced. the arrangement of
the subject material. The following steps were taken to achieve this:

(1) Sect-ion .o0 provides a comulete development of the
methods from basic principles of mechanics for a
continuum.

(2) Section 3.0 demonstrates the applications, of these
methods to conventionaL, slender, launch vehicles.

(3) Section 4.1 demonstrates the applications of the
methods of Section 2.0 to an arbitrarj deformable
body.

(4) Section k.2 specializes the development in Section
)4-.l to an "arbitrary" launch vehicle in boosted flight
through the atmosphere.

3.



(5) Section 5.0 considers in detail some aspects of
structural dynamics concerned with thin-wall tanks
and- clustered. arrangements.

(6) Finally, Appendix !I provides an example numerical
analysis of a specific clustered configuration to
fw~ther demonstrate the general application of the
methods, and to clarify the discussion in Section 5.0.

The example analysis in Appendi< I= is a detailed documentation of
a vibration analysis. The configuration chosen is that of the Saturn I launch
vehicle. The vibration modes and frequencies are calculated for data. corres-
ponding to the NASA Langley one-fifth scale structural model of the first
Saturn vehicle (serial designation SA-l) that was launched in October, 196L.

In addition to the Saturn analysis, several numerical examples are
given where data have been conveniently available. The examples in Section
3.0 are primarily based on data. for the NASA Scout solid.-propellant launch
vehicle. Practical limitations have made it necessary to omit additional
numerical examples.

1.2 HISTORICAL INTRODUCTION THE METH0DS OF THIS REPORT

The methods of this report are not novel, nor are they revolutionary
or new to the aerospace industry. They have been used under many different
names. Some typical examples are:

o matrix method

o -eneralized coordinate approach

o collocation method

o energy method

o Lagrangian approach

o Rayleigh-Ritz method

o modal method

This report attempts to put these methods in order and show how they are all
generated from the same basic notions. Since the scope of this r- ort is
necessarily restricted to launch vehicle dynamics this purpose is limited
and the need still exists for a broader synthesis of these basic methods in
structural dynamics.

It has been suggested in Parag-raph 1.1L that we call this general
method a "finite degree-of-freedom anproach to structural dynamics," a name
which must suffice until we can inlicate rcre snecifically what is involved.



The methods of this report rely aompletely on the principles of
Analytical Mechanics; namely, the Principle of Virtual Work and its exten-
sion to dynamics by D' Aleabert's Principle. These principles -were used- by
Lagrange to develop Analytical Mechanics by use of his method of genera-l i, d
coordinates. Lagrange's boast was that his methods were independent of geo-
metry and he took pride in noting that his treatise; Mecanique Analytique,
did not contain a single figure. Tt seems remote, but it is this characteris-
tic of Iagrangel s method which makes it useful in structural dynamics. The
usefulness stems from the fact that equations of motion are developed which
apply to any configuration because they are essentially independent of the
geometry of any particular configuration.

The engineering discipline which is currently called structural
dynamics: and. aeroelasticity dates back to the beginning of powered flight
and received impetus with the first mathematical analysis of the flatter
mechanism by Theodorsen and Garrick in 193k. During this period of develop-
ment, Lagrange's approach has been, used repeatedly with success in vibration
and. aeroelastic problems. The British, however, have tended to use the
method more faithfully than it has been used in this country.

The extensive use of the Lagrangian method at LTV Astronautics is
principally due to S. J. Loring. As early as 1936, Loring had. developed the
use of the method. in a general finite degree-of-freedom approach utilizing
matriceo.. Loring came to Chance Vought Aircraft in. 1936 and exerted a signi-
ficant infl.uence on the structures capability of that company in the period
from 1936 to L948. Due to the obscurity of his publicationsa, Loring's
work did not influence the general trends in aeroelasticity during that
period. Outside of Chance Vaught, the subject evolved independently fro
the following sources:

o ASA, Langley Field., Virginia, due to the contributions of
T. Theodorsen and 1. Z. Garrick: MGAC TR No., 4,9 6, General
Theory of Aerodynamic Instability and the 1.echanism of
Flutter, 1934-

o Wright Field., Dayton; Ohio, due to the basic approach docu-
mented by Imilg and Wasserman: Air Force Technical Report
4T98, Application of Three-Dimensional Flutter Theoy to
Aircraft Structures 1942. (The existing military specifi-
cations on aeroelastic problems have been largely influencei
by this document.)

o Massachusetts Institute of Technoloj., due to the contributions
of R. L. Bisplinghoff, H. Ashley, G. Zartarian, R. L. HRlfman
and others in the Aeronautical Department and in the Aero-
elastic and. Structures Research Laboratory.

I Chance Vom.ht is a parent or-anization of LN Astronautics, a division of

Lingl-Temco-Vought, Inc.

2 For example, Loxino's publications in the SAE Journal are not included in
the exftensive bibliography of the book Aerelastcit-y (Addison-Wesley, 1955)
by Bisolin hnoff, Ashley and Halfman.
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o California Institute of Technolo-y, ±ue to the contribu-
tions of Y. C.. Yung: Elastostatic and Aeroelastic Problems
Relating to Thin Wings of Hi4gh-Sneedi Alplanes, (Ph.D.
Thesis., 194d) and Theory of Aeroelasticity (Viley , 1955).,

The methods of this report do not reflect directly the extensive and signif i-
cant contributions, of the above sources, but are almost entirely devoted to
the independent contributions of Loring and the subsequent development of his
ideas by 11. J., Turner, Dr. W. W.. Soroa, S. Rabinowitz, Dr. Conrad C ., Wan,
J. E. Stevens, R. Simon, Dr. H. A., Wood, Dr. Ta C. H. Li, Dr. T., K. Haviand ,
A. L. Head,. Jr.-, and others -who have been connected wi:h Chance Vought over
the past twenty years. In spite of the obscuility of his publications', Loringrs
work has, nevertheless, infLuenced the indust-ry through the engineers which
have left Chance Vou-ht and gone to other companies.

j. J. Lcr'in-. ,encral A-rca -e Flt.er -1cin, jiournal (Trans-
--tiorn) 7Zl"r-e s, Th* i, anr :, l7L- %-.h fl, nf Generize i Coordinates
in Etu-er z uiz, 5AZ ,11:.=ira, Cc'n -i q'. £, 7rif
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a.1 PRINCIPLES OF ANALYTICAL D-CICkNiCS FOR CONTINUOUS

FINITE DBGREE-OF-FREEDW{ SYSTD4S

2.1 An Introduction to Continuum Pechanics

In dealing with the motion of a flexible launch vehicle interacting with
its fuel and the surrounding atmosphere there are numerous opportunities to call
upon fundamental principles related to the dynamics of a. continuum. of mass parti-
cles., For this reason we want to reviev these principles, in this section.. in
a form and notation which will c!-riffy discussions in subsequent sections. 1

Mbst of the conceptual difficulties with the dynamics of "open ' systems (such
as a vehicle losing mass) arise because care is not exercised in analyzing the
detailed motions of the particles of' the system. It is felt that these dif-
ficulties and others may be avoided by a preliminary consideration of' the
equations of continuum mechanics.

ao!.-. The Rulerian and Lagrangian Coordinate Descriptions

Consider an arbitrary, finite portion of a continuum of particles at. a

time, say,t0

1K i

FIGURE T A. PORTION OF THE CONTINUUM

let 1,, J, and YK be a set of inertial unit base vectors directed. along
the axes of a rectangular coordin&7e system, (xcyz) whose origin is fixe.1
At t = l Tet the arbitrary surface bounding this set of particles be given in

iFor a more complete discussion. reference should be made to Green and Zerna,

Theoretical ElasticitZ Oxford- 195k, or Truesdell,. Principles of Continuum
Yechanics Colloauim lectures in Pure and Applied Science No. 5 Socony Mobil
Oil Co. Field Research Laboratory, Dallas, Texas, Februarj 1960.



the implicit form

(a-i)

Ve may "tag" or give an identity to each of the continuum, of particles by
associating that particle with the coordZinates, (x,,z), of the point occupieti
by the particle at t = O. Den though the particle is displaced fram this point
in__ subsequent times, we continue to call it the ",x-y-z particle. A- set of
coordinatesI such as these, which label particles are temed "Lagrangian coor-
dinates."

The particles which, at time t = Q, have coordinates, ( are
continuously displaced to. new -positions which have coordintes, say, (7T, ),
referred- to. the original inertial reference fre.. The kinematics of' the
mat-ion. is completely described by the set of functions

I .Cx, IT E-)

These equations give the coordinates of a point which, at time t,, is occupie.
by the x-y-z particle. Because of our definitions of x, y, and z, these equa-
t-ions satisfy the peculiar relazions

In a concise manner we have the position veztor, -VL (xy,z.,t), of the x-y-z
parti le at tine, t" given by

4" J ,QWA-t))' (2-4)

The ccordinatesa ($, , ), are termed "Eularian ccordlrnatez" for the particles.,

The velocitf of the x-y-z particle is definel by

(2-5



an& likewise, the acceleration of the x-y-z particle is defined. by

The, EUieriana d ~rangian, coordinate descriptions are summarize. in
Figure 2.,

sur.face continuousI,, bounding; the
t0a set, of' rticIe

FIGURE 2 EULERIAN AND: LAGRANGIAN COORDINATES.

2o.1..2The Eustions of' Continuity and MeOmtu

I,,t the mass per unit of volume in the neigborhoo . of the, point. (xy,3")
at. time, t = 0, be denotecL by

l(2-7)



The total rssa of the arbitrary portion inside the surface, f(xy z) = 0,

which bounds this fixed. set of particles is given byl

N,7)I (2-8.)

The conservation of mass in, nonrelativistic continuum, mechanics. is expressed. by
the: trivial relation,

_ 0 (2-9)

The conservation of momentum. is similar and, is. derived. from a. form of' Nwton,"s
second. lav in classical mchanics., The problem, ho-wever,', is. not conceptually
straiglatforward because of the nondifferentiable nature of the forces, on a
mass-point in a continum.., Invokng R-wtonrs: second, J , we have

S ~~Lp~t) ') Ckv =5dF<~~t a.

where the integral on the right should. be interprete. as a generalization of the
Stieltjes definition of an integral., Upon integrating over the fixed. set of'
particles inside f(xy z) = 0 at t 0, we haya

The total force, IF, on this finite set of' particles is given by contributions
from a. surface and. a volume integral

F S -,Y + Pvd (2-2)

6 a.use&. to denote the volume integral )Ix )ij Jz



where. ~I is the stress. dyeadic-1 and. [P is the so-calle d body-force per unit
of volume,.

FIGURE 3 SURFACE AND BODY FORCES.

is. true because our consideration, of'a, fixed, set. of particles makes, the limits.
of integra-tion, independent, of tim.. Using this-, along~ with. the definition, of-
velocity (Equataon 2-5), in Xquation. 2-11, yields

&Luations 2-9 and. 2-14- express, the principles of' the, conservationL of- mass,
andi momentum in terms of tagrangi coordinatesi.* Our, ain, will. be, to transform,
these to, expressona! in Etierian coordinates; but, before, this, we want, to,
introduce the: EtIlerian. notion of mass density.. The relations which give! the
"label,"~ (X,z), of a particle which. at tim, t, is at the -point ( , i ,

are given by the inverse Of Eqciations 2-2

/--S t

See Constant, Theoretical. Physics Addison-Wesley, 1554.p. 40 and p.. 201.
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If we use these eauations to make a change of variable in Equation 2-9, we
have

d ll I, Lf, (a-iti

whe re , is the Jcobian associated with the transformation expressed by
Equations a-15.. The nature of the Jacabian plays, an imnortant part in the
Eulerian notion of density.. 'Me Jacobian is the ratio of the volume eemen t
dxdydmz, to the "deform&" volume element= d, d7 d From this Lt foLEows
that

~(x, L''4

has the physical, interpretation of the mass per unit of defornmd voluma. We
then, define a. density function for- Euler-ian. variables by

J -,t) 
(-iT)

In like manner, we: define a, body force per unit mass for Ealerian vaziablas by

For co'nciseness, we denote the instantaneous surface bounding the fixd, set of

particles by

If we use Equation 2-15 to transfom Equations 2-9 and. 2-1k to Eulerian vax-
ables, we obtain

O ,.(2-2o0)

(27-a2c)

At~



nr'- muzf am ntegr. in. Zqmtion 2- s n vector, Lasi~t fn orm an&. henct-
unalte~eL by thin cosidera:== off a. trsns~ffb~m-ain to. lueian acorint-as.,
Also, 3-t s.houllm be er~haaizeda. thst, the g sxi~P in &uatlonff 2-2Q ac 27-27
are the &I -'4sn den -c~fine J- 2'47' Waiadton ' ( n a -

M0 &Eriv1E the MITe~Zi M-f~ent~ equat-iona off conminu:Lt* and- mowximm,
we IMus-t carry Cuti the t-M & -erentistion iniica-d -iny &cum-tiouns a-2 an&c.
2-21. It shau-TA1 te nol t het thi U pe-rtiaml in not as trivial. as ffor the ass-e
whem the int,,,aL wais expesedi inr ragrsngian ccord:nates.~ The integgals he-ve:

ti~-eoedent limifts off i-n-t io when exuressed. in &-Teian wordnp-ta.,
WV. muEU inzooe C- a. fnra 12 aIon, off rLeil tz' I - rule-- far~ differentiat±n~c am
irrte~all - sae this theorem without: prouffk.

InT this exression'. I' in the veliacLt- off pants on- the surfface thait describhe
the ivm t-noff integ-atIon.

r-- cur e-pliLcLtious-, the ve-lacity off the surfaae coincides with the v=IaciLtT
off particles (since no mas crosses the baundaIng F-urfface) . Alsa the Tlast tern
in R~ntfton 2-22 can be tznsffonrd itt F- volum integ-al. by use off the diL-
vergence, theorem.

DE' we apply tLiii to the le-f-t-bant side off Equstions 2-aG and- 2-21, we obtain

_ = j~j~47) - -V'cv (a)

~~dY jCCu-4 {

iff we use-- the d-ivergence theorem onx the surface forces inT EMution 2-2r 1,We ma

write Equations 2-2LL anL ':-a5 a

kheuristi-a L~of for this theorem in- given ina several- places.. fI.T prticular-

it is discussed in L-ctuures- in Finhic Yealz by E tdney (loldatain, EteraineL-ItaI



Since the:- partion. of the coirtinum we considf-=ra was: arb-t-rary, we moat c- onclude:
thatdu the intea:anis: of the abloav_-e: prassons. are zeroy at each. Laint,(4, ,-)
of rcha aoatinurn. of inas's pic:Lles. Tbha- Etile3ian. eqpations: of aonbrniLy- and-
momontbm. ame:- tbjc=n

-V (a-a9

Tha r-&-angiam counterpart of these: aqcpations is d:ived- by- aplTyintr the:, d±---
vergenre:a tbeaorea to the surface: focrces in. Eqcation 2--1 The LagangiLan
equpations: Of conblnui-ty and- momentur are theni

1 F (a-aa)

The: first, e~juation just expresses the triviral- fact thatL the LagcanR-ian. denatty
funcion is not d ndent on- time. Lt hdmld be: noted, again, that g, P , and

7-are deffine-d. diffeently in the above seta of equations, huit there isa rarely
any occasin forz using both the Xulexian and- Laargian. aeations togathean so
that. no attempt w-1Ill be: madr to gmve them dif-arant natations.-

We w-ill have numaroua opptunti-es in thiz report: tox use Zi~iatlons a-2d
and. 2 Or E2iatn 2 -3L_ It particular, we want tox use -aa r L-3jLto
dE-Xi-'re a, foCD= of the Bn-IcZPle of Virtual Work- which La useful for the dariva-
tion ocf the eauatlons of motion of a fle~xioi Vehicle.

2.1-J- 3 A 1710=ula~t of the FrinciLplea of Virtual Work- for a Gontinucius 2 vatel

In the aonventional manner we define a vir-+uaL dliaplacmnt asr ona whichb
carie sch particle O cf the syatart into an imaginad. configuration in the

"ni2iohc of the true aonfiguration of the syatas at time -t,.



F~IGUJR~E 4- A VliRTUALDU SP'LACEIMLENT QFTH ES.YS.TEA

ffwa di-notEa this: vfrtual dis-placemant by zc ., tbf- postii vectorr for tha-
x -y-z partiL-le in: thb ned@#bomr[Lr conflgiain i t-D The- virta-v or-k-
off all. thtee forces: ot thra sys-ten (imcuding, thp- llAmert- imer-tiac forces:) is-

which: is: zerx because of XEiatLon- L-31- We may epvazt-e this: taitetnent tcL the.
2aeeI ot T: prncigle , o= an mciom j by -po&tuJati-aK that 6 W = G ever wheni con-
strain-b -forces: amea e-xcliul-d f rom 7 and- i. Withi the- understandinK that
cnnstmaint ffrces: ame not7 to: be include& i- the- ainition of- Pl and- ~ we

&W~~e ~ actVa ~

whi.cir is: ths- Principle- of VirtzaL Work for- a, clarsed- sytem (L. a., m £ixeL se-t-
off partIcles:).

TFhe Princizple of Vir-tual- Work: canr be- extemded to: open. s-ytems: (where- =iss,-
crszses the boundaryj off the- system) by aonsim-nag: the E~lerias: equations: of

anntimuity and-- mcmentunj (Equations: and--a Z-2 ). If we agadar excJudm:- con-
sxtrairt forces: from- the bnidy and- surf ace: forcea and- integrp-ata ove-r- a fj-xei
region in space , the- totaL virtual- work- becomaz

L7T



Fr3,'j, ) -O

M we. now transform: this: back to. Lrangian, coordinates-, then

F( S(XJ47t)),I (Xi1 Zt) IS (X,~tP W ~(7,9,Et)= - (2-35)

is the time- varying surfcez b.ounnK!g the, particles whic at tim, t, axe inside
tbe fixed& region in space- described. by F( 7 , ) 0.

/' /

FI'GUEE 5 ILLUSTRATING THE REGION OF INTEGRATION

T. the lan~ra@ of modern mathematical- analysis, f(xy, zt) is. the "inverse
image" of the- re-gion of the continuum inside- F( 4, i 4) = 0 at tie, t.



The integral (Euation 2-34) becomes (the derivation follows closely that given
for the transformation leading to Equations 2-26 and 2-27)

SR=I _ = 0 (2-36)

rm. this we must conclude that the Principle of Virtual Work. holds for- open.
systema. This must be, qualified. by noting that forces acting at the boundary
of. the- system. that axe constraint forces for the interaction o the system with
its. surroundings must, nevertheless., be- included. in the virtual- work for the
system alone.

FoIowing the convention of Whittaker- and- Ianczosl, we shall re-fer to the

formulation. of me.chanics. conceived- by lagrange and- hamiton as Analytical
Mechanics. in, contrast to ew, ton' s formulation which we shll call Vectorial.
Mechanics. The te-rm "vectoriaa2' refems to the. fact- that Newton.'s laws are
relations between vectors. The gove-rning equations in Analytical Mechanics,
however, involve scalars such as kinetic energy and- potential energy. T-h thia
report, the, methods. of Analytical- Mchanics will_ be used. exclusively. The-
fundamntal principle of Analytical Mechanics is the PrincLple of Virtual Work.

a.1.2 Iagrange's Euations for Continuous Elastic Systems

A more practical formulation of the Principle of Virtual Work can be- ob--
tained- for a system with a. finite- (or countably infinite) number of degrees-of--
freedom. In, those cases the configuration of the system can be- premscribed, by
a fi-nit - number of functions of time. A set of such functions is called-
generalized- coordinates. We shall call_ them independent generalized- coordinates
when they may be. inde-pendently varied. without violatng the kinematical con--
straints of the system. Tn this case, the number of functions required. is
equal- to the number of degrees-of-freedom. I the number of generalized. coor--
dinates is greater than the. number of degrees-of-freedom., there must exist
constraint relations between these coordinates which insure that the kinemati--
cal. constraints of the system are not violate&. We will call these- "redundant
generalized- coordinates."

.l. 1 Iagrange' s Eauations for an Independent Set of Generalized. Coordinates

If we denote the generalized. coordinates by pj(t), j = 1,2.. ., the position
vwctor of the x-y-z-patLcle can be written as a function of these N coordinatesa
(N is the number of degrees-of-freedom).

P,,(2-37)

iSee E. T.. Whittaker, A Treatise on the Analytical Dynarmics of Particles and,
Rieid- Bodies. Cambridge, 1961, or Cornelius Ianczos, The VariationaL Principle~s
of ZechanLcpj Toronto Press, 1949, p. 3.
2

Me_ assumption is tacitly made here that the constraints of the system are

holonomic (see Tanczos, The Variational Principles of Mchanics. p. 21 )°
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The explicit dependence on tine is included to account for the 'ase of tim
dependezt constraints.

A completely general and arbitrary virtual displacemnt can be imagine&
by giving an arbitrary variation-, 6 p, to each of the gene-alized& coordinate-s.
The position vector- of each particle in this neighboring configuration is

n( P_-I, + 60 .... pN+g S ,, .) 2-8

IM we, attribute a, diffe-rentia- nature to the 6 pj, the virtual displaceme-it of
each particle is

N

6n =E n_ Sj(2--39)
j=1lP

Substituting this into yquation 2--a3 we obtain

N vW 0 (a-4o)

Care must be exercised. at this point because: the partial- derivati:me-s. of I are,
define& differently in Equations a-33 and a--39. fifficulty may be avoide-& by
regarding& x, y, and- z as only of paramntric significance. By careful. manipula.-
tion it can be shown that the following idetity is. true.

The deriva-ion depends upon the limits of integntion being independent of tire
so that our considerations here apply only to closed- systems. Equatiom 2-41
can be written more concisely by introducing the definition of kinetic energy.

7r YE- 3 (n)- (a-4a)

We may then write

2O



Iet us now direct our attentions to the other, terms in, Equation 2-40.

Me e .rpresion.

is, by de finition, the generalized force associated- with, the. jth generalized-
coordinate, We- may separate this into internal- and- external, forces by adding
and- subtracting the term

S V* (Y-- ) &V (a-.45)

We then. have

pv .( -() ,v (a--46)

The divergence theorem: can be applied- to the first term which we then recognize
as the contribution from externally applied- forces. Thus. we. define Pj to be,
the- generalized. forces other than internal forces.

The external generalized- forces can. always be derived from. the: virtual work- of
the external forces in. the form.

N

which is equivalent, to Equation 2-4-T because of Equation, 2-39-. Euation 2-46
then. becomes

7 +R. F- -7. . . (Z-49.)
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The second term is the contribution of internal forces -o the jth generalized
force.. The, integrand of this term can be written slightly more concisely by
using the notation of cartesian tensors1 .

Ll k- k, (2-50)

I the case of smal!I motions and. linear one-dimensional stress-strain relations,
we can write

-.L+ Inj (n %¢++) ++ (2:-51.)

which indicates the. existence of a, potential, L=,E6 (E. is. Young's
modulus:). In, the gene-ral case: we- can do little more than postulate the exist-+
ence of' a potential, for the internal force a. On the basis that the internal
forceis are conservative we assum, that u exists such that 2

(u is: called. the specific. internal. energy for the: x-y-z-particle, at tim-, t.)

To account for- non-conservative: internal, forces-, we nay achieve a little
more. generality by introducing a. "dissipation function!' r, such that

S-- __ (2-53)

A dissipation function will exist when the stress-strain relations are a
generalization of the one-dimensional relation3

Tf we introduce Equation a-53 into 2-49, we obtain

P au (2-55)

IH Jeffreys, Cartesian Tensorls2 193
2 See Green and Zrna-, Theoretical Elasticity Oxford, 1954, section 2.6, p. 71.
This assumption is closely relate. to the First Principle of Thermodynamics.
3A rational generalization of Equation 2-54 has been given by Enrico Volterra,
On Elastic Continua with Hereditary CImracteristics, Journal of Applied

chanics Septem-ber 1951. See also Section 4.1.5, Duations 4-182 through
4-i87 in his report.



where

u = .tV(a-56)

an&.

R ICLV (-5T)

U is, the total, internal or strain energy of the system and. R is Eayleigh's
dissipation function.

To: surmaize, we have obtained. the following

where.

Pi= P.5 l &d V i (2--59)u = u cN (2-60)

D -. L- dV (-

If we introduce this into Equation 2-40, we obtain

P, 6 T+C (2-63)

j=3
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We have assuned the p to be independent and. the dp can be arbitrari!y
assigned, so that the only way the above sum can be zero is for, each of the
ecf--tcin of the d9d to be individua22i zero. The resul.t is ragrange'sequations

3 = , .... ,

If par.t of the external body forces, P , is conserva;tive, it too may be derived-fram a potenial funation.. For examp!e, if

then the-e exists, a potentil per' unit volume, , such that

(Note', is the EUlerian gradient)

and we have

aa

,:4



Where

AtYpical exampie of such~ a, force is: the force of ~i~.

2.i..2. ~a~ri~~a Euatons for -- Reundant Set of e-rI±e norinLs

lf, there is. ocasifon to express, the virtua. work in terra of' K~ e-nrizeda
Coordinates (M > YT,, the number of d ee-of-freedom)' then

NJ

Mhe 17 forim a set of independerft gpenerelizel coordinatee only if Kt DT. If
K > -,we iwmst reco~aize that M{-Y relations- exist between. these M~ coordinateas
which insure that the constraints are nct violiatd-

(2-70-

NO = O

S5.nce the pj are nat. independent,, we are nat pexmitted. to lmgly that, the aoef-
ficients of &2 in Ucuati-on 2-692 are zera.. WVe may, instend.,, use Lsn~e-:s
ioeathod. of undetgrmined. mulifpliers. The derlvatLin of Lsgang"s; ev.tona.
-irt this case proceeds as faLows.

The notion that the virtual l sacementa are conaistent. wi-th the con-
straints- is expressed. by

Again, using the differential nature off virtual diaplacemnts, we obtain

j1



If weintroduce exbitray mutipliers, KXL, we may also say tbat

It iS ealU-IJ$ truie that

If we ad&L this- zexc-ter to 6-v, we have

N

Ve ayq chaose values cdk: tha-t =nsue that the first -Y coeffIrcients ojf (p
are zerov; that is;

31)p 7q LRdJ___ (2-76)

Th lst XJp I's ce be inepnetvc-tzee so that,

M-N,

pi T j L



Euations 2-76 an&. 2-78 can very simply be wriLtten togather as

TIvas. is the fformL of' Lagranget sa eqpations. which imust. be used, when the, generalized.
coordina-tesir do not satisfy the constrsaints: explicitly., It constitutes a set. of'
2K -Nequationai in. the K redundant. coordinates: and- the K-N' miultipliers:,, ~

2.1.2.3 Lra;GPet s &uations for' Queisi-Coordinates,

Occasionally in. dy'namics it is. desirable to, work with- the kinetic ener~ir
expresse-& in terms, of nonintegable- velocity- components., For, examnple., the
kinetic energy, of a. rigid. body, can be expressed- in, terms of the velocity com.-
ponenta off the mea-center referred. to, enL axis system fixed- in the bodfr- Su~ch
considerations, lead. one to assimes that the kineticl enaEry can be expressed- in.
terms: of If quantities, vi, whicht are related to generalized. coordinates for the
system, by equations of the forin

An example is givenL by the motion. of a rigid body in a. plane.: In this- case we
have

T= +( ~ M IV ) (2-82.)

FIGURE 6 RIGID BODY IN PLANE MOTION



rn this exression, r andl r 2 are the a~monents. of the veiLcity- vector refede
to. principal. axea. te, r re-l~te. to. the generaiad- cordinates: , ll p 2
an" 3b

which. is the sn form as- tchat inicated- trn Ectian. a -8.. This exaule is:
also: chars tenized- by the fa~ct: that the set atf tirsk order- eq~uations,~ 2-8a1,
axe not. integrable . That is,., there does: not exist a set off Cooa inate=s:'

sa.and- sa such- that

Yz~~

Ta fhlustratE: the pain-t, the fallowing --m4 Tlar set of equaations is i~regabzle
ithe above sense

(2a-85)

It I-- easilJy erIfied-' inL fact, that iny this case vt Ej -where

S.; - vi(2-86)

whizh corres~anda t: a s±mWCie chage fran one set of emenmaLized. cordinates
to: another set of generalized coordinates.. Our interests:m are s:pecifiLcaITy
directei toward, the case when the eauationa are noninte~aF~je.

In the general case we suppose that. vi is one of a. number- off vmriables
that may be appropriate for- the description. of the mtion at a- dyamical L-ytan.

Sparticular we easx tha-t

T T5



jvi (aja

Btrtharx, we supgasa that vjLt is: not an exaczt diffe-rentiaL (t..,thema duc not.

exist 5i uch- that dat =vift) -~ It follwa: frm:m this: that

does: nat gpmnaliy holcL~ f bm alL. 1,. a, and- k-. ( rt camt be shavnt th~at Equations
-9are na am~iI true if s:, ai=iats, sucl. tha-t

iff F~uEtioIS a-ag were true, ou= conuimtins hiar wonld md:4uca to a- trviaFl
ahanL- from one sat of &-anemmaized. coordLnata to. ancthezm.

it. the nonm tablh-a ae it is con-veenxt to. introuce the ncftion of a.
clamaaiordThaba Mae rlffamntila of the- qjuaat-ccrdinate are iefned- by-

The (pantiLty, &%, thus deftneiL La not an exact: d ffarential and. the:! exiaence
of aj is nat i~liea by E~ytit a-9

Mf we am ffolve for-f in, Equation- a-ffi, then-

wha OLT ara the ei-ementu in the im-rerse. of the- IT by I$I rntrix whuse fn intu
arc- E~t follow a tha-t

(a-3

4. 4



If we premuitiply La-grang & equations. (Equation 2-64) by 8jand. sum- over j,

we obtai.

The right-hamd- s-idea is: te&e- the "&-ne-ralizeA foces. asoaiatedA with the quna-s-.
ooomd-im-tesQ. This: followa froim the fact that.

N

is- the oefficient of 6sff in thaexpresoxr for the virtual- work: of the appliad-
forces-

N N W

- ~ ~ ~ ~ ~ ~ Z J br-YTr1(--6

where use bsET bean. made of Ftyation2-9L to wri-te

N

ana

"T bT (2--99)

In thaee re-lationa we may usa &2yatlon Z-88 tor write

__ =(a-ioo.)
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Substituting the~se~ into. E~uations Z-98 and: 2-99-, ve obtain

N N N7

Substtuting into: Elua-tans-, 2-94-, we- ffind: that

N ~
6T) ,5 (2~I~-

This can be simpli-tiecL by using Xquation 2-93

A fur ther simplification results if the follawing &d-ini-tion is mde

N N' N
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2..2. TME GB2ERL THEOR! OF' SMALL MOTIONS ABOUT_ A POINT: OF'MINnfUM POTENTL.

The theory ato vibrations: which is- the subject of this. sectior: plays: ar:
extremely- bportant part in: the: methodr of. dynamniz anaylyss which. ha-ve: been:_

d e!oped. f =r elastic: atrf rams and. spacecraft-. -The- generality of the: concept
of a. made: of vibration: is: otteir. obscuraed. by ffixing: tattentio- on:- spezial. problems:
like: beams. and. p-Ia-tam. ft is: possible, as: weL sh&all. shaw, to: introduce- the-
theory af vibrations: as: a- very- gpeaal, apfflicati-on: of the:_ f indamentaL- pri~nciples-
of Aaltical- Mchanicm. More spean iicslly, we: shalL-1 specialize: the gpel_
principlez af the preceding seot-ion- by- mking- the follow ing a'ssumptions---

1, The- system ha s a- f inite: nuinbe-= of dee - o--' fre e ofr. -
2. The_ system: ha-s- a.- static- on: ind-i ia-Thent- posiion: at equilibrim-i

when: the: external_ forcemsE are: ze--o:.
3. Thersez arm no: t-m- dependent constraints: (we: assnm this: for-

sta3Llitby- onlyr; rctually;, the: theory- we:- considem- heme: can: be:
generalized- to: include: tim dependent- constraits-_)

1-. The. disp-lacemn-tz at the: system: f out the: equ4iibrium. posltan:.
axe_ smsL i.n: the, sense: that- third. omdei- terms- are, negligtble: n
comp-rison: with._ quiadra-tiac: te-rm:.-

With- no: essential- !ass- in: generality- we: shalL assuwm_ that the:_ positon: at
equilibrium: is- gtyen: by-

i 1,.. ..M

This is eqyiYaJle-t to: saying that Lagange' s equations. in the: static:_ ca-se wi-th-
no externaL fiarces: (see Xquat-ion: Z-64-),

are satisf ied- by pt 0; that is-,

Because Eipatlin Z.-11!5 is- a nenessa-ry condition: fon U having a- minimum. (actual1z
T stationary) value:, it is commonl~y said. that pL= 0 (iir this, case) is- a. "point-
of' mintmum potential.

2a. L.i1 The- Kinatic: and. Rotentl.iaL- EhegieT

Itwe denote:_ the. velocity at- the x-y-z-particle_ by -V, their
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2 2_ THE' GENERAL_ THEORY. OF' ScZIM MOTIONS. ABDUT A POINT! OF MINIMtM POTINTTAL,

The- theory of- vibrations- which, is. the subject of this section plays- an
extremely important- part in' the: methods of- dynamic analysis which have been
de:velope& for.: elastic_ airfrares: and. spacecraf.t. The: generality of. the concept
of. a. mode of, vibratio: is often obscure,- by fixing attention on special- problems
like: beams: and: plates. It is- possible-, as we- shall- show, to- introduce, the
theory of. vibrations as. a- very general application: of. the: fundamertal- principles
of. Analytical- chanics . More- specifically, we- shall specialize-, the generaL-
prdncipls of. the: pr.ceding: se.ction- by making- the following: assumptions:

1. The, system: has: a finite- number:- of_" degees of-fr.eedom.
2. Th_ system: has: az stat:ic: or-- indifferent- positio of. equiibrim:

when- the: extexrnaL f.orces- a-re- zero:.
3-. Tbe-ze are: no: timez dependent- constrairtsz (we- a-ssumz this for:

simplicity only; actually, the: theory we: consider:- here: carr be-
genemalize.- to include _ tim dependent constraints..)

° The di-splacements: of_ the system: f.om: the e:quilibrium ppsitor
are-- smlL in- the: sense, tha-t- thir.d order- terms- ar.e ne~glgible- in
comparison with: quadratix- te-rms..

With. no. essential_ loss- in gene- a-lity we shall- ass.ume that the. position of
aquilibruam is gyen by

f- = i, (...M

This- is. equivalent- to saying that- Lagrange:' s equatlons in the static case with
no external- forces (see Equat-ion a-6h-),

C) U ( 2- -4J -)

are satisfied. by Pi = 0; that is.,

6 0 -0) (a 05

Because Equation 2--15 is a necessary condition for U having a minimum (actually
a, stationary) value-, it is commonly said- that p. = 0 (in this case) is a "point
of minimum potential."

2.2, I The- Kineatic and. Potential Energies

If we denote the velocity of the, x-y-z-particle by V , then

33
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and the kinetic energy (Equation 2-62) is

T - edV (2-6)

We want to show first that the kinetic energy is quadratic in the "general-
ized. velocities," j. We have, by differentiating Equation 2-37,

I

The second term is zero if there are no time dependent constraints (assumption
3) because, in that case, time does not appear explicitly in Equation 2-3T.

If we introduce Equation 2-117 into Equation 2-116, we obtain

(2-118)

ntegration and summation may be interchanged to obtain

N N

If we introduce

, dyV (2-1o)

then

The generalized coordinates can generally be chosen so that

DM = a constant, independent of the pi. (2-122)
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In this case, the aij are constants.

We have thus shown. that the kinetic energy is a. homogeneous quadratic
expression in the generalized. velocities. Note from Equation 2-120 that

=aj (2-123)

Considering now the pot;ential- strain energy'-, we want to show that under
assumptions 2 and- 4- the strain energy is also a quadratic form. TO do this we:
expand. the: strain energy in an N-dimensional Taylor's series about the point
of equilibrium. Pi = 0.

(2-124)
NU(P", p.. =u(0,o,.-.. + 6u. Y

3 i (0,0,...D) Fp (,ZZ.-.oOpj 4.

If the arbitrary reference for the potential is taken as zero at the equilibrium.
position, then

U (o, ... o) = 0 (2-125)

Also, from Equation 2-115,

0 (2-a26)

Further, if we invoke assumption 14 and. neglect terms in the series that are of
a higher order than the quadratic terms, Pipj, then

N

l1f part of the external forces is conservative, then their potential may also

be included. For example, gravity forces are important to the vibration of a,
pendulum.
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If we introduce

then the strain, energy for smallI motions is

N N

Irt j2-1

Since U is continuous anc. otherwise wel-behaved. at pi = 0, we must have

Consequently,

Using the definition, of matrix algebra, we can write Equation 2-121 and
Equation 2-1229 as

(2-13)and.

(2-133)

where [A] is the N by N matrix of inertia coefficients, ajj, and. [K is the
N by IT matrix of stiffness coefficients, ki. It follows fromi quation, -123

and. 2-131 that the inertia matrix and stiffness matrix are symmtria matrices,
that is

and.

=(2-135)
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Tn Equations 2-132. and. 2-133, {pj- is a column matrix of the N generalizeci
coordinates, P~j, d ,...N

(a-136)

2.a.2 The Xguations of 1Mtion.

We may empyloy ragrang-' a eoqiations: (Equation a64 ta deri-ve the equEations
oaverninE the mot-ion of the systema describecL by Ecuatlons: 2-132 and. 2-133 Tht

can he shown that. in. the case where p. L7. >>j. Ix . (in additionr to asumptoff
L. thn 4), the Hayleigat dissipartion fiionfrcgkb approximated. by-

where the elem=-nta, 'a oE the damping matrnix [HI , are conatant.- AIs2,
the existence and. continuIty- off the dissipation, Thfnction in the neighxborhaod.
of the equiLbnium: postion (pj = ) require that

The vi rtual. work- 6dW of the external. forces% dof~ines the generalized forces,
pp, associated- wi-tf the generalized. coyordinates,. pj (See Eauation 2-48.3

aw jE % i =-E{J (a-139)
~J-1

Substituting KquatiLons 5-13E, 51,.and. 2--137 into EYuation. Z-64 using
2-139, we obtain

where use has been made of the fact that
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U1 0

2..t1Th omgneu Eu1in of Jze ib~o

sipa~~~ioni is =rset Te w! cosie the

N !t N__

Equations 2a140 are the clasical equations of the theory of' vibrations
that were. f irst der-ived. by Lagrange and subsequently studied by Lord. Rayleigh.

2.2.3 General Seolutiona to the Viration Equations

2.2.3.1 The Homogeneous Equations of Free ibration

We will first consider the case of free vibrations with no damping because
of the importance these solutions have in the cases where PI 7# j- and. dis-
sipation is present. We willI consider then

These equations are a Linear simultaneous set off coupled second-order differen-
tial eqjuations. We may find a solution to these equations by assuming a
11product" solution of the form.

where the eleents of 101are not functions of tixa. Substituting this into
Equation 2-145, we obtain

[A Y1f 0,- (2-147)

or
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Kince the left side of the equation is independent of time, the right side must
be also, so. that

A -a constant (2-149)

Equations. 2-145 have then been "separated)" into the equations

and-

ITn order that solutions (other, than the trivial one, 1jq5= -0)exist, it in
necessary- that the determinant of the coefficients in Equation 2-150 be zero

This eouation is an Nth order polynomial in \ which determines N discrete vaeues
of X for which a product solution of the form in Equation 2-146 exists., It can
be shown that, due to the synmt ry properties of CAI and [IK] the roots, Xii
of A(X) = 0 are all real; and, further, they are positive because of the
positive definite character, of [A and [K] .. For each of the N roots there
corresponds a solution to Equation 2-150.

' [Al - Xi ej [Jt 0 (2-1-53)

It may be noted thau any constant multiple of a solution is also a solution.
To make the solution unique, an arbitrary normalizing condition can be imposed.
Most often it is convenient to assuma that

'UT evidn hL - ns(2-154-)

It is evident that if JO~.is any solution to Equation 2-153, then



is a normalized solution; that is, one that satisfies EXuation. 2-11- as well
as quation 2-153.

Solutions to Equation 2-151 for eachk are

%£(t C CL, c i-t + 4i st , W .Lt (L-]L~b)

where

~i77(2-15T)

By a theorem of linear- differential equations the general so-lution to the
homogeneous: equations (Equation 2-14) is a linea.r comination of" he D -artic-
ulur solutions,

N

The constants, a.i and bi, can be expressed. in terms of initial canditions; but
we will postpone this until the 'arthogonallty" relations are established.

2.2.3.2 Orthagonality Relations for, the Madal Columns

Any two different solutions to Equation 2-150 corresponding to X1 and X d
(i # )must satisfy

andi

[AV j= (a-ik1

If we premultiply the first equatiion by -4jd and. the second. equation by
: then transpose the first equation, we obtain

4c



IfEqationL 2-162 is aubtracted. from Nuation 2-163~ and we nate that [A4 [AT
ancl [Kf = [~ICIthen

Since L. j CL~ aa 1onr as: there are na repeatecl mats ta the charac-
teria-ta eqpatoi, Q()~)c.. Our diaa-usn. he-re w±i apply ta the case- o~f
no: rapeaated. mata, haweve, same- practJicaI s&ratems: cam. h-ve repeatad routs:
aLthaug~i thay. usuaIT present no. pralilem.

if x Xj rL- Qthen

and- from~ Eaution 2-16a'

Iff we premuitiply- Zqumtln 2--I6Q by[jj, we obtain

tiring Equ2ationl a- ,we get

Rri summary, the: orthaganality- ralations: are

Li.



Thi Euatio 2 -159 we may use the above equations to express the arhitrary
conatants, a-- and. bi, in terms: of the initial- valuea of the generalized, eaor-
dinates and. generalized. veloitie,.. S-tting t. = 0 in. Equatior 2-159, we get

N

and,- Simiarly

N

Ta solve ffor aj_ an&-, bh, we flremu.tpEl by{Lo_$j [A, I
.

N

Using the ortngonality relations (Equation. 2-169 an& 2--LT0), the.se SIi npify
to

2= --- Y )o1 (a-75)

We obtain the aomplete- solution to the homogeneous equation, of free vibration
by sustitnting BaZati-onsl 2-175 and> 2-1-76 into Euation 2-J159-



Finally, we conclud. by noting that Equations 2-169 and. 2-170 can. be written

concisely as

[ce'[A I[ p]1 (2-178)

and

[p,][]]= (a-179)

where [oJ is the matrix of modal. columnas

commonly calle& the "modal mtrix."

2.2.3.3 Response of the Undamped. System to. External Forces; Which Are a
Function: of T.'me Onl

In. Epa.tlon 2-140 we assume, again., that. [B.I [0.1 but that the generalized
forces, fJ , are a. function of tima explicitly,.

[A f [Ki~ = PttV(-i

Let us assunme as a solution., the series

N

where the qi are to be determined by the external forces. Equation 2-182 may
also be written as

(2-183)

where [q] is the modal matrix (Equation 2-180). The latter expression empha-
sizes the. role of the qj's as coordinatas to describe the motion of the system.
Eauation 2-183 is commonly called. the normal coordinate transformation and the
qi's are called normal coordinates. They are, in fact, a set of generalized
coordinates which can be used. to specify the configuration of the system in
the same way the pj s do. The inverse transformation corresponding to Equation
2-183 can be obtained by premultiplying Equation 2-183 by [ ]' (Al
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Using ZRquatiom 2-L7a, we have

Yquations a--83- am simlified. when the qj 'a are usaed as ~nealiz:ed
coordinvates.. T transform. ta normal aoordima-ts let us suh uLtute Etuation
a-183 into Equation 2-18T

We w-11 transformi the genexalized. forces consistently if we premu-tiply this
eauation by [ ]'

Making use of Equations 2-178 and. 2--79, we obtain

The differential equations are uncoupled when expressed. in normal coordinates.
The ith equation is

These differential equations may be solved. by a oariety of methods, but
the Laplace transform has specific ad-antages in this case. We define

t (-.Q)

i



Qpezatin& on Equesion a-B9e obtain

oyr

(a (039a

If wre identifyr the f a- rwinr& transfc~s

-Qa

We: can Use the convointion, theormm to wri-te. the: SoltioCn

~j~t =j ~ ~I4?(fl~&t - ~Cccii~t~ Q~i1~ (Z-195)

Substitutinig into Ejuatlon 2.-82 usIng Xojatlon a-18a5, we obtain

N (236
LNt

~~Z~1[A i(o awt -- i)



Tha Green'a function for- the system is

N (a-197)

which has: the'. property that the solution with zero, initial, energy is.

'0

The transfoxm of the Gteen-' s function is- the admittance matrix which, in this
casa, is-

(2--99)

wheare

It can also, be shown that. the, admittance matrix has the praperty that

[jH(5fl =([AaI-a +[ I)_

a.2.3.4 The &er-xoEequency Modes of an Unrestrained'. System

AIL of the modas and. frequencies must satisfy Equation a-153 which may
be written as

([Ii lt} io} (2-202)

Possible sulutiona for which CJi = 0 are called zero-frequency (or '"rigi& body"')
modes: and. they must sat-isfy

K'11 -(2-203)
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Modes which satisfy Equation 2-P03 represent possible displacements for which
the potential eergr is zero. lfi

{ } -[ '-? (2-P-)

whesefOYj sa-tisfies. Eqat-ion 2-2-03, then

u~=~'{1{~= (a-a05)

These are then possible displacements: which result in no elastic derfomation.
Thus., the term "rigid-body": modes.

In order- that solutions: other, than the trivial one,

{Il =={o} (:a-Pa6)

exist, it is necessary that the det-erminant of the coefficients oft ji be-
ze--a. That is

I[KI-I = 0 (a-O)

The stiffness matnix then is necessarily singular, when there are rigid body
modes. If we denote the rigid. body modes: byjOjii and. premultiply Equation
2-202 by ) then

but

{(P~K{YI ={PiII~hP) 0 (2-2-09)

hence for Cj 0,

{RjI [AIjyjN =0 (2-210)

We thus aonclude: that all of the; zero-frequency modes are orthogonal to the
elastic modes for which & O.
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IT the system. is restained, so that the only possible displacemr-ts are
ones for which the system is, deforiad and. strain energy is. stored , then
rigi,-body modes a-re not present an& there are no solutions to Equation 2-202
corresponding to: ai = 0. .i this case

I[K]I * 0 (2-21L)

and, [K ] exists.. Lagange' equations (Xquation 2-6.4-) in the static case
give

or'

(f I ={IT (2-23)

If there are no zero-frequency modes, then

[Kj'{PI (2--214)

Which indicates that the displacemnts: of an elastic systemi are linearly
related, to the loads. acting on it (f=r small- displacements). The matrix

[E1=[] (2-21-5)

is called the influencez matrix. The (i, j) element is the contribution to the
it.generalized, coordinate by a unit value of the ith generalized force.

For, a rastrained, systei the strain energy may be expressed in terms of the
applied, loads, acting on the systemt by using

{j1- =[EH-P (2-23-7)
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) U1'K LKp (2,2218)
I !I

= ;.{P}LE'1- f][.[I~p,

boinm this, Castigliano' a theorem. is eassiJy proven:

For restrained sys-tems, Zqustion 2-1;Q can be written as:

(2,-220)

an expression which is: suitable for a nunaxi-cal. soluition by an tera-tazon pro-
cedure. The practical importance of iterati-ve procedures makes it desirable
to derive a. relation suitable for iteration of systems- tha.t ara uTfestrained.
For such systems we have shown that! [KJil 0 and- thus [XIj [K]I does- nat.
exist.

The essence of this: problem, can be po:sed- as: Are there solutions to. the
sta-tic equations (Equations. 2-213),

rJKT{j {jPj (2-2L)

even when [KI 0 because of the unrestrained- conditions.?

From the theory of linear equat-ions it is known that there are solutions
to the set of equations, Euat-ions 2-222-, pro.vided the right-hand- siAe satisnfias
certain conditions. in particular, we note that the homogeneous equations,

have a genezaL solution which is a, linear combination of all the distinct
zero-frequency modes. That is,

Y R ,C T C (a-223)
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is: a solution to Euatiorrs a-222 for. an arbitrary choice- of the consta-nts,
ci1 ca... cM (whce: 'A is the. number of zexo-frecuency mod-s).

Also-, a the:orem of the theory of linear- equation states: that the- genemal_
solution- to: Euat-ions: 2-22-L is the- sum- of the solution to the homogeneous-
equdutions: (Ea-ions. a-222) and- a particular- solution to the nonhomogeneous
eqpat-ions:.

We will try to: find- a part-cular solution to, Euiationa a-221- in. the fOrm-

N N-* M. (E 2 --

be:t u& then assum the, gene- solution to be

and- subst-itute: this: into. Eations 2-221-

The definition of zero-frCequency modas (Equation 2-2D3) gives

i a,...M

so that Equation 2-22b becomes

KJ[54p'vl(2-226)

It is &vident that if these equations a-e to have a solution, tlan

iWR~WIL ~ (2a-229)

But the left side is zexo from Equation 2-22T; thus., it is necessary that

(2-230)

i)l, a,...M



This is a condition. which must be satisfied by I PS in order that Equations
2-221 have a solution.

Assuming Equation 2-230 is. true., we will attempt to obtain, a solution to
Equation 2-228 by premultiplying that equation by [S]

=/

Up to this point we. ha-ve said very little abo.ut the- mLtrix, [S]S. We now want
to assume- that [S;] is an N x N -- M matrix, such that

1151'KltS] (2--232)

is. non-singular. It follows:, that the columns, of' the [ S- -matr-cix must
necessaxrily be linea-r.ay independent, but this is: not sufficient to insure that
Equation 2-2a is: non-singular:. A sufficient condition is provided by coa-
sidering M arbitrary but independent constraints which would prevent rigi&--
body motion of the system. Fora. line ar system. these constraints can be expressed.
generally as:

[Lj h1± =-Ja (2-233)

We- can pose a. physica-L_ ar.gument that at lea-st M of the coordinates) Pj
j = 1,2..N, must be invoLved- in these constraints in such a way that there
exist M columns of the [ .] -matrix that are linearly independent. if we
ass.une that the-se, columns. appear as the first M columns of [L] , then

is a square, non-sing lax. matrix. Stated- differently, it is possible to.
partition Mquations 2-233

fpd 0 (--235)

so that

(2-236)
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or

rlj J(2-237)

The- coefficient matrix in. Equation 2-237 can be taken as an [S] -matrix. If
Equations 2-233 represent true constraints of rigid.-body motion, it is phyksi-
cally evident that

I5[ = [- [L,'I[L.] 1 (2-238)[S]'[ K ][S wi th r j

is. a stiffness. matrix for the constrained system and. hence should be non.-
singular.

A condition on [S] which is. sufficient but not necessary is that

'L(]R [ ci = O] (2-239)

The proof that this is. sufficient to insure that

[s1'[KlisI (2-11.)

is positive definite is long and involved. and. is omitted here. For completeness
we note that an [S] -matrix satisfying Equation 2-239 is easily constructec.
For this purpose, partition [¢] so that

and. let S&!1

r j (2-242)
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We then have

Returning to Equation 2-.232, we have

_"}=rs][ ]s]-'/ (a-L4 -)

Substituting this into Equation 2-225, we obtain

M

L=I

which is the general solution to Eduation 2-221 prov ide 9quat on 2-2.30 holds.

The matrix,

[E =- (2--46)

is a set of influence coefficients corresponding to some arbitrary constraint
of the rigi.-body motion. It is desirable for later discus:sions to express
the c i in Equation a-245 in ter=s of the zero-frequency normal coordinates.
This we proceed to do.

The general solution to the undamped. vibration equations (Equations 2-.i4-5)
is a linear combination of all the solutions to Equation 2-2-02 (including the
modes corresponding to wi =-0).

M -M

If we premultiply this byf{ oJj [A], then

Yj 'L' R j( -')

M

V1



whee use has been mnadea of E~oatiori a-2iQ. ME' we -Latradaice the mtfi-x. of' zera-

frejuency modaes

then Xquiatton- 2-2a canr. he- wmtttenr as

Mf we alsQ prenrultLpJ y Equaation 2-21k,5 by ti[AJ, then.

and.

- ~(a-2-52)

Substituting from Eruatlon Z-a5G, we haye

IC = l- ([( RT[A 1qll~'A1E-P aa3

Suhsti-tuting this into Equatlin a2 14-5,. we have

whichl can be aimpiifie&- if we introdaice the matri.

ZI (IY1[ [-K (a--255)

We then have

= IF'LERP}(--a56)
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which is the ggnerai. solution. tox the stat-i equationas,

pnovide&d

Many. of the aemolastic: problems asctatedL wit i unr estraine- bodie are
approximately solyed. by- imposing: the aonstrairt,

so that. the systea. can only take on a. configuration that is a. linear" rombina-
tionl of its: elastic: modes,

Thn parti-oular, it. is use-tul, to impose thia constraint in ordem to demive an
eqpaiton governing only the elastic modes for the purosae of mnmica ascyltionr
Zquati-on a-259 leads tor the thllowing7 conditions of constraint on the generalized-
coordinates., Pd-

whicb- follow s by setting qH J{O I in Xqatiom a-5G., If we recall that the
kineti and- potential. energy is

then we may use Lag ange' a equation- fotr coordinate% which are not independent.
(Equation 2-79)., Mhe relations of constraint are

J 5



and. ie generalized. cointnaimt forces aea

-. LI j (2.--65)

Substtti-ng this into Ea~ganga 1  eqaio. weoti

TMe tagrangism MLtip'iiars,xt. may be eim~inated- by the followtng procedure.
Eremu -ti-ply FauatiorM 2-26T bY [ ?

TMe second. tem is zero becaus-e off Zzuation 2-22PT Solitng for 411 ,we have

Iffts is substtuted. into Equat-ion 2-2t7, -we obtain

-o



Using Equation 2-255, this can, be written as

LK]P} =,,P(-27L)

This set of linear equations can be, solved. for the p.'s in terms of the riglt-
hand side by the procedure which led- to Equation 2-26. The only difference
is that the right-hand side is

[2---72)

in this case; whereas in the static case, considered before, the right-hand
side was simply LP1. Condition 2-258 in the present case, is

(2-073)

which is identically satisfied because

-[01

We may therefore write Equation 2-271 as

I= [c]{} [r]LE][r] {P}-L[AR (2-275)

Consistent with our previous assumptions, however, we have {0 } = { 0 7
(Equation 2-259), so that

= [][IL~r1 , - } i (2-276)

Tne coefficients, [PJ[r IF1 come as close as anything to a generalized notion
of influence coefficients. They appear to be the discrete analogy to the
"generalized Green's function" introduced by Courant and. discussed by
Bisplinghoff in relation to aircraft structural analyses i . In this report we

1See R.. Courant and. D. Hilbert Ythods of Mathematical Physics, Interscience,
1953, Vol. I, p. 354, and Bisplinghoff, Ashley, and Ealfman Aeroelasticity,
Addison-Wesley, 19-5, p. 24 .
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shall refer, tQ the coefficients in Eqpeation 2-2T6 as the "free-body" influence
coefficientsl., It is a, curious consequence of the derivation given previously
that the free-body influence coefficients are unique and, independent of the.
arbitrary constraints assumed. for- the calculation. of [X] ., r some instances,
a constrained- influence coefficient matrix is calculated. directly without using
Equation 2-24-6r. Such is the case when the "complementary strain energy" method
is used (see Section. 5 .,L.L. of this report).

EZuation 2-a76 is important for, its application to some aeroelastic loads
problems for, unrestrained- sy-stems where the constraint, -q~j- =101IZ, is not a.
serious: one., We are presently interested, however,, in. its application, to the
problem of free vibrations..

FOr, free vibrations: we have jPI f Qj; and, as before, we assume a.
"product" solutio ,

in Eduation 2-276 and arrive at

- 9} =[r ,T[l[ }(2-278)

which. separates into the two equations

LFft[11[ i = , (2-279)

Equation 2-279, is in, a, form suitable for, a numerical solution by iteration-
The results are the soluti-ons to Equation 2-202 corresponding to wi /- .T
zero-frequency modes, or rigid-body modes, can usually be written down im-di-
ately; however, in some rare cases Equation 2-203 must be used to calculatt
them,

In conclusion, we note that the response to time dependent forces (Equa-
tion 2-196) must be modified slightly in the case where there are zero-frequency
modes., It can be shown that the Green's function, in this case, is

(t ~~t~ __ (2-2cl)

N-M

-e also the very interesting paper by B., M., Fraeys de Veubike, Iteration in
Semidefinite Figenvalue Problems. Journal of the Aeronautical Sciences, Octoter,
1955.,



Ef we introduce the defii ons

t (R- (2a-2-82)

this an- be written as:

ani the general. solution is

= Grt-riV~pt'C1 C(ct-.~ t~-p-(-~

N-M

2 3 .5 Soluitionis to the Linearly PaMPedI Vibra-tion -Taumtzicns

The previ-ous sections hav7e dealt with Fqpaton a--140 in the case where
tj.Se damping is zero.- We vant to consider,, inr this sec-tion, the damped eO~I

=uos with ezernsl. f~rea which are a function off timiaon- y,

rn an attemt cco solve these equationa, we might' be led. to believie that the
mormal acordiinate transformatilon (EZuation a-163) wo'u oiPle t-hese ecaua-
t Ions in the same wa7 it uncoupiei the eq.iati-ons with- no damping.. Iff we
si;Cbstio-,;te



int- E-uation 2-26 and pre=1tiply by we obtain

or

w[Rej~p

where

- r (2-290)

is the damping matrix corresponding to the normal coordinates. The i t h  quation

is

L. (2-291)

These equationa are only uncoupled. when the modal damping mtrix, [E ] , is

diagonal. There are some mechanical systems where the damping matrix is ap-

promima-tely proportional to the stiffness matrix (see also Section )

3 .[ : (2- 2))

and. in this case

ac, -5ha-a

ani Eouation 2-2-9i ecomes

( a--. )



If we express this. in terma of the "model critical damping factor," $, we
have

with

-_ (27-297)

Fbr this type of damping the criticaJl damping factor is higher in the higher
frequency modes..

Lord, Rayleigh has given a generaL proof that the solutions to Equation
2-291 are ver-y little affected by assuming that

when the damping is smal -.. We then have the f irly general result that

i' 4.%1 u 4, / (2299)

with

f= _____[]__}_ (a-o0)

For structures that are common in the aerospace industry, the damping factor
defined in Equation 2-30Q can be a very complicatad. function of the discrete
undamped frequencies, W L- (Note, W:L is a description, to soma extent, of the
stiffness distrihution of the struature;( is sometimas called. the generalized.
stiffness..) Figure 7 shows the type of empirical relations that are obtained
from resonant frequency and decay measuremants on a wide variety of structures.
The last aph is indi-cative of systems characterized. by Equation 2-292..

1 See Rayleigh, Theory of Sound. Dover, -945, Vol.. L, Sec., I0C, p.. 13(a and- 137.
Recently, Dr. T., K., Caughey has given a much more direct proof of this important
result by using modern perturbation methoda. See equation (44) in Effect of
Damping on the Natural Frequencies of Linear Dynamiq Systems by T. , Caughey
and M. K. J. Q'Kelly; Journal of the Acoustical Society of Aerica, Vol.. 33,
No. 1L, pP. l4-5b-lhdi, November i96L.
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If we operate on Eqpation 2--28b with the Laplace, transfoxm, we obtain

32[~A] : +S{13 [+{)-FsJ 4P's4 ± IAH~o)} -Lho 1 !4i Wo) (L-aoa)

The fonnal. aclution to these: eoqations is: gizven by

{~~sd [ ( IA+ KiW r(~ ~(o)- (13 o3

We recall- that-. in the casea of no damping, the admittance matrix (Erquations
2-1-99 and L-21-) was given by

Also, it can be: shown that in the casea leadinE to Equation 2-303, we have

where

Thl oatuh Df thesea equations

[' I yj h (2-307)

Ciur intentiLons are to show that in, the- general. case of Equation -2-p-d, we have 1 -

-hEa -rinci-paL dif ference- betwee-, ejuations 2 and. n- I relct on the
axinatence of the physical, notion of a mode of vibration. Thin i-a discussed
av .K. Caughiey in Clasmical N~ormal Modes in Damped Linear Dynamic Systemsa,
.1ournal of Applied Mechanicz, a7 Z~. (1-9bQ).-



where I j and- 10 01i, a-re, real. matri-ces and, LCj + iG% is the jith comaplex
root of the chamacterist c e uation

A-(5) = I s' [AI + .5 [(D K] (2-309)

We can reduce Equation 2-286 to a set of first orde-r equat-iona by intro-,
ducing the: geeralized. velocities as additional "coordinates." If we let

then Equation a-286 can be. expressed as

with

;j,} -{ = 40} (2-312)

This set of first order equations can also be written as

Ky H{~} i~p~ (2-313)

where

r Fol Fij (a-34-)

](2-315)

(2-31b)

and

6 K (2-317)
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The Laplace transform of Equation 2-313 is

(S[V ]~{s}~~s (2-318)

We have assumed zero initial energy because we can generalize our final result
by using Equation '2-303.

Euat-ions 2-318 are easier to solve than the equations

(5[PI s [B] - [K] -r(5'1 = I{Ps)- (2-319)

although it is the latter set in which we are primarily interested.

To solve Equations 2-318 let us first consider the homogeneous equations

(5 [v w ]{ ' 01 (2-320)

For non-trivial, solutions we must have

U.s) = 1 -1 V I -"M I[ 52[A,] + 5 [6] +(K It (I-32=)

Corresponding to each root (which is, in general, complex), we have a solution
to Equations 2-319 or 2-320. rIf s si , i 1,2.. .2Nare the solutions to
A(s) = 0, then

Si, IV] + lwl)V T41) =~ { (2-322)

There are also solutions to the transposed equations

( VI+ ",% *1- (2-323)

[V I' ,Lv from Equation 2-314

From these equations we can establish the following orthogonality relations

"j[V]0 i}. * (2-32?-)

- '} [W-{ }i. 0 . j(2-325)
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5iPkL~iJ T) 2 (-32b)

Let

In these matrices, the last I columns are the coraplx conjugate of the first N
columns because the roots to A(s) = 0 are generally complex and will occur
in conjugate pairs. If we now consider the nonhomogeneous equetions (Equations
2-318) and- make the transformation,

in Equations 2-31o, we obtain

PremuL-tipl- 
by r a 

)

From the rthogonslity reations (Equations 2-34 and 2-325), we have

TJs,-ng Zauaiorn -3 , we have

hee (r-33)

where we '.ave asi zlie solutluns -.3 be normalized. so that

,-}I f.(-34



Using Equatlon 2-333 in Euation, 2-33-,. we can solve for f

{%,J7 = F r---" . J } -a-3

Substituting thiz inca E ation 2-329, we have

{~N 1~~5 ,~jj ~(2-33b2)

We can relate the modes of Fquat-ion a-322 to the modes which satisfy

By comparing Equation 2-337 with Euationa 2-a22 an- 2-323 it can he shown
that

= r;k~r(-.336)

and.

EK livi,(2-339)

f j

Substituting these in Equation 2-3,b and using EXuation 2-33-c we have

= 6 - (-_)
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The following identity is easily ve-rified

1ZN

L' s -s = ______ (2-343)

TAe can thnen express Equation 2-342 as

L=L

If we let.

a.d.

then

-,(234c



Comparing this with Eqpuation 2-303, we must conclude tha-T,

The above relation is. for restrained- systems only and- it has been assumned- that
there are no zero roots., The case of connion inrierest, however, is the case
where the zero-frequency modes discussed in Paragraph 2-2-3 L satisfy the
relation

which is characteristic of internal. damping in that no dissipa-ti-on resultus
front a mode in which there is no elastuic deformation.. The theoretical develTop-
ment is fairly complex in this case,. but the result is what would be expected

L LY

where [pais def inedL by Euati-on 2-a2 .

Numerical methods to solve either Bqueation 2-322 or Xcouation 2-337- are

In conclusion,, we nota- that the Green'sa function corresponding to Kquation
2--34+9 is

and tihe general solu-tion is the inverse tcansforn of Equation a-34,3

Iff unnormalized solutions to Eqja~n237aeooanQ.te h following

formulas must be used instead of Eqoaatilons 2-34t and 2-34 7.

= [Z "y"LZ .F
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2.3 TIE APPLICATIONS OF AN INTEEPOIATION PROCEDURE FOR OBTAINING
k FINITE DGREE!-OF-FEEO9 APPROXI)MTION FOR CONTTUOUS ELASTIC
STRUCTURES

In Sections 2.1 and a.- very little was said about the procedure for re-
placing a, continuous systen (with an infinite number of degrees-of-f reedom) by
one with only, a, finite number of degrees-of-freedom. In this sectioL, attention
wiIl be given to, discussion of the specific form of E4ation 2-37 in the case of
small motions.

2. 3.I The Kinematics of &aall Motions

let us suppose that, the continuum of particles is in its ejuilibrium
position at time, t = a.. Consistent. with the assumptions of Section 2.2,, the
system of particles executes small motions about, the equilibriu= configuration.
if we denote the position vector of the x-y-z particle at t = 0 by f(fXty.z),X
then

- (2-3.55)

in the displacement vector of the x-y-z particCle. Referrel t the inertial base
vectors introduced in Section 2.1, the Position vector,, L has components X. y,
and. Z.

, = 1[ +- t,., -- .- 256)"

The instantaneous position vector of the x-y-z particle is then

-z I+ j(2-357)
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FIGURE a PORTLON OF THIE SYSTEM DISPLACED FRO ITS EQUIBRIUM POSIT.ON?

All of the assumptions of Section 2-2 are satisfiecl if we assume that

IL

N., 1:(2-356

t-l

We tbena have

lapatcar

e constant, independent of the pi(2-3cc)

as was assumecL in EXcyation 2-122. Equation a-358 expresse. in components
referred to 1 J ,. and- . ,. can be w-itten as

x,.,ih Z'L. ''' ){') (2-3Li)

~yx~tpr7t



N

N

The form of Eauation 2-359 might be justifie. on the basis of small motions;

that is, D7L can be expandedc in a Taylor s series,

N,

t- x. ., -- , Z a--ox,. 1 ,) p (2-364h-)

N+ N,

if the, Pi are "small,' then

xJ~z L (x,, t) F-1 (2-365),

which is the sare as Eauatlion 2-359., There is some indication,, however, that
the form of Euation 2-365 is justifiable even for "large" Pi

The choice of the functions, i(xzyzJ, appears to be ouite arbitrary;
however, we must recall that the generalized coordinates can be independently
varied without violating the constraints of the system. If.,, for example, the
system is displaced so that pj =I and pi = 0 for i 7 j then

Li) = lt ) (02-3t6)
I 't'

From this we conclude that the hi must satisfy all the physical constraints
tha- are imposed on the displacements, P (x.,yzt). It also follows that no

of the b i can be linear combination of the others; for if this were the
-, the generalized coordinates would. not be independent.. These general

conclusions were obtained by Rayleigh and were used as the basis of an approi-
mate method devised by Ritz.
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The interpolation procedure to be described below is concerned with, an
appropriate choice of the functions- 'i This procedure has been considered
only briefly in the literature although it has been used at. Chance Vought (a
parent, organization of LTV Astronautics) for many years. The method had its
origins, in a paper by S. J. Loring published in 19,11. By way of introduction,
the, method might. be called a Raylelgh-Ritz approximation "in-the-small." Tn
a very general sense,, all finite degree-of-freedom approximations are Rayleigh-
Ritz approximations, in that, the deformations of the structure are considered
as a finite linear combination of known (assumed) deformation shapes. In the
interpolation. procedure the assumed functions are considered to be valid only
over small, regions of the system.. In contrast to the conventional Rayleigh-
Ritz technique,, very little engineering judgement is required to pick approxi-
mate "assumed modes.."

2.3.2 Interpolation in. One-Dimension

To describe the values of a, function in a region between points where the
function is specified requires, that. some interpolation procedure be used. Any
interpolation formula makes use of an assumed function for describing the ordi-
nates between points where the ordinates are specified. To fix ideas we will
consider first a very simple interpolation formula.

If a function,, p(m), is specified at a finite number of points in an
interval, say (0, L), then it is required to furnish values of the function
at other points on the assumption that,

ac - = & . t (2-367)

for Xt_, 4 ' 4 t

I Pj is the value of the function at x = x_, then we also require that

P"0= Pi(2-3bu
8 )

This is commonly called "trapezoidal interpolation" and it approximates the
function p(x) by. a series of straight lines. Figure 9 shows the interval
(0, L) divided into N regions by N + I points, 0,, xL, x2... x N -1, L.

11oring, S. J., A General Approach to the Flutter Problem Societj of Automotiv/e
Engineering Journal, August 1941. This very fundamntal paper, although specifi-
cally motivated by the wing flutter problem, developed a general approach. to all
vibration and aeroeLastic problems. Loring developed his ideas while at Chance
Vought in the period from 1936 to 9--c. The general methodology presented in
Section 2.0 of this report has principally evol'.-i from Loring's original papers.
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RGURE 9" TRAP EZ01ID-AL [NTER"POLATI' N!

We may determine ai. in : in BZoation 2ajo bY using Xquation. 2-366.,

Solving for ai an~i bf we obtain

- -
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U we substitute this iata Eqpation -- 367, we have

h I

valifd for x om the interva'l
where-

Eaetion 2-372 relates the corntinnous function,, { ),, to, the discrete values.,

pon the interval (G,, I).. If' the mtrix prodtrcts are expandedi, we obtain
the more familiar- form of the trapezoidal interpolation rule,,

= 2 + ~(2-37a)

for ?;- 4,

In subsequent discussions we waill finl it very convenient to. repgace x
by -, "local" variable,, , which vrie s from 0 to: I in the region where the
interpolation formula is va-lid

XIL -Xj - , ( 2 -3 7 4 ) ,

In terms of this variable, Eduation 2-373. can be written as

= .- = Y., + ( -,) (2-375)

for 09: 7 I

ani Xi, . x .% ×L

If this is expresseci in the form of Euuation 2-372, we have

= -(-, T RI (,-3-)

ii 'i
-1 I J

TS



Ol l,

where
[ sj~t = L_  -i t, I , - a I (2-,37a),

~for., iL
For applicat±ons to. be constIdeed. in, this report, the trapezoidal f.ormu-Ia

is not. aideqate., A- formula, with. more desirabe properties has beer. deveioped
by XT. k.. Griffim, ',..TMe formula,~ whi.cI.L he celis "diparabollic, has. a
simpliciity,, f1exibility and- stability, that. is, not acheve i by, many of' the
common interpolation methods.,

The diparebolia formula is defined. by avemaging the "weighte" &'parabolic
curves through each. set. of' three ajacent paints. More spea ficaIly, if' ii. 4
is: the parabola, througlL the points deffined by the ordinates., pj -2, p-L-1, audi.
Pi; and. ft+1 (,:) is the parabola through the -point&. deine& by p.-l Fjx and-
Pi+L]; then the diparabo'iic formula approximates the functionx p(4 by

f or x (

where., as -before,

ISee Griffr, J., A-.,. A. Diparabolic thd of' Four-Point Interpolationa, Journal
of the Aeronautical Sciences:, Vol. 6, No:. 2, Reader's Forum, Fetbruary, 1961.
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fI

I I.

FIGURE 10! DIP; RASOLIC INTERPOLATION

It. isl frir2.y straighfowad to show that.

Also. to simplify the discussion given here, we assume that the interval
(0, L) is divide& in-to N equal intervals so that

- -,._ (2-382)
for all i

Ve then have

S= -' (2-383)

= z
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Zff we mu]Ztipj yE a ,ion 2- by, (I. 3 the nm we ma ea-r anga the te =nn in

the form

'T

and, in a Similar 'er

L -

S V V 
(2-38
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Substz-tution of these resulta in. lquation. 2-3a7g. gives: the desired. form of the
dirparabolic formuLa.

Valid- for X-( X-?t

The ahave formula may be wzi-ttan more conci~sely as-

whre {~'I(a-a)
When uneonaL intervals are useAd, the iterpolation coefficientu,[J are not
the sar for evrery intArvalj- howevem-1 the set of b- x 4- mtrices:,

LL It I 2.N (2-39j-)

can ba calculated when the caoodnates, x., are speci-ied.

It. cani be shown that the diarabalic formuLa defines a continuausr curve
witIr a. continuous derivative on. the intervaL from. x: = a ta x: =L., This im-
portenat property of "smoothness" follows! ftom the tecat that. ZEuationm a-389
satisfies

X41.=L 1,



SpeciaL consideration, must, be given ta the end points. if it is, undesirable
to- ha-.ve the. collacatian poin.ts: x = xij, fal outside of +Uhe interval . (0,).
These points, may be, eliminated, by artibra-nily imposing the condItions

i- moso a~~plications thia constraint introduces very little error'.. Using the
re-lationa-

=L -i- z HTv a3

LY~ ~{uozaKX [~;=2-39 5)

~N+1

we can demive the following results which are appropriate for the firs7t and.
Nth intemvals

for-

-i 1 a a 'fT

.~- -~-(a-397')

- -, .
L Je~

for- XN- 1 L

1 No. attempt is being made here to satisfy the "natural!' boundary conditions for
any particular problem. It is a consaquence of the use of the Principles of
Analytical Mechanicas that the natural- boundary conditions da not have to be
considered, hut are automatically satisfied.
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a.3.3 Application of the Interpolation Te.chnique to Som. Typical Structures
Problemsi

The.. concept. of relating a continuous. function to discrete value&, as:
described. above., can be generalized, and. applie&. to structures of widely vary-
ing geometrie a. Th. illustrate the. technique we will. consider briefly three
-problems::

(L) the vibration, of a. uniform beam,
(2.) the vibration of a uniform simply-supporte.. plate, and.
(3) the. vibration of a. uniform, thin. ring.

The; numeical- solution to these problems: is compared- with the exact solutions
for- the continuous- case which is governed by a partial differential equation..

23.3.1 The Vibration, of a Uniform Ream

The specific internal (strain) energy for a: particle of a beam is-

Ux,.t- ..LE ' (2-398)

If pz.(x,t) is. the lateral displacement of the neutral axis of the beam, the
strain is given. by

(2--399)

-I

FIGURE 11 UNIFORM BEAM
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The total strain energy (Equation 2-56) is

= 5J ,,(2400

The tozal kinetic -nergy (Equation L-42) is

(P2-401)

In these expressions, EI(x) is the beam "bhnding rigidit" and m(x) is the mass
per unit of length.

We want the elastic displacemnt of the continuous bean to be approximate.
by displacements at a finite number of discrete points. The procedure makes
usi of the diparabolic interpolation formula developed in Paragraph 2.3.2. For
convenience, we will consider the points to be spaced at T equal intervals.
The length of these intervals is

(2-4o2)
" = :- = x " - "x.

U



If we denote the displacements at the points, x = xi, by pi, then

(Xj.L0 (a2403)

and. from. Eaations. 2-389, 2-.396, and- 2-397 we have

= {i ~ (a-4ok4)

for Xi, X x 'Xi

where

i ( I0 0 for i 1 (2-405)

ro I 0 01

0 D O for i 2, 3..N-1I
- o !

0

for i N

We can use Equation 2-404 to express the kinetic energy and- strain energy in
terms of the discrete displacements, Pi. Iet us first write Equations 2-401
and 2-400 as

S(2-4o6)
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-41

an& then make the following change of' variable-of-integration

for which

= (2-409,)

and-

On substituting; these into Equatiomn2-4o6 and, 2-407, we finL

T 
I!

From Eoquation 2-404 we have

0 b~ z F ],,IL for (2a-48
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By transposing Equations 2-13, and, 2-4-4 and muitip j jy ng them by themselves,
we obtaini

a 1: 20 z ( 1-, 6}

Substitution of Equations a-415 and 2-416 irto Equations 2-L).m ans 2-41 gives

,z d.F. [P ]-

ancL

r r ( -r: a
v= ,C {::,} L J .o Z'I o 1

r-) 4 Z.Td~

If we define

[A (289
p 41
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and

0 0 12

then. a Jlaborious nnaerical calcu-tati-com g;Lves

[Alt= r, l F i,. fer I= I241

~ for

-Fz Z3z -ISE

Sfor iT

L

- ~~for i 11

-I



Fo - nom frm -beam [Ali and jKjj must be calcuazed using a nmerfcal
imte~pazinra (this is daisctussea in f~amp 2.-3.3.L)- in eL-whe-' case, Equezions
2-Y-17 ana 2-45 can be written as

(2-425)

then, we can ~.totxzransform-ticr ztrices thiat a--- deffinedi by the relpatiozzs

-t (2-4261



It is f iriwy evident that this transformation has the fallowing form

' O 0 - 0 J . - 1
]0 i 3o C 0

*-i-jk = : , - (2-429)

th

where

For N 10, we ob:ain the ffalo aing result by using Ejuatftns2-42L and 2-422.,

ML,[~4 =_89__ i o 136 -P-81, Ia
((aQ 1.036 5990 752 -240 T1q

-P-84- 752 5488 752 -24-0 12
P2 -24,0 752 51472 752 -2-4G 'a:

12 -2-40 752 5472 752 -240G 12
12 -240 752 5472 752 -2410 7 12

12 -240L 752 5472( 752a -240 1
12 -240 752 .54-72 752 -240 TP2

M2 -2-40y 752 5488. 752 -P-4
1 -240 752 5990. 1036

LP -28L 1036 1896;
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[K-0]-.-6 -21000

31 -21
n 6 -42 3 -4 -6 16 -2

- 6 -4 64--46 16 -

216 - 6 64 - .46 1 -2-2 1 6 -46 64 -46 16 -2
-2 11-'6 -46-64 -46 6-.2

-2 16 -46 63 -4a21
-2 6 -.2 44 -i6

-2 11 -16 7T

using Yua-s 2-4-8 and 2-42 in Legaps equat-ions, we obtain

which are the eauations considerec. in PElragap 2.2.-3 CEb_1tion1 2-Z4k5). For
the urmestrained beanm, there are zero-frequency sotions ta the eigenvalue
problem:

Thfits is evidenced- by the fact that the stiffness matrix rEquation 2-433) is
singlar. The problem, reauires the special consideration g ven in Paragraph

2.2.,3.4. There are two zera-freuency modes andy they may be chosen as

-amui 
4~V

: . - ,e,

Th irst mode repreers an. eqal tr-lzt~sion of every poin~t, on th- beam,

RG. PT == Px= I., TUh second.md represents a ri&Uc-body rotation
about the miu-point, of' the bean,, x = L,/2.. 1t, is easily verified. that, these
are zera-freuency modes by premultiplying them by the stiffhess matrix

(Fua~tiol 2-433, and- noting that
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For- the purpose of calculating, an influence coefficient matrix,, we assume
the following constraints

L(L,tQ O (2-438}

0

which are just, sufficient, to: prevent rigi& -boy motion. These consztraints,
"cant-llever"' the beam at, x L., Using, Euation 2-40k,, Ebuations 2-I-38, and-

2-439 lead to

- I I (2 -440):

0 0' I

jN. -

or
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which we may solve to find. that

PN-1 = - (2-44k~)

W- may a Jso write, these constraints in the f-ns of the [SI-matrix discussed
in Faragraph 2. .3 • 1 (EYuation 2-225).

f i0 1 I 0 0*-- 0O (5' [-445)

Oz 0

- ! -

If we let the coefficient matrix in the abo-ve eauation be [SI , then

[ S] [517 .][31 [3] (2-44)

is an influence matrix for the beam cantilevered at x = L. The [f]-matrix
defined in Eauation 2-255, in this particular case, is

Solution of the equation,

92 = "{. (2-P)
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by iteration gavi the foallowIng values for the naii-dimenasonal. f reiuegcy
parameter, a MIL1

TABLE T FREQVOEH.C|1ES OF UNIFORM BE AM, COX.LCA.ION METHOD:
i =1 i:2 i=3

ff- 51T1,(aG 4246-77 317,.819 .1

The exact solttioa of' th e partial differential- equatio

for the case of free-free boundary coniditions, gives -

iTABLE Z FRIEQUEN:CES, OF UINFORM REAM, EXACT SOLUTION

i= i =2

Er 500 .-42 3303 .19 )J4,b16 .8

Also, for aomparison, the first two vibratlion modes are given in Table 3

TABLE 3. MODES. OF WJNIFORM BEAM,

FIRST M0DE SECOM MODE
Exact Solution Exact Solution

1. L00 l.,OO0. = O "..O0QQQ
0 .531. 0.5372 2 0,212 o,02_74-

| .093 Q .0977 -0-393 -0.3973
1-0.271. -0.2720 -0.,639 -a.6620
-0.53- -05203 -o..462 -o.4830.
-0599 -0.,6078 O.O0 O.,00O
- .1L ' -0.5203, c.462 o.48aa
-0-271 -0.2720 O.639 a.66aQ
0.093 G .0977 0.,393 0.3973
0.531 j 0.5372 -0.212 -0722k4
1.000J .0000 .000 -L.0ooo

2 sTese values are taken from Scanlan and Rosenbaum, An Introduation to the
Study of Aircraft Vibration and Flutter, Mcmillan, 1951: p. 146.

The exact modeas were obtained from Tables of Characteristic Functions Repre-.
senting Normal Mbdes of Vibration of a. Beatm, Uaversity of Texas Publicatio
No., 4913, Tuly 1, 19LJ1 by Dana Young and Robert P. Felgar x Jr.
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The compsrison, for this case of 10. intexvets, shois, the dinarabolitc
mthol t. &ime faorable results.. The agreement. can be, expected to be muckh
better, when, more intermals; are used, Th-ese results: should aso, be, aompared
with, the " complementary strain energy." method discussed in. Secti-on 5., L.I.2.
(k, nunerIcal comoarison, is; considered. in, Sectilon 5.2.1 of' this report,.)

I'm conclusonv we note that. the imterpolaton: schema- can be viewecL as a.
Raleifr-Eitz method- Ebuation 2-a3, inL the case of' a beam, is.

~~ (ii w V (.2-4-50)

Cinmparison of.. this withl Eduation 2-4,04. will. shmr, that. the "assumedc moaes,"
ha~ve the, formn indIcatel in Eigure Ia.~.,

X= ~ ~ I_________+

FIGURE YZ THE "ASSUMED, MODES' CORRESPONDINGTO'
THE DI PARASOUC INTERPOLATION- METHOD:

The f imction in Figpre 12 is deffined by

m ~when ~< 24.)

L - .. ± i~ z ICIs -n
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For comparison, Figure 13 shows, the "assumed- modes" corresponding to. the
tra-ezoidal, interpolation assumption..

FIGURE 13. THE "ASSUMED MODES' CORRESPONDING TO
THE TR:A.P EZOIDAL, INTERPOLATION METHOD

.,3-3 .2 The Vibration of a Uniform, Simply-Supported. Plate

The specific internal energy for- a. particle of a. plate is

ET L I~ t; _ .L (.a-452)
t)=:, - ;Y e I - 1' i

rf pz(Xy, t) is the lateral displacement of the. neutral surface of the plate,
the components of strain are given by

=_ -(2-3)

(2-455)
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4x

FIGURE 14 UNIFORM PLATE

The total strain ene.r-g is

= ~ )XZ
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.where

~ _ ____(2-457)

is the plate "bending rigidity." For a plate of uni orm. thioloiess, -r,, we
have

El= Le(2-4-58)

The total kinetic energy of the plate is

= (2459

- .r

SL f& :X , h_ L~j,

where m(xy) is the mass per unit of area whichl for a uniform Plate, is

-MtX = P (2-46c)

In analogf to the procedures in Paragraph 2.3.3.1, Te will divide the _TLate into
a number of equal regions as shown in Figure 15-

iL

FIGURE 15 COLLOCATION POINTS ON THE PLATE
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If we let H be the number of eausi intervals in the y -crectiom and. H be the
nt~mer of intervals En the x-dixection, the length of these intervals wilI be

L
(2-461)

m (2-462)

Ve then introduce the following "local" coordinates

~= (2-46k)

- t -

where (X, y) ar e the coorites of the upver left corner (in Figure !6) of
the i regilo.

For the ith region it is possible to construct an interpoation formula
which is a two-dimensional ganera tizmo of Equati,_on 2-4L04.

(2-465)

(x,yj In the i: r-eg;on

where

(2-466)
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The displacement at any point in the region is given in terms of the discrete
displacements at 16 neighboring points as shown in Figure 16. The resulting
matrix of interpolation ccef~ficients is 16 by 16.

14 .15L 1

FIGURE 16 NUMBERIHG OF POINTS i THE ith REGION

The interpolation coefficients for edge regions are derived. by el imina ting the
virtual points with the arbitrary conditions,

and

evaluated at the two discrete points in the region which fall on the edgel.
This leads to

*~Oz03~2&O00O000O~[~ T~-*= o j(2-469

a oo,00000 3ooo CF Za s.tr

for edges on the top (x = -b, in this case). in this relation, IV is the two-
dimensional equal interval interpolation matrix for iaterior regions which is
tabulated in Aippendix TV. Equation 2-469 can be used to eliinate points 1,
2, 3 and 4-,, and arrive at an interpoLation matrix which is 16 by 12. A similar
procedure can be used. to obtain interpolation coefficients for the bottom,
left-hand, and right-hand edges. The edge interpolation coefficients are also
tabulated in Appendix BE.

klhe comments made previously about Equation 2-393 apply here also. The motive
for choosing Eatations 2-4 6 7 and 2-468 stems from the Kirchoff conditions for
a. pte (See Setton :'-on nue 83 of Tilnoshenko and a oinowsky-Krieger,
Theory of Plates and Shells, rcGrav-Hil, 1959J.



r Eqiiatjoa 2-4i.c 5 we have

(2-70o)

and from This,

Iet us write Ejuation 2-5~as

- (2-472)

and~ make tibe foilowing chanrge of~ variable -of -inte gra1tion

- (2-473)

for whiz-h

Cubstit'-ring ;S ::r e



where

r r
r

The mazrix,

is zabu-1ated in A endix T of this report. We can also write the strain
enerJ in a simillar meanner. From Equation 2-4,56, we write

From FEua-ion 2-L5, e have

- (2-4.62)

Sthen iefine

- ' *~'~;:; -~ (2-4t4)
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where

yf r (2-487)

(These matrIces are als--o tabuflated :Un Asmpendix IV.)

Eauatlon 2-480. can then be wrftten as

As in Paragra~a 2.3-3 .1, To- introduze txanzfo-manio= matri-ces define,± by

W -jKL (2-4-;Q

Faor the c-ase of N = 4 anti 14M 4 there are 25 points (see Figure T5)- For
the case of simple supports on all edias. it can be shawn that the inrterpoatio-mr
fomta (Ecuation -45 dictates that pi = 0 for allT paints on tim eiges. Eff
the remaning rzoints are num~ered as shzrn in Figure 17, then,



anl the transformation matrices in. EBiuation. 2-490 have zeros in.. the appropriate
rows corresponding to. the bom-uAar po.intsao.

L 3

5,o , 6,j

7/ 8 9r
FIGURE 17 COLLOCkTIOR POINTS FOR SIMPLY-SUPPORTED PLkTE

Equatons 2- 17,T and- 2-489 then become

u -i= } [{Th 1- (2-493)

vhere

F =Z Lr1[A' .i (2-4934)

and

K 7 [ F. J KI[E - (2-495)
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For this problem the inertia and. stiffness matrices are 9 by 9. The influence
coefficients are given by

[E ] = [K (2-496)

These matrices are" listed in Tables 6 and 7 for a steel plate ( v 0.3) with
L/b: = 3. The following tables compare the frequencies calculated from the
equatioz,,

= (2-97)

with the "exact" solutions1 .

TABLE 4 FREQUENCIES OF SIMPLY - SUPPORTED PLATE, L/b= 3,
v =0.3, D[PARABOLIC COLLOCATION

Ww I,=! i= 2 i =3 i = 5

1T ,098 L,378 11,,2T 16,316 19,600

TABLE 5, FREQUENCIES OF SIMPLY -SUPPORTED PLATE, L b = 3,
EXACT SOLUTION'

I l =2 i =3 i=4 i=5

1,0 29 3,1605 9, 74-0 12,328 15,585

tEe exact solutions are obtained. from Timoshenko and Woinowsky-Krieger;
Theory of Flates and Shells. Mcrav-Hil,, 1959, Section 28, by using equaticn
(g) on page 335-
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TABLE 6 INFLUENCE MATRIX FOR A SIMPLY - SUPPORTED PLATE

1-1 . 0 .I.T -9cll 0-364
.  

1-.355 1.,100 Q .4T 0-4 0T . Q70d. 0-337

0-64 0.9, -4 o-ker 1-109 1-3.I2 Q-nfT 117a a-4

1. 35 I.7O O4Fl7 I5 2 .T fl L .5 T LJ.I3 1-35 ZZ2 Q6
,..TMg L8 a p !-..5a 2E..8a I,,a Lacs "4 1..I.;

TABLE 7 INERTIA ATR[K OR A SIMPLY -SUPPORTED PLATE

Q.25, ;..' L -2.. 0 1 1 GJiL2 -0.10 Q.17 - C.)L1 .1

2.3.313 The Vibration of a Unifoa Thin0

In the general development and also in the specific problems we have con-
sidered, it has been convenient to use rectangular' coordinates,. (x~yr,z),: as
the a angian article vaiables. For a thin ring, hoiever the geontry

is better suited to a set of cylindrical coordinates for use as Iasangian
variables. For this purpose, we introduce (r, 6, x) such that
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The specific internal. energy for a. particle of' a. thin. ring, is then

= (2-499),

radius;, b

1 /

L

FIGURE Ta UNIFORM, THIN RIKG,

p position vector for the r-6-x particle is

n ) + t) (2-500)
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where

P+ Pefe 6,(a- io1}

Tbe strain is related- to. the tangential, and radIal components; of' displacement,
by

The total strain ener& is;

u tv (2-5031

z, L

bending eneerg tensile energ

LOT



The total kiiaetl.c enerr is

T - d, (2--5o4)

t 3t)

let, the circumfrential length be, diwide into, N equal segments each of' arc
length,

Z - (2-505)

ith segment
/

4" w-

FIGURE 19, COLLOCkTIOR POINTS
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Me location of the jjth collocat-ion _oint is givem by

Wte then write Eouatilon 2-51 as

and~ intLroduce a local variable, , such that

L

Ten, an Eution 2-50t, we ma2r the chae of Variable

- - " = - & Wu±7T42-50,9]

where

L4 (2-51L)

If we define

1- t

= ~ (2-513)

3JJ9



thte we may approxiarte the functions p (. t) and. pe( O.t) by use of the

dipa-rabalic formu~la-

= c L4 ei

for eL- s e

where (see Eaation 2-388)

for every interval, and

A Jv

I .

Shbstitution int Eauation 2-510 gives

N.

4i



wheme 1'OL F' I I I W ~ T1-

-jw RSZZ Z--2C a l.i,

-1 Izza - ?o -iaa I
IZ -z0 -1 lIb.,

Fcor the strain- enric-g', we have

21 (2-527)

ajn& frn Biua'3 m i -~5

Ucir E'a&tic-s 27 a&r L-515, -we hav

LL 
Z-523



an.

Q ; & I n -T O zF C) I YL ( 2 - 5 2 4r )

Substituting thasa into t'h-e atrain emexgy, we obtain

N 
(2-525)

wher

4 ' -I ' _ -_ - v C , P , . l- (2-527)

If the definite integral in these expressions is evaluated and. the matrix prod.-

ucts are evaluated, the fo-lowing numerical results are obtained.

¢-, 2a- A +, -,e -(2-529)

42



Kqre] E- L - -~ 3 - 1 - ____ F 1 (2-530)
13 -I 7-H 1, 2+0 -1

- I - '4, -I I

( I I(A)f- 4 -7 2 1 (2-531)

120 -T2h"1 Z
-3) 

7

Finally, we introduce the definitions

Wd I[T].j42 (2-532)

in which we identify (see Figure 20),

= (2-533)

= o( 2 - 534)

1.13



&

/1fra ttL itersl
J firsil.-a

FIGURE 20 RELATION BETWEEN THE FIRST AND LAST INTERVAL

If we define,

-, ip (2-535)

then

= (2-536)

r'14



and.

U = ~I'LKfI3 ~(2-5371

where

and

[T Kre-'k~VT-I L

it can. be verified that there are three zero-freuency modes for, the un-
restrained ring which. represent displacements of the ring as a rigid body.
These modes can be taken as:

f{ }, = L {T (2-50), =

The first represents a unit rotation while the last two represent unit trans-
lations in the y and z directions.

The solution to the eigenvalue problem,
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f,11ow~s that outlined in, Paragraph. 2.2. 3.4. For N' =. 8, (*j .73591) h

f'o11il-ow~ifg; results. are, obtainea

[ArtI=[A~I ~54M 8 5a -P40 12 a le - .asa, 5.1 1

6TO 5 5472 653. -24 32 0 12 -240

-P40 1.5 5472 85 - 3 la 0l 12

1? -91M 85A 4672 852 -a4O 32 0

a 1- -240 6.52 5117P 659 -P40 12

i2 a ij:. -a.0 85 567 652 - 3

-V,40 M2 3 12 -z 85a 51,72 85

8 -10 12 Q la - 3 i 85a 5472

El -61. lb - 0 - 16

41ZII "-6 64, -6 - 3 -a a - a1

1- 46 6 . 4 lb63 -a .l -a

.0 it 3.4 . -4k. 16 --

S -a -a -64 6 6.. 61
461-~ -a -a - lb(a5i-

-3 2 66a - ~ 2 - L -Z40 65

t ) 652 1,72 52 - 43 Z 12 -Z40

- a 64 5.7 6 5 12 3 Q

0 .. -1-0 ds2 s.4 1 L162 - 3 12

la - 12 2 J40 - 3 61 -1.

-d 13 0 -13 6 - 3.a

1 1 1 1 3 - . 1 3 b 4L '

a 1 - 33 Q -31- 64 (2-54i4)6 -1 
-a I. -0 31 -13 

.3-x-~5 6 - 0 . - 3. 3

+ (2ZIAP~ Z4C I 6L r0 S1 320 I lb 0 -1 .44

2 -304 a 320 -1 . 3

-3. its30 1 2 -6 , 1.

-2 - 1-3 5 32 -2 3.s 0 b Z

3. . I 3. -0 40 304 -

2W6 -14 1 -3 6 4, -145

4.5 -1 6 3. -1.5 k4 -3a5

1 - 1,45 2W0 -3.65 4 1. 0 (2-545)

0 3. 4 -3165 2&0 140~.5 6 3

1. C L. -. s.. zw -11.5 4

4 ~ 1 Q 1 4' -1 6)

.3.0 6 3. 11 3 . 3.' 6



2.3.3.1 The Analysis of Structures with Nonuniform Praerties

When the inertia and stiffness properties of the structure are nonuniform,
then integrals like those in Eations 2-L19, 2-420 2-,47'. 2-519, 2-526, 2-52t-,
and 2-528 must, be evaluated by some nurical process. 'his may easily be done
with the aid of a digftal computer by using, for example, a Sim_-son's rule inte-
gration. Another alternative is to, use an approximate method based on the mean
value theorem. TGo illustrate, consider Ecuation 2-149!9 in the case where m(M)
is not constant.

1' d(2-546)

By the mean value theorem for integrals, there are values of m(x) in theinterval x 1 1, x < x. such that.

1

xiI < x % x O, xh bsuc harex:. . t. .

Cx-CE= Ot(2-5r-1)

a z (2-548)

Swt(Aff'c~= =(2-54.9)

j S6 Lt 7' r (2-550)

Dom Equation 2-5LI7we note that mi is, the. average value of m(x), on the interval,
- x- On the basis that m(x) is a 'slvwly varying function, we msy

make the approximation

I" (4-1 s (2-551-)

We then have

tSr Wit 7 (2-552)
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whIch rediuzes t--_~&io 2-42-1 wi-th m ren2Lce bd nw .- hEis a pr -naion is
not. good whe-n Utere are "concemtratea ' mass izems, but these can be considered
sepateLy, on the basis that they act -like Dirac delta-functions. Say, for
exapie, -iit

(2-553)

tha-t is, =,(x) -is conrstant with the exce-Eftion of a si-gI~ com entrated mass,
r-,t x = -x;, )L(x is the Dirac "-ftmction" with the poperty

in this case Ecouation 2-546 becowmes

- -~ (2-555)

(2-55t)

usizlg- 1:he praz'ertly desanibei in Eo'xation 2-554, W~e h

(2-557)



as the contribution to [AJ i from the concentrated mass, at x = Xk.

In, a practical case the actual distribution, m(x), can. be broken down
into two pjarts: one is a slowJly varying part which, can be approximated as
in Equation 2-522; the second is a part which can be idealized as a con-
centrated item. Figure 21, is a typical example

actual

FIGURE 21 APPROXIMATIOH TO DISTRIBUTION. OF STRUCTURAL PROPERTIES
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3.1 TE LINEAR AEROKLASTIC EQUATIONS GOVERNING THE SMALL IATERAL
MOTIONS OF A S=OE LAU{NCH VEHCLE

Most aspects of launch vehicle dynamics are adequately described by a
set of linear equations. The linear analyses also form a firm conceptual
basis for the understanding of dynamics problems involving nonlinearities.
Traditionally, nonlinear dynamic analyses have only been considered in missile
performance where the determination of the trajectory has assumed the missile
to be rigid. There has been some question, in the past, whether the linear
equations, in terms of small motions from an inertial-axis, are equivalent to
a set of nonlinear body-axis equations which have been linearized. This
question is of fundamental importance in the discussion of Section 3.2. In
this section, however, we will review the methods of aeroelastic analysis for
small motions from an inertial frame-of-reference 1 .

For the purposes of illustration, we will confine our attentions to the
dynamics of a slender launch vehicle whose aeroelastic properties are suffi-
ciently described as functions of a single coordinate, x, measured from the
nose of the missile and considered positive in the aft direction. We will
also assume that there is a mechanism for control and guidance. This might be
a gimbaled engine, jet vane, and/or aerodynamic control. We will assume,
however, that it is an aerodynamic control device for the purposes of con-
centrating on the method of analysis. Further we will assume that the control
surface is rigid. bh-ay of the assumptions made in this section are not es-
sential but are made only to simplify the preliminary discussion. It is an
advantage of the methods of Analytical Mchanics that many of the derived
relations are independent of the geometry of the particular system being con-
sidered.

3.1.1 The Kinetic and Potential Energy and the Virtual Work of Aerodynamics
and Servo Forces

3.1.1.1 The Calculation of-Basic Data for a Slender Controlled Vehicle

3.1.1.1.1 The Kinetic Energy

If we let the displacement of the axis of the missile (from an inertial
frame) be denoted by !-j(xt), the kinetic energy of the missile is

-- i (3-1)

where

m(x) = mass/unit of length along the vehicle

'1n. order to distinguish the linear analyses from the flexible-body trajectory
analyses described in Section 3.2, the term "time-slice analysis" is coming
into common use. The advantages and disadvantages of both the "time-slice" and
"flexIble-trajectory" analyses ware recently aired in a informal conference
on Winds Aloft and Application to Launch Vehiile Design held at !angley Research
Center_ April 22-23, 1964 (Proceedings not suitable for referencing).
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FIGURE 22 SLENDER CONTROLLED VEHICLE

Using the interpolation methods developed in Section 2.3,we may divide the
missile into a number of intervals or "bays" and approximate the continuous
displacement curve, Pz by displacements at discrete points. The result may
be expressed as (see Paragraph2.3.3.; Equation 2-404).

~ x~t~ ~(3-2)

f~or _

Substituting these expressions into the kinetic energywe obtain

(3-3)

where

-4)
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Figre 23 shows a typie, mas dist-rihutionn for a slender launch vehiple.

FiGURE 2 Z S' EISR afO ORA LN~RLANH EIL

3.L~i.I~2The tai -iag

The strain enery in bending is

(U-5)

where E(,x' is the bending rigidity of the missie . The int rpoation pro-
cedume may also be used to. express this in terms of a finite umber of degrees-
of-freedom.

The otal atra in ener is then

(3-7)

where [EK is, the u1restrained.,"free-free" ;stiffness matrix,

-'Te effect of axial loads is discussed, in Faragrapt 3-L.-.5. The effect of
shear enerig and. rotary inertia, is considered in ParagrapE 5w2,2L.4 Alsox. it.
must be noted, that the "complementary eneray" tachniqpes give much more ac-
cnaite results than the diparaholic interpolation (see Paragraph 5-2.). The
mthod is only used here for, its conceptual simplicity.



Figure 2Lb shows a typical bending rigidity distribution for, a slender- launch
vehicle

/

FIGUtREZ4 RENDING RIGIDITY DW.S.TRIE[UTION FOR A SL.ENDER LAUNCH VEHICLE

3 Aerodynamic Forces,

For, the purposes of illustration we shall assume that the aerodynamic forces
can be described by the following expression.

L, t

where L(x,t) is the lift (positive "up") per unit of length along the missile;
1/2 y;, 2 is the free stream dynamic pressure; and

is the running lift coefficient for the rigid. missile at unit. angle-of-attack.
The aasumption in Equation 3-9 that the local lift is only dependent on the
local angle-of-attack is actually not valid except at, Mach numbers nominally
greater than 2.5 There i.3, however) some empirical evidence that the adverse
effect of this assumption on missile loads and stability is not. great and
Equation 3-9 may even be used at subsonic Mjach numbers. It is more important
that. the lift distribution reflect the proper total lif t and aerodynamic cen-er
for the rigid. missile.,



The use of Equation 3-9 in dynamic. analyses is based on the "quasL-steady"
a-sumption that EquVation 3-9 is valid in the case of unsteady flow if a is
interpreted as the ratio of induced downwash to the forward velocity.

- VCD (3-10)

The boundary condition of tangent flow gives, the following relation for the
fluid. velocity, or downwasW, normal, to the free stream:-

- -4 (3-11)

The quasi-steady lift is then given by

A more direct interpretation is that the angle-of-attack is composed. of twvo
parts: one, due to the slope, Az , of the missile; and., two., due to the shift
in the direction of the relative wind caused by the velocity of the missile
normal to the free stream,

(UO~ti=o of .rt,. o .tv.t
U4o. body

FIGURE 25 LOCAL ANGL.E-OF-ATTACK

The vir-cual work of the aerodynamic forces on the missile is then

- -
7-,K~ -s _ (3-13)
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Equation 3-13 can be expressed. in terms of the discrete displacemenus on the
body in much the sa way as was: done for the kinetic and potential energies.
From the interpolation formula,

we have

Also., we, may interpolate on the angle-of-attack

where{lJ is the matrix of angle-of-attack's at the collocation points. Sub-
stitution into Equation 3-13 results in

S7- [T '*.( Lr- -i 3

lt is convenient to introduce the matrix of aerodynamic influence coefficients,

-] ZI

We can then write Equation 3-17 as
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Fig are a6 shws a typical air load- distrihution..

FIGURE 26 RUNNING AIR LOAD. DISTRIBUTION FOR A, SLENDER LAUNCH VEHICLE

Using the interpolation formula, we can calculate a, "differentiation!" matrix,
[A , ~with the property

(3-2ao.

and the relation

can be used to derive

(3-22)
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3 T T , L Cbntrol. Eorcea

Ve mu st. also inclcue the vtual work done by the moment, r , exerted on
the contrcl surface by the serva or other means of power cotorL.

where 7 is the control rotaton reletitve to the body.. The control rotation is
not an independent geraiz-i aoordinate, but is related. to the p, by:

(on. body (on control surf ace~

or

We then have the virtuaL work of the servo moment givxen by

To summarize this sa ztionm W-a-i

- - -" " - (3-!7

.1.



If we saubstitute icatioan -- 3.0, inito Yquati&om 3-29, ani define

(.3-32)

we o tain.

. :3-3 4

3111.1 RgI& Bo&, Checkn am the. Bz-i fats,

A numerical chet.k can be made on. the prnaper calculwaion of the matrices
in 9qua-i-ons 3-33,3 3 L 2, 3-352, and,. 3-3. This chxeck is baseal on. comrparing the
expressions wivth the carrespondiz ones for a rigii missile (the ceck can also
ue performei foz the data associatal with the control, ut the discussion be-
iocw will aufflice to ilustrate the procediue).. For the rigid missile ith
iockei control we havie

(3-3T)

°~~ -3 t3-3
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FIGURE 27 GENERALIZED COORDINATES FOR THE RIGID MISSILE

WVe may ailso note that for the rigi& missile, wzi h locke can-rol,

(3i

..

FIGURE 2a COLLOCATIOR FOINT DISFLACEMENTS FOR THE RIGID MISS!LE
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By cor-wexing Eauatjioni 3-3-1 with Fqua t on 3-1-2, we T-rust conclude that

(3 -4-L5 )

(3-46)

also

- - - -(3-47)

givres

?riTuauons 3-45, 3-4t. aml 3-24,E a--e independent c-ecks on the proper calcu-1a-

EP; zoca Fring 2Ea'aation_ 3-43 Vfith &E-uation 3-36, -,e con-ilude that

- (3-4a)

;i e al sa ha-.-e zhe foll.io-.r relations
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which is tnxue because of prapert-ves of the lifereitiaLo marrix Le

(.3-53)

-Eation -4 thea becomes

(-55)

By' cc =a--son. wi-li £'c7jamioms 3-.3,4 and 3 -46 e must camclue that

are secersi indeierient cr -: h- zalzua zi the sera-

Uer:Lr- azez T ini thsercd---mz for-es z- ine ex.-presz-ei zc-

zleteQ;- b.;--



-Z- (3-60)

L- = ,} 7,R (3-61')

x = -(3-62)

(3-63)

as ceceks om t ero ---'''- -ci _'1ueze ceffieiits with t i'o!'ior-n cheeks

(3-66)

(3-67)

A--f of the proterties in Eia __tios 3-45 -zbroug 3-48 and 3-56 UtIMroigh 3-59
=-: be calla-e fcr- t Or i exa-ressions for the continuous missile.
For ehe t total nass is

. .. .. (3-66)

tetotal momnent, of inertia is

-. (3-60)

z,,



and the total rigid body moent coef f icient is

(3 10)

In a similr manner the damping derivatives are

(3-714

(3-72)

lasz2ly,

(3-73)

my be checkei -c,, cc-_ rison wit n i'uation -

3.1.2 The E4..ations f'or Determ_ning: LcaZ1s and Trarnzienti Motion

3.1.2.1 Uie EoLazions for Calzulating Tranzient inzenani Loaas

,.±r-e equations relaLing internal stresses to the genBralize-i coordinates,
velozirt.es, ar.- acz-elerasiorns are dariv-ei by applying Iagr,,pange ts equations to
th-e e.xoressicns for the kinetiz and potential ener~;. Using Equations 3-33,
3-3-~ ani 3-3.4 in -2e' ze-_atcons (Zjua-,ion 2-t-+), we obtain

'.ie ayarrar_ -e thiz eq sic-a as

(3-75)



Ths are the "loads" eeTiatTioor-s for, the mfssile; the left-hand side- is the
"efeive" loadi.s whichi axe directly relasted to the iterneaL stresses of thie
structxrtri. j-f VCe intZo&I-,e the definition

Then we Can dierlive a matriLc whrichj relafites the shears end-, bendfng moments alorrg
the missile to the '"e eat-ive" loads, 1, Th.,0e shears Faai-beding, moments
dusm to the. rlpgt of the nod AIocation poiints are

---- e ala lrgap

- - _______ a1. *n

F~~SE 9~~IERA LAD A TE 0LOKT137?INT



Or sim1-ply- as

- - -. .. (3-.79)

F' the, tim histories of' the asemalizedi cuordintes are known, then eithfr
side of Ermatien,. 3-75 may be used, in EYpuation, 3-7,9; to compute the imternal
loads. When the mod l appr imation is made, however, the igLkt-hhanE side
gives better resits. This is thea so-called. 'mdal-accelesratton" Methodi-;
Sthsstiturting Eba-tion 3-75 into Eouation 3-79, we obtain

- -- :(3-80)

In addition to the ie tia, loads and. aerodynamic loads, ther are generally
emternal, loads f orcing the system and these f orces must be included. as addi-
tional terms in Zquation 3-8Q. Additional fbres are considered. in Paragraph
3 ..1.2,.,

Zt is conceivable that Equation 3-7L, could, be integrated to obtain the
time histories of the qo-ntities which appear in Euiation 3-80- This is not
usually done, however, because it is expedient tia reduce the number of degrees-
of-freedm of' the problem by transforming to "moda-' generalized coordinates.
Thi is the subject of the next seztion.

3.1._.2 The Modal Equations of Motion

The vibration modea of the missile are obtained. from luation 3-74 with
no e tarnal f rces and the ,ontrol surface lockd in the position,, Y = 0C

-_ ' - -- - ( .:?C3-dl)

The solution of these eauations is important for deriving a transformation
which zimplifies the solution of the differential equations go erning the
motion of the Sjstem (see Faragraph 2-23..-). If we assume a, separated
soLution to these equatIon3s,

e. ffo example,. Bispglisghoff, Ashley. and. Haimnan Aerelaatic ity p.p. b642.



we obtain

in the case of an un-sestraineci missile we have two zero-frequency mode-s (see
PaTEOMaPlh 2-.2.3-4'r

Which- reyresesii a. rigl.-hody diaplaemert and. rotation ahout. the center of
mesa. Trran Equation 3- 83, we have

(3-8-5)

-~ (3-86)

Dhe non-eru freoquan.iy modles are caloulated fromt

<7;l~~ril - =K(-87)

az d-cusae-i in FaraL-rsaf 2 .23 .4,. In the preselt. ae, we have

* --- (3-88)

(aso, tlm influtrc. z~tiiitsare diarived. d-t , ontrul. loc1saCL, 7 0) .
The- m-lTuions. to ~or. -3are use. to form ths fullowing transformation

(3-89)

'-39



Wheref(Oylare the values of the generalized coordinates for a unit rotation of
the rigid control relative to. the rigid body.

An interpretation of the significance of the zero-frequencv modal coor-
dinates, and.. 8 , is given by premultiplying Equation 3-89 hy -end

-- and making use of the orthogonality conditions for tne model columns
(see Equation a-210, Paragraph. ..3-4).

(3-90)

-~Xj Ap -V> (3-91.)

Making use of Equations. 3-45, 3-46, and 3-47 we have

7 - (3-92)

= - - -- . (3-93)

Tn the first of these equations t can be interpreted as the lateral displace-
ment. of the instantaneous center of mass of the missile.. The analogous
relation for the "continuous" description of the missile is

- (3-94)

A corresponding interpretation of 0 is not so direct, nevertheless we have the
relation,

(3-95)

in analogy to Equation 3-93. We can write Equation 3-89 as

iho



where

and.

The =aL transformation matfii,(7, is not &nera1lr sqpare because the high:-
frequency mades: are cmited an the basi~s that they hEave .Lttle e~fect an the
dynamicas of the system.. GeneralIy the number of degrfes-af-freedcm in E7 ation-
3-9t can, be. reduiced. in, this: way wiLthout, compomisinKg the descriptiLon off the
dylnamics of the misasile.. This constraitrt is: nat seatim 2-n mast: response
problems; horuever, due ta this approciinmtion, Elaqation 3-75 can never be satis-
fied exactly. This results in. the dffference: in accuracy betweenL the "madal-
rlispacxrent' and. "mda IIa-CJ methad. oif loads: analys-isa.

Ta transform i-a modal. cord~nateT we sust3-tute Euati.on 3-9b~ into Ebguations
3-33, .3 -3 1., and- 3-H5 whics-h gives:

(3-99 )

(-103)



(3:14-

- (3.-105)

Tha. ainal- fainn of E~uaztion-s: 3-~991, a-1-00, and- 3---101- Is: q-u4teE gmesmaL beIng1
indanei of many- of- the- s~mgifytin- asanmgtions tha-1 wae- made- im thea dex--
iIi7t:on.. It is oftenr iportant- to:- =xurt fbr fieDe~dh+'-ty oft the- contral-
sur±frce:, par-tienulanjy- when imvrstiLtng1 probClemsa off ' contra-L. fL-tvemesm2 '
It can be: shown that Mqatmon a35 is: the sazy-, in this: cae;, a-Ithaugh~ the
cueffiaents am--e ciff zent - Alau, steady-ate- ae-=odynaiom tytesmfe-encfe b-
tween control1 surf ace and. bod~y can be- acr-ounted. for= "e-xact:y" in the- cae- Of-

a.- f1Iexih-a cnntroL surface by i=rJudi-ng7 aL faIl- matri*x oE ae-modynamia influence

ThE- equattons: of moti-on are- olitained- by us-iaK reaati-ons 3-99, ?-10'0, and
3-101M in Dagrangp' sa iamtIon-s (E-qation 16- Patrarph- .L i ragamding

.4:, 0- ,r and the qL a: an independenazt genemaflizedi coordt~ia.. hei rsult-
is

The aoluition to: the ahove diffeTaential. eatibons: can be: used- in. gquation 3-aO.
t~o abtain the tralen shears and- banding momeaitsa'.- PC 4:, e*, , and. the

r~ a have been ob-tained as functions of time, then the collonatIon point
_aor inatas are abtained fromu

;IbtititIng thisa in-ro Equation 3-60, we obtain the final. form. of the tran-
aien G loads equations

2-ansient loads problems such as re,,ponse ta gusas and. impulsi7e- cont=oL
mations can be handled- affactvely by a. compter progoam which solves a general
-et of etjat-Ions similar- to Rquations 3 o.The second- part of- Appendix VII
~iescriaa such a sat ccE equations and- a aethod- f o= their aolutiLon



I. L.-3 The "Quasi-aigd! Approximation, and. Aexoelastic Corrections
to the- Rigib.Thocr fftauilitY rz-l-Vtvas

It- is, sorm-tims- undestra-b-e- to: have-- to: Solvre the duffexremtdal aquations,
3-104) in order to: ob-tatry tras&n- load-a. This, is, PartIculaTrly true- in view
of thea f-a-t that. an approxnate solution'r ofL Equatidona- 3-106 can be. used- to
onta-dnm prelininar loads: for strutctural- design purposes.

For the, pur-pose- of- obta-ining& an approximnate solution to EquatLons.3-~,
we-, partiti-on the auations, into- a rsiid. body part and- an. elastc- part..

To: samplify the- d iscuslon we. win.,, in thi-s sotion, radatin- [ OJ, and-
{q-- that they~, are- the- elastic- mode-sL and- ccordnate-s- only. We- then have,

for E1duAtion 3-69- By expanding the- proiducts- in, Equa-itions. 3--l2,2, 3-403, 3:--14
and- 3--05, it can be: shown- that

(3-110)

I'(A ]II -1'[AljR-x}j -tV'I f1 x]}EAti

j -A I

-KII -XI3



{ C4LK1{ I I f i-Xj}LRj-XI I-XYLRI11 J {-X1-LR{Y?I

[Y J'CLRH 1 "i cY ]'[ LRI !X I Cy ftLRJfCp { 3-rLI{J 3.j

[C. 1  - IIIx]{} 4~LL)-~>1 {3'[~1[] .i}'u 11q~4(3-113)

using Equati-ons 3-i45 thlrough. 3-48 and. the orthogonality relations (Erquation

-b92-170 -a -210 of Paragraph. 2.2.3), we can write these more simply as

FM 0 iC S(-2ii-

r oj

whe-re

1*J-4 +



(We have assumd that the control mode is orthogonal to the rigid body modes.
For further discussion see Paragraph 3 ', Equations 3-;I ' and 3-509).

(3-115)

i .. } fJ

I I

{4c,

[ '-: -j r[L jJ (3., ,)



FIGURE 30 SIGN CONVENTION FOR CONTROL "HINGE" MOMENTS

We may now use these results to rewrie Equations 3-10b as:

- -}

-' 2 - - -- ; - - :, ; 3 n9

, (3-3-20)

& - "i --i - I .' .7

-, 1 6



where we have used, the fact that

- (3-122)

'-~ - -(3-123)

-V- --,(3 -1251,

Up to this point we have done little more than change the form of Equations
3-Ob; the above equations are still a set of linear, second order,, diffe-ren-
tial eaouations. On the basis that we are interested only in response to
"slowTy' varying forces, we make the approximation

which we shall call the "quasi-rigid" approximation. In addition, we will
assume that

(3-27)}

Eauations 3-11d through 3-121 can then be replaced by

- -, -U ~ -;,I.4. .

- - - -(3-129)



Yo I YCM

When the. quasi-rigid' approximation is made, the modal equations are no, longer
differen ti l equations, and may be solved. algebraicall"y for the: qj s.

Equation 3-132 can be used, to eliminate the. q's; from the rigid-body equations

4- CL,J (3-1~33)
- r)

+ Ifs-kj



(3-13T)

;-~~~ -- 13-

L-F



ctar ~ ~ MV = Lx -[ 1 ~~+'I LyC~ 1(I'LL, j~I

3.7 .2.4 'Ui- Manal loads Base<! an the qriasfi-Rigid Aprxit

Wte can nov use the soinutions, -t the atias.= -r-d equtions toG obtain l~oads
consistent, witht thi- s apzroxmtian. Ta FE-ruation 3-109 we make the quesi-rig_-d
ass-ucrtton and obtainFT

frt om Euations 3-13t, 3-137, and 3-a32 we have

(3 -51.1

1.50



(The control surface relation. given. in. Equation. 3-138. is of interest in de-
fining the demands on the servo, to produce a require& con-trao, surf ace
defleetin, .

+ [LI (3.-153)

4[Laq'i'y\

where we have introduced tlhe rigid-body angle-of'-attack

X=- C3-1,54

We may simpify the discussion fbrther by introducing the foliowing notation.t

-;L + ~ ~LfL ~'LI~~ (3-155))
= 

I  
, I t, -1 6

- -4-(3 -15T)

so that

These eauations may nov be substit ted inta Euation 3-dO to, obtain the juasi-
rigid. approximation to the loads

4- [; LM 1-}'9 r- F;

i51
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Novw, since

we! can write the loads in, the foarm of "unit. solutions."

I , (3-161)

where

P , [R4RRI -x + [A,,+ [Lr (3-162)

~~ C

-[L 1q7{T 44

MI,

3.1..5 The Aeroelastic Effects of' Large Axial Loads on Lateral Motions

In our discussions of, beam theory in. ParagaPh 2.,33.1,. we assumed that
the specific strai. energy for, a. parti.cle of' a, beam is given by
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an-:i tiat the strain is related to the disoacements by

- - -- (3-166)

hn the presence of large axial loads, however, a more precise description of
strain must be used. The agrangian-coordinate strain for arbitrary displace-
ments of a one-dimensional beam (whose curvature is small) is 1

- -__ -(3-167)

The last three terms are the contribution from longitudinal strain of the
neutral surface. On the basis that the longitudinal strain is small, we have

so tuhat

" -" -c (3-169)

Using Eation 2-56, the total strain energT is

For ,sx--eriCal cross sections; the second term is zero because

if w- neglect the fourth order terms, : f then Equation 3-170 becomes

-een and 2~rna Th eoreticalElasticity" "- 0xiford l .



_e virtual work of the interral forces can be obtained fromn

if we write te virtual work of external forces as

then using D 1Auenbert's Principle, the Principle of Vir-t-a Work, in this case,
becomes

In this expression A.x is the uniforn recti ear acceleration of every -particle
;arllel to the -axis.

TF '

- L

FIGURE 31 AXIALLY LOADED LAUNCH VEHECLE
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Since &r an& d ar e arit -,ry,, we must have

"~~ -1- 77)

Ve cat solve these i-inear ecuatans actTy'; however, we can use the last
eauatiom to solve far ~-an eliminate this t-rm~ in. tbe nmLineamr part of' the
s-trf-,. enerny ( atari-172).. Trim proced-ure world. be eciee~tt h
first tteratin .*iL a. Ficard. solution, to. the nonlinear Xgquatons 3-17E amil 3-L7,7.

Eaom Nlquation 3 -L77., we haae then

If we int-rodjce the defi iltio

zhen

Subatituting this inta the nonlinear ter (.only) in Xue.tion, 3-172, we abtain1

!-Ef we denote the order-of'-mag i ude of IT by K. and. the orer-of-mgnitude of

-;- by e , then the limiting process is defined- by

anli

F,9= order-of-magnitude of / a

If we- then let. e --0 and- x -G we have from Eauation3 -DO that

and, hence

Thus "' is of the same order-of-magnitude as - - an-. -is of the order-

of -magnitude of

, -55



wheme, consistent with. a~protim.tions already made, we have neglected te-ms in
the strain enmry of fourtli oxde.

Im the case of a, slender missile the. axiaL loads: arise- from diatrihuted
drag, thrust, anL gravity (see Figure 35.)

v@ CwgiD( - TN~ (oi(x) 4 i9 (3182

where T,) is the. magnitude. of the thrust. per unit, of length al o g the missile
an&.E( is the misalignueut of the thrust. distr:Lbution from the body axiLs..

TIx) W.s5(M

FIGURE 32 D STRI UTION OF AXIAL GIOMPON ENT OF THRUST

FIGURE 33 DISTRIBUTION OF LATERAL COMPONENT OF THRUST
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Substituting F-quarian 3-102~ intc Ecat.Lon 3-179, we Obtain

We thei. Yio a th-a.,

Where

-,-m- -nal agpl. ea aial force

t:a:nin (3-1 66)

-3rca. tong-tuuina' . 1 ia

o 'La-naT- tix, aLic /r Qlt ;a Lti -:j and6 xprasu !I(:) in

(3-190)



ThIe third term in Equation 3-181 can then be treated in the same manner as
the. first term (the second term which. is involved in longitudinal dynamics
does- not concern us: here). Using the interpolation formula, we have

Using this, in Eiluation 3-181, we obtain

U L (K L -X (fx3 -1,92)

where, if we make the same approximations discussed in Paragraph 2.3.3.4, we
obtain

N)+ - JA
-(3-193)

3b -1-1 16
Z-w ,Z -7

-7 4

with Ni  average value of N(x) on the ith in-,
rerval.

The appropriate expression for the contribution of axial loads that is valid
in the first and last bay is

(3-194)

5 for

1-58



(3-.9-5)

EN] = a'L I -4 - for i = N

K , - .

Using

-~ ~~TiiTh-(3-196)

we have

where

=, -(3-19,q)

3,. .6 Modijcation of the Loads Equations, to fnclude Gravity, Thrus., Drag,
and, Air oads Due to Asymmetries

In our considerations of axial loads in the preceding section., we included.
only the component of thrust parallel to the x-axis. If we were to include only
this effect, we would obtain unrealistic results in the consideration of loads
and stability of the missile.. To illustrate, for the rigid missile if we were
to assume that the thrust acts tangent to the missile axis, then the moment of
the thrust (assumed concentrated at x=L) about the center of mass is given by
a contribution from the axial component, - _

and, a contribution from the lateral component, -- rfe ['Lu- )

- ) £I-

FIGURE 34 MOMENT OF THE THRUST FOR A RIGID MISSILE
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,,,ch Ls identiaalij zer, -2-'. t . that t Zthi2',st, in h, is case,
acta throigh the czenT-r ,f I It ,an , iac,4 that tne monenT :ontrxibutad,
by the axi&I cnmponent of thrutt, in the case of _ fl--ci9 miss-le, is 'exctly
arczunted for when the ax.c1. effects5 are conziJere'd as in .he prev-ious sectien.
Me mcmt contributed by the lateral component iz oP-xa i in a stcaightf-orward
fashion from the virtual, work of the distributed lateral foraea. The rgment
prseanted here applies only to forces, like the thrust, whi.,ih act tangent to
th body. The drag, for example, is assumd to act parallel to the x-axis
(i..e., to the free-stream) indapenentlj of the motions of the body.,

3 The Virtual 19crk of U-stri') it. Lateral Forces

The virtual work of ,ravity, thrust., and. air loads at zero angle-of-attack
is given by

(3-J-99)

7

.U ,dlD

,CU~ 1 5 D1ISTR15uTED TE..RAL FORCE



If the thrust. is astumd to be concexrtrated, then

is replacel byr

FIGUREX WSTI! UTED THRUST FORCE OK~TWE FLEXIBLE MISSILE

FIGURE 37 COKCE?4TRATED THRUST FORCE MISALIGRE4W AT AK AKGLE,
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h orde, t omp ute the generalized fbrces., we may use the interpolation
eauastion (Equatlom 3-21. to, express Equation 3-199, in terms: of the generalized
coordinates7 p'i-

= g ~~T~r~~h~(3-200),

for, x r.x

whch we may write as,

f-r,(' = {kd.c}.k}- (3-2o1)

where

S g" s ! (3-202)

f~or 4, xi

(see also Equatlion. 2-45.5 anci Figure 1_)"

we then can write

(3 -203)

-0 TE - m" -S0i

, . t 3 'L,_

Now, when

L} } (3-2o4)

we have

I for, all x., (3-205)
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so that

- : (3,-206),

and the virtual work of gravity forces can be written as

but

;'A L < ~ thie inertia marix (3-2G7)

so' that the &avity forces are

= -- -. q -.. -:"- (3-208)

"f' we introduce

4 (3-209):

and-

.. .. " -- (3-21G)

and

-- : -,--- ;. (3-233_)

the virtual work of the distribute& lameral forces in Equation 3-19L9 becomes

- - (3-222)



3.l~a6~ Me, loads Equations Liclud-ing AxiaI and Lateral Forces
The kinetic energy fro at Eation 3-33,, is

-~~~ F-lK(-2113)

The strain energy, inc2uaing xxi. loacd eff-cts, is

- - -- ~: -(3-21k4)

an the vr-tal work of all external forces is

(3-21-5)

The control deflection is relatedL to the Seneralizecl coordiates of the system
by

We may also: generalize the previous results by accounting for ener&Y dissipa-
tiO- in the structure through Rayleigk t s dissipation function (see Paragraph

(3-21-)

Ehploy-_ng Lagranges equatIons in conjunction with the above system of exaiLo ns,
we obtain

.-_- _ .--... --- (3-218)

- - - - - -- - -



I' we assume that the sructura-l loads are given by

Slip~ (3-219)

then the !loads ectations are:

-- = ,

The iternal loads, member loads, and stresses are related to these loads by a
simple traas~ormatiom. The modl ea tions of motion that are compatible with
the above euatoions are given, by

(3-221)

-r - --

whr

where

- -' ~K jg1(3-222)
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3.1.3 Aeroelastic Stability

3.1.3.1 "Static" Stability of a Free Missile with Locked Controls

Our prelininary discussion will exclude the effect of axial loads even
though these effects are a source of destabilizing, moments on the unrestrained
missile. We will assume the system to be completely described, for stability
purposes, by its kinetic energy, strain energy, and the virtual work done by
aerodynamic forces. in this section the control surface is assumed to be
constrained at the Y= 0 position.

,---

FIGURE 38 THE URCORTROLLED MISSILE

The equations governing the motion of the system in this case are obtained from
Equations 3-27, 3-28, ant 3-29 by setting y G.

z-F ( 3 -221,)

u = - " " ,(3-225)

=W X ' (3-22-6)

where

'(3-227)

Me fact that the body is unrestrainea is evidenced by (Equations 3-b5 an& 3-6c)

. (22,S)



~~k -x-;1

Because of the subtle nature of the stability of an unrestrained body, it
is best to introduce the subject by briefly discussing the complete dynamic
stability which should cover static stability as a special case.

lagrange's equations (Equation 2-64) may be applied. to Ecuations 3-22k,
3-225, and 3-226 to obtain the following equations of motion

-A, JSA! I 7 C (3-230)

To investigate the stability of the system described by these linear differen-
tial ecuations. we shall use the conventional Laplace transform teclhniQues.
Aplication of the laplace transform,

-Eli3-231)

Jr,

to Eaiation 3-230 Yields

ii- - _:A (3-2~32)

The stabilliy of the system is goW-erned by the equaliion

_ '- -- zJ - (3-233)

in the conen:ionasl sense the szatic sicabiliy oul be governed by the scecial
case,

-" - (3-23)

whinh Yields

(3-235)
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The associate& eigenvalue problem is given by setting s = 0 in Equation 3-232

It is qickly shown that this problem has an infinity of eigenvalues. To
ilustrate, for any value of the dynamic pressure, v , we have

L (3-237)

This is truie because

from Equation 3-228, and

I- = :- (3-239)

from, Equation 3-67. As a consequence, alL the coefficients in the polynominal
A (0 ) are zero. It is more convenient, perhaps, to say that the problem

has no eigenvaiues.

The physical significance of these conclusions is that the system governed
by Euation 3-230 is, in, the strictest sense, incipiently unstable at any air-
speed or altitude. The system, hcrrever, acts passively and the only result of
the "instability" is the fact that the missile can translate laterally in a
quasi-static fashion without producing forces which would restore it to its
initial position.

The straightforwardness of this problem is also, obscured in the dynamic
case. Ve will finI that Equation 3-233, has a repeated zero root in s (for
any fixed value of the dynamic pressure). The result of our discussion in
this section will show- that the logical criterion for " static" stability is
that

•,T1

- - -(3-24-0)

The lowest value of dynamic pressure which satisfies this equation will be
called the " dynamic pressure of divergence."
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3..-3,1. Divergence for the Vehicle in Rectilinear Flight,

In spite of the fact that the missile is inherently unstable in the static
case, it is instructive to look at the problem from a physical standpoint and
imagine an artificial set of forces which constantly maintain lateral equilib-
rium. To insure that the problem is uniquely defined, we will require that the
true center of mass of the missile move with constant velocity, VW, along a
straight path. The instantaneous displacement of the center of mass is given
by (see the comments regarding, Equation 3-92)

The requirement of rectilinear flight is then equivalent to 0 = which leads
to the following constraint on, the generalized- coordinates, P'i.

(3-242)

Tn the static case,

- - (3-243)

and the governing equations are given by Equations 3-225 and 3-22b

(3-244)

- (3-245)

subject to the constraint,

(3-246)

3.1.3.1.1.1 Collocation Mthod

Using I aange's equations for a redundant set of coordinates (Equation
2-79 of Paragraph 2.1.2.2),, we have, in this case,

1(3-247)

(3-2148)

1-69



where X is Lagrange's undetermined multiplier corresponding to the constraint,
= 0. Using Equations 3-244 and 3-245 in Equation 3-247, we obtain

[kJ{ = - v [J]i]4 (3-249)

For the purpose of arriving at an eigenvalue problem governing the effective
loads instead of displacements, we introduce

Fj =(3-250)

We can then write. Equation 3-249 as

[ - [ ] ? (3-251)

Even though [K] is singular it is possible to rewrite Equation 3-250 as

s= - +{- } - ] (3-252)

provided

- (3-253)

and

-=(3-254)

This is a special application of the result we obtained in Equation 2-256 of
Paragraph 2.2.3,.4. Equations 3-253 and 3-254, in this case, correspond to
Equation 2-258 of the same paragraph.

Using Equation 3-251, Equations 3-253 and 3-254 lead to

'A - KJP f ] i = (3-255-)

(3-256)
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We can use the first ecuation to elini e X from Eauation. 3-251

I Ef 11,L 1(3-257)

Substitut:Ug this into Equation 3-251, we obtain

-kL~~~ _ -(3-258)

where we have used Euation 3-L5,

(3-259)

Using Equation 3-7,

(3-2ba)

in Equation 3-256 along with Equation 3-252, we obtain

Further, if we make use of (Equations 3-66 an& 3-6.7)

'0 B3-2102)

and

- - (3-263

then from Eauation 3 -2ci, we obtain
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whe-re w,- may .ec.gize (frm El--ati, 3-63,j that

'= (3-265)

Since 0 - we have

and using- Equatfor 3-252

and fra Eation 3-211-

Substituingi th-fit Rpetation. 3-2%d, we ahtafh

where

(3-a7Q)

This equationL can be salwed 'by iteraton nT mucrh the same way'f as the eorat-Ion
gaverning the vibration modes ( qpations 2-22G or 2-275 of Paag h 2.2-3-4).
The result converges ta the lowest value of dynammia pressure and the corres-
ponding distribution of effectwe loadsA1 . Yfgure 3. shows the results of the
application of this method te data for the 2TASI Scout saTid-propellant launch
vehicle

Lbe method. presented here, of introducing the loads as -igenvectars instead
of the displacements is due ta Vernan L. fle7, Jr., of the A EangLey
Fesearch Center. We w-l me use of it again in the next section.
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F9(GURE S9) S ~IRTER1T UN GF LGAMS IN~ TH~E DtP'ER.GEm1.CE
MQD3E - CA\E QF R ECT LIMhEAR F U-GHT

3 .L.. L.. a Mdal M Lthnd,

An altertiarLve to: the abave a-proacii is ta u-se a~ mnodal if.czmton.
we usa Fiauation 3-109, we can write (fonr 0)1

(3-271)

Stibstitutinff tizi i=i~ Muian ~ca 3 2~-.3 %an 3-22t, 'we aotadn

- - -- *--(3-272)

- (323

Li3T



t')e T)

''0jvo L74 4jx

ft tbe. statia case,, 'we habve 0.~ ,. am&~ alac,consIst-ent. wLth
the, assuragtiona mae in the. first, m-thod,.. we canstraint the tr-fas
tat move in, a. &-traig~tt. line by tsking

(3-2-7)

I~aing Brqjation 2-L79 Of FamagrzaPh a2-.3..2

we obtain

2 - -(3-277)

(3-.278)
-. 1 "yP~>-
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The, constraint., 4 0, is satisfied explicitly in terms of modal generalized
oordinates so that we may use lagranga' s: equations for a set. of independent

generalized coordinates (Equation 2-64 of Paragraph 2-..2-.) to obtain

(3-279)

-~~~ -?',-f 03ao

using

LAI (3 -2-L)

we can eliminate 0 from Equation 3-279 anz substitute it into Equation 3-280
with the result that

+ ~ :A~%~~I ~AI~K~,(3-2600

which we caa alsou write as

Tis equation can also be solved. by the method of iteration, and the eigen-
values will approach the eigenvalues of Eauation 3-2-9 as the number of modes
considexed- approaches the number of degrees-of-freedom used in Equation 3-29.,
Figure 40 illustrates this for the case where P5 collocation points are use& in
Eouation 3-269. In the modal case, the numoer of degrees-of-freedom is equal
to 2 plus the number of elastlc modes.,
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__modal method

cu. (Equation 3-283) - met

0

15 - 1389 Lb7  a
10 collocation method.

10 for 25 degreea-cf-

freedom

1 2 3, I 5 6 7 8

Nuimber of degrees-of-freedcum

FIGURE 40 DYNAMIC PRESSURE OF DIVERGENCE AS A FUNCTION

OF THE NUMBER OF MODES CONSIDERED - CASE OF RECTILINEAR FLIGHT

As a matter of practical computation, Equation 3-283 can be ex _ressed- as,

-- E~ .2 - ~ +'=~i (3-2-834)

where the t's are elemnts from the matrix

- .- "-- -(3-285)
-'-I . - t

I_76



Also, from qTuation 3-284 we may derive the following approximate formula.
basedc on using only one mode:

I i i 1 (3-26)

-R

For preliminary design purposes, these terms can be calculated from

J, (3-2b7)

(3-a29)

3 (-29

________(3-291)
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with 0,(x)) normalized so that

- 1(3-292)

These formulas, are fairly usefuL even when. the shape of' the, first, mode, (,x.),
is, asssumedL., If' an assumed mode is, used.,, it should satisfy the "rigid -body"
orthogonality conditionst:

L

- '~ ~ = (-293))

(3-294~),

The approximate formula,, Equation 3-286, should be used with caution since
Figure 40 shows the one-mode formula (three degrees'-of-freedom)) to give results
on the unconservative side. For example,, the, one-mode formula, gives

= - -' - (3-295)

whereas the "exact" collocation method gives

T ~~ (3-29b)

The actual shape of the missile in the divergence mode may be calculated
from the eigenvector' in Equation 3-284 by using Equation 3-271 with

=- (3-297)

and.

(3-290)

(See Equation 3-280)

so that
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- - --(3-2,991

Using this relation along with the eigenvector obtained- by iteration of Equa-
tion 3-2-84, the result shown. by Figure 42 was obtained.

FIGURE41 SHAPE OF THE MISSILE IR THE DMVERGENCE MODE - RECTILINEAR FLIGHT CASE

3.1.3.1.2 Divergence for the Vehicle in Steady Flight in a Circular Path1

We have noted. that it is impossible for an uncontrolled. vehicle to be com-
pletely stable, in the strictest, sense, when perturbe from a straight line path.
It is possible, however, that the missile can achieve a configuration of stable
equilibrium, when the center of mass follows a trajectory which is a circle of
radius, say, R.

collocation method of analysis in this section is due principally to
Vernon L. Alley, Xr., of the NASA langley Research Center.
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3.h 3.L2.1 Go_1 ocation MethoE

The comrlete aynamic equations of motion are given y Evation 3-230. If
we introduce the defintion,

then we can, write. Eque-tion- 3- -23 s

= (3-302)

then we can write Equation 3-300 as

" =:? -- .- - - -- " : (3-302)

-- - (3-33)

(This follows the sam line of reasoning as the procedure in Paragraph 3.1.3.1.1.I.)

We can satisfy both Equations 3-302 and 3-303 bla assuming that the traec-
zory of the center of mass is a circle of radius,, R; and that the motion is other-
wise steady; and, i particular, " = 0. These assumptions imply

'r (3-305)

: -"(3-30)
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1,we inte~ate these equ~atil ons, we obtasinrL

Atewe note that the 'rlglbodl" angle-of-attak,. ot is gien by

+ 3 _(-30,9

a c onstaat

Wi~th no essential loss in &nerJ-itr, we as~m

so, that,

21 3-JI

FEGURE ~ 42TEWSIEE TED ECLRFE



The: trajectory of' the colocation points is given by

("a' hr + L-, C t. (3-312)

or

(3-313)

where

Under these assumptions, we have

fli ~(3-315)

call Y (3-316)

or

Substitution of Equations 3-315 and 3-317 into Fluation 3-301, we obtain
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or

. A{j.± r +--i ~ [1~'~h (3-319)

In this expression, for a given value of Pm (i.e., at a given altitude), the
flight curvature and angle of attack can be chosen so that Equations 3-302 and-
3-303 are satisfied.. Premultiplying by Ill and4 R-x}, we obtain

- _1 A][AiV 1 (3-320)

If we solve these equations for l/R and , we obtain

Substitution back into Equation 3-319 gives

!LA- Et- (3-323)

where

(3-324)
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Equation 3-323 can be solved by the same procedure used for Equation 3-269 in
the case of level flight. Curiously enough, the results for the t-wo cases are
not significantly different. This bears out the fact that the approximation of
artificially constraining the true center of mass of the missile does not intro-
duce serious error. Again, for data corresponding to the NASA Scout, Equation
3-323 gives

= g3 5 . j-i '(3-325)

for the curved flight case; whereas, Equation 3-269, for the rectilinear flight
case, gave

=,3 )i-. 2 (3-326)

The cur ed flight case was calculated at an altitude corresponding to:

:z= ,(3-327)

Taere is some danger in generalizing the conclusions drawn here for the Scout
vehicle, since they are based solely on the evidence of numerical results.
Also., the curved flight effects are relatively easy to incorporate, particularly
when a modal method is used as explained in the next paragraph.

3.1.3.1.2.2 ,'dal Method

One complete modal equations of motion can be obtained by applying
lagrange's equations to Equations 3-272, 3-273, and 3-274 with the result that

- (3-328)

- (3-329)
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(3-330)

The circular flight conditions are

L-, a constant (3-331)

- - a constant (3-332)

Sconstant (3333)

which implies, as before,

-- = a constant (3-334)

- = - - (3-335)

= - (3-336)

Introducing these equations into Equations 3-326, 3-329, and 3-330, we obtain

- 7 (3-339)
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If we solve the 2ft and moment eguations for a and 1/R and substitute into the
elastic equations, we obtain

T! LL,(3-340)

As a matter of practical computation, Eqtation. 3-34a can be written as

- ' , o T - zr.,t

F, I, ' ia:, (3-34-1)

where the IR's and GI's are elements from the matrices

- ),- 7AI~~' (3-3,42)

1['i4iuk - J (3-343)
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The resul t s of the soI..ion, of Equation 3 -34 1 and comparison with solution of
Eq.ation 3-323 are shown by Figpre 43.

(v modal method

0

o method
10 iOfor 25 degrees-of-

freedom

5

i a 3 4i 5 6 7 8
Number of degrees-of-freedom.

FIGURE 43 DYNAMIC PRESSURE OF DWERGENCE AS A FUNCTION,
OF THE NUMBER OF MODES. CONSIDERED - CIRCULAR FLIGHT CASE

To. summarize the results of P agraph 3.1.3.1, the folJlowing table is given

TABLE 8
DYNAMIC PRESSURE OF DIVERGENCE

SVEIC CONSTRAIlMD TO; vmmicai m ciacUR
BECTILIMAR EZi GIZ' F L IG

(!by/in2 )

MODAL =10D.

one, elastic mode 17.3229,7T 17.,428000
two elastic mod-s 15,4i_ .876

fivz. elastic modes L 56864k i 4 -.67 33 a0
six elastic modes 14.157779, 14. 259390

COLLOCATIONF 1f-TJO 13.886316 13.,986051
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3.l.3.2 Dyam- c Stabllity with ]Locke& Controls

In the dynamic case, we are interested i ni saiwing the evation (see
FEdi'ation 3-232),

_,_,W P ,i [I -W i=ia (3-344-)

We want; to prove, frst, that this equation has a repeated zero root. T.E do
this, let, us transfor to a complete set of' normal coordinates by introiuncting,
the sa are modal matrix.

or

- (3-34~6)

(The notation here departs slightly from Paragraphs 3.2.1 and a.!1.2 in that E03
includes the rigid-body modes.) F- EdYatiom 3-346, [E1 is an M, x N[ matrix of
all the eigenvectors of the equation

'-TCA + o(3-317')

If we substitute EYquation 3-34b into Equation 3.-344 and, premu:ltiply by [ -we
obtain

t ~ - (3 -348S)

wbhere

= J(3-350)



LB-a~al

li an be shown that the rootz ta Ekuat.T~or 3 -233 are immerf~ undler this tramis-
formation" so, that

(3-3,53y

where2 , fi-m previtu rea-alts, we hame

-~ (3-355)

l -

Lag



FRfexence to Euat ons 3-.-U6 and- 3-117 will incdicate that

a,, fact we will want to refier t o; present2y., Xucation 3-353 then has, the form

C', C; (3351

z 2z

Inspection will show that s appears as a, commion factor in the. first column, of'
this determinant.. If we factor s/v,out of' the determinant and then add- the,
first column to the, second- column and. make note of' Equa.tion 3-358, we obtain

, Z.5 (3-360),

Inspection now shovs that s is a common factor in the: second colum. Factoring
out /y, again, we finally obtain
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The remaining detemiat is' stilli a, poynomial! in. s,. no , of' order 23NI-2. We
have then. shown that- theVre is . Mneral, a repeate& zero root to the ynamic

sthility determinant., The remaining polynomial governs' th short er ioi2 and

elastic roots.. I, the case of' the rigid missile, we have

( o] + "(3-3,6-):

which is, nothing more than the conventional "short-period quadrati"c,

+s 2L; =0 (3-363)

In the case of the rigid missile, "static" stability (i.e., s = 0) is, given by

z c 4L /Ct = (3-364)
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The second term. is usually small and the criterion for static stability of a
rigid body is ta-ken as

.X o(3-365)

For the case of an elastic body, the natural generalization for the criteria of
static stability- is to take

--.C.( = o (3-366)

as: an equation governing the dynamic pressure of marginal static stability.
From Equation 3-361, this is the condition

(3-367)

The lowest dynamic pressure for which this determinant is zero is exactly the
same as the dynamic pressure of divergence in the curved flight case considered
in Paragraph 3.1.3.1.2. This is easily shown by observing that Equation 3-367
is the determinant of the matrix of coefficients in Eauations 3-337, 3-338, and
3-339.

Using the above results, we may draw- some general conclusions about the
complete dynamic stability determinant,

L- I, I z[Aj + --. i [Wj + [A1I=o (3-368)

1. This is a 2 Nth order polynomial in s with real coefficients having a
repeated zero root for any dynamic pressure.
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2. The remainder of the roots vary with dynamic pressure in such a way
that at least one root passes into the unstalble part of the "root-
plane" at the dynamic pressure of circular-flight divergence.

It could be proved, although it seems fairly e-vdident; that the root which
passes into the unstable part of tbe plane is the "short-period root" for the
flexible missile.

The results of solving the stability determi ant for a parametric varia-
tion of the dynamic pressure is shown by Figure 44. These results were obtained
using the modal apprQximatlon and solving Equation 3-35, (instead of Equation
3-368) expressed in terms of only six elastic modes. (TTis equation was fir_2st
expanded into a polynomial and then solved by appropriate numerical techniques.)

is 17 I,1 2 __U_

323

FIGURE 44 LOCUS OF MISSILE STABILITY ROOTS FOR VARYING DYN AMIC PRESSURE

11Lhe critical value of dynamic -pressure is indicatea better if the real
and imaginary parts of the short period root are plotted versus the dynaic
pressure as shown by Figure 45.
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FIGURE 45 DAMPING AND FREQUENCY OF THE SHORT PERIOD MODE

The estimated noint where U 0 in Figure 45 should ag ee with the six-elastic

=ode aproxz-:. tion for the circular-flight case. Reference to Table 8 gives

= 1.26 ra /in 2  (3-369)

while from Figure 45, we have

-_ = 4.4 ro / n 2  (3-370)

Uie difference results from the error produced by expanding the determinant in
Equation 3-353.

The stab1 i t roots may be determined more accurately by a method which
does noz reauire t expansion of a determinant. Also, in some applications,
the eigenvectors, as well as the eigenvmalues, are required.

Because the lock'ed-control eigenvectors can be used in the analysis of a
missile with active control, we want to consider, in the next paragraph, a
rethod of soling the eigenvaiue problem associated with Equation 3-353. We
rill consider then

-- - --- - (3-371)



This problem is sinilar to that considered in Paragraph 2.2.3.5. In particular,
Esuation 3-371 should le compared with Equation 2-319. The only essential
difference is that in Euation 3-371 the ratrices are not all symmetric. We
have already shown that there is a rereated zero root to this problem; it will
be iportant to show that there is only one independent eigenvector correspond-
ing to this zero root.

3.1.3.3 Solution of the Eigenvalue Problem for the Aercelastic System

As in Paragraph 2.2.3.5, we will transform Eouation 3-371. to a set of
first-order eouations. Consider the differential equations

.... [F] ( ; (3-372)

let us introduce

-=(3-373)

Then we can write Ebuation 3-372 as

or

31 (3-375)

where

(3-376)

an'i

-(3-377)

-95



The Laplace transform of the homogeneous equations is

E~V I+ [W] ?= )(3-378)

The stability determinant, A 0 in Equation 3-353 can also be written as

A Is. 15I = I s [vf - [v] I O (3-379)

which has 2N roots, two of which are zero. We will suppose that they are
arranged in the following order

0o,o , .S S .. S ,3. (3-380)

where s i = 2,3... 11, are complex roots with the conjugate denoted by 9i. The
eigenvectors corresponding to these roots are defined by

i =2,3 ... I

Corresponding to the zero root, we have

[a L? i (3-383)

)iJ', =j -(3-384)

It can be shown that [W] is only simply degenerate1 provided ewca - the
divergence dynamic pressure. Thus, there is only one independent eigenvector
corresponding to the repeated. zero root. We can, hoever, introduce a pseudo
zero-root eigenvector defined by

1 See Frazer, Duncan, and Collar, Elementary Matrices, Cambridge Univ. Press,

1950, for a definition of simple-degeneracy.
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]? (3-385)

[w 1' } - q (3-386)

The following orthogonality conditions can be derived from Equations 3-381,
3-382, 3-383, 3-384, 3-385, and 3-386.

- S (3-387)

=(3-388)

for i 3 i = 2,3...N
i =2,3.. 11

i=[~i ' (3-389)

-} [I~W]J:*}0'~- o (3-390)

' - " - ' (3-391)

1 ]'1njo = 0 (3-392)

We shall also shuw, below, that, in this problem

Lv€] -= (3393)

The eigenvectors of the original second-order system are

-(-4 [,a ]t -. .[cj tFI+ rtc..1

t 197 C" IK= (3-395)
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f[~.. 'ti')3 Xo}(3-397)

Comparison of these equations with Ruations 3-381, 3-382, 3-383, and 3-384-,
using auations 3-376 and 3-377, wilI give the follow-ng relation between the
eigenvectors of the two systems of equations.

Si fyf (3-398)

r lt(3)
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and

(3-4o1)

If we introduce pseudo eigenvectors for the original system, defined by

c -° 
(3- 02)

IF] " " = ,,=_''=.-(3-403)

then we can relate these to the pseudo eigenvectors defined in Equations
3-385 and 3-386.

- -- "(3-4104)

S. • (3-405)

'I
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We are then in a position to shw that E-aation 3-393 is true. From Equations
3-400o, 3-401o, and 3-376, we have

10 11Lx il {Cc{1T (3-406)

but from Equation 3-402,

- i. (3-407)

because of Equation 3-397.

let us consider the nonhomogeneous equations,

S -,(3-408)

ani make the following transformation of coordinates

O(3-409)
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where

and then premultiply the equations by

We then obtain

(s ,!tv]~ l+ [k'11wiB['\{%"} = ,][{]

From the orthogonality conditions, we have

4- - (3-14)
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and from Equation 3-381

+ {'j [ [,].}£ = (3-h15)

i = 2,3...

Now it is possible to choose {7i7J such that Eoation 3-386 is satisfied and
at the same time

(3-416)

This is true because

-O-W-
.... : (3-4.17)

satisfies Equation 3-386 for any value of u, and p can be chosen so that

. :-, ](3-418)

Then
o {- { :[ ](3-419)

satisfies both Equation 3-386 and Eouation 3-416. We note also that from
Equations 3-376 and 3-4o

(3-420)

and hence, from Equation 3-385

I - 'j- (3 -42 1)

We then have

02 - "j . ' -
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If rn~~Z U meiecetors so ta

I? I 
( 3 J-1ir)

a~i& se ~oatiO~3-(3-4,2qe

v~

(3-I25)

- --I
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quT * a, ina Equation 3-40) gtves

Wie can partftiol1 these E-- atf(os, using the bato balf afV asm1 the top

-wL-e t-romt rZitions 3-398, 3-399, a-4QQx 3-4oIL, 3- AL andi, 3-405, we have

- - - - - (3J3a

By expandafng the indi±catedi prodizeta, we have the fallowing ientity

- ,, ~(a-43,2)

ao4~



Ethis .ess;n we ae

- 7- (3

Cmrig thsLt oai -7 Z entocudt

Ir2 we let

(-437)~

then

Comaring this with Xcixation 3-371,, we mast coaclude that
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The matrices in the above equation are all real matrices.. Ve shall have
occasion to use Euation 3140 in the close-loop stability analysis in the
next section., Numeiercal. methods. for obtaining the eigenvectors are given in
Aupendix III of this report..

3.l.3.1, General "Point" Stability with Closei Control Loop

In the case where the control surface is active, the stability problem is
far' more invo]le- than that considere in the previous section. When the control
position is governal by infbrmation gained- from sensors of the vehicle"s attitude.
the whole question of stability depends on the characteristics of the sensing
elements and- the power source for positioning the control mechanism. The equa-
tions go-erning the airframe, in this, case, are given by Equation 3-!06,

-3-4

where use has been made of Equations 3-122 through 3-125.

The derivation of these equations in Paragraph 3.1.2 was based on the use of an
aerodynamic surface control.. The general form of these equations, however, is
valid for most other important cases.. The particular aspects of gimbaled.
engine control are considere- in Paragraph 3 .,3 .15.

The control moment, F, is derived from

(3-442)

206.



vhiLch is the vartual work of the forces exerteI on the control by the control
serva-mchansL.

The La-Place transformr of~ Zauation. 3:-4)4-' is

Eff we partition Equatiron a-41.3 into airfran equations anci the single control
equatforL, we hame

where

(-445)

and the coeffiicients axe

.. - -(3-447)
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Mre exgIifcitl$, Xqu~atf on 3-1,,14 can be writtuen as

J-t mnay be noted that Xiaxiom 31-4-51 is expressed.in terms of the lachad&-cantrol.
coeficintsoneidered- in Famaarph 3 .L.3 .. TI fact, we nmy use the result of

Ekia-c-on. 31-44G ta write

where rhe LON are obtaind fror aol-ing the lackemd control eigenxalue nroblem
as deascibed. inr Fara1grapl.31--1 This formulationm of thea- prableiimakes i-t
feasibmle ta solve Eb-uatian 3-451 ifor the airframe coordiimte,,.

7 (3 -454)

aubasit:Lriug ths =no: tba control eytcn we obtain



If we introduce the aexo-inertia impedafce" of the control,.

zz (L'C -t , IS) , '- (3--56)

then we can write Equation 3-4-55 as

The moment from the control servo is usually governed by a. mechanical. or elec -
snical signal which dictates a, given control defleatiom, say, E., Because of
the impendance the control mechanism faces, the, signal, deflection, C , is never
equnaL toa the actual- control- deflection,, Y., A. fair general expression for, the
control. moment develoape is given by

= - ~(&')(3-458)

whera I(s) and. G(a) can be .given "empirical." definItions which may be use. to
measure them expenmatally. The "power control impedance" can be defined by

(3-k.259)

This is obtained. experimentally by applying an oscillatory load. on the control
and measuring the response of the control with zero signal input to the servo
The "servo no-load impedance" can be defined. by

I 122 (3-46o)

which can be obtained. from measurements of the response of the unloaded. surface
to oscillatory signals to the servo., In most cases, the control mechanism must
be dismantled. because its own inertia will load. the servo at high frecjuencies.
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In many instances,, theoretical expressions for G(s) and I(s) may be
obtained from analysis of the servol. A useful approximation for pre-Iminary
analysis is the assumption

Also,, the powea control impedance can usually be approximated by the impedance
of an. equivalent spring-damper system, with undamped frequencyw., and critical
damping- factor,

= -~* -(3-46P-)

(T is: the control hinge-line moment of inertia).

The complete control loop is closed when the signal ru Uh-e 5rvoE , is
described in terms of the vehicle's attitude as seen by the gyros, and other
sensing elements like angle-of-attack vanes and. accelerometers.. The sensing
elements' estimate of the missile attitude can generally -be expressed as

(3-463)

For example, a single displacement gyro at a point x = xD on the missile would
sense an attitude, L, given by

Using the interpolation formula (see Equation 3-2), this can be expressed in
terms of collocation point displacements

- (3-464)

where X< xAZ

IExpressions for G(s) and I(s) for an electrically energized hydraulic servo
are given in Aeroelastic Analyses of Multi-Stage Rocket Systems, AGARD
Report 390 July, 1961, equations A-b5 and A-66.
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Substttr n

we Obitain

'g[ ~ %~ ~E 1 §'FC-l 1[~

A9lSO2 outputs~ ffrom several displa-cement and/an rate aros migt± be ff-Itered
and combined, to arrive at. an eS-Uimate off the vehicle atttude sa that, in
ge-neral_,, T(s) in Faonation 3-4-67 wiT depemi upon the characteristics Off alL
off the sensing elements and. the shaPing and. filtering ne,=twirks.

=, ()is the recjuiaed. PrOE-an off the veicle 's atftitudle, then the IapJ1-ace
trans-form off the instantaneous; attitude error is

This error is moni-tored. and. Used- toy comand conitrol deflection,6 " according
to some zontrol law which, inr a ffair-ly generalj form., can be expressed. as

where K(s) is a gain function wi7th the units of. radians of zontrol deflecztioan
per unit radian off attitude error. An ex<ample, representative of a rigid.
missil-e with a perfect F.yrO is,

wher is a constant.



iuata -on 1 cam. be usedi to, -w-,3:te the sesd atit-tude as;

is usually, ternal. the ~arframe trenster fuinction., lt gi9A te nadat-
tude of the missile in terms aff control deflectiar. By war of simmnary, we have
the falwla eqarns

- -- -(.3 -14-

The only fumztions that, depend- on tche aeroeLastia parameters of' the missile are
aT(s) and R(sj, ancL these a-re both inde-pendent of' the more impozrtant. parameters
in:,cylrei in the desigp of' the control system.i~~s anci R(s, may be calaalated
in terms of palynamials inT s by using Squatioa 3-453a.

A.. "z3.
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. -. : _ r " "(3-4761

Eff we eliminate Y?" and in BEqylatons a,-472 ald-3LV3 we f

Subscaitutiag this into Yaraton 3- L &iwves

or

The stability of the, system, is governed by the equation

Uhe tiaree functions, K(s), Gsj, ani associated wit.h the control system
can Usually be written as rational functions of s (i.e., as the ratio of two.
polynomials in s)j. It is also clear from Duations 3-475 and- 3-476 that. the
two functions, flsy and R(sy, associated with the aeroelastic system can be
written as rationai functioas of s. It. is then possible, by multiplying and
aiding Polynomials co=ffcients, to express, Equation 3.-.&) as; a single polynaomial
ecuation which may be solved for the stability roots of the whole system. The
principal a-vantage of this techbnique is that a characteristic polynomial may be
developed which has imtortaot control system gains appearing exlicit y so that.
they may be varied without having to reconsider the whorle aeroelastic system.
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It is characteristic of mass-balanced, aerodynamically-balanced control.

surfaces that,

(3-481)

so that Euation 3-480, in. this case., reduces the the, equation-

S . (3-482)

This is far from. the actual fact, in the case of a gimbaled engine, but for, the
aerodynam~call;y controlled NASA Scout launch vehicle, it proves to be a valid
approximation. The control equation

- _ - - (3-483,

in this case, reduces to.

-. (3-484)

T sr seauent seations, this approxination. is referred to as the 'perfect servo

assumption."'

3.L3.5 Gimbalei .Eagine Considera-tions in Closei. Loop Stability

There are some important dynamic effects of gimbaled, thrustinTg engines
which have not been consiierei in the vre-ious sections. The most important of
these effects is the loss in control effectiveness due to engine inertia at high
control frequencies. The particular frequenzy where the control force is zero
is commonly ca ied the "dog-wags-tail" frequenzy.

In the disussion below, we will assme the vehicle in a vacuum with no
external forces other than the thrust and the control force frcm the actuator.

Let 11(xmt) be the continuous displazement of the missile
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FIGURE 46S SLENDER LAUNCH VEH[CLE WITH

G[MBALED ENGINE

The total kinetic energy of the system is

and the total strain energy is

~.9. t~ - - -~(3-466}

where the axial resultant, N(x), is given by

',,. ,= -r-, ., ix(3-4b7)

The ,;-irtual work of external forces is
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'TPI girnbal imang Y is giVen by~ the jtMT In. the Slope at the gimbal,

- 1~ -(3-4a9)

We wJ -P suppose that thie system cart be approximated b~y one wit-,h a finite-
rumter of degrees-f-freedn. as in the previous sections.

N (x L: r4k{V~ ! 03.490)

F--pressea in terms of the Sener.-1 zei coordiinates, ~,the -inetic energy is

wbere

(3-4-2

The strain energy is

where
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, t3r.!'95)

Edration 3- 8 becomes

-~. - (3-4.96)

where

~ -~~~xdlL(3-497)

Sthe cotr ol- moment, r, :from, the servo is zero, the system hasthe
zero-ifrequency modes. One is a translation mode defined~ bY

(Th the case the generalize!, coordinates are collocation point displacements, we
have

A second rigid-body mode is defined by

A third zero-freouency mode Is gi-en by

, -0 < ..- . ,h. (3-500)

-J

which reprsent a, unit deflection of the contol.
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An important simplification has resulted in previous sections because the
rigid-body modes were mutually orthogonal. We can introduce a set of ortho-
gonal rigid-body modes by taking

(3-501)

and.

jq' {}+ CPR (3-502)

such that

i~9-'A J~J - Q(3-503)

This gives

'[A j , [ fm (354)

or

= - 4 [A,] (3-505)

A , [A R 2 ,, (3-506)

An orthogonal control mode is constructed in, a similar fashion,. Take

~~~ ~± 1  % Czp (3-507)

and require

(3..-508)

{ e'A1 ?} = (3-509)
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This gives

+ (3-5110)

- (3-521-)

where

=, 
(3-5]2)

, -c9¢r [A(3-513)

we then have

3 - 51

= - (3-515)

Subsi'tution into Equation 3-507 gives
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The virtual work. of external forces is

= -{@2 [ S{tfl

where

=H! S t-(. ~i

Tb) denive the ele.stic modes, we impse the constrai ft, Y= 0., Fro
E agrange-'s equations we obtain

[r1'jag[r'l[ K = 4 (-}g

where [31j is an nfluence matrix for the missi Le vith locked controls and

1rI - I*H - -L,THj, (3-52-0)

Ve then Trke the follow-Lng transformation of coordinates

Jj=I -I j + +35~

where 101 is the matrix of lockei-contrao elastic modes. By this transformation
we obtain
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I S I 0-523.)L 'i

C3-524)

'were the aXial load part of the strain energy has been ineuded i [ul. ra
these expressions we have

=,(3-5a5)

where

0(3-527)
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.ct ,g [ ,E1- YNL: j ][I -fT i]-[ I~

I 2{j' I-~ w~ ~,P:-

(3-528)l

Nonr,

= -( ., .-

= , .-i.) :/7;-~ ,J--d"r c L

A_ _ L is

j (3-529)
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From LaLange 's equations we obtain

+ +

Q4 u ~ u ~ (3-530)

r~ 2 (3-531)

~~ (-533)

Eiminating {qj from the control equation by use of Eauation 3-532, we obtain

(3-534)
~e - L my f )

6= U

The "dog-wags-tai ,t frequency is determine& from

~+ (~ ~ (3-535)

At this frequency the shear force across the gimbal point approaches zero., and
the effective control momnt is reduced.
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D. concluding these cc__n_ on ginbaled engine effects, we note that the
eauations of motion can be used to obtain the response to nard-over" engine.
In this case, we assizme that the signal to the servo is a step input to comand
a constant gimbal angle, .

t:: ,t

FIGURE 47 TIME HISTORY OF SIGNAL TO SERVO

The actuator moment is then giv-en by

-1 -- ; (3-536)

The equations of motion are

3 Fj C,+'5

= ~ (3-537~)

which can be solved by the routine discussed in the second part of Appendix VL
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in the case that the t'hru"st forces can be i-ored in comparison with the
iraertia forces, the above egimtions reduce to the fo!c-ing simpe forms

- -. (3-538)

+ = O.(3-539)

(3-541~l

3.1.3.6 Some Genera- Considerations of the influence of Fuel Slosh on the
ia~erall Motions of a Slender launch Vehicle

We will only consider a vehicle having a single unsegmentedtank as
shown by _Fgze !'48.

I r I

FIGURE 48 LIQUID FUEL TANK AND LAUNCH VEHICLE
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The displacement normal to the tank walls is given by

P?-',p= TL = Z (3-542)

where l is a unit vector normal to the wall.

The virtual work of the wall forces is given by

For an invisci. fluid

(3=5-)

where p is the fluid pressure.

For the launch vehicle with empty fuel tank we have

%I~x) ! Ydx(3-54-5)

Tx.vNd (3-54~6)

Mhe influence of the fuel and- its inertia is described in the virtual work
of the wall pressure (Equation 3-543).

i(3-5k7)

If pi, i = 1,2.. .1 are a set of generalized coordinates for the launch vehicle,
then the transformation

L (3-,8)



gives

T= (3-5I49)

u L f(3-550)

= (3-551)

where

IA4 (3-552)

J x. (3-553)

-r

-0> (3-554

Since the pressure will depend on the motion of the walls, the fuel motion is

coupled in a co mlicated way -with the launch vehicle motion.

3.1.3.6.1 Dy-mics of the 1.btion of the Fuel

if we let rP(xy, z, t) be the displacement of the x-y,-z particle of fluid,
then we have the problem of determining the displacements of the fluid in terms
of the displacements of the walls of the tank.
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FIGURE 49 DISPLACEMENTS OF SLOSHING FUEL

Tne equations governing the motion are (see Paragaph 2.1.1.2, Equation 2-31)

ST. (3-555)

in the present case

---- - - (3-556)

and thus

(3-557)
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If it is assuned that the displacements are small, the E !lerian coordinates

* (3-558~)

are aproxinatel!j eoual to the lagangian coordinates; and, moreover

-F - (3-559)
1,

when the displacenent g-adients are sn_,!

if the fluid is inviscid, thien

(3-5605)
=- (p is the fluid pressure)

for the Eu!erian representation. aie only boay forces are those of r--vity
which are assumea to act aara-l e! to the x-ax-is.

(3-561)

and Eouation 3-557 beomes

S-=3 (-562)

if the fluid is assumet incompressible, the- Jacobian of the defonation nast

be constant.

(3-563)
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for small displacements

(3-56)
= r '-

if the Jacobian is constant, then

(3-565)

If the fluid has uniform density in the undeformed state, the density is con-
stant in sace and tim and the body forces have a potential,

?3- t3 SI(3-566)

such that

Equation 3-562 then becomes

(3-568)

Final1y, if the deformation is assumed to be irrotational!

V ' (3-569)

then there exists a displacement -otential, 6, such that

IF' (3-5740)

FTro Equation 3-565 we conclude that 6 satisfies laplace's equation,

230



and, further, EGoation 3-568 becomes

, > ) -_ l>(3-572)

or

b% + "# o(3-573)

Te boundary condition is that the normal component of the displacement is
specified on the boundary.

Since the wa1 1 s and free surface constitute a closed volume, we can intro-
duce a set of curvilinear coordinates (g, v, K)such that Y(xy, z) = 0 describes
the undeformed surface of this volume. The transformation from the cartesian
coordlinates (xyz) is

" = ,;, , v(3-574)

A point of the surface is described by y and K in the sense that

o .,C (3-575)

are the parametric equations of the surface bounding the volume of fluid.

if ER is a noral to this surfaze, then

J..- -(3-576)

is the norl component of the displacement at the boundary.

At those points of the boundary constituting the tank walls, p,, is assume!
to be own, in r of generalized coordinates iescribing the configuration of
the rest of the launzh vehicle.

At those points of the boundary which constitute the free surface, P,.(gK,t)
is not knm ; but on these bundaries the pressure is zero ani, consequently,
from Ecuation 3-573

o e e(3-577)
on the free surface
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but

-el; (3-578)

If 9 is defined so that -6= 0 at the free surface, then

- (3-579)

where x = x is the equation of the particles on the free surface. Since

~?,'=~ ~(3-580)

on the free surface, we have

(3-581-)

Thus, if we write,

(3-582)

we have

S -' on the walls

(3-583)

SE- on the free surface

o-w, the general solution to Laplace's egyation which is defined on the interior
of a closed volume and has its normal derivative specified on the boundary is

This is the Neumann problem for the closed region bounded. by the walls and the
free surface! . G is the Green's function of the second kind.

Use of Equation 3-583 yields

iSee Kellogg, 0. D., Foundations of Potential Theo Dover, 1953, p. 246.
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We then have the following integral equation for 0

(3-586)

At points of the interior, the pressure is given by

(3-587)

3.1.3.9.2 Solution of the Integral Equation

Consider the homogeneous equation

anvi let

y- (3-589)

an:i assume a separated. solution

Then

J, 03-5591)

which reauires

F- aCOnsat ay3 (3-592)
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then. -we have the Cf lQl wing intel eamiom o

From general properties of the Greerals function., we have the fallowing symetry
conditi on hr- the Ike m.el f un~cti oxii K,,

= (3-594

Eq3ationl 3-593 has a, seq-pence of soflutitons

(3-595)

Prom the symtry candition of K, one can derlve the ta'J1Jiwng orthogouaJllty
conditions for, the sollutlons

A nomaliing condition. can be imposed. by, considering the- kinetic energT O, the
f lUi&l.

Cfr the hamo&g-neous saLmtlton

- an the wails

-~ j __(3-,599,

on the surface

1EeeT~am, E.~ ~ o~erI~L~.~ ~ L~6, ECqUP-ti-amJ4
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so that

We them chos thie Hao~a~jI1ftI con6i-tUon -cc be

SEnce

we ba~xe

C&7 LOi
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RF to the nor homo geeas eqpatlon , we have

-.) (3-609),

VTe will t7- toa fiid . solmition, ini the Thr

Sibtttn this. inlta Erci2mati-on 3-609o we obtain

=L (3-611h)

hut,

(3-612)

sa. that

(W) ~ i (3-6:13)

or

(3-614i-)

On ml2ttyC yirg b~y 'P (,u, K) and. integrating over s~) ,~we oabtainr

236



Using the orthogonality conditions, we obtain

~ (3-616)

Interchanging the order of integation on the right we obtamn

Ots)

Using this result in E~2ution 3-616, we finaif obtainu

xU&-*(3-618.)

Now the pressure on the wa .I!. is,. from Nquation 3-.587,

(¥ -x )(3-619)

in which we neglect. the, contribution of px to the total force on the wall, so
that

= (3-638)

Now, foeo Esuarion 3-6105

. - -. - : " -(3-620)
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but frolm Elanation 3-6),,

( - C L +1(32)

sQ th--t

~ - cL~. I L(3-623)

The walL. pxsure, is then

3.j-3.6-.3 aoupitug of sioshing Fuel wi-th la-unch vehia-Te rLotion

'F order to expresa these resalts: in terms off the lnhvehlacle generalize
coordinates, we use Eluations: 3-5412 and 3-546

ancL write Eauation 3-L3 as

an& Equatlon 3.-5147 becoms

= Y V) (3-627)

1ji)



If the tank has axial symmet-r, the net hydrostatic force in the lateral
diec-tion is Ze-ra.,

(W) 6fE~x
2  

?-8

The genexalizer. forces deftneU in Yquati-on 3-55)- are then

7- Tt, {{p}! l (a-62.9),
(WI

If we introdue

(W)

then we have

and- laiggange' eqautmis for exprese-ons (K~pp-tioa 3-5)9, 3-550, an(I 3-55j-)

j (3~-632)

These my 'be rearranged.c by substxtit-Iuig Equarttim 3-631. into Zqpation 3-6aa-

IA ~ ~1 %(3-633)'

239



These equations can be samewhat simplifie& if we introduce the transformation

. I A*} I jsY- pr (3-635)

where the,s i 12... are the "sloshing coordinates:.." cuiations 3-633 and
3-63b become

(3-637)

where

LAR= [Yi t = the rigi. fuel mass matrix (3-638)

[A51 &[1r k [ EstI' = the sloshing fuel_ mass matrix(3-639)

[ 81 ¢L[FIrAj[t'1 = the sloshing fuel stiffness (3-640)
matrim

F&uations 3-636 and 3-637 are the basis for a, mechanical analogy in which the,
motion; of the fuel. is represented. by the motion of an equivalent set of masses
and springs.

3.1.3-7" Flutter and. Divergence of launch Vehicle lifting Surfaces

3.1-3.7.1 AL General. thod. of Flutter and. Divergence Analysis

I considezing the: aercelastic stability of stabilizing fins or other
launch vehicle lifting surfaces, thbe generalized. coordinates chosen to describe
the syst n may include coordinates defining the motion of the launch vehicle
itself although constraint of this motion usually has very little effect on
the flutter speed.. Im any case, the equations are of the same form and are
derive. from lagrange's equations.

-, -S ,(3-641)

where, for small motions,
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T = kinetic energy

U = potential energy = t<

R - Rayleigh dissipation function

z =. generalized external forces

p - = matrix of displacements

[A] = inertial coefficient matrix

[9" = stiffness coefficient matrix

[6 = viscous damping coefficient matrix

The damping may be assumed to have the sam distribution as the structural
stiffness, so that the damping coefficient matrix is proportional to the stiff-
ness matrix (see also Paragraph 2.2.3.5).

L [- (3-64)

The vibration modes of the surface may be derived and. use& as a trans-
formation to reduce the number of degrees-of-freedom:

= [YR %} (3-643)

vhere {qj is the column of "modal" generalized. coordinates.

Tagrange's equations in terms of modal generalized, coordinates are:

-L ~ . ~ =(3-64)

Then:

= = ~-N~h21-(3-645)

1= j= i% 1-1- j.(.1)
= (3-646)

=P , = £ 1 (3-64-)

where

- ] ~= ? [A][s] (3-649)

] =1 : 1:'i (3-650)



(~3-652)

Substitution of these~ re--Utions into rcange ~s eartueions giv~es

'[F~t41i= 3-6531

S--nrcr the solution to Eduation 3-653 is e cteney complexc WMth -Q P
function- off t-Te in the flutte equations it is conrvenient toa cajlclate forces
as a f xction of the freotxency, &Y. This can be done by using Fourier tranf fors
as shown below.

The Fourier transform is define, by

Dow-, the vitual -work of' aerodynami forces can be expressed- as:

where:-

= Fourier transform variable (circutar frequency)

Cz = air density

z = airspeel

= Mdch number

C= mm- trix of generalizec. airforces

The generalied£ forces associated with the i re

3 - --- -(3-6561

an& the Fourier transform of these forces is

-: I t0fl - (w.

Edusation 3-655 can be taken as an expression. defining the aerodynamic matr:U,
[ci. If auasi-steady aiErforces are used, then

2 ,2



~~C(P , , c4 (3-~9

Lwt.

[97~

N= 4.= - - 4.



Etemwt~f~llylg by

= (3-666)

we abtain

- [NYV =(3-668)

Whr 6 [,T ra (3-669)

'17 sLRtlom to Hroattim 3-668 ieids the fi-ioig:

- (3-660)

- ~~ (3-')

For ather zlna tri-wa so]a&onu - i) tba r determinamt~t be
ecte to -ero. Thl. ca Te exade form each~ vaie of Vjv as an re
palymmdal !trT . th c~ ~Jem ocef f 2zients. Se-oeral me-th.ds of expansicm are
a-miabh2e; for emsmpe, Deilew.--Tt s eTr-hd. M-- mats of t~a yol-vmcriall,

0( Y , are Obtied Tay Nev -r s methzo,2_ U2 daeimE, S fte~jpemzy c
Sze- speea3 *, are them ~z--2-u-7ei ft-o these --cats by tb- fo22~oring relascs~iaips.

Y.Tm Eqtiata -cm~ we lbave

- i3wFD7

-4 .ae flutter" eQzati,7s c a rrhtzei tz f:-- -L
FJ~vics nt S- a t T:a - tTL- .n :-c7 --j

Z -Le -- oltr-in-, - -of' :a .-'-e-

used- 2itl i t-,:'eS 0'- ;3rstz - ; -- :~ f~or t~
~ See '% ' oi~- -7k a Ltte- an~i V7o~a ir', -c-r - :,,7,;
taoa Ana~t ~aJ aor~'zd~t~rtto& -~ -nz s-~7 .~

tTLiM. FeriGozt 'IC L3-~ -Y 3L ZtL: -,3-
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S= (3-674)

So that:

IL (3-675)

S(3-676)

The airspeed is then cralculated. from the value of &J/which has been
selected.:

U- ; (3-677)

The flutter solution is obtained. when the value of f calculated from
Eauation 3-657 agrees with experimental or theoretical estimates of P.
This is the airspeed at which neutral stability exists. True flutter speed
occurs where the airspeed calculated in Eauation 3-677 coincides with the
assumed Mach number.

To determine the aeroelastic divergence speed, that is, where neutral
stability exists as the frequency approaches zero, refer to Equation 3-661, and
rewrite with j = 0.

/\

(3-678)

Iet

S "-- (3 -679)

This becomes a simple relationship of real equations dependent upon the
dynamic pressure and the internal restoring forces. If we assume a solution
other than the trivial solution { ( w)-- = 4 0±, the following determinant can
be expanded. as an euth order polynomial with real coefficients in _YJ for each
value of Mach number.

" -(3-68o)

From this relationship the solution for can be easily obtained. It
should be pointed out that this is a special case in the flitter equations whereby
selection of the parameter (w ,= 0 (frequency equal to zero) will also yield
the aeroelastie divergence speed.

To correlate the modal solutions with test data for checking flutter analyses,
consider the following. The equations of motion, including viscous damping, can
be written in the following form (see Equation 2-296):
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where:

=the non-s2 1oordinate for the nt mode of oIbration

&~-~neraiiz eti faziaes in the ntHmd of v-~to

From Equiation 3-653

4 IT j= ic~j (3-682)

B~y comparison of Hamatlons 3-65i. and 3-6322, we must haee

(3-633~

(3-685)

But, -frcm EouatIom 3-663,

Hence:

or

This =Plles that there is a different Percent of' cri-tical dlampng present
in each, mode- which varies with the natTiral f~eqmezicy an& mode nxmoer.. FOr struc-
tuzres where the dam7 =g istrf butlon is proportional to the stff hess distribu-
tin2 , the critical damPing factor, 7~is higier in the highier frelmency modes,
that is:

An example of dete~rinig 3 peintl is shown byy Fi gure 5G. mhe
data have been obtained from a restrained. surface gramndi vibration test. TlHe-se
data are listed in Table g9 anci pictzred fin Figure .50-

Figure 51 shows the graphical representati'uon of the sdiution of the fiatt.er

deter~na46
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Iwe take the Laplace transform of these equations, we obtain

(s 0' (3-697)

The stability of the system is descrfbed by the: characteriatic equation

L(s= Isr±- -,I = 0 (3-698)

Unlke the polynomial, in, Eat-ion 3- 6 7Ly the above polynomial has real.
coefficients: and. thus. the roots: of this polynomial. occur in conjugate pairs.

The matrixc,. , is a. ftnction of airspeedc V, bMch numaber',M, and. air,
density, (e. For the traectory of a, launch vehicle, these paraters can be

related. to, fligh. time. Fo a, given trajectory them, the. matrim, [INJ, can be
related. to. a, single variable. Thus, the roots to Eiq'uation 3,698 can be regaded
as chan,"ing continuously with a pararntric variation of flight time along the
boost trajectory.

Tf we let a' and (W be the real, and. imaginary parts: of the ith root to
vu-ation 3-698,. then

Wi (3-699)

which may be plotted- as a. point in the (cOW) plane.,

hlutterz or divergence is indicated when one of the roots passes into the
unstable part of the root plane (0>o). Figure 52 is a typical plot.,

FIGURE 52 LOCUS OF THE FLUTTER ROOTS FOR A
PARAMETRIC VARIATION OF FLIGHT TIME
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The stability of the system is more evident from a plot of the real part
of the root as shown in Figure 53.

Lx

FIGURE 53 DAMPING VERSUS FLIGHT TIME

3.1.k Response of the Missile to Continuous Random Turbulence

If it is assumed that. the control system does not respond- to the frequencies
of turbulence in the atmosphere, the loads due to atmospheric turbulence may be
obtained by assuming the control locked in the ' = 0 position.. The appropriate
equations may be obtained from Equations 3-27, 3-28,, and 3-29 by setting Y = 0.

-j (3-700)

-~ ~-~ .- r-(3-701)

(3-702)

{x []} Mp (3-703)

In addition, we have the virtual work done by the gust forces

, C ' . , (3-704)
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where w(mct) is the dn nash, of the turhulent atmsp rxe at a, point, xx on the
missile., Asuming that the velocity of atmospheric particles is stationary in
apace, we havqe

'". :,= c t ',(3-7TQ5)

where f( X) is a function giving the diatrbution of guat velocities as a
fun tion of the distance, , : along a fixed path in space.,

-NC

FIGURE 54 MISSILE ENCOUNTERING A TUIJRULENT ATMOSPHERE

The function f( K ) is assumed. to be a random function whose sta iIcalI
characteristics are describe. by von Karman"s well-known fonala, for the power
spec-tru of fluid velacizes in a locaLQy turbulent fmu id.

47;1=~ +3L (-706)

The power spectrum is a "functona-1V of the random function,, f(k), and. an
ordinary f unction of the freyency variable,, -.,, f. this e-pression,., has the
units of (lenth)-' and corresponds ta - "wave length" variable for the os-
cillations in space of the gust veloci:ies AlsoG0 is the root mean square
value of f(X) and L is the "scale" of the turbulence 2 .

The gust forces can he written for the discrete system by using the inter-
polat-on me-thod which gives a re.-tion of the form

~4t (3-707)

khi s is discussed. in several sources; in part:cular,, E. S. Esien, Engineering
Cybernetics, Mc r w-MI£L, 1 -5,,

2 See NA-SA Report 1272,, A Reevaluation, of Data, on Atmaspheric farhulence for
upLication in Spectural. Calcnulations,, by Harry Press, Yay T. Meadows, and.

Dran Halock,, 1956-
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The functions,,, . f((2), for the, iparc blin formula, are given in Equation
-L-451 of' Ptragrath 2.3. .3.21 of this- report.- Equati-on 3-7Q4- can then be writteni
as:

x____Zd. (,3-706)"

Th gust don-sa a, at th ot- collocatie poinmt can, be witten as

anL the inteolation fobmmla can be usad to write

= ~ t. (3-~710.)

We then hawe

where

L
0 ~(3-7a

which is the matrix of' aerodynamic influence coefficients introiuce, in Equation
3-16.1

UTsing Lagrav's equtlons, we obtain

The effective loads are

To solve the equations of' motion, we make the modal transformation
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which is assumed to. include rigid body modes; i.e.,

fL'1 i &( ~V-, , (3-716)

Substituting this into Equation 3-713 and premultiplying by [03,. we obtain

"41+ RW [cX.11) 4~ (3-717)

where.

~ ~'UJhVal)} (3-718)

and-

[ l= [ p]'UA][p3 (3-719)

]'[K J-4 ]j (3-720)

[cp] = [<T]T[A ]1 [ Y.[ ] (3-721)

[Ci] = [yJ'[AJf] (.3-722)

In order to solve Equation 3-71-7 and obtain appropriate transfer functions,
we assume -q (t)} to be expressed in terms of its Fourier transform as follows:

Vt'k =I'  e,11) (3-723)

The corresponding inverse transform is 1

-, (3-724)

Introducing Equation 3-723 into Equation 3-717, we obtain

(3-725)

By definition of the Fourier transform. we have

-. • (3-726)
1he convention for the. form of the Fourier transform used here agrees with the
engineering artifice of assuming "harmonic motion" of the form 1 {} 3 {wt
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and by comparison with Equation 3-725,

ICK] (3-727)

Using Equation 3-718, we obtain the inverse transform

(3-728)

If we change the variable of integration, from t to

= A, -x (3-729)

then we have

-- '(3-730)

Now, in this expression, we recognize the Fourier transform of the
spacial distribution of fluid velocities based on the "spacial" frequency

(3-731)

That is

(3-732)

We then have

, . (3-733)

We halre the theorem1 that any variable linearly related to f({), say

S-. "'(3-734-)

See Truxal, John G., Control System Synthesis, McGraw-Rill, 1955, Chaps. 7 and 8
in particular, equation 8.3, p. 455.
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has a pm--er sleztru given by

= I - (3-735)

Using Eoations 3-727 and 3-7133., -we obtain

(3-736 )
! J -t J!l,-

he loads equations (3 - 7PJ4) in the frele, Y Idae.n are

..... ( 3 -7 3 ( )

Eor the nur~ose of beilc- spec=fic let us take the b edrn ,ent at the center
of ass, x = 3, as a typical load

?ing, use of

-- : = -. " - " (3-739)

an. Equation 3-737, we otain

"~~~~~~~k T, _ . u' . "T

Vnich we can write as * " ",, (-7!

-(3-142)
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(3-74-2)

Th pj---spectm-p-. dersIty of the ber-dng =cneut fs given by

; -~ , 3V

-weeuse has been =T? of Momtios 3-1-06 ana 3-735. Me ahowe P--Cee- Is
tyia or- fin--g the tzasfer fumcti= oa' any aerce-1estic varlabJle timat is

~o~~to the desimr of a mssif"Or ?c stes~u-h aa/or -Po, cycle fetigue
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3.1.5 Dynamic Loads during Ground Transportation

The results of this section are more specialized in their application than
the results of the previous sections, but this section is included to illustrate
further the applications of the general methods of Section 2.0 to a wide variety
of structural dynamics problems.

The specific problem considered is described by Figure 56. The system is
assumed to be a flexible launch vehicle supported on three shock mounts by a
rigid trailer. The rigid body motion of the trailer is assued to be know.n as
a function of time. The shock mounts are idealized by a 1inear spring and a
linear dashpot in parallel as shown by Figure 57.

FIGURE 56 MISSILE TRANSPORTER SYSTEM

In terms of a number of collocation point displacerjents on the missile,
we have

(3-745)

anti
U (3-746)

where [K] is the stiffness matrix for the unrestrained launch vehicle and [B]
is the unrestrained daming mtrix I .

In most cases, damping in the vehicle structure can be described adecuateky

b: [B] = 9[K]. See Also Paragraph 3.1.3.3.1.
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The extension of' the suring is

di-solacement U solacerent
Of' lower end Of' wrner endL

FIGURE 57 IDEALIZATION OF SHOCK MOUNT

3ie displiacement, ,', andi rotation, , of' the trailer are assine to be
kmawn i'mnttionas of' tin

Thre f'orce, Ni, thast the -ith1 shozk n' in exerts on -:;henisl in zhe z-
&irection is givenl by-.
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wbere k-.a:ci -- the se-r-ig and A- constLants. T, t-ova viztta work

of these forces is

tIva

f or 24 dif ferent sliof4t momts.

Mhe missile displacement is rela-te to thae Enera..ized coordinates bya
relation of the form:

=_r, (3-749)

Using this in Eacuations 3-7-47 and 3-:148, we obtain

-~ -- - - 0 (-150)

1= 1 1~i (3-752.)

7, -x(3-752)

ani introdiuce

-~ ~(3-153)

-A- can -wrize Fauation -50as

(3-t55)

Tn order to reduze the mfiler of~d~e-f-ren.i is expedient to
t,__sfT=to moal Sneraflze i zcorif- tes. For this purncse, we inzrudzzme

wghere [61 is a rL.:ix of en-strainei modes for the latrneb vehicle(2dn
rigi-body modes). 2-ubstitzftinS 8q.:aticm 3--,5t into 'Eqaticns 3-7-4, 3-7-5,
3-746, ani 3-75, gi-ves

(3-757)

(3-75 0



R .(3-759)

leag range's emations (Eouateions (2-64o) are

I " - " (3-761)

where

. (3-762)

anin the present case, these equations yield.

-- -~(3-763)

.. .(3-7645)

(3-766)

IThse ealuatlons may- be vat in She for=

(3j)
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These equations can be solved by the general program mentioned in the second
part of Appendix VI.

T he transient shears and bending moments on the vehicle are determined
from (see also Paragraph 5.1.1.1, Equation 5-5k)-

=[RI1[t (3-770)

Yj El Fj 371

The force in the ith shock mount is given by Equatior 3-tk1

From lagrange's equations for the coordinates, pi, we can obtain

+(~ (3-774

if -ce introduce a matrkz of -"I the internal loads (shears, bending moments,
and shock moun forces) defined by

(3-775)

then. we can express Ec-utions 3-7r , 3-7-2, and 3-73 in the form

2
(3-776)



where, as before

i rt) (3-777)

The Gransient loads, expressed in the form of Equation 3-776 can be calculazed
along with the integration of Eouation 3-763 as discussed in the second part of
Appendix VI.

3.2 M T AMOSAIC ZUATIO VE I TE PLANE CTION CI A
ID= MISSILE E=ZO AEBiAMXL L ARGE 'RIGID-BOY" DISPLACEKMS

The motivation for including the nonlinearities associated with large
displacements of a slender missile stes frm the need for calculating the
trajectory simultaneously with the calculations of loads (shears and bending
momnts). In this section, only plane notion is considered; these concepts
serve as an introduction to Section 4.0, where the general case is treated.

3.2.1 The Kin tics of the Plane Motion of a Flexible Missile

The gec etry of the system considered is show-n in Figure 58.

0.i

} , .

FIGURE 58 INERTIAL AND BODY REFERENCE SYSTEMS

The relation between the two reference systans is given by

T : _ (3-778)

_(3-779)
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from vhb±h

LE= (3-780)

= (3-781)

The position vector for the x-y-z p rticle is given by

~, ~~st ~ -~~ p(3-782)

vhtre 2 is the position vector for the center-of-rass of the body.

______ ~ _(3-783)

ani x, z are defined by

(3-784)

(3-783)

'(t) aid '(t) are the ccc~onontz of 2(t) resolved in the grun (inr -
tial) reference aystan. 2e dizp ac=t of particles relative to the

"4 : )'Obody" reference system i. described by o(x, z, t). It =ay be
nated tat (x, o, i) are the Langr in coordintes of the particle vhich is
at the center-of-=ss of the u-neared body.

The velocity of the x-y-z particle is given by



it (376

The displacement resolved in the body referemce is

~ = ~ (3-~787)

go that

7 ~ (3-788)

If Ye denate the veaocity of the eent-cr-of-mass by / the

3.2.2 he Kiretic e Rgy

Mhe kinetic ememrg7 off th ba~ t E



-. djct ~(3-791)

(3-792)

In. order- to Eez.rte the. ?rigid-bcy" am& 'velsati" -mt-ion. we, will imposc the
fvolloving c~stzaiit c= the dis- cer--axt ralatire to the bctdy-rais refereance

- ~ =(3-7193)

,-~ - -(3-794-)

Staf ra c--ioa is alwkyp vow-a i.rS is the positica vetor to the
w~± c-o~~efo= th3 dafoz=d, bcdy. The moti.4va for imrcsirg the

seca~ cg-iticm is =ot baasic and azr he dInission viILl bIrve to be
dee-red to Seetica 4.0 (see: Mqai -i3 ). M--tcom 3--94 is tte "second-
xc--t' off im the =.- Sesne t2=t 2ation 3-793 is thel 'first-Mment' of

The sa2ar eqwtiows corresto~dim to Ivtoms 3-7 3 a~3-1,4 r

(3-795)



, , q -- s(3-796)

(3-797)

By differeatiatimg these expressions, we also have:

ik ,- ' - D (3-798)

j'. - (3-800)

Substit-ting Equation 3-787 into Eqmi±o 3-786 us inFquat±ons 3-795
through 3-&00, we obtain

-- 3 - (3-801)
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Ve can reasoey in the hody refere- n

V , '- z (3-aO2)

anff we recognize the total mass,

v - &SL agd Fs (3-8ao3Y

and the total "pitch" moment of inertia. about the -eUnte-r of- ma-s of the
rmdeformed body

The kinetic energy is then

T = MV~ ±16i

+ ~t(~~ ?~' ~(3-805)

3-2.3 The Approxima. ion of a, Finite Number of Degrees-of-Freecoi

In order to obtain a, rational solation to the general problem,, we make a
finite degree-of-freedom approximation (see Equations 2-361, 2-363 and also
2-451 in Section 2.3).,
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Rigtd. bnody disp senents relam-tv-e ta the bodcy- refereiae system aue giLv-en by

(3-313.)

tlsa-ue these relationa we can eApress the terms ain. the kinetidc energ- =n tenns
off the generalized. caordinatear p-t

(3-8177)
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. - .(3-81")

MEieae eamtions canr he atrplifed if we introduce

(5 -822)

(3-82 3)

and the kinetic enerK, can be written as

7 -~-r (3-825)
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We can further introduce

'AEj (3-826)

A(3-827)

and, note that

(3-32c)

ancd

(3-829)

s r is symmetric and [G] is anti-symmetric.

Using Equations 3-808 through 3-813, it can be shown that

M== ij-KA]K, = -i](3-830)

(3-831)

It is fairly evident that the [A] matrix is the inertia matrix of small
vibration theory (see Equation 2-132 or Section 2.2).

The final expression for the kinetic energy is
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-. -*--- , =

4- g(3-832)

where we have introduced = .

3.2.. 4 The Strain Enerer and the Virtual Work of EMterra! Forces

The strain energy of the system is assumed to be of the form

L' = I S>'K I 7 ( 3 {wi (-833)

where the second term is the contribution to the strain energy from column"

loading (see Paragraph 3.1.2.5, Eluation 3-197). The strains in the body are
assumed to be independent of the "rigid-body" coordinates, 4, ', 0; so that
the discussion of the strain enery in Section 3.1 applies here as well.

The damping in the structure is described by Rayleigh's dissipation
fir.ctioin:

afternal forces are introduced in the virtual work of these forces

s 4 = 4}P} + 5-1 i z  (3-5-5)

w.hich defines the generalized forces associated with the generalized coordi-.lates, ~,€ ,and, 09.

The generalized coordinates, pi, are sj-ject to the fcllowing

constraints:
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F, [AY 3.8a

which folJlov fraom Eq~utlons 3-7a,5, 3-796.r and 3-79T7.

3.2-5 Mhe F~ations fox Transient Loads

Th'le eations for determnn- transient loads are aerive-c fromi the
uagrange equations correspoing to 1?1, p2. ... LaL; rom Equtlain 2-79 of
Paragmph 2.1.2.20yre have

i~r zr Z p
t +

usir-2g Euations 3-333 throj 3=338,,e attainr

~ ± 4 1 L~+
I

[(3-54o)
-o t
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Because of the rellations

a[Kj~yF

F4~r~j=4r4-(3-841}

Jt~j={aj-(-3-842)

we may elimdiate the m ltipl iers K]_, 2 n d. k 3 (see Paragraph 2.2.3.4,

+

where

[rI = - ~(3-84~4)

and

The strtctural loads (shears am.- bending mo.nets) can be related to the
effective loads,

274



by a transformation, [RI , like the one considered in Paragraph 3.1.2.1,
Equation 3-79. if we denote the shears, bending moments, and- any other
pertinent stress resultants by ii , then

or

-- , -Z' (A], ..

3.2.6 The Equations for the ,rajectory

The equations for d.ete i nvg the trajectory are derived fro= lapange 's
equations corresconding to the generalized coordinates, , , and 0.

i - (3-849)

(3-85o)
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Because the kiMtic e.era (Iation 3-832) is exressed in ter-- of
Vx, Vz, and 2 , it vill be couveniext to rp1sce the above eqtatioms by a
set of Iagrange T ,tioas for quasi-omodiates (see Parapab 2.1.2o13).

Frm. the relation,

&. quations 3-778 and 3-79, we obtain

ca~ (3-852)

(3-853)

We complete the transformatiox with the trivial definitiox

zquations 3-852, 3-853, and 3-854 are of the same farn as Xvation 2-81 of
Paragraph 2.1.2.3. In the present case we bme:

7ie coefficients defined by Zquation 2-106 of Paragraph 2.1.2.3 are

-le1 - - -. n -- _,

2T



5whe " qasIjagrarge equations" (B-,atlorrs 2,007) c espanaig to the

~~ (3-8~56)

C) k ( 3 -b -7

where

F-E X)

Frol thekiretlr en --- expe-csed n Fm-cla 3-32.we atal



(3-8E5)

= (3-E63)

AdltSea -w bepaver the t1 -ara ~ trd _____

At ~(3-6)

-: (3-666)



~The de-iJvation vr-cceeds as fo-rs. Consider the virtual work of
extera 1 forces as glyen Fara. -a-ph 2.1.2.1, Equation, 2-48.

\ ~R; -* ~.(3-870)

Frv- EBaticn 3w6%e h--ve

&= +

- 3 V(3-872)
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By comaring. this Vith

we. conclude that

p iv(3-87k~)

Fk + (385)

c- =jtt !k - -- - -

Nowv, consider

280
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wh=re uxse has5 teen md af' E~pmtmL~ 3,-306 -- & 3-55. In a, Ein-ler xmner

FI~r the taa mmeEr~t, G , we hv

1It can te shw 'L= the resuts~t f m Paragraph 3 J. th-at in the case of a
on-imerisiofnaL body:

Thene Is so=e inid--cation tha--t this relation holds forz more general aonsde-ra,
tions than that oyf a; cne-dimesfonaJI bady. Om intni-t-tve gratids w-- arjeciT te
that in the presert, more- general case, we have
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where [N J is deft-& in. Evation 3 873 and. ftont Eation 3,%QS8

In. mmrnmEZy, we hae

3 .. 8 Det&ilecl Desription of Efemnsa Fores

In. ech of the sec.ion below- thmE generzalimed forces wilI e dL&etiveE
ffront the vtrna:LmI work. of externl. forces fronm one- of several, &sonres.. The-
separte e:2oressioa for- the genalizedi forces wai-Il be oombdmne~ in.~rr

3.a.8 .3l kerodynmiz Forces

As in Ba r 3 .- L, we will. arsams the aeraffynaamii foryces5 to Iae
suffieclently describecL by- the 'oVnrsi-steadyf' asaunption... The -irta work of
theR- aero Tiamic forces is tben

where CL --n& CD are local drag and lift coefficients per umit of Iength along
the vehicale.. Mhe "Tree streant' dire~ction is arbltrard- taken a:F parallel. to
the -axis, sa that

- F(z,3



where i the windi vector.

Fl GURE 59 . ERODYN1AMIC ASSUM F TIONS-

If'11+ and. LBC are unLt ver-tors parallel andc normal to the zero angle-of-
attack axms at ea-ch pot.t along the hodiy,. then the local. ang-le-of -attack. is

a_____ (3-889)

FIGUZE6Q LOCALANGLE-OF-ATTACK
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Frcu Figrwe 60 we can write

(3-890)

and, also.

Substituting these: into Equation 3-889 and using Equation 3-786j, we obtain

where the assmuption as, been md.e: t]at the angle-of-attack is. smal!. If we
introduce the "rigi -body" angle-of-attack,

then

71 (3-895)

The aer dymnmic coefficients, CD and CLare assumed to be a function only of
the local angle-of-attack. Linearized aerodynamics would predict these to be

a. catxsta~y2t, irdepecmet oF 7t(Xt) (3-896)

= L~~) C)J~4- ~)(3-897)
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At high Ach. mabers,. NM, > 3; the ken'm L (x, ), a chbes the fom.

(3-898)

where K (x) is the Dirac function. YquatIon 3-897 is then repace& by

CL *' ~(3-P-99')

For the re general case we have

Usig Equations 3-806, 3-807, 3-811, ami 3-813, we csn write

1-5 = (3-901)

- - (3-9M2)

(3-903)

Substituting these into Equation 3-900 gives

-(3-904)

where



(3-906)

andl also, from Bbmtions, 3-SW8 andi 3-894, m- ae

~= (3-908)

_ (3-9091)

The ccwonants off win. in. the bodyr ams as-e callultedl fzcm

-9k o (3'-911~

wh~e Wiis the: dotv--angsa ccomoent of -g-irA' mvamrl to, the ems-tblla slface.
an&, W is: the "mu-draft," ccmvmne-t nora1l to the eeztWS, Si~flacm

FIGU.REV& WlINDS RE50tVED [q TLiE EN'ERTIL
REFERENCE SYSTEM



The vlida'3 , W and V T ,am& tbe & nit are; as-amed to, "be kw
fto~ Of altitud*',. M2§- SCM zet&, C.a is al~so a -. ict-f ct,

anis msd,-fizz tb-- calu~t-o3 off 3i~b. m, s

(3-9m2)

Tro girtT field. will -be ass~ieC to -szy vith, altitt but be uafmlo

Vp~ "Ato t

FEGURE 62 sPFIRDXLYAt&7t'.S TO HYERSE
SQUARE GRA'arn' FIELD



The force per umit of mss would be

vhere G is the universal gravitational comstazt , is the nass of the
gravitatng body, and R is the radial distance from the center of the earth
to the- Orii. Of the-C~,~ coordinates.

If we intrcLuee the local acceleration of gravity, g, at the origin of
the ( ,~)coordinates, then

9k-U (3-913)

az we can write the gravity vector as

If we assue this acts uniformly over the entire vehicle, we are neglecting
the "gravity gradient torque. The virtual work of the gravity force is then

- - ~ C(3-91l4)

Usims Evations 3-806, 3-WT0, 3-808 and- 3-8., we have

.i;x = 4 A ji (3-915)

- ~ (3-916)



Also, from Equations 3-778 and 3-779

(3-917)

and

' " = (3-928)

We then have

-- (3-919)

3.2.8.3 Thrust Forces

To allow for complete generality, we asse that the distributed thrust
on each particle of the system is given by a function of x, y, z, and t as
well as the generalized coordinates, P., p2 .... 1P. It is generally not a
function explicitly of q, C, or 0

- - ,,(3-920)

The dependency on the generalized coordinates is included to all'r for the
fact that the local thrust vector is redistributed when the body is distorted.
In addition, for a gimbaled engine, the thrust depends on the generalized
coordinates describing the engine swivelin.

The total thrust force is

(3-92)

and the virtual work of the thrust forces is

a (3-922)

On the basis of the "snaliluess" of the generalized coordinates, we mV write:

(3-923)
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Sinc~e

- ~ (3-9aI4)

can v :Lte

- 5: t(i-~l(3-925)

rhere

~ - ~(3-926)

- (3-92T)

The at*Te =tiez &rle generally funticn of timae and. the aabemt jressre,
p- . Iftli ambient~ densiLty an&- apee of soun& are assued to b-- a f.-

- -- -~(3-928)

vn r-.-l is the ~adstaatIc oonstLut a



(3-929)

(3-930)

3.2.8.4 Cbntrol Eyte Forces

We vfi2l. assim tbat there. is only one zcol coordizate, Y, vbiah my
'be the rotation of a sbatt supporting a jet vame~, or the- gimbal angle, of a
svivelimg angine, or in a generai~ized esse it might -be the displacemant of a,
valve controfling the flav rate in a fuel. injection meebsnism. for thrust
-vectoring. It mdght also -be the rotation at the binge-line of an .ero,-
1&yzami sivxfzae

In SaY CaSes the coatrol. coordinate can be relata& to the geealized,
CO~rdiMnae deSCribing the CCfig=Stion0 of the SySt=:

(3-931)

F=r the case of the ±uel injection st the =zabanical. generalized coacrdi-
nates, , =nst inc-Iude the- &ascrlptkon of the valve -position; arA the Tart-
ation of thrust v--ith valve position =nst beI ilied in 14pation 3-925.

Mhe ctontrol force fzcm the servo is defined by the virvl vork of the
servo in a vfrtiu.l displacerant of the control coordinate, Y.

:z*~ &f~(3-932)

The statent desczi-bizg ho-; F dep~emdz on the ouxtputs of sensors in the con-
trol systz. is called. the "contxoI Um"v' am& this is discussed in Paragraph
3-1-3-4-1l

if z~vati-O is SxfDbStituted into MFI~tion 3R2

- ~ (3-933)

I cl-ear- statzent of this definition 'Of control 1a'i, in a BIZf iciently
Saessul frm :fo- us e In fleible, body aa3sis, appears to bave first be-en
given in. The Drnaric Et~ese o iftancei Vehiclas WOD 2R 60-518, b7 fQ. R.
30b", Lt- al. Sept. 190 A-M.I 0, eitiox 2;g, p. 176.



so that {J77 F are the generalized forcea contributed by the control

servo.

3-2.9 SumWXy of Equations of Motion

Fro the virtval work expressions of the previous section, the total
gentralized forces from aerodynamics, thrust, gravitr ani control are givem
by

WSW =(3-934)

where

- - - - - - - -

(3-935)

If we note that

. .. .- -_ .(3-936)

-which follows from

" (3-937)

then va can rewrite Equation 3-843 as

29-



(3-938)

/

These equation must be integrated sLiltaneously with (see Equations 3-861,
3-862 3-863, 3-884, 3-885, ax 3-886).

-z Z; IRP (3-939)

-1"' 4 -P. - (3-940)

-. ~ -'~> }4'j(3..941)

where By is the y-component of the total angular momentum,

. .;. .. .. .(3-942)

In addition, we have the differential equations
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= - - - (3-944)

-_j~ (3-.945)

3.2.10 Control System Equations

Let E be a signal to the servo to ccmi a control dis pla ement Y.
This signal is assumed to depend on the sensors' estimte of the vehicle's
attitude, acceleration, aud/or angle-of-attack. It also depends on the
configuration of the vehicle that is progrand by the guidance system. The
particular equation relating E to the vehicle motion can vary widely in form
depending on the choice of type and nmiber of sensors amd bov +be Aemsed
signals are mixed and filtered to achieve a stable system. A fairly
representative expression for an attitude control system is a slmple rate-
plus-disp2lacement feedback.

(3-9446)

where - is a prescribed function of time for the vehicle attitude, O D is the
sensed attitude at the envircmment of a displacement gyro, and OR is the
sensed attitude at the environnent of a rate gyro. The gains, Y and KR, are
constants. For "perfect" gyros:

(3-947)

=- "(3-948)

where xD and XR are x coordinates of the displacement and rate sensors,
respectively. Using Equations 3-947 and 3-948, we have

-( -3-99
- - (3-.949)
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In tbis rePrt, an attmp will be nade to generalize the above exrezsion
to amgle-of-attack feedback or otber schemes of stabllization' but it must
b Streszsd tbhat Papt-icular sohae- ay be easily expressed and, in any
case,, involves only one equation for the variable, e . This equation m~y be
an, inteo-diffexential eauation when. the dynamical characteristics of the.
sensors are inalued.

As in ParagraPih 3.1-3.-, we =.y express the nt; dzvelope& by the
servo as

7 =I _ - _ !(3-950)

Yhexe the bars denote Laolace transforms an. I(s) is the 'pwer control
impedance" and G(s) is the "no-lo & seivo One4' Oe of the simplest
f=ms of the above eqi!tion is

r --(3-951)

Vhnre. xe is the "zero-frequency back-off stiffness"' of thhe servo actuator
(see ParagraPh, 3.1.3.4., Evion. 3-4 62).

If we let hi be one of a m=ber of rigi-bcdy _za*r terz, them ve mIht,
for eazle, have

h3 = (3-952)

amd &Eaticn- 3-9i49 can be generalized to -- ~~ -953) m

,,-here, again, thme hers demote Laplace transforms.

Mhe genwal form of the control 1 av is then given b-



where

-- - +- L's
- .. .(3-955)

ICS), G(S), Kj(sj, Lj~s) are generally rational functionis Df s.

3.2.-1- The Transformation to Modal Coordinates

In order to reduce the number of degees-of-freedon (and thu5 the nufnber
of differential eruations to he integrated), it is expedient to make a trans-
formation to modal generalized coordinates. it will prove con-enient in this
transformation for the conrtrol coord., 7, to appear explicitly. The vibration
modes for locked control are governed by the following equations

"rY V "- (3 956)

where [ I is the influence matrix for the vehicle with locked controls. ',e
can use the solutions of this eqyition together with the control node to
form a comnlete transforz-rtion to generalized modal czordinates

(3-957,)

-7in ass--d to hce rtnzonal to the ztllar rigid bdy -ade that_,

" -;, " - - (3-959)

In1 tr--3frn O o =- zcoac ~dinatez7 'ew la&e one nodificatizr whi :a
will greatly zizt "i the eofat i-n5 from . mahine com*tfatfiors stanaaint .
For this pturpose, we wilI redefine ,j the generalized forcez, so that
they inclucie the axcial load czntribxtion and the nonlinear part of t*-- -'ertia
forces. ahis,



~-T

If Equation. 3-957 is substituted into Equation 3-938 an that equation is
preIultiplied by [03", we obtain

+ [ 'J LAj(i
['LJf (3-961)

If Eqmtion 3-938 is premultiplied by , we obtain

" A]L I + -tLA ,'y =-" (3-962)

We note that

(3-963)

27(3,-96)



am solve for y in Equation 3-962 and substltute it into Equation 3-96E .

17t- (3-9654

where

7 -A - 1~ (3-966-)

C3-9 67)

(3-968)

" "(3-965)

Also, Equation 3-962 can be written as

(3-9701)

where

"- (3-971):

One of the advantages of the transformation to mcdal. coordimates, is that
the approxi tion of a perfect servo (see Paragraph 3..3.k, Equation 3-h8k)
can be hadled without restricting the generality- of, the equations. This is
important because the conditions where the perfect servo assution is. valid
(Equation 3-481), are equivalent to a high frequency associated with the
lagrange equation for the generaized. coordinate, V, (Equation 3-970). In
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-the: merc*z2L intergmn~om of the ddite-ential equt o e tfzf the atep -
ta~lz aJ bet dltated by thiE3 frequency am ~l,Yi 1w. dca the! nte-gationt to.
th,.e extazit, of mkwg the p~caduze unfaible.

When th* ree.mt sarrva assumtdami lkpae 2tiom 3-540',O Ta~ fimoe& and~
that' eamto fdr, date~~ l is re-plaeeA- by-

or, se to S,4=0)

The! eqL=jiomn f or dexa miag,. )lod 3uatilom 3-84.77) can be: rawritten as,~

vher& {BP- is givem, by l~ato 3-960. W'e Mql ume& 3Wti~Oa, 3-%i t. eafirAtel

wlt the: resuLt that

vbere- [~ gl-iKve by Mi;ytiov 32-969"..

Fi-aliy,, the! cor&troiL systm. aqtt:o~m i t rws of MCd]ll cCAordfrnatZT, E
isumarized in the "hcnt=31. iaw.'"

The: caxfolixticut theorem offrs tha forn3ll so utom. to) tlals; equaticn am~
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whi~ch, canx be mda tb& bamims for, a. ivchawe to! incite; a, glaserml. control, syva
damr -Tolfal W. acapltax r' ogaw dezscribing; launch vaihicla) d r-mIc'.t

For, the siapile ra ~sentationx of anw attituff& control mysta!.l mentloaae&
asr.Uaerp we ai

T. Tl,)0 ' K~1 TK JW~j

- T~~4~x -F~Y 1-(3-9771,

IA. nuww/ of' thai eqtatonct d~airfred. in' this, sactiona i1rw liven' ix. !Iig=ure- 63.

3!.P-'.12! The! Quaa:Ei-f± .%M Apaztiona

The; eqpxatiomiii d'erfredi 1-M th-Ism; sectio cax be, geat4/, si~wlifie& iYf-' the

~a~-~i~d~.aasumpti-ow, ±a- ms&sm (Ae Bara .v-ah 3J2 Im the) present,

With t~±s algroximtioi~ the more., signtfilcan.t. nonlineear inertm, terms are! zero.-
We fwzrtbar, neglect. the ter=w

by- czpisow with.. I., the umlef rmed, veh-.cle aet, of' inartfa. V& then- bave'

- I(3-9801)

we ecc21fe~that.

rT C3-9811

the equiations of' motioz, beco.

- - - -_ I3I +- 4,J
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= (3-983)

_- -L -(3-984)

(3-985)

.= FXi[]'[ p. (3-986)

Js " eYx + S U.e VAX =(3-987)

= + (3-988)

The mgressions, for thea forces reduce to

tpR = - -C ff-1/4r -X{ -- + 9 -

7Wr

and the equationi for internal loads reduces to

{LI = 1[r3[n ]-%pI (3-990)
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The simple attitude control law (Equation 3-971) becomes

(3-991)

When Wy --wo , the perfect servo assumption, becomes valid and Equation
3-985 is replaced by

a' K(~2 IR -Kj~x1CJi (3-992)

and F is set to zero in Equation 3-991.
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14.oQ DYNBE C Omac AN uu ~R~nmu ELASTIC SwRETUE
INI GNEAL SIX-DEGRM-O-FEEIXM MOTION
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4. 1 THE EQUATIONS OF MOTION OF A SIAULE ELASTIC BODY CONSTITUTI1M A FXED
SM OF P=C AUM HXEbnDC LRGE "RIGTD BODY" MOTIONS

The object of this section is to derive a practical and general set of
equations for an unrestrained elastic body in general motion. The theory
presented here is a rational generalization of the work of Euler on the motion
of a rigid body and of the work of Lagrange op the small motions of a body
having any number of degrees-of-freedom. We have discussed Lagrange's theory
in Section 2.2 leading to Equation 2-140.

[A1~ r.- FBp ={

Euler's theory leads to the following equations

NI( -L 2 - I,2 + =

where ---

(Vx, Vy, Vz) are the body-fixed components of the velocity of one
center of mass

(S x,Sy, &Iz) are the body-fixed components of the angular velocity
of the body

Fx, Fy, Fz ) are the body-fixed components of the total force
Gx, Gy, G,) are the body-fixed components of the total moment of
forces about the center of mass

Our interests are in the case where neither of these theories is valid
but both are obtained as special cases of a more general theory to be devel-
oped.

The results of this section will be used in Section 4.2 to develop a
general set of equations describing launch vehicle dynamics.

Following the development in Paragraph 2.1.1 of this report, we will
consider that each of the continuum of particles of the body is labeled with
coordinates (x, y, z) which correspond to the rectangular coordinates of the
point occupied by the x-y-z particle at time, t = 0. The Lagrangian coordi-
nates of the particles on the boundaY of the body satisfy the equation, say,
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0 (4-3)

Stated differently, f(x, y, z) = 0 is the equation of the bounding surface of
the body when it is in its position at t 0.

at time, t

t(

at time, t 0

Z' trajectory of the
x-y-z particle

FIGURE 64 MOTION OF AN ELASTIC BODY

In deriving the equations of motion we shall make use of the Principle of
Virtual Work (see Eauation 2-33 of Paragraph 2.1.1.3).

Preliminary to this, however, we want to discuss some of the details of the
kinematics of the motion.
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4.1.1 The Kinematics of an Elastic Body Bxecutig 'rbitrarily larg!e
Dis-olacements

It vill be convenient to arbitrarily decompose the rosition vector,
Mt (x, y Z, t)', into a sum of vectors describing the "rigid body" motion and
the "elastic" motion. There is no a priori way of assessing how much of the
motion of a given particle is due to rigid body motion and how much is due
to elastic motion. it should be emhasized that the procedure we shall
describe is just one of a. number of arbitrary criteria that might be_ used
to seoarate the motion.

An important property of the gross motion of the body is the path taken
by the center-of-mass of the body. ETe position vector for the center-of-
mass is defined by

F(k-5

(T;he region of integration, unless otherwise noted, is the whole fixed set of
mart ices inside f(x, y, z) 0.)

FIGURE 65 CENTER-OF-MASS FOR AN ELASTIC BODY

If ,re arrare the x-y-z coordinate system so that the origin is at the
point which is the center of mass at t a 0, then x = y - z 0 labels
the particle Which, at tiMe t 0, is on top of the center of ass. oe then
have
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!%e inertial reference system (i , 1E() is, in so e ways, inconvenient
for describing the motion off a body. Let us intro5uce instead a reference
system, ( P , j , .), which is neither fixed inr sece nor fixed -in the boay.
We Twill assum.e it to be arbitra-r for the present. Te relation between this
reference systen ani the inertial reference system- can be specified by a set
of Euler angles, .0,B, V,(see Figure 67).

We then in-roduce a _osition vector that is fixed in this fla of
reference and whose length is constantly eqral to the distanee of the x-y-z
particle from the origin (x 0, y - 0, z 0) at ine, t 0.

L, = a Q44-k("9)

The direction of L depends On the oriemation of the .ody"" axis system,
( fj , k). The position vector of a point, fixed In the ( )fre-_ Of
reference is then

F-11- L t o, zz.

FIGURE 66 A POINT FIXED IN "BODY"* AXIS FRAME OF REFERENCE
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We define the "e-lzstic" disnJlaerment vector ('"re-iative'" displacenent toIit
he a tetter- descrIion) ofZ the Y-y-z wxrticie to be

wx th the restit tbat-- the LoositIon vector of' the Y-y-z part-Icile ca-n be
wrItten as

!!As defin.ition of elastic dismlaer-ent 2lea-ds to the imuortanr~i re].ation,

0 -i2)

TisMa f ollows f rum. usimS Equion L-10 and the re -1-tions def~ ig the center
o. mss (EqUation ~.5

The fI--t an -1-s ter- cacel lemving-

vhich is zero keca-use of Ecoustions 14..6, -. ,and

~e e~-zig isnem.eut isnrt cuizlevel3 sluezified intil -we say that the
(iK f m ~ '-ne of ref erenze is.- 'ee are a nmer o f possibilities f or

definn (j , )wich lwowid tend to -- k them~ follav the gross oai 1

=atfion of -the toy iz can te shava Uhat the c7-ditIc=,

k.=~ (' 9



.Along vit-' the reqonireisen-Tt that 1 IjI~~I~ and.

(4-16)

k=i4-7)

completely specify the (V ,, 1) frae of reference as a set of unit,
orthogonal, rigixt-handed base vectors.

-ouaton. 4-5 leads imediately to the condition

L 3 (4-18)

which is true- because

IL-n Ely- R - % L1 0 (L-19)

from Equation h -!L. and the fact that L x 9- 0.

In siz , we have

1 40Z- . (4-20)

Tihere

(4-21)

and
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and p saitsies the folla,_ng conditions

The kineratics of the rigi-.bcdy~" reference system is deseribed by the
velocity of the center of mass,

and the angular velocity of the (f,~,1)axis system,

ILT-a6)

This vector has the property that

which is characteristic of a vector that is fixed in the ( ,i)frame of
reference.

The velocity of the x-y-z partiee is given by differertiating Equation
4-20 and using Equation ",-27
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if wer-mt isrie Of referedt I jv te

thtj

In the ?r iIpe of Virtal Work ref eren~e -f s ma de ta the virtual dis-
placeieaft, &Z~t, , of the x-y-z. partile.. This can be consaereE ta be &ue
to virtual displacents of the "rigid. body" reference syztEnt ancl cdue to. the
"eDiast.Sc" atlon re3.atfxe to this reference sytem.

~F. ~ ~ -3111



It Can he shawn - th~at there exits a v-ector~, 69 auch that

W~e them hewe

where -we have let

Trr the Er-inlle of' WirtaL Work the virtual- &iatsplacemelts mnlst Sati-sfy
all the kineniatmaal cosrainks af the syatem-. in partiJ-cilar the vfrtnl,-
&±rplaz -enna must sF-aisfy aithtne 423 and- 1,21-

i..2 D~et-vatin off the f-Lc t±ins of Motlon trom the Erlncirle off Virt--Ia

Work

Troam Fpation1~4 we have

I See Synge arna Grifffith,. Erinc~pes of' Mechanlis, Mc~raw-lill, Mira,
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Snbstitut -70g lraia voation 41-.36 into Fqpat--Tn L vO*~ e obtain

sthject. to the follawinE constraints or- 6- &2,nd IT

an~l

Yallawing I.ag-ange's metho& of' un~eterminecl mu Iiplers, we let d , an&
bex as yet unrini=-necl -wectors and. add.

to the virtalwwrk- Since thisa termr is zeroa. we stillI have 5w 0.

This can be alsa wr-itten- as

31Q5



By the usual arguments, concerning the independency of the virtual displace-
ments, we obtain

P, I-y_ 0 0(4-46)

Ln (4-4i7)

+ P k, V= 0(4-48)

From -these. relations we may derive all. the equations governing the motion of
the. system..

Since we are considering a fixed, set of particles, we can write Equation
4-46 as

'= (4.dV 49)

The total external force on the particles is

F = PO dV F1 (4-50)

Using the divergence theorem we have, from Equation 4-49,
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Fron the definition of the center of masa (Equation -- 54) ve can then write
Fauation, 4-51 as

r (14-52)

if we let

denote the total mass of the body, then

Equation 4-4t is treated in a similar manner. ,Ie f-st note that

Then Fouation 4-47 can be wr-_tten as

(a, LqX (L -5 6)

We can reduce the left-hand side by using, the identity

and introducing the total angular- momentum of the body calculated about the
mass center,

31S



WJe obti

We pJso have

wh~ere we have useri

wbrhis true because the ir'e~m-a can be e ress-li c'2ordmates for Which

(It can be shmwm that this ifs true when the inte~ga1 iF tra-nsf rm ta
~ue~nccoraimoates.)
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We then ha-ve

- (i0-63

Using he dIvergence thearem on the secon ter= a e bain

Me rgt-hand side can naw be recognized as the tortall nianet of externa
forces caJc1--]ted abonat the mass ce=ter.

We them hve

t (4-6.)

otiim cr atte=-ian to Zquatin -4 we ass that [p can be speci-
fie - &etalj 1-zed cordinates, pi(t), i = 1, 2,. .. H. F~ther, we assume

tbot on the basis of' [p being "saaib (s-:ee also Fara~raph 2.3.2 ), we can
write

r!%e

Then

.. = P
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WTe are thus aproximating the continuous elastic body by one with N1+6
degrees-of-freedom. The six generalized coordinates describing the "rigid
body' motion could be taken as 4, 77, 4, q5, 1, , where , 77, and 4 are the
inertial coordinates of the center of mass,

_ ,(4-69)

and q5, 0, and V! are Euler angles for the ( k ,j k) frame of reference.

We then have

(4-70)

but. fron EaUation 4-63, we also have

" - (4-7 )

so that

5b~
(4-72)

Introducinq this into Equation 4 we h e

r \~ (4-73)

The bpi car. inieerdentl- varied and \ I and A. can be chosen so
that
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Using the identity expressed in Equation 2-43 of Paragraph 2.1.2.1, we
_have

T, i~t(.-75)

where

(4-76)

Also, from Euation 2-55 of Paragraph 2.1.2.1, we have

_ .(! -77)- - f= 2- - -

where

- -, _(4-7- )

generalized forces derived from the
virtual work of only the external foi %-s.

e then can write Equation 4-74 as

I-..-. (-7)
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rhe ce=Ipete eaaions of raztion are

4.1.3 =-e Kinetic E~ier~y off the Bd

F~ro= Equationi 4-' the LA retic ene:-E- 2s

3L5 )

if we inntrcduee tzhe w:-adiC,

then we can -write

in zaa A. IF



Substituting this in Eouation 4-85 and then into 3qution 4-83, we
obtain

F-

Since A and do not deoend on x, y or zj e may take them out of the
integral.

r co Eatiors 4-2.L 4-2 -.e23, -e

.*-2so, srze (::rc= Eation 4--

* (L 91)



we have, on differentiating,

From which we conclude that

- : (4-93)

In a similar manner

- ' (4-94)

Usi g Equations 4-90, 4-93, and 4-94 we may simplify the kinetic energy

(4-95)

where we have introduced the instantaneous inertia dyadic for the deformed
body,

(4-96)

and the total mass

3(4-97)



It will be convenient to express the kinetic energy explicitly in terms of
the components of referred to the "body axis" reference system,

(4-98)

We then have

j -~ -~ --~)\ ~j(4-99)

and

, ', .- (4-200)

The inertia dyadic can be expressed as

- " , :' N j':\' V 5tjy)
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This expression can be simplified by making use of the constraint relations,
Equations 4-23 and 4-24, written in terms of components. These equations
are:

Pjv (4-102)

(i -03)

Z (4-..105)

-~ (l4-106)

For the sake of brevity we write Equation 4-101 as

7 (4 1-33)
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Then, using Equations 4-102 through 4-107 in Fquation 4-101, we have

- + (1-109)

,-,t -VW' -. (14-. )

in these expressions we may recognize the moaents and products of inertia of
the urdefor-med by.

~(4-!u6)
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(-117)

t Z' (4-118)

- 7.;(4-119)

- (4-12o)

As in Section 3.2, we want to make a finite degree-of-freedomn approximation.
From Fuation 4-67 we have

(4-.121)

Expressed, component vise,

(4-32

and Eauation 4-221 can be replaced by

... (4-123)

9(4-124)



Using these expressions we can write

4(- 128

'T. 
("--329

4-1

We can vrite these expressions more concisely if we define

" = - ".-,Xi (4-132)
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- 7

Earlat-n 4- - as hnb witna

It wLl be carenle=, to introdtize rligil body modes, L L , vhbiob
reoresert ;=lu(e-s of ~J carre-.r ni n~ to dispi acementsa relatw-e to thle

~ r ~~)refference aysteim as a rigid body.,

,9 rigid body tranzlatlan rarallel to the Ym-azvls is ziweyn by

3 31



tweazh, partical- Thae~ them emista, suhth

-~~ -JA r .- J

I rigjf body ratatimn abouit the x-axi s -t~w aordiig ta~ the righ-

Thore exi5tE 14.} ac1 tIht

In general thare are aim passible inde-_gnient rig-id bcdyj mades. If these are
tak~n aa

(1) trar.Lation parclIel -ta .

(2-) trnlatiaa parallel. to

(.)tranalatilon paralleL to I.

(4)ruta-,tion aboaut v

(4rotamtion aboat f

(.6) ra. aba-nt



Then ve bava

Ustng these relati-am, we fin tha~t

- A' '7 '~ A -(4-~146)

and.

and, in -Trera3.
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Where [OR] is the N x 6 matrix of rigid, body modes

I R bl(4-.149)

The components. of the. inertia. dyadic can be written as

X -: . - I, , (4-.iLo)

(4-151-)

*.,t _ = - IL + - . ._ -'' ,,_ ?( -L

4~ 152

- -.- - - (4-154)
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The kinetic energy (Equation 4-95) for the finite degree-of-freedom
system is

+ np} ,I r  _LAi;, r "'{ }(4-156)

7 *7

€here f X1 f vy and dl, are the components of the angular velocity vector
referred to V k)

-. -- ~ --- -- - ~(4~-157)
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4.1.4 The Strain Energy of the Body

The specific internal strain energy of a particli of a continuous
elastic body can be written in a very general form as

The Lagrangian-coordinate components of strain can be written directly in
terms of the dislacements relative to the (Fj )frame of reference

2

-:' (4-3-59)

=; - - a _o

--- --. z

-. , = :" -'-- (4-160)

ee Timoshenko and Gocdier, Theory of Elasticityj McGraw--Hill, 19511 P. 1.4
e(uation (85).

2This statement reuires proof. It can be shown that the "exact" definition

of strain used in conjunction with the assumption of small displacements
relative to (V )would give the result stated in Eauations 4-159 through
4-164. For the "xac. definition of the Lagragian strains reference
should be made to Green and Zerna Theoretical Elastiit Ocordr , 1954,
section 2.?. 1).
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(4-1,63 )

- -~ (L4 -16k)

Using Equations k-2.23, k-12k, and! k-125, these can be written in terms of the
generalized coordinates., p

(4-165)

(1 -166)

(4.-168)

* - (!4.169)

-4 -(4-170)

Substitultivn this into r.. -_ -

we obtain the follo-wi- expression f t7 . total strain energy
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where

- JJ1

33,

In practical structural ana!lvses Equation 4-173 would never be used directly
but the general approach would be the same except the strain-displacement
relations would be replaced by approximate ones appropriate to beams, plates,
shells, etc.

k.1.5 The Dissipation Function for the Body

In a similar manner we may derive an expression for Rayleigh's dissipc -

tion function. The general f'rm - H 'l"nr 1r rt static stress state is

34 ' - - (4-174)

'. ~ ~ ~ 4 Z ~(4-175)
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u = " =  - (4-l:76)

= = (4-177)

(4-1.78)

4 (i-179)

where X is Lame's constant

and G is the shear modulus

Foll ing Volterra we ma'' eneralaie thes- relations, in the dynamic case, to

S- (tIl85
" ---- (4-183)

- (4-185)

r. - - -.-:

( -187)

where the bar denotes the Laplace transform with respect to time,

-. (4-188)

1Enrico Volterra, On Elastic Continua with Hereditary Characteristics, Journal
of Applied Mechanics, September, 1951, equation (k1).
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Volterra has shown that invariancy under a rotation of axes indicates that only
two parameters are pertinenet to the description of the strain rate terms. The
functions

(4i.-189)

and (4 -190)

are called hereditary functions. We suppose that in the frequency range of
interest in structural vibrations we can say that

, .. independent of s (4-191)

independent of S (4-192)

(This classifies the internal energy dissipation as what is generally called
viscous damping.)

The generalized stress-strain relations are then given by

; +(1-193)

.. - .(4-195)

(4-197)

The virtual work of the internal forces is given by
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(4--l99)

Substituting the stresses in Equations 4-193 through 4-198, we obtain

The f-i_-st integral is - JU ari has alread- been acccunted ?or in deriving
Equation I4-17,-7. a kimg use cf Equations 4-_23, 4-124, and 4-125, Equation
4-231 becomes

Sri -u - svy jj



where

-7. , L

Tn the very special case that g =flX and R =gO, we have, by cmparing
Euation L-173 with Equation 4-232,

and the co=-zents concerning E_uaticn 2-2z2 f Pam-rrah 2.2.3.5 apply.

From Equation 4-L>,! ar-d te s.=ery of LB], it can be shown that a
dissiiation functi-n exists such that

~ ', o.4 .V .



4.1.6 The Complete Set of Differential Equations Governing the Motion of

the Body

The total angular momentum of the system (Equation 4-58) is

o n-) (L~~t (4-205)

In this expression

~ (4-2o6)

and

,.)< + (4-207)

so that

~ (L~~k (l.i-fJ.~N +(4-208)

The first term can be written as AfL where A is given by Equation 4-96.
In the second term we can use Equation 4-93 so that

J',' (4-2o9)

which may be expressed in terms of the generalized coordinates, pi' by using
Equations 4-138 and: 4-150 through 4-155.

Using the results of the previous section in Equation 4-82, we will have
the Lagrange equations corresponding to pi, i = 1,2... N. From Equation 4-156,
we have

I 231 
0

. ..... ..
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and

gTr' A

(i4-2]a_)

Also, from Equation 4-172

i-'-L - t  =(4-27_2)

and from Equation 4-204

(4-213)

If we let

(4-214)

and

(k-215)
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then we can write the general ized constraint forces as

Using Equations k4-14, we have

where

Before substituting these relatiors int2 Equations 4-8 let us express the
constraints (Equations k-132 thrciu o-U, in terus of the p-. Agaim, using
Euations ki=123, -- k, anad k-25, and, also, h-144 are d-!L5 2 we have

=<--.-4--22 =0)

, - 2ao-



= (4-223)

Which, can be written~ ccsely (from Eqiatlon k-.Lh9 ) as

which bears P- remarkeible similarity, to Zqiatfcn 2-261 of Farag--aph2.34.

'We al so have

which fllws becauise the stralms (Eqaticns k-165 throuigh h,-TQx are zero for-

- L (k -2PS

mIfn-s Similarity is a, Consequience Of the chloice, of

as a. constraint on C see Kq~ution i~i)~ This gives a, motive, a, posteriori,

for making this choice..
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Using Eauat-i--r 4-217, Eqatirr. I z be written as,

, S&J --r- ' : - - - (4AI['23k) 1

Preniultaipy '6_ Sej

whi~ch is equiraJellnt' ta zqutitorns F4-~ ai 4--227'. nien

(4-236F)

S.xbtiu-a thi -;l i- .... +-s

-where

F.DLcwinZ Eamilt-n w-- car red .ze thie systemi to a, set of' first order
q;-:tiom. by inricnztha generalizei mrni-anta as acditional coordinates.

i.f the ieneralized nirnnta a-re de'-ioted byv Hi the-n

andl -4- can write Eo'uitiza 4-~21- as

3' -- 2. -



where the, [G]I 's are the anti-symetrical part of the [A s

Ve can also write Equation i-24! as

(4-245)

Using Equations 4-211, 4-212, and 14-213 in Equation 4-238, we have,

(4-246)

Using Equations 4-150, through 4-155, we have

- a

L(4247)



(k-253)

(-25k)

4L -2-55
- (k-257)

(34-)



Equation, --246 the-n cecoms
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- -Y ll'ta4

This ecluation ims try b= siL m 14

The rigid b-ju!7t t~ ~~-iS c,:. =5 rt alsa be s st'imsl-
tanecaskyv lzith the a'c.vz :!:utx-s

F -Cm~u~t~L~2



where

(4 -26p)

if we denote the components of by V,, Vy, ana V., then

'-- , + v (4-26.3)

and

Iv, V"
i-~

Eouation 4-261 is t13 . aa_;ivalent to the followirn three scalar eauations

- (4-265)

(4-266)

'it- N-267)

where

- - (4-268)

in a similar manner, Equation 4-81 leads to the following scalar equations

(4-269)

3(4-271)
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where

The relation between the total angular momentum, I , and the angular velocity
vector, A, is obtained from Equation 4-209 using Equation 4-138

S=X i + X kZD . + ZIP}'C 411 (4-273)

r4 0- " j' I XfL p Y ; (.-274)

-- - (4-275)

where the X's are given by Equations 4-150 through 4-155.

Finally, we want to derive a useful relation between the total force and
moment and the generalized forces, Pi. From Equations 4-50, 4-65, and 4-78,
we have

F 5~V ~ i. . (4-276)

SG (L4 p'x Pdy 4 (L+ p)x di-cS (4-277)

From Equation 4-278, we have

-1j ±j 1 1

I P ( it .' ia I I+ L f{h + kcfR'-ld) f''

TI5'4 j Y,~

=jYI'h +u ) kII~jcLVI) Ei -a

27-F(4-279)
=F
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where use has been made of Equations 1,-1i44 and 4-145. From this we conclude,
by equating ccmponents, that

-"-:": (' -28l)

(,-a82)

The moment can be treated i7- a sirilar fashion if an anroximation is made.
From Equation 4-277, we have

The contribution of the last two terms to the total moment of forces is
negligible if the displaernents relative to the (U , , ) reference are
small. kproximately, then

Consider,

(k-235)
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From this we conclude that

(4-236)

RI~-287)

(h -288)

in si-,ary, the complete set of equations governing Lhe motion of the
body are

(lL-292)

-- - (!k,-293)

and

(L-295)

* .2!.(L (10~6)

This can SSo be Written as t i_!e set4.i arder emlaticn:

IIt}= - - -t .i



TWhere we 'have

'3',- - (4-298)

--- 4 ~- - ~(41-302)

- ~ (4-300)

-oarr

(4-Y91)

(L-355)



J + [A({) j - Zfp'[ H,,IRtJ (4~-307)

=z Izz +'Z(I J', Axgl'+ f wR' EAJ1'){p + Zjp{[H,,J{pj (4i-309)

and, finally, we have

= (4.-310)

T'a~i PI(4-311)

~~ (4i-312)

",o.1pi(4.-313)

T, ~lpl(4-315)
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4.2 THE CCULETE SI4LATION OF THE DYNAMICS OF A FLEXIBLE BOOST VEHICLE
DRING THE "IN-FLIGHT" PEASE

In order to completely simulate the motion and stresses of a flexible
boost vehicle from launch to a point outside of the earth's atmosphere, it is
necessary to supplement the equations of motion developed in Section 4.1 with
detailed descriptions of the forces. In addition, the trajectory and orienta-
tion of the body are required as well as the relations giving the internal
"loads" which would be required, for example, in the detailed design of the
structure.

4.2.1 The Differential Equations Governing the Orientation of the Body and
the Trajectory of the Center of Mass

4.2.1.1 Euler Angles for the (V, J [K ) Frame of Reference

it is convenient to use what are commonly called "pitch-roll-yaw"
Euler angles. These angles are shown in Figure 6T and defined by the follow-
ing equations:

S-= Z~v (4I-317)

(4-3,18)
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FIGURE 67 EULER ANGLES

These eouations, in conjunction with Equations! I-26 and 4-!l5 -, le-adto,

= p (r-319)

IaqCS (k- 3 20)

Solving these emiations -for the E-uler-ang le rates, weobtain the follow,ing
differenftial eouations

=a R" -. ~~ (4-322)

dt CSV CS Te(L-323)
dt o
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I4.2.1.2 Trajectory of the Center of Mass

A similar set of equations say be derived for the inertial coordinates

of the center of ss,~ Using E&rdat-Ors 4~-69 and 4--262, ve have

7 :L x 1- (4~-326)

Using Equations k-316, k-3.7 a-- 4-313, uwe 'zbtainr~

=Cos e ' '+-=t neS- 'V

1 0.~- (4-323)

+ f~si. e~~ (4-329)

Tnt-0at-am c-: these first c1~'ier di-ffarantial eamltjEons along with
EGcUatlions 4--20, 4--323, and L-24 w;iUl remilt in the ti-e history of
0 , 9 , lj, , an- ' and hencze define the conf iguration of the "rigi'.d
=d-;" referer.ze at each inst ant :!-- ti-

4.2.2 Sxterral P.=ces

TEhe eeriedforces, F.,, arisln ; fr= slecific "forcing functions"
suzh as gra7vity, .ae-odynaniics, and control syste= can be deriv*ed se-rately
and con-bined in an exnpressicm for the totcal v. wor'k of exfternal forces.

The separate exmtressioms for the generalized -forces =a:,; be deri-ied fran
the vwi-ttual. vwrk comntrib=utfcn by 6i_, 6p 2 ... 6p . Thm contribution of
"rigid body- ~~ta displenents, 6R~ and 6e , need rn,.t be considered
since the rigid bcdy forces, F - Fv, X1 Z. (- , 1G, amd G. are related to Pj by
Equations 4-~3l0 thrcuj~ 4-~315. Thi's is a aistimmet "conceptvm1" aange(ari
a iractiza-1 a~mtage fran a =achin l ouain sta-ndxzoizit) tha-t results
franm using a redundant - Set of geeiecoordinates. !We only hasve to con-
sider, then, the virtualwr arising frcrvrta disrlacements, 6~
relativre to the -rigid bcdy" r Cof5 referenze.



4.2.2.1 Gravity Forces

if we assie that the origin is at the center of the earth and that this
point is an inertial point, then the virtual work of gravity forces is given
by

sW= -e I 3  dV (4-330)

where , is the mass of the earth.

FIGURE 68 GRAVITY FORCES

in the region of integation over the bod ve have the very guod
approxai=tion,

-I (4-331)



where

R= IP, 1 , (4-332)

so that

R5 , A sd , . (4-333)

From Eauations 4-123, 4-24- , ani k-125

Substituting

-W,, ,,, - ~.e ,+ (j.{ , - (1-335)

Using Equations k-144 ard 4-!4-5, we can writs

S. . - :-336)

(4-338)

so that the virtual work of gravity forces is given by

S..--- (4-339)

3, !



where, from sq,tims 4-316, L-317 an 1-3 we

0 -

arm,

4,..2..2.2 ke oyamyn-c F~rees

If we cant ilaealiz t~te veice by twa '"f'Tiat pla~tes"' as in, EF g e 6?1
them the 5istributed li.ft is

the side fo ce is

and~ the drag c-a be written as
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Th~~-i~ tva f~ a yok off aFrodi rramia ffaros 2z tbien.

I = ', - Y ,,~CLJ4

1w- assume, Ti=-2aar -3a, zel -ynama. -z. .Zanr We* oe fl2 Q4.owifl

linea im i:rss



vtaere Cr( 4,,11 is the local, angle-of -attack,. and., ~~t is the locaL
ang;Leof-~i~s~lj~bI we intzoduce

which is a, local. set off. uni-t vectors in the Eefomea. body, then we. can wmite

and.

k t)

FIGURE 70' TRE LOCAL ANGLE-OF-ATT4CK
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(X,ol Zt)

FIGUR E 71 THE LOCAL ANGLE OF SIDESLIP

1To w, from Equation 4-33

L +(4-350)

and

(4b-351)

(4-352)
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If we neglect the nonlinear terms in the small displacements, we have,
approximately,

-'- - + - .- (4-353)

C~ (4-3514-)

Also, to this approximation in the expressions for c and f we have

,91 .- tTF -1 1 . = ,, -'i (k-355)

Substituting these experssions into Equations 4-348 and 4-349, we obtain

i ' . ( -356)

"-_ . (-357)

The "rigid body" angle-of-attack and angle-of-sideslip are defined by

(4-358)

(4-359)

We then have

S" ' L , :. .- Th (l~4-360)

: -" : --- (L-36j)

Using Equations 4-144. and 4-14-, %M haxve

3(k-362)
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(1-363)

The virtual work from Equatici 4-341 is

-L

4x

Use of Eq jations 4-346 gives

z ty(

.41 (4-365)
~~A x

Substituting Equations 4-362 aiA L&-363 :,ields

(37366)

.--z.4

I --.zJ

3.)7



where

{L03 =5~~CL- PtX}~~ {d

+ ~'~~Cy)j (4-367)

[LgJ 5S55{t } L4. d] (4-368)

[LXJ =(4-369)

and use has been made of Equations 4-144 and 4-145.

4.2.2.3 Thrust Forces

General consideration of the distributed thrust forces is simplified
because it can be assumed that they do not depend explicitly on the orienta-
tion of the "rigid body" reference. That is, they do not depend on 4, 77, , 95,

0 or TP. There is one exception to this, in that the ambient pressure, pc ;
depends on altitude, 4 2 2 I and the thrust forces are slightly influenced
by the ambient pres'sure in the neighborhood of the rocket exhaust. On the
basis that the generalized coordinates, Pl; P2 " .. are "small;' the following
general linear expression can be assumed for the thrust forces.

4- 54s' -J 4- ,~ (4-370)

where the coefficients {H0 } and [H depend linearly onpc

The two important variations of thrust distribution with the generalized
coordinates are:

o Change in thrust direction with body bending, and

o Change in thrust direction due to gimbaling of motor nozzles.

4.2.2.4 Control System Forces

It will be assumed that there are only three primary control coordinates:
a roll control coordinate, pq; a pitch control coordinate, Y; and a yaw con-
trol coordinate, X. All three of these are related to the generalized co-
ordinates describing the instantaneous configuration of the body relative to
the rigid reference frame.
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(4-371)

(4-372)

(k-373)

The servos that operate the control mechanisms exert forces on the structure.
The virtual work of these forces is

= -~~Yf x.J ~(4-374)

The general statement of a "control law" specifies howJV, F, and.A depend
on the outputs of sensors in the control system.

Substitution of Equations 4-371, 4-372, and k-373 into Equation 4-374
gives the following expression for the virtual work of servo forces.

' "t -- (4-375)

4.2.2.5 Sumnary of External Generalized Forces

In summary, the generalized forces defined in Equation 4-78 are obtained
by adding the virtual work of the separate forces (Equations 4-339, 4-366,
4-370, and 4-375) to otain

where }: _ ( ] !}t4[ V } X

+ 14-1 14

C,' rl

"fR},) (4-37u)
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4.2.3 The Transformation to Modal Coordinates

In order to judiciously reduce the number of degrees-of-freedom, we
consider Equations 4-297 in the case where

(4-377)

Further, in order to derive the modes of free vibration, we consider the
dissipation and external forces t be zero.

[Pr[AJ{P} = - [KR } (4-378)

It will be convenient also to have a set of v ibration modes with locked con-
trols so that

lyt'A P 1 (4-379 )

S = G (k-380)

A set of influence coefficients for the restrained system with locked controls
can be derived in the form

(4-382)

where [S] is a constraint matrix that constrains the rigid body motion as
well as the control motion. Then. from relations developed in Paragraph
2.2.3.4

S- rIP [I[A~c (4-383)

separating variables,

"[ = : "(43)

leads to the eigenvalue problem:

(4-385)
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whose solutions are the elastic modes and freauencies with locked controls

%i h = ., ... ( . ...6 ,

The control modes are any values of the generalized coordinates representing
displacements of the rigid system -with a unit displacement in the control
coordinate. Such a displacement is

(4-38T)

-which are "rigid body" modes in the sense

(-388)

These modes are not necessarily orthogonal to the rigid body modes, lt a set
can be constructed which is orthogonal to the rigid body modes. The deriva-
tion is similar to that in Paragraph 3.1.3.5, in -rticuEar, quation 3-516.

" - -J.- (k-389)

(k-391-)""-. " - (!4-39l)

We then cc-isider the follcwinS traosffratin of coordinates

(4-392)

where

an- (4-393)

'-4



The ne coordin-astes satisfy the constraints,, Equation 4-225. explicitly.

If we make this change of coordinates in Equations 4-295 and 4-296, we
0otain

5-1 (4-394)

where

'L IL (4 -395)

and

2 -. r(4-396)

4.2.4 Transient Loads and Stresses

In the analysis of the structure by either the complementary energy method
or the direct stiffness method (see Paragraph 5.1.1), there are two important
results. First, the determination of the influence ccefficients which are
defined by the strain energy in terms of the generalized forces associated
w ith the generalized coordinates PI, P2 ...- :-

U PJ[ E pk (-397)

(rhen the body is ures-ri:ed& dbitreary constraints must be
imposea to prevent rigi& body motion and

as discussed in Paragraph 2.2.3.4)

Second, the determination of the cceffi''ients re1a-tirm- internal stress re-
sultaMts (or "member loeds") to the g z-a-ied forces, Pi"

:- = -

The stress resultants, L, my I shears, moments, or torques in structural
members like beams, plat-s, shells, and rods representing idealized portions
of a complex built-up structure. in the case of a simply determinant structure,

ER] delends only on the geom-try of the structure (see, for exanule,
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Paragraph 3.1.2.1, Equations 3-78 and 3-79). For a redundant structure,

however, [R] depends also on the elastic characteristics of the system.

It is perhaps, intuitively clear that Equation 4r398 would lead to

4= --399)

although this is very difficult to show systematically (see Paragraph 5.1.1.1
and the discussion leading to Equation 5-54).

From Equation 4-295, we have

[ + Is NO (4-400)

- r3(1PI - [G{.I 1{ I}4

Substituting this into Equation 4-399 using Equations 4-296 and 4-392, we
obtain

/

4.2.5 Final Equations of Motion

A summary of the equations of motion is given in Figure 72 for the case
where the centrifugal and Coriolis effects of elastic deflection are neglected.
In these equations a set of rigid modes which are mutually orthogonal has been
introduced. The procedure for constructing such a set of modes belongs to the
theory of the inertia dyadic for a rigid body. The orthogonal rigid body
modes are denoted by:

Using the orthogonality properties of the rigid body modes, it can be
shown that the gravity forces only influence the "translation" equations.
The generalized forces, Pi, in Figure 72 have been redefined to take advantage
of this.
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5.0 I-0THODS TO OBTAIN VIBRATIOIT MOIES
FOR LRGE REDUND.ANTLY COUPLED STRUCLRES
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5.1 TH PROBEM4 OF VIBRATION AMUYlSIS IN MINALYTICAL 1'ECHAITICS,

In the light of the general principles of analytical mechanics, th=e
problem of vibration analysis is distinctly divided into two problems
of lesser scope. The first problem involves the consideration of the
strain energy of the system, which defines the stiffness matrix or the
matrix of structural influence coefficients. The second problem involves
consideration of the kinetic energy of the system, which defines the in-
ertia matrix. The problem of vibrations in these general terms has been
considered in Section 2.2.

In Paragraph 5-1.1 below, we want to consider the first of these prob-
lems. We shall use the term "structural analysis" to mean the determination
of structeural influence coefficients as well as the determination of the
transformation matrix which defines the internal stress resultants or
"member" loads -in terms of the applied generalized forces.

in Paragraph 5.1.2, we turn to the second problem in vibrations and
consider san~e techniques for deriving inertia matrices f or specific types
of structures.

We shall restrict 7ur attent ion, in this section, to the linear analysis
:fst2ruztures because the ganeral theory of vibrations is predicated on the

assumption of linear m"Otions frcm an e-ililibrium position. This is not in-
tended to imply, however, t-hat the problem of large deflections is unim-nor-

Oatin strength calculations for sorne flexible aerosrace structures.

5.1.1 General Yethoet of 3-rructural Analysis

Tha gen-eral. study of the deformtiou of linear structures is largely
divided into two basic maathodz. The first method deals with the strain energy
expressed in tern=s of generalized coordinates 'and is comcoly called the
"Direct Stiffness' Method (or '! Atrix-tDisplaree.t" method). Thne second
method deals with tsie strain enter~r expressed in tarms of applied loads and
is --O=.cnly called the "Cc-_,lementar:y Energ.'" method (or "I.Ma1trix-iForce"
method).

Both of these lb-sic rethcda cma be apjpliedi in a routine manner to arbi-
trary linear struzturez an! both methais have their advantages and disadvantages.
it can be safely said that any rU'mtha3t can be worked by one method can be
worked by the other mnethod. Tfhe eaui'valenze in generality of the two, approaches
is demonstrated in Faar~s5.1.1.1 az:d 5.1.1.2.

Both methods en.plcy t-he philcsophy of dividing a cc -licatea structure
into a number of small, si~myle, str _ztjral elements for w hich the stiffness
properties are know.,n, The flcizdefinitions are appropriate for both
methods:

"ielement" - one- c tw-dimensional structure whose motion an.: stress-
state are -well de fined by Iloads acting only at the "'ends.
An elemrn. is. a, suabdivision of a member.



"member" - a piece of a structure with no redundant load paths. A
member is a bdivson of the whoe stctu-e

The mode of subdivision is arbitrary and is left somewhat, to engineering
judgemen t.

-7,

FIGURE 73 SUBDIVISIONS OF STRUCTURE INTO "MEMBERS" AND "ELEMENTS-

if u- is the specific internal energy of a particle of the structure, the
total strain energy of the whole structure is

uI = (5-i)

This leads to the important additive property that the total strain energy is
the sum of the energy of the members which is in turn the sum of the energies
of the elements. That is, if

lj
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where

t-" (5-3)

is an integration over the region occupied by the ith element of the jth
member then, since

l ,j (5-4)

we have

u - u (5-5)

Now, if % ij is a set of generalized coordinates which describe the
configuration of the ith element of the jth member-then we know that the
strain energy of this element is of the gneral form:

LJb 11jP1 (5-6)

which defines the element stiffness matrix, [F] .. " This matrix is, in
general, singular because the coordinates, - J ij, describe a general motion
of the element, in particular, rigid body motion. If we introduce a con-
straint to prevent rigid body motion then ,e may derive an element influence
matrix in the form:

[ JI]i = iS11j [Si§ -  (5-7)

From equilibrium of loads on the free element we can derive a transformation
which eliminates some of the loads. Such a transformation can be used to
obtain an unrestrained stiffness matrix from the element influence matrix

(5-8)

Using LagranSe's equaation ,

:% = ' (5-9)

we obtain, from Equation 5-6,

€] j 4q (5-iO)

or, subject to the constraint of rigid body motion (see Paragraph 2.2.3.4),

L, i 39s] F], S],
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If we introduce the internal stress resultants:

Then we can write

(5-13)

Substitution into Equation 5-6 gives
Utj

but

5 (-15)

so that
Uij - - G I-G- {Q.

i(5-16)

which is the element strain energy, in terms of internal stress resultants.

It may be worthwhile to mention that the above "complementary energy"'
expression depends on the arbitrary constraints imposed on the element. The
representation in Equation 5-6, however, is unique and., in a sense, more basic
than Equation 5-16.

5.1.1.1 The Direct Stiffness Method.

The aggregate of all the coordinates of all the elements of all the members
represents a set of "internal" coordinates which are not consistent with the
kinematic constraints demanding displacement and slope continuity between adja-
cent elements. For each member we can make a transformation which introduces
the proper constraints between elements. If jqj is a set of generalized co-
ordinates for the jth member which is consistent with all the constraints on the
jth member, then there is a transformation of the form

(5-17)

The matrix of the transformation is called the element compatibility matrix.
Figure 74 illustrates the typical procedure for deriving the compatibility
matrices.

t
%1j

FIGURE 74 DISPLACEMENT CONTINUITY AT A JOINT BETWEEN ELEMENTS OF A MEMBER
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If Eouation 5-17 is substituted into Equation 5- 6 , we obtain

The total strain energy in the jth' member is then

= K L _ T . [T],j -5i (5-19)

*-j L Jj

where

which is the "comosite" stiffness matri: of the jTh member. Fina11y, we intro-
duce the constraints hetween members. If o j is a set of coordinates consistent
with the constraints in the whole structure. then there exists a comatibiflty
transformation cf the for-

= -5-2)

such than the tonal strain energ- in the whole structure is

-=~~ - (-23)

or

where

(5-a5)

in the prozesa of eliminating zca irtes to insure structural continuity,
the final composite set of generalized coariinates is far more than the number
necessary to describe the 'externl configerazicnr of the struzture. if Pi,
i = IZ ... i, is a subset of the q's thee are sTf~izient to describe the external
configuration of the sust, then the number f ietees-f-freedom ay be reduced
by assuming that the "internal" aplied loads are zero. If the coordinates are
arranged so that

and -q.} is the set of coordinates to be eliminated, then :Equation 52L is
partitioned so that
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Sfte generalized forces asso-ciated wt{q}aethe mitral- ple od

which are assinnad to be r.

Subject to this constraintwe have

(5-29)

or

(5-30)

Or,

where :J r-
(5-32)

substituting D yation 5-33 into Eaua-ion 5-2f gives

(5-33)

or

(5-34)

,;here the stiffness Gatri:- for the structur-e isgizen

_ I "P I - '-- 1(5-35)

Tihe structurea1 influence ccoe-ffizients of the system are given by

:E (5-36)

if the str,-uz-zure i5 constr-ained. if tGhe struzture is not constrained., a set of

influence coefficients can be derived- for an ar-eitrari constraintz which is just

suficintto Lrevent rigi& bzdy wotion (see FaraZ~aph 2 -2 -3 .L).

For statica_11y appl-ied load-s, -we ma relatCe the internal1 stress reslultants

c o the e chernal _1 appliel loads, IjPI, w hich are the generalized forces asso-

ciated with the generalized ccord.aties, {fpl. 2is is done in the following

iranner. 37 successive substituition of ElatiOns 5-1-0, 5-17, 5-22, and 5-31

into 5-3'_,w-- hav-e
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I. j73 [-F]

'T 'I (:
~(5-39)

9_e last substitution, based on

- 1-- (5-4o)

is valid for restrained or urestrained systems because in the general solution
(see Eouation 2-245 in Paragraph 2.2.3.4) the rigid body portion does not con-
tribute to the stress resu2iants. All of the pertinent internal reactions for
zornDutinvg stresses for a given external loading can be selected from the aggre-
gate of the {LL j for all the elements of all the members. These can then be
related by a single transformation by using Equation 5-39.

- - (5-41)

where 4LI is a matrix whose elemenrs have been selected from all of the Li j
and the rows of [R] are the corresponding rows from the matrices

* '-- i _][E(5-42)

For d.yzAicaL', applied Ioaiswe have from Lagrange's equations for an
element

4 - ~ ~ (5-)

ani the stress resultants are

(5-4)

where the inertia terms are pres _el to .anish on the basis that the stress result-
an ts depend onLy on the strains ani strain rates (see also Paragraph 4.1.4,
Equations 4-193 through 4-19 b). w, as in the static case,

- .... - (5-45)

and, by differentiating

- (5--46)

Substituting these into Equation 5-;4 gives

3(5-47)
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If we introduce

F [ jK (5-48)

in the first term and

rtJ j P[ i (5-49)

in the second term, then

- . .(5-50)

Now in the simple case:

[Vh =@[:Nj (5-51)

we have
[13 ] =F . T C'[Tj.[Tj [(Fij[T 1 [Tjj [T]

j 9

= 1 _ [T] Tj1[Jrj [ F]ij [Tr [T]i [T]

S[K] (5-52)

so that
[C] [ lj [Tlij [-rlj [T][ 13 i

Is]j[. i T]. T1[]K (5-53)

If we suppose this to be generally true, then

- j = 1 j L F Tj [Tj [-T - ][FI(fR T I

or, for the pertinent internal stress resultants, we have

it-1 = (,K11 11 )(-4

where [R] is the same matrix that appears in Equation 5-41. It is felt intui-
tively that this could be proved to be true without making the assumption in
Equation 5-51.

5.1.1.2 The Complementary Energy Ithod

The fundamental starting point for the complementary energy method is
Equation 5-16

Uj I G{L [r1 jlijL ij (5-55)

In this eauation the stress resultants in an element can be related to the

applied loads and reactions on the whole member to which the element belongs.
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S= Lc1tQY1 j(5-56)

This transformation is based on consideration of equilibrium of a free body
which is a portion of the member excluding the ith element. The fact that such
a free body exists which is acted upon by only the {Llij and 4Qj j follows
from the definition of a member as a portion of the structure with no redundant
load paths. Figure 75 illustrates the typical procedure for deriving the "free-
body" matrices.

FIGURE 75 FREE BODY OF A PORTION OF THE MEMBER ACTED

UPON BY THE REACTIONS IN AN ELEMENT

If Eouazion 5-56 is substizuted into Equation 5-55, we obtain the following
expression for the total strain eneror in the jth member.

(5-57)

or

~, (5-58)

where

In addition to this we have a relation between the - Q.j based on equilibrium
of the whole member

= (5-60)

The number of rows in [LIj will be no greater than six for any given member,
corresponding to the six equilibrium relations for an arbitrary free body.

We fina ly introduce a "bookkeeping" transformation whizih relates the

jjto the aggregate of all the loads on all the mnembers, { h. These loads
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are composed of internal loads and external loads. The external loads, {P3,
are those generalized forces associated with generalized coordinates which are
sufficient to describe the "external" configuration. For restrained systems,
the a 's must include the reactions from either determinant or redundant, con-
straints. For unrestrained systems the Q 's must include the reactions at
some arbitrary determinant constraint (i.e., at some arbitrary constraint just
sufficient to prevent rigid body motion). The "bookkeeping" transformation is
of the form

= [C]- } (5-61)

Substitution into Equations5-58 and 5-60 yields

a IGF4I (5-62)

[LJ=qI c (5-63)

where

- ~ l '9 -(5-6)

and

L 1= " ci "(5-65)

If we suppose that the {, } can be partitioned so that

(5-66)

where

J l} = JP- = generalized forces assotiated with the "external"

generalized coordinates

f = "redundant" loads

{Q3}= loads thai. can be determined from the equilibrium equations,

then the eouilibrium eauations zan then he written as

S(-b7)
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and the "determinant" loads may be solved for

..- ~ (5-68)

This may be rewritten as

- , " -j (5-69)

L3 Lj

or as

-~ - L.I<IL~Z-~il(5.-70o)

Substizution into the strain energy gives

IUJ (5-71)
.-.j-'z L-

where

-- (5-72)

-.. (5-73)

- -- -- (5-74)

(5-75)

iow, from Castigliano's theorem

(5-76)

and Castigliano's second theorem essentially requires internal structural con-
tinuity by stating that {q 2 j { 01.

In Equation 5-71

- (5-77)

then leads to

(5-78)

from which

. -,>1 .3 (5-79)

or

.7(580)
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Substitution into Equatinn 5-71 gives

u = P [ j, -c ,o- '} ',ucn i{ r j , -;P (5-81)
.t1o [Gai- ,i

or

u= {P ]{p} (5-82)

where the matrix of structural influence coefficients is given by

[F] - (GA - L:3& '1t? (5-83)

The stiffness matrix for the system is then

S(5-84-)

if the system is restrained. If the structure is not restrained, then the
arbitrary constraints imposed on [E] may be uniquely removed by the following
procedure.

Fbr the unrestrained structure the loads, {Pj must satisfy equilibrium
relations which can be expressed as

(5-85)

Using these eauations, some of the loads may be expressed in terms of the rest
of the loads

P, = - rLS[i,} P, (5-86)

or

[ iR}j [L i[Q]J

or

Vp-R = VJ (5-.88)

ITOW,
4,bT -[E (5-89)

and premultiplying by CV]/ and substituting Equation 5-88 gives

I. . "] }(5-90)

or
iP,} [ vqLE v])[v] )} '(5-91)
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Substitution into" Equation 5-88 gives

-- } = [v ] liE 3[vj) [v] i } ~(5-92)

so that

i1= ]vrE[[vl (5-93)

for an unrestrained structure.

To relate the internal stress resultants to the applied loads, we note,
first, that Equation 5-70 and Equation 5-80 can be combined to give

-{o}== [c {Pj (5-94)

where

[c o,,r j] (5-95)
LC,] ?- - r - r *~r

By successive substitution of Eauations 5-ol ana 5-94 into Equation 5-56, we
have

(5-96)

If {L 3 is a matri-x of rertinent stress resultants selected from the aggregate
of the Ljij, then

M: n-(5-97)

where the rows of [R] are selected from the rows of the matri--x

Figare 76 summarizes the operations for both The direct stiffness and the com-
plementary energy methods of stru-:!ural analysis.
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5.1.1.3 Some General Considerations of Beam Theory

Almost all primary structural-load-carrying components in aerospace
designs can be idealized as a beam. Figure 77 is intended to b a typical
example.

FIGURE 77 STRUCTURE IDEALIZED AS A BEAM

The beam model as an approx-mprtion affords a convenient structural analysis
when ti m and/or detailed information is limited.

in order to be _urecise and to inicate the limits of applicabiity, we shall
define a beam to be a str zuc-j re s y__etric abou-t the x-:, plane an3 having a median
axis whose radius of mir-.-ature is at least &'eater than the width normal to the
median axis1 . Tte section normal to the axis is aszumei to -be structurally
connected as shon by Figure 70.

'bis assumtion is made sa that the meiian az;is will have a well defined
normal at each aoint.
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FIGURE 78 GEOMETRY OF A BEAM

We may introduce then a curvilinear coordinate system (1i, K, V) with pu
measured along the arc of the median axis and K, V in the plane of a section
normal to the axis.

The fundamental assumption of beam theory is that the only nonzero stresses

on a section are:

Upy, the stress normal to the section

ap , vertical shear stress in the plane of the section

ayr lateral shear stress in the plane of the section

The specific strain energy is then

-- _ -(5-98)

where E is Young's modulus and G is the shear modulus. If stress distributions
satisfying the equations of linear elasticity are assumed-then they may be re-

lated to the total stress resultants for the whole section MT, and V where

" = -r JYJ (5-99)

2(5-100)

392



T(P) (5-101)

~Oil-

FIGURE 79 STRESS RESULTANTS ON A SECTION

As an introduction, we assume the distribution of stresses from elementary
beam theory.

(5-102)

(5-1-03)
- (5io4)

By; substitution into Equations 5-s', 5-103, ar 5-101,we fini that ab, and c

can be related to !',, and T

= ' Vjc ¢.- - -. (.-!o )(5-106)

T 9 ~4 (5-107)

£f the origin of the K, T, coordinates is place at the "shear center," then

and we have

z . Y (5-109)

- (5-120)

- - - ( 5 --( -i)
J

where I is the seconi momenz about the neutral surface, A is the section area,
and J is the polar moment about the she3r -enter. We then have
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(5-112)

Th Z (5-110)

and substitution into the strain energy gives

_ tG (5-n5)
The total strain ener J in a Iength, c44 of the bea-m is then

anI for the -whole beam

U _-_ (5-1-7)

Surprising2y enough, the above equation. is va2l d for more exact section stress
distributions althougfh in the case of stress dis--immions other than Equations
5-1'12, 5-113, and 5 --h_ the section properties I(u), GA(y), ani adUp) cannot
be interpreted as sinpIe functions of the geometry of' the section. The coa__uta-
tion of the section properties ani shear center :ocations for como"icated sections
is the difficult part of a structural analysis using bea theory.

Conventionally, the notation; ET, WL, G; is use<i e-en thaugh these proper-ies
no longer have the interpretation they ha_:e in the more elementary beam theory.

5.1.13.1 The Comutation of Bea= Section Pronerties

5.1.1.3.1.1 Bending Rigidi:y

The preceding paragaph iniieaei that the normal stress ant shear-stress
are independent, so that EI(p) can be determined separatek,, from the an-allysis of
shear stresses which -ives GA(y), GJ(p), and the shear center locazion. Also,
general experience indicates that for thin berms, the normal stresses are al-ways
approximated by Euation 5-2:

___(.5-lic)

Ten the bending strain energ; iz

, = . E (.s,.
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So tT-v-t in the case the section -is made of different materials (that is, E

varies with Kam v), we ae

(&~>.~dj~Jk(5-120)

so that

E YJK '1 531

where -,he effective mcd&lus is the following weightel average

t~ir'dra(5-222)

Da. the case the section were rmaia of on _y two materials, we wonuli haze

(5-123)

Z ( 5 -32k)

____ 'MTrsiof Rcii for -,'in T S eztiona

A zm be -- sectioa f or liglit weiEhat high strength s trtictures is one
a -: a number of tTi-3--;l&l cells- as in Figure 80.

FIGURE Sr3 MULTI-CELL THIN WALL SECTION

Mhe -oal -orque on the seatian LZ (frz -- ~ nn5II

- (5-125)

Usintz the thin wall ass=ztion weK- may wrie his inzegral as a sx of inre as
LherTe indiviciual 2ells. Fzr :,clL



r(5-126)

In this expression s is a curvilinear coordinate around the arc of the cell
wall , and- 7(s) is the thickness of the cell wall at a point, s. At webs
adjacent to neighboring cells, Tis one-half of the web thickness, as in
Figure 81.

FIGURE81 A. SINGLE CELL

The torque, )i, contributed by the resultant of stresses over the ith cell is
given by

(5-127)

Guided by the theory of elasticity, we make the following assumptions about
the stress distribution:

(!) The component of shear stress normal to the wall is zero

(2) The component of' shear stress tangent to the wall is inversely
proportional to the section thickness

If (s) is the angle between the wall tangent and the -axis, the above assump-
tions can be expressed. as

= (5-128)
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FIGURE 82 SHEARING STRESSES

The torque on the ith cell is then

= : cx3 Sx (5-130)

and it is easily shown that the enclosed area, Ai, of the ith cell is

C~t~ (5-131)

The quantity

jz (5-132)

is then the average value of a-r around the ich cell. We then assume

A o on upper and lower walls (5-133)

. --- on the wall ad.azent to i + Ist cell

- on the wall adjacent to i - 1 st cell
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We may write this as

,) (5-134)

where

= -'1 (5-135)

and

(5-236)

01 AC G s on bo-tom

, A-,-s or right side

Ss on top

_ .? s on -eft side

The specific internal strain tnergy (Equation 5-9-6) is

(5-137)

but, from Equations 5-12b an. 5-129

(5-136)

Substitution of Equation 5-134 gives
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The total strain energY up to the point g is

(5l1i40)

which gives
U"} = x  _Z. . Ld. (5-141)

N

-=i

If we define

C~~= Is~~ (51)42)

then

1'

Now

where

.~r (5-145)

_fnis defines the transfor:tion
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Substitution of this into the strain energy gives

U 0) = j F -,'}i (5-147)

where

Now, the generalized coordinates, qi, associated with the cell torques, Qi,

are rotations of the cells at section /1, and

(5-149)

which gives

(5-150)

Compatibility requires that the cells all rotate together

.,= ef (5-151)

so that

~u I1-d 4'1@~)(5-152)

or

G }= {' (5-153)

Solving for the jils, we obtain

A (5-154)
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Now, the total torque is

T =.z -, z ' (5-155)
qj=I

or

-T- 4- 1(5-156)

Substituting Equation 5-154 into Equation 5-147, we obtain

but, from Equation 5-156,

_ (5-158)

so that

,j (5-159)

By comparison with Equation 5-117, we must conclude that the effective torsional
rigidity is

(5-160)

5.1.1.3.1.3 Shear Rigidity for Thin-Wall Gylinders

For a cylindrical, thin-wall section as in Figure 83, we can assune a
stress distribution consisteat with the theory of elasticity and obtain an
expression for the shear rigidity.
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FIGURE 83 SHEAR STRESS ON A THIN-WALL CYLINDER

If we assume

(5-1b1)

then we have

- ~ 5 -162)

For a circular cylinder

(5-1b3)

so that

and

d (5-165)
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so that

5 (-166

and

- q-5 (5-167)

and the strain energy is

: y compEarison with Equation 5-117, we concluie thmt

S-(5-7)

The result here is interesting in view of the faz. tat the area of the section
is 2G: 7T, ani hence che effeti'-e "CGA is one-half of G times A.
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5.1.1.3.2 Influence Coefficients for a Beam by the Complementary

_nergi 1-thod

The general expression for the strain energy of a beam from results of the

previous section is:

E G A 0.J (5-171)

II

FIGURE 84 LOADED BEAM

If the beam is loaded at a number of points (xiyi) by vertical loads, Pi,

then an "element" of the beam can be considered to be a portion of the beam

beween two successive slices normal to the median axis such that loads act only

on the boundary.

x

FIGURE 85 GEOMETRY OF THE BEAM AND SUBDIVISION INTO ELEMENTS

404



If we apply the general complementary energy method discussed in Paragraph

5.1.1.2, we have first to consider the strain energy in the ith element

+vt GJA ij-,) d ' (5-172)

and we introduce

Vi = V( i) = the shear just to the left of u

Mi = M( 9i) = the moment just to the left of ui

Ti = T( gi) = the torque just to the left ofu=#i

If the element is not loaded except at the ends, then Figure 86 shows the
loads acting on the ith element.

T
i

FIGURE 86 LOADS AT THE END OF AN ELEMENT

The shear, moment, ana torque on the interior of the ith element are re-
lated by equilibrium to the shear, moment, and torque at the right end.

(5-173)

(5-175)

These relations are evident from Figure b7.
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Ttlu)

-dl-~ --i.

FIGURE 87 FREE BODY OF AN ELEMENT

We may write Equations 5-173, 5-174, and 5-175 as

L (5-176)

(5-176)

where

- (5-179)
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Substitution of these relations into Equation 5-172 gives

where

-JU

This can be expressed more conveniently in terms of a non-dimensional integra-

- ' (5-182)

so that

In order to relate the element stress resultants, {Lj j, to the applied
loads, we consider the equilibrium of a free bo:j of the portion of the beam
to the right of the section ;= gi
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FIGURE 88 FREE BODY OF STRUCTURE ADJACENT TO ELEMENT

IC in are the x and y coordinates, respectively, of the shear center

at the il section, then

Tese relations can be written more oncisey as

L 3 p



where

(5-186)

and

"' (5-187)

Substitution of Equation 5-165 into Equation 5-180 gives

-- . - ... . - (5-188)

and since

(5-189)

we have

- (5-190)

or

(5-191)

where

(5-192)

which is a set of influence coefficients for the beam cantilevered at = 0.
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5.1.2 Procedures for Calculating Inertia Ktrices for Components
of a Complex Structure

In this section we discuss some of the specific procedures for deriving
inertia matrices for parts of a structure in terms of generalized coordinates
defining the configuration of those Darts. Inertia matrices for a whole system
can then be formed by appropriate geometric transformations relating the gen-
eralized coordinates of the component to generalized coordinates for the whole
system. The fundamental starting point, for each of the discussions below, is
the form of the kinetic energy given in Equation 2-42, Paragraph 2.1.2.1.

(5-193)

For small motions, as discussed in Paragraph 2.3.1 (Equation 2-357), we have

(5-194)

and Equation 5-193 reduces to

(5-195)

where

= mass of the x-y-z particle

. t) = displacement of the x-y-z particle
in the x-direction

a E- = displacement of the x-y-z particle
in the y-direction

= displacement of the x-y-z particle
in the z-direction

5.1.2.1 Rigid Components

For a part of the structure which can be considered to be rigid, we can
introduce six generalized coordinates which will define the configuration of
the component. If we let these six generalized coordinates be the displace-
ments and rotations at some point of the body, and if we label this point "0 ,
then
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(5-196)

These displacements are defEined. in Figure 89.

FIGURE 89 GENERALIZED COORDINATES FOR A RIGID BODY

The displacements of each of the particles can then be 
related to these coor-

dinates.

- -- (5-197)
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.. o ,., = k.,' - _ ~k 6 -'- -=f ,, . (5-198)

= ± -C~-:~C ~t(5-199)

The velocities of the particles can be written as

(5-200)

2(5-201)
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For simplicity we assume that the point 0 is the origin so that x0 O y zo = 0.

Squaring these expressions and substituting into Equation 5-195, we have

(5-2o3)

where

(5-2o4)

S]= ] Z " },e -

Th -.. rms in the above i-atrix can be re:ognizeA as comnon terms describing
the inertia characteristics of a rigid body. In fact., we have

(5-205)
i: , -*



where

MedV =total mass of the body (5-206)

iM- dY i= x-coordinate of center-of- (5-207)
mass

im= j 5 = y-coordinate of center-of- (5-208)
mass

= - d.V = y-coordinate of center-of- (5-209)
mass

i= + ej P V (5-210

IW = ix'+ 4) moments of inertia (5-211)

\ (5-212)

ix = vat,0 products of inertia (5-£1-)

4L =ptve (5-215)

5.1.2.2 One-Dimensional Flexible Components

For a one-dimensional body moving in a plane, the configuration can be
defined by generalized coordinates which arle displacements at a number of col-
location points.
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I-li-

FIGURE 90 GENERALIZED COORDINATES FOR A ONE-DIMENSIONAL

COMPONENT

Li the general expression (Equation 5-195) for the kinetic energy, we have,
for a one-dimensional body,

~ 0 (5-216)

and p. is not a function of y or z, so that

(5-217)
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where m(x) =:§pdo P I = mass per unit of length. We can relate the displacement
of the particles, pz; to the generalized coordinates, pi, in a number of ways.
A very simple way employs trapezoidal interpolation:

t L(5-2.,8)
4 -)-,,.

for xi l  x x i

(Note, x0 = 0, x = L)

We can write

)IZ ~( (5-219)

in Equation 5-217 and use Equation 5-218 to obtain

{i.k ( - ,A~)(X.)..I (5-220)

where CA -I __ I

- ,,. ,..,' A, ) j (5-221)
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For practical computation this expression can be considerably simplified.
If we change the variable of integration td

' x -x (5-222)

and introduce the length of the interval,

. ' (5-223)

then

.Ali . , , (5-224)

n the special case that m(x) is constant over the interval, this can be.in-
tegrated explicitly to give

(5-225)

where Mi is the total mass of the body- between xi_1 and xi.

If we write Equation 5-218 as

(5-226)

for xi_1 %, 4x' Xi
. j

where

(5-227)

for each i
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then Equation 5-224 can be further simplified to

[)IA ='M X'I d.e [3-]i (5-228)

This can be evaluated by numerical integration, or it can be noted that

'CIrtx)d9 (5-229)

vcj ,: (5-230)

- (5-231)

where

Mi is the total mass of the ith segment,

xi is the x-coordinate of the center of mass of the ith segment, and

I i is the total moment of inertia of the i t h segment about the left

end, x = xi_I .

If we finally introduce the transformation, [T] i, such that

T = [TI.-P (5-232)

where

1(5-233)
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then

T [Ali (5-234)

or

7 (5-235)

where

.Z E L' (5-236)

5.1.2.3 Two-Dizensional Flexible Components

For a plane two-dimensional body moving normal to its own plane. the con-
figuration can again be defined by generalized coordinates which are displacements
at discrete points.

(3)

FIGURE 91 GENERALIZED COORDINATES FOR A TWO-DIMENSIONAL

COMPON ENT
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In the general expression (Equation 5-195) for the kinetic energy, we have,
for a two-dimensional body

=( jt, ) = 0 (5-237)

and Pz is not a function of z, so that

T Mr(~ (7 d (5-238)

where m(x,y) =p dZ= mass per unit of area.

One of the simplest assumptions that can be made for relating pz to the
Pi in two dimensions is the "bilinear" interpolation assumption. In the region
between four collocation points, we assume

3.,,I
=  + C-x I Ct d x (5-239)

where a, b, c, and d are determined so that, at the ith collocation point,

~ t~j ijit~ =(5-24o)

In order to be systematic, we define, for the ith region,

4 (5-21)
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These displacements are related to the generalized coordinates by a transfor-
mation of zero's and one's (a "bookkeeping" matrix).

[T1~{~2(5-242)

Then, from Equation 5-239,

- +o) (5-243)

(9

-~ ~~ X 11h +jI C 5j' 9 ra

Solving for a, bC c and d, we have

-i

04)

1 ;,) ,.(5-244)

L ~ I

Substituting this into Equation z=239, we have

I k"Ij' (5-245)

for (xy) on the i~ h region

L?_1



The kinetic energy can be written as the sum over the individual regions

= VA'x~j~ (~~)~dcL'j(5-24~6)

~-' Si

In the ith region

(5-247)

Substitution into Equation 5-238 gives

(5-248)

where

which can be evaluated by numerical integration.

Using Equation 5-242, we obtain

(5-250)

where

(5-251)
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5.1.2.4 Inertia Matrices for Complex Structures

When the routine method of structural analysis, discussed in Paragraph

5.1.1.1, is used, the inertia matrices for the whole structure may be obtained

as a by-product of the direct stiffness approach. If {q jI are the coordinates

of an element and the kinetic energy of the element is wri!4en in the form

J, (5-252)

where [M] ij is the element inertia matrix, then from Equation 5-45, we have

iq!, F1[TjTjfK (5-253)

and substitution into Equation 5-252, using

~T -TTZ T~
j I

gives

(5-254)

where

'T-j"T](5-255)

5.1.3 The Mathods of Modal Coupling

5.1.3.1 introduction - A Summary of the General Vibration Problem

If {pj is a set of generalized coordinates for a complete structural

system, then the methods of Paragraph 5.1.1 and Paragraph 5.1.2 give the kinetic
energy and strain energy in the following form:

I F ! (5-256)

= 10F}T O (5-257)

Thne theoretical details involved in the vibration problem have been considered

in Section 2.2. The equation governing the vibration modes and frequencies
has been shown to be

[ ][ ..... (5-256)
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where (E] = [K] -1 for restrained systems. If the system is unrestrained, the

elastic vibration modes are governed by

(5-259)

where

[Al 'TRI(IfR{L 'tA1 YK1) I "Go , (5-26o)

and

(5-261)

If i  i = 1,2... are the solutions for X from Equation 5-258 or Equation
5-259, the vibration frequencies are given by

-(5-262)

The solutions of the problem can be used as a transformation to a new
set of generalized coordinates, called modal coordinates.

- >Th~1(5-263)

In the analysis for vibration modes and frequencies of very large and
complex systems, the number of degrees-of-freedom, N, required often exceeds
the capacity of a computer to handle the resulting NcN inertia and influence
matrices. In those cases the system can be broken down into component pieces,
the modes of the pieces obtained, and then these modes coupled together in a
systematic procedure. This procedure is discussed below for two important
cases.

5.1.3.2 Modal Coupling of Elastically Uncoupled Components

The concept of modal coupling is introduced, first, for the case where it
has the greatest practical utility. This is the case when it is possible to
decompose the structure into large components which are "elastically uncoupled."
Two systems are said to be "elastically uncoupled" when strain energy can be
stored in one system without inducing deformations in the other system. Figure
92 is a schematic description of two elastically uncoupled components of a
system.
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FIGURE 92 TWO ELASTICALLY UNCOUPLED COMPONENTS

Mne figure is intended to convey the- fact that deformations 
in (A) produce only

rigid body displacements in (B).

If we let {PAj be a set of generalized coordinates describing 
the configura-

tion of the first component, an,- jPB} be a set of generalized coordinates

describing the configuration of the second component, 
then we have

. .. .(5-264)

and.

- ~--~:(5-265)

We further suppose that the coordinates,{PB}, are not consistent with the 
con-

straints imposed on (B) by (A). On this assumption, {pB includes rigid body

degrees-of-freedon andi hence [KB] is singular.

If (B) is rigi, then its displacements can be uniquely related to (A) by a

transformation that depends only on the geomey of the system:

-. - (5-256)

The elastic displacemnts of (B) when (A) is motionless can be written (see also

Figure 93)
- -~ (5-267)

where [WB is a matrix of modes of (B) constrained by (A) which satisfj the

equation
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where

Ig~1- [~I(1~E~i'~S~r(5-269)

and [SB) is a constraint matrix describing the constraints imposed on (B) by
(A) when {pA 0

FIGURE 93 DISPLACEMENTS OF (B) WITH (A) MOTIONLESS

The total displacement of (B) can then be written

-[ (5-270)
.- Y-

Displacemants of Elastic displacements of
(B) due to motion (B) relative to (A)
of' (A)

The general form of the geometric transformation matrix can be constructed as
follows. if , 2 , , and V. are three displacements and three rotations
of a point on (A) that is also on the region in contact with (B), then these
can be uniquely related to the generalized coordinates describing the con-
figuration of (A):
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PA7 1" ip (5-271)

The coefficients can be derived by a suitable interpolation such as has been

discussed. in Section 2.3. The displaceimnts of (B) when it is rigid can be

written as

+ t(5-272)

wlhere the columns are "rigid body" modes. For example,{' E are the values of
the generalized. coordinates for = 1 while 7 =0 0 --0. Substitution of

Equations 5-271 into 5-272 gives

-y ll - ( 5 -27 3 )

or

" ""(5-274)

If we assune, for conceptual simplicity, that (A) is constrained, then the
influence coefficients for (A) are given by

(5-275)

Now, the total kinetic energ', when (B) is rigid, is given by

T = ~(5-276)

an& the vibration modes with (B) rigin a :e governed by

E=[A A 'A1TK~T (5-277)

If we denote the matrix of these solutions by [bAy , we have, in surmary:

427



iPA} CTAH$AT (5-278)

8 T1%14 LTOAI[TA{ A (5-279)

or

iPATV (5-280)

where

[r[Al [c](5-281)

If we introduce

(5-282)

then the kinetic energy, using Equation 5-280, is

[col 51 C ,t j -0 1 4 (5 -83)

l] [A]j

or

(5-284)

where

[MI E i'~LA [c 0 c]I[ 1 (5-285)
[co1 [All]

which is called the "modal mass matrix." The modal stiffness matrix is found
in an analogous manner.

Since

represents, a rigid displacement of (B), we must conclude that

8(5-286)
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Further, since the coordinates, {pA , are independent, we have the much

stronger relation

[ ][ Ts] = [ ](5-287)

The total strain energy of the system is

=4 p~~ r, ' (5-288)

or

- -(5-289)

where

< : ,1& ,.,] "17t1_ (5-290)

which can be expanded using Equation 5-261

(5-291)

Using Equation 5-2b7, this reduces to

* - - "- : " (5-292)



Now, from general properties of the vibration equations (see Paragraph 2.2.3.2,
Equation 2-179), we have

[j'D<AJ[Y = \, (5-293)

[%1[81[ 81 = F P j(5-294)

So that the total "m')da! stiffness matrix" for an elastical-y uncoupled- system
is a diagonal matrix

~~g~ f/j(5-295)

We then have

T (5-296)

U -ZA'7 'r F'B Oc 1(5-297)

anii lagrange' s equations give

1;' - -, = o} (5-298)

Assuming a separated solution,

= (5-299)

leaas to

[[IMh- ki 1 (5-300)

where the "modal influence coefficient matrix" is given by

(5-301)
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The matrix of eigenvectors to this problem is commonly called "modal mode-
shapes." This is used to express the natural vibration modes of the coupled
system in the form

1 ,(5-302)

or simply

~ j(5-303)

where

(5-304)

and

matrix of natural modes = j41iw] (5-305)

The generality and practical utility of this procedure cannot be over-
emphasized. This concept can be used to obtain vibration modes on very
complicated structures by iterating moderately small eigenvalue problems,
reducing the number of deg/rees-of-freedom, and then solving the complete prob-
lem in terms of modal coordinates for the individual components.

The procedure of moial coupling is used in the example analysis of the
Saturn vehicle in Appendix II.

5.1.3-3 Modal Coupling of Elastically Coupled Systems

The procedure in this case is very similar to that of the previous section
with the exception that there are additional constraint relations between the
coordinates of (A) and the coordinates of (B). Figure 94 is a schematic of a
system that is "almost" elastically uncoupled.
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FIGURE 94 TWO ELASTICALLY COUPLED COMPONENTS

If {pAT and JpB I are coordinate s for the components ana is not con-
sistent with any of the constraints imnosed on (B) by (A), we have the following
equations which describe the structural continuity between (A-) and (B) at
points of connection which cause the components to be elastically coupled:

rLF= :L5 (5-306)

As in the preceding section, we have

S LTh A - s(5-307)

where both [. 5A] and [¢B] are derived with all connections between (A) and (B)
relaxed except those just sufficient to restrain (B). It follows then that

and {_%} are also not consistent with the constraints.

If we substitute Equation 5-307 into Equation 5-306, we obtain

4ol (5-308)
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wher-e [40] is the vrai2. ntroliced in Eaviation 5-2S0. 1'e can als write this
as

- (5-309)

-~ :-. - (-310)

Using these constraint equations, we mny select some of~ tUre modal coordiiates

anl el ivet the- In suz~h a maer zita the remaaning coodin-tes Satisf'y the
'xtaints ex.plicit2L;y. Iar u z he caoriinlates to be e 1 iiinad andl let

a, be -rhe remairing zc rinat~es, the

(5-311)

wher.e the transformations ---m anpropriatze rzatrices of zero's ani one's. Sub-
atitution ito FZuation 5-309 C- Zes

r r

-9: .(5-312)

(-313)
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The matri x, [T] , is a compatibility matrix in the same sense as the compati-
bility matrices introduced in the Direct Stiffness bthod of Structural Analysis
(see Faragraph 5.1.1.1 Eouation -_ ,). As in t1- prevous section, we have

r & 1'4 -1 i" V , (5-316)

J - ?rk, 1Vz~(5-317)

Subszitution of Euation 5-315 into these expressions gives

T=~- ?i~fr~I~f~ ~(5-318)

u-- (5-319)

where

~v t ~ 1 iI ] o [ . (5 -32 0 )

- -- TI (5-321)r .

-1

-ir =.aial influenze coefficients are (G) [F] The "modal mode-sha-pes" are
obzained from the ecruations

[ I I It = (-32)



and the displacements in the modes are

7{jATI= [ 1LT I[ TrN~ (5-323)

or

S 1( 5-32 4)

where

l 'p1Ll[] (5-325)

An example which better illustrates the procedure is given in Appendix II,
Paragraph

5.2 VIB- RTIO:T PROBLIS I: LUAUCH VHIrCLC STRUCTURES

5.2.1 A Numerical Study ani Comoarison of Mathois to Obtain
Vibration Modes for Straight Beams

This section deszribes some studies conducted to evaluate and compare
several finite degree-of-freedom methots available for the vibration analysis
of bea-s. All of the methois are comarei for the case of a straight, uniform
seam. The nmerical results are given c:r a cantilever constraint and for the
free b.eam.

T.h; stu& is rezsLri-D :, what is :-.-z-cn;ly !alle the "Euler-Bernoulli"
.~eor" of ._- C 'r.z

x, ,(5-32t)

_ - (5-327)

which has been briefli; iiscussed in Fara,-xazh 2.3.3.1. in this section we
consider onl:,r the case of the uniform na-c where ZI(x) EI, a cni-tan;
ani =(x) = m, a conatant. Th.e geometry zf the system is shown in Figure 95.

iImportant deviations from this ;hor-are zonsidered in FaraLraph 5.2.2.1.



XT 0

_____ ___

FIGURE 95 UNIFORM STRAIGHT BEAM

In all of the finite degree-of-freedom studies, the generalized coordinates
will be the lateral displacements at eleven (11) equally spaced collocation
points. Tne generalized coordinates are then

pjn = (, t) (5-328)

i = 0,1,2.. .10

The points divide the beam into ten (10) equal intervals of length,

,: - (5-329)

1 2 3 ... 10

X o0 X, X2  ... X9  X loL

FIGURE 96 COLLOCATION POINTS

The methods to be considered are:

(1) Influence coefficients from complementary energy inertia
matrix by diparabolic interpolation

(2) Influence coefficients from complementary energy inertia
matrix by trapezoidal interpolation

(3) Influence coefficients by diparabolic interpolation inertia
mazirix by diparabolic interpolation

(4) Influence coefficients from the direct stiffness method
inertia matrix consistent with the direct stiffness method

(5) Influence coefficients from the direct stiffness method inertia
matrix by diparabolic interpolation
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(6) The exact solution of the partial differential equation for
the continuous case.

These methods are considered separately in the sections that follow. The
results are summarized and compared in Paragraph 5.2.2.1.2.

5.2.1.1 The Exact Solution for che Continuous Beam

The exact solution may be obtained from Equations 5-326 and 5-327 by the
use of Hamilton's Principle. For the case of a system that is both conservative
and holonomic, this principle can be obtained from the more general Principle
of Virtual Work stated in Paragraph 2.1.1.3 (see Equation 2-33). Hamilton's
Principle states:

- (5-330)

where, in our particular case,

S- (5-331)

This is a problem in the Calculus of Variations which yields
I

-~ ~ -(5-332)

We want to 2onsider on17," two cases in tiis section. First, for the beam clamped
at = L, we hav:e

(5-333)

(5-334)

and Equation 5-332 then requires

"i -=(5-335)

The com-lete details of this problem are discussed by R. Weinstock, Calculus
of Variations, Z-1Graw-Hill, 195 -2, Seztion 10-5, p. 217. In particular,
equation (c4 ).



(5-336)

In the second case, for the beam unconstrained, Equation 5-332 requires

(5-338)
].,-'

' , =( 5 -3 3 9 )

5 -340)
h- ":o = o(5-341)

N- (5-342)

The equations can be solved by separation of variables in either case. If

we assume

then we have

,, ,, { o -z ,u = (5-344 )

which recuires that

= a constant, say, X (5-315)

In the case of the clamped beam, we have

- (5-346)
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while in the case of the unrestrained beam, we have

(5-347)

The solution to these equations is well known and has been tabulated in a con-
venient form by Dana Young and Robert P. Felgar I . The solutions,

(5-348)

i =,2...

(5-349)

are compared witn the finite degree-of-freedom solutions in Paragraph 5.2.1.6.

5.2-1.2 Influence Coefficients by the Direct Stiffness Method

If we write

Ix 
(5-350)

then, from Equation 5-327,

-(5-351)

X042 he beniing moment in the beam is

= ~ (5-352)

iYoung, D. and, Felgar, R. P., Tacles of Crzracteristic Functions Representing
Normal Modes of Vibration of a Beam, University of Texas Publication No. 14913,
July 1, 1949.
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and hence,

u, X 2-X (5-353)

If we let

-,x (5-354)

then

Z = L T (5-355f)

If we assume the element is only loaded at the ends, then, on the ith interval,

14,S) = ML + SvL (5-356)

where Vi and Mi are the shear and bending moment just to the left of x x i .

'vi

FIGURE97 TYPICAL ELEMENT

From Equation 5-356,

Substitution into Equation 5-355 gives

4'j. (5-358)
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Performing the indicated integration gives

where

-j ; E!' (5-360)

and

(5-361)

Now, if we denote all the loads acting on the ith element by {,} we have

(5-362)

where the loads are shown in Figure 98.

r I

-4

FIGURE 98 LOADS ON AN ELEMENT
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We note here that

it (5-363)

Qf (5-364)

Also, from equilibrium of the element, we have

IL - (5-365)

-(5-366)

Using Equations 5-363 and 5-364, this may be written as

= -, . [V~L1~ 5-367)

where

(5-366)

if vi and m i are the generalized coordinates associated with Vi and Mi and we
let

- M (5-369)

then the virtual work of the stress resultants is

f W ~Si1-Lj (5-370)

but also

= (5-371)
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and, from Equation 5-367,

<= ' [V {L% (5-372)

By comparison with Equation 5-370, we conclude

or

L 'Z"41- (5-374)

E:panding this, using Equation 5-368, gives

= - (5-375)

6 () (i) (5-376)
4 - z

which indicates that the generalized coordinates associated with the stress
resultanzs are relative displacements between the ends of the element.

From Equation 5-359 and Caszigliano's theorem, we have

.. 'L.t (5-377)

so) uha t

* -L (5-370)

Using Equation 5-374, we obtain

and substitution into Equation 5-359 gives

-" :-- '.: ... .-*' . 4 - ' }.  .(5-3b0)
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or

U, = P -- F][{o } (5-381)

where

= [\]{[v[] (5-382)

Expanding this using Equations 5-360 and 5-368 gives

1:2 -i C- (5-383)

4t'-  -bL ;U'
-Iz -u-L 1, -6L

The compatibility relations for the beam are that slope and displacement
are continuous across the boundary between elements. If qi (i = 1,2.. .11)
are the common displacements at the points x = xi, then

:': :','(5-384)

.2., = .,. = 3.

If qi i 12, 13.. .22 are the common slopes at x = xi, then
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(5-385)

These relations can be written as

-(5-386)

1,22-10

where
(5-387)

% = I%,

For example, for i =1:

, c ' (5-388)

, o... , ... 0
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Substitution of Equation 5-386 into Equation 5-381 gives
N rI

u U = { Q? ZLT] F]L[T]i1q) (5-389)

or

U = 'V(5-390)

where

=' T(5-391)

If we choose as external coordinates the eleven displacements at the points
x = xi, then Pi = qi for i = 1,2...i1 and from the general theory in Paragraph
5.1.1.1, we have

U[ (5-392)

where

[7 -[F,, - (F, ] ~F2 (5-393)

This could be used to calculate an influence matrix for the cantilevered condi-
tion. However) a scheme that is one degree-of-freedom more accurate is to set
qll and q22 equal to zero in Equation 5-390 by the transformation:

(5-394)

=T rij

and calculate

- -(5-395)

446



Then it can be shown that

I~ JS (5-396)

where

= = influence coefficients for (5-397)
the beam cantilevered at the
right end = the upper left,
11 x 11, matrix out of [GJ

5.2.1.3 Inertia Mtrix Corresponding to the Direct Stiffness Approach

The kinetic ener z, Equation 5-326, can be written as

-' (5-398)

We want to show that, according to assumptions already made, the deflec-
tion on the ith interval is a cubic curve. This follows from Equation 5-352

(5-399)

and Equation 5-356

'A X _(5-400)

We then have the following differential equation to integ'ate:

£- -.,.,: '-U " " "t(5-401)

If we introduce the non-dimensional variable,

(5-402)

then

4(5-403)
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whose solution is obtained by repeated integration:

E+ - M (5:-4o4)

It is more convenient to express this in terms of:

= (5-40~5)

(5-4o6)

60~o %'3 (5-407)

- o I) (5-4o8)

which gives, from Equation 5-404,

(5-4o9)

Now, the kinetic energy can be written as

--- (5-4.1o)

and, on the ith interval,
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Substitution into Equation 5-410 gives

- ~ ViL '(5-412)

where

11~. U (5-13)

j Cj4

0.37143 0.5,238 0. I/2 7.9 -0.030-9.5

050Q238 .OCqSZ 0.030 q5 -0.00714-

o12. -57 o.o3oi5 o.31143 -o.o53s.|

-0.03oCLS-0 0071+1-20.052.382 O.-qO52tj

Now, from Equation 5-306,

(5-414)

and

(5-415)

and hence

C. (5-416)
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where Lh-Z TT] LMI lTl

(5-417)

5.2.1,4 Influence Coefficients by the Complementary EneEr] Ethod

From Equation 5-359, we have

5 5-418)

where

F~ (5 -1j9)

Now, consider the equilibrim of the free-body in Figure 99.

po .i

FIGURE 99 LOADSON THE PORTION OF THE BEAM TO THE

LEFT OF x=x i

From equilibrium, we have

,. p (5-420)
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X, X, ~X,-- 0 [P (5-4i21)

[9, .... JIooJfP}

We May write these equations as:

(5-422)

where

. .... -, 0 0 (5-423)

ith column

Substitution of Equation 5-422 into Equation 5-418 gives

(5-424)

whe re

• _ ,, ][c] (5-425)

5.2.1.5 Inertia Mari-x by Trajezoiapl Inteipolation

This method has already been considered in Paragraph 5.1-2.2, where it
has been shown that
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where,, for the present case (see Equation 5-225),

[Aj= "1~ ,I' (5-4f27)

and

0 0 01, 0 01 (5-4i28)

5.2.1.6 Comparison and Cbrnclusions

Table l~su.marizes the nxtmeri'2!al results of this section.

The comparison of the complementary energy method with the direct stiffness
method -bears out the fact that they are equivalent r-ethods that use the same
mathematical --ode! ani the same approximations.

The diparabolic rnrthcod gcivec very 6ood results when it is considered that
the system is allowed onLly hal-f as na-ry degr-ees-of-freedom as for the other
cases. When the conalemren tar': enerF_; or d'irect sti-ffness, influence coefficients
are used, the results can bte L-nc.rov ec consiiarably by using a dinarabolic
inertia matrix instead of a trapezoidal inertia matrix.

Finally, the direct s-ui-ffness =zhod has the diJstinct advantage that an
inertia matrix can be- derived c:onsist'ent .. with the- internal load paths of the
structure and the use of thqis matrix Egives modes and frequencies very nearly
eaual1 to the exact solution for the continuous structure.

5.2.2 Vibration ofThnWl lidr

This section deals with thin-,;all, large diameter- cylindrical structures
that are typi cal of liquid propellant tanks on current clustered launch vehicles.
Fairly slender thin-w7all c'rl inders also find applications as heat shields and
payCload fairings on both liquid and solid propellant launch vehicles.

Paragraph 5l.2.2.1, below, contains soze iucortant deviations from the
Euler-Bernoulli theor-y of beamms, andJ =c.arisons between methods for including
-the v,;arious effeczs of shear erer~y andrar inertia are shown.

Faragraph 5.2.2.2 contains analy.ses conce-lred with shorter cy.lindJers;
where the struct-ura =uzt be consilered as a thin shellI. The effects of in-
ternal Pcressure and axial leads are considered in the shell study.

Finally~z, Paragraph 5-2.2.3 de-als ag-ain with a been zodiel; however, in this
case, the results are derived from shell thneory, an! thus the important effects
of internal pressure are retained.
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5.2.2.1 A Study of Vibration Modes of Straight Beams with Thin-Wall
Cylindrical Cross Sections

In this section, a number of analyses are compared to evaluate the various
effects of shear strain energy and rotary inertia. All of the numerical com-
parisons are given for a cantilevered thin-wall cylinder idealized as a beam.
The geometry is shown in Figure 100.

hbo.no,, of denIty p

r-di.., b

FIGURE 100 GEOMETRY OF THE STRUCTURE

The equivalent beam section properties are taken to be:

EI E=e- (5-429)

(see Paragraph 5.1.1.3.1.3, (5-430)
Equation 5-170)

= (5-431)

I = moment of inertia/unit length = -WTe (5-432)

The numerical analysis is given for a beam that is an idealization of the outer
liquid oxygen tanks on the fifth-scale model of the Saturn launch vehicle (see
Appendix II).

The values of the beam parameters in this case are:

L = 105.91 inches

b = 7.0135 inches

7-= 0.020 inches
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p = 0.1 'cM/in3

E = 10.6 x 10 lb-/i" (Aluminum)

V = 0.3

5.2.2.1.1 Equations for a Beam Incluling Shear Eneroj a:A. R otary Inertia

The most general beam representation of this particular tpe- of structure
has a kinetic energj and strain enerog given by the following expressions:

-" --( 5 -433)

- -4- 3. (-34)r A

where O(xt) is the rotation of a section and .(x,t) is the deflection of the
axis.

It is assumed that

(5-435)

that is, sections do not rotate so that they remain perpendicular to the elastic
deflection curve. The above exipressions define what is commonly called
'imoshenko's theory of beams. The rartial differential euations for the con-
tinuous beam can be obtainedias in Paragraph 5.2.1.1, oy using Hamilton's
Principle.

-- (5-3)

It can be shown that the stress resultants are relatei to the "tean deforr-aticn
functions by

TA (5-437)

so that
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and the variational problem gives:

which are the "Timoshenko-Eeam' equations 1 . The "Dler-Bernoulli" eauations
are obtained by using ,he firsz eouation to e liminate k - in the second
eouation and then seting

(5-)2)

The numerical results of this section are concerned with the follow;ing
srecial cases of Eauations 5-433 and 5-434:

(1) Complete Timosihenio Beam ana1 -sis for 50 degrees-of-freedom
(2) Shear energy and ro-tary inertia included but rotary inertia

described in terms of lateral displacements by use of

for 25 derees-of-freedom
(3) Shear energJ included but no ro-zry inertia for 25 degrees-

of-freedomnj = 0
(4) io shear erer&- and no rotary inertia (Enler-Bernoulli theory)

for 25 degrees-of-freedom

in shear ener t; term and
* = 0

in the numerical szuiies the beam was diddedi into 24 equa1 -$ spaced
intervals by 25 collocation P3ints, and the generalized cooriinates were taken
to be the displacement ani rotation at each of ti-e co 1 o!a-zion poiLTs.

where

!For a more co0 zlete discussion of th'se equations for the continuous case,
reference should be made to Hiang. T. C., The a'fect of Rctary inertia and of
Shear Leformation on the _requency, and Narmal Mode Equations of a Uniform Beam
with Sirzle ai Conditions, . j -- -- _c- hnis, .



Phe generalized forces assocfated -with these generalized coordinates are

(5-~44)

Z, -where Z i is The load at the
collocation. 7oinz

anI Q~ is the moment at the -'r
* zollocatior. troin

f.2.2.1.1.1 Throashanio Eeas

in~uigshe-ar erer&.;. g&.~es tha ffllow~in far tte irtfian~ce coefficients
corresiponiing to these de~-a-a-of -free-lam:

- C- C

ani Einlior. beam2 ar- -nrahan .2.l.-ei iSr.diie

- C.



where

(5-449)

if we partition this into 25 x 25 square matrices:

(5-45o)

then, from Castigliano's theorem, we have

N + EC-7ea (5-452)

which are useful for interpretation of the results of this section.

For the inertia matrix, diparabolic interpolation gives

-- L- = I , £j (5-453)

YE = ' -}[- t[T] # } (5-454)

and subszitution into Equation 5-433 gives

(5-455)

* L-

8- k
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or

where

(5-457)

with

[ ,I=7T'. -tiq

The modes ani frequencies for The Timosherko beam are obtained from

(5-459)

.2.2.1.1.2 Shear Ener4¢ Uncoupled from Rotary inertia

In the seconi case Eauaion -492 was used to give

-= - " (5-4to)

This, in conjunction with the diaraholi forruxla, gives

a-



wiich yields

(5-4o:i)

(5-4t3)

Thnese eauations may; re combined to give -the fo11oacing trnsfarmationt

Substituting this into the kinetic ener~r gives

,fa--re

~ - 24,

.2.T-4't



Te second term gives the rotary inertia. contribution in terms of lateral ve-
locities. The influence coefficients for- case (2) are obtained by setting

i = hic.eh &i-ves

[Er l

in Equation 5-450.,

The modes and frequencies for the second case are obtained by iterating

(5-4to9)

5.2.2-]-l..3 Shear Ehergy with No Rotary Inertia

For case (3) the influence coefficients are the same as for case (2)
and the hSS matrix is r The moles and frecuencies are obtained from

(5-470T)

5-.2... _.- laer-Bernczli Eea

For' case (:) t.Le inertia matrix iZ the same -s case (3) and the influence
ma~ri.x is. comn-utei b'Iy !zni-

.ha z withI . <-_ c .. - , u ,

.2..72 Cza.L: ani2nlui

rlba resultz of e study ar- s Lzr-ai in Table 1. where the first ten
nav'Lral fre-,eni-2s for the four zaz- are given.

Fiire 101 is a z7-,t -Lf the aea i zn h thri modes showing a, comparison of
cases (I), (3), ani (-) in z-7-oir. in-- tant contribution of shear deflec-
tions for thin-wail c-ijniers.

The foiwin zsnzI slns are izar.-n frz. this stula:

(1) For the lower freuen y rane cf atruztural " "brations,
the Timashenko theor; is more sol.histicatei than is retmuired.
anl the ino-rtant results are abtainci if only shear energf
is inzi.tziLI (this result is well lmow an i has, in fact,
been establishei -,"y Tinoshenko). The 2cnse,-aoenze of this, for
.he finite iegree-of -freeII methzdis, is a saving of one-half
the nauber of deMe -f--seion as-i resxlring m.tri-es only
one-half as large.



(2) Attempts to include rotary inertia by assuming that the
section rotates normal to the elastic curve is detrimental
to the results and is generally inconsistent with the fact
that shear energy is stored in the beam.

(3) The results of this section suggest that a more consistent
approximation to the Timoshenko beam is to set the applied
moments, { , to zero and use Equations 5-451 and 5-452
to obtain

5= (5-472)

(5473)

or
-i

(5-474)

and. use method. (P) with

(5-475)

When shear energy is neglected, the above expression will be approximately that
given by the diparabolic method.
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5.2.2.2 Some Considerations of the Vibrations of Axially and
Circunferentially Loaded Thin Cylindrical Shells

In this section we consider the analysis of a thin cylindrical shell of
length, L, radius, b, and wall thicness, -. The approach to the problem is
smilar to that used on the thin ring in Paragraph 2.3.3.3. In that analysis
we found it convenient to use cylindrical coordinates which will also prove to
be the case for the shell. The geome-try of the shell is shown in Figure 102.

FIGURE 102 THIN CYLINDRICAL SHELL

The difficult zart of the analysis is the derivation of an expression for
the specific internal energr,v t( 4, P , x, t), in terms of displacements of the
shell I'mid-surface," Pr(,9, x, t), pe(o, x, t), ani px(O, x, t).

5.2.2.2.1 Strain Eergy for a Cliniri-al Shell

We assume thaT the shell is in a state of plane stress with the only
nonzero stresses being L, a, an4 (T& . The spezific internal strain energy
is then



and Hooke's law reduces to

- e (5-477)

(5-478)

" '-- X- (5-479 )

Substitution into Equation 5-476 gives the specific internal energy of a particle
in terms of the strains

= s-(*~~ 1 ~(5-48o)

5.2.2.2.1.1 Strain-Displacement Relations for a Cylindrical Shell

Since the shell surface is described by r = b, the coordinates and x are
coordinates in the surface of the shell, and we then can introduce a position
vector for the O-x particle at time, t.

-r- -T"'ax~t)(5-481)

We shall denote the position vector for the O-x particle when in the undeformed
state by

X) (5-482)

where r Va, andV are a set of cylindrical coordinate unit vectors. The
dis-!acement of "aiticles on the shell mid-surface is then given by
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FIGURE 103 SHELL DISPLACEMENTS

ILI we denote the compoonents of vin the ,andY, directions by
P6 R". and Pr, then

The strains of the mid-surface can be defined by

-- - t- i'. lit (5-65)
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Tne total strains are then assumed to be

- Zo(5-486)

4e .= e~a=& -7] ,: . )(5-ke8)

The terms depending on the mid-surface curvatures used here are those proposed
by Timoshenko for cylindrical shells in which7-<< b. The more general case
has been considered by Love.

lkow from Equation 5-4b2,

(5-49)

and from Equation 5-403,

:U_20 (5-49o)

which gives

-~ (5-4911)

By comparing this with Equation 5-485, we conclude

S.(5-493)
x T



1, (5-494)

Using Ecation 5-484 together with Equations 5-48&, 5-ht,7, and r'-48, results
in the final eauations for the strains in Terms of displacements

_ -(5-495)

(5-497)

5.2.2.2.1.2 The Total Szrain r L-liiinF -nLnear -=.s
in the Strairn-Dispace nt Rela-iAnc

in order co siml!fy the operations, , roduce th- following notation
for t7he nonlinear tart of the stra nz

- -- * - 4' p..Ai

(5-55)

Ruatio.3 5-Ly, c-,a-j .~ ~ ce -- as

-- -. -. - (503o)

: .,_ w(5- o 3)



Ilow, the total strain energy is

U idV -. 
(5-504)

rO4 J+- ( '-3, - +  * a

When Equations 5-501, 5-502, and 5-503 are substituted into this expression,
the integration with respect to r can be made explicitly. The result is

(5-505)

+ 1-2 , N I

fflL 4-,

where we have neglected terms of the second order in the 's. In the above
expression, the first integral is the energy due to stretching of the mid-surface,
the "membrane" energy. The second integral is the bending energy, and the last
integral is the nonlinear part of the membrane energy.

let us consider the stress resultants:
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d/L j(5-5o6)

j (5-507)

Otd- (5-508)

Then, from Hooke's law, we obtain

Y, . V-t) (5-509)

--4 (5-510)
NCx, ,-74 VG Fr= (551

The integral of the bending strains gives no contribution. Solving for the
strains gives

-. -(5-512)

XN F ,U (5-513)

- - (5-514)

The linear part of the membrane strains is then

L 7 - V"\ ° - (5-515)

-Z -4- j\

• ' .. .. (5-517)
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If we substitute these expressions into the third integral in Equation 5-505,
we obtain, for that integral, the expression:

2T-i ;' 4 0  4 Ae A' - (5-518)

where, as before, squared terms in the A's have been neglected. An approxi-
mate expression for this integral can be obtained by using the stress resultants
for the linear membrane equations. These equations are obtained by neglecting
bending and the nonlinear terms. The result can be shown to be given by

(5-519)

+ _(5-520)

' c.-(5-521)

where P, Pe, and P are derived from the virtual work of applied forces,

S= , "~r~2  (5-522)

If we consider only the case where the inertia terms can be neglected, the above
equations may be integrated to give

R _ (5-523)

(5-524)

(5-525)

A case of common interest is that of an axially loaded shell that is internally
pressurized. If P is the total axial load (positive for compression) and
is the internal pressure, we have

P'- . (5-526)

PO = o(5-527)
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5- "A -(5-528)

where. (x) is the Dirac function. For this case, substitution into Equations
5-523, 5-52h, and 5-525 gives

(5-529)

= C (5-530)

= ~z '~(5-531)

Yhe final expression for the strain enerU, using Equation 5-518 and Equations
5-498, 5-49?, and 5-500, is

L !Zr (5-532)

_£ AZT .J

Ercr
C61
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5.2.2.2.2 The Kinetic Energy

The total kinetic energy of the shell is

or

T = \ +, . ) j .+t+ (5-533)

5.2.2.2.3 A Finite Degree-of-Freedom Representation of a Cylindrical
Shell using Diparabolic Interpolation

5.2.2.2.3.1 Description of the Method

If we choose collocation points spaced at equal intervals on the shell,
we can divide the shell 3urface into a number of regions as in Figure 104.

* ..

FIGURE 104 COLLOCATION POINTS FOR A CYLINDRICAL SHELL
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In Figure 105 a typical region is shown on the inside surface of the

developed shell.

eo O e =;

FIGURE 105 INSIDE OF DEVELOPED SHELL SHOWING TYPICAL

REGION

For the i t h region, let the coordinates of the upper left corner be x = x i and

6 = 0 and introduce non-dimensional coordinates defined by 
the following

equations

- '(5-534)

Lr- (5-535)
= .- -- ; 1, _--

The total number of regions is N-M , where I a id M are integers.

The kinetic energy can then be written as a sum over the N-M regions

. = -\ * (4 ',,, -'-_ = ,. (5-536)
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If we change the variable of integration to (4,), then

Wt - sdq (5-537)

and
NM

=. (5-538)

The procedure is very similar to that followed for the plate in Paragraph
2.3.3.2. We assume

N 'ox~t) ={$(&)}'t ] }£(5-539)

. .. N (5 -541 )

where S( ,?7)Jis given in Equation 2-466 of Paragraph 2.3.3.2 and the inter-
polation coefficients are the same for every region except those regions adja-
cent to the top and bottom edges. The construction of the edge interpolation
coefficients is briefly discussed in Paragraph 2.3.3.2. At the right and left
hand edges, the points falling off the surface are not eliminated but will be
eliminated later by a compatibility condition at the cut, 6 = 0.

Substituting Equations 5-539, 5-540, and 5-541 into the expression for
the kinetic energy, we obtain

£1 "tia. ~ ~(5-542)

Nwhere

... ..... (5-543)
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which is the matrix previously introduced in the plate analysis (see Equation
2-479) and is listed in Appendix IV.

A compatibility matrix can be constructed which relates the displacements
of a region to the displacements of the whole shell and sets the displacements
along the cut, 6 = 0, equal

(5-544)

The same transformation relates the other components of displacement

(5-545)

• .-. ., (5-54,6)

Substitution of these relations into the kinetic enery gives

where

. . . . .- . .- - (5-548)

The strain enera" of the shell is considered in the same way. From Equa-
tion 5-532, we obtain

U ~ I~~ ~ ~(5-549)

-477 .£ , --L
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When we make the change of variable in Equations 5-534 and 5-535, the deriva-
tives transform as follows:

L-.

also,

(5-551)

Me strain energ then becomes

S0.f. 1 - (5-552)

yd.. I d

L .PalI7
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Using Equations 5-539, 5-540, and 5-541, we may then express this in terms of
a finite number of degrees-of-freedom.

p 5 aI) = , 1)i 1 (5-553)

-, : ,(5-554)

: i[- T. 'o}[s']i(5-556)

,' (5-557)

_(5-558)

I V= (5-559)

Ir

-- ¢' = :r'- 'I '[:i F }t(5-560)

When these terms are substituted into the strain energy, the following type of
integrals will result:

L'1 (5-561)

o-:0 (5-562)

V4 ] = ' }(~iJ'j i{ i I(5-564)

Lr~].~~ i~i~d ~(5-565)

(5-566)

(5-567)
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1r'q Lj), (5-568)

1r~3 ~(5-569)

0l2 0= ' (5-570)

r = ]f -f I 1 (5-571)

i= o - -(5-572)

'v~ ~ ~~ 4 cti' j4J{1 (5-573)

These integrals of polynomials can be easily evaluated independently of the
geometry of the shell and are tabulated in Appendix IV.

Substitution of Equations 5-553 through 5-560 into Equation 5-552 gives

8 (5-576)
42 t t, eL~Jtpr

+

4t8o



where

I-F ] + + - ' ' ( -5 8

+

-r

(5-578)
r.

1

* '' 9~I-~3*' (5-580)

N%-4 L'r,

: -"~ '- -: (5-581)

4,Z. NJ *x )(

.:cw, using tha compatibility transformations (Equations 5-544, 5-545, and 5-546),
we have

2~~~~~~i~~ -~~ .{-~ ~ ~ ,jj( 583

where

,-. o~ .1 .,, .,(-584)

S .' (5-585)

4,31



(5-586)

T r- w] .. 1]3i,]. ]i (5-587)

(5-588)
4--l

.,d =  . ( 5 -5 8 9 )

5.2.2.2.3.2 Analyvsis of a Copp#er Shell

In order to demonstrate the method, we consider the following problem:

Determine the vibration modes of a "freely supported ' shell with no in-
ternal pressure and no axial load. The geometrical parameters for the shell

are

L = length = 15.5 inches
b = radius = 8 inches

T = thickness = 0.0032 inches

The shell is made of homogeneous copper for which3p =0o.3z?- -bw/!

V- 0.3

E 1 3 )c to 6 11or
The interval (0,2r) of e, was divided into 4 equally spaced intervals and the
interval (,L) was dvided in 5 equally spaced intervals. The deinloped shell
surface was therefore divided into 20 regions of length,

~(5-590)

ani width,

+ (5-591)

There are Lhen 24 collozation points and 72 degrees-of-freedom. To describe

the freely supported condition, all components of displacement are set to
zero for the points on the ens. These 12 conditions at each end reduce the
system from 72 degrees-of-eedom to derees-of-freedom. These constraints

"= 0.

surface wsctefrebdb diie inton20oregins of lengthrm

(5-592)
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} = [r ] (5-593)

( 5 - 5 9 4 )

The kinetic energy and strain energy for this problem are then

u= (5-595)

U P"HP(5-596)

where

[A] = Tt ]I ( o]']f] + [T] ftk[T, (5-597)

and

+ I'[ Toi , [T,1

The influence coefficients are then

't I ,- ' (5-599)

The vibration modes and frequencies are obtained from

F k(5-600)
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5.2.2.3 The Effects of Axial Load and Internal Pressure on the
Vibration of Beams as Derived from Thin Shell Theory

The significant thin shell effects of internal pressure and axial load can
be retained in an approximation which leads to a beam theory model appropriate
for slender cylindrical shells.

P

- 6@ --

P

FIGURE 107 SLENDER CYLINDRICAL SHELL

For an axial compression load, P, and an internal pressure, pw, the mem-
brane theory stress resultants are (from Equations 5-529, 5-530, and 5-531)

--- .- (5-601)

(5-602)

The expression for the strain energy derived in the previous section can be used
to obtain an approximate expression for the strain energ involving integration
with respect to x only and thus of the same form as the strain energy for a beam.
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Using Equations 5-601, 5-602, and 5-603 in Equation 5-532, we obtain the follow-
ing expression for the strain energy.

+ o o Ej (f ( -') .t -

CT, + I(5-6o0,)

+ 2 -v' -L +  zo,--)/-

If we now constrain the displacements so that sections normal to the x-axis
remain plane during the deformation, the result should yield an Euler-Bernoulli
beam theory model 1. The shell displacements in this case are

°k- S.XAtX, t (5-605)

r 'o,,'-! :' k , (5-606)

FIGURE 108 BEAM DISPLACEMENTS FOR A CYLINDRICAL SHELL

1This procedure is similar to tha; suggested by Enrico Volterra in his "Wthod
of Internal Constraints" (see Volterra, E., The Method of Internal Constraints
and Its Application to Static and Dynamic Problems Journal of the Engineering
Mechanics Division, A.S.C.E., Aug. 1961, pp 103-127) Volterra's method shows
rroviise for a more sys Uematic and realistic reduction of a shell-lie structure
to a beam.
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The derivatives in the strain energy are then

e(5-6o8)

_, ,, = -- e,, - (5-609)

_ ,~ C5(-610)

.. . . ,-)- -e E ~P: - c(5-611)

(5-613)

(5-611-)

-- (5-615)

-, ~ (5-617)

.- ... -= -- - -(5-618)

(5-619)

Substituting these in the strain enerQt gives

Lt -63

(5- -5

e: 

i 

z

+4 7



We can now make an explicite integration with respect to 9, using:

e= 
(5-621)

JTz (5-622)

.: T (5-623)

The result is

d= J'LL -:,*/ "T (5-624)

On collecting terms, we can write this as

U_ E f ELM E (5-625)

where the equivalent beam section properties are

___ _(5-626)

= - "~ - £ ,-- (5-627)

= -'- = . : = - -P (5-628)

In order to include the important effects of shear energj, the Timoshenko-Beam
displacements could be assumed instead of the Euler-Bernoulli assumptions made
in Equations 5-605, 5-606, and 5-607.
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6.0 CONCWSIONS AND REC0IMNDATIONS

During the course of the investigations that are documented
in this report, two distinct problems were explored which appear to
be fruitful for additional develotnent.

The first area for future work is the completion of a
"production" digital program which will give complete dynamic simula-
tion for a complex (clustered, for example) configuration in general
six (rigid body) degree-of-freedom motion. This would necessitate
incorporation of coordinate dependent forces into the existing six
degree-of-freedom flexible body trajectory routine (see Appendix II).
In addition, careful considerafion should be given to selecting
analytical schemes and governing differential equations for control
systems of a general and variable nature. Using relations for de-
tailed forces developed in section 4.2, subroutines should be coded
which calculate generalized forces that appear in the equations of
motion for the existig computer prorzam. In sumry, the result
would be the develoument of a single computer routine to completely
simulate the mission of a complex clustered booster including detailed
dynamic simulation of a general linear or non-linear control system,
as well as simulation of atmospheric turbulence, -ross wind profiles,
thrust, drag, -ravity, and fuel slosh.

The second area for future work is the fur-ther investigation
of the interpolation procedure (see section 2.3 and 5.2.J.2.3) for the

dynamic analysis of shell-like structures with cmplex ;eormetries. The
method should be extended and der, ;strated in the analysis of conical
shells and shells with additional stiffening from rings and longerons.
Detailed demonstrations of the method in the case of axial loads and
nressurization should be performed to compare with available theory
and test data.
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APPENDIX I

A DIGITAL 'ROUT FOR SOLVINM THE EQUATIONS OF MOTION
OF A SINGLE ELASTIC BODY EXECUTING LARGE "RIGID-BODY"
MOTIONS AND ACTED UPON BY FORCES WHICH ARE A FUNCTION

OF TI4E ALONE
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1.0 INTRODUCTION

The equations which were coded are given in Section 4.O equations 4-289
through 4-315.

For the purposes of numerical integration it is desirable to isolate the
highest derivatives. In Equation 4-295 we have

Since [Ij is singular (it only has rank N-6) it is desirable to define hi so
that instead of

w (1-2)

we have

('-3)

Then Equation 1-1, above, is replaced by

- , ,  j F-' ( i']k

Equation 4-296 is replaced by

but
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= ~ ~1(1-6)

arcl from Bquation 4-225

so that

Then we can write Equation 1-5 as

;rT ] "  ._ ]:- _ (1-9)

and solve for the pi's
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In Equations 4-301, 4-302, and 4-303 the dL's were solved for, obtaining

z

~( --

-- ""- ( -4

where . -
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2.0 EQUATIONS SOLVED BY THE ROUTINE

The input for the program is:

[K]

and initial conditions:

j 14 (0),

Prel inary calculations, internal to the program, are:

0

5oo -Iva
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_[An + [Pt]

21

[ l - ! + :AA'

The equations to be integrated are

O I= V+' , ' ( 1 -2 0 )

50 = x - 2. V,
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1-1 = 11, y5  4

Cm j I- J H-

At

(1-21)

The following intermediate calculations are made at each integration step.

* (1-23)

5024,



-Axzx XIxj ~x (1-24)

~ (1-25)

ki z .- lG Ff



LG, ( , [G.I GJ(1-29)

- ' rL 4- +1 L , ( 1 - 3 0 )

4 7~2 1A~1(PRi, ~('-3')

(1-32)

The generalized forces, Pi, may be supplied as a table or generated by
subroutines in the program.

The output is the time history of Vx, Vy, Vz I ,~ ' az
and the generalized coordinates, P1 , P2 . ..PN-
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3.0 DESCRIPTION OF DIGITAL ROUTINE NO. LVV42o - PANDORA

The following is a description of the digital routine that has been
coded to determine the motion and configuration for a general elastic body
executing large "rigid-body" displacements. A description of the data, order
in which data is presented to the routine, sample problems, listings of the
coding, and core storage allocations are included.

The routine has been coded in 709/7090 FORTRAN II language and is com-
patible with the FORTRAN Monitor System for a machine with a minimum of
32,768 storage locations.

Integration of the differential equations in this program is accomplished
by means of a four point Gill-Runge-Kutta numerical integration procedure (see
Appendix VI) which is generally considered to have good convergence qualities.
The equations of motion have been expressed in the Hamiltonian form which are
first order and more amenable to solution by the Range-Kutta scheme. This has
resulted in streamlining the numerical problem as compared with the alterna-
tive of the Lagrangian approach. Lagrange's equations, which are second order,
must be artificially reduced to a set of first order equations before the
Runge-Kutta method can be applied. The symmetry and simplicity of the Hamil-
tonian equations is lost by this circuitous approach.

In order to achieve the capability of handling up to 30 elastic degrees
of freedom, the problem of data handling has been optimized. Most of the
matrices in the program are either symmetric (aij = aji) or antisymmetric
(aij --aji). Due to this fact, it was necessary to store only half of these
matrices.

3.1 The Order in Which Data is Presented to the iachine

The data is read into the machine in the following order:

(1) One IBM card of control numbers for the routine.

(2) Two IBM cards of descriptive information about the run.

(3) As many cards as necessary to read in the single parameters for
the run.

(4) As many cards as necessary to read in the initial conditions of
the integration variables for the run.

(5) As many cards as necessary to read in the blocks of parameters
for the run.

There are two features of this routine which greatly minimize the effect
of reading in information for parameter studies, etc. First, the machine
initially sets to zero all the parameters. This means that if any parameters
of the system are zero, thev need not he read in since they are already zero
in the computer. Second, parameters retain their values throughout the time
the routine is in the computer except as modified by new values read in. Since
this routine allows parameters to be read in selectively, for successive runs
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only values that change for that run need be read in. To accomplish this
selectivity in reading data into the machine, it is necessary to make a one

to one correspondence between parameters of the system and a subscripted
symbol "P'". Below is a list which defines this correspondence with typical
consistent units of data in parenthesis.

P(!) - At, integration step size (sec.)

P(2) - ta, total tire for which motion is to, be calculated, (sec.)

P(!21) - P(150) - .P] , Feneralized fcrces (lb.)

P051) - P(33"' - [O] ,ici bai- dis.-dace n n

P(331) - P(1233) - ["I Md

P(1231) - P(21*3) - [A._j

inertia ratrices (lb-sec. /in.j

(3 '1 - P (3330) -[ yz]

P09o31) - ?0239) - [A~x1

P(L63l) - ?(45B0)o -

P(5731) - P(653-) - [K] , stifne 3s matri-x, (I./..)

E(6631) - P(753,-) - ('9] ,dampin 7 r~ti,( -sec /im_.

The following initial conditions are also supp lied as parameters if
unequal -o zero or unchanged from the previous run.

P(61) - F(90) - p(O) generalized coordinates (in.)

F(91) - F(22 ) - h(O) generalized mrenta (lb.-sec.)

The remaining initial conditions are entered in the same manner as the
above -'P" initial conditions, -ut have a correspondence to the subscripted
symbol IRt 'ff, thus;

F-=-I&Y1) - to, initial value of time (usually this is zero, hence it
need not be read into the machine)(sec.)

FIRSTY(2) - VY(O), initial value of c.g. velocity in the x direction
(in. !sec.)

FE,=T Y(3) - V (O), initial value of e.g. velozi:t in the y direction
(in., see. )

FII3TY(4) - VzO), initial v alue of c.g. veloci-ty in the z direction
(in./sec.)



FIRST16) - Hx(C), initial value of angular moent=m in the x direction
(l. -sec. -in.)

BW2~Y(7 - Ho{), initial value of angular rmmentum in the z direction
(1b. -see., --in. 3

(Ib.-se.-in. )

As far as the machine is concerned it reads in values of the subscripted
varia-bles. There are two methods by which the comuter reads in these values
TRhe first method allows for a copletely random selection of variables to be
read in, for instance, F(17), IF(15), F(23), F(2)). The second method allows
for selected blocks of successive parameters -o be read in, or for selected
parameters separated by equal nutbers of narameters to be read in. For
instance, this method coild be used to read in 11(3), :J) F(5), F~(6), and
F(1l), F(12), P(137), P(14), P(51,, or to read In (P(6), PTO), LP(12), F(15),
F(18). T-h-i method alo-ws up to seven parameters to be read in on each IR4
punched card, while the first method requires an !M punched card for every
parameter read in. 2 combination of the two methods may be used for reading
data into the computer. The initial conditions which correspond to the sub-
scrilted symbol 3"TYST_" are read in exclusively by the first method.

3.2 Details of the Ilechanics of Reading Dat- into the Computer

The first IBMIp-pnched card presented in the data contains the control
n bers for the routine (see Figue l0}. Seven of these are determined by
the user, while the remiir mast stay fixed as shown in Figure 109.

The contral numbers are denoted and aio'azted coi uns on the first two
cards as shorn below.

'Da- - Card cOlumms 1-5

- Card coalmns 6-10

2=, - Card columns 16-20.

ir- Cpard coatmzs 36-4+0

IG'5F - Card columns 51-55

IES= - Card columns 61-65

These natferz are never written with a decimaI point and are always placed
to the extreme right in their allotted number of columns.

,=LF - This nzler 1s 1' for the first run, "2 for the second rum, etc.,
-r any identification nmber that is desired

H - This number controls the reading in of data., 1- equals the nmuber of
single parameter cards to, be read in by the method previously described.



IF MS"T - This number controls the reading of initial conditions.
NFIST = 0 results in no new iitial conditions being read in, while if it is
desired to read in initial conditions, NF'RST equals the number of initial
conditions to be read in.

NIS - NPS equals the number of generalized coordinates to be used in the
calculation.

NFOSP - This integer selects the subroutine by which the generalized
forces are to be calculated. A lowance has been made to include up to nine
methods., At the present time, none have been coded, and the generalized
forces are assumed to be zero or constant. This number must be supplied as
an integer between "l" and "9".

N - This number controls the reading in of parameters by the block
method. NPT equals the number of blocks of parameters to be read in by the
method previously described.

M ISIP - This number is used to indicate at what times it is desired to
have results of the integration printed out. N{oting that the computer prints
out atomatically at time - 0, NTfS= is the number of integration steps minus
"'" required to progress from the time of the last printout up to the time
where the next printout is desired. For example, if the integration stepsize
is I second ad answers are desired at 0, 5, 10, 15 see., etc., NISKIF would
equal 41. NTS1 = 0 causes a printout for each integration step.

The second, and third IBM punched cards allow descriptive material to be
read into the machine which will later be printed out with the answers. Each
card has columns 2 through 72 available for eutering either alphabetic or
numeric characters. It is necessary that cards 1, 2, and 3 always be supplied
with each run. The cards following the first three depend upon the values of
the control numbers, NE, MY IE, and -1--T, on the first card which is read in at
the beginning of the run. To determine the cards that follow, first consider
ZIP. If HIP 0, no parameters are to he read in. In WP - 'm " , there will be
"' separate parameter cards read in. Each parameter will have its own card.
The form of the card will be as follow s:

Card columns I through 5 will contain the number 11 (wlith no decimal point
and placed to the extreme right of the field).

Card columns 6 through 20 (preferably 11 through Z0) will contain the
desired value of the Nth parameter P(N).

Card columns 21 through 80 are ignored by the computer. For convenience,
descriptive material may be entered here for future reference.

There will be 'm' of these parameter cards.

To determine the next cards to be read in, consider NIEM3. If ITZIRST =
L, there will be supplied '"L cards of the same format as the above lIT para-
meter cards.



The last cards to be read in are determined by NPT. If IPPT = 0, the
input data is complete and no additional cards need be supplied. If YET -
"n", then "n" blocks of parameters will be read in. The first card in the

block will contain three integer control numbers (written without decimal
points): NP1 - card columns 1 through 5, NP2 - card columns 6-10, and NP3 -
card columns 11 through 15. These control numbers tell the computer that the
next card(s) will contain parameters P(NPl) through F(NF2) and that they
should be read in in steps of NP3. The card(s) that follow will then contain
the desired parameters. Each card must contain 7 parameters except the last
card of the block which may contain from 1 to 7 parameters. The first 70
card columns are available for supplying parameters. Each parameter is
allotted 10 card columns, hence, the first parameter entered on a coard uses
columns 1 through 10, the next, 11 through 20, etc. The numbers must have a
decimal point. A parameter may be written down in either of two forms, deci-
mal or exponential, ie., the number 3562.2 may be entered on the IBM card
either as card col.

1 2 3 L 5 6 7 3 9 10

3 5 2 6 2

or

3. 5 2 6 2 + 3

In the last case, the "+" (or "-' in the case of a number less than one): is
mandatory, and the exponent must occupy the far right hand column. To enter a
block of parameters, suppose NP1 = 8, NP2 = 16, and NF3 " 1. The cards nec-
cessary to supply these parameters are

card col. 1 - 10 ll - 20 21 - 30 31 - Ll U - 5' 51 -- 61 - 73

CardI, 3 16 1

Card 2, P(8) 2o) ?( ) (L)

Card 3, P(15) P(16)

Had NP3 equaled 2, the second card would be as shown below, and there would be
no third card.

Card 2, P(N) P(I0) P(12) P(lh) P(16)

There will be "n" cards of control numbers NP1, NF2, E3, each followed by the
card(s) of parameters dictated by the control numbers.

The blocks of parameters are the last cards to be read into the computer.
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3.2. i Mechanics of Entering Arrays

All matrices which are input data have a correspondence to the subscripted
symbol "P". These arrays are arranged in storage in the manner dictated by a
Fortran generated program 1 . it is suggested that arrays be entered by the
block rarameter method for efficiency.

3.2.2 General Form of Data Sheets for Routine Pandora

Figure 109 depicts the general order and form in which data is presented
to routine Pandora. it also indicates that the first 3 cards must always be
Presented for a run. 1I1ote that the first card (the integer-control card) has
both integers and symbols denoted on it. The symbols denote those fields of
the control card into which numfbers can be entered at will by the user of the
routine. Those fields which contain given numbers mist retain these indicated
values run after run.

1 Reference Mlanual 709/7090 FORTRN Programming System, C28-6054-2, TE:hM
Corporation, 1961, p. 8 and p. 56.
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3.2.3 Core Storage Allocation

The following is a complete description of the core storage allocation
for Routine PANDORA. This is included for use in possible program modifica-
tion and for debugging. These variables which are input data are denoted by
an asterisk.

3.2.3.1 Core Storage Allocations for Subscripted Variables

*P(61) - PPo ?(12211) - AZXF5

*p(91) - HH0 P(122,1) - AZXF6

*P(121) - PF P(12271) - AYrT

*P (151) - FER P(12301) - AYXF6

*P(331) - A1'- P(12331) - DK

*iDenotes input data *?('231) - AYY ?(12361) - HOAMP

*P(2131) - AZ P(12 56) - GZY

*P(3031) - AYX P(13321) - GZX

*P(3 31) - AZ. P(!37%) - YX

?(L53-) - A?-12) - FZY

P(01716) - H::

P(531) - AI_ P(16Sil) - hy

P(9331) -QW' P(!6576) - Hzz

P3 ? P( 77hOl) -

P(112Y'-) - P' :(l756) -

P(v2oyq) - pp P(1' 71) - F

P(12051) - P(17977) - FAF

P1'?1- PD P(17?3) - FAI

P(1211) - tD- o?19) ?

p(12151) - AZYFIS P(200hl) - GAY
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3.2.3.2 Equivalent "P" Allocations for Data Entered in Array Form

First element of single subscripted variables:

Ppo P(61)

iro P(91)

PF P(I2l)

First element of each column of double subscripted variables:

Collmn FER AXX AYY AZZ AYX AZ! AZY SK B

1 151 331 1231 2131 3031 3931 4831 5731 6631
2 181 361 1261 2161 3061 3961 4861 5761 6661

3 211 391 1291 2191 3091 3991 4891 5791 6691
4 241 421 1321 2221 3121 4021 4,921 5521 6721

5 271 451 1351 2251 3151 h051 4951 5851 6751
6 301 481 1381 2281 3181 4081 4981 5881 67S1

7 511 11411 2311 3211 4111 5011 5911 6811
8 541 U411 2341 32-1 411 5041 5941 691
9 571 171 2371 3271 4171 5071 5971 6871

10 601 1501 2401 3301 L-201 5101 6001 6901

11 631 1531 2431 3331 4231 5131 6031 6931
12 661 1561 2161 3361 4 261 5161 6061 6961
13 691 1591 2491 3391 14291 5391 6091 6991
11, 721 1621 252' 3421 L321 5221 6121 7021

15 751 1651 2551 3L±51 L351 5251 6151 7051
16 751 1681 2581 34,81 4331 5281 6181 7081

17 811 1711 2611 3511 4L11 5311 6211 7111
18 841 1741 2641 3541 441 5341 6241 7111
19 ?71 1771 2671 3571 4471 5371 6271 7171
20 901 1801 2701 3601 4501 5401 6301 7201

21 931 1831 2731 3631 L531 5131 6331 7231
22 961 1361 2761 3661 4561 5461 6361 7261

23 991 1891 2791 3691 h591 5491 6391 7291

24 1021 1921 2821 3721 4621 5521 6421 7321

25 1051 1951 2351 3751 4651 5551 6451 7351
26 1081 1981 2881 3731 4691 5581 681 7381
27 1111 2011 2911 3811 4711 5611 6511 7±11
28 1141 2041 2941 3841 711 561±1 6541 71!
29 1171 2071 2971 3q71 L771 5571 6571 71471
30 1201 2101 3001 3901 1,0 57 6301 6301 75ol
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ROUO7INE -PANDORA-

Integer 1 ____1_0

*Denota3 input data

* DET34 NEOX(2) 67

* 2 ?36 NEEL(3) _____________

*- M -o0 36 N-oL(L. 69
* - & T RST 37 NSOL(5) 70

* 1 VABLE - 0 38 3%0L(6) 71

I N -0 39 NCUT? 7

I IM4RZ 0 40 Ian 73
a S Ns 41 LPRflIT 74

9 IUTpA~s- 0 -12- ILMI 75

10 C~43 NI"I? 76

1 I 44 Z -AC- 71
12 I;TC% 0 45 IiL 78

13 J.~I 4S IN?SL 79

14 47 60
16 ND ~ 48 61

15 !1PID1 49 e2

17 ?N'M2 50 a3

15 :,-", -1 1 84

13 52

20 'M 33

21 54 51

21 56 'Re

2A .56 R p_________

24 57 90

15 88 91

25 59 92
27 so 93

2i_ $___ 1 4

29 $32 8?5
30 63 98

31 64 S7

32 65 98

33 NZZIL(I2 86 99

00
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iRcMM PAJVDOR&

Parametur 1 to I00

4IenOts input data

* 1 D M-LTT 34 CK 67

* 2 TIMX * 35 D 68
3 36 MGPX 69

37 " 70
5 3Sm 71
6 39 7Z
7 40 73
8 41 7A

9 -42 ?

10 41 76
11 D __ U 77
12 D122 45 78

13 DL33 46 79
14 DL12 47_ VA _ _ _,
15 pll3 _ _ _81

16 3_23 P2___
17 Z2-:T_ __V_, _0_r

19 D:322
20 M133 I ___________ ____________

21 -1 54 87
22 ~~~~~ 55 ________ ___

-3 DU23 ft_9
24 CA __________

25 CMZ qo____

26 c __________________ 92
27 C2- ______________1_

28 e :1 94.__________

29 cnzZ____________ _________ __

33 'p 699



IltaVmtion Variables

*Denotes int data&

Vs ~DYDIt
sFIU'

I T1I1I0 T (0)

2 7-T 2 M~1 4X
4 V 7 Z Z

a a HZD SMZ

-Y y H HZO

:E!(1) 9 m(l) f BH0(1

10 ?P(2) 10 p11(2) 10 P02

11 =!(2) 11 cM(2) 11 HEo(2)

12 F?(P 12 =n(fAl 12 P0003)

S13 =ZO) 3HM

i14 E2p)-Q 11'4~

1___________ Fz(6 14 EM 19 Ea(6)

20 ?PC") 20 ~!l20 -Q(7)

-1 E()23 F-f7) 21 iEO(7)

25 =-o 25 -n(g)

27 -InVl 27 f~V 27 ~i
2 f~2 ~ff 23 r

_____2S_____________ 25 i -

0o Z?t1?) 30 :--12) -so r?0(2)

32 en Jl 31 -41 32 ;;-

n H-f'3 13 33 ~32)



inte~rati on Y-aiables

rIRSY'"

'V. DYDX C

35 fo 35 H D 1,3 'OI

35 ?-P I 36 PD 1 36 Po

37 ?p 15 1 37 ;1(

387 ~( 38 PP 1

3983

40 l'740 22 17 40

4-1 ;Ul 17 i:D 7 42 ROR

42?9 42 P3 15 42o !3

43 H(1)43 ic( 13) tlHO 1

2? 1 45(1 HH

H= i9 5- tm19) 45 '20)

46 p7~46 
P 460,

47 FRj'21 47 h-j 20 47 '-

4 D? 21 48 2 9 1

49 :UH01 4950 ?

5050 2? 50

51 FH)C2 2) 51 k2 5

52Z ?? 23 52 I2 ~ 52s

3 FRH 2 54 i~2

54 ? 2, 54 1 ?12(?- 54 5 ''

55 2% ~ .

o (2 )60 
F)(27) 60 ?7)

6 1 o p ( 2 7 ) 6 H -( 2 7 ) . : 2 7 '

61 r2(27 62 sz(2 ~

682 68 68



3.2.4 Source Program Listings

The following is a complete set of listings of the main program and sub-
routines. This can be useful in debugging and in program modification. It
should be noted that two subroutines are included which have not previously
been discussed. These are subroutine TAPEIN and subroutine FORCEI.

Subroutine TAFEIN was coded to allow the user to enter large matrices by
means of a special tape input. These matrices were previously computed and
written on the tape to be used as input to PANDORA. To use the tape input
method at various computing facilities, it will probably be necessary to re-
code the subroutine to allow for inconsistencies between systems.

Subroutine FORCE1 was coded to calculate the generalized forces due to a
gust. It is of a very specialized nature. For this reason, the option NFORSP
* 1 will not be used in normal operation of routine PANDORA.
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TABLE 13
FORTRAN SOURCE PROGRAM LISTINGS OF ROUTINE 'PANDORA"

* LIST
* SYMW)L TABLtE

COMMON VAR
DIMESIO4 VAR(2400 v).DY0X(75!
EQUIVALENCE (VAR (76) vDYDX (l))

10 DO A I - 1,24000
20 VARtI) * 0.0
30 OYDX(ll a 1.0
40CALL RK

ENO
0011
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* LIST

* SYMBOL TABLE

CINPUT
SUBROUTINE INPUT
COMMON VAR
DIMENSION VAR(24000}tP(23400),Y175),NTEGER(22519

I 0(75)oFIRSTY(75),NTI30)NTII30),NT2(30)
EOUIVALENCE (VAR(l),Y1I)),(VAR(376)NTEGER(1))

1 (VAR(601) P( )) (VAR(151) Q(1I)) VAR{226) FIRSTYI1))
2 (NTEGER(I1OI)NTI1)flNTEGER(131)NT1I1I))(NTEGER{161)INT2I1))
3 {NTEGER{2)INP),(NTEGER(3),NINT),(NTEGER(I4hNFIRST)
4 (NTEGER(5)NTABLE) {NTEGERI7),I ,4ORE)t(iNTEGER(I11)NPT)I
5 (NTEGER(12),NTCRIINTEGER(13)ITSKIP),INTEGER(44NPAGE)
6 (NTEGER(6)#N)

EQUIVALENCE (NTEGERI15),NIND}h(NTEGER(16)NIND1I)
I (NTEGER(17)oNIND2)

C SET THE PAGE NUMBER FOR THE FIRST PAGE.
10 NPAGE - 0

C READ CONTROL NUMBERS INTO THE PROBLEM.
20 READ INPUT TAPE 5.309 (NTEGER{I)s I=1,14)
30 FORMAT (1415)
40 IF (NMORE) 60s60.50
50 READ INPUT TAPE 5t309 ( ITEGER(II I=159NHOREI

C PLACE HEADING AT TOP OF WRITE OUT.
60 CALL PAGEHD

C READ AND WRITE TWO CARDS OF ARBITRARY RUN INFORMATION.
70 READ INPUT TAPE 5,80

80 FORMAT (72H
1 /72H
2 1

90 WRITE OUTPUT TAPE 6P80
C CHECK FOR FLOATING POINT PARANETER ENTPY AND THEN MAKE ENTRY
C ACCORDING TO SINGLE PARAMETER READ IN METHOD (TYPE A ENTRY)
100 IF (NP) 150,150.110
110 DO 140 J = 1,NP
120 READ INPUT TAPE 5,130,I,(P(I)I
130 FORMAT (159E15.7)
140 CONTINUE

C CHECK FOR FIXED POINT ,UVBER ENTRY AND THEN MAKE ENTRY
C ACCORDING TO SINGLE INTEGER READ IN VEThOD (TYPE B ENTRY)

150 IF (NINT) 20012009160
160 DO 190 K - I NINT
170 READ INPUT TAPE 5,180K-(NTEGERIl))
180 FORMAT (159115)
190 CONTINUE

C CHECK FOR NEW INITIAL CONDITIONS TO BE READ INTO THE PROBLEM
C AND READ IN ACCORDING TO PRESCRIBED FORVAT (TYPE C ENTRY)
200 IF {NFIRST} 242,242,210
210 DO 240 L = l9NFIRST
220 READ INPUT TAPE 5,230,1,CFIRSTY(I))
230 FORMAT (15PE15.7)
240 CONTINUE
242 IF (NPT) 250250,2 4
244 DO 248 I11.NPT
246 READ INPUT TAPE 5,30.NPlNP2pNo3
248 READ INPUT T4PE 5.360,(P(J),J=NP1,NP2qNP3)

C CHECK IF TABLE ENTRIES ARE TO 9E W E AD READ IN TABLE ENTRIES
C ACCORDING TO PRESCRIED INPUTS (TYPE D ENTRY)
250 IF INTABLE) 380o380260
260 NTI(1) : NTCR
270 DO 370 N - 1NTABLE
21" IF(NT(M)) 290,370.310
290 NTIIM+I) -NTI(M)
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300 GO TO 310
310 NT1I(M+I - NTI(MI + NT(M) .
320 NT2(M) - NTI(M) - 1 + NT(M)
330 NT11 - NTI(M)
340 NT12 - NT2(M)
350 READ INPUT TAPE 59360s(P(N),N-NTZ11NTI2j
360 FORMAT (7E10.7)
370 CONTINUE

C CALL IN INPUT DATA WRITING ROUTINE
380 CALL INAID

C ZERO THE Q AND SET THE Y TO INITIAL VALUES
390 DO 420 N1 - 1,N
400 O(141) - 0.0
410 Y(N1) - FIRSTY(Ni)
420 CONTINUE
430 IF{NIND) 450,450,440
440 CALL PDUMP (VARVAR(150),l,vARr?26)tVAR(3OO)lv

1 NTEGERNTEGER(46)2 PP(7530)}l)
450 NTEGER(42) - 0
460 RETURN

END
0084
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* LIST
* SYMBOL TABLE

CTAPEIN
SUBROUTINE TAPEI4
COMMON VAR
DIMENSION VAR(24000) .P(23400)1tNTEGER(225)
EQUIVALENCE (VAR(6O1IP(I)),(P(34)9CK~q

1 CVAR(376) ,NTEGERI1I),(fEGER(45) iNFILE)
10 NFILE - NFILE
20 I WNILE) 4091OP40
30 CALL FWDFS $4.1)
40 CALL ROTS (9,C'KiP(663'1).-90,PC5731),9OOPI4831),9OO.

1 P(393l) ,9OOP3O3)E~f0,P~il~13IhtP(1231) .900,P(331)9900#
2 P1151)#180)

50 NFILE d 1
60 RETURN

END
0017
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* LIST
* SYMBOL TABLE

CINAIO
SUBROUTINE INAID
COMMON VAR
DIMENSION VAR(24001) ,P(23400) .NTEGER(2251 ,AYXf3O,30),

1 AZX(30,30),AZY(30,3O1,PP(301,HH(301,AZY4(30),AZYF55)
2 AlXF5(3O).AZXF6(30),AYXF4(3flAYXF6(30), GZY(465).
3 GZX(465),GYX(465)tHZY(465),4ZX(465)HYX(465d-XX(465).HYY(465.
4 HZZ(465),PAF(6),GAM(130,30),F'ESS(30,30I

EQUIVALENCE (P(20041),GAN (1)),(P(20941),FMESS(l))
EQUIVALENCE (VARt376) ,NTEGER(1)h(CVAR(601),P(lfl.

1 (P(3031)hAYXIlfl,(P(3931),AEX(1),(P(431hoAZY(l)ht
2 (P(120311 .PPC1)) ,(P(12061),NNCl)),(P(12151),AZYF4(lfl,
3 (P(12181),AZYF5(r)),CPt12211),AZXF 5(1fl,(P('l2241),AZXF6(1fl,
4 (P(12271) ,AYXP'dl)) ,(P(12301),AYXF6(1)) ,(PC351 901,
5 (P(12856),GZYC1)1,(P(13321),GZX(111,CPc137861,6YXCIfl,
6 (P(142.SI).,.-ZY(1)1,(Pfl4716),HiZX(1)),(P(1511)HYX(1)1,
7 (P(156746),M4XX(1)),(P(16111),H'YYC1)),(P16576)!IZZ(lfl,
8 (P(17977), :A(1)),(P(33],FPS)(NTEER(),.PS),(TEGER(46,NPSL

1 AXX(30,33O,AYY(30,32),A^ZZ(3O,3)tlAW V(30301,'9B(30.3O),A(30.?30)r
2 FAFI(6),E(30),(3,3)FER(3),FER2(3r),FER3(30),FER4(30)f
3 FER5(33)tFERq6(301,NE2L(6)

EQUIVAL.ENCE (VAR(226),FI' STY'(1)hCPt61),PP0(1l,)

C DETER*41NE IF PASTRAN' TAPE IS TO BE ;:EA9
10 IF (NPASS) 30,30s20
20 CALL TAPEI'N

C CALCULATE MASS AN~D %'O ENTS OF InFRT'IA
30 00 50 I=1,NlPS
40 D0 53 J=1,NPS
50 A.(I#JI = AXX(IsJ)4-AYY(I,JI4-AZZ(I,J)
60 DO 110 1=1.6
70 FAF(I) = 0.0
80 D0 100 J1.qNPs
90 00 100 (1.M~ps

100 FAF(1) FAFtI) +-FJi*t,~IER~1
110 FAFI(II 1.0/74-MI
120 DO 160 I=ls-';PS
130 00 160 J1.NIPS
140 FVESS(IsJ) =0.0
150 00 160 FK=196
160 FmOESS(1,Jl FvESStI,J) + FER(1,K)*FAFI(K)*FEP(JvK1

C CALCULATE GA'A-A VATRIX
17o 00 200 IP
1-30 00 200 J =1,NPS
ISO IF (1-JI 19251961192
192 GA'M(19JI 0.0
194 GO TO 198
196 GAV(19JI = li0
198 00 200 (I,NPS
200 GAM(IiJI = GA4(ur,I - A(I,YK)*FMESS(KtJ)

C SET UP LOOP FOR CALCULATING TRiA',CJLAR !MATRICES
201 IF tNTEGER(14)) 202,202t430
202 D0 420 1=19NPS
204 00 290 J=IINPS
206 L -(J*(J-1)I12+1



C CALCULATE G AND H E TRIANGU~LAR MATIX
210 GZY(L3 AfI.)-AYJ).
220 GZX(L) AXIJ-Z~~~.
230 GYXfL) (AYXXT9J)-AYX(JI1)*.5
240 H.Y(L) ( A2YfJ+AZflJwI))*a.5
250 HZX(L) - ALX(IJ)*ALX(JE)j*0.5
260 HYX(L) ( AYXIJ)+AYX1J,tl)-0.5
270 HXX(L) ( AYYt!9J)+ALZCI.,J))*a.5
280 HYY(LI = AXXfJ)-AiZ(I9J))*0.5
290 HZZUL) ( AXX(TI*.+AYI,J)1*0.5

C CALCULATE APHfl MATRICES
300 AZYF4(I) - 0.0
310 AZYF5C ( )* 0.0
320 AZXF5(l) - 0.0
330 AZXF&(I) - 0.0
340 AYXF4(1) - 0.0
350 AYXF6(T) - 0.0
360 00 4Z0 JJ=19NPS
370 AZYF4(E) - AZYF4(11 + AZYEJJ*I)*FER4(JJI
380 AZYF5(11 - AZYF5(fl) AZYJJPI)*ER5JJ)
390 AZXF5CI3 - AiXF5(1) * AZXfIJJ)*FER5fJJ)
400 AZXF&(I) . AZXF6l * AZXCI,JJI*FEa6LJi)
410 AYXF441) - AYXF4~1 + AYXLIJIl)*EER4Ljjl
420 AYXF6 ( ) - AYXF6(l) +A'YX(JJvI)*FER&(jjl
C INVERT MqASS MATRIX
430 DO 470 I-19mtps
440 00 460 J*1,2{ps
450 Wa(t.J) - 0.0
460 AINV(IE,) -* rJ
470 wacrol) - 1.0
490 M S~O(0~S,,~,~0E
500 GO TO (57095109540)oM
S10 WRITE OUTPUT TAPE 69520
520 FORMAT (46H UNE/VERLCW In -ASS M4ATRIX rNVERSEONP
530 CALL RK
540 WR.ITE OUTPUT TAPE 6,550
550 FORMAT 130H MASS MATRIX IS SEqGULARI
560 CALL RK
570 N - 7 2*HPS
59a 00 6&0 I-1(ps
590 j -6 t*2
600 K -7 +I*2

C SET P AND F EQUAL TO IN~ITIAL CONDITIONS
610 PPII) - PP0CT)
620 1*1(1) - HHOCI)
C SET P AND H EQUfAL TO PROPER ENTEGRATIOn VARIABLES
630 FIRSTr(J) - PPtiI
640 FIRSTY(K) -* t
650 XPSL * SC-P*)/
660 FNPS, - FLOATF(NPS)
670 KOUTP - tNPS-1)/5+I,
680 00 690 1-19NOUTP
690 ftEQLCI) - 6
700 NEOL CNOUTP) - RPS - 541RCUTP 46
710 RETURN(

END
0119
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LIST
Is SYMBOL TABLE
CDYDXS

SUBROUTIME DYDXS
C0mmom VAR
DEMENSIO?( VAC4C)P2409TGR25oY(O3l

2 AZXF5(3.0 ,PXF6C50)YXF43),AYXF6f3GV, GZY f 65)

4 HZZ5 FAF(GAM( 93)FESSC3Go30k
EQUI1VALENtCE p2C A11(04JF SS U
EOUIVALENCE (VAR376MTEGEFI(1,(VA.(&0UoP(1))

I CR(al ,YX~C P(931),ZX(11 I tPC4 I1AZYC)It

4 (PC 127) AYXF,I)230(UZ31 s YXF6( 1) 1
5 (P1256iGZY1),P(321)ZXCI)ICP13786)GYXCI)),
6 CP(1*251 PHZY(I ~, (P146 %,X(1) ),Pc51811 *F'YX(1)l,
7 (C 15646 skXXCI)s P1,1I)I*YY !), (16f576IHZ I I)),
5 (C 17971) 9AF El 19 P),31 PPSI *GEGEDoPS ) t (EGERC461,M*PSL)

DIEN~SION YC75%YX),PFSC30,30SC3 0.Gk~tD3).

2 Hr465)*FC6) v,AV3O01,Q)FERE30*6I
EQUVAENCCE VR1,vRC6.YX1,

4 (PC 501 H'911 I, p ( I1791I) qF( I)), I A~f3ICkfl, CAFC4),CIXX It
5 FA5),CYY),AFC61,CrZ2I,(CP1I,0L1Ij,(P(121,0122),

7 tP(7)0EER I .iPt,6I OL ! Is (Pt I, ID222. %I P20) L33
S 2)11C 2)0L11((3,L2,
9 (C4 O~ C(5 G' ((6,M P2 ~ ~ CCS0(~

EQUWVALE ICE (16 HPPiI(7 HPPI

C DETER41xiE P AND H FROM I1TEG1)A'IG~f VARIABLES
10 DO 50 1-l,N4PS
20 3 6+1*2
30 K 7+1*2
&0 PP(I) Y(JI
50 F~C1 -I

C CALCULATE TERVS IN( LAM50A NA!RtX
621 0111 CIXX
10 0122 - CIYY
so 0133 CI2Z
90 0112 0.0
100 a113. 0.0
110 DL23 *0.0
112 Hmpapx - FX
11116 rHMGPY - HY
116 HMPGPZ - HZ
lie IF CTEGER(1A)) 12091209240
120 00 230 I-I,NPS
130 00 ZSO J=1,Mps
140 IF CE-JI 150v1509170
150 L J(-~)I*
155 C 1.0
14a GO TO 172
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170 L =
171 C =1
172 Hr4P(GPX = HI.P3PX -~2.0*C*P(I-(,ZY(L'*Pt)J;

174 H1MPGPY =HMPGPY - .G-(*PP(!1*GiX(LI*PD(J)
176 HMPGPZ = MPGPZ + 2.0,L*PPU()*GYXtLl'PO(J)

Jac, 0111 = Ul+20fp1~+ZFI~PL
1+ PP(fl*1iXX(Lr*PPCJ)-2.0

190 DL22 = 0L22+C?.0/F PSI*(AYXF61)-IAZX5(1I)*PPII

I + P(1HYL*PJ--
200 DL13 = DL3+(.,F P* (YX6J.-AZYF4(1H4PP(fl

1 + PP(I)*HZZ(Ll*PP(J)(2.0
210 DL12 = DL2(./tf *7Ft)P>I

I - PPC(1*AYXI.J)*PP(J)
220 0113 = 0Ll3+(2.0/FNPSI*AYfF41(.)PP(fl

I - PPCl)*AZXCUJ)*PP(J)
230 DL23 - DL23+(2.0/FN4PS).AZXF6t())-PPUl)

1 - PP(I.AZY(1,JI*PP(J)
C CALCULATE TERMS Ir4 INVERSE LAM [)A MATRIX
240 DETERM - DL11*DL22*0L33 + DLI2*DL13-DL23'2.0

I - tOL1'0L23*0L23 + DL22-DL13ODL13 + L33*E)L12fLI2)
250 01111 (0122*0133 D L23*DL?31/&ETERM
160 DL122 - (0111*0L13 -L13*DL131/CETERM

270 D1133 - tD11*01?? - 012ADL12I/EJETERM
280 01112 = (D123*D113 - 01?*DL13)fDETIRm
290 01113 - (0112*0L1 - L13-DL22I/UETFRM
300 0L123 - 0LI?*DL13 - L2!*DL11I/ETC~m

C CALCULATE OMEGA TERYS
310 C.MX - H%!PGPX*ILlI - HMTPGPY-D1I12 + HPGPZ*01I13
320 OMY - HMPGPX-11,fl HVP.,)'Y-.fLI2' +H'4PGPZ.0L123
330 OMZ - HMPPGPX*rJLI13 HMP6PY0Ll'-3 + HNMPGPZtDL133
340 O'mxx -~ WI 0'X
350 OMYY - OMvY 0 ly
360 OMZZ - OMZ GMZ
370 *)4x (PA~ x 04Y
380 OVYZ L 1 * 01
3903 omy? ill 0..

C CALL SLIR jTr& =C1>. "11F-'F F-r1 -)CF CALCULAT1OPIS
400 CALL EFCI'P L
410 0 446 E=1,6
42C, FIll = ',
430 ClO 44', J=.NP
&r.0 I) = (I +

C CALCULATE VrEPtvA 5lJE- C *

450 VXr' = -l- - 'J :y )z+ r C"

46') VYf) - C'Z, F ~t ICI
471) VZ , = 7yvx -- X?-VY + ;t )

481- KXfl - 0-'Z'-/ - -%Y 4- F(41
490 HYD = 0"X*HZ - -,v- -4 + Ft-)
sqn HZIO OVYok4X - O X*Hiy + FC6)

C CALCULATE G Al ( H Tr1IAP.iUIAR TATR1CF'
5 ' IF (i P3)
51 00 530 L-I-hP 'L
5 23 C(L) = (0MX-:,ZYtLl - 0'Y*O ZXttL 0MLZ*GYCL)*Z.0

5 3, NHL) =(0ltXX*H-XXt1) + 'WYY-KYYCL) + 0%IZZ*fZZ(11
1 - GVXY*NYXtL) - GM*yZ-NZY(L) - "'!XZHZXL))-2.0

C CALCULATE GAAmMA TIVES, GCA "A Aj' ,& K~ MATRICES
5. 00 D 69 1=lips

551-1 D3 660 Jm=1,os
560 GAmGU*Jt - .'
570 GAmNC1I,J1 0.0
582 D0 680 K-I,4PS

63 IF (K-JI 64,).640,661
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645 C- 10
4k50 GO TO 670

6(-*QL2 (K*(K-1))/2+J
661% C -- 1.0

&,rQGAMGIIJ) - GAMGIIJ) + C*GAfr(I,K)*G(LZ)
6890 GAMHCIJ) - GAMH(19J) + GA.4(IPK)*H(L2)

00 DOKII) - (OMXX+OMZZ)*AZYF4(I) + (OMXX+Ol~YY)*AZXFS(I)
14(OMYY+OMZZ)-AYXF6(I) + 2.0*(OMXZ*AYXF4CI) + OMXY*AZYF5Ci)

Z OMYZ*AZXF6II)1
C CALCULATE H MINUS GAMiMA TIMES G TIMES PF

700 DO 7h5 I1.NPS
710 HGAMGP(I) - HHII)
715 IF (NTEGER114)) 72097209,735
720 DO 730 .J1#NPS
730 HGAMGP(I) - HGAMGP(I)-GAMG~i,J)*PPCJ)
735 CONTINUE

c CALCULATE DERIVATIVES OF P
740 DO 850 1,1NPS
750 PDll) - 0.0
760 HDCI) - 0.0
770 DO 830 J=1.NPS
780 PO(I) - PD(I) + AINVCI.J)*HrANGCP(J)
030 MD(I) -MHDCI) + GAM.(IJ)*IDKUJ)+PF(J))

C SETP EOUAL TO PROPER INTEGRATION VARIALE
840 K 6+1*2
850 DYDXCK) - P0(I)
860 DO 900 1,1NPS

C CALCULATE DERIVATIVES OF N
870 DO 880 J-I#NPS
Sao HDII) MDIOI) + (GA" 4(IJ)-SK(IIJ))*PP(J)

1 - 4GAMG(1,J)+B(IJ))*PD(J)
C SET H EQUAL TO PROPER INTEGRATION VAR149LE

890 K =7+1*2
900 DYDXIK) - MDII)
910 RETURN

END
0162
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* LIST
* SY"PCL T!AQLE

CqK
SURROUTMPF RI!
Ct%"PflA VAD

IT LOA"N 1-1012T m4T3 I-'T
I^ CALL I"OUT

CAVIJ'LIT TI-c 'rLTtv(Jl AT '(I)
(:%LL "Y.X

':ALL "DI
r eL."L'Tr Tb-" Y(J) %LT '(I)

8(J w Vl~J) +

e t(j) s (J * 4 ' - 5'J

*L''T-c '-VJ Vs Lc CTCO
U'' CALL 'V"XS

r"AL.*L.'T r.. Y(J) *? (fl -' Lc S1'O SIZC.

1= ~ Y(t) Q) a(1

1) (J) I' -

"e)%- '-'c %L'(Jl eT Y(I) a ... Lr C1'F0C~ ~

'&Lr"ATC I JI ''(I) I yco c"'

- ~ L*~te ~ J ' "fl* ~~528~f



27n 00 300 J a lox

281 R i166666&67*((Jj) - 2000.())

290 -YfJ) o YIJI + R
100 0(J) a 0(j) + 3.00R - 5*1(j)

C PROCEED0 TO THE NEXT INTEGRAT!04 STEP,
311 NGO a 1
32^ Go To (20,11fl),n60
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* LIST
* SYMBOL TABLE

COIJTA ID
SUBROUTINE OUTAID
COW4ON VAR
DIMENSION VAR(24OOO).P(2340O).NTEGER(2251#

I OUTP(6.57.6) .NEOLE6I.Y(75) .DYDXg75I.PPf3OI
EQUIVALENCE (VAR(6O1) .PEl~l.(VAR1376),NTEGER(1)),

I (PI17989I.OUTP(11$.ENTEGERE33),NEOLi))tiNTEGER(39 .N0U)TPI9
2 INTEGERI4O).NLO).(MTEGERE42) ,NLINE~.(Yt1).T).IY(21.VX).-
S (YI3VY).IY(4pVZ3,(DYDX(2).VXDI,(DYDX(3).VYD.IDYDX(4),VZD),
4 EP(24).OMX).(P(25).OMY) .EP(26s.0f4Z)(P(12OS1).PPI11).
9 lVARE11vY(lI .EVARI76).DYOX(1))

10 NOUTP a NDUTP
20 IF (NLtNE) 30.30.50
s0 WRITE OUTPUT TAPE 6940
40 FORMATIf/Si TINE Vx VT Vz 0

IMEGAX ONEGAY OMEGAZ/
2 82H SEC IN/SEC IN/SEC IN/SEC R
3AD/SEC RAD/SEC RAD/SEC//l

so WRITE OUTPUT TAPE 6,60#T*VX#VY*VZ*ONXoONYoCMZ
60 FORMAT(F1Io3slWO12e4l
70 NLO a NLINE.1
so DO 130 NPOwls.NOUTP

to OUTPIRPOoNLOP1) 0 T
100 NEOS a NEOLINPO)
1t0 DO 130 NEO=2.NEOS
120 NE a S*NP0.NEO-6
130 O9JTPfNPOvNLOvNEO) * PP(NEl

240 IFINLINE-541 16091509150
ISO CALL LASOUT
160 RETURN

END
0033
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& LIST
0 SYMBOL TABLE
CLASOUT

SUBROUTTNE L&SOUT
COMM4ON VAR
DIMENSION VARE24000),P123400),NTEGERt225),

1 OUTP(6.57.61 ,NEOLE6),Y(7S).DYDX(75).PP(SOI
EQUIVALENCE IVAR(6011.P(13 ),(VAR(376).NTEGER(II)

1 IP(179S91.0UTP(11) )(NTE3ER(33),NEOL(1)),ENTEGER(39htNUTP),
2 (NTEGER(4O0 ,NLO),*(NTEGER(42),NLINE), CYil) ,T).(Y(2I.VXD.
3 (Y(3),VY),tY(4) ,VZ),(DYOX(2),VXDICDYDX(33.VYO).(DYDX(4).VZD).
' ('P(24).OMX),(PI25) ,OMY),IP(26h*OMZI

10 NLO a NLO
20 NOUTP - NOUTP
30 DO 170 NPO a 1,NOUTP
40 CALL PAGEHO
so NE a5*(NPO-1)
60 NEI NE.1
70 NE? NE.?
so NE3 NE43
90 ME4 N E*4
100 NES *NE+5
110 WRITE OUTPUT TAPE 6912O9NE1*NE2#NE39NE49NES
120 FORMAT(///IBM TIME P-12*11H P-I29

1 uNH P-12911H P-12*-11N P-12//)
130 DO 170 J-19MLO
140 %:EOS - -NEOL(NPO)
1S0 WRITE OUTPUT TAPE 6.160#IOUTPINPO* JNEO2.

160 ORMAT(V11.3.1PSE13*5)
170 CONTINUE
1S0 RETURN

END
0033
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* LIST
* SYMBOL TABLE

COUT PUT
SUBROUTINE OUTPUT
COMMONH VAR
DIMENSION VARIZ4OOO).P(234O')3.Y(7SI.NTEGER(225)
EQUIVALENCE (VAR(1),Y(1I).(VAR(376) eNTEGER(II)

1 (VAR(601),P(111.(NTEGER113),NTSKIPI,(NTEGER(41),LPRINTJ,
2 (NTEGER(42),NLINE),(NTEGER(43),NSKIP)

EQUIVALENCE INTEGER(18).NOTO).(NTEGER(19,,M#OTO1),
1 (NTEGER(2OI .NOTD2)

10 IF (Y~l) - P(2)) 209 50# 50
C DETERMINE WHETHER OR NOT TO PRINT ON THIS INTEGRATION STEP

20 IF (NSKIP - NTSKIP) 30t 509 SO
30 NSKIP -NSKIP + 1

40 GO TO 150
C DETERMINE IF A NEW PAGE 1S REQUIRED, FOR PRINTING OF RESULTS

s0 IF (NLINE - SS) 90970970
C HEAD A NEW PAGE

70 CALL PAGEHO
00 NLINE a 0
90 CALL OUTAID

100 NLINE - NLINE + LPRINT + I.
110 NSKIP a 0

C ON THE LAST STEP OF THE INTEGRATION GO TO NEXT RUN
120 IF IYII) - P(2)) 150. 150* 130
130 CALL LASOUT
135 IF (NOTD) 14091409136
136 CALL POU14P (VAR.VAR(15O).1,VAR(Z26) .VAR(300)91.

1 NTEGER.MTEGER(.6) 2,0(7531) .P(21840) .1)
140 CALL RK
1S0 RETURN

END
0033
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* LIST
* SYMBOL TABLE
CPAGEHD

SURROUTINE PAGEHD
COMMON VAR
DIMENSION VAR(24000)PNTEGER(225)
EQUIVALENCE (VAR(376)hNTEGER(l))tf(NTEGER11)oIDENT)t

I (NTEGER(4Z),NLINEIt(NTEGER(44).NPAGE)
10 NPAGE = NPAGE + 1
20 WRITE OUTPUT TAPE 6.30o IDENT9 NPAGE
30 FORMAT (13HI RUI NO 15.53H

1 PAGE NO 151
50 RETURN

END
0014
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* LIST
" SYMBOL TABLEC'FOPSEL SUBROUTINE FORSEL

COMMON VAR
DIMENSION VAR(24000) .NTEGERi225')
EQUIVALENCE (VAR(36) iMTEGER( (l)

1 NSUSR a NTEGER(10)
2 GO TO (lO.2030.40*50.60.7O.SO,9010NSUSR

10 CALL FORCEI
15 GO TO 95
20 CALL FORCEZ
25 G0 TO 95
30 CALL FORCE3
35 GO TO 95
40 CALL FORCE4
45 60 TO 95
50 CALL FORCES
55 60 TO 95
0 CALL FORCE6

65 GO TO 95
70 CALL FORCET
75 GO TO 95
so CA.L FORCES
85 GO TO 95
90 CALL FORCE9
95 RETURN

END
0026
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* LIST
* SYMBOL TABLE

C FOR CE I
SUBROUTINE FORCE1
COMMON VAR
DIMENSION VAR(240O01.P(234001.PFC30),NTEGER(2251
EQUIVALENCE IVAR(l ) T) .(VAR(601) ,P(1)) (P(41.C5),

1 (VAR(376).NTEGER(l1),CP(121) .PFII) .(NTEGER(8I .NPS).(P(3),C3),
2 (P(S)#TS)

10 00 20 tu1.MPS
20 PF(I) a 0.0

30 IF(T-TSI 40940s60
40 FT m 1.0
s0 GO TO 70
60 FT - 0.0
70 PF(3' - C30FT
s0 PFIS) - C5OFT
90 RETURN

END
0019
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LIST
CFORCE2

SUBROUTINE FORCE2
RETURN
END

* LIST
CFORCE3

SUBROUTINE FORCE3

RETURN
END

* LIST

CFORCE4
SUBROUTINE FORCE4
RETURN
END

* LIST

CFORCE5
SUnPOUTINE FORCE5
RETURN
END

* LIST

CFORCE6
SURROUTINE FORCE6

RETURN
END

LIST
CFORCE7

SURROUTINE FORCE7
RETURN
END

* LIST

CFORCE8
SUQROIJTINE FORCE8
RETUPN
END

* LIST
CFOPRCE9

SUPPOUTINE FORCE9
RETUPN
END

0040
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4.o SAPLE ANALYSIS USING DIGITAL ROUTINE

4.1 Geometry and Basic Data for Multi-Cylinder Model to be Used
in Checking Digital Routine

The geometry of the idealized missile is shown in Figure 110.

c p

.1u ti . c k

FIGURE 110 EXAMPLE VEHICLE

For the purposes of dynamic analysis the model is assumed to consist of a
rigid body supporting two homogenous circular cylinders that are cantilevered
from a uniform, homogenous, flat plate. The cylinders are secured at top by
a uniform thin rod which is cantilevered from the rigid body and pinned to the
top of the cylinders.

The relative dimensions of the system are shown in Figure 111.

t ~A a

FIGURE Ill MODEL DINSIONS
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The cylinders will be allowed parabolic deformations in two directions.
The bottom plate can deform so that slices parallel to the Z-axis remain rigid.
The rods can deform axially and bend in two directions.

The result is a system with 14 degrees-of-freedom. The 14 generalized
coordinates are shown in Figure 112.

1'

FIGURE 112 GENERALIZED COORDINATES

In Figure 112 P1 , P2 , P3 ' P4 , P , and p6 ar displacements and rotations
of the rigid body at the origin of caordinates, x = 0, y = O, z = O. The
generalized coordinates p-,, r pg and p13 are displacements of the rigt
cylinder relative to the rigid body in the center. Likewise, p_0, pll, p12
and pip are relative displacements for the left cylinder.

Figures 113 and l14 describe the deflection assumptions in detail.
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7

FIGURE 113 DEFLECTIONS IN THE SYMMETRIC PLANE

Pq

FIGURE 114 DEFLECTIONS IN THE ANTI-SYMMETRIC PLANE

These assumptions are described analytically in the following relations
which relate continuous displacements to the finite nunber of generalized
coordinates ( )

for (x, y, z) on
Srigid body

+ tV~j~ +for (x, yp Z) on
plate

) - where y<O

S -for (x, y, z) on

\ " where y>O

for (x, y, z) on right
cylinder

for (x, y, z) on left
cylinder
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(1-34)

for (x, y, z) on the
h(1--+rigid body

for (x, Y, z) on

p1t) y+ -+ sJx plate where y< 0

for (x, y, z) on

+ x P(t). plate where y> 0

(',-8 for (x, y, z) on

la,. ,, . right cylinder

for (x, y, z) on
left cylinder

('-35)
for (x, y, z) on the

rigid body

for (x, y, z) on

: . -plate where y< 0

for (x, y, zi on
plate where y O

4)4)Y r for (x, y, z) on
right cylinder

for (x, y, z) on
left cylinder
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These relations define {hx(x,y,z)r, {h,(x,y,z) , and {hz(x,y,z)j which

were introduced in Section 4.0.

(1-36)

(1-37)

(1-38)

The inertia matrices can then be calculated

(1-39)

-~ 5 ~(1-42)

(1-43)

The integration is broken down over the rigid body, the vwo cylinders, an&
the two parts of the plate as follows:

I, ", 5: - (I-45)
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In these expressions A is the cross-seztional area of the cylinders, T
is the thickness of the. plate and 2b is the width of the plate.

These matrices have been calculated and are listed in Table 13. The cal-
culations were based on the dimens±vs in Figure 111 with

R = 340 ins. (1-46)

and

~ 3188 M' ~3(1-!47)

The results are expressed in the "slinch-inch-sec" system of units. The
slinch", which is the mass unit, is one ibF-sec 2 /in. T-his is the only consist-

ent set of units using inches for length anI pounds for force. The digital
routine, Pandora, is coded for accepting inout data in any consistent set of
units.

The strain energy of the system is

. . .. .. \ A

ilk k

. tI

where r is the radius and I is the lenbth of the rod.

When equations 1-3., 1-37, ani I--: are intraiuzed -.e obtain
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The stiffness matrix is listed in Table 14 for the following

V = 0.25 (1-50)

and

p = q.637 . o ' U / ;.1 (1 - 51 )

The fictitious values of p, and E are introduced to make the homogenous
model representative of a missile about 170 feet long with a total mass of
950,600 IbM and a fundamental free-free frequency of about 1.0 cps.

The damping matrix was taken as

[8 j= t LK ( -53 )

The vibration modes are listed in Table 17.
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TABLE 14
INERTIA MATRICES OF MULTI-CYLINDER MODEL

INERTIA MATRICES FOR
MULTI-CYLINDER MODEL

L xxJI

ROW COLUMN

1 2 3 4 5

I 2.46269E 03 0. 0. 0. 0.

5 0. 0. 0. 0. 6.69156E 07

7 6.75281E 01 0. 0. 0. 0.

10 6.75281E 01 0. 0. 0. 0.

13 0. 0. 0. 0. 5.88542E 04

14. 0. 0. 0. 0. 5.88542E 04

ROW COLUMN

6 7 10

1 0. 6.75281t 07 0. 0. 6.75281[ o

6 1.01691E 08 -3.36604E 04 0. 0. 3.36604E 04

7 -3.36604E 04 6.5C843L 01 0. G. i".

10 3.36604E 04 0. 0. 0. 6.50843E 01

ROW COLUMN

11 12 13 14

5 0. 0. 5.88542E 04 5.88542E 04

13 0. 0. 3.531251: 04 0.

14 0. 0. 0. 3.53t2j- 04
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INERTIA MATRICES FOR

MULTI-CYLINDER MODEL

[A yy]

ROW COLUMN

2 3 4 5

2 0. 2.46269E 03 0. 0. 0.

4 0. 0. 0. 6.69156E 07 0.

6 0. 7.91544E 04 0. 0. 0.

1 0. 5.45944E 01 0. 0. 0.

8 0. 2.04729E 01 0. 0. 0.

10 0. -5.45944E 01 0. 0. 0.

it 0. 2.04729E O o. 0. C.

ROW COLUMN

6 7 8 9 10

2 7.91544E 04 5.45944E 01 2.04729E 01 0. -5.45944E 01

6 8.70021L 08 1.85621E 04 0. 0. -1.85621E 04

7 1.85621E 04 5.82340E 01 1.63783E 01 0. 0.

8 0. 1.63783E 01 1.22837E 01 0. 0.

10 -1.85621E 04 0. 0. 0. 5.82340E 01

11 0. 0. 0. 0. 1.63783E 01

ROW COLUMN

11 12 13 14

2 2.04729E 01 0. 0. 0.

10 1.63783L 01 0. 0. 0.

11 1.22837E 01 0. 0. 0.
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INERTIA MATRICES FOR
MULTI-CYLINDER MODEL

ROW COLUMN

12 3 4 5

3 0. 0. 2.46269E 03 0. -7.91544E 04

4 0. 0. 0. 1.01691E 08 G.

5 0. 0. -7.91544E 04 0. 8.70021E 08

9 0. G. 2.04729E 01 1.04412E 04 0.

12 0. 0. 2.04729L 01.-1.04412E 04 0.

13 0. 0. 1.39216E 04 7.1000 E 06 -4.73333E 06

14 0. 0. 1.39216E C4 -7.1000t L6 -4.73333E 06

ROW' CULUFN

6 7 9 to

3 0. 0. 0. 2.04729E 01 0.

4 0. 0. C. 1.04412U 04 0.

9 0. 0. C. 1.22837e 01 C.

13 0. C. 0. 4.1761i7E 03 0.

ROW COLUMN

11 12 13 14

3 0. 2.04729E 01 1.39216E 04 1.39216E 04

4 0. -1.04412E 04 7.IO000E 06 -7.10000E 06

5 0. 0. -4.73333E 06 -4.73333E 06

9 0. 0. 4.17647E 03 0.

12 0. 1.22837E 01 0. 4.17647E 03

13 0. 0. 3.78667E 06 0.

14 0. 4.17647E 03 0. 3.78667E O
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INERTIA MATRICES FOR

MULTI-CYLINDER MODEL

Ayx]

ROW 
COLUMN

1.2 
3 4 5

2 2.46269E 03 0. 0. 0. 0.

. 0. 0. 0. 0. -6.69156E 07

6 7.91544E 04 0. 0. 0. 0.

7 5.45944E 0l 0. 0. 0. 0.

8 2.04729E 01 0. 0. 0. 0.

10 -5.45944E 01 0. 0. 0. 0.

ii 2 .04729E 01 0. 0. 0.

ROW 
COLUMN

6 1? 
10

2 0. 6 .75281E O 0. 0. 6.75281E 01

6 0. 2.71140E 04 0. 0. 2.71140E 04

7 -2.78431E 04 5.45944 01 0. 0. 0.

8 -1.04412E 04 2.04729E 01 0. 0. 0.

10 -2.78431E 04 -0. 
0. 0. -5.45944E 01

I 1.04412E 04 -0. 
0. 0. 2.04729E 01

ROW 
COLUMN

11 12 13 14

4 O. 0. -5.88542E 04 -5.81542E 04
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INERTIA MATRICES 
FOR

MULTI-CYLINDER 
MODEL

AZXl

ROW 
COLUMN

1 
3.

3 2 .46269E 03 . 0. 0. 0.

5 -7.91544E 04 0. 0. 0.

9 2 .04729E 01 0. 0. 0.

12 2 .04729E 01 0. 0. 0.O0.

13 1.39216E 04 0. 0.00.
O0.

14 1 .39216 04 0. 0. 0.

ROW 
COLUMN

6 7 10

3 0. 6.75281E 01 C. 0. 6 .75281E 01

4 -1.01691E 08 3.3660.4F 04 0. 0. -3 .36604E 04

5 0. -2.711401 04 0. 0. -2.71140E 04

9 -1.04412E 04 2.04729E 01 0. 0. 0.

12 1.04412E 04 0. 0. 0. 2.04729E 01

13 -7.1000CE 06 1 .39216L 04 0. 9. 0.

14 7.1O000E 06 0. 0. 0. 1.39216E 04
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INERTIA MATRICES FOR

MULTI-CYLINDER MODEL

[Azy]

ROW COLUMN

2 3 4 5

3 0. 2.46269E 03 0. 0. 0.

5 0. -7.91544E 04 0. 0. 0.

9 0. 2.04729E 01 0. 0. 0.

12 0. 2.04729E 01 0. 0. 0.

13 0. I.39216E 04 0. 0. G.

14 0. 6.18736L 03 0. 0. 0.

ROW CULUMN

6 7 8 9 10

3 7.91544E 04 5.45944E 01 2.04729C 01 0. 5.45944E 01

4 0. 2.78431LE 04 L.04412E 04 0. 2.78431[ 04

5 -8.70021E 08 -1.85621E 04 0. 0. 1.95621E 04

9 0. 1.63783E 01 1.22837E 01 0. 0.

12 0. 0. 0. 0. 1.63783E 01

13 4.73333C 06 7.42484E 03 4.17647E 03 0. 0.

14 4.73333E 06 0. 0. 0. 7.42484E 03

ROW COLUMN

11 12 13 14

3 2.04729E 01 0. 0. 0.

4 -1.04412E 04 0. 0. 0.

12 1.22837E 01 0. 0. 0.

14 4.17647E 03 0. 0. 0.
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TABLE 15
STIFFNESS MATRIX OF MULTI-CYLINDER MODEL

STIFFNESS MATRIX FDR
MLALTI-CYLI4OER MJDEL

[K]j

ROW COLOMN

6 8 91

7 0. 7.82137E 02 -1.37249E 02 0. O.

8 0. -1.37249E 02 3,31971E 03 0. O.

9 0. 0. 0. 4413578E 01 0.

10 C. .. o 0 7.82137F 32

11 0. 0. . 0. 1.37249E 32

13 O. 0. C. -3.4998)E 04 C .

ROW COLUMN

11 12 13 14

9 0. C. -3.49985E 04 C.

10 1.37249E 02 0. 3. o.

11 3.31971E 03 O. 0. 0.

12 0. 4.13578E 01 0. -3.49985E 04

13 0. 00 5o24197E 07 Oo

14 00 -3,49985E 04 0. 5.24197E 07
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TABLE 16
DAMPING MATRIX OF MULTI-CYLINDER MODEL

DAMP14G MATRIX FOR
MLILTI-CYLI nER MJUEL

LB I
ROW COLUMN

6 7 6 9

7 0. U. 4.614611-03 -8.09769E-04 0.

8 0. J. -8.09769E-04 1.95863E-02 C.

9 0. 0. C. 0. 2.44011E-04

13 0. 0. -2.n5491E-01

ROW COLUMN

11 12 14

9 0. -2. 6491E-01 0.

10 8.09769E-04 0. 0. 0.

11 1.95863E-02 0. .o

12 0. 2.44011E-n4 3. -2.C.6491[-C1

13 0. 0. 3.219276E 02 O.

14 0. -2.06491E-01 C. 3.0927tE 02
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TABLE 17
VIBRATION MODES AND FREQUENCIES OF MULTI-CYLINDER MODEL

RIGID BODY MODES OF

MULTI-CYLINDER MODEL

COLL! 1ST MODE 2ND MODE 3RD MODE
POINT 0 CPS 0 CPS 0 CPS

1 1.OOOOOOE 00 0. 0.

2 0. 1.O000000E 00 C.

3 0. 0. 1.OCOOOOOE 00

COLL. 4TH MODE 5TH MODE bTH MODE

POINT " CPS 0 CPS 0 CPS

2 0. 0. -3.2141383E 01

3 0. 3.2141383F 01 0.

4 1.0000000E 00 C. O.

5 0. 1.000OOC3E O0 0.

6 0. O. 1.OOOO000E 00
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ELASTIC VIBRATION MODES 
OF

MJLTI-CYL14DER M3DEL

COLU.' 7TH MODE 8TH MODE 9TH MODE LOTH MODE

POINT 0.1525 CPS 0.1616 CPS 0.4017 :PS 0.4064 CPS

0. 0. -1.1133801E-04 -I.4099313E-04

2 2. '. -i.1833926E-04 9 .3313473E-05

3 -2 .0188738E-04 
-6.9968322E-1

2  0. 0.

4 3.5306905E-14 -1.6040825E-06 0. 5.

5 4.5499184E-08 1.5349514E-15 D. 0.

6 0. 0. B.8626299E-08 -7.1413935E-08

7 0. 0. 4.57195C4E-C3 5.1748965E-04

8 0. 0. 3.36C1228E-04 4 .282883E-05

9 7.9674938E-t3 8 .4550517E-03 
0. 0.

10 0. 0. -5.1154501E-04 4.5244134E-03

11 0. G. 4 .3165546E-07 
- 3 .964556bE-05

12 7.9674943E-03 -8.4550512E-03 0.

13 6.2691606E-06 6.6124635E-06 0. 00

14 6.2691609E-06 - 6 .6124632E-06 
0. 5.
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ELASTIC VIBRATION MODES OF
MULTI-CYLI4DER MODEL

COLL. 11TH MODE 12TH MODE 13TH MODE 14TH MODE

POINT 0.9697 CPS 0.9711 CPS 2.899 CPS 2.951 CPS

1 0. 0. 5.6372719E-06 8.831097BE-05

2 0. 0. 6.3957797E-05 -1.9864263E-04

3 7.5097-082E-05 2.5339505E-05 0. 0.

4 -263025346E-O7 6.8238795E-07 0. 0.

'5 -2.0908947E-07 -7.0551745E-08 0. 0.

6 0. 0. -5.4058644E-08 2.3338822E-08

7 0. 0. -1.6747193[-03 -1.4765217E-03

B . 0. 1.1784473E-02 1.0951933E-92

9 6.5R6q496E-03 1.2696821E-02

10 0. 0. 1.4691340E-C3 -1.7441080E-03

11 0. 0. -1.0885370E-02 1.2140689E-OZ

12 1.2934143E-02 -6.1119409E-03 C. C.

13 -1.4189395E-05 -2.9219000E-05 0. 0.

14 -Z.8991421E-05 1.4648770E-05 0. 0.
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4.2 Sample Problems

The digital program was demonstrated for three different problems:

(1) Response to simplified gust. Generalized forces were taken as

(1-54)

where
)Vt) - P

I f <o (I-56)

= 2.442 x 104 in/sec (1-57)

= 0.5325 secs. (five missile lengths)

= 9.828 x lo-3 (20 ft/sec. gust)

q. = 2.011 x 105 in2

= 2.373 x io' in 3

(2) Response to impulsive spin-up. Dternal forces
were zero; all initial conditions zero except (IAo).

QX I ) = 10 nad. /,W (1-58)

All other forces were zero. All initial conditions
were zero.

(3) Response to initial displacements in first mode of
vibration. All external forces were zero; all initial
conditions were zero except 4 (.}.

the first mo4e of (1-59)vibration

The results of these problems are given on the following pages.
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TABLE 18
DATA READ INTO THE COMPUTER FOR SAMPLE RUNS

1 5 0 0 0 0 0 14 1 1
PANDORA - L'/V42A 15 AUG 1963
qESPONSE OF TITAN III MO'EL TO GUST
I .1
2 2"0

5 .5325
2 5 q 1 m I (1 14 '

PAWrPA - LVV42A 15 A16 16-3
QESDOSE OF TITAN III "';L .T- kPlzJLSIV' S'-P
1 .5
S 11.0
3 0.1
4

5 1.43 +7

* ~i -vc 1 '61l'

Oc; IS OF T I ! Tf I "'- Tm 111 T'!!I L -L ' I' !T- 1T '-,'F!

1i .1
2 5.

Ie .

7?
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TABLE 19
LISTINGS OF COMPUTER RUNS FOR TRANSIENT GUST RESPONSE

RUN NO 1 PAGE NO I
PANOORA - LYV420 15 AUG 1963
RESPONSE OF TITAN III MODEL TO GUST

TIME vx VY Vz OMEGAX OMEGAY OMEGAI
SEC IN/SEC IN/SEC IN/SEC RAD/SEC RAO/SEC RAD/SEC

0. 0. 0. 0. -0. 0. 0.
0.100 -2.6792E-07 ZB.o61 4 E-20 5.0159E-02 -4.5379E-17 1.6025E-04 -5.9227E-20
0.200 -2.1434E-06 -6.4326E-18 1.0032E-01 -4.kl89E-15 3.2049E-04 3.3259E-18
0.300 -7.2339E-06 -1.5451E-16 1.5048E-01 -3.9934E-14 4.8074E-04 1.3559E-18
0.400 -1.7147E-05 -1.4760E-15 2.0063E-01 -1.7194E-13 6.4098E-04 5.152GE-17
0.500 -3.3490E-05 -7.7982E-15 2.5079E-01 -5.2731E-13 8.0123E-04 1.4679E-16
0.600 -5.4963E-05 -2.7318E-14 2.5915E-01 -1.3533E-12 8.2793E-04 2.5777E-16
0.700 -7.6420E-05 -7.1129E-14 2.5915E-01 -2.1089E-12 8.2793E-04 4.7445E-16
0.800 -9.7876E-05 -1.3664E-13 2.5915E-01 -2.9904E-12 8.2793E-04 b.7286E-16
0.900 -1.1933E-04 -2.2397E-13 2.5915E-01 -3.9134E-12 8.2793E-04 9.1577E-16
1.000 -1.4079E-04 -3.3335E-13 2.5915E-01 -4.4121E-12 8.2793E-04 9.5955E-16
1.100 -1.6224t-04 -4.518IE-13 2.5915E-01 -4.3517E-12 8.2793E-04 1.4810E-15
1.200 -1.8370E-04 -5.6237E-13 2.5915E-01 -3.8636E-12 8.2793L-04 1.5424E-15
1.300 -2.0516E-04 -6.5421E-13 2.5915E-01 -2.8500E-I2 8.2793E-04 1.7491E-15
1.400 -2.2661E-04 -7.1529E-13 2.5915E-01 -1.3326E-12 8.2793E-04 1.8073E-15
1.500 -2.4807E-04 -7.3346E-13 2.5915E-01 3.4964E-13 8.2793E-04 1.7811E-15
1.600 -Z.6953E-04 -7.0621E-13 2.5915F-01 2.0189E-12 8.2793E-04 1.9964E-15
1.700 -2.9098E-04 -6.3624E-13 2.5915E-01 3.6b13E-12 8.2793E-04 1.7863E-15
1.800 -3.1244E-04 -5.Z512E-13 2.5915E-01 5.146LE-12 8.2793t-04 1.5219E-15
1.900 -3.3389E-04 -3.7707E-13 2.5915E-01 6.3895E-12 8.2793E-04 1.3888E-15
2.000 -3.5535E-04 -1.9878E-13 2.5915E-01 7.4463E-12 8.2793E-04 3.1005b-16
2.100 -3.768LE-04 4.6799E-15 2.5915E-01 8.3024E-12 8.2793E-04 2.5036E-16
2.200 -3.9826E-04 2.280IE-13 2.5915E-01 8.8627E-2 8.279AE-04 -1.7623E-16
2.300 -4.1972E-04 4.6282E-13 2.5915E-Ol 9.0684E-12 8.2793E-04 -9.5399E-16
2.400 -4.4117E-04 6.9891E-13 2.5915E-01 8.8615E-12 8.2793E-04 -1.5077E-15
2.500 -4.6263E-04 9.2514E-13 2.5915E-01 8.2315E-12 8.2793E-04 -2.0804E-15
2.600 -4.8409E-04 1.1292E-12 2.5915E-01 7.0321E-12 8.2793t-04 -2.9436E-15
2.700 -5.0554E-04 1.2999E-12 2.5915E-01 5.618RE-12 8.2793E-04 -3.2349E-15
2.600 -5.2700E-04 1.4294E-12 2.5915E-01 3.9526-12 8.2793E-04 -3.6925E-15
2.900 -5.4845E-04 1.5147E-12 2.5915E-01 2.23001-12 8.2793E-04 -4.1435E-15
3.000 -5.6991E-04 1.5571E-12 2.5915L-01 7.7443E-13 8.2793E-04 -4.3189E-15
3.100 -5.9137E-04 1.5622E-12 2.5915E-01 -4.6582E-13 8.27931E-04 -4.63751-15
3.200 -6.1282E-04 1.538!E-12 2.5915E-01 -1.4331E-12 8.2793E-0. -4.6673E-15
3.300 -6.3428E-04 1.4926E-12 2.5915E-01 -2.0532E-12 8.2793E-04 -4.6472E-15
3.400 -6.5574E-04 1.4332E-12 2.5915E-01 -2.5060E-12 8.2793E-04 -4.5634E-15
3.500 -6.7T19E-04 1.3638E-L2 2.5

9
15c-01 -2.82TE-12 3.2793E-04 -4.3871E-15

3.600 -6.9865E-04 1.2873E-12 2.591SE-01 -3.0313E-12 8.2793E-04 -4.2641E-15
3.700 -7.2010E-04 1.2050E-12 2.5915E-01 -3.3309E-12 8.2793E-04 -3.9654E-15
3.800 -7.4156E-04 1.1176E-12 2.5915E-01 -3.5)19E-12 8.2793E-04 -3.6774E-15
3.900 -7.6302E-04 1.0256E-12 2.5915E-01 -3.7036E-12 6.2793E-04 -3.4042E-15
4.000 -7.8447E-04 9.Z853E-13 2.5915E-01 -3.9401E-12 8.2793E:-04 -2.9846E-15
4.100 -8.0593E-04 8.251OE-13 2.5915E-01 -4.2-2$F-12 8.2793E-04 -2.9163E-15
4.200 -8.2738E-04 7.1289E-13 2.5915E-01 -4.6616t-12 8.2791E-04 -2.3613E-I5
4.300 -8.4884E-04 5.8931E-13 2.5915E-01 -5.1356E-12 8.2793[-04 -2.1011E-15
4.400 -8.7030E-04 4.5316F-13 2.5915E-01 -5.5774E-I2 8.2733E-04 -1.7833E-I5
4.500 -8.9175E-04 3.0645E-13 2.59151-01 -5.8364E-12 8.2743L-04 -1.1316E-15
4.600 -9.1321E-04 1.5539E-13 2.5915t-01 -5.7526L-12 8.2793E-04 -8.3634E-16
4.700 -9.3466E-04 1.0169E-14 2.5915E-01 -5.21SOE-12 8.27931E-04 -5.3974E-16
4.800 -9.5612E-04 -1.1688E-13 2.5915E-01 -4.2C70E-lZ 3.2793E-04 -5.91931-16
4.900 -9.7758E-04 -2.1404E-13 2.5915E-01 -2.819oE-12 8.2793E-04 -1.7195E-17
5.000 -9.9903E-04 -2.7292E-13 2.59151-01 -1.226.-2 8.2791E-04 1.6635E-16
5.100 -1.0205E-03 -2.9015E-13 2.5915E-01 3.7 29c-13 8.2793E-04 2.0691E-'
5.200 -1.0419E-03 -2.6745E-13 2.59151-21 1.798,- 3,2793E-.4 1.50471E-.,
5.300 -1.0634E-03 -2.104E-13 2.5915E-31 2.962't-12 8.2793E-04 -2.4986E-1.
5.400 -1.0849E-03 -1.2645E-13 2.5915E-01 3.8390E-12 8.2793E-04 -2.4157E-16
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RUN NO I PAGE NO 2

TIME P- I P- 2 P- 3 P- 4 P- 5

0. 0. 0. 0. 0. 0.
0.o00 -4.60395E-10 1.97012E-10 3.81060E-05 6.64040E-15 7.62863E-08
0.200 -6.99837E-09. 2.09842E-09 1.63815E-04 1.59079E-14 2.71755E-07
0.300 -3.41237E-08 6.41196E-09 4.06582E-04 2.55781E-14 4.99394E-07
0.400 -1.06439E-07 1.24856E-08 8.02761E-04 1.42094E-14 6.49690E-07
0.500 -2.60158E-07 2.06855E-08 1.38143E-03 -1.91118E-14 6.30182E-07
0.600 -5.29714E-07 2.64254E-08 2.12766E-03 -5.47876E-14 3.46154E-07
0.100 -9.07931E-07 2.05301E-08 2.96691E-03 -9.6472BE-14 -2.54337E-07
0.800 -1.38382E-06 1.97447E-08 3.83542E-03 -1.04702E-13 -1.00975E-06
0.900 -1.92410E-06 2.01894E-08 4.64873E-03 -1.17640E-13 -1.70019E-06
1.000 -2.48149E-06 1.25639E-0" 5.33012E-03 -9.49031E-14 -2.12649E-06
1.100 -3.00939E-06 4.11813E-09 5.83616E-03 -3.58398E-14 -2.18119E-06
1.200 -3.45984E-06 -1.08882E-09 6.17039E-03 5.38372E-14 -1.88662E-06
1.300 -3.78798E-06 -8.48621E-09 6.38036E-03 1.45621E-13 -1.38638E-06
1.400 -3.96516E-06 -1.71846E-08 6.53898E-03 1.99957E-13 -8.93444E-07
1.500 -3.98045E-06 -2.32053E-08 6.71701E-03 2.L8807E-13 -6.13380E-07
1.600 -3.83576E-06 -2.87952E-08 6.95649E-03 2.08941E-13 -6.70369E-07
1.700 -3.54522E-06 -3.58136E-08 7.25472E-03 1.61896E-13 -1.06250E-06
1.800 -3.13183E-06 -4.20562E-08 7.56451E-03 1.28900E-13 -1.66235E-06
1.900 -2.62003E-06 -4.70060E-08 7.81055E-03 9.85836E-14 -2.26270E-06
2.000 -2.03300E-06 -5.14383E-08 7.91615E-03 7.11906E-14 -2.65079E-06
2.100 -1.39396E-06 -5.36916E-08 7.83063E-03 5.56974E-14 -2.68465E-36
2.200 -7.26971E-07 -5.19135E-08 7.54761E-03 6.9745TE-14 -2.34401E-06
2.300 -5.87578E-08 -4.607GE-C8 7.10759E-03 6.37362E-14 -1.73753E-06
2.400 5.78495E-07 -3.60808E-08 6;58396E-03 3.94292E-14 -1.06388E-06
2.500 1.14730E-06 -2.17633E-08 6.05744E-03 -7.04681E-14 -5.40599E-07
2.600 1.60858E-06 -4.32002E-09 5.58808E-03 -1.97743E-13 -3.26250E-07
2.700 1.92668E-06 1.44304E-08 5.19494E-03 -3.14272E-13 -4.63865E-07
2.800 2.07531E-06 3.31237E-08 4.85063E-03 -3.99308E-13 -8.65896E-07
2.900 2.04316E-06 5.04039E-08 4.49274k-03 -4.45763E-13 -1.34606E-06
3.000 1.83687E-06 6.49356E-08 4.04792E-03 -4.15839E-13 -1.68659E-06
3.100 1.479971E-06 .60545E-08 3.46007E-03 -3.94672E-13 -1.71684E-06
3.200 1.00894E-06 8.3547E8-08 2.71244c-03 -3.88662E-13 -1.37484E-06
3.300 4.67062E-07 8.71484E-08 1.83568E-03 -4.37276E-13 -7.29979E-07
3.400 -1.02336E-07 8.66081E-08 8.98990E-04 -5.T3701E-13 4.15279E-08
3.500 -6.61165E-07 8.17168E-08 -1.24435E-05 -7.60039E-13 7.19385E-07
3.600 -1.17910E-06 7.21154E-08 -8.25755E-04 -9.45728E-13 1.117771E-06
3.100 -1.63333E-06 5.74790L-08 -1.5041TE-03 -1.13743k-12 1.15141E-06
3.800 -2.00639E-06 3.78942E-08 -2.05786E-03 -1.2950ZE-12 8.65615E-07
3.900 -2.Z8321E-06 1.40047E-08 -2.53788E-03 -1.43886E-12 4.19371E-07
4.000 -2.44939E-06 -1.29275E-08 -3.01562E-03 -1.56280E-12 2.77349E-08
4.100 -2.49152E-06 -4.098471-08 -3.55487E-03 -1.63481E-12 -1.15853E-07
4.200 -2.399871E-06 -6.78070E-08 -4.18684E-03 -1.737125-12 9.057325-08
4.300 -2.17257E-06 -9.098805-08 -4.896895-03 -1.85996E-12 6.20531E-07
4.400 -1.81968E-06 -1.08426E-07 -5.627905-03 -2.04565E-12 1.32824E-06
4.500 -1.36553E-06 -1.18607E-07 -6.29894E-03 -2.316285-12 2.00051E-06
4.600 -8.48113E-07 -1.20189E-07 -6.83270E-03 -2.58533E-12 2.43321E-06
4.700 -3.15062E-07 -1.15009E-07 -7.18167E-03 -2.87445E-12 2.503555-06
4.800 1.82756E-07 -1.0189lE-07 -7.343865-03 -3.12378E-12 2.21435E-06
4.900 5.98614E-07 -8.243051-08 -T.36237E-03 -3.28784--12 1.69239E-06
5.000 8.96251E-07 -5.778495-08 -7.308955-03 -3.33253E-12 1.14270E-06
5.100 1.05358E-06 -2.91415E-08 -7,25754E-03 -3.27371E-12 7.74811E-07
5.200 1.063095-06 2.28972E-09 -7.25722E-03 -3.15736E-12 7.27464E-07
5.300 9.29264E-07 3.51693E-08 -7.314371-03 -3.03839E-12 1.01884F-06
5.400 6.64342E-07 6.789625-08 -7.39034E-03 -2.971125-12 1.540105-06
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RUN NO I PAGE NO 3

TIME p- 6 P- 7 P- 8 P- 9 P-1O

0. 0. 0. 0. 0. 0.
0.100 -1.94319E-14, 8.28623E-09 -1.13762E-08 -7.12382E-03 8.50400E-09
0.200 -2.19317E-13 1.26056E-07 -1.18626E-07 -2.69039-02 1.29169E-07
0.300 -7.45905E-13r 6.15036E-07 -3.4655ZE-07 -5.51806E-02 6.29427--O7
0.400 -1.68913E-12 1.919246E-06 -6.23997E-07 -8.66799E-02 1.96249E-06
0.500 -3.28076E-12 4.69253E-06 -9.27798E-07 -1.16861E-01 4.79523E-06
0.600 -5.292246E-12 9.558086-06 -9.39705E-07 -1.38640E-01 9.76C16E-06
0.700 -6.82046E-12 1.63901E-05 -1.16733E-07 -1.44523E-01 1.67214E-05
0.800 -9.07251E-12 2.49932E-05 4.97229E-07 -1.41739E-01 2.54736E-05
0.900 -1.13408E-I1 3.47732E-05 1.073346-06 -1.40256E-01 3.53972E-05
1.000 -1.24253E-11 4.48821E-05 2.10899E-06 -1.490886-01 4.56159E-05
1.100 -1.25470E-11 5.44820E-OS 3.09774E-06 -1.72988E-01 5.52680E-05
1.200 -1.16622E-11 6.27107E-05 3.71545E-06 -2.10671E-01 6.346696-05
1.300 -9.06251E-12 6.87584E-05 #.23606E-06 -2.55214E-01 6.936616-05
1.400 -4.79613E-12 7.21036E-05 4.58794E-06 -2.96481E-01 7.25024E-05
1.500 6.59297E-13 7.25422E-05 4.53032E-06 -3.24709E-01 7.262146-05
1.600 7.17985E-12 7.00990E-05 4.22500E-06 -3.33960E-01 6.97879E-05
1.700 1.44258E-11 6.50160E-05 3.84424E-06 -3.24215E-01 6.42753E-05
1.O00 2.16376E-11 5.76936E-05 3.32322E-06 -3.013#4E-01 5.65215E-05
1.900 2.82086E-11 4.65597E-05 2.69440E-06 -2.74974E-01 4.69907E-05
2.000 3.36600E-11 3.80193E-05 2.07153E-06 -2.55020E-01 3.61227E-05
2.100 3.73703E-I 2.64801E-05 1.41646E-06 -2.48126E-01 Z.43565E-05
2.200 3.88176E-11 1.43691E-05 6.64701E-07 -2.55289E-01 1.21430"-05
2.300 3.77349E-11 2.16495E-06 -1.43630E-07 -Z.71515E-01 -2.21012E-08
2.400 3.39417E-11 -9.55097E-06 -9.71585E-07 -2.87642E-01 -1.15463E-05
2.500 2.73769E-11 -2.00967E-05 -1.79795E-06 -2.93655E-01 -2.17446E-05
2.600 1.82455E-11 -2.87560E-05 -2.53091E-06 -2.82320E-01 -2.99076E-05
2.700 6.96276E-12 -3.46704E-05 -3.05519E-06 -2.518266-01 -3.539#2E-05
2.600 -5.90547E-12 -3.79456E-05 -3.30677E-06 -2.06479E-01 -3.773926-05
2.900 -1.95897E-11 -3.7545E-05 -3.25350E-06 -1.55220E-Ol -3.67580E-05
3.000 -3.31531E-11 -3.43912E-05 -2.89220E-06 -1.08479E-01 -3.259796-05
3.100 -4.56063E-11 -2.Z549E-05 -2.28164E-06 -7.45040E-02 -2.57184E-05
3.200 -5.59645E-11 -1.997956-05 -l.S2265E-06 -5.64873E-02 -1.64157E-05
3.300 -6.33087E-11 -1.03255E-05 -7.10863E-07 -5.15018E-02 -6.70789E-06
3.400 -6.689746-11 -5.96485E-08 7.26080E-08 -5.16429E-OZ 3.79175E-06
3.500 -6.624246-11 1.013866-05 7.70498E-07 -4.69564E-02 1.397356-05
3.600 -6.11375E-11 1.97220E-05 1.365867E-06 -2.91009E-02 2.32787E-O05
3.700 -5.16877E-11 2.82705E-05 1.87302E-06 5.56919E-03 3.12958E-O5
3.800 -3.83177E-11 3.545196-05 2.31074E-06 5.46068E-0Z 3.77194E-05
3.900 -2.17368E-L 4.09707E-05 2.68628E-06 1.10263E-01 4.22962E-0
4.000 -2.89161E-12 4.453676-05 2.98605E--06 1.62178E-01 4.47906E-OS
4.100 1.70803E-11 4.58740E-05 3.16962E-06 2.010156-01 4.49896E-05
4.200 3.69156E-11 4.47709E-05 3.18007E-06 2.21717E-01 4.27505E-05
4.300 5.53011E-11 4.115706-05 2.96747E-06 2.25244E-01 3.80749E-05
4.400 7.09463E-11 3.51799E-05 2.50990E-06 Z.18141E-01 3.11623E-05
4.500 8.26643E-11 2.72491E-05 1.827146E-06 2.10119E-01 2.25507E-05
4.600 8.94602E-11 1.8021ZE-05 9.85251E-07 2.10502E-01 1.29028E-05
4.700 9.06146E-11 8.35949E-06 8.60371E-08 2.248246-01 3.130S7E-06
4.800 8.575S4E-11 -8.39999E-07 -7.56331E-07 Z.527956-01 -5.82496E-06
4.900 7.49125E-11 -8.7ZOIE-061-1.44131E-06 2.88364E-01 -1.31101E-OS
5.000 5.854446-11 -1.46103E-05 -1.90298E-06 3.21856E-01 -1.30752E-05
5.100 3.75265E-11 -1.30804E-05 -2.12094E-06 3.43420E-01 -2.03428E-05
5.Z00 1.31035E-11 -1.895746-05 -2.116816-06 3.4653TE-01 -1.98127E-05
5.300 -1.31906E-11 -1.72770E-05 -1.938Z8E-06 3.30352E-31 -1.66125E-05
5.400 -3.96393E-11 -1.3ZI16E-05 -1.63678E-06 2.99969E-01 -1.10164E-05



RUN NO I PAGE NO 4

TIME -P -- l P-12 P-13 P-14 P--I

0. 0. 0. 0. 0.
0.100 -1.16666E-08 -7.12382E-03 7.32265E-06 7.32265E-06
0.200 -1.24643E-07 -2.69039E-02 2.58478E-05 2.58478E-05
0.300 -3.83488E-07 -5.51806E-02 4.66060E-05 4.66060E-05
0.400 -7.56031E-07 -8.66799E-02 5.83141E-05 5.83141E-05
0.500 -1.27392E-06 -1.16861E-01 5.14596E-05 5.14596E-05
0.600 -1.67971E-06 -1.38640E-01 1.66768E-05 1.66768E-05
0.100 -1.44293E-06 -1.44523E-01 -5.06091E-05 -5.06091E-05
0.800 -1.55622E-06 -1.41739E-01 -1.33669E-04 -1.33669E-04
0.900 -1.79396E-06 -1.40256E-01 -2.09749E-04 -2.09749E-04
1.000 -1.61543E-06 -1.49088E-01 -2.582Z42E-04 -2.58242E-04
1.100 -1.44880E-06 -1.72988E-Ql -2.68008E-04 -2.68008E-04
1.200 -1.52265E-06 -2.10671E-01 -2.41317E-04 -2.41317E-04
1.300 -1.506Z2E-06 -Z.55214E-01 -1.92961E-04 -1.92961E-04
1.400 -1.43886E-06 -Z.96481E-01 -1.44903E-04 -1.44903E-04
1.500 -1.53021E-06 -3.24709E-01 -1.18343E-04 -1.18343E-04
1.600 -1.61863E-06 -3.33960E-01 -1.26082L-04 -1.26082E-04
1.700 -1.56711E-06 -3.24215E-01 -1.67905E-04 -1.67905E-04
1.800 -1.47348E-06 -3.01344E-01 -2.30644F-04 -2.30644E-04
1.900 -1.33319E-06 -Z.74974E-01 -2.92893E-04 -2.92893E-04
2.000 -1.07187E-06 -2.55020E-01 -3.32681E-04 -3.32681E-04
2.100 -7.65363E-07 -Z.48126E-01 -3.35351E-04 -3.35351E-04
2.200 -5.06355E-07 -2.55289E-01 -2.98816E-04 -2.98816E-04
2.300 -2.92609E-07 -2.71515E-01 -Z.34310E-04 -2.34310E-04
2.400 -1.40261E-07 -2.87642E-01 -1.62365E-04 -1.62365E-04
2.500 -8.42543E-08 -2.93655E-01 -1.05464E-04 -1.05464E-04
2.60D -9.09515E-08 -2.82320E-01 -8.00088E-05 -8.00088E-05
2.700 -1.04288E-37 -2.51826E-01 -9.04718E-05 -9.04718E-05
2.800 -1.04423E-07 -2.06479E-01 -1.27348E-04 -1.27848E-04
2.900 -7.64656E-08 -1.55220E-01 -1.72938E-04 -1.72938E-04
3.000 -8.70546E-09 -1.08479E-01 -2.03300E-04 -2.03300E-04
3.103 7.33977E-08 -7.45040E-02 -2.01354E-04 -2.01354E-04
3.200 1.25847E-07 -5.64873E-02 -1.60750E-04 -1.60750E-04
3.300 1.19456E-37 -5.1501SE-02 -8.86995E-05 -8.86995E-05
3.403 3.83086E-08 -5.16429E-02 -3.449r0E-06 -3.44989E-06
3.500 -1.17772E-07 -4.69564E-02 7.22006E-05 7.22006E-05
3.600 -3.19809E-07 -2.91009E-02 1.19012E-04 1.19012E-04
3.700 -5.20078E-07 5.56919E-03 1.28127E-04 1.28127E-04
3.800 -6.74427E-01 5.46C68E-02 1.04173t-04 1.04173E-04
3.900 -7.52093E-07 1.10263E-01 6.35157E-05 6.35157E-05
4.000 -7.42814E-07 1.62178E-01 2.83114E-05 2.83114E-05
4.100 -4.63981E-07 2.01015E-01 1.84869E-05 1.84869E-05
4.200 -5.53891E-07 2.21717E-01 4.45252E-05 4.45252E-05
4.300 -4.55242E-07 2.25244E-01 1.03648E-04 1.03648E-04
4.400 -4.01785E-07 2.18141E-01 1.80763E-04 1.80763E-04
4.500 -4.08536E-07 2.10119E-01 2.53825E-04 2.53825E-04
4.600 -4.66154E-07 2.10502E-0l 3.01702t-04 3.01702E-04
4.700 -5.45704E-07 2.24824E-01 3.11706E-04 3.11706E-04
4.800 -6.11903E-07 2.52795E-01 2.84096E-04 2.84096E-04
4.900 -6.37099E-07 2.88364E-01 2.31942E-04 2.31942E-04
5.000 -6.12176E-07 3.21856E-01- 1.76401E-04 1.76401E-04
5.100 -5.51748E-07 3.43420E-01 1.39097E-04 1.39097E-04
5.200 -4.90112E-07 3.46537E-01 1.34349E-04 1.34349E-04
5.300 -4.69106E-07 3.30352E-01 1.64034E-04 1.64034E-04
5.400 -5.23377E-07 2.99969E-01 2.16917E-04 2.16917E-04

560



RUN NO 1 PAGE NO 5

TIME VX VY VZ OMEG&X OMEGAY OMEGAZ
SEC IN/SEC IN/SEC IN/SEC RAD/SEC RAD/SEC RAD/SEC

5.500 -1.1063E-03 -2.2509E-14 2.5915E-01 4.4642E-12 8.2793E-04 -4.4481E-16
5.600 -1.1278E-03 9.5557E-14 2.5915E-01 4.8925E-12 8.2793E-04 -6.1358E-16
5.700 -1.1492E-03 2.2331E-13 2.5915E-01 5.1620E-12 8.2793E-04 -1.0278E-15
5.800 -1.1707E-03 3.!7401E-13 2.5915E-01 5.2801E-12 8.2793E-04 -1.3757E-15
5.900 -1.1921E-03 4.9277E-13 2.5915E-01 5.2323E-12 8.2793E-04 -1.5837E-15
6.000 -1.2136E-03 6.2622E-13 2.5915E-01 5.0364E-12 8.2793E-04 -1.7126E-15
6.100 -1.2350E-03 7.5279E-13 Z.5915E-01 4.6192E-12 8.2793E-04 -2.4275E-15
6.200 -1.2565E-03 8.68708-13 2.5915E-01 4.1327E-12 8.2793E-04 -2.5367E-15
6.300 -1.2780E-03 9.7221E-13 2.5915E-01 3.6493E-12 8.2793E-04 -2.9307E-15
6.400 -1.2994E-03 1.0645E-12 2.5915E-01 3.2924E-12 8.2793E-04 -3.2306E-15
6.500 -1.3209E-03 1.1499E-12 2.5915E-01 3.16752-12 8.2793E-04 -3.5783E-15
6.600 -1.3423E-03 1.2350E-12 2.5915E-01 3.3346E-12 8.2793E-04 -3.8485E-15
6.700 -1.36388-03 1.3275E-12 2.5915E-01 3.7855E-12 8.2793E-04 -4.1932E-15
6.800 -1.3852E-03 1.434LE-12 2.5915E-01 4.4440E-12 8.2793E-04 -4.50002-15
6.900 -1.4067E-03 1.5588E-12 2.5S15E-01 5.1349E-12 8.2793E-04 -4.910)E-15
7.000 -1.42812-03 1.7023E-12 2.5915E-01 5.8663E-12 8.2793E-04 -5.2679E-15
7.100 -1.4496E-03 1.8615E-12 2.5915E-0L 6.3606E-12 8.2793E-04 -5.8763E-15
7.200 -1.471!E-03 2.0304E-12 2.5915E-01 6.5743-12 8.2793E-04 -6.3427E715
7.300 -1.4925E-03 2.ZO1E-IZ 2.5915E-01 6.4477-12 8.2793E-04 -6.76488-15
7.400 -1.5140E-03 2.3643E-12 2.5915-01 5.9449E-12 3.2793E-04 -7.1276E-15
7.500 -1.5354E-03 2.5102E-12 2.5915E-01 5.0353E-12 8.2793E-04 -7.61255-15
7.600 -1.5569E-03 2.6279E-IZ 2.5915E-01 3.6907t-12 8.273-04 -7.69GlE-15
7.700 -1.5783E-03 2.7061E-12 2.5915E-01 1.9313E-12 8.2793E-04 -7.79)5E-15
7.800 -1.59982-03 Z.7333E-12 2.5915E-01 -2.9491E-13 8.2793E-04 -7.7767E-15
7.900 -1.6212E-03 2.6998E-12 2.5915E-01 -2.77St-2 8.2793E-04 -7.7494L-15
8.000 -1.6427E-03 2.60018-12 2.5915E-01 -5.34258-12 8.2793E-04 -7.4653E-15
8.100 -1.6642E-03 2.4347E-12 2.5915E-01 -7.7'97E-12 8.2793E-04 -6.659oh-15
8.ZO0 -1.6856E-03 2.2117E-12 2.5915E-01 -9.5913E-12 8.2793E-04 -6.415LE-15
8.300 -1.7071E-03 1.9467E-12 2.5915E-01 -I.C57E-I 8.2793E-04 -5.5013E-15
6.400 -1.7285E-03 1.6602E-12 2.59152-01 -1.1D8St-Il 8.279'%-04 -4.8533E-15
8.500 -1.75002-03 1.3742E-12 2.5915E-01 -1.0602E-11 8.2793-04 -4.2754E-15
8.600 -1.7714E-03 1.1092E-12 2.5915E-11 -9.4343C-12 8.2793E-04 -3.3279E-15
8.700 -1.7929E-03 8.8086E-13 2.5915E-01 -7.7l1LE-12 8.2793E-04 -3.G305E-15
8.800 -1.8144E-03 6.9961E-13 2.5915E-01 -5.342)E-12 8.2793E-04 -2.33552-15
8.900 -1.83582-03 5.7088E-13 2.5915L-01 -3.773u2-12 8.2793E-14 -1.

7 9
6

5
E-15

9.000 -1.8573E-03 4.9661E-13 2.5915E-01 -1.6762t-12 8.2793E-04 -1.44782-15
9.100 -1.8787E-03 4.7663E-13 2.5915E-01 3.8426E-13 3.2793E-04 -1.45308-15
9.200 -1.90022-03 5.0922E-13 2.59158-01 2.3505E-12 8.2793E-04 -1.4251E-15
9.300 -1.9216E-03 5.9128E-13 2.5915E-01 4.146AE-12 8.2793E-04 -1.9335E-15
9.400 -1.9431E-03 7.17392-13 2.59152-01 5.6755E-12 8.2793E-04 -2.19522-15
9.500 -1.9645E-03 8.7944E-13 2.5915-01 6.8351E-12 8.2793E-04 -2.6481E-15
9.600 -1.9860E-03 1.06692-12 2.5915E-01 7.5i3tE-12 3.27138-04 -3.1835E-15
9.700 -2.0074E-03 1.2675E-12 2.5914E-01 7.7393E-12 8.2793E-04 -3.6974E-15
9.800 -Z.0289E-03 1.4694E-12 2.5914E-01 7.62128-12 8.2793E-04 -4.3354E-15
9.900 -2.0504E-03 1.6623E-12 2.5914E-01 7.135t-12 8.2793E-04 -4.5603-15
10.000 -2.0718E-03 1.8379E-12 2.59142-01 6.37952-12 1.2793E-04 -5.47032-15
10.100 -2.0933E-03 1.9927E-12 2.5914-01 5.5491t-12 8.27932-04 -6.0367E-15
10.200 -2.1147E-03 2.1250E-12 2.5914E-01 4.7C23-12 5.27938-04 -6.5481E-15
10.3C0 -2.1362E-03 2.2352E-12 2.5914E-01 3.?91Ik-12 8.2793k-04 -6.95822-15
10.400 -2.1576E-03 2.3249E-12 2.5914E-01 3.1347-12 8.2793E-04 -7.4263E-15
10.500 -2.1791E-03 2.3957E-12 2.59142-01 2.4364E-12 8.27938-C4 -7.6035E-15
10.600 -2.2005E-03 2.4494E-12 2.5914E-01 1.11,11-12 8.2795E-04 -7.8365E-15
10.700 -2.2220E-03 2.488CE-12 2.5914E-01 1.24'4-12 8.2791E-04 -8.0664E-15
10.800 -Z.24352-03 2.5136E-12 2.5914E-01 7.7)6bE-I3 3.27932-04 -8.1879F-15
10.900 -2.26498-03 2.5291E-12 2.5914E-01 4.1751E-13 8.2791E-24 -7.7958E-15



RUN NO 1 PAGE NO 6

TIME P- 1 P- 2 P- 3 P- 4 P- 5

5.500 2.84101E-07 9.85303E-08 -7.41550E-03 -2.94136E-IZ 2.09456E-06
5.600 -1.94807E-07 1.24829E-07 -7.31466E-03 -2.92895E-12 2.46840E-06
5.700 -7.55182E-07 1.44434E-07 -7.03461E-03 -Z.00953E-12 2.50748SE-06
5.800 -1.37751E-06 1.55195E-07 -6.56405E-03 -Z.83374E-12 2.17280E-06
5.900 -2.03720E-06 1.55531E-07 -5.93860E-03 -2.61616E-12 1.55463E-06
6.000 -2.70247E-06 1.44749E-07 -5.22926E-03 -2.20532E-12 8.40327-07
6.100 -3.33429E-06 1.23221E-07 -4.51829E-03 -l.71896E-1Z 2.4735Z6-o
6.200 -3.88913E-06 9.23636E-08 -3.87129E-03 -1.21338E-12 -5.43 fE-.08
6.300 -4.32425E-06 5.44403E-08 -3.31542E-03 -7.99989E-13 -2.96040-09
6.400 -4.60428E-06 1.22234E-08 -2.83155E-03 -5.31255E-13 3.33603E-07
6.500 -4.70723E-06 -3.13679E-08 -2.36318E-03 -4.53732E-13 7.62613E-07
6.600 -4.62832E-06 -7.35736E-08.-1.83883E-03 -4.99206E-13 1.12894E-06
6.700 -4.38029E-06 -1.11973E-07 -1.19989E-03 -5.94271E-13 1.19262E-06
6.800 -3.99046E-06 -1.44525E-07 -4.23885E-04 -6.47324E-13 8.94813E-07
6.900 -3.49517E-06 -1.69512E-07 4.65145E-04 -6.41315E-13 2.84718E-07
7.000 -2.93358E-06 -1.85456E-07 1.40300E-03 -5.30768E-13 -4.75821E-07
7.100 -2.34244E-06 -1.91086E-07 2.30603E-03 -2.69938E-13 -1.17086E-06
7.200 -1.75325E-06 -1.85417E-07 3.09883E-03 9.54296E-14 -1.60715E-06
7.300 -1.19207E-06 -1.67931E-07 3.73899E-03 3.944802-13 -1.68287E-06
7.400 -6.81428E-07 -1.38820E-07 4.23009E-03 6.26753E-13 -1.42366E-06
7.500 -2.4283BE-07 -9.92096E-08 4.61825E-03 7.01204E-13 -9.72788e-07
7.600 1.01558E-07 -5.12583E-08 4.97346E-03 6.22801E-13 -5.39266E-07
7.700 3.29500E-07 1.91518E-09 5.36263E-03 4.39467E-13 -3.22367E-07
7.800 4.21476E-01 5.65009E-06 5.82373E-03 2.59922E-13 -4.39765E-07
7.900 3.65279E-07 1.08414E-07 6.35059E-03 2.59922E-13 -8.85015E-07

8.000 1.60727E-07 1.53767E-07 6.89371E-03 5.1317-3E-13 -1.52962E-06
8.100 -1.77160E-07 1.89298E-07 7.37672E-03 1.00739E-12 -2.16892E-06
8.200 -6.17893E-07 2.12658E-07 7.72273E-03 1.65651E-12 -2.59531E-06
8.300 -1.11864E-06 2.22519E-07 7.881022-03 2.35593E-12 -2.672512-06
8.400 -l.63012E-06 2.18513E-07 7.84455E-03 2.96667E-12 -2.38426E-06
8.500 -2.10383E-06 2.01068E-07 7.652005-03 3.34974E-12 -1.83993E-06
8.600 -2.49859E-06 1.71223E-07 7.37362E-03 3.48917E-12 -1.23521E-06
8.700 -2.78496E-06 1.30492E-07 7.086001-03 3.40691E-12 -7.81793E-07

8.800 -2.94641E-06 8.08276E-08 6.84482E-03 3.19358E-12 -6.315042-07
8.900 -2.97766E-06 2.46601E-08 6.66531E-03 2.95992E-12 -8.219882-07
9.000 -2.88112E-06 -3.50362E-08 6.51749E-03 2.81739E-12 -1.26342E-06
9.100 -2.66317E-06 -9.47375E-08 6.33781E-03 2.822781-12 -1.77102E-06
9.200 -2.33183E-06 -1.50488E-07 6.05302E-03 2.94306E-12 -2.13162E-06

9.300 -l.89662E-06 -1.98177E-07 5.6774E-03 3.05358E-12 -2.18047E-06
9.400 -1.37046E-06 -2.33942E-07 4.98577E-03 3.00053E-12 -1.860571-06
9.500 -7.72741E-07 -2.54639E-07 4.21744E-03 2.68979E-12 -1.24348-06
9.600 -1.31876E-07 -2.58258E-07 3.37052E-03 2.068301-12 -5.038701-07
9.700 5.14203E-07 -2.44197E-07 2.527752-03 1.34227E-12 1.426902-07
9.800 1.12037E-06 -2.13327E-07 1.75922E-03 5.26866E-13 5.16684E-07
9.900 1.63937E-06 -1.67841E-07 1.09933E-03 -1.48651E-13 5.385111-07
10.000 2.02857E-06 -1.10940E-07 5.36718E-04 -5.817711-13 2.564802-07
10.100 2.256501-06 -4.64413E-08 2.06224E-05 -6.78405E-13 -1.71130E-07
10.200 2.30750E-06 2.15942E-08 -5.18554E-04 -4.96181E-13 -5.33433E-07
10.300 2.18322E-06 8.91347E-08 -1.14193E-03 -2.20002E-13 -6.43152E-07
10.400 1.90060E-06 1.52336E-07 -1.87791E-03 1.18109E-14 -4.04300E-07
10.500 1.48730E-06 2.07601E-07 -2.70967E-03 8.38126E-14 1.52929--07
10.600 9.76013E-07 2.51613E-07 -3.57900E-03 -1.01876E-13 6.8256&E-07
10.700 3.99431E-07 2.81404E-07 -4.40497E-03 -4.58095E-13 1.57482E-06
10.800 -2.12645E-07 2.94521E-07 -5.11089E-03 -8.90105E-13 2.0308&E-06
10.900 -8.33709E-07 2.89278E-07 -5.649761-03 -1.19549E-12 2.13379E-06



RUN NO 1. PAGE NO 7

TIME P- 6 P- 7 P- 8 P- 9 P-40-

5.500 -6.44654E-11 -6.99664E-06 -1.24878E-06 2.646Z4E-O1 -3.36427E-06
5.600 -6.59533E-11 1.11350E-06 -7.85241E-07 2.34385E-01 5.99094E-06
5.700 -1.02545E-10 1.08486E-05 -2.34016E-07 2.15566E-01 1.66923E--05
5.800 -1.13040E-10 2.18875E-05 4.25924E-07 2.13134E-01 2.83490E-05
5.900 -1.16482E-10 3.38068E-05 1.20461E-06 2.20049E-01 4.04881E-05
6.000 -L.124r3E-IO 4.60404E-05 2.08340E-06 2.28768E-Ot 5.25163E-03
6.100 -t.0082ZE1O 5.79779E-05 3.0064tE-06 2.29364E-01 6.37207E-05
6.200 -8.21815E-1l 6.85142E-05 3.8?57ZE-06 2.14153E-OL 7.33190E-05
6.300 -5.74374E-11 7.71453E-05 4.61803E-,16 1.30518E-01 8.05565E-05
6.400 -2.79789E-11 8.3088aE-05 5.109991-06 1.31914E-01 8.48254E-05
6.500 4.43040E-12 8.58948E-05 5.30142c-06 7.67096E-OZ 8.57741E-05
6.600 3.77507E-1 8.54174E-05 5.18042E-06 2.52591E-02 6.33735E-05
6.700 6.97945E-11 8.18252E-05 -4.7845RE-06 -1.37218E-OZ 7.79203E-05
6.800 9.83760E-11 7.55512E-05 4.196311-06 -3.61939E-02 6.99775E-05
6.900 1.21470E-10 6.71974E-05 3.48071E-06 -4.41487E-02 6.02684E-05
7.000 1.37363E-10 5.74267E--05 2.74169E-06 -4.47976E-O2 4.95584E-05
7.100 1.44788E-10 4.6S718E-05 2.02QIE-06 -4.73890E-02 3.85551E-05
7.200 1.43021E-10 3.60S61E-05 1.34390E-06 -6.21189E-02 2.78535E-05
7.300 1.31936E-10 2.55424E-C5 7.10751E-07 -3.192laE-02 1.79316E-05
7.400 1.12025E-10 1.56666E-05 9.56442E-08 -1.35796E-01 9.18456E-06
7.500 8.43629E-11 6.FS276E-Cb -4.955,7t-37 -1.36761E-01 1.97335E-06
7.600 5.G5494E-11 -3.531t-07 -1.)4291E-06 -2.3478bE-01 -3.34417E-06
7.700 1.26105E-11 -5.59747E-06 -1.1,4;2t-06 -2.70314E-01 -6.4191ZE-06
7.800 -2.71166E-1 -8.40994E-06 -1.7822% E-G6 -2.87619E-01 -6.96096E-06
7.900 -6.61191E-11 -8.50420E-06 -1.33951E-06 -2.86791L-01 -4.1T122E-06
8.000 -1.01857E-10 -5.80542E-C.6 -1.6251t-06 -2.7364SE-01 -5.61389E-08
0.100 -1.31921E-10 -5.18522E-07 -1.14061E-06 -2.57536E-01 6.97939E-06
8.200 -1.54192E-10 6.86265t-06 -4.35144.-07 -2.4al7E-01 1.56714E-05
8.300 -1.66988E-10 1.56076E-05 3.9 44bt-07 -2.51669E-01 2.51882E-05
8.400 -1.69206E-10 2.48524E-05 1.2%S')E-06 -2.63772E-01 3.45968E-05
8.500 -1.60413E-10 3.

3
72

7
5L-05 2.011-06 -2.94342t-0l 4.29974E-05

8.600 -1.40905E-10 4.14754E-05 2.&W;E[-06 -3.19243C-il 4.96462E-05
8.700 -1,11712E-10 44.752q3it-05 3.)D4--C6 -3. 316231-31. 5.433541-135
8.800 -7.45435E-11 5.15347E-05 3.2Zt14t-06 -3.3345IE-01 5.5 135E-05
8.900 -3.16798E-11 5.33417L-05 3.3 :b-3s -3.1 lt-0l 5.52513E-05
9.00a 1.41743E-11 5.29C03E-05 3.31303c-C6 -?.70512-01 5.21717E-05
9.100 6.00725E-11 5.02.651-05 3.12t54t-25 -Z.27424E-01 4.63770E-05
9.200 1.03017E-10 4.54405E-05 ?.91513L-05 -I.Al61E-01 3.95995E-05
9.300 1.40158E-10 3.8573E-05 2.5425S C-3 -l.636t-t 3.05934E-05
9.400 1.68970E-10 2.98139E-C5 Z.05 26t-06 -1.479964E-Ol 2.01656E-05
9.500 1.57420E-10 1.94542t-05 1.41541E-i6 -t.410391-01 8.727COE-06
9.600 1.94092E-10 7.97353E-C6 5.3)SZ5L-07 -1.49944E-01 -3.16411E-06
9.700 1.88290E-I0 -3.95731E-Oo -3.45613 -I -1.4692E-01 -1.41953E-05
9.800 1.70099E-10 -1.551,9t-05 -1.30425-C6 -1.249CE-01 -2.53439E-05
9.903 1.40404E-0 -2.510 511-06 -. 175)3E-06 -).51449E-32 -3.39714E-05
10.000 1.00859E-10 -3 .4 0 353 E-C 5 -2-.6503-C6 -4.51 76E-22 -3.99449E-05
10.100 5.38111E11 3956 0 -A.2-.5l6r-06 1.)2 131L-,)2 -it21562E-05
10.203 2.16375E-12 -4.19501E-35 -3. 4.?7Al-C6 5.3S27 ,I-2 -4.22026E-05
10.300 -5.07968E-1l -4.12110E-05 -3.24?13-06 1.-'197,-01 -3.84091E-05
10.400 -1.01617E-10 -3.75273E-05 -I.S31lI-0O 1.2a?1)-01 -3.17860E-05
10.500 -1.46912E-10 -3.13037E-OS -?.320!5'E-06 1. 325CL-01 -2.29370E-05
1Z.633 -1.83598E-10 -2.)0457E-05 -1

6
?L-6 1. 1-21 zE-al -1.254871E-05

10.-703 -2.091101-10 -374-C-101-6 1. 3,A53F-31 -1.242041-Z6
10.800 -2.215d6E-10 -2.4S102-0 -3.773?-2? 1.43496E-01 1.02361E-05
10.900 -2.1999E-10 8.8147t -06 3.0,129t-01 1.65993C-31 2.1523ZE-05



RUN NO I PAGE NO S

TIME W-11 V-12 P-13 P-1, P-iS

5.500 -&.67696E-07 2.4*424E-01 2.72697E-04 2.72697E-04
S.60 -8.91425E-07 2.34385E-01 ).09309E-04 3.09309E-04
S.?0q -t.16014E-06 2.16566E-01 3.10854E-04 3.10854E-04
jw4S0 wl.42657E-06 2.13134E-OL 2.73329E-04 2.73329E-04
5.900 -1.64648E-06 2.20049E-01 2.06082E-04 2.06082E-04
6.000 -1.79t4E-06 2.2876SE-01 1.Z6490E-04 1.28490E-04
6,04V ;-1.56OSE-06 2.29364E-01 6.30434E-O5 6.30434E-O5
6460 Z4.0S540F-06 2.14L5k-01 2.73277E-OS 2.73277E-05
6.300 -1.64807E-06 1.8051BE-01 2.77712E-OS 2.77712E-0S
6.400 -1.864121E-06 1.31914E-01 5.74063E-05 S.74063E-05
4.500 -1.86712E-06 7.67096E-02 9.84397E-OS 9.84398E-05
6.600 -1.92652E-06 2.52591E-02 l.ZS709E-04 1.28709E-04
6.700 -1.9981TE-06 -1.3721SE-02 1.29701E-04 1.29701E-04
6.800 -2.04687E-06 -3.61939E-02 9.32649E-05 9.32649E-05
6.900 -2.03695E-06 -4.4r487E-OZ 2.45950E-OS 2.45950E-05
7.000 -1.94630E-06 -4.47976E-02 -S.95654E-O5 -5.956S4E-05
7.100 -1.77596E-06 -4.78890E-02 -1.36867E-04 -1.36867E-04
7.200 -1.55155E-06 -6.21139E-02 -1.87303E-04 -1.87303E-04
7.300 -1.31606E-06 -9.192IE-02 -2.00312E-04 -2.00312E-04
7.400 -1.11639E-06 -1. 5796E-01 -1.78492E-04 -1.78492E-04
7.500 -9.88383E-07 -1.86761E-01 -1.36593E-04 -1.36593E-04
T.600 -9.45558E-07 -Z.34T86E-01 -9.61537E-0S -9.61537E-05
7.700 -9.75564E-07 -2.70314E-0l -7.77113E-05 -7.77113E-05
7.800 -1.04548E-06 -2.87619E-01 -9.33807E-05 -9.33607E-05
7.900 -1.11402E-06 -2.86791E-01 -1.42464E-04 -1.42464E-04
6.000 -1.14626E-06 -2.73648E-01 -2.11663E-04 -Z.11663E-04
6.100 -1.12564E-06 -2.57586E-01 -2.79822E-04 -2.7982ZE-04
8.200 -1.05890E-06 -2.46171E-O1 -3.25484E-04 -3.25484E-04
6.300 -9.72354E-07 -2.51669E-01 -3.34561E-04 -3.34561E-04
8.400 -9.00906E-07 -2.68772E-01 -3.05364E-04 -3.05364E-04
8.500 -8.73837E-07 -2.94342E-01 -2.49183E-04 -2.49163E-04
8.600 -9.Q2629E-07 -3.19243E-01 -1.86222E-04 -1.86222E-04
8.700 -9.75280E-07 -3.33623E-01 -1.38345E-04 -1.38345E-04
8.800 -1.05929E-06 -3.30457E-01 -1.21242E-04 -1.212iZE-04
8.900 -1.11233E-06 -3.08081E-01 -1.38812E-04 -1.38812E-04
9.000 -1.09680E-06 -2.70812E-01 -1.81800E-04 -1.81800E-04
9.100 -9.9310EF-07 -2.27429E-01 -2.31149E-04 -2.31149E-04
9.200 -8.07445E-0 -1.88,'62E-01 -2.64877E-04 -2.64817E-04
9.300 -5.69491E-07 -1.60610E-01 -2.66002E-04 -2.66002E-04
9.400 -3.23869E-07 -1.47964E-01 -2.28677E-04 -2.28677E-04
9.500 -1.15271E-07 -1.47038E-01 -1.60328E-04 -1.60328E-04
9.600 2.56106E-03 -1.49949E-01 -7.90350E-05 -7.90350E-O5
9.700 9.10644E-08 -1.46924E-01 -7.10242E-06 -7.10240E-06
9.800 9.05q8E-08 -1.29893E-01 3.68855E-05 3.68855E-05
9.900 7.55386E-08 -9.54449E-02 4.46601E-05 4.46601E-05
10.000 6.12181E-08 -4.61706E-02 2.11588E-05 2.1158TE-05
10.100 7.7720TE-O8 1.02131E-02 -1.73259E-05 -1.73259E-05
10.200 1.28102E-07 6.3527BE-02 -4.90703E-0S -4.90703E-05
10.300 1.93253E-07 1.04697E-01 -5.47883E-05 -5.47882E-05
10.400 2.38756E-07 1.28910E-01 -2.46197E-05 -2.4619TE-05
10.500 2.27739E-07 1.37250E-01 3.82670E-05 3.82671E-O5
10.600 1.35082E-07 1.36218E-01 1.18751E-04 1.18751E-04
10.700 -4.21761E-08 1.35303E-01 1.95120E-04 1.95120E-04
10.800 -2.820S7E-07 1.43498E-01 2.46803E-04 2.46803E-04
10.900 -5.43580E-OT 1.65993E-01 2.6167SE-04 2.61678E-04



FUM NO PAGE NO 9

11E VX vy VZ OMEGAX OMEGAY OMEGAZ
SEC IN/SEC IN/S8C IN/SEC RAO/SEC RAD/SEC RAO/SEC

1.00'k-2.2864E-03 2.5373E-12 2.5914E-01 1.53808-13 8.2793E-04 -7.9222E-15
I1.1W -2.307SE-03 2.5404E-12 2.5914E-01 -6.2820E-14 8.2793E-04 -7.9286E-15
11.200 -Z.32_93E-03 2.538SE-12 2.5914E-01 -3.0798E-13 8.2793E-04 -7.7255E-15
11.300 -Z.3507E--03 2.531CE-12 2.5914E-01 -6.6C43E-13 8.2793E-04 -7.8189E-15
11.400 -2.3722E-03 2.5132E-12 2.5914E-01 -1.1655E-12 8.2793E-04 -7.5633E-15
11.500 -2.3936E-03 2.4R111-12 Z.5914E-01 -1.80288-12 8.2793E-04 -7.5140E-15
11.600 -2.4151E-03 2.43171E-12 2.5914E-01 -2,4756E-12 8.2793E-04 -7.4419E-15
11.700 -2.4366E-0,3 2.3649E-12 2.5914E-01 -3.0319E-12 8.2793E-04 -7.3525E-15
11.800 -2.458GE-03 2.2853E-12 2.5914E-01 -3.3124E-12 8.2793E-04 -T.3803E-15
11.900 -2.4795E-C3 2.20128-12 2.5914E-01 -3.2102E-L2 8.2793E-04 -6.9123E-15
12.000 -2.5009E-03 2.1227E-12 Z.5914E-01 -2.7147E-12 8.2793E-04 -6.8990E-15
12.100 -2.5224E-C3 2.0596E-1Z 2.5314E-01 -1.9223E-12 8.2793F-04 -6.5487E-15
12.200 -2.5438E-03 2.018GE-12 2.5914E-01 -1.00671-12 8.2793E-04 -6.63948-15
12.300 -2.5653E-03 i.9992E-12 2.5914E-01 -1.6281E-13 8.2793E-04 -6.8507E-15
12.403 -2.5867E-03 1.9995E-12 2.5914E-01 4.5266E-13 8.2793E-04 -6.59818-15
12.500 -2.6082E-C3 2.CIZGE-12 2.5914E-01 7.5943E-13 8.Z7931-04 -6.8672E-15
12.600 -2.6296E-03 2.02871-12 2.5914E-01 7.5729E-13 8.2793E-04 -6.s8080-15
12.700 -2.6511E-C3 2.0422E-12 2.5914E-01 5.0036E-13 8.2793E-04 -6.864SE-IS
12.800 -2.6726E-03 2.046iE-12 2.5914E-01 5.9588E-14 8.2793E-04 -6.7431E-15
12.900 -2.694CE-03 2.0387E-12 2.5914E-01 -5.05IIE-13 8.2793E-04 -6.6153E-15
13.003 -2.7155E-03 2.0156E-12 2.59141-01 -1.150OE-12 8.2793E-04 -6.4768E-15
13.100 -2.7369E-03 1.975SE-12 Z.5914E-O1 -1.8314E-12 8.2793C-04 -6.2967E-15
13.200 -2.7584E-03 1.9193E-12 2.5914E-01 -2.4815E-IZ 8.2793E-04 -6.0512E-15
13.300 -2.7719E-03 1.847E-12 2.5914E-01 -2.9943E-12 8.2793E-04 -5.89286-15
13.403 -2.'131-C3 1.7663E-12 2.5914E-01 -3.2334E-12 8.2793E-0,4 -5.7156E-15
13.503 -Z.3227E-C3 l.6P33E-12 2.5914E-01 -3.0611E-12 8.2793E-04 -5.6917E-15
13.602 -2.13442E-03 1.6107E-12 2.5q]4E-01 -2.3777E-12 8.2791E-04 -5.5423E-15
13.703 -2.86571-C3 1.5621E-12 2.5914E-01 -1.1544E-12 8.2793E-04 -5.5475E-15
13.OJ0 -2.aa71E-03 1.55138-12 2.5914E-Ol 5.53618-13 8.2793E-04 -5.47018-15
13.903 -2.9086E-03 1.5- 3E-12 2.5914E-01 Z.61838-12 8.2793E-04 -5.5841E-15
14.003 -2.93CCE-03 1.684CE-12 2.5914E-01 4.8573E-12 8.2793E-04 -5.9227E-15
14.103 -2.9515E-C3 1.3375E-12 2.5914E-01 7.1215E-12 8.2793E-04 -6.1IZE-15
14.200 -2.9729r-03 2.0473E-12 2.5914E-01 9.21758-12 8.2793E-04 -6.7389E-15
14.30Z -2.9944E-03 2.3C9oE-12 2.59138-1 1.1,25E-II 8.2793E-04 -7.5287E-15
14.40]: -3.015FE-C3 2.61371-12 2.5913E-31 1.2442E-11 8.2793E-04 -7.99228-15
14.5:3 -3.C3313E-3 2.9491E-12 2.5913E-01 1.3376E-11 8.2793E-04 -9.05908-15
14.60: -3.1567E-33 3.33258-12 2.59131-01 1.3737E-11 8.2793E-04 -1.0114E-14
1'.1:0 -3..0-02E-G3 3.653.E-12 2.5913E-01 1,34328-II 8.2793E-04 -1.0829E-14
14.SC) -3.IC17E-C3 3.9976E-12 2.5913E-01 1.2376E-11 8.2793E-04 -1.18ZZE-14
14.903 -3.12318-03 4.3YIZE-12 2.5913E-:1 1.0529E-11 8.2793E-04 -1.252ZE-14
15.33: -3.1446E-C3 4.54848-12 2.59131-01 7.92818-12 8.27938-04 -1.2959E-14
15.103 -3.1t601-C3 4.7207E-12 2.5913E-31 4.7134E-12 8.2793E-04 -1.3765E-14
15.323 -3.18758-03 4.EC43E-12 2.5913E-01 1.1306E-12 8.2793E-04 -1.3636E-14
15.300 -1.289E-03 4.7930E-12 2.5913E-01 -2.41.978-12 8.2793E-04 -1.3676E-14
15.402 -3.234E-03 4.6b928-12 2.5913E-01 -5.8393E-12 8.2793E-04 -1.3589E-14
15.500 -3.2518E-03 4.50"E-12 2.5913E-01 -8.5966E-12 8.2793E-04 -1.3173E-14
15.603 -3.21338-03 4.2551E-12 2.5913E-01 -1.0591E-11 8.2793E-04 -1.2340E-14
15.700 -3.2947E-03 3.963SE-1Z 2.5913-01 -1.1752E-11 8.2793E-04 -1.1739E-14
15.803 -3.3162V-03 3.6517E-12 2.5913E-01 -1.21318-11 8.2793E-04 -1.0961E-14
15.903 -3.3377E-4 3.3348-12 2.5913E-01 -I.16398-11 8.27938-04 -1.0018E-14
16.CC3 -3.3541E-03 3.C34TE-12 -2.5913E-01 -1.IGO8-I1 8.27936-04 -9.2113E-15
16.10: -3.3t6E-,-3 2.7682f-12 2.5913E-01 -9.7545F-12 3.2793E-04 -8.4413E-15
16.?2 -3.432-Z3 2.5337-12 2.5913E-01 -8.1737E-12 8.2793E-04 -7.46108-15
16.3) -t.42358-C; 2.3435E-12 2.5913E-01 -6.353)E-12 8.2793E-04 -7.0559E-15
16.40) -3.#44E-03 2.Z02tE-12 2.5913E-01 -t-357t-12 8.27938-04 -6.7354E-15



RUN NO I PAGE NO 10

TIME P= 'I P- 2 P- 3 P- 4 P- 5

31,900 -1.43890E-06 2.65064E-07 -6.01927E-03 -1.26899E-12 1.889881-06
p1.100 -2.002621-06 2.22618E-07 -6.26080E-03 -1.061801-12 1.42607E-06
11.200 -2.49697E-06 1.64165E-07 -6.4429SE-03 -6.332821-13 9.43837E-07
11.300 -Z.89227E-06 9.33610E-08 -6.63560E-03 -1.066551-13 6.46633E-07
11.400 -3.16006E-O6 1.50127E-08 -6.383391-03 3.357091-13 6.665BIE-07
3I.500 -3.27794E-06 -6.53814E-08 -7.188881-03 5.71771E-13 1.01692E-06
11.600 -3,23490E-06 -1.42188E-07 -7.510741-03 4.81932E-13 1.587141-06
11.700 -3.035331-06 -2.101761-07 -7.777981-03 2.986401-14 2.182571-06
It.800 - i70029E-06 =2.649461-07 -7.915031-03 -6.884201-13 2.59418E-06
11.900 -2.265151-06 -3.03181E-07 -7.86W671-05 -1.485641-12 2.673521-06
12.000 -1,775391-06 -3.227231-07 -7.627141-03 -2.141561-12 2.385931-06
12.100 -1.2178E-06 -3.22528E-07 -7.224591-03 -2.49242E-12 1.82297E-06
12.200 -8.158701-07 -3.025641-07'-6.729291-03 -2.49621E-12 1.169581-06.
12.300 -4.238961-07 -2.63734E-07 -6.219791-03 -2.20441E-12 6.37846E-C7
12.400 -1.25394E-07 -2.078551-07 -5.75769E-03 -1.750451-12 3.911051-07
12.500 6.59849E-08 -1.37699E-07 -5.366631-03 -1.342741-12 4.856451-07
1.2.600 1.435701-07 -5.703211-C8 -5.025161-03 -1.173621-12 8 50880E-07
12.700 1.044451-07 2.941731-08 -4.67594E-03 -1.30594E-12 1.31509E-06
12.800 -5.259831-08 1.161361-07 -&.247981-03 -1.683401-L2 1.667471-06
12.903 -3.269891-07 1.971741-07 -3.683941-03 -2.05196E-12 1.73461E-06
13.000 -7.14172E-07 2.66646E-07 -2.962571-03 -2.262611-12 1.441041-06
13.100 -1.202211-06 3.19316E-07 -2.108441-03 -2.0943CE-12 8.406891-07
13.200 -1.768714-06 3.51142E-C7 -1.185141-03 -1.480391-12 9.39383E-08
13.300 -2.37980E-06 3.59697E-07 -2.74780E-04 -5.746BE-13 -5.87401E-07
13.40) -2.991611-C6 3.44360t-07 5.492771-04 4.94625E-13 -1.01603E-06
13.500 -3.555231-06 3.06287E-C7 1.24635E-03 1.470761-12 -I.095821-06
13.600 -4.023211-06 2.48164E-07 1.820691-03 2.15020t-12 -8.556741-07
13.700 -4.356531-06 1.73359E-07 

2
.
3
1760c-0

3 
2.38169E-12 -4.385771-01

13.800 -4.52996E-06 8.8C344E-O 2.804821-03 2.175621-12 -4.96915E-08
13.900 -4.53449E-06 -4.17529E-09 3.34519E-03 1.62313E-12 1.177821-07
14.000 -4.37641E-06 -9.74ibE-08 3.97563E-03 1.01458C-12 -4.76108E-08
14.10i -4.073o3E-06 -1.862271-07 4.694661-03 5.57612C-13 -5.351801-07
14.200 -3.65062[-06 -2.6525i41-07 5.4210t-C3 3.431861-13 -1.215571-06
14.300 -3.13381E-06 -3.294851-C7 6.1097SE-03 3.643451-13 -1.886&CE-06
14.400 -2.54870E-06 -3.74277-07 6.671991-03 5.24156C-13 -2.34642E-06
14.503 -1.91946E-06 -3.960121-07 7.057til-03 5.567911-13 -2.46374L-06
14.600 -1.270421-06 -3.923691-C7 7.251531-03 5.43944E-13 -2.226361-06
14.700 -6.285491-57 -3.62129E-07 7.314131-03 7.467421-14 -1.74426E-06
14.800 -2.4987)E-03 -3.0S411 -7 7.288661-03 -7.5:9571-13 -1.210061-06
14.900 5.052891-07 -2.326911-07 7.2

5
55

4
L-03 -1.771331-12 -8.296541-07

15.003 9.26466E-07 -1.405741-07 7.2659iE-03 -2.762591-12 -7.48253E-07
15.100 1.206941-06 -3.833731-08 7.331251-03 -3.462S11-12 -9.982361-07
15.200 1.325131-06 6.70659L-03 7.41851t-03 -3.69446E-12 -1.487591-06
15.300 1.274321-06 1.6962E-01 7.462761-03 -3.42579E-12 -2.03302E-06
15.400 1.0649)E-06 2.59337C-C7 7.390431-03 -2.768261-12 -2.425341-06
15.500 7.232591-07 3.35v79t-07 7.146331-03 -1.918281-12 -2.50694E-06
15.600 2.874861-C-7 3.89&721-C? 6.71119E-03 -1.142661-12 -2.22402E-06
15.700 -1.98877E-07 

4
.20970L-07 6.12339E-03 -6.629571-13 -1.650491-06

15.800 -6.93342E-C7 4.263951-C7 5.43)591-03 -5.530601-13 -9.59266E-07
15.900 -1.159471-06 4.054691-07 1.742451-03 -7.2354uE-13 -3.610481-07
16.000 -1.56923E-06 3.586761-C7 4.03'53E-03 -1.06844E-12 -2.900301-08
16.103 -1.90268E-06 2.187631-C7 3.53931E-03 -1.328681-12 -3.10785E-08
16.200 -2.14555C16 1.

9
8dl1[-L7 3.05154[-03 -1.343371-12 -3.339561-07

16.300 -2.28653F-06 9.421661-C8 2.58311E-- 3 -I.C17151-12 -7.619861-07
16.400 -2.31542L-06 -1.849551-08 2.067301-03 -3.850714-13 -1.11428E-06

566



RUNQ I PAGE NO 11

TIME P- 6 P- 7 P- a P- 9 P-10

11.000 -Z.04189E-10 2.03619E-05 1.02230E-06 2.02240E-01 3.21137E-05
I.100 -1.74967E-10 3.14702E-05 1.76461E-06 2.4608SE-01 4.15637E-05
114.09--1.33974E-10 4.16503E-05 2.50801E-06 2.87927E-O1 4.94121E-O5
11.300'-8.36391E-11 5.02926E-05 3.19492E-06 3.l8O83E-O1 5.5186LE-05
11.400 -2.7OZ45E-11 5.67921E-05 3.74607E-06 3.30239E-Ol 5.84527E-05
11.500 3.23500E-11 6.O606SE-05 4.07998E-06 3.23657E-O0 5.89022E-05
11.600 9.07163E-11 6.15335E-05 4.13643E-O6 3.03405E-01 5.64405E-05
11.700 1.44289E-10 5.94402E-05 3.8960ZE-06 z.78513E-O 5.1255BE-05
11.600 1.89505E-10 5.46424E-05 3.38881E-06 2.581'LE-O1 4.38351E-05
11.900 2.23266E-1O 4.76976E-05 2.68889E-06 2.50936E-Ol 3.49179E-05
12.000 Z.43156E-10 3.93522E-05 1.89640E-06 2.56843E-0l 2.53948E-05
12.100 Z.47622E-10 3.04233E-05 I.IIZ98E-06 2.72226E-01 1.61775E-05
12.200 2.36103E-10 2.16816E-05 4.18678E-07 2.88552E-01 8.07250E-06
12.300 2.09089E-10 1.37666E-05 -1.42301E-07 2.96050E-01 1.69252E-O6
12.4100 1.66104E-10 7.15116E-06 -5.62749E-07 2.87256E-01 -2.5TS14E-06
12.500 t.15616E-iO 2.15632E-06 -8.6115LE-07 Z.597Z7E-01 -4.56273E-06
1Z.600 5.48795E-11 -1.00143E-06 -l.06280E-06 2.16971E-61 -4.23q44E-c.6
12.o700 -1.02766E-11 -2.15809E-06 -I.18095E-06 1.67239E-01 -1.65093E-06
12.800 -7.56953E-11 -1.17229E-06 -1.20542E-06 1.20631E-01 3.09051E-06
12.900 -1.37157E-10 2.06575E-06 -l.10305E-O6 a.55376E-02 9.85929E-06
13.000 -1.90644E-10 7.5867SE-O6 -8.30215E-07 6.57135E-02 1.84585E-05
13.100 -2.32596E-10 1.5Z40E-05 -3.52768E-07 5.90112t-02 2.8569bE-05
13.200 -2.60134E-1O 2.48017E-05 3.34042E-07 5.82416E-02 3.9702dt-05
13.300 -2.71252E-10 3.56088E-05 1.19319E-06 5.38439E-02 5.11806E-05
13.400 -2.64958E-10 4.69272E-05 2.14624E-06 3.7072L-02 6.21743E-05
13.500 -2.41361E-1O 5.78641E-05 3.08711E-06 4.7T79G-03 7.17921E-05
13.600 -2.01692E-10 6.752L7E-05 3.90518E-06 -4.23607E-02 7.92041E-95
13.700 -1.48256E-I10 7.51245E-05 4.51043E-06 -9.70044E-02 8.37546t-05
13.800 -8.43032E-LI 8.01199E-05 4.85Z49E-06 -1.49253c-OL 8.5084LE-05
13.900 -1.38365E-11 8.22284E-05 4.92766E-06 -1.89776E-01 8.31408E-05
14.000 5.86434E-11 8.14339E-05 4.TTZOOE-06 -2.1396)F-Ol T.S1703E-05
14.100 1.28434E-10 7.79258E-05 4,44361E-06 -2.1934E-01 7.06362E-05
14.200 1.90947E-10 7.20168E-05 4.00077E-06 -2.14333t-O1 6.1L114E-05
14.300 2.42015E-10 6.40680E-05 3.48372t-06 -2.07359E-0l 5.02195E-05
14.400 2.76177E-10 5.4445IE-05 2.90658E-06 -2.07502E-01 3.85041E-35
14.500 2.96904E-10 4.35167E-05 2.26197E-06 -2.20716E-O1 2.64843E-05
14.600 2.96767E-10 3.16870E-05 1.53578E-06 -2.47AO7E-01 1.4&444[-05
14.700 2.77536E-10 L.94415E-05 7.26385E-07 -2.32299t-01 3.4812CE-06
14.800 2.40195E-10 7.37659E-06 -1.39735E-07 -3.1628E-01 -6.46529E-36
14.900 1.66898E-10 -3.80940E-06 -I.00242E-06 -3.39673E-01 -1.46181E-05
15.000 1.20839E-l0 -1.33737E-05 -1.77523E-06 -3.456311:-1 -2.0413LE-05
15.100 4.60T63E-I1 -2.06Z5SE-05 -2.36406E-:6 -3.3262SE-Oi -2.33902E-05
15.200 -3.27111E-11 -2.50400E-05 -2.69103E-06 -3.04971t-O1 -Z.32864E-05
15.300 -1.10506E-10 -2.63507E-05 -Z.7157SE-06 -2.71262t-aI -2.01227E-05
15.400 -1.82Z67E-10 -2.46022E-05 -2.44676E-05 -2.41317E-31 -l.42339E-05
15.500 -Z.43259E-10 -Z.01379E-05 -t.93838E-06 -2.2261E-01 -6.23871E-06
15.600 -2.59371E-10 -1.35320E-05 -1.27810E-06 -2.1'901E-01 3.C4765E-C 6
15.700 -3.17402E-10 -5.48388E-06 -5.56362E-07 -2.237fbE-o1 1.27368E-05
15.800 -3.25293E-10 3.29276E-06 1.41471E-07 -2.3Z325t-31 Z.19929E-05
15.900 -3.12265E-l0 1.21561E-05 7.3026E-O7 -2.3L2 E- 1 3.01287E-05
16.000 -Z.78978E-10 2.05777E-05 1.3151E-Q6 -g.2 -31 3.6651CE-05
16.100 -2.27307E-l0 2.81369E-05 1.79630t-35 -1.93N39-al 4.12522E-05
16.200 -1.60420E-10 3.4482ZE-05 2.21340 -06 -L.43S49c-Z1 4.37644E-05
16.300 -8.2475SE-11 3.92869E-05 2.57634E-06 -9.0733E-02 4.410IOE-05
16.400 1.61971E-lZ 4.22244E-05 2.86672E-06 -3.86506E-a2 4.2211E-05



n I PAGE NO 12

TIKE 9-11 P-12 P-13 9-14 P-15

11.00-0 -7.79403E-07 2.02240E-01 2.40363E-04 2.40363E-04
11.100 -9.50764E-07 2.46088F-01 1.95925E-04 1.959250-04
14.200 -1.03946E--06 2.87927E-01 1.49139E-064 1.49139E-04
3Z1,3DO -1.05272E-06 3.18083E-01 1.20985E-04 1.20985E-04
l."0 -1.01931E-06- 3.30239E-01 1.25082E-04- 1.25082E-04
1-.504 -9.78284 -07 3.2365TE-01 1.627781-04 1.6Z779E-04
ll.b0 -9.646370-07 3.03405E-01 2.22650E-04 2.22650E-04
1I.,700 -9.96788E-07 2.78513E-01 2.84586E-04 2.845860-04
11.800 -1.07056E-06 2.58711E-01 3.26997E-04 3.269970-04
11.900 -1.16166E-06 2.50936E-O1 3.34556E-04 3.34556E-04
12.000 -1.23572E-06 2.56a430-01 3.036891-04 3.036890-04
12.100 -1.26216E-06 2.22260-01 2.43862E-04 2.43862E-04
12.200 1.226901-06 2.88552E-61 1.74187E-04 1.74187E-04
12.300-1.13901E-06 2.96050E-01 1.16583E-04 1.165830-04
12.400 -1.02906E-06 2.87256E-01 8.79431E-05 8.794310-05
12.500 -9.39469E-07 2.59727E-01 9.41067E-05 9.410680-05
1Z.600 -9.10308E-07 2.16971E-01 1.27819E-04 1.278190-04
12.700 -9.65515E-07 1.67239E-01 1.713850-04 1.f1385E-04
12.800 -1.10449E-06 1.20631E-01 2.03076E-04 2.03076E-04
12.900 -1.302000-06 8.55376E-02 2.04984E-04 2.04984E-04
13.000 -1.51646E-06 6.57135E-02 1.69501E-04 1.695000-04
13.100 -1.70367E-06 5.90112E-02 1.02103E-04 1.02103E-04
13.200 -1.831100-06 5.824160-02 1.944730-05 1.944720-05
134300 -1.887760-06 5.38439E-02 -5.65432E-05 -5.65432E-05
13.400 -1.886210-06 3.74072E-02 -1.064T7-04 -1.06477E-04
13.500 -1.856020-06 4.77789E-03 -1.20375E-04 -1.20375E-04
13.600 -1.83136E-06 -4.23607E-02 -1.01171E-04 -1.011710-04
13.700 -1o837080-06 -9-70044E-02 -6.35771E-05 -6.357700-05
13.800 -1.87856E-06 -1.49253E-01 -2.872880-05 -2.87287E-05
13.900 -1.93888E-06 -1.89776E-01 -1.652680-05 -1.6526SE-05
14.000 -1.98456E-06 -2.130690-01 -3.84331E-05 -3.843310-05
14.100 -1.97767E-06 -2.193470-01 -9.32995E-05 -9.32996E-05
14.200 -1.89013E-06 -2.14383E-01 -1.677270-04 -1.677270-04
14.300 -1.714800-06 -2.07359E-01 -2.408230-04 -2.408230-04
14.400 -I.46961E-06 -2.07502E-01 -2.916460-04 -2.91646E-04
14.500 -1.19293E-06 -2.20716E-01 -3.06669E-04 -3.066690-04
14.600 -9.31817E-07 -2.474070-01 -2.845880-04 -2.84588E-e4
14.700 -7.27297E-07 -2.82299E-01 -2.367350-04 -2.36735E-04
14.800 -6.7390-07 -3.16286E-01 -1.82982E-04 -1.82982E-04
14.900 -5.52tS&I-07 -3.39673E-01 -1.445780-04 -1.44578E-04
15.000 -5.55&62E-07 -3.45631E-01 -1.36509E-04 -1.36509E-04
15.100 -5.74339k-97 -3.3Z6280-01 -1.621140-04 -1.62114E-04
15.200 -5.734S70-07 -3.049710-01 -2.11895E-04 -2.118950-04
15.300 -5.3332i'-O7 -2.71262E-01-2.669320-04 -2.66932E-04
15.400 -4.55661E-67 -Z.M3180-0l -3.05687E-04 -3.05687E-04
15.500 -3.62802E:07 -Zd2671--01 -3.117480-04 -3.11748E-04
15.600 -2.885530-07 -2.17901E-01 -2.79736E-04 -2.79736E-04
15.700 -2.64713E-07 -2.23746E-01 -2.17255E-04 -2.17255E-04
15.800 -3.080650-07 -2.32325E-01 -1.42193E-04 -1-42193E-04
15.900 -4.12646E-37 -. 34020--01 -7.63378--05 --. 63378E-05
16.000 -5. 5T07-07 -2.209866-0 .-3.76094E-05 -3.76095E-05
16.100 -4.186020-E7 -109073-0l -3.36841E-05 -3.36842E-05
16.200 -7.55809E-07 -1.43849E-01 -5.93063E-05 -5.930640-05
16.300 -7.536-3E-37 -9.00733E-02 -9.82436E-05 -9.824370-05
16.400 -6.6150E-7 -3.86806E-02 -1.29181-04 -1.291810-04



PACE No 13

TIME V W- 0MEGAX OMEGAY OMEGAZ
SEC INiSEC IN/SEC IN/SEC" RAD/SEC RAO/SEC RAOISEC

16.500 -3.,4664E-03 2.1135E-12 2.5913E-01 -2.43000-1Z 8.27930-04 -6.5360E-15
16.600 -3.48780-03 Z.0742E-12 2.5913E-01 -5.9729E-13 8.2793E-04 -6.5097E-15
16.100 -3.5093E-03 Z.0799E-12 2.5913E-01 9.784011-13 8.27930-04 -6.6048--15
16.800 -3.5307--03 2.12260-12 2.5913E-01 2.2228E-12 8.27930-04 -6.7662E-15
16.900 -3.5522E-03 Z.19300-12 2.5913E-01 3.1290E-12 8.Z793-04 -6.9237E-15
17.000 -3.5736E-03 2.282S-12 2.5913E-01 3.7490E-12 8.2793E-04 -7.2560E-15
17.100 -3.5951E-03 2.36420-12 2.5913E-01 1.1624 -12 8.2793E-04 -7.5956E-15
17.Z00 -3.6166E-03 2.4,935E-1Z 2.5913E-01 4.43S00-!2 8.2793E-04 -8.03380--IS
17.300 -3.6380E-03 2.6076E-12 2.5913E-01 4.605 E-12 8.27931-04 -8.2352E-15
17.400 -3.6595E-03 2.72371-12 2.5913E-01 4.6511E-12 8.2793E-04 -8.8630E-15
17.500 -3.6809E-03 2.8387E-12 2.5913E-01 4.53TSE-12 8.2793E-04 -9.5344E-15
17.600 -3.7024E-03 2.9483E-12 2.5913E-01 4.23&0E-12 8.2793E-04 -9.7T57E-15
17.700 -3.72380-03 3.04190-12 2.5913E-01 3.755,E-12 8.2793E-04 -1.0021E-14
11.800 -3.1453E-03 3-1337E-12 2.54120-01 3.1529E-12 8.2793E-04 -1.0319E-14
11.900 -3.16670-03 3.2036E-12 2.5912E-01 2.5211E-12 8.2793E-04 -I.0T34E-14
18.000 -3.7882E-03 3.25820-12 2.5912E-01 1.9621E-12 8.2793E-04 -1.0851E-14
18.100 -3.8096E-03 3.300E-12 2.5912E-01 1.5T60-12 8.2793E-O -1.0630E--14
18.200 -3.83I!E-03 3.3356E-12 2.5912E-01 1.3020E-12 8.2793E-04 -1.0946E--14
18,300 -3.8525E-03 3.3673E-12 2.5912E-01 1.1951E-12 8.2793E-04 -1.0737E-14
18.400 -3.8740E-03 3.39E-12 2.5912E-01 1.1616E-12 8.2793E-04 -1.0873E-14
18.500 -38955---03 3.4314E-L2 2.5912E-01 1.1331E-12 8.2793E-04 -1.08ZOE-4I
18.600 -3.9169E-03 3.46f40-12 2.5912E-01 1.0735E-12 6.2793E-04 -1.1036E--14
18.700 -3.9384E-03 3.4967E-12 2.5912E-01 1.0lZE-12 8.2793E-04 -1.0890E-14
18.800 -3.95980-03 3.5281E-L2 2.5912E-01 9.8977E-13 8.2793E-04 -1.1099E-14
18.900 -3.9813E-03 3.560TE-12 2.5912E-01 1.142T-12 6.2793E-04 -1.1474 -14
19.000 -4.0Z01E-03 3.5995E-12 2.59120-01 1.55200-12 8.2793E-0r - 

-1.12291"-14
19.100 -4.0242E-03 3.6512E-12 2.5912E-01 2.2539E-12 8.2193E-04 -1.1504E-14
19.200 -4.0456E-03 3.123E-12 2.5912E-01 3.211E-12 8.27930-04 -1.18280-14
19.300 -4.0671E-03 3.E199E-12 2.5912E-01 4.262S-12 8.27930-04 -1.2004E-14
19.400 -4.0885E-03 3.9431E-12 2.5912E-01 5.25380-1Z 8.2793E-04 -1.2459E-14
19.500 -4.1100E-03 4.0860-12 2.5912E-01 5.9SIZE-12 8.2793E-04 -1.29890-14
19.600 -4.1314E-03 4.2471E-12 Z.5912E-01 6.2903E-12 8.2793E-04 -1.3523E-14
19.703 -4.1529E-03 4.40840E-12 2.5912E-01 6.09230-12 8.2793E-04 -1.401E-14
19.800 -4.1743E-03 4.5574E-12 2.5912E-01 5.3651E-12 8.2793E-04 -1.4483E-14
19.903 -4.195SE-13 4.6813E-12 2.59120-01 4.13ZE-12 8.2793E-04 -1.4791E-14
20.000 -4.21730-03 4-767EE-12 2.59120-01 2.4489E-12 8.2193E-04 -1.49030-14
20.100 -4.23810-03 4.8060E-12 2.59120-01 3.71170-13 8.2793E-04 -1.4769E-14



RUM ma I PAGE NO L4

P-iW P- -2 P- 3 P- 4 p- 5

16.503 -2.22347E-36 -1.316608-07 1.44423E-03 4.126288-13 -1.20946E-06
16.600 -2.00581E--06 -2.383508-07 6.86497E-04 L.078OZE-LZ -9.57156E-07
16.700 -1.66528E-06 73.29563E-07 -1.83712LE-04 1.27037E-12 -3.90946E-07
16.800 -1.21603E-06 -3.99316E-07 -1.11809E-03 9.18591E-13 3.43302E-07
18.900 -6.85435E--07 -Z4.4422GE-07 -2.026188-03 9.93951E-14 1.03929E-06
17.000 -1.13087E-07 -4t.595518-07 -2.835978--0,3 -1-34727E-12 1.50380E-06
17.100 4.53323E-07 -4.457aE--07 -3.50156E-03 -2.17564E-12 1.625418-06
17.200 9.64364E-37 -4.019q&4--07 -4.02081E-03 -3.00699E-12 1.414Z18-06
17.300 1.37592E-06 -3.33133E-07 -4.433168-G3 -3.35027E-12 9.97020E-07
17.400 1.655108-06 -2.428028-07 -4.60663E-G3 -3.165768-12 5.71939E-07
17.500 1.78350E-G6 -1.3645&E-01 -5.205c08-03 -2.576008-12 3.36479E-07
17.600 L.757258-06 -2.02882E-03 -5.67073E-03 -1.874748-12 4.16382-0-7
17.703 1.58425E-06 9.8J12E-0q -6.20173E-03 -L.34799E-12 8.20182E-07
17.800 1.279308-06 2.1389P8-C7 -6.754658-03 -1.L63878-12 1.435888-06
17.900 B.624278-07 3.17468t-C7 -7.2572&E-03 --1.3214 6E-12 2.07092E-06
18.00) 3.512f48-'7 4.026548-07 -7.35336 9E-03 -1.69506E-12 2.521008E-06
18.100 -2.34r458,-C7 4.633138--07 -7.833T64!z-0.3 -Z.04750V8-12 2.643228-06
18.200 -9.73522E-97 4.94t693E-01 -7.53513E-03 -2.0759BE-LZ 2.40707E-36
18.30 -1. 54054E-36 4.93912E-C7 -7.6a144E-33 - 1. rl303t:-12 L.905Z08-06
la.ri0a -2.203&9E-06 4.60392E-07 -7.43303E-03 -6.64-527E-L3 1.32003E-06
18.50.3 -2.i253S98-26 3.95791E-0-7 -7. Lb5038t-03 5.142.57E-13 8.582378-07
16.60)3 -3. 36563E-06 3.04l928-C? -6. 934a5E-03 1.83204E-12 6.76612E-07
18.70C -1. 724CZ8-06 I.93216E-CI -,. 762(378-03 Z.77067E-12 8.25 95 7t-37
18.802 -4 .05CC21-06 &.84497t-GS3 -6.6,2260E-133 3.01015E-12 1.23306E-0,6
18.90; -4.1L4613E8-36 -68. 12LE-LS -6.45?67C-0.3 2.65tr618-12 t.7272LE-G6
19.003 -f-C7L65E-36 -1.875018-01-61922-0 1.31046E-12 2.101748-06
19.10r0 -3.86426E-06 -a.()2&COE-0? -5.78314YE-03 7.428868=-13 2.18844E--06
19.20a~ -3.48E458-2& -3.99532E-07 -5. 1926-3-03 -Z.37366-1'l 1.91819E-36
l9.30C -3,04652E-lh -4.124Z3t-07 -4.45te 5E-( 3 -*7.23277t-3 1.34603E-06
19.40'3 -2.55586E-06 -5.16693E-07 -3.676128-Q03 -1.133928E-L2 6.31694E-07
19.50)1 -2.052268-3,6 -5. 29283E-C7 -2.79415E-03 -q.403655E-L3 -1.129048-08
19.60,Q -1.5655ZE-136 -5.03699-01 -2.023488-03 -5.670588E-13 -4.19670E-07
19.700 -1.119448E-26 -4.55494E-0.7 -1. 353688E-Gl -3.4663E-13 -4.84974E-,,)7
19.800, -T. 337458-01 -3.721598-0j7 -7. 79'398-f4 -4. 770Z8E-13 -2.454128-07
19.90:, -4.265608-C7 -2.63394E-C7 -2.553,62t-:-04 -L. 04647E- L2 1.5627ZE-07
ZG.Q02 -2. 159858-27 -1.3584ZE-C7 Z.S4629E-04 -1.9207ZE-12 5. 18,602k8-07
20,103 -1.19653E-a7 2. Z59,3E-09 9.011318-04 -Z. B96.07-12 6.542008-07
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RUN No I PAGE NO 15

TIME P- 6 P- 7 P- 8 P- 9 P-1O

16.500 8.65233E-11 4.29826E-05 3.03867E-06 1.54125E-03 3.81054E-05
16.600 1.66789E-10 4.13183E-05 3.03554E-06 2.60466E-02 3.18319E-05
16.700 2.37208E-10 3.71350E-05 2.80724E-06 3.60692E--02 2.35963E-05
16.800 2.93136E-10 3.05584E-05 2.33191E-06 3.808408-02 1.37891E-05
16.900 3.30793E-10 2.19789E-05 1.63027E-06 4.13885E-02 3.01832E-06
17.000 3.47515E-10 1.20404E-05 7.67927E-07 5.46739E-02 -7.91613E-06
17.100 3.41946E-10 1.57082E-06 -1.56020E-07 8.28174E-02 -1.81031E-05
17.200 3.14151E-10 -8.52920E-06 -1.03067E-06 1.25047E-01 -2.66404E-05
17.300 2.65643E-10 -1.74142E-05 -1.75844E-06 1.75136E-01 -3.27644E-05
17.400 1.993068-I0 -2.44029E-05 -2.27548E-06 Z.23560E-01 -3.59571E-05
17.500 1.19237E-10 -2.90420E-05 -?.56110E-06 2.60836E-01 -3.60006E-05
17.600 3.04814E-11 -3.11150E-05 -2.6335S1-06 2.S0a54E-01 -3.29704E-05
17.700 -6.12872E-11 -3.060118-05 -2.534728-06 2.82996E-01 -2.71751E-05
17.800 -1.50142E-10 -2.76074E-05 -2.309228-06 2.722998-01 -1.906588-05
17.900 -2.30293E-10 -2.23045E-05 -1.98659-06 2.57587E-01 -9.14747E-06
18.000 -2.96468E-10 -1.488958-05 -1.572388-06 Z.4825S8-01 2.07991E-06
18.100 -3.44258E-10 -5.58852E-06 -1.05157E-06 2.508778-01 1.41386E-05
18.200 -3.704008-10 5.30577E-06 -4.027028-07 2.66791E-01 2.65509E-05
18.300 -3.72993E-10 1.73832E-05 3.82831E-07 2.9163CE-01 3.87992E-05
18.400 -3.51618E-10 3.00790E-05 1.284188-06 3.16866E-01 5.02951E-05
18.500 -3.07383E-10 4.26756E-05 2.24367E-06 3.32871E-01 6.03824E-05
18.600 -2.42864E-10 5.43549E-05 3.17242E-06 3.32376E-01 6.83869E-05
18.700 -1.61964E-10 6.42946E-05 3.967808-06 3.13091E-01 7.37055E-05
IS.800 -6.96910E-11 7.17872E-05 4.53727E-06 2.7854SE-01 7.5S136E-05
18.900 2.81480E-11 7.63483E-05 4.82109E-06 2.3685S8-01 1.485768-05
19.000 1.253048-10 7.77855E-05 4.80611E-06 1.97838E-01 7.07041E-05
19.100 2.15485E-10 7.62093E-05 4.52643E-06 1.695408-01 6.39212E-05
19.200 2.92773E-10 7.19844E-05 4.05072E-06 1.55412E-01 5.523648-05
19.300 3.52019E-10 6.56414E-05 3.46099E-06 1.53131E-01 4.54626E-05
19.400 3.891968-10 5.77749E-05 2.830a1E-06 1.55504E-01 3.54354E-05
19.500 4.01661E-10 4.89607E-05 2.20512E-06 1.53130E-01 2.58836--05
19.600 3.884388-10 3.97129E-05 1.60360E-06 1.37847E-01 1.73802E-05
19.700 3.50094E-10 3.04844E-05 1.02043E-06 1.05743E-01 1.03406E-05
19.800 2.88905£-10 2.170088-05 4.44801E-07 5.36458E-02 5.05825E-06
19.900 2.086158-10 1.38009E-05 -1.21611E-07 3.54740E-03 1.75545E-06
20.000 1.14219E-10 7.25783E-06 -6.519COE-07 -4.98133E-02 6.189698-07
20.100 1.16497E-11 2.56255E-06 -1.09230E-06 -9.23549E-02 1.801IOE-06
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RUN NO I PAGE, o 6

TIRE P-I P-12 P-13 P-14 P-15

16.500 -5.17698E-07 1.54125E-03 -1.33439E-04 -1.33439E-04
16.600 -3.,21901-07 2.604651-02 -1.01738E-04 -1.0173SE-04
16.700 -1.841521-07 3.606911-02 -3.75973E-05 -3.759731-05
16.800 -7.732z91-08 -3.80839E-02 4.387001-05 4.38701E-05
16.900 -3.547911-08 4.13884E-02 1.Z1309E-04 1.21309E-04
17.000 -4.922211-08 5.467391-02 1.747171-04 1.74717E-04
17.100 -9.12323E--08 8.28174E-02 1.92547E-O 1.925471-04
17.200 -1.27936E-07 1.25047E-01 1.757TIE-04 1.75770E-04
17.300 -1.33299E-07 1.751361-01 1.3745SE-04 1.37158E-04
17.400 -9.96551E--CS 2.23560E-01 9-80137E-05 9.SO136E-05
17.500 -4.1611SE-08 2.60836E-01 7.179201-05 7.77920E-05
17.600 S.4,6406E-09 2.80854E-01- 8.97394E-05 8.97395E-05
17.TO0 1.13131E-08 2.82996E-01 1.34703E-04 1.3403E-04
17.800 -6.256251-08 2.72299E-01 2.01089E-04 Z.OO8E-04
17.900 -2.2604 51-07 2.575871-01 2.689671-04 2.66987E-04
18.003 -4.651201E-1 2.48Z5E--O1 3.172801-04 3.172S0-04
18.100 -7.44631E--07 2.50877E-01 3.31196E-04 3.311961-04
18.200 -1.0185!E--C6 2.66791E-01 3.075731-04 3.075731-04
18.360 -1.24419E-36 2.9163GE-01 2.55975E-04 2.55970E-04
18.40a -1-39572E-06 3.16866E-C1 1.952221-04 1.952221-04
16.503 -1.470951-06 3.328711-01 1.46674E-04 1.46614E-G4
18.6030 -1.'9032E-36 3.32376E-01 1.26522E-64 1.26522E-24
18.100 -1.487921-06 3.13C!1E-01 1.40027E-04 1.4002TE-04
18-800 -1.49799E-06 2.76548E-01 1.796441-04; 1.196441E-04
18.903 -1.5&1821E-b 2.368581-01 2.277711-04 2.27771E-04
19.000 -1.619SCE-Z6 1.97838E-01 2.630921-04 2.63092E-04
19.10 -1.711681-06 1.695401-01 2.682T0E-04 2.68210--04
19.20C -1.7841SE-06 1.554121-01 2.362011-04 2.362011-04
19.302 -. E0434E-06 1.53131E-01 1.126061-04 1.72626E-34
19.4023 -1.7526TE-26 1.5554E-01 9.40234E-05 9.40234E-05
19.500 -1-63160E-06 1.531301-Z1 2.19241E-05 2.19241E-05
19.600 -1.46734 -06 1.37847E-C1 -2.492861-05 -2.4,9285-05
19.700 -1-30-7E-06 1.0574-31-01-.1401 -3.714391=-05
19.80G -1.17484E-06 5.86;57E-02 -1.17991-05 -1.799781-05
19.900 -1.122331-06 3.547351-C3 1.78214E-C5 1.782151-05
20.003 -1.15276E-36 -4.98133E-02 4.956161-05 4.956161-05
20.103 -1.251021-06 -9.235491-02 5.79262E-05 5.792611-05
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TABLE 20
LISTINGS OF COMPUTER RUNS FOR IMPULSIVE SPIN.-UP RESPONSE

RUM 2 2 PAGE NO I
PANOORA, - LVY420 15 AUG 1963
RESPONSE OF TITAN III MODEL TO IMPU LSIVE SPIH-UP

TIME VX VY YZ OhEGAX CHEGAY OXEGAZ
SEC IN/SEC IN/SEC IN/SEC RAOISEC RAO/SEC RAD/SEC

0. 0. 0. 0. 4.99985-01 -0. -0.
0.050 0. 0. 0. 4.,9991E-01 -- 3.35785-06 -8.10418--09
0.100 0. 0. 0. 4.9975E-01 -1.0985E-05 -7.1804E-08
0.150 0. 0. 0. 4.9956E-01 -1.7627F-05 -2.6161E-07
0.200 0. 0. 0. 4.9939E-01 -1.92235-05 -5.77795-07
0.250 0. 0. 0. 4.9926-01 -1.5996E-05 -8.50685-07
0.300 0. 0. 0. 4.99105-01 -1.222--05 -8.2816E-07
0.350 0. 0. 0. 4.9885E-01 -1.2890E-05 -4.6853E-07
0.400 0. 0. 0. 4.9849E--01 -1-9839E-05 -1.4899--07
0.450 0. 0. 0. 4.9806E-01 -3.0339-05 -4.6229--07
0.500 0. 0. 0. 4.9764-01 -3.9159E-05 -1.6566-06
0.550 0. 0. 0. 4.97281-01 -4.2536-05 -3.2294E-06
0.600 0. 0. 0. 4.9697E-01 -4.09811-05 -4.1860E-06
0.659 0. 0. 0. 4.9668E-01 -3.8801E-05 -3.8976E-06
0.100 0. 0. 0. 4.9633E-01 -4.0735E-05 -2.8275E-06
0.750 0. 0. 0. 4.9591E-01 -4.52865-05 -2.3553E-06
0.800 0. 0. 0. 4.95z75-0! -5.8545E-05 -3.6727E-06
0.850 0. 0. 0. 4.9509E-01 -6.6375E-05 -6.6482E-06
0.900 0. 0. 0.. 4981E-01 -6.82SE-05 -9.73565-06
0.950 0. O 0. 4.9c462E-01 -6.4992E-05 -1.11635-05
1.000 0. 0. 0. 4.94485-01 -6.0890E-05 -1.0461E-05
1.050 0. 0. 0. 4.9432E-01 -6.0584E-05 -8.9781E-06
1.100 0. 0. 0. 4.9412E-01 -6.5406E-05 -8.8312E-06
1.150 0. 0. 0. 4.93955-01 -T.237SE-05 -1.1121E-05
1.200 0. 0. 0. 4.9385E-01 -7.6468E-05 -1.4944E-05
1.250 0. 0. 0. 4.93875-01 -7.44115E-05 -1.8099E-05
1.300 0. 0. 0. 4.940%1-01 -6.7214.E-05 -1.8892E-05
1.350 0. 0. 0. 4.9415SE-0 -5.93615-05 -1.75175-05
1.400 0. 0.. 0. 4.9435E-01 -5.544CE-05 -1.58295--05
1.450 0. 0. 0. 4.94 9E-01 -5.6649E-05 -1.57455-05
1.500 0. 0. 0. 4.9463E-01 -5.3920E-05 -1.7679E-05
1.550 0- 0. 0. 4.9485E-Ol -,.f330E-05 -2.0311E-05
1.600 0. 0. 0. 4.951TE-01 -5.4197E-05 -2.17985-05
1.650 0. 0. 0. k.95585-01 -4.4,722E-05 -2.12985-05
1.700 0. 0. 0. 4.7603E-01 -3.41-36E-05 -1.9522E-05
1.750 0. 0. 0. 4.96375-01 -2.9325E-05 -1.7959E-05
1.503 0. 0. 0. 4.9664t-01 -2.9;15E-05 -1.7594E-05
1.850 0. 0. 0. 4.959E-91 -3.1737E-05 -1.8236E-05
1.900 0. 0. 0. A.97335-01 -3.1421E-05 -1.89005-05
1.950 0. 0. 0. 4.976.9E-31 -2.5531E-05 -1.8765E-05
-. 000 0. 0. 0. 4.98115-0a1 -I.b658E-05 -1.7780E-05
2.050 0. 0. 0. 4.951.5-31 -8.6463E-06 -1.6525E-05
Z.100 0. 0. 0. 4.93BE-01 -5.97 '4E-06 -1.5590E-05
Z.150 0. 0. 0. 4.931E-31 -9.00AE-06 -1.5133E-05
2.200 0. 0. 0. r.9915E-01 -1-.t440E-05 -1.4911E-05
2.250 0. 0. 0. 4.9931E-01 -1.71975-05 -1.46315-05
2.300 0. 0. 0. 4.949c.E-0l -1.5271E-05 -1.41915-05
2.350 0. 0. 0. 4.9967E-01 -I.C64tA6-05 -1.3662E-05
2.400 0. 0. 0. 4.9978E-31 -1.970E-06 -1.3147E-05
2.450 0. 0. 0. 4.997aE-01 -I.058E-05 -1.27115-05
2.500 G. 0. 0. 4.9467t-01 -1.9192E-05 -1.2421E-05
2.550 0. 0. 0. 4.945WE-01 -2.30565-05 -1.2333E-05
2.600 0. 0. 0. 4.993E-01 -3.5S948r-O5 -1.2385E-05
2.650 0. 0. 0. 4.992CE-01 -3.110E-05 -1.23405-05
2.700 0. 0. 0. 4.9435E-01 -3.7305E-05 -1.1954¢E-05
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RUN NO 2 PAGE NO 2

TIME P- 1 P- 2 P- 3 P- 4 P- 5

0. 0. o. 0. 0. 0.
0.050 -4.87135E-03 3.88413E-03 2.81334E-06 3.99347E-07 -1.01574E-08
0.100 -1.87107E-02 1.236981-02 5.71208E-05 2.64692E-06 -7.494541-08
0.150 -3.98232E-02 i.87109E-02 3.22242E-04 6.85814E-06 -2.29304E-07
0.200 -6.678521-02 1.783191-02 1.08035E-03 1.10883E-05 -4.856571-07
0.250 -9.93202E-02 1.027561-02 2.650411-03 1.25778E-05 -8.49351E-07
0.300 -1.38159E-01 1.73206E-03 5.26648E-03 9.63089E-06 -1.340241-06
0.350 -1.840111-01 -1.4493CE-03 9.014621-03 2.69247E-06 -2.00317E-06
0.400 -2.36476E-01 2.776061-03 1.387601-02 -6.19165E-06 -2.89865E-06
0.450 -2.93774E-01. 1.058581-02 1.98389E-02 -1.510291-05 -4.080921-06
0.500 -3.53512E-01 1.53227E-02 2.698861-02 -2.38299E-05 -5.57999E-06
0.550 -4.13882E-01 1.271361-02 3.55017E-02 -3.409001-05 -7.40100-06
0.600 -4.74339E-01 4.181751-03 4.55490E-02 -4.823571-05 -9.54011E-06
0.650 -5.35243E-01 -4.315981-03 5.718401-02 -6.744891-05 -1.200301-05
0.700 -5.96768E-01 -6.97864E-03 7.03036E-02 -9.08089E-05 -1.48101E-05
0.750 -6.57963E-01 -2.684241-03 8.47123E-02 -1.15941E-04 -1.79838E-05
0.800 -7.167241-01 4.1.222E-03 1.002371-01 -1.407431-04 -2.15266E-05
0.850 -7.707121-01 7.207401-03 1.16803E-01 -1.648541-04 -2.540841-05
0.900 -8.18486E-01 2.97904E-03 1.344101-01 -1.897581-04 -2.95715E-05
0.950 -8.59963E-01 -6.273711-03 1.530291-01 -2.174421-04 -3.39502E-05
1.000 -8.958531-01 -1.446561-02 1.725081-01 -2.486691-04 -3.849031-05
1.050 -9.265361-01 -1.64289E-02 1.925581-01 -2.821701-04 -4.315281-05
1.0 -9.512911-01 -1.192151-02 2.12834E-01 -3.153881-04 -4.790141-05
1.150 -9.684871-01 -5.749.01-03 2.33051E-01 -3.46185E-04 -5.26847E-05
1.200 -9.76601E-01 -3.94855E-03 2.53043E-01 -3.742001-04 -5.,742921-05
1.250 -9.75232E-01 -9.049471-03 2.727181-01 -4.008351-04 -6.20491E-05
1.300 -9.653221-01 -1.81214E-02 2.919501-01 -4.27884E-04 -6.646821-05
1.350 -9.484101-01 -2.509921-02 3.10543t-01 -4.558671-04 -7.063611-05
1.400 -9.25515E-01 -2.55270E-02 3.281411-01 -4.333631-04 -7.45271E-05
1.450 -8.96542E-01 -1.999371-02 3.444241-01 -5.07828E-04 -7.812501-05
1.500 -8.60673E-01 -1.359791-02 3.591591-01 -5.272931-04 -8.140371-05
1.550 -8.17431E-01 -1.19024E-02 3.722541-01 -5.41620E-04 -8.432191-05
1.600 -7.67543E-01 -1.657591-02 3.136921-01 -5.52380E-04 -8.683411-05
1.650 -7.12924E-01 -2.41223E-02 3.93424[-01 -5.614451-34 -8.890901-05
1.700 -6.55777E-01 -2.865331-02 4.01323E-01 -5.693971-04 -9.054071-05
1.750 -5.975341-01 -2.64939E-02 4.071711-01 -5.749741-04 --9.174291-05
1.800 -5.38452E-01 -1.90102E-02 4.107941-01 -5.75965E-04 -9.252961-05
1.850 -4.78192E-01 -1.14765E-02 4.121431-01 -5.70886E-04 -9.289861-05
1.900 -4.168791-01 -8.913971-03 4.11305E-01 -5.60122E-04 -9.28292E-05
1.950 -3.55806E-01 -1.218331-02 4.03433E-01 -5.45688E-04 -9.22968E-05
2.000 -2.97192E-01 -1.73716E-02 4.03634E-01 -5.29781E-04 -9.12922E-05
2.050 -2.43185-01 -1.891121-02 3.96926E-01 -5.13246E-04 -8.98307E-05
2.100 -1.94902E-01 -1.395011-02 3.88271E-01 -4.951251-04 -8.79451E-05
2.150 -1.52241E-01 -4.55399E-03 3.777121-01 -4.7362SE-04 -8.566691-05
2.200 -1.14615E-01 3.948301-03 3.6538iE-01 -4.47757E-04 -8.30136E-05
2.250 -8.20014E-02 7.135091-G3 3.51557L-01 -4.133521-04 -7.999141-05
2.300 -5.54613E-02 4.89522E-03 3.36546E-01 -3.377201-04 -7.66121E-05
2.350 -3.670801-02 1.424541-03 3.2C534E-01 -3.58171E-04 -7.29104E-05
2.400 -2.706971-02 1.865561-03 3.038361-01 -3.30551E-04 -6.894921-05
2.450 -2.66651E-02 8.254791-03 2.853041-0. -3.03913E-04 -6.48069E-05
2.500 -3.44454E-02 1.794431-02 2.632221-01 -2.76551E-04 -6.05571E-05
2.550 -4.906221-02 2.56920E-02 Z.4q8181-01 -2.47602E-04 -5.62562E-05
2.600 -6.986801-02 2.77408E-02 2.314341-01 -2.179751-04 -5.194651-05
2.650 -9.725251-02 2.468201-Q2 2.133941-01 -1.89889E-04 -4.76724E-05
2.700 -1.32054-01 2.089281-02 1.9591SE-01 -1.65402E-04 -4.349331-05
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RUN NO 2 PAGE NO 3

TIME P- 6 P- 7 P- 8 P- 9 P-10

0. 0. 0. 0. 0. 0.
0.050 -1.62872E-06 4.65973E-02 1.85861E-01 -3.79963E-03 1.31057E-01
0.100 -5.21625E-06 2.05750E-01 6.03804E-0l -2.72022E-02 4.76613E-01
0.150 -7.97882E-06 5.18452E-01 9.50849E-01 -7.95831E-02 9.33867E-01
0.200 -7.78121E-06 1.01415E 00 9.86179E-01 -1.57755E-01 1.42145E 00
0.250 -4.77276E-06 1-.68441E 00 7.10808E-01 -2.52649E-01 l.S3771E 00
0.300 -1.25159E-06 2.48354E 00 3.65356E-01 -3.59966E-01 2.55501E 00
0.350 1.24796E-07 3.35559E 00 2.48339E-01 -4.36732E-01 3.35515E 00
0.400 -I.607600-06 4.267590 00 4.91532E-01 -6.48803E-01 4.35650E 00
0.450 -4.98524E-06 5.22417E 00 9.61036E-01 -8.61157E-01 5.48952E 00
0.500 -7.256771-06 6.25279E 00 1.35707E 00 -1.12826E 00 6.63950E 00
0.550 -6.50478E-06 7.37098E 00 1.43879E 00 -1.44172E 00 7.72296E 00
0.600 -3.10914E-06 8.56028E 00 1.20406E 00 -1.78700E 00 8.73846E 00
0.650 5.68695E-07 9.76692E 00 '8.90105E-01 -2.15415E 00 9.75295E 00
0.700 2.02289E-06 1.09286E 01 7.94296E-01 -2.54465E 00 1.08350E 01
0.750 5.35677E-07 1.20079E 01 1.04939E 00 -2.96916E 00 1.19875E 01
0.800 -2.28287E-06 1.30067E 01 1.52237E 00 -3.43808E 00 1.31317E 01
0.850 -3.75179E-06 1.39518E 01 1.91313E 00 -3.95189E 00 1.41555E 01
0.900 -2.19093E-06 1.48621E 01 1.979410 00 -4.49874E 00 1.49874E 01
0.950 1.79311E-06 1.57223E 01 1.71889E 00 -5.06096E 00 1.56398E 01
1.000 5.78924E-06 1.64839E 01 1.37100E 00 -5.62581E 00 1.61871E 01
1.050 7.44645E-06 1.70916E 01 1.23634L 00 -b.192250 00 1.66984E 01
1.100 6.27430E-06 1.75170E 0l 1.44914E 00 -6.76871E 00 1.71757E 01
1.150 3.99515E-06 1.77735E 01 1.87443E 00 -7.36343E 00 1.75465E 01
1.200 3.18989E-06 1.79002E 01 2.20842E 00 -7.974630 00 1.77156E 01
1.250 5.29382E-06 1.79296E 01 2.20730E 00 -3.58794E 0' 1.76363E 01
1.300 9.48990t-06 1.78601E 01 1.87226t 00 -?.18305E 00 1.73444E 01
1.350 1.33427E-05 1.76574E 01 1.45010t 00 -9.74470E 00 1.69303E 01
1.400 1.46702E-05 1.72316E 01 1.24770E 00 -1.026970 01 1.64712E Ol
1.450 1.32031E-05 1.67205E 01 1.39971t 00 -1.076480 01 1.597560 01
1.500 1.07582E-05 1.60046E 01 1.76534E 00 -1.12368E 31 1.53835E 01
1.550 9.80633E-06 1.51899E 01 2.03384E 00 -1.16823E 01 1.46212E 01
1.600 1.15512E-05 1.43241E 01 1.96012E 00 -1.20876E 31 1.36676E 01
1.650 1.50008E-05 1.34194E 01 1.55247E 00 -1.24311E 01 1.25804E 01
1.700 1.77360E-05 1.24535E 01 1.06906E 00 -1.2

69 9
3t 01 1.14622E 01

1.750 1.77709E-05 1.13982E 01 8.24107E-01 -1.26923E 01 1.03934E 01
1.800 1.50636E-05 1.02534E 01 9.49732[-01 -1.30211E 01 9.383,5E 30
1.850 1.1521OE-05 9.06029E CO 1.29452t 00 -1.30977E 01 8.37897E 30
1.900 9.50798E-06 7.88421E 00 1.53761E 00 -1.31244E 01 7.31902E 00
1.950 1.00221E-05 6.77855E 00 1.43317E 00 -1.30920E 01 6.19741E 00
2.000 1.19391E-05 5.757831 CC 9.99878E-01 -1.29867E 01 5.08051E 00
2.050 1.28993E-05 4.79991E 00 5.09981E-01 -1.2801SE 01 4.06886E 00
2.100 1.11377E-05 3.87580E 00 2.84323E-01 -1.25452E 01 3.23212E 00
2.150 6.84164E-06 2.98427E 00 4.482101-01 -1.2"357E 01 2.567820 00.
2.200 1.99926E-06 2.16464E 00 8.34534E-01 -I.18920E 01 2.015270 00
2.250 =.131580-06 1.47755E 00 1.10931E 00 -1.15219E 01 1.512970 )0
2.300 -1.74244E-06 9.68073E-01 1.02

8
79a 00 -1.112020 01 1.05455E 00

2.350 -1.06019E-06 6.38970E-01 6.23823E-01 -1.06764E 01 6.99735E-01
2.400 -1.36123E-06 4.54689E-01 1.83321E-01 -1.01872E 01 5.32516E-01
2.450 -4.18756E-06 3.73111E-01 3.20243t-02 -9.66346E 33 5.99341E-01
2.500 -9.14344E-06 3.809020-01 2.84626t-01 -9.125950 0) 8.7,5290E-01
2.550 -1.41908E-05 5.05321E-01 7.53643E-01 -3.59397E 00 1.28393E 00
2.600 -1.72015E-05 7.93194E-01 1.09186E 00 -8.07446E 0) 1.75483c 00
2.650 -1.75619E-05 1.27292E 00 1.05711E 00 -7.56054E 00 2.27379E 00
2.700 -1.65978E-05 1.92860E 00 6.99062E-01 -7.34043E 03 2.88728E 00
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RUN NO 2 PAGE NO 4

TIME P-II P-12 P-13 P-14 P-15

0. 0. 0. 0. 0.
0.050 -4.21561E-01 4.83876E-03 5.68264E-07 -2.65181E-06
0.109 -1.34930E 00 3.09139E-02 3.3Z9131-06 -1.92932E-05
0.153 -2.36297 00 7.48977E-02 6,44377E-06 -5.73663E-05
0.209 -2.31495E,00' 1.04556E-01 3.39836E-36 -1.19036E-04
0.253 -1,252q5E 00 7.68289E-02 -1.46414E-05 -2.00483E-04
0.30 -3.78279E-01 -3.541018-02 -5.46165E-05 -3.03196E-04
0.350 -7.56408E-02 -2.28561E-Cl -1.19215E-34 -4.34946E-04
0.400 -5.82207E-01 -4.76699E-01 -2.07916E-94 -6.080bE-04
0.450 -1.50754E 00 -7.56397E-01 -3.20596E-04 -8.33308E-04
0.500 -2.14096E 00 -1.06849; 00 -4.6C325E-04 -1.11462E-03
0.550 -2.00433E 00 -1.43959E 00 -6.36177E-04 -1.44842E-03
0.600 -1.21992E 00 -1.90424E CO -b.55211E-04 -1.328278-03
0.650 -4.103948-D1 -2.47652E CO -1.12325E-03 -2.25091E-03
0.700 -2.12265E-01 -3.14137E CO -1.440O18-03 -2.71895E-03
0.750 -7.82984E-21 -3.863898 00 -1.6-377E-03 -3.238308-03
0.800 -1.68329E 00 -4.61453E 00 -2.19993E-03 -3.81213E-03
0.850 -2.22246E 00 -5.38E64E 00 -2.63433E-03 -4.43631E-03
0.900 -1.99492E 00 -6.20566E G0 -3.10357E-03 -5.09964E-03
0.950 -1.19118E 00 -7.038Z5E 09 -3.60733t-03 -5.78582E-03
1.000 -4.44649E-31 -8.04161E 00 -4.14171E-03 -6.49429E-03
1.050 -3.37191E-01 -9.03E65E 00 -4.69756t-03 -7.21247E-03
1.100 -9.495088-01 -I.C0389E 01 -5.26230E-03 -7.94257E-03
1.150 -1.80361E 00 -I.I098E 0l -5.823a48-03 -8.682441-03
1.200 -2.23804E 00 -1.19449E Cl -6.374088-03 -1.42168E-03
1.250 -1.92123E 90 -1.28600E 01 -6.909308-03 -1.01456E-02
1.300 -1.10447E 00 -1.377278 01 -7.427470-03 -1.0839't-02
1.350 -4.21524E-31 -1.46805E 01 -7.92473E-03 -1.14913E-02
1.400 -3.94660E-01 -1.55545E 01 -8.393,0E-03 -1.21097E-02
1.450 -1.03215E 00 -1.6354tE 01 -3.82561E-03 -1.26657E-02
1.500 -1.82749E CO -1.70507E 01 -9.2130E-33 -1.313502-02
1.550 -2.15661E 00 -1.76426E Cl -9.55352E-03 -1.36512t-32
1.600 -1.76160E CC -1.81493E C! -9.14926t-03 -1.4052bE-02
1.650 -9.46044E-31 -1.339,18 Cl -1.01037Z-02 -1.;3

7
9c8-

0
2

1.700 -3.34257E-31 -1.89o46E C1 -1.031778-02 -1.462578-02
1.753 -3.853738-01 -1.924 8E 01 -1.f42338-02 -1.47951t-02
1.803 -1.04074E 09 -1.94096E 91 -l.D3)tC -2 -1.43926E-02
1.853 -1.77539E 00 -1.943C9c CI -1.35779E-02 -1.49213E-02
1.900 -2.0C9288 00 -1.93222t Cl -1.05920E-02 --. 43791--32
1.953 -1.5569 C0 -1.9112E C, -1.06355E-02 -1.47603t-2
2.003 -7.62574E-01 -I.FaZCE Cl -1.0572:T-C2 -1.45612E-02
2.050 -2.34473E-n1 -1.e4778E C -1.04427t-)2 -1.423398-92
2.100 -3.657918-21 -1.50435E 01 -1.026508-02 -1.39372[-02
2.150 -1.03739E t0 -1.75054E 01 -1.00344E-02 -1.35323E-02
2.200 -1.71553E QC -1.655)1 Cl -9.74879E-03 -1.3)773E-02
2.250 -1.86926E O0 -1.61257E 01 -9.4198-33 -1.25754E-02
2.300 -1.3030 00 -1.53421t Cl -9.02306F-03 -1.2026oL-32
2.350 -6.29045E-91 -1.45399E C1 -3.69923E-33 -1.143328-02
2.400 -1.94636E-01 -1.37286k Cl -6.6123t-03 -1.08031E-2
2.453 -4.05525E-01 -1.28971F 01 -7.69716E-03 -1-014958-92
2.500 -1.03944E 00 -1.2035Z 01 -7.19138-03 -9.43786E-.1
2.550 -1.712918 00 -1.113-2E Cl -6.671928-03 -3. 212-3
2.690 -1.79793E QC -I.022:6E C1 -6.13536E-03 -3.17555E-33
2.65a -1.29258 9D -9.33?31E C9 -5. o3b 4i-03 -7.531878-33
2.700 -5.91609E-01 -8.51C93t CO -5.13493t-03 -6.90039E-03
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RUN No 2 
PAGE qI0 5

TIME VX VY VZ O-EGAX GSEGAY W4EGAZ

SEC IN/SEC pui/SEC 11/SEC gAO/SEC A0!SEC RAOISEC

2.750 0. O. 0. 4.9885E-01 -3-9445E-05 -I.Z82E-05

2.800 0. 0. 0. 4.9554E-01 -4.6077E-05 -1.0773E-05

2.850 0 0. o 4.9B15E-01 -5.696)E-05 -1.0945E-05

2.900 0. 0. 0. 4.9774E-01 -6-133E-05 -L.1831E-05

2.950 0- 0. 4.9736E-01 -7.5337E-05 -1.2767E-05

3.000 0. 0. 0. 4.97C3E-01 -7-726IE-05 -i.2S50E-O5

3.050 0. 0* 0. 4.9672F-01 -7.6373E-05 -1.1787E-05

3.100 0. 0. 4.963 01 -7.692E-05 -1-03410E-05

3.150 0. 0. 
4.9591E-01 -8-1.L41E-05 -9-8313E-06

3.200 0. O0 0. 4.955AE-0( -1.9373E-05 -1.098SE-05

3.250 0. 0. O. 4.1,E-01 -9.5548E-05 -1.3167E-05

3.300 0. 0. 0. ..9484E-0C1 -9.7314E-35 -1.4730E-05

3.350 0. 0. 0- 4.9460E-01 -9.3416E-05 -1.4397E-05

3.400 0. 0. 
4.9441E-01 -3.6532E-05 -1.2433E-05

3.450 0. 0. 0. 4.9.23E--01 -8.G98eE-05 -1.0553E-05

3.500 0. 0. 0. 4.9403E-01 -7.9042E-95 -1.0521E-05

3.550 0- 0 . 0 . 4.938,4E-01 -7.9577E-05 -1.2617E-05

3.600 0. 0. 0. 4.937--E-01 -7.8301E-C5 -1.5313E-35

3.650 0. 0. O 4.9366r-31 -7.3Z72E-05 -1-6524E-05

3.700 0. O. 0. 4.9373E-01 -6-259?E-05 -1.5355E-05

3.750 0. 0. 0. 4_938 E-01 -4.1.9ZE-05 -. 2856E-05
3.800 0. O. O. 4.9306-01 -3 .9:1LE-05 I.IO0E-05
3.850 0. 0. 3° 6-9 'o 01 -3.2

9 - 0  5 
-11153E-05

3.900 0. 0- 0. 4. 426--o0 2.82,-5 -1.3424E-05

3.950 0. 0. 0. 4.9445E-01 -2.4631E-05 -t.52OLE-05

4.000 0. 0. 0. 4.9473 -01 -1.52f'0-5 -1.52-33E-05

4.050 0. 0. 0. 4.950)E-3I -4-A23E--' -1.3355L-05

4.100 0. 0. 0. 4.953
0
l1 . E-36 -1.1004E-05

4.150 0. 0. 0. 4.9585E_ C 1.7C34E-05 -9.b317-06

4.200 0. 0. 0. 4.9610c-51 2. (17E-05 -1. 349LE-06

4.250 0. 0. O 4.955Z=- 2. D: - -1.°682-05

4.300 0. 0. C- 4.963- I 2. 123SE-35 -1.093SE-05

4.350 0. 0. 0. 4.9723E-01 2.411 ,-5 -).CO26L-05

4.400 0. 0. 0. -.06-1 2.;- -35 -3.35250-06

4.450 0. 0. o. 4.905E-01 3 '.14lE-35 -6.8362E-S6

4.503 0. 0. 0. 4.9-300 [ 3.453 4c-)* -b.GG16E-06

4.550 0. 0. 0. 4.9.9-- 2.5E3 3 1-5S -5.7317F--06

4.600 0. 0. 0. 4.9',67E-'1 2.-441E-35 -5.51'35E-06

4.650 0. 0. 0. 4.9;379-3 1-1 ZE-5 -4.9845E-06

4.700 0. 0. 0. 4.9-31 5.,10IE-06 -4.1561-06

4.750 0. 0. 0. 4 3-1-01 7.4' 3.Et- -3.2676E-06

4.800 0. 0. 0. 4.95V4E- -C.412E-C -2.4912E-06

4.850 0. 0. 0. 4.9)71i-01 -1.344-E-05 -1.8336E-06

4.900 0. 0. 0. 4 . .-,-- -2.713.E-r5 -1.2745E-06

4.950 0. 0- . 4.-,,.E-01 -4.32t!E-35 -7.9762E-07

5.000 0. 0. 0. 4.,- '1 I

5.050 0. 0. 0. -.9)3:-_L -7.-2"n4-:-35 7.3725E-03

5.100 0. 0. 0. 4- 3;25t-32 -731 -- 5 7.763;E-37

5.150 0. 0. 0. 4.9,-t- -8. 734 0 35 1.6347E-06

5.200 0. 0. 0. 4 9%3-31 - .. 2.4)3!E-06

5.250 0. 0. 0. . 3- -'i 1 11-'24 2.0572E-06

5.300 0. 0. 0. 4- _ -1. 1.642-4 2. 746r-C6

5.353 0. 0. 
4 4 --"I -1-3-4"- 24."5l IE-4-6

5.400 0. 0. 0. 4.3?,. t -0, 1- 
-  3.2, ',-O0

5.450 0. 0. 37i - i -!.oSrf-' :4 4.4-61E-06
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RUN NO 2 PAGE NO 6

TIME P- I P- 2 P- 3 P- 4 P- 5

2.750 -1.74520E-01 2.10358E-02 1.79106E-01 -1.45033E-04 -3.94834E-05
2.800 -Z.23658E-01 2.63919E-02 1.63007E-01 -1.27562E-04 -3.57147E-05
2.850 -2.774891-01 3.38837E-02 1.47716E-01 -1.11120E-04 -3.22385E-05
2.900 -3.340181-01 3.85C931-02 1.334182-01 -9.47505E-05 -2.90754E-05
2.950 -3.92150E-01 3.723962-02 1.203372-01 -7.92205E-05 -2.62242E-05.
3.000 -4.51836E-01 3.13255E-02 1.08645t-01 -6.64759E-05 -2.36796E-05
3.050 -5.L33502-01 2.52419E-0Z 9.8388E-02 -5.81649E-05 -2.144612-05
3.100 -5.76282E-01 2.3146E-02 8.94674E-02 -5.43659E-05 -1.95362E-05
3.150 -6.39071E-01 2.565011-02 8.17819t-02 -5.34916E-05 -1.79557E-05
3.200 -6.99450E-01 2.93999E-02 7.52596E-02 -5.34332E-05 -1.668882-05
3.250 -7.55467E-01 2.97664E-02 6.99159E-02 -5.306052-05 -1.56949E-05
3.300 -8.062812E-01 2.44798E-02' 6.57925E-02 -5.29246E-05 -1.49224E-05
3.350 -8.52103E-01 1.53786E-02 6.28620E-02 -5.46354E-05 -1.43275E-05
3.400 -8.93362E-01 6.93916E-03 6.09719E-02 -5.94034E-05 -1.38858E-05
3.450 -9.29756E-01 2.783&8E-03 5.9872S2-02 -6.68710E-05 -1.35874E-05
3-500 -9.59959E-01 2.919832-03 5.93095E-02 -7.51293E-05 -1.34206E-05
3.550 -9.822?qE-01 3.84147E-03 5.91047E-02 -8.19056E-05 -1.33574E-05
3.600 -9.95424E-01 1.36749E-03 5.91719E-02 -8.60086E-05 -1.33521E-05
3.650 -9.99645E-01 -6.04392E-03 5.944802-02 -8.79305E-05 -1.33551E-05
3.700 -9.95971E-01 -1.60888E-02 5.98032E-02 -8.91576E-05 -1.33293E-05
3.750 -9.85533E-01 -2.44215E-02 6.00017E-02 -9.07347E-05 -1.32561E-05
3.800 -9.68661E-01 -2.80119E-02 5.97457E-02 -9.21940E-05 -1.31269E-05
3.850 -9.44728E-01 -2.74179E-02 5.87700E-02 -9.16708E-05 -1.29248E-05
3.903 -9.12917E-01 -2.62274E-02 5.69147E-02 -8.71203E-05 -1.26123E-05
3.950 -8.73186E-01 -2.81575E-02 5.41199E-02 -7.76984E-05 -1.21345E-05
4.000 -8.26721E-01 -3A1114E-02 5.034982-02 -6.4254G2-05 -1.14339E-05
4.050 -7.7549&E-01 -4.148372-02 4.55086E-02 -4.856382-05 -1.04684E-05
4.100 -7.212822-01 -4.620982-02 3.941772-02 -3.19055E-05 -9.21562E-06
4.150 -6.648842-01 -4.59161E-02 3.IS7372-02 -1.40661E-05 -7.66386E-06
4.200 -6.06209E-01 -4.169892-02 2.27422E-02 6.457612-06 -5.79633E-06
4.250 -5.450782-01 -3.717932-G2 1.20155E-02 3.12263E-05 -3.58315E-06
4.300 -4.82147E-01 -3.56231E-02 -2.107782-04 6.05468E-05 -9.884722-07
4.350 -4.191712-01 -3.74L40E-02 -1.3a2252-02 9.30912E-05 2.01181E-06
4.408 -3.58405E-01 -3.977442-02 -2.87641E-02 1.26736E-04 5.41491E-06
4.450 -3.01601E-3 -3.90747E-02 -4.534692-02 1.59975E-04 9.189852-06
4.500 -2.49383E-01 -3.36132E-02 -6.26830E-02 1.92827E-04 1.32906E-05
4.550 -2.0148SE-01 -2.495472-C2 -8.15974E-02 2.265412-04 1.76733E-05
4.600 -1.57665E-01 -1.671242-G2 -1.01590E-01 2.62350E-04 2.23044E-05
4.650 -1.18502E-01 -1.16657E-02 -1.223782-01 3.00215E-04 2.71532E-05
4.70a -8.55134E-02 -9.74674E-03 -1.43688E-01 3.38554E-04 3.21774E-05
4.750 -6.04256E-02 -8.17336E-03 -1.65325E-01 3.75139E-04 3.73127E-05
4.800 -4.420032-02 -3.74349E-03 -1.87169E-l 4.08481E-04 4.24773E-05
4.850 -3.65832E-02 4.60109E-03 -2.090982-01 4.38648E-04 4.75890E-05
4.903 -3.65191E-02 1.493022-02 -2.30915E-01 4.66875E-04 5.258252-05
4.950 -4.31008E-02 2.38174E-02 -2.52325E-01 4.94308E-04 5.74147E-05
5.000 -5.62958E-02 2.89577E-02 -2.72990E-01 5,208192-04 6.20554E-05
5.050 -7.687532-02 3.08521E-02 -2.926272-01 5.44841E-04 6.64712E-05
5.100 -1.05606E-01 3.22757E-02 -3.110582-01 5.64322E-04 7.06159E-05
5.150 -1.42349E-01 3 .5Q9 50 E-0 2 -3.23192E-01 5.78072E-04 7.44364E-05
5.200 -1.85794E-01 4.25513E-02 -3.439452-01 5.864822-04 7.78878E-05
5.250 -2.34027E-01 4.983C42-02 -3.58168E-01 5.91057E-04 8.09465E-05
5.300 -2.855042-31 5.4710CE-02 -3.70644E-01 5.93145E-04 8.361042-05
.350 -3.396572-31 5.545492-02 -3,81150E-01 5.92841E-04 8.58851E-05

5.4G0 -3.966662-01 5.29a38E-02 -3.895462-01 5.88913E-04 8.77668E-05
5.450 -4.56593E-01 5.00530E-02 -3.95814E-01 5.79792E-04 8.92356E-05
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RUN NO 2 PAGE NO 7

TIME P- 6 P- 7 P- 8 P- 9 P-10

2.750 -1.65068E-05 2.70626E 00 3.23182E-01 -6.51024E 00 3.65834E 00
2.800 -1.86341E-05 3.54785E 00 2.57672E-01 -5.98050E 00 4.60876E 00
2.850 -2.24224E-05 4.42717E 00 6.00605E-01 -5.47163E 00 5.69262E 00
2.900 -2.58359E-05 5.36023E 00 1.14175E 00 -5.00158E 00 6.82112E 00
2.950 -2.69162E-05 6.38215E 00 1.52089E 00 -4.57511E 00 7.91922E 00
3.000 -2.52656E-05 7.50812E 00 1.50292E 00 -4.18289E 00 8.96996E 00
3.050 -2.23202E-05 8.70863E 00 1.15899E 00 -3.81125E 00 1.00128E 01
3.100 -2.02172E-05 9.91835E 00 8.13333E-01 -3.45496E 00 1.10982E 01
3.150 -2.01416E-05 1.10723E 01 7.94600E-01 -3.12320E 00 1.22341E ol
3.200 -2.14255E-05 1.21418E 01 1.18166E 00 -2.83406E 00 133666E 01
3.250 -2.20845E-05 1.31430E 01 1.73982F 00 -2.60150E 00 1.44083E 01
3.300 -2.03617E-05 1.41111E 01 2.09821E 00 -2.42488E 00 1.52933E 01
3.350 -1.60851E-05 1.50604E 01 2.03378E 00 -2.28889E 00 1.60150E 01
3.400 -1.07993E-05 1.59608E 01 1.64352E 00 -2.17415E 00 1.66194E 01
3.450 -6.58408E-06 1.67491E 01 1.27139E 00 -2.07032E 00 1.71583E 01
3.500 -4.48081E-06 1.73679E 01 1.24405E 00 -1.98157E 00 1.76410E 01
3.550 -3.73670E-06 1.78004E 01 1.61806E 00 -1.92035E 00 1.80207E 01
3.600 -2.43693E-06 1.80763E 01 2.13370E 00 -1.89415E 00 1.82260E 01
3.650 9.76846E-07 1.82437E 01 2.41276E 00 -1.89548E 00 1.82125E 01
3.700 6.47627E-06 1.83274E 01 2.24936E 00 -1.90309E 00 1.79949E 01
3.750 1.24443E-05 1.83073E 01 1.77000E 00 -1.89358E 00 1.76344E 01
3.800 1.68891E-05 1.81332E 01 1.33808E C0 -1.85469E 00 1.71931E 01
3.850 1.89308E-05 1.77640E 01 1.27491E 00 -1.79021E 00 1.66894E 01
3.900 1.94184E-05 1.72028E 01 1.61139E 00 -1.71273E 00 1.60905E 01
3.950 2.02163E-05 1.64989E 01 2.06257E 00 -1.62983E 00 1.53454E 01
4.000 2.27233E-05 1.57167E 01 2.24626E 00 -1.53447E 00 1.44331E 01
4.050 2.67681E-05 1.48935E 01 1.97840E 00 -1.40712E 00 1.33882E 01
4.100 3.07238E-05 1.40198E 01 1.41716E 00 -1.22805E 00 1.22847E O0
4.150 3.27393E-05 1.30571E 01 9.43527E-01 -9.90456E-01 1.11907E 01
4.200 3.21327E-05 1.19787E 01 8.68830E-01 -7.04221E-01 1.01293E 01
4.250 2.98768E-05 1.08032E 01 1.19452E 00 -3.87305E-01 9.07530E 00
4.300 2.78186E-05 9.59355E 00 1.61024E 00 -5.12882E-02 7.98993L 00
4.350 2.72446E-05 8.42207E 00 1.73318E 00 3.07799E-Ol 6.864731 00
4.400 2.78987E-05 7.32887E 00 1.40474E 00 7.06270E-01 5.74187E 00
4.450 2.81996E-05 6.30459E 00 8.15463E-01 1.15963E 00 4.69455E 00
4.500 2.64765E-05 5.31127E 00 3.60318L-01 1.66959E 00 3.78349E 00
4.550 2.22643E-05 4.32505E 00 3.35110E-01 2.22138E 00 3.02303E 00
4.600 1.66669E-05 3.36748E 00 7.08022E-01 2.79350E 00 2.38243E 00
4.650 1.15227E-05 2.50104E 00 1.14358E 00 3.37237E 00 1.82061E 00
4.700 8.02322E-06 1.79193E 00 1.26168E 00 3.96067E 00 1.32666E 00
4.750 5.85035E-06 1.26867E 00 9.32295E-01 4.57269E 00 9.34994E-01
4.800 3.48302E-06 9.08238E-01 3.77734E-01 5.22026E 00 7.03701E-01
4.850 -5.75381E-07 6.60621E-01 2.50662E-03 5.90014E 00 6.73531E-01
4.900 -6.60012E-06 4.92655E-01 8.12748E-02 6.59256E 00 8.39159E-01
4.950 -1.33945E-05 4.17326E-01 5.45976E-01 7.27222E 00 1.15452E 00
5.000 -1.91657E-05 4.85690E-01 1.03739E 00 7.92321E 00 1.56736E 00
5.050 -2.28451E-05 7.47514E-01 1.18220E 00 8.54639E 00 2.05606E 00
5.100 -2.48378E-05 1.21101E 00 8.81886E-01 9.15360E 00 2.64033E 00
5.150 -2.66381E-05 1.83283E 00 3.89615E-01 9.75314E 00 3.35852E 00
5.200 -2.96194E-05 2.54628F 00 1.14942E-01 1.03380E 01 4.22947E 00
5.250 -3.39349E-05 3.30599E 00 3.06644E-01 1.08861E 01 5.22876E 00
5.300 -3.83680E-05 4.11478E 00 8.59015E-O 1.13721E 01 6.29729E 00
5.350 -4.12372E-05 5.01187E 00 1.39207E 00 1.17821E 01 7.37513E 00
5.400 -4.16492E-05 6.03167E 00 1.54434E 00 1.21226E 01 8.43440E 00
5.450 -4.01415E-05 7.16520E 00 1.25199E 00 1.24077E 01 9.48626E 00
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RUN NO 2 PAGE NO 8

TIME P-11 P-12 P-13 P-14 P-15

2.750 -2.50889E-01 -7.74337E 00 -4.65802E-03 -6.28875E-03
2.800 -5.31230E-01 -7.02101E 00 -4.20985E-03 -5.70894E-03
2.850 -1.21528E 00 -6.32700E 00 -3.79110E-03 -5.17200E-03
2.900 -1.77847E 00 -5.66059E 00 -3.40301E-03 -4.68396E-03
2.950 -1.79756E 00 -5.04179E 00 -3.04950E-03 -4.24448E-03
3.000 -1.27515E 00 -4.49914E 00 -2.73622E-03 -3.84976E-03
3.050 -6.31261E-01 -4.05019E 00 -2.46732E-03 -3.49720E-03
3.100 -3.73358E-01 -3.68974E 00 -2.24248E-03 -3.18827E-03
3.150 -7.04001E-01 -3.39481E 00 -2.05649E-03 -2.92734E-03
3.200 -1.36924E 00 -3.14227E 00 -1.90189E-03 -2.71754E-03
3.250 -1.86095E 00 -2.92518E 00 -1.77284E-03 -2.55689E-03
3.300 -1.81184E 00 -2.75558E 00 -1.66729E-03 -2.43779E-03
3.350 -1.27590E 00 -2.65159E 00 -1.58608E-03 -2.35014E-03
3.400 -6.80082E-01 -2.61922E 00 -1.52976E-03 -2.28592E-03
3.450 -4.89744E-01 -2.64301E 00 -1.49573E-03 -2.24153E-03
3.500 -8.49757E-01 -2.69257E 00 -1.47788E-03 -2.21641E-03
3.550 -1.47810E 00 -2.73989E 00 -1.46915E-03 -2.20899E-03
3.600 -1.88966E 00 -2.77411E 00 -1.46490E-03 -2.21332E-03
3.650 -1.77267E 00 -2.80241E 00 -1.46455E-03 -2.21895E-03
3.700 -1.22563E 00 -2.853685E 00 -1.47013E-03 -2.21421E-03
3.750 -6.74745E-01 -2.87765E 00 -1.48275E-03 -2.19029E-03
3.800 -5.40771E-01 -2.90581E 00 -1.49960E-03 -2.14320E-03
3.850 -9.15661E-01 -2.89092E 00 -1.51375E-03 -2.07201E-03
3.900 -1.49756E 00 -2.80796E 00 -1.51674E-03 -1.97499E-03
3 950 -1.82961E 00 -2.65014E 00 -1.50197E-03 -1.84665E-03
4.000 -1.65382E 00 -2.42817E 00 -1.46638E-03 -1.67798E-03
4.050 -1.10590E 00 -2.15678E 00 -1.40902E-03 -1.45984E-03
4.100 -6.04257E-01 -1.83922E 00 -1.32786E-03 -1.18676E-03
4.150 -5.23767E-01 -1.46171E 00 -1.21741E-03 -8.58429E-04
4.200 -9.08857E-01 -1.00197E 00 -1.06906E-03 -4.77839E-04
4.250 -1.44551E 00 -4.45178E-01 -8.74153E-04 -4.75020E-05
4.300 -1.70900E 00 2.05116E-01 -6.27660E-04 4.33104E-04
4.350 -1.49208E 00 9.29328E-01 -3.29678E-04 9.66980E-04
4.400 -9.60143E-01 1.70546E 00 1.60864E-05 1.55633E-03
4.450 -5.17627E-01 2.52336E 00 4.05640E-04 2.19913E-03
4.500 -4.93423E-01 3.38872E 00 8.37182E-04 2.88817E-03
4.550 -8.90249E-01 4.31394E 00 1.31082E-03 3.61328E-03
4.600 -1.38892E 00 5.30323E 00 1.82577E-03 4.36510E-03
4.650 -1.59933E 00 6.34345E 00 2.37733E-03 5.13741E-03
4.700 -1.36098E 00 7.40780E 00 2.95608E-03 5.92655E-03
4.750 -8.61534E-01 8.46934E 00 3.55006E-03 6.72826E-03
4.800 -4.86329E-01 9.51386E 00 4.14857E-03 7.53482E-03
4.850 -5.19326E-01 1.05424E 01 4.74474E-03 8.33457E-03
4.900 -9.27705E-01 1.15619E 01 5.33522E-03 9.11440E-03
4.950 -1.39336E 00 1.25711E 01 5.91736E-03 9.86334E-03
5.000 -1.56215E 00 1.35535E 01 6.48626E-03 1.05745E-02
5.050 -1.31564E 00 1.44815E 01 7.03398E-03 1.12444E-02
5.100 -8.56789E-01 1.53303E 01 7.55171E-03 1.18695E-02
5.150 -5.47970E-01 1.60885E 01 8.03311E-03 1.24441E-02
5.200 -6.30413E-01 1.67601E 01 8.47625E-03 1.29594E-02
5.250 -1.04217E 00 1.73542E 01 8.88273E-03 1.34069E-02
5.300 -1.47176E 00 1.78724E 01' 9.25430E-03 1.37805E-02
5.350 -1.60132E 00 1.83034E 01 9.58980E-03 1.40788E-02
5.400 -1.34949E 00 1.86275E 01 9.88445E-03 1.43035E-02
5.450 -9.28203E-01 1.88297E 01 1.01320E-02 1.44565E-02
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RUN NO 2 PAGE NO 9

TIME VX VY VZ OMEGAX OMEGAY OMEGAZ
SEC IN/SEC IN/SEC IN/SEC RAD/SEC RAD/SEC RAD/SEC

5.500 0. 0. 0. 4.9681E-01 -1.5010E-04 5.8277E-06
5.550 0. 0. 0. 4.9644E-01 -1.5282E-04 6.2654E-06
5.600 0. 0. 0. 4.9604E-01 -1.5713E-04 5.4338F-06
5.650 0. 0. 0. 4.9564E-01 -1.6093E-04 4.0444E-06
5.700 0. 0. 0. 4.9529E-01 -1.6121E-04 3.3920E-06
5.750 0. 0. 0. 4.9500E-0l -1.5627E-04 4.2157E-06
5.800 0. 0. 0. 4.9476E-01 -1.4703E-04 5.9234E-06
5.850 0. 0. 0. 4.9455E-0L -1.3639E-04 6.9664E-06
5.900 0. 0. 0. 4.9434E-01 -1.2702E-04 6.t451E-06
5.950 0. 0. 0. 4.9414E-01 -1.1947E-04 3.7262E-06
6.000 0. 0. 0. 4.9398E-01 -1.1180E-04 1.3299E-06
6.050 0. 0. 0. 4.9389E-01 -1.0124E-04 6.0093E-07
6.100 0. 0. 0. 4.9388E-01 -8.6407E -05 1.7900E-06
6.150 0. 0. 0. 4.9395E-01 -6.8544E-05 3.5037E-06
6.200 0. 0. 0. 4.9405E-01 -5.0757E-05 3.8785E-06
6.250 0. 0. 0. 4.9417E-01 -3.5801E-05 2.1757E-06
6.300 0. 0. 0. 4.9429E-01 -2.4156E-05 -5.8836E-07
6.350 0. 0. 0. 4.94461-01 -1.3856E-05 -2.5137E-06
6.400 0. 0. 0. 4.9469E-01 -2.173tE-06 -2.413,E-06
6.450 0. 0. 0. 4.9499E-01 1.2075E-05 -7.4753E-07
6.500 0. 0. 0. 4.95340-01 2.7,47E-05 8.,021t-07
6.550 0. 0. 0. 4.9571E-01 4.C8271-05 l.C425E-06
6.600 0. 0. 0. 4.9606c-01 4.96541-05 -2.2450t-07
6.650 0. 0. 0. 4.9639E-01 5.3776E-05 -L.7422:-36
6.700 0. 0. 0. 4.9673E-01 5.5426E-05 -2.2014E-06
6.750 0. 0. 0. 4.9110E-01 5.734iE-05 -1.24 JE-06
6.800 0. 0. 0. 4.9750E-01 6.17L-9 3.7017E-07
6.850 0. 0. 0. 4.9790E-01 6.423SE-05 1.5838-06
6.900 0. 0. 0. 4.9 27E-01 6.4735E-C5 1.8927E-06
6.950 0. 0. 0. 4.9859E-01 6.0182E-05 1.6335E-06
7.000 0. 0. 0. 4.9865E-01 5.2tl7vE-05 1.507"t-06
7.050 0. 0. 0. 4.9907E-01 3.934-E-05 1.9213E-06
7.100 0. 0. 0. 4.9429E-01 2. t464E-35 2.7455E-06
7.150 0. 0. 0. 4.9950E-01 1.Q335L-05 3.573C0E-06
7.200 0. 0. 0. 4.9968E-01 1.C567E-05 4.1636E-06
7.250 0. 0. 0. 4.9780E-01 -4.-592L-07 4.5335f-06
7.300 0. 0. 0. 4.9q84E-01 -1.5S55E-05 4.84010-06
7.350 0. 0. 0. 4.9981E-01 -3.39s:E-05 5.1445t-06
7.400 0. 0. 0. 4.9972E-01 -5.3053E-05 5.4002E-06
7.450 0. 0. 0. 4.9962E-01 -6.9S47E-05 5.5861E-06
7.500 0. 0. 0. 4.9)51E-01 -3.3643E-05 5.7690E-06
7.550 0. 0. 0. 4.9936E-01 -9.5537E-1-05 5.9995E-06
7.600 0. 0. 0. 4.9916E-01 -1.0815E-34 6.1811E-06
7.650 0. 0. 0. 4.9889E-01 -1.2299E-04 6.1327E-06
7.700 0. 0. 0. 4.9856E-01 -1.3925E-04 5.8069E-06
7.T50 0. 0. 0. 4.9821E-01 -1.54ZE-04 5.4168E-06
7.800 0. 0. 0. 4.9786t-01 -1.6531E-04 5.2579E-06
7.850 0. 0. 0. 4.9753E-01 -1.7168E-04 5.3535t-06
7.900 0. 0. 0. 4.972-IE-01 -I.1495E-04 5.30961-06
7.950 0. 0. 0. 4.9684E-01 -1.7773E-C 4.6133E-C6
8.000 0. 0. 0. 4.9646E-31 -1.815tE-04 3.1972E-06
8.050 0. 0. 0. 4.9605E-01 -I.E56'E-Cq 1.5066E-06
8.100 0. 0. 0. 4.956S0-Z1 -1.0 7E-3 0.5426c-07
8.150 0. 0. 0. 4.9535E-01 -l.e'.-zE-04 6.3524E-01
B.200 0. 0. 0. 4.9508E-01 -1.7671kE-04 9.3192t-07



RUN NO 2 PAGE NO 10

TIME P-i. P- 2 P- 3 P- 4 P- 5

5.500 -5.18566E-01 4.90458E-02 -4.00017E-01 5.64863E-04 9.02627E-05
5.550 -5.80714E-01 5.01192E-02 -4.02222E-01 5.45070E-04 9.08267E-05
5.600 -6.40841E-01 5.11380E-02 -4.02430E-01 5.22366E-04 9.09262E-05
5.650 -6.97390E-01 4.94006E-02 -4.00590E-01 4.98442E-04 9.05771E-05
5.700 -7.49905E-01 4.37679E-02 -3.96666E-01 4.73702E-04 8.98004E-05
5.750 -7.98642E-01 3.55341E-02 -3.90718E-01 4.47269E-04 8.86073E-05
5.800 -8.43668E-01 2.73958E-02 -3.82920E-01 4.17999E-04 8.69971E-05
5.850 -8.84159E-01 2.13728E-02 -3.73512E-01 3.85710E-04 8.49681E-05
5.900 -9.18477E-01 1.73225E-02 -3.62712E-01 3.51674E-04 8.25344E-05
5.950 -9.44957E-01 1.31827E-02 -3.50666E-01 3.18006E-04 7.97355E-05
6.000 -9.62798E-01 6.70409E-03 -3.37468E-01 2.86396E-04 7.66314E-05
6.050 -9.72354E-01 -2.71609E-03 -3.23228E-01 2.57180E-04 7.32868E-05
6.100 -9.74605E-0 -I.35270E-02 -3.08147E-01 2.29428E-04 6.97570E-05
6.150 -9.70232E-01 -2.31982E-02 -2.92514E-01 2.01988E-04 6.60862E-05
6.200 -9.59035E-01 -3.01162E-02 -2.76649E-01 1.74662E-04 6.23169E-05
6.250 -9.40148E-01 -3.47096E-02 -2.60814E-01 1.48617E-04 5.85042E-05
6.300 -9.12885E-01 -3.89574E-02 -2.45174E-01 1.25710E-04 5.47198E-05
6.350 -8.77534E-01 -4.47120E-02 -2.29832E-01 1.07262E-04 5.10427E-05
6.400 -8.35474E-01 -5.21782E-02 -2.14899E-01 9.32027E-05 4.75413E-65
6.450 -7.88512E-01 -5.97249E-02 -2.00554E-01 8.22552E-05 4.42607E-05
6.500 -7.37971E-01 -6.51333E-02 -1.87032E-01 7.30030E-05 4.12230E-05
6.550 -6.84231E-01 -6.72687E-02 -1.74559E-01 6.50165E-05 3.84399E-05
6.600 -6.27083E-01 -6.68642E-02 -1.63272E-01 5.91768E-05 3.59268E-05
6.650 -5.66599E-01 -6.584C8E-02 -1.53192E-01 5.69515E-05 3.37064E-05
6.700 -5.03814E-01 -6.574,3E-02 -1.44276E-01 5.9183LE-05 3.17998E-05
6.750 -4.40673E-0I -6.652G9E-02 -1.36491E-01 6.53228E-05 3.02120E-05
6.800 -3.79271E-01 -6.66353E-02 -1.24863E-01 7.36955E-05 2.89238E-05
6.850 -3.20985E-01 -6.42889E-02 -1.24460E-01 8.25882E-05 2.78981E-05
6.900 -2.66160E-01 -5.88566E-02 -1.20319E-01 9.13253E-05 2.70953E-05
6.950 -2.14594E-01 -5.13540E-02 -1.17377E-01 1.00509E-04 2.64880E-05
7.000 -1.66413E-01 -4.36317E-C2 -1.1546aE-01 1.11Z46E-04 2.6063!E-05
7.050 -1.22637E-01 -3.-6641E-C2 -1.14379E-01 1.23968E-04 2.58115E-05
7.100 -8.49770E-32 -3.11524E-C2 -1.13931E-01 1.37758E-04 2.57135E-05
7.150 -5,.50144E-02 -2.48162E-02 -. O14015E-01 1.50694E-04 2.57330E-05
7.200 -3.34154E-02 -1.66G10E-02 -1.14565E-01 1.60968E-04 2.58236E-05
7.250 -1.97815E-02 -6.32552E-03 -1.15480E-01 1.67900E-04 2.59439E-05
7.300 -1.32523E-02 4.3217iE-03 -1.16574E-01 1.72100E-04 2.60674E-05
7.350 -1.33737E-02 1.51522E-02 -1.1753"E-01 1.74652E-04 2.61812E-05
7.400 -2.05406E-02 2.36951E-CZ -1.18221E-01 1.75968E-04 2.62718E-05
7.450 -3.56666E-02 3.08C43E-C2 -I.18282E-01 1.75197E-04 2.63116E-05
7.500 -5.93447E-02 3.771C4E-02 -1.17637E-01 1.70650E-04 2.62540E-05
7.550 -9.11671E-02 4.54122E-02 -1.16208E-01 1.60911E-04 Z.60428E-05
7.600 -1.29745E-01 5.38028E-02 -1.13891E-31 1.45777E-04 2.56273E-05
7.650 -1.73413E-01 6.17CO7E-02 -1.10516E-01 1.26322E-34 2.49725E-05
7.700 -2.21062E-01 6.77224E-02 -1.05864E-01 1.04031E-04 Z.40557E-05
7.750 -2.72461E-01 7.12819E-02 -9.97410E-02 7.96884a-05 2.28551E-05
7.800 -3.27806E-01 7.29322E-02 -9.20459E-02 5.2859CE-05 2.13381E-05
7.850 -3.86892E-01 7.38163E-02 -6.27791E-02 2.23691E-35 1.94623E-05
7.900 -4.48550E-01 7.46990E-02 -7.19922E-02 -1.26064E-05 1.71872E-05
7.950 -5.10826E-01 7.53562E-02 -5.97172E-02 -5.16853E-05 1.44905E-05
8.000 -5.71153E-01 7.47819E-02 -4-59323E-02 -9.33116E-05 1.13755E-05
8.050 -6.30122E-31 7.20105E-02 -3.05925E-02 -1.35653E-04 T.86600E-06
8.100 -6.85660E-01 6.68813E-02 -1.36997E-02 -1.77672E-04 3.99204E-06
S.150 -7.38483E-01 6.01488E-02 4.64317E-03 -2.19558E-04 -2.20674E-07
8.200 -7.88278E--0 5.28883E-02 2.42380E-02 -2.62194E-04 -4.75060E-06
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RUN NO 2 PAGE NO 11

TIME P- 6 P- 7 P- 8 P- 9 P-10

5.500 -3.82307E-05 8.35416E 00 7.980588-01 1.26498E 01 1.05575E 01
5.550 -3.72268E-05 9.52252E 00 5.93043E-01 1.28454E 01 1.16556E 01
5.600 -3.72278E-05 1.06215E 01 8.56250E-01 1.29776E 01 1.27494E 01
5.650 -3.70615E-05 -1.16535E 01 1.44456E 00 1.30284E 01 1.37797E 01
5.700 -3.52057E-05 1.26560E 01 1.96164E 00 1.29933E 01 1.46924E 01
5.750 -3.09725E-05 1.36594E 01 2.06351E 00 1.28858E 01 1.54664E 01
5.800 -2.50493E-05 1.46497E 01 1.72416E 00 1.27286E 01 1.61182E 01
5.850 -1.b9909E-05 1.55672E 01 1.25523E 00 1.25386L 01 1.66774E 01
5.900 -1.40639E-05 1.63409E 01 1.06423E 00 1.23166E 01 1.71552E 01
5.950 -1.03321E-05 1.69330E 01 1.33825E 00 1.20494E 01 1.75288E 01
6.000 -6.67851E-06 I.73589E 01 1.89312E 00 1.17241E 01 1.77536E 01
6.050 -1.73222E-06 1.76676E 01, 2.33629E 00 1.13412L 01 1.77933E 01
6.100 5.01738E-06 1.78975E 01 2.33196E 00 1.09182E O 1.76455E Or
6.150 1.27736E-05 1.80420E 01 1.89928E 00 1.04797E 01 1.73415E 01
6.200 1.99857E-05 1.80518E 01 1.37640E 00 1.00425E 01 1.69234E 01
6.250 2.546928-05 1.71718E 01 1.16357E 00 9.60603E 00 1.64146E ol
6.300 2.92325E-05 1.74846E 01 1.41315L 00 9.157121 00 1.58075E 01
6.350 3.23848E-05 1.69264E 01 1.911688 00 8.68374E 00 1.50765E 01
6.400 3.62084E-05 1.62629E 01 2.24556E 00 8.138408 00 1.42061E 01
6.450 4.11138E-05 1.55447E 01 2.12191E 00 7.69012E 00 1.32117E 01
6.500 4.62777E-05 1.47751E 01 1.59596E 00 7.21358E 00 1.21381E 01
6.550 5.02313E-05 1.39168E 01 1.02887E 00 6.77386E 00 1.10366E 01
6.600 5.19405E-05 1.29307E 01 8.09482E-01 6.36853E 00 9.93845E 60
6.650 5.15489E-05 1.18179E 01 1.04969E 00 5.93313E 00 8.845468 00
6.700 5.02226E-05 1.06306E 01 1.50651E 00 5.60579E 00 7.74302E 00
6.750 4.92266E-05 9.44519E 00 1.76381E 00 5.239548 00 6.62576E 00
6.800 4.89475E-05 8.31628E 03 1.56013E 00 4.90269E 00 5.51541E 00
6.850 4.86069E-05 7.24865E CO 9.90996E-01 4,61680E 00 4.45740E '0
6.900 4.687608-05 6.207488 00 4.35582E-01 4.39159E O0 3.49915E 00
6.950 4.29129E-05 5.15932E 00 2.635561-C1 4.219358 00 2.66672E 00
7.000 3.702578-05 4.11156E GO 5.49697E-Cl 4.376i28 00 1.957378 O0
7.050 3.04615E-05 3.11958E 00 1.01

7 32
c 00 3.45043E 00 1.35290E 00

7.100 2.44925E-05 2.256018 00 1.25403E 00 3.R3775E 00 8.43018E-31
7.150 .1.950208-05 1.56567E 00 1.03226E O0 3.75153E 00 4.4C647E-31
7.200 1.47660E-05 1.04096E 00 4.85365t-01 3.70600E 00 1.77664E-01
7.250 9.08835E-36 6.36579E-Cl 6.37675E-03 3.70244E 00 8.48251E-02
7.300 1.79212E-06 3.119538-Cl -6.03276E-02 3.72429E 00 1.71337E-01
7.350 -6.69022E-06 6.A2884E-C2 3.18552E-01 3.74570 0-0 4.19428E-01
7.400 -1.50756E-05 -4.84684E-C2 8.38339E-01 3.74705E 00 7.97558E-01
7.450 -2.21315E-05 1.89292E-C2 1.09385E 00 3.72545E 00 1.28179t 00
7.500 -2.75277E-05 2.951128-01 8.93532E-01 3.69231t 00 1.86910E 30
7.550 -3.19924E-05 7.519278-01 4.07136E-01 3.65990k 00 2.57285E 00
7.600 -3.66632E-05 1.32707E 00 3.30386L-02 3.62761E O 3.40462E 00
7.650 -4.21377E-05 1.967878 00 8.868258-02 3.57852E 03 4.35634E D0
7.700 -4.795108-05 2.66546E GO 5.64511E-01 3.48902E 00 5.39650E 00
7.750 -5.28747E-05 3.45358E 00 1.131826 00 3.34403t 00 6.48284E 00
7.800 -5.58000E-05 4.37297E 00 1.39770E O0 3.14597b 00 7.58185E CO
7.850 -5.65303E-05 5.42918E 00 1.20872E 00 2.91053E O0 8.68043F 00
7.900 -5.58795E-05 6.57674E 00 7.68127E-01 2.65291F GO 9.78148E 00
7.950 -5.50115E-05 7.74198E 00 4.76229E-01 2.374308 00 1.08874E 01
8.000 -5.45315E-05 8.866908 00 6.18758E-01 2.C6C43E 00 1.19844E O
8.050 -5.40241E-05 9.94030E CO 1.14519t 00 1.olll9E 03 1.30397E 01
8.100 -5.23847E-05 1.09923E O 1.70794E 00 1.25891E 00 1.40131E 01
8.150 -4.86834E-C5 1.20570E 01 1.93193E 00 7.69023t-01 1.48749E 01
8.200 -4.28990E-05 1.31321E 01 1.70393E 00 2.41496E-01 1.56157E 01
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RUN NO 2 PAGE NO 12

TIME P-11 P-12 P-13 P-14 P-15

5.500 -6.74352E-01 1.89089E 01 1.03281E-02 1.45375E-02
5.550 -7.89643E-01 1.88784E 01 1.04720E-02 1.45439E-02
5.600 -1.18947E 00 1.87557E 01 1.05659E-02 1.44735E-02
5.650 -1.57368E 00 1.85509E 01 1.06114E-02 1.43268E-02
5.700 -1.66013E 00 1.82620E O 1.06076E-02 1.41086E-02
5.750 -1.39933E 00 1.78806E 01 1.05501E-02 1.38262E-O2
5.800 -1.0067CE 00 1.74028E 01 1.04345E-02 1.34870E-02
5.850 -7.92243E-01 1.68381E 01 1.02593E-02 1.30962E-02
5.900 -9.22055E-01 1.62076E 01 1.00278E-02 1.26570E-02
5.950 -1.29511E 00 1.55352E 01 9.74708E-03 1.21728E-02
6.000 -1.62626E 00 1.48358E 01 9.42452E-03 1.16497E-02
6.050 -1.66761E 00 1.41128E 01 9.06555E-03 1.10971E-02
6.100 -1.39618E 00 1.33628E 01 8.67326E-03 1.05266E-02
6.150 -1.02607E 00 1.25870E 01 8.25079E-03 9.94854E-03
6.200 -8.39973E-01 1.17976E 01 7.80426E-03 9.3709CE-03
6.250 -9.72684E-01 1.10164E 01 7.34385E-03 8.79897E-03
6.300 -1.31232E 00 1.02653E 01 6.88196E-03 8.23752E-03
6.350 -1.59138E 00 9.55686E 00 6.42973E-03 7,69293E-03
6.400 -1.59378E 00 8.89153E 00 5.99434E-03 7.17364E-03
6.450 --1.31768E 00 8.26381E 00 5.57891E-03 6.68859E-03
6.500 -9.71755E-01 7.67181E 00 5.18495E-03 6.24471E-03
6.550 -8.11759E-01 7.12334E 00 4.81530E-03 5.84533E-03
6.600 -9.45628E-01 6.63365E 00 4.47518E-03 5.49060E-03
6.650 -1.25554E 00 6.21668E 00 4.17053E-03 5.17952E-03
6.700 -1.49308E 00 5.87669E 00 3.90493E-03 4.91199E-03
6.750 -1.47080E 00 5.60636E 00 3.67751E-03 4.68931E-03
6.800 -1.20277E 00 5.39287E 00 3.48359E-03 4.51280E-03
6.850 -8.88910E-01 5.22692E 00 3.31765E-03 4.38167E-03
6.900 -7.59155E-01 5.10792E 00 3.17649E-03 4.29180E-03
6.950 -8.99025E-01 5.04156E 00 3.06027E-03 4.23647E-03
7.000 -1.18889E 00 5.03169E 00 2.97084E-03 4.20841E-03
7.050 -1.39983E 00 5.07299E 00 2.90863E-03 4.20174E-03
7.100 -1.36939E 00 5.14990E 00 2.87070E-03 4.21245E-03
7.150 -1.12258E 00 5.24274E 00 2.85143E-03 4.23706E-03
7.200 -8.48130E-01 5.33605E 00 2.84528E-03 4.27069E-03
7.250 -7.51961E-01 5.42324E 00 2.84949E-03 4.30608E-03
7.300 -9.01597E-01 5.50402E 00 2.86459E-03 4.33426E-03
7.350 -1.17899E 00 5.57701E 00 2.89213E-03 4.34655E-03
7.400 -1.37428E 00 5.63339E 00 2.93148E-03 4.33623E-03
7.450 -1.34612E 00 5.65633E 00 2.97790E-03 4.29882E-03
7.500 -1.12609E 00 5.62694E 00 3.02340E-03 4.23085E-03
7.550 -8.90298E-01 5.53184E 00 3.05968E-03 4.12803E-03
7.600 -8.23144E-01 5.36717E 00 3.08078E-03 3.98443E-03
7.650 -9.78526E-01 5.13583E 00 3.08358E-03 3.79322E-03
7.700 -1.24271E 00 4.84067T 00 3.06576E-03 3.54851E-03
7.750 -1.42391E 00 4.47866E 00 3.02306E-03 3.24689E-03
7.800 -1.39800E 00 4.04057E 00 2.94796E-03 2.88763E-03
7.850 -1.19957E 00 3.51637E 00 2.83118E-03 2.47151E-03
7.900 -9.91701E-01 2.90199E 00 2.66484E-03 1.99917E-03
7.950 -9.40382E-01 2.20251E 00 2.44520E-03 1.47044E-03
8.000 -1.09006E 00 1.42942E 00 2.17290E-03 8.84958E-04
8.050 -1.33338E 00 5.94131E-01 1.85086E-03 2.43809E-04
8.100 -1.4q513E 00 -2.97395E-01 1.48134E-03 -4.49212E-04
8.150 -1.46469E 00 -1.24487E 00 1.06473E-03 -1.18759E-03
8.200 -1.27691E 00 -2.24889E 00 6.00734E-04 -1.96336E-03
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RUN NO 2 PAGE NO 13

TIME YX vY VZ OMEGAX OMEGAY OMEGAZ
SEC IN/SEC I1/SEC IP/SEC RAD/SEC RAO/SEC RAO/SEC

8.250 0. 0. 0. 4.9485E-01 -1.658GE-04 4.4015E-07
8.300 0. 0. 0. 4.9463E-01 -1.5470E-04 -1.4555E-06
8.350 0. 0. 0. 4.9142E-01 -1.4500-04 -4.2147E-06
8.400 0. 0. 0. 4.9423E-O -1.3594E-04 -6.4589E-06
8.450 0. 0. 0. 4.9409E-01 -I.2512E-04 -7.0924E-06
8.500 0. 0. 0. 4.9403E-01 -1.1052E-04 -6.2803E-06
8.550 0. 0. 0. 4.9494E-01 -9.2231E-05 -5.38430-06
8.600 0. 0. 0. 4.94IE-01 -7.2571E-05 -5.84190-06
8.650 0. 0. 0. 4.9e200-01 -5.44710-05 -7.9241E-06
8.700 0. 0. 0. 4.9431E-01 -3.9414E-05 -1.04550-05
8.750 0. 0. 0. 4.94450-01 -2.6501E-05 -1.1760E-05
8.800 0. 0. 0. 4.9463E-01 -1.3366E-05 -1.1045E-05
8.850 0. 0. 0. 4.94880-01 1.7758E-06 -9.0254E-06
8.900 0. 0. 0. 1.9519E-O 1.8553E-05 -7.29830-06
3.950 0. 0. 0. 4.9553E-01 3.4553E-05 -7.0112E-06
9.000 0. 0. 0. 4.95888-01 4.70290-05 -7.97520-06
9.050 0. 0. 0. 4.9620E-01 5.4864E-05 -8.9241-06
9.100 ". 0. 0. 4.96530-03 5.9289E-05 -8-6268E-06
9.151 q. 0. 0. 4.95871-01 6.2756E-05 -6.8579E-06
9.20D -. 0. 0. 4.9724E-01 6.6964E-05 -4.4666E-06
9.250 . 0. 0. 4.9763E-01 7.14671-05 -2.5804E-06
9.300 0. 0. 0. 4.9800E-01 7.3997E-05 -1.7104E-06
9.353 0. 0. 0. 4-9833-31 7.2205E-05 -1.4893E-06
9.43' C. 0. 3. 4.9361E-01 6.5464E-e5 -1.l466E-06
9.459 C. 0. 0. 4.98850-01 5.53450-35 -2.0204E-07
9.80 3. a. a. 4.9lG6E-01 4.4433E-05 1.2291E-06
9.55C 3. 0. 0. 4.93270-01 3.4413E-05 2-6735E-16
9.600 7. 0. 0. 4.99460-01 2.48930-05 3.75350-06
9.650 0. 0. 0. 4.960E-01 1.3854E-35 4.4532t-36
9.700 0. 0. 0. 4.9963E-01 -6.4232E-07 4.956E-C6
9.750 0. 0. 0. 4.936a0-01 -1.8325E-C5 5.4335E-06
9.800 9- 0. 0. 4.3762E-01 -3.8884E-35 5.8932E-0C6
9.853 0. . . 4.9753E-01 -5.6177E-35 6.241r,-C.
9.900 o. 0. 0. 4.9942E-01 -7.5C45E-15 6.433E-36
9.950 0. 0. 0. 4.029E-31 -8.98 3-35 6.526 E-6&
1.O00 or . 0. 0. 4.9911E-01 -I.C442E-04 6.52970-C6
10.050 0. 0. 0. 4.9a8 E-01 -1.2C5cE-04 S.4578L-G6



RUN NO 2 PAGE NO0 14

TIME P- I P- 2 P-3 - 4 p- 5

8.250 -8.33872E-01 4.56968E-02 4.,48526E-02 -3.06084E-01; -9.56965E-06
8-300 -9-73537E-01. 3. 83286E-02 6. 62906E-02 -3.505752-04, -1. 46315E-05
8.350 -9.05795E-01 3.00257E-02 8.841622-02 -3.93963E-04 -1.99691E-05
8.400 -9.300952-0. 2.02439E-02 1.111171E-01 -4.344102-04; -2.52054E-05
8.450 -9-46832-01. 9.1!7976E-03 1. 34239E-01 -4. 70964E-04 -3-05681E-05
6-500 -9.56732E-01. -2.309!.1E-03 1.57542E-01. -5.03897E-04 -3.59036E-05
8.550 -9.600ZOE-01 -1.32928E-02 1.90723E-01 -5.34132E-04 -4. 11692E-05
a.600 -9.56155-0. -2.33751E-02 2.03462E-01 -5.6218B2-04 -4.63Z18E-05
8.650 -9.44216E-01 -3.283702-02 2.25565E-01 -5.87475E-04 -5.13336E-05
8.700 -9.Z3T112-0I -4.22330E-02 2.46876E-01. -6.08474E-04 -5.6L3152-05
a.750 -8.95135E-01 -5.17965E-02_ 2.61235E-01 -6.23669E-04 -6.0661E-05
8.800 -8.598402-01 -6.114262-02 2.865112-01 -6.32513E-04 -6-490002-05
8.850 -a.193262-01 -6.94908E-02 3-04491E-01 -6.35692E-04 -6-88093E-05
8.900 -7.74497E-01 -7.61994E-02 3.20928E-01 -6.34496E-04 -7-238802-05
8.950 -7.254802-01 -,8.11654E-02 3.35613E-01 -6.29190E-04 -7.562852-05
9.000 -6.72120E-01 -8.47759E-02 3.484242-01 -6.7137!2-04 -7.851192-05
9.050 -6.14753E-01 -8.14792E-02 3.59329E-01 -6.082132-04 -8.10077E-05
9.100 -5.54641E-01 -8. 93486E-02 3.683312-01 -5.893962-04 -8-308482-05
9.150 -4.93705E-01 -8.999622-02 3.75406E-01 -5.65017E-04 -8.412402-05
9.200 -4.33766E-01. -8.86961E-02 3.90481E-01 -5.36356E-04 -8.592262-05
9.250 -3.75883E-01 -8.57921E-02 3.83471E-01 -5.052022-04 -8.668802-05
9.300 -3.20297E-01 -8.094592-02 3.84,3452-01 -4.72824E-04 -8.702462-05
9.350 -2.67003E-01. -7.481462-02 3.63172E-31 -4.39395E-04 -8.69273E-05
9.400 -2.164882-031 -6.796802-02 3.801032-01 -4.04 2852-04 -8.633462-05
9. 450 -1.76040E-01 -6.022892-02 3.753132-01 -3. 66992E-04 -8.539212-05
9.500 -1.293672-01l -5.136152-02 3.689402-01 -3.27982E-04 -8.396472-05
9.550 -9-58304E-02 -4.1167S2-02 tS.610732-01 -2.887872-04 -8.21392E-05
9.600 -6.989192--02 -Z.97929E-0Z 3.511972-01 -2.512722-04 -7.996582-05
9.650 -5.11861E-02 -1.776982-02 3.41251E-01. -2.166462-Q4 -7.74946E-05
9.700 -3.916582-02 -5.671402E-03 3.29659E-01 -1.84952E-04 -7.476892-05
9.750 -3.37915E-02 6.229032-03 3.173C62-01 -1.554352-04 -7.182842-05
9.60a -3.57199E2-02 1-80313E-02 3.044682-01 -1.27474E-04- -6.812S42-05
9.850 -4.584372-02 2.995262-G2 2.913562-01 -1.01372E-04 -6-55074E-05
9.9003 -6.455012-02 4.195292-02 2.181192-01 -7.338372-05 -6.226542-05
9-950 -9. 128432-02 5.360562-02 2.64887E-01 -5.996762-05 -5.907092-r05

10.000 -1.24763E-01 6.4i27842-02 2.51527E-01 -4.68337E-05 -5.59S74E-035
10.050 -1.63667E-01 7.353002-02 2.3916?2-01 -3.852542-05 -5.30582E-65



RUN NO 2 PAGE NO 15

TIME P- 6 P- 7 P- 8 P- 9 P-1O

8.250 -3.59660E-05 1.41677E 03 1.25824E 00 -3.06781E-01 1.62429E 01
8.300 -Z.91039E-05 1.50925E Ol 9.9285E-0O -8.73145E-01 1.67647E 01
8.350 -2.29484E-05 1.58570E 01 1.15979E 00 -1.46949E 00 1.71766E 01
8.400 -1.71435E-05 1.64613E 01 1.66994E 00 -Z.11I083E 00 1.74585E 01
8.450 -1.07013E-05 1.69449E 03 2.16289E 00 -2.80104E 00 1.75855E 03
8.500 -2.84568E-06 1.73480E 01 2.28671E 00 -3.52674E 00 1.75432E 03
8.550 6.30796E-06 1.76737E 01 1.96976E 00 -4.26402E 00 1.73374E 01
8.600 1.57531E-05 1.78807E CI 1.47444E 00 -4.99278E 00 1.69894E 01
8.650 2.42c7E-G5 1.79122E Cl 1.1423.7E 00 -5.70755E 00 1.65225E 03
8.700 3.12471E-05 1.77383E 01 1.33969E 00 -6.41654E 00 1.59487E 01
8.750 3.7C5778-05 1.73791E 01 1.79225E 00 -7.12977E 00 1.52657E 03
8.800 -.-76537E-05 1.68911E 01 2.1822E 00 -7.84566E 00 1.44665E 03
8.850 L.e752E-05 1.63267E 01 2.185081 00 -8.546561 00 1.35534E 03
8.903 5.523181-05 I.569928 01 1.77080E 00 -9.20684E 00 1.25460E 03
8.950 6.IC26!E-05 1.49799E O 1.22583E 00 -9.80725E 00 1.14776E 03
9.0CO 6.51006E-05 1.41285E 01 9.30226E-01 -1.03447E 01 1.C3e31E 01
9.05C 5.69476E-05 1.31348E 01 1.06378E 00 -1.08298E 03 9.28472E L0
9.102 t3.70424E-05 1.20368E 03 1.46890E 00 -1.12747E 01 8.190471 00
9.153 6.64034E-05 1.090341 01 1.77545E 00 -1.16801E 01 7.10159E 00
9.203 6.57858E-05 9.79349E 00 1.68936E 00 -1.20319E 01 6.02559E 00
9.250 6.509491-05 8.72390E 00 1.22053E 00 -1.23108E 01 4.98424E 00
9.300 6.34647E-05 7.67056E 00 6.74242E-01 -1.25053E 01 4.01040E Or
9.350 5.99367E-05 6.60115 00 4.14021E-0 -1.26209E 01 3.13621E 00
9.400 5.421691-95 5.514Cit O0 5.43.34E-0 -1.26754E 01 2.38106E 00
9.450 4.69346-.)5 4.6535= 00 9.87628E-01 -1.26861E 01 1.74816E 00
9.500 3.92099E-05 3.48605E 00 1.26519E 00 -1.26581E 01 1.23183E 00
9.550 3.186 6E-35 2.66483E 00 1.15182E 00 -1.25817E 01 8.30014E-01
9.601 2.4R6 lEE-05 1.99655E 00 6.94642E-01 -1.24429E 01 5.52340-01
9.65 1.74637E-05 1.44875E 00 2.11915E-01 -1.22364E 01 4.179581-01
9.700 5.833b1E-06 9.83755E-01 4.56149E-02 -1.1

9 72
6c 01 4.44579E-01

9.750 -1.15208E-06 5.95424E-01 2.97379E-01 -1.16727E 01 6.36915E-01
9.800 -1.177581-05 3.196581-01 7.52lo7E-01 -1.13553E 01 9.83006E-01
9.850 -2.18684E-05 2.10730E-01 1.04723t ')0 -1.10254E 01 1.46114E 30
9.900 -3.06141E-05 3.018641-01 9.53861E-01 -1.06745E 01 2.052211 00
9.950 -3.80494E-05 5.8063CE-01 5.53156E-01 -1.02907E 01 2.748421 00
10.000 -4.49182E-05 9.98043E-G1 1.70799E-01 -9.67212E 00 3.55195E 00
10.050 -5.1.99181-05 1.50408E 00 1.23158-0L -9.43225E 00 4.46473E 00
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RUN NO 2 PAGE NO 16

TIME P-lI P-12 P-13 P-14 P-15

8.250 -1.08230E 00 -3.30480E 00 9.11169E-05 -2.76873E-03
8.300 -1.03180E 00 -4.40003E 00 -4.58285E-04 -3.59691E-03
8.350 -1.16414E 00 -5.51678E 00 -1.03801E-03 -4.44167E-03
8.400 -1.37959E 00 -6.63807E 00 -1.63764E-03 -5.29603E-03
8.450 -1.51749E 00 -7.75264E 00 -2.24890E-03 -6.15128E-03
8.500 -1.4772E 00 -8.85525E 00 -2.86695E-03 -6.99714E-03
8.550 -1.29191E 00 -9.94223E 00 -3.48907E-03 -7.82299E-03
8.600 -1.10037E 00 -1.10060E 01 -4.11193E-03 -8.61949E-03
8.650 -1.04191E 00 -1.20325E 01 -4.72974E-03 -9.37928E-03
8.700 -1.15260E 00 -1.30041E 01 -5.33460E-03 -1.00966E-02
8.750 -1.34077E 00 -1.39048E 01 -5.91894E-03 -1.07662E-02
8.800 -1.45786E 00 -1.47251E 01 -6.47811E-03 -1.13818E-02
8.850 -1.41000E 00 -1.54622E 01 rTO.lOOE-0

3 
-1.19369E-02

8.900 -1.22682E 00 -1.61160E 01 -7.51825E-03 -1.24253E-02
8.950 -1.03717E 00 -1.66838E 01 -7.99923E-03 -1,28425E-02

9.000 -9.71831E-01 -1.71580E 01 -8.45016E-03 -1.31865E-02
9.050 -1.06654E 00 -1.75286E 01 -8.86457E-03 -1.34569E-02
9.100 -1.23728E 00 -1.77878E 01 -9.23583E-03 -1.36545E-02
9.150 -1.34474E 00 -1.79350E 01 -9.55967E-03 -1.37790E-02
9.200 -1.29878E 00 -1.79764E 01 -9.83483E-03 -1.38300E-02
9.250 -1.12.69E 00 -1.79215E 0l -1.00613E-02 -1.38075E-02
9.300 -9.43017E-01 -1.77774E 01 -1.02380E-02 -1.37132E-02
9.350 -8.78958E-01 -1.75472E 01 -1.03609E-02 -1.35509E-02
9.400 -9.69517E-01 -1.72307E 01 -1.04247E-02 -1.33263E-02
9.450 -1.13722E 00 -1.68303E 01 -1.04251E-02 -1.30459E-02
9.500 -1.249018 OC -1.63541E 01 -1.03618E-02 -1.27152E-02
9.550 -1.21576E 00 -1.58166E 01 -1.02385E-02 -1.23394E-02
9.600 -1.05821E 00 -1.52342E 01 -1.00615E-02 -1.19237E-02
9.650 -8.90662E-01 -1.46208E 01 -9.83653E-03 -1.14747E-02
9.700 -8.35380E-01 -1.39847E 01 -9.56773E-03 -1.10009E-02

9.750 -9.31578E-01 -1.333C2E O -9.25822E-03 -1.05119E-02
9.800 -1.10671E 00 -1.26627E 01 -3.91262E-03 -1.00171E-02

9.a50 -1.23102E -0 -1.19919E 01 -8.5385E-03 -9.52485E-03
9.933 -1.21443E Q -1.13324E 01 -8.14792E-03 -9.04182E-03
9.95-5 -1.07351E 00 -1.06998E OL -7.75152E-03 -8.573868-03

10.00) -9.18799E-01 -1.01062E 01 -7.35913E-03 -8.12706E-03
10.050 -8.72041E-01 -9.55686E 00 -6.97653E-03 -7.70816E-03
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TABLE 21
LISTINGS OF COMPUTER RUNS FOR RESPONSE TO INITIAL DEFORMATION

RUN NO 3 PAGE NO I
PANDORA - LVV420 15 AUG 1963
RESPONSE OF TITAN III MODEL TO INITIAL DISPLACEMENTS IN ITS IST MODE

TIME VX VY VZ OMEGAX OMEGAY OMEGAZ
SEC IN/SEC IN/SEC IN/SEC RAD/SEC RAD/SEC RAD/SEC

0. 0. 0. 0. 3.1607E-08 -7.5956E-09 4.8966E-13
0. 00 O0. 0. 0. -3.4335E-23 -5.6986E-23 2.28-79E-23
0.200 0. 0. 0. 3.5930E-20 2.8402E-21 -3.3608E-23
0.300 0. 0. 0. -4.6006E-20 -1.8905E-21 -5.9059E-23
0.400 0. 0. 0. -9.1603E-21 5.6151E-22 -8.0869E-23
0.500 0. 0. 0. 2.5081E-20 2.7815E-21 -4.0275E-23
0.600 0. 0. 0. -1.3041E-20 5.0833E-22 -4.4969E-23
0.700 0. 0. 0. -1.7665E-20 2.0467E-22 -2.6333E-23
0.800 0. 0. 0. 6.7122E-21 1.6087E-21 -9.4643E-24
0.900 0. 0. 0. -1.3204E-22 1.0621E-21 -1.5445E-23
1.000 0. 0. 0. -9.8119E-21 3.1537E-22 -3.7387E-23
1.100 0. 0. 0. -1.5407E-21 6.5736E-22 -5.8698E-23
1.200 0. 0. 0. 9.5621E-22 6.5911E-22 -8.9278E-23
1.300 0. 0. 0. -2.8005E-21 3.0510E-22 -7.662SE-23
1.400 0. 0. 0. -1.91202-2 1 2.6902E-22 -7.0316t-23
1.500 0. 0. 0. -6.8320E-22 2.9053E-22 -6.5299E-23
1.600 0. 0. 0. -8.6971E-22 2.579')E-22 -6.5449E-23
1.700 0. 0. 0. -7.2262E-22 2.6797E-22 -6.3629E-23
1.800 0. 0. 0. -1.4168E-21 2.3444E-22 -5.6943E-23
1.900 0. 0. 0. -1.3776E-21 2.3701E-22 -5.4815E-23
2.000 0. 0. 0. -2.8744E-22 2.7902E-22 -4.8226L-23
2.100 0. 0. 0. -7.2223E-22 1.8981E-22 -5.1501E-23
2.200 0. 0. 0. -1.0682E-21 5.8901E-23 -5.3456E-23
2.300 0. 0. 0. 4.1439E-22 -I.C071E-23 -5.2988E-23
2.400 0. 0. 0. 1.1942E-21 -1.6722E-22 -5.1057E-23
2.500 0. 0. 0. 1.081?F-21 -4.1324E-22 -.. 7380E-23
2.600 0. 0. 0. 2.2426E-21 -5.9921E-22 -,.3836E-23
2.700 0. 0. 0. 3.5887E-21 -7.7062E-22 -9.1126t-23
2.800 0. 0. 0. 3.8103E-21 -9.8487E-22 -9.9311E-23
2.900 0. 0. 0. 4.2363E-21 -1.1392E-21 -8.9006E-23
3.000 0. 0. 0. 5.0501E-21 -1.2037E-21 -5.8225E-23
3.100 0. 0. 0. 5.0672E-21 -1.23761-21 -1.9577E-23
3.200 0. 0. 0. 4.6380E-21 -1.2134E-21 -1.9857E-23
3.300 0. 0. 0. 4.3373E-21 -1.0942E-21 -1.29451-23
3.400 0. 0. 0. 3.8251E-21 -9.20871-22 -5.5037E-24
3.500 0. 0. 0. 2.8019t-21 -7.1698E-22 -1.2010E-23
3.600 0. 0. 0. 1.8389E-21 -4.7236E-22 -2.5300E-23
3.700 0. 0. 0. 9.2397E-22 -2.1159E-22 -4.1781E-23
3.800 0. 0. 0. -1.1101E-22 3.1114E-23 -2.1249E-23
3.900 0. 0. 0. -I.C310E-21 2.484iE-22 -3.2438E-23
4.000 0. 0. 0. -1.7C41E-21 4.3151E-22 3.2839E-25
4.100 0. 0. 0. -2.2239E-21 5.6351E-22 -1.3349E-24
4.200 0. 0. 0. -2.5412E-21 6.4257E-22 2.3359E-23
4.300 0. 0. 0. -2.70 29E-21 6.7565E-22 1.96331-23
4.400 0. 0. 0. -2.6625E-21 6.6863E-22 9.9917E-24
4.500 0. 0. 0. -2.5279E-21 6.32ObE-22 3.48931-24
4.600 0. 0. 0. -2.3286E-21 5.8157E-22 -3.2947E-24
4.700 0. 0. 0. -2.122BE-21 5.3114E-22 -3.8388E-24
4.800 0. 0. 0. -1.9696E-21 4.9261E-22 -9.1628E-24
4.900" 0. O 0. -1.9?06E-21 4.75271-22 -7.4921E-24
5.000 0. 0. 0. -1.9341E-21 4.8352E-22 -7.4096E-24
5.100 0. 0. 0. -2.C671E-21 5.165d3-22 -1.161IE-23
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RUN NO 3 PAGE NO 2

TIME P- I P- 2 P- 3 F- 4 P- 5

-0. 0. 0. -2.01887E-04 3.53009E-14 4.54992E-08
0.100 -7.9i742E--14 5.83636E-14 -2.00961E-04 3.50388E-14 4.52905E-08
0.200 -4.89893E-14 2.43619E-15 -1.98191E-04 3.40470E-14 4.46662E-08
0.300 -2.04699E-14 -4.27604E-14 -1.93603E-04 3.20930E-14 4.36322E-08
0.400 -3.60898E-14 1.58315E-14 -1.87239E-04 2.95346E-14 4.21978E-08
0.500 -2.55284E-14 2.01237E-14 -1.79156E-04 2.66036E-14 4.03763E-08
0.600 6.66803E-15 -2.11988E-14 -1.69431E-04 2.36676E-14 3.81844E-08
0.700 1.32001E-14 -4.95164E-15 -1.58150E-04 2.13828E-14 3.56421E-08
0.800 1.67673E-14 1.61358E-14 -1.45419E-04 1.94534E-14 3.27729E-08
0.900 3.73197E-14 -3.94288E-15 -1.31353E-04 1.67990E-14 2.96030E-08
1.000 4.87219E-14 -8.58367E-15 -1.16083E-04 1.38384E-14 2.61614E-08
1.100 4.78094E-14 7.67775E--15 -9.97469E-05 9.33828E-15 2.24799E-08
1.200 5.25619E-14 3.97210E-15 -8.24961E-05 3.72331E-15 1.85921E-08
1.300 5.62014E-14 -4.87639E-15 -6.44885E-05 -1.62608E-15 1.45337E-08
1.400 4.928IE-14 2.07539E-15 -4.58892E-05 -7.19200E-15 1.03420E-08
1.500 4.08081E-14 5.24171E-15 -2.68689E-05 -1.16430E-14 6.05543E-09
1.600 3.36931-14 -7.07246E-16 -7.60215E-06 -1.58369E-14 1.713-29E-09
1.700 2.15133L-14 -9.65447E-17 1.17344E-05 -1.92019E-14 -2.64457E-09
1.800 6.57128E-15 3.55294E-15 3.09632E-05 -2.34651E-14 -6.97816E-09
1.90L -6.20247E-15 1.20qi94E-15 4.99080E-05 -2.83695E-14 -1.12477E-08
2.000 -1.88123E-14 -6.48826E-16 6.83949E-05 -3.23959E-14 -1.54141E-08
2.100 -3.18605E-14 1.18158E-15 8.62542E-05 -3.62549E-14 -1.94390E-08
2.200 -4.19535E-1l 8.68C31E-16 1.03322E-04 -4.09326E-14 -2.32856E-D8
2.30' -4.86433E-14 -1.07297L-15 1.19442E-04 -4.47814E-14 -2.69186E-08
2.400 -5.31412E-14 -8.82162E-16 1.34466E-04 -4.80973E-14 -3.03046E-08
2.500 -5.42791E-14 -5.68014E-16 1.4$257E-04 -5.04657E-14 -3.34125E-08
2.600 -5.12706t-14 -1.71376E-15 1.6C687E-04 -5.16504E-14 -3.62140E-08
2.700 -4.52289E-14 -2.18265E-15 1.71643L-04 -5.22666E-14 -3.86831E-08
2.80J -3.660q5E-14 -1.81762E-I5 1.81025E-04 -5.24688E-14 -4.07974E-08
2.902 -2.53133E-14 -2.09179E-15 I.R8745E-04 -5.24045t-14 -4.25373E-08
3.000 -1.23172E-14 -2.40334E-15 1.94734E-04 -5.22268E-14 -4.38870E-08
3.103 1.21421E-15 -2.-0,G.3E-15 1.93936E-04 -5.21676L-14 -4.48340E-08
3.203 1.47304E-14 -1.62036E-15 2.01313E-04 -5.20862E-14 -4.53697E-08
3.300 2.74412E-11 -1.44536E-15 2.01843E-04 -5.17180E-14 -4.54892E-08
3.400 3.92784E-14 -9.14105E-16 2.005211-04 -5.08138E-14 -4.51913E-08
3.503 4.66C65E-14 -I.99C171-16 1.97360E-04 -4.93187E-14 -4.44788t-06
3.600 5.2033AE-14 3.42526E-16 1.923A7t-04 -4.76311E-14 -4.33582E-08
3.700 5.41059E-14 9.20959E-16 1.85650E-04 -4.53341E-14 -4.1839BE-08
3.800 5.26414E-14 1.60557E-15 1.77210E-04 -4.24920E-14 -3.99376E-08
5.900 4.78269E-14 2.13992E-15 1.67143E-04 -3.9270CE-14 -3.76689E-08
4.000 3.99688E-14 2.51187E-15 1.55543E-14 -3.59888t-14 -3.50547E-08
4.100 2.95072E-14 2.82537E-15 1.42516L-04 -3.27567E-14 -3.21188E-08
4.200 1.T7503E-14 Z.97710E-15 1.28182E-04 -2.94163L-14 -2.88883E-08
4.300 3.71757E-15 2.89505E-15 1.12672L-04 -2.6278IE-14 -2.53927E-08
4.400 -9.96161E-15 2.65367E-15 9.(,1275E-05 -2.31153E-14 -2.16642E-08
4.500 -2.39098E-14 2.262431-15 7.87014E-05 -1.98485E-14 -1.77369E-08
4.600 -3.45648E-14 1.68511E-15 6.05533E-05 -1.53974E-14 -1.36468E-08
4.100 -4.38942E-14 9.74485E-1b 4.18496E-05 -9.94995E-15 -9.43161E-09
4.800 -5.041C5E-14 1.96341E-16 2.27620E-05 -4.26561E-15 -5.12985E-09
4.90G -5.36838E-14 -6.30679E-16 3.46556E-06 1.11251E-15 -7.81029E-10
5.C00 -5.35017E-14 -1.46092E-15 -1.58626E-05 5.49419E-15 3.57495E-09
5.100 -4.98861E-14 -2.22031E-15 -3.50453E-05 9.68808E-15 7.89813E-09



RUN NO 3 PAGE NO 3

TIME P- 6 P- 7 P- 8 P- 9 P-10

0. 0. 0. 0. 7.96749E-03 0.
0.100 -5,24749E-18 1.42784E-12 -3.33248E-12 7.93094E-03 1.45958E-12
0.200 1.67454E-19 .9.05074E-13 -1.48509E-13 7.82163E-03 8.81525E-13
0.300 4.42065E-18 4.03426E-13 2.46037E-12 7.64056E-03 3.43094E-13
0.400 -1.20954E-18 6.60659E-13 -9.01488E-13 7.38939E-03 6.55506E-13
0.500 -1.54923E-18 4.68396E-13 -1.18409E-12 7.07042E-03 4.62602E-13
0.600 2.34357E-18 -1.01742E-13 1.18737E-12 6.68658E-03 -1.41435E-13
0.700 6.75247E-19 -2.31949E-13 2.69993E-13 6.24140E-03 -2.49448E-13
0.800 -1.35213E-18 -3.06958E-13 -9.62800E-13 5.73896E-03 -3.04530E-13
0.900 5.04842E-19 -6.74598E-13 1.78879E-13 5.18386E-03 -6.86419E-13
1.000 7.75154E-19 -8.85980E-13, 4.67616E-13 4.58120E-03 -8.90867E-13
1.100 -8.99179E-19 -8.80594E-13 -4.61811E-13 3.93652E-03 -8.62975E-13
1.200 -6.34596E-19 -9.68454E-13 -2.55382E-13 3.25571E-03 -9.48436E-13
1.300 4.20975E-20 -1.03624E-12 2.73685E-13 2.54504E-03 -1.0133E-12
1.400 -7.82404E-19 -9.18358E-13 -1.02649E-13 1.81102E-03 -8.78884E-13
1.500 -1.16991E-18 -7.68025E-13 -2.79686E-13 1.06038E-03 -7.20211E-13
1.600 -6.89380E-19 -6.38384E-13 7.57786E-14 3.00019E-04 -5.90308E-13
1.700 -8.31744E-19 -4.19314E-13 6.38168E-14 -4.63097E-04 -3.65278E-13
1.800 -1.18216E-18 -1.48553E-13 -1.37414E-13 -1.22196E-03 -9.10964E-14
1.900 -9.01154E-19 8.72593E-14 -8.64643E-16 -1.96962E-03 1.38940E-13
2.000 -6.46130E-19 3.20542E-13 1.1288

9
E-13 -2.69921E-03 3.65528E-L3

2.100 -6,81604E-19 5.62128E-13 6.97098E-15 -3.40403E-03 5.99800E-13
2.200 -4.43380E-19 7.53012E-13 1.18085E-14 -4.07762E-03 7.76997E-13
2.300 -2.54365E-20 8.83360E-13 1.09638E-13 -4.71379E-03 8.90622E-13
2.400 2.08297E-19 9.73399E-13 8.30151E-14 -5.30672E-03 9.64618E-13
2.500 4.58469E-19 1.00302E-12 4.05911E-14 -5.85097E-03 9.76493E-13
2.600 8.43077E-19 9.57536E-13 7.98139E-14 -6.34153E-03 9.12261E-13
2.700 1.12904E-18 8.55341E-13 8.31529E-14 -6.77391E-03 7.94120E-13
2.800 1.29973E-18 7.04619E-13 3.81104E-14 -7.14414E-03 6.30499E-13
2.900 1.47965E-18 5.03709E-13 3.08871E-14 -7.44883E-03 4.19447E-13
3.000 1.58496E-18 2.69303E-13 3.27229t-14 -7.68518E-03 1.79896E-13
3.100 1.53885E-18 2.21354E-14 3.12365E-16 -7.85102E-03 -6.64164E-14
3.200 1.41360E-18 -2.27362E-13 -2.50841E-14 -7.94483E-03 -3.09842E-13
3.300 1.22021E-18 -4.64903E-13 -3.03112E-14 -7.96574E-03 -5.35857E-13
3.400 9.09484E-19 -6.71120E-13 -4.67244E-14 -7.91358E-03 -7.24861E-13
3.500 5.15807E-19 -8.33773E-13 -6.68101E-14 -7.78881E-03 -8.6'-326E-13
3.600 8.98215E-20 -9.45026E-13 -7.07983E-14 -7.59258E-03 -9.52602E-13
3.700 -3.70453E-19 -9.96105E-13 -7.11337E-14 -7.32669E-03 -9.77092E-13
3.800 -8.44251E-19 -9.82853E-13 -7.45664E-14 -6.99358E-03 -9.36935E-13
3.900 -1.27873E-18 -9.07680E-13 -6.92555E-14 -6.59631E-03 -8-36600E-13
4.000 -1.64869E-18 -7.75283E-13 -5.62026E-14 -6.13853E-03 -6.82344E-13
4.103 -1.93971E-18 -5.93C65E-13 -4.37843E-14 -5.62442E-03 -4.83039E-13
4.200 -2.11930E-18 -3.73123E-13 -2.89431E-14 -5.05871E-03 -2.52335E-13
4.300 -2.16578E-18 -1.29893E-13 -9.26417E-15 -4.44659E-03 -5.68315E-15
4.400 -2.07846E-18 1.21718E-13 9.89283E-15 -3.79367E-03 2.41574E-13
4.500 -1.85604E-18 3.65778E-13 2.68961E-14 -3.10595E-03 4.73370E-13
4.600 -1.50138E-18 5.86379E-13 4.36222E-14 -2.38974E-03 6.74172E-13
4.700 -1.03487E-18 7.69645E-13 5.79540E-14 -1.65160E-03 8.31140E-13
4.800 -4.84504E-19 9.04138E-13 6.74623E-14 -8.98303E-04 9.34291E-13
4.900 1.20608E-19 9.81129E-13 '7.29383E-14 -1.36769E-04 9.76674E-13
5.000 7.43470E-19 9.95677E-13 7.442832-14 6.26020E-04 9.55487E-13
5.100 1.34193E-18 9.47014E-13 7.072022-14 1.38306E-03 8.72289E-13
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RUN NO 3 PAGE NO 4

TIME P-11 P-12 P-13 P-14. P-15

0. 0. 7.96749E-03 6.26916E-06 6.26916E-06
0.100 -3.58316E-12 7.93C94EC-3 6.24040E--06 6.24040E-06.
0.200 -2.07985.F-13 7.82163t-C,3 6.15419F.16 6.1543')E-06
0.300 2.50532E-12 7.6,4C56f-C3 6.0I1'9I1-06 6.01191E-06
0.400 -1.01196E-12 7.38939E-C3 5.814281E-nb 5.'31428E-06
0.500 -1.2466E-12 7.C.1C4?1-03 5.5/,330F.-06 5.5633rE-06
0.600 1.24774L-12 b.686biRE-03 5 .2'd2Wt-16 5.26121;1-06
0.700 2.76369E-13 6.2414)tE-C3 4.9110it-06 '..'11001-06
0.800 -9.66479L-i3 5v.73&961-G3 4. 515651 -06 4. 51561E-06
0.900 2.619411-13 5.143.16C-03 4.0380F-C6 4.07188E1-06
1.000 S.4888%1-13 4.58120r.-03 3.60'41.k-06 3.60468E-06
1.100 -4.11269E-13 3.93652r-03 1. Oi74"L -r'6 1.09742E-06
1.200 -1. 66W31(-t1 3. ?ih I I -03 2. 5 17 3t-06 1.56173E-06

1.500 -2. 1881 5E-l 1 .(60 3"t -C F . 3'. ')541-"7 A. 34 3541-O
1.600 1.40164L-13 3..,Cu19t -L4. h!A.?-111 2.36067L-07
1.700 9.511G61c-14 - .1. .1,)(t - : 3.~4A( -4.6438!)C-07
1.800 -1.321831-13 -1.??1911-C03 -9.611C)4L-r '1 -1.61494t-07
1.900 -2.7?92-15 -1o~?-3-.' Ife---06 -. 411
2.000 8.16200E1.-4 .?-~ ?1'~a' -2.1138.)E-06
2.100 -4.6 063L-14 -3.4n'.C3L -13 ldj'?, 3t -06 -?.67',1431.-0
2.200) -5.054971-I'. -4.Z 1 -'L -C 3 - 1. Z' .4L-C6 - l.)6a44t-0&
2.30%) 3.8P.'TIt-14 -4.?71 Q1'L-ol - s.f 1,0A-Cf. -1. 1091,1if- 06

2.500 -4.41192i-14 -!5.FSU9E-Q1 - , A'Ii )- )6 -4.6037,)C-06

20700 1.177o.'F -t4 -. 7jIC3 . -'-s33006L-G6
2.800 -7.2120 i-1 -7.14.141 - i1 -%.6,1 IIL-^b -631L-06
2.900 -9.6b'12117-15 -1.44-o %L-01 ~ -. 8,'. 1 -j.iihl36-06

3.2001 -5.3431-14 7#,4~1O -6~..l 121 6 -6.04.102E-06

3.103 -1.7719.t-15 -693'-. -6.;$1n)*:-f8-.026:
3.900 -5.3531t-15 -7.9141L-04 -!.2 * I QL -') 6  .1 V6-06
3.0001 b.Z6~Ll -24.01 -W0 14 '. lG) -'.2630051-06
3410 4.8I~c.6C-lS -1.E?44?)tL--3-4'.6J -).4255314-06
3.200 3.101 5.~1t 3-3'.41 .Aj" S3.9d1,1,5-06
3.600 9.18015-16 14. 1445')F.- 3 -. 1.4 16t-0. - I..94161 -06
4.400 l.4?27,1-TS -3. 32t671-k; -2.'7'52-916 -.-. 902-06
3.500 -7.9130-15 -6. 9') 59-, -3 -C' 'X.6 -5.502851-06
3.600 -6. 3 7 k:- 15 -6.3.9bl4. (13 -I 31~6-i. Ia2L - 06
4.700 -7.18191-l -(-.I WIC -03 -1.2 1 --1-6 -1.339551-06
4.100 48196441- I 8 ~iL0-..iL.l -f.06231.-06

4.600 -9.4288-1% -2.3-110741-03 -I.U'.h.- -1.8035tC-06

S.000 -8.74018E--11 S.7w)2iot -C% 4. 41519).-fl ',.12519L-0?
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1.0 COMPONENT BREAKDOWN OF SATRJN MODEL

1.1 Introduction

For the purpose of analysis, the Saturn Model was divided into eight (8)
component structures. Each of these component structures was then analyzed
independently by methods applicable to that particular type of structure. The
selection of constraints for each of these component structures was based on
the idealized constraints imposed by adjacent component structures such that
each separate analysis was compatible with the idea of eventually coupling the
component structures as described in Section 5.1.3. This final coupling process
is presented in Section 3.0 of this Appendix.

1.2 Saturn Model Components

The component structures into which the Saturn Model was divided, their
idealized constraints, and their unit designations are presented below. It
should be noted that a completely darkened area indicates a portion of the
vehicle which was considered rigid for the purpose of aiding in the final cou-
pling of the components.

(1) Upper (third) Stage and second stage
adapter cantilevered from second
stage. Designated as (u).

% I

(2) Middle (second) Stage cantilevered
from a rigid first stage adapter.
Designated by (M).

(3) Adapter for first stage supported
on the rigid spider beam. Designated
as (A).

FIGURE 115 SATURN SA-1
LAUNCH VEHICLE
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(4) Spider Beam supported on eight simple
supports (points of contact with center
lox tank). Designated by (S).

(5) Lox Tank in center of cluster canti-
levered from outrigger. Designated
by (L).

(6) Fuel Tanks in outer cluster simply
supported on spider beam and out-
rigger. Designated as (F).

(7) Lox Tanks in the outer cluster pinned
at bottom and free at top. Designated
as (T).

FIGURE 116 COMPONENTS OF SATURN MODEL
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(8) Outrigger and engines considered as
a rigid body. Designated as (R).

2.0 ANALYSIS OF INDIVIDUAL COMPONENTS

2.1 Upper Stage (U)

2.1.1 Collocation Point Geometry for Upper Stage

One of the basic assumptions in the analysis of the Upper Stage was that
this portion of the vehicle could be represented by nine (9) collocation points.
These points were spaced equidistant along the x axis (neutral axis) as shown
in Figure 117.

44.0W0 81.)80 IZ5.506

FIGURE 117 COLLOCATION POINT GEOMETRY

The x coordinates (body stations) of the assumed collocation points are

presented in Table 22.

2.1.2 Analysis of Upper Stage

The analyris of the Upper Stage was based on the assumption that the
elastic behavior of this portion of the vehicle could be determined through
the use of equivalent beam theory. The use of this theory allowed the
structure of this stage to be presented as a beam as shown in Figure 118.

599



F X 
-i

FIGURE 118 EQUIVALENT BEAM

The analysis of this equivalent beam allowed for not only a different
total mass in each bay, but also the addition of concentrated mass items. This
allowed the consideration of the lead ballast weights as point loads. This con-
sideration displays itself in the computation of the point-mass matrix of the
kinetic energy expression.

The kinetic energy of the equivalent beam was expressed in matrix form
as,

where

(A.] '.Z jTJ1 [AJj[T]; (11-2)

where [Ali was a function of the individual bay (see Paragraph 5.1.2.2) such
that

J j (11-3)

I

where was the total mass of the ith bay,
was the jth concentrated mass in the ith bay (perhaps it
should be noted that Equation 11-3 is somwhat general

-in that if any particular bay did not have a onentrated
mass, then the summation term vas negiectei or zeru),

Ij calculated from the position f tL 2 I 'on,7entr.nte.i =ss
in the ith bay b,. the relation.

6oo



such that the matrix distributed the jth concentrated mass diparabolically
between four collocation ooinrs (two to either side of the bay in which it was
located). T1he CAlJmatrix in Equation 11-3 was a non-dimensional matrix which
distributed the total mass of the ith bay between four collocation points (two
points on either side of the ith bay). Due to the absence of a fourth point
in the case of the first and last bays, the elements of this matrix varied.
This variation is shown below.

(11-5)

= o[O Ioo o
0 .o 01
[ i2zAo 3z64 -ZSG

0- - IC- -2 37-

720e6 rZ;7,ZO Z_12.,.

P2 _o m7z8 Z720 -LE
t2. -Z 2 -169, ,

'20 1 ,z -'zo -I+ o

0 0 0 0

The remaining term in expression (TI-, was a non-dimensional matrix which
positioned the distributed mass of the ith bay in the final point-mass matrix
[A-J. This matrix is presented in Table 22.

The strain energyi stored in the equivalent beam was expressed in terms of
the applied loads P-- as;

U= 'Z-I'rD.A I1P.1 (ITI-6)

where [IEu]l the collocation point influence coefficient matrix for the Upper

Stage, was determined from EE and A slice data (presented in Table 30),
through the use of the complementary strain energy method presented in Section
5.1.1.2 off this report. This collocation point influence coefficient matrix
for the Upper Stage is presented in Table 22.

The modes of the Upper Stage (cantilevered at x = x 9 = 125.306) and their
respective eigenvalues were calculated by the iteration bf the expression,
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[i u[AuH{} = Xtrf3 (TT-7)

These modes and their respective frequencies are presented in Table 22.

2.2 Middle Stage (M)

2.2.1 Collocation Point Geometry For Middle Stage

In the interest of additional accuracy, in the analysis of the Middle
Stage -the number of collocation points was increased to fifteen (six points
more than were used in the analysis of the Upper Stage). These points were
spaced equidistant along the x axis as shown in Figure 119.

FIGURE 119 COLLOCATION POINT GEOMETRY FOR MIDDLE STAGE

The x coordinates of the Middle Stage collocation points are presented in
Table 23.

2.2.2 Analysis of Middle Stage

The analysis of the Middle Stage was somewhat complicated by the structure
found in the adapter portion of the stage (that portion of the stage between
body stations 193.345 and 2ll.320). This portion of the stage did not lend
itself to an analysis based on equivalent beam theory while the remaining por-
tion did. It was therefore decided that the analysis of the Middle Stage should
consist of two parts3 (1) an analysis of the entire structure based on equivalent
beam theory in which the adapter portion of the stage was considered rigid, and
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(2) an analysis of the adapter as an independent structure based on complementry
strain energy methods. It is the first part of the analysis which will be pre-
sented here.

The assumption that the adapter is rigid and the assumptions implied by
the use of the equivalent beam theory lead to the idealization of the Middle
Stage structure shown in Figure 120.

3'345

FIGURE 120 EQUIVALENT BEAM

In the analysis of this equivalent beam it was considered extremely ad-
vantageous to allow for the treatment of structural items such as ring
stiffeners, radial members, plates, and tank caps as concentrated mass items.
This allowance was made in the computation of the collocation point-mass matrix
in the expression for kinetic energy.

The kinetic energy of this equivalent beam for the Middle Stage was ex-
pressed in matrix form as,

where

14

i=1

where [A]i was a function of the individual bay.

The final point mass matrix for the Middle Stage is presented in Table
23. It should be noted that the assumption that the adapter portion of the
stage was rigid has had no effect whatsoever on the analysis thus far. Tnis
assumption has no bearing on the calculation of (A,].
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The strain energy stored in the equivalent beam was expressed in terms
of applied loads, PM,, as;

U {P}[.{ (11-1O)

where (Em], the collocation point influence coefficient matrix for the Middle
Stage, was determined from El and GA slice data (presented in Table 30) through
the use of the complementary strain energy method presented in Section 5.1.1.2
of this report. This collocation point influence coefficient matrix for the
Middle Stage is presented in Table 24.

The modes of the Middle Stage and their respective frequencies were deter-
mined from the iteration of the expression,

These modes and their respective frequencies are presented in Table 24. These
modes are actually for the I-iddle Stage cantilevered at x = x15 = 211.320, but
due to the rigidity of the adapter section, they will appear as though the
stage were cantilevered at x = l93,345,

2.3 Adapter (A)

2-.3.1 Generalized Coordinates for the Adapter

One of the basic assumptions in the analysis of the adapter was that the
elastic behavior of this portion of the Middle Stage could be described through
the use of two degrees-of-freedom ( A and OA). These degrees-of-freedom are
shown in Figure 121.

FIGURE 121 DEGREES-OF.FREEDOM FOR ADAPTER



As may be noted, the degrees-of-freedom selected here are only those of primary
importance. With respect to the final analysis, ;A and 9A adequately describe
the elastic behavior of the adapter.

2.3.2 Analysis of the Adapter

The analysis of the adapter was based on the complementary strain energy
method as presented in Section 5.1.1.2 of this report. Generalized loads were
applied to an idealized -version of the adapter structure as shown in Figure 122.

/

FIGURE 122 GENERALIZED ADAPTER LOADS

The strain energy stored in the tension members, compression members, and the
conical shell was written in terms of the generalized loads, 74A and '9
(associated with the generalized coordina-es A and OA ), with the result
that the total strain energy stored in the adapter was written as,

'- Z,, A ]r

where lEA] was found to be,

4. (11-13)

605



It should be noted that the mass of the adapter was included in the mass of

the Middle Stage and therefore need not be considered in this analysis.

2.4 Spider Beam (s)

2.4.1 Collocation Point Geometry for Spider Beam

The primary interest in the selection of collocation points, and general-
ized coordinates, for the Spider Beam was the fact that this member coupled
together the motions of the adapter, the center lox tank, and the four outer
lox tanks. With this consideration in mind, eight (8) collocation points and
eleven (11) generalized coordinates (the three additional coordinates were used
to describe the rigid body displacements) were chosen and are shown in Figures
123 and 124, respectively.

FIGURE 123 COLLOCATION POINT GEOMETRY FOR SPIDER BEAM

It should be noted that only the three rigid body displacements are displace-
ments (of a point in the plane of the supports).

FIGURE 124 GENERALIZED COORDINATES FOR SPIDER BEAM
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2.4.2 Analysis of Spider Beam

The analysis of the Spider Beam was based on the complementary strain
energy method presented in Section 5.1.1.2 of this report. Generalized loads,
associated with the generalized coordinates shown in Figure 124 were applied
to the structure, and the strain energy stored in each structural member written
in terms of these loads. These expressions for strain energy in the individual
members were then combined to form an expression for the total strain energy
stored in the Spider Beam, which was'

{ Zs { (11-14)

where [ES] is the structural influence coefficient matrix presented in Table
25.
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The kinetic energy of the Spider Beam was written in terms of the general-
ized velocities and appeared in matrix form as,

T @ [A51 5]  (11-15)

65
where

[AS] 0°F".o  (II-16)

71. 7 5
71.67

7 1 6 b 3 3 . 6 5 j

2.5 Center Lox Tank (L)

2.5.1 Collocation Point Geometry for Center Lox Tank

In the analysis of the Center Lox Tank, fifteen (15) collocation points
were selected to represent this portion of the vehicle. These points were placed
equidistant along the x axis as shown in Figure 125.

14

r --- -" - . . . . . r . . . (---

I I I I

FIGURE 125 COLLOCATION POINT GEOMETRY FOR CENTER LOX TANK
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The x coordinates (body stations) of these points are presented in Table 26.

2.5.2 Analysis of Center Lox Tank

The analysis of the Center Lox Tank was based on the assumption that the
elastic behavior of this portion of the vehicle could be determined through
the use of equivalent beam theory. This assumption lead to the idealization
of the structure shown in Figure 126.

FIGURE 126 EQUIVALENT BEAM

In this analysis, it was considered advantageous with respect to accuracy to
consider structural members such as ring stiffeners, tank caps, and plates as
concentrated weight items. This consideration was made in the computation of
the point-mass matrix used in the expression for kinetic energy. The kinetic
energy for this equivalent beam was expressed in matrix form as,

(= (I-17)

where

(AjL =I [T]i[A]i. [Tl(i

where [A], was a function of the individual bay. This final point-mass is

presented in Table 26.

The strain energy stored in the equivalent beam was expressed in terms of
the applied loads, Pi, as:

U = I{ }  E[L14hPL (11-19)
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where [ELI, the collocation point influence coefficient matrix, was determined
from E and GA slice data (presented in Table 30) through the use of the com-
plementary strain energy method presented in Section 5.1.1.2 of this report.
This collocation point influence coefficient matrix for the Center Lox Tank is
presented in Table 27.

The mode shapes for the Center Lox Tank were determined by the iteration
of the expression,

= (11-20)

The mode shapes for the Center Lox Tank cantilevered at x = x15 = 350.409 and
their respective frequencies are presented in Table 27.

2.6 Fuel Tanks (F)

2.6.1 Collocation Point Geometry for Fuel Tanks

Each of the Fuel Tanks were analyzed on the basis of fifteen (15) colloca-
tion points. These points were equally spaced along the x axis (neutral axis)
as shown in Figure 127. These points were chosen in preparation for an
analysis based on equivalent beam theory. It was thought that due to the
absence of both axial loading and internal pressure, the application of thin
shell vibration theory was not necessary.

4 e LE TH f.J

I I I

FIGURE 127 COLLOCATION POINT GEOMETRY

FOR FUEL TANK
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It should be noted that the collocation point selection and resulting

analysis was the same for each of the four Fuel Tanks. Although a small

asynmetry did exist in the complementary bending planes, it was found that

this condition did not appreciably affect the final results and was therefore

ignored.

2.6.2 Analysis of Fuel Tanks

The analysis of each of the four Fuel Tanks was based on the equivalent

beam theory. This assumption implied that the elastic behavior of the Fuel

Tanks could be determined by analyzing a beam with the same mass distribution

along the x axis and identical stiffness in the x-z plane. This idealized,

equivalent beam is shown in Figure 128.

FIGURE 128 EQUIVALENT-BEAM FOR FUEL TANK

In this analysis of the Fuel Tanks, structural items such as ring stiffeners,

tank caps, plates, and fittings were considered concentrated masses. This

consideration was incorporated in the computation of the point-mass matrix

which appeared in the expression for kinetic energy. The kinetic energy was

also expressed in terms of the generalized velocities, PFi as;

7 (11-21)

where [AF1, the point-mass matrix, was expressed as;

(A]= Tjj[A][[T]j (11-22)

where(A]i was a function of the individual bay. This final point-mass matrix

is presented in Table 28.

The strain energy stored in the equivalent beam was expressed in terms of

the generalized loads, PFi, associated with the generalized coordinates.
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U = I I PI [E, } (11-23)

Where the collocation point influence coefficient matrix for the Fuel Tank,
IEFI, on two simple supports (as shown in Figure 128, was derived by first
calculating an influence matrix for the beam cantilevered at x = x15 = 350.717.
Using complementary strain energy principles these influence coefficients were
transformed from cantilevered restraints to simply supported constraints. This
transformation process was expressed in matrix form as;

[~] T±~~[Tj(11-24)

The transformation matrix, [T], was derived from equilibrium conditions on the
loads and support reactions.

The mode shapes for the Fuel Tanks were determined through the iteration
of the expression

= (11-25)

It should be'noted that the mode shapes for each of the four Fuel Tanks were
identical, and that the mode shapes presented in Table 29 are for one tank.
It should also be noted that these mode shapes were for the Fuel Tank on two
simple supports.

2.7 Outrigger (R)

2.7.1 Degrees-of-Freedom for Outrigger

The assumptions that the Outrigger was rigid and limited to plane motion
restricted the structure to three degrees-of-freedom (",, R- and 0R) as shown
in Figure 129. Also shown, for reference purposes, in Figure 129 are the dis-
placements of the Outrigger center of mass ( and ).
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350.4C0 3Q .15

FIGURE 129 OUTRIGGER DGREES-OF-FREEDOM

2.7.2 Outrigger Analysis

The analysis of the Outrigger was based on the assumption that this por-
tion of the structure was a rigid body limited to plane motion. The kinetic
energy of this body was expressed in terms of 4 and (deflections of the center
of mass) and O(rotation of the body) as,

r = -MR ) 6z (11-26)

Noting the relations,

.= "-

= (ii-27)
O =R

it was seen that,

z, - (11-28)

and that

1(11-29)
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The combination of Equations 11-26, 11-27, 11-28, and 11-29 resulted in an

expression for kinetic energy in terms of 4P, , and 0.

T~ MR 4~ 2(j-xR)
6 gJ R (11-30)

which was then expressed in matrix form as,

T ,1 MR (11-31)

0 -MR- (R Rt MR N(-Xg j 6

where M was the total mass of the Outrigger (269.3 lbm)

I + MR(2-.R) 2 was the moment of inertia about point R (48641.5 1bm-in2 )

-MR(R-XR) was the first moment about point R (1901.0 ibm-in).

Equation 11-31 was then written in final matrix form as,

'-r W( R}A, ORI (11-32)

where

(11-33)
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TABLE 22
UPPER STAGE (U) MASS, STIFFNESS, AND CANTILEVERED MODES

COLLOCATION POINT GEOMETRY

BAY LENGTH -15.663 INCHES

COLLOCATION X- COOROINATE

POINT JINCHES FROM NOSE)

2 1.56630E 01

3 3.13260E 0I

4 4.69890E R1

5 6.26520E 01

A 7.831606 01

7 9.397A0E 01

01.096410 02

I 1.25306E 02

COLLOCATION POINT MASS51MATRIX

ToTAL M AS S a0783 LOMI
INALLAST TAME FILLER WITH WATER)

COL.
Po INT 1 2 3 4 5 N 7 8 9

I 7.210808-81 4.016818-01 -1.09422E-01 4.218808-03 -0.

2 4.01681E-01 2.44839E 00 -2.32715E 00 -1.93094f 00 2.0480ME-01

3 -1.09422E-01 -2.32716E 00 3.90913E 01 1.10699E 01 -6.415231E 00 4.511338-01 0. 0. 0.

4 4.260E-03 -1.93094E 00 1.10699E 01 1.250168 02 3.71403E 01 -9.03493( 00 4.5231$E-01 0. 0.

0 0. 2.5480AE-0I -6.48231E 00 3.71398E 01 2.0-369E 02 3.03490E 01 -. 901168E 00 4.3830-01 8.

A 0. 0. 4.511728-01 -9.03493E 00 3.23485E 01 2.02561E 02 3.74441E 01 -4.59526E 00 0.097864f-02

i 0. 0. 0. 4.523688-01 -0.90868E 00 3.74636E 01 1.048328 02 -5.710M6008 -5.070440-01

* 0. 0. 0. 0. 4.305300-01 -4.50200 00 -5.71529E 00 2.67263E01 8 2.16271t 08

92.09784E-02 -5.07044E-01 2.36271f 08 3.264410 0

COLLOCATION POINT

STRUCTUOAL INFLUENCE COEF F ICIENTS MATRIS

COIL.

pOINT; 2 3 4 5 6 7 8 1

1 2.52041E-04 1.03918E-04 1.03019E-04 6.69653E-03 3.74016E-05 1.61452E-05 5.587358-06 1.397818-06 0.

2 1.539000-04 1.210466E-04 8.00629E-05 5.64260E-05 3.2S4208-55 1.40898E-05 5049118-06 1.498768-CA 0.

3 1.038198-04 6.556291-05 6.730648E-03 4.380688-05 2.708398-03 1.243448-05 4.511008-06 1.38631f06 8.

4 6.69653E-05 5.643610-805 4.58860E-05 3.534748-03 2.19250E-05 1.05709E-05 3.972428-06 1.28126t-06 0.

5 3.7401&E-05 3.2242$E-05 2.708398-05 2.192100-03 1 .67A62E-0S 8.12351E-06 3.43465E06 1.17601E0-C 8.

O 1.614528-05 1.426908E-05 1.243448-03 1.811898-05 8.72351E-06 6.861968-06 2.09644E-06 1.078768-86. 0.

7 358135E-06 3.849180-06 4.SSOOOE-06 3.17282E-06 3.434658-06 2.89644E-04 2.33090-06 9.65514E08 0.

* 1.597008-06 1.49176E-06 1.380508-06 1.28126E-06 I.176010-06 1.07076E-06 9.450148-01 8.60264E07 8.

MORAL ROTA

C09T1L891085 AT 0 - 125.306

COLL. 131 MORE 296 MODE 360 NORE 4T8 0058
PINT 27.00a CP S 89.04 CPS 174.16 Cr0S 2173.00 Cr3

I 9.04243600-02 1.06861E-01 2.4422916E-01 0.478q090901

2 8.1193670E-02 1.18302736-01 1.43695986-00 2.18210230-51

3 6.6316996E-02 7.4647183E-02 1.3317694E-82 4.1147221k-02

4 0.0869723E02t 2.5571569E-02 -1.81153961-03 -5.27693918-02

S 3.4241724E-02 -3.33433038-02 -3.8395116E-02 3.2123531E-02

6 1.70340010-02 -4.19272078-02 3.32203306-02 6.1911686-04

1 6.98494560-03 -2.34369396-02 3.39636258-02, -3. 07801408-00

8 2.34602010-03 -9.01459198-53 S.4239316.E-0R -1.53800128-02
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TABLE 25
SPIDER BEAM (S) COLLOCATION POINT STRUCTURAL INFLUE14CE COEFFICIENTS MATRIX

POINT 123 1; 5 7 a

I 4.O9564,65f-qj 4.600779SE-06 5.713CO59E-C6 4WO-6 4.436gAZSE-ob, 4.125Z4CCE-Ob 5.7130059E-O& 4.6007194"-O
2 ~~~~4.0956465E-05 6.&011q8E-06 53130059'--06 4.5252400F-06 .3, 26C .22060 .18i6*

3 5.71730sw-ob 4.60071E-06 4.0956465E--cs 6.60479S-06 5.7130059E--06 46.92524006-06 A.436932SE-0& 4.92524004E-4

4 4.S2S24003-C6 5.7130059E-06 6.600719&E-04 lw.0956435E-05 4.600779SE-C6 5.113059E-06 4.i252400E-06 4.43***25E-06

5 4.43110256-C& 4.52524006-06 5.7130059E-06 L.&600729SE-06 ;.0956445E-05 4.400721A-0& 5.130059C-0,6 4.4524*SE-44

a 4.1252.4006.-06 4.&431256-o£ 4.82524D06-06 5.7130059F-06 6.600719&6-06 4.0956465E-05 4.650106-0 3.71300596-g4

7 3.7130009E-06 4.32524006-06 4.43698256-06& 4.SZ4OOE-06 5.1130051E-06 6.6007146-6 .5646-05 6.40071"8-G&

4 .600779&E-06 5.7130059"60 4.12924006-06 4.43615s256-06 4.32524006-04 5.1130059E-06, 4.4001790-06 4.095444445
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TABLE 30
BENDING AND SHEAR RIGIDITY OF BEAM-LIKE COMPONENTS

El SLICE DATA GA SLICE DATA

SLICE BAUNDARIES SLICE VALUEIS) SLICE BOANDARIES . SLICE VALGEIS)
GCGGMDIMAT E X- CGOADIATE El VALUE El VALUE A-CDGADIAE X-COGRGINATE GA VALUE GA VALUE

UPPER STAGE 
UPPER STAGE

G. Z.DAGGGGGE AG 1.000AGGGE AS 1.5G00G00C GA A. 2.5GGG0GGE GA 3.5GGG000E AS 1.GAGGG0GE GE

Z.AGGGGDGE cG M.GGGGGGGE GA G.5G00G0GE GA U.SGGGGAGE GA 2.5GGG00GE GA A.GGGAGADR GA S.DGGGDG GA 1.15GG0GGE GA

S.GGGAGGGE GD 2.GGG0G00E GE 6.5GGGGG0E G6 Z.5G000G0E GM G.GGAOAGGE GA Z.GGG0G0Gi G1 I.IDGAGGDE GA Z.AGGDGAGE G6

Z.GGGGGGAE AS 3.GGAGGGGE 01 Z.SGGG0G0E Ge 6.250GG0GE GM Z.GGGG0G0E Al 3.AGDGAAGE AS D.SDGGDGGE 0A 3.40GG0GDE AG

3.GAGSGDDE AS 3.60000G0E GE 6.25000DGE GM 1.000G000E AM 3.GAGDGSDE AS 3.60G00GGE GE 3.400000GE GA A.GAGAGAGE GE

3 .AGGG000E0A 01 .400G0GGE AS E.000G0GGE G9 S.MSGG0DE G9 3.6GG0G0GE 01 4.4GGG0G0E GE A.GGGG0GGE GA A.MSGGDGGE G6

4.400GGGGE AS M.MGGGAGAE G1 1.85GGGGGE G9 1.M5GGG00[ GA 4.40GG0GGE G1 M.M5SG0G000E 01 A.1500GGGE GA 4.MSGGGGAE GA

6.MGG0GGGE AS L.GSSGAAGE GZ 4.G50G000E G9 S.00GG000E G9 A.MAGAGAGE G1 I.TGGGGGGE AZ 1.455GGGGE 07 l.EAAGDAGE GI

1.G000GGGE GZ S.GJGGGGSE GZ 8.00000G0E G9 E.0M5GGGGE ED 1.GGGGG00E GZ 1.GI00GG0E GZ 1.66000GGE Al 1.775GG0GE Al

1.G700GGGE GZ 1.110GGG0E AZ 1.0850GAGE GA 1.30000G0E IA 1.07GG0GGE GZ 1.110GG00E GZ 1.775GG00E Gl I.MDDADGGE GA

G.11GGDGGE AG 1.17GG000E AZ 1.3GG0GG0E ED 1.6500GGGE 1D 1.11G0GDGE AZ 1.17G000GE AZ 1.845A000E 07 1,945G0GGE Al

1.17000A0E AZ 1.253060GE A2 1.650G0GGE SD G.2000000E Eo E.SIAGGGAE AZ 1.2530GGGE AZ 1.945000GE Al G.1M5D000E Al

MIDDLE STAGE MIDDLE STAGE

1.1726600E A2 E.ZEZM&SAoE AZ 9.7399999E AM S.GIZUAITE G9 1.1726600E AZ l.ZEZMAGGE AZ 3.3100000E GA 5.3583003E 0A

1.212880GE AZ 1.Z530900E AZ 1.0326337E GD l.A4lDAGE G9 1.2128MAGE AZ 1.2530DAGE AZ 5.35M3003E GA 6.6205924E GA

1.2530900E A2 1.423G000C AD 3.3324611E SD 3.1474882E ID 1.2530900E 0Z I.4Z3I0GE AZ 4.6110508C Al 4.61105G8E Al

1.4231000E AZ E.D9GSGGDE AZ 3.14748M2E ID 2.985A592E ED 1.4231000E AZ 1.593130GE AZ 4.AISASDME Al 4.AIIG5SME Al

1.5931300E A2 E.1A3SGADE AG 2.9856592E ED Z.MDA9IIME 1A 1.59I330E AZ 1.7631700E A2 4.61IIGSE Al 4.AIEADGAE Al

1.7A31700E A2 1.9332000E AZ 2.8469T33E ID Z.7314321E 1A S1731700E 0Z 1.9332000E AZ 4.6110508f Al 4.AESADAAE Al

1.933200GE AG 2.1112000E AZ 9.9999998E Io 9.9999998 is 1.933G000E AZ 2.1132000E GZ 9.999999AE 18 9.999999MC is

CENTER LAG GAME CASTER LAG TANE

2.1473200E AZ 2.2529200E AZ 4.1438364E G9 4.1438364E G9 2.14732G0E AZ 2.2529200E 02 1.9637592E Al 1.9811592E AG

2.25292G0E A2 2.3160200E AG 2.4505693E G9 2.4505693E G9 G.2SZDZAAE AZ 2.316G200E AZ A.GIIS9GGD GA A.IIGDDZGE G6

2.3160200E AZ 11.0023Z00E A2 1.5508256E G9 S.S5aGGSE GD Z.ZLIEGGE AZ 3.0G2320GE A2 5.GM7D286E GA 5.2879286E GA

3.0023200C AZ 3.3011200E A2 1.9412973E A9 1.9412913E G9 3.0023200E 02 3.30I1200E AG 6.6130525E G6 6.6130525C GA

3.3011200E AZ 3.3936G00E AG 2.9223334E AD 2.922I33-E AN 3.3011200E C2 3.3936200E AZ 9.9313594E GA 9.9313594E GA

3.IDIGZGAE A2 3.5040900E AZ 1.6701169AE GD I.G1AAUDAE G9 3.3936200E A2 3.5G40900E AZ 4.0538160E G6 4.0538160E G6

FUEL TANKS FUEL TANKS

Z.IS9IGAGE AZ 2.3Z1GGTAGO AZ 1.718052NE G6 I.7A18052E GA 2.1593700E AG 2.3107700E 02 2.29A4403 GA G.2942403E AM

2.310770AE AZ G.GZIIGAOE AZ 9.l0305D9E AS 9.7030599E AS 2.3107GGAE AZ 2.6427700E AG I.ZA91SE GA 1.26GDG1AE GM

2.6427700E AZ 2.979769AE AZ 1.0584402E G6 1.0584402E AG 2.6421700E AZ Z.971ADD AD I.IGIGSSGE GA I.IAIASSAL GA

2.9l97GD9E A2 3.DiAIGAAC A2 I.IDASAI9E GE 1.1465619E G6 2.91699DL a? 3.3167700E AZ I.4DGUDGAG GA I.NDAGDGSE 0A

3.316lI00C A2 3.IGAGIAAE AG 1.761A052E GA 1.7618052F G6 3.3167700E 02 3.3806700E A2 Z.ZDNSGI3E GA Z.ZDADVGZE AG

3.G806I00E A2 3.5017100E A2 9.8834051E AG 9.3834051E G6 3.3806700E AZ 3.5071700E GD 5.301;940E GA S.GGSADDGE G1
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3.0 COUPLING OF SATURN MODEL COMPONENT MODES

3.1 Introduction

The ultimate goal of this analysis of the Saturn Model was to determine

the mode shapes and natural frequencies of the 1/5 scale model. The basic
idea behind breaking the model down into component structures was the reduc-
tion of the number of degrees-of-freedom used in the final coupling process.
It can be seen that the component structures of the model have been allowed
a total of 251 degrees-of-freedom. The manipulation of matrices of this size
would be very difficult not only in computation, but also in the mere analytical
expressions preceding the computation. It will be seen here that this number
of degrees-of-freedom can be reduced to 24 through the use of component modes
as generalized coordinates.

3.2 Vehicle Without Outer Lox Tanks

For the purpose of this final coupling analysis, an intermediate vehicle
configuration was defined and analyzed through the use of its component struc-
tures modes. This intermediate configuration was defined as the "Center Lox
Tank Vehicle" and consisted of the entire Saturn Model with only the Outer Lox
Tanks removed. This configuration was selected because it essentially eliminated
all major redundant load paths. Physically, this allowed any component structure
to store strain energy without forcing adjacent structures to also store strain
energy. (If the Outer Lox Tanks had been left in, then strain energy in one
tank would have forced strain energy into the Spider Beam, Center Lox Tank,
and other outer Lox Tanks.) Analytically, this selection of configuration
allowed a much simpler intermediate coupling analysis.

((A)

FIGURE 130 VEHICLE WITHOUT OUTER LOX TANKS
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3.2.1 Components of Vehicle Without Outer Lox Tanks

For the purpose of the analysis of the Vehicle Without Outer Lox Tanks,
the configuration shown in Figure 130 was divided into four component struc-
tures. These component structures were then analyzed independently to obtain
their mode shapes which were then used as generalized coordinates in the final
coupling analysis of the Vehicle Without Outer Lox Tanks.

The first component selected was the same as that shown in Figure 117
(Upper Stage, U) and analyzed in Section 2.1 of this appendix. This analysis
resulted in the determination of mode shapes as a 9 x 4 matrix, which are
presented in Table 32. It may be recalled that the kinetic energy of the Upper
Stage was written as

T JP P.1}[h~u (11-34)

The second component selected was the portion of the Vehicle Without Outer
Lox Tanks shown in Figure 131, the elastic Middle Stage and rigid Upper Stage.

FIGURE 131 SECOND COMPONENT OF
VEHICLE WITHOUT OUTER LOX TANKS

The kinetic energy of this component was written as

T - Jjj , [A]+ [Tu.]'[AU][TuM1)4I1 (11-35)

where {k} was the generalized velocities of (m).

[AM] was the collocation point mass matrix of (14) derived in
Section 2.2.

[TuMlwas a geometric transformation matrix which related the rigid
motion of the Upper Stage to the elastic motion of the Middle
Stage, and[Au]was the collocation point mass matrix of the
Upper Stage derived in Section 2.1 of this appendix.

The mode shapes of this component of the Center Lox Tank Vehicle were deter-
mined through iteration of the expression,
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A] + LTu]'[AuITLMJ){C = (11-36)

where [ E]was the collocation point structural influence coefficient
matrix derived in Section 2.2, and

[PM]was the 15 x 2 mode shape matrix for this portion of the Vehicle
(presented in Table 32).

The third. component selected was that portion of the Vehicle Without Outer
Lox Tanks shown in Figure 132, the elastic adapter (A) and the rigid Middle and
Upper Stages.

FIGURE 132 THIRD COMPONENT OF
VEHICLE WITHOUT OUTER LOX TANKS

The kinetic energy of this third portion was written in matrix notation as,

T - -'([Tmj'[AM]1[T,.A + [TuA]'[ Au][TUA)o (1-37)

where,

[Tu^] = [ Tu"]Tmx] (11-38)

and where.

i A} was the matrix of generalized velocities of (A), and
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(Tm] was a geometric transformation matrix which related
the rigid motion of the Middle Stage to the Elastic
motion of the Adapter (Note: all the transformation
matrices used in this Section are presented in Table

31 ).

The mode shapes of this third component of the Vehicle Without Outer Lox Tanks
were determined through iteration of the expression.

[Ep]([Tm]'[A.][TM 4 (Tuj'[Au][TUA]){( (11-39)

where LEA] was the collocation point influence matrix for the
Adapter, (A)'(derived in Section 2, 3, and

%J was a 2 x 1 mode shape matrix for this portion of
t e Center Lox Tank Vehicle (presented in Table 32).

The fourth component of the Center Lox Tank Vehicle was the Center Lox
Tank itself with all other components attached to it as rigid members as shown
in Figure 133. Two rigid body modes were included, unit translation and unit
pitch about the top of the spider beam.

(s)

FIGURE 133 FOURTH COMPONENT OF VEHICLE WITHOUT

OUTER LOX TANKS

The kinetic energy of the fourth and final component of the Center Lox Tank
Vehicle was expressed in matrix form as,

T = Li([AL . [TuLj'[Au][T1L1 + TL]'[As1[TSL]

+ [TML]'[AM1][T( + [_rL],[AR][TL] (II-i0O)

+ 4 [;j'[A,][TFj) 1
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where,

T'j = (T'. 1TsL (11-4i)

and, [TMs] was a geometric transformation matrix which
related the motion of the rigid Middle Stage (M) to the
motion of the Spider Beam (S), and

[T1,3 was a geometric transformation matrix which related
the motion of the rigid Spider Beam (S) to the elastic
motion of the Center Lox Tank (L),

and where,

[TULI= [-r,,.][TTLJ (11-42)

and where,

[TFL3 £TFS 115 + (7;:pl TRLI (11-43)

where [TFS]was a geometric transformation matrix which
related the motion of the rigid Fuel Tank (F)
to the motion of the Spider Beam (s).

[T iwas a geometric transformation matrix which
related the motion of the rigid Fuel Tank (F)
to the motion of the Outrigger (R), and

ITR ]was a geometric transformation matrix which
reiated the motion of the Outrigger to the motion
of the Center Lox Tank,

and where, [AL] was the collocation point mass matrix for the
Center Lox Tank (derived in Section 2.5 ),

[A was the collocation point mass matrix for the
Spider Beam (derived in Section 2.4 ).,

EAR ] was the collocation point mass matrix for the
Outrigger (derived in Section 2.7),

[AF1 was the collocation point mass matrix for the
Fuel Tanks (derived in Section 2.6 ), and

iLj was a matrix of generalized velocities for the
Center Lox Tank.
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The mode shapes of the fourth component of the Vehicle Without Outer Lox
Tanks were determined through iteration of the expression,

[IL1([AL + IITuL1[Au1[TU,] + I1Ts,]'fAs11(T5L (II-44)

A- (TNLI'EAm [TM1Ll + (TRL11(PRJ(TRL1

+ 4TFL'[A]F1TrL1

where [EL] was the collocation point structural influence
coefficient matrix for the Center Lox Tank (derived
in Section of this part of the report), and

LR'Lj was a 15 x 10 mode shape matrix for this fourth
component of the Center Lox Tank Vehicle (presented
in Table 32). It should perhaps be noted that two
of these modes were rigid body modes while the re-
maining eight were elastic modes.

3.2.2 Modes of Vehicle Without Outer Lox Tanks

The mode shapes and natural frequencies of the entire Vehicle Without
Outer Lox Tanks were determined in much the same manner as were the mode shapes
and frequencies of its components. The kinetic energy of the Vehicle was
expressed as the sum of the kinetic energies of its parts and appeared in
matrix form as,

- (J{1uJ[Au]Ujj + { }J[,M{jpM} + {, jtIA 5 IiI4 (11-45)

+ +
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It should perhaps be noted that jj represents the generalized coordinates of
a component. Each of these generalized coordinate matrices were then related
to modal coordinates, {q 1, by the relations;

=o} : T + [T1{%o}
----- 46)

o") 40. to o ( C)
Otio of u) 01 t. to M)

[:24 T0 4L3{PJj i- [T04 11AA (11-[47)~

P~A $(~9A 4.fotio.a (A) (1-483)

{41} 1T3141L} (11-49)

4PR (RJIL (11-50)

INL(=1 + [TL] (11-51)

{12)1 ITr:LHPLI + [TriF1 (11-52)

{1"l - TFJ1 L}o + fF1{Q',,l (11-53)

I =' ITFM1-21 (TAP (11-54)}

IP11- [fR$1j("1-55)

The modal coordinates associated with the entire Center Lox Tan~k Vehicle,
were then defined by the relation,

1%M1

, L
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Attention should be called to the {c?,F },{,Fj, and{ F J Modal coordinates. As

shown in Figure 134, the modal coordinates jq)} were associated with Fuel

Tanks number 1 and 3, and the modal coordina&es 4 -')anjq1FF were associated

with Fuel Tanks 2 and 4 respectively. This constraint restricted the Fuel

Tanks to symmetric motion.

(3)

('y,.-m -P =} [[ F1L$ 1

FIGURE 134 MODAL COORDINATES OF FUEL TANKS

The generalized coordinates of each part of the vehicle were then expressed

in terms of the modal coordinates{(BqbY combining expressions I1-46 through

11-55 with expression 11-56 in the zollowing manner:

(L)-} {%1 ("-57)

(s) p } = [ ,t - l-(ir- _8 )

I= (o 631 - to], if,]
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[ Mj = CrI, ([TM ljp,, [a],.. [ol, CITMl]BPl1

(1-59)

(u) (11-61)

II~R = 11110, 1], IRL1[LI3(11-62)
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(Fl)

F (11-63)

=i' (j[o], tol, tol, B{ ,1, to]. to], (- L1t ,L1]

(F)
(11-64)

N P,'1] = [1o o [ o1,to l o], t p, ],L01, TFL L]

(F3) 
(11-65)

(F4) Ip = [ (1{{66
F (11-66)

Such that the kinetic energy was expressed in terms of the modal coordinates
{qBj" by combining Equations 11-57 through 11-66 with 11-45 as shown in Equation
II-b7 below.

T = Y([ AL][ L] + [It]/A]L ,] ][AC(.

t61{AIil [%<'A [i, (Ii-67)
+-z F []'AF]t ] 1
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This expression was then written in terms of the individual modal mass matrices
as,

-f £RI 2[~'1~- L~i4[HP)){,s1(11-68)

where the modal mass matrix of a component was expressed in the following
generic form

(11-69)

The sum of the individual modal mass matrices was defined as the "Center Lox
Tank Vehicle" modal mass matrix, [MB] , such that the kinetic energy of the
complete "Center Lox Tank Vehicle" was finally written as,

T -£{%} [MB1{%B} (11-70)

where [Me]was the modal mass matrix for the Center Lox Tank

Vehicle, and

iq@jgwas the modal coordinate matrix for the Center Lox
Tank Vehicle

The strain energy stored in the Center Lox Tank Vehicle was written in matrix
form as,

(11-71)

where [FBI, the modal stiffness matrix for the Center Lox Tank Vehicle, was;

,(11-72)
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TABLE 31
GEOMETRIC TRANSFORMATION MATRICES FOR THE

ELASTICALLY UNCOUPLED COMPON ENTS
:800 .. 0 F 102,0000

2ISPL~cf0-EN; IF .00(0 -,"E. T3 COLUAK~

1 1.0000 00 7.0750 01

I 2 z 5 2 1.00000E 00 6.93410E at

1 3.00317t 00 1.60103E 01 -0.019290 01 2.5143E 00 3. 3 1.000000 00 6.24430F 01

2 1.62139t 00 1.41.256f 01 -1.759830 01 Z.2060 00 0, 1.O00000 00 5.592500 41

3 1.234020 00 1.204050 01 -1.5i0370 01 1.92469E 00 0. 5 1.00000E GO0 .. 500100 01

4 1.15o40 00 1.035330 01 -0.2050 01 1..01330 00 0. & 1.-00000 00 -4114810E 01

S 1.47047t 00 &.04459E0 00 -1.021400 01 1.27796E 00 0. 1 1.000000 00 3.577000 01

& 1.04727E 00 &.17190 00 -7.61963C 00 95451E-01 0. a 1.00000E 00 2.505200 01

7 7.03720E-61 4.60-13E 00 -5.02517E 00 0.31224E-01 0. 9 1.00000E 00 2.2330E 01

9 3.2014&b-01 2.840 00 -2.400330 00 3-07457E-01 0. 10 1.000000 00 1.54100 1

9 -0.3411&E-02 5.100220-01 1.000030-01 -1.555100-02 0. it 1.0000100 00 8.858000 00

GE052001C FRI(OSSC\51 12 1.000000E 00 2.180000 00
0138L0.CEM040S OF5 K1111. SI.CO %1
DISPLACE.-ERIS OF SPICFR PEbs 13 1.00000E 00 -4.3000 00

10 1.00000E 00 1l.115000 01

9 10 11 1s 1.00000E 00 -1.191300 01

1 0. 1.00000E 00 5.5460E 01 GEC00010K 00041(005.40100 £009
DISPLACOEENS OF SPIDER e145 T0

2 0. 1.000000 00 8.4.8180 01 D I StACEYEVSo OF5 C0NT00 LOS 10.50

3 0. 1.O0000 GO 9.20300r: 01 8kc (000.8

0 0. 1.0001001 00 7.53120f 01 1 2 3 0 5

1 0. 1.000000 00 *4.115540f 01 IQ. 1.23517E 00 -3.051&.E-01 0.01359-0Z 0. 0.

0 0. 1.00000E 00 6.14750E 01 11 1.23467E01 -1.01880I-01 2.250000-02 8. 0.

1 0. 1.000000 00 5.513100 01

a 0. 1.000000 00 4.430E 01

1 0. 1.00000E 00 4.17210E 01 00385091C 0045$ 01047109 0009

10 0. 1.000000E 00 3.50030E 01 DISPLACEMENT$ OF SPIUF0 0005I

51 0. 1.00000E 00 2.829300 01 k Ctw

02 0. 1.00000E 00 2.15100 0 a] t0 01

13 0. 1.00000E 00 1.46490E 01 1 0. 9.785300-01 8.

14 0. 1.C0000 00 8.131000 00 2 0. 9.141200-01 0.

is 0. 1.00003E 00 1.200E 00 3 0. 8.09900-01 0.

DISPLACE. NTS O F0 -.All' TO5 10 0. 7.83200-01 0.
D ISpLACZ-ZhIS Z0 Z.r513110

& 0. 1.5303E-01 0lo 0.U. 0.090 0 .

1 2 3 1 0. 1.9 3E-01 0

1 0. 0.100551-00 0. 270 .033-1 0

0 0. 8.383541-00 0. 11 0. E.03 go0-1 8.

3 0. 1.303000-01 0. 
0 0. .9800-01 0

4k 0. Z.107400-01 0. 1t 0. 3.300000-01 0.

3 0. 791700-01 0. 12 0 a 2.0981-0: 0.

4 0. 3.030010-01 0. 13 0. 0.5384E-9 0.

3 0. 0.000300-01 0. 10 0. 1.oo,3o4-o1 0.

4 . .12-61E-01 0. is 0. 1.6011&E-02 0.

O .. .3&8910-01 0.

10 0. 4.0132&E-01 0.
Gla0070K 30Fr:X3- 03

it 0. 0.030331-00 0. CiS01.ACE ENIS C 3ZT~.00153 T0
:l.I AC091\35 3 C S'01E 0X3 TANK

13 0. 1.55010-01 0.

14 0. 5oloo-o0. I it 0 13 10 is

15 . 9203 0. 0.20. 0. 3.011230-02 -3.121300-01 1.203021 00

3 0. 0. -2.23344E-07 1.418550-01 -1.25321t-41
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TABLE 32
COMPON ENT MODES OF V EHICL E WITHOUT OUTER LOX TANKS

FIRST COXPGWEKT

FOOES F (UlSECOND COMPONENT
COLL. IST MODE 2NO~l MO 3R OF 4H OEMDS F( IT U II

POINT 27.29 CPS 89.04 CPS 174.16 CPS 213.08 CPS COIL. 15! MO0E 2ND moot
I 9.6421,360E-02 I.67966611-01 2.44229161-01 5.4789109E-01 POINT 14.35 381 89.95 CPS

2 8.11950701-02 1.1839275E-01 1.4369598-01 2.1527023E-0100 1.387E2 3.9ZMF

3 6.6316996E-02 7.46-7163E-02 7.3377694E-02 4.11972218-0742172F0

4 5.0669723E-02 2.51115698-02 -7.8173396E-03 -5.2769397E-02 .15AEO

5 3.4241724E-02 -2.33631008-02 -3.93951168-02 3.21235318-02 .1062C2

6 1-78340SIE-02 -4.1927207E-02 3.32203308-02 6.191146E-04s .73bE0 36511E2

7 6.9849456E-03 -2.3426839E-02 3.29636250-02 -3.13501408-02 6 29905-3 3172E0

9 7.34682018-03 -9.5140919E-03 1.1239716E-02 -1.5389D128-02 .675E0 .5Z5E0

9 1.53213988-03 1.18511088-02

9 9.95271798-04 1.62685508-02

10 5.6116235F.-0 9.0626127E-03
THIR0 C087815191 11 2.3887288-04 4.5061998-03

ACCII 0F 161 W1TH 161 640 II R1GI0 12 3.7481063E-05 9.226156011-04

8.9 95 CPS 13 5.0962670E-13 8.96518398-12

1 5.14430608-03 14 2.0572369E-13 2.3409367E-12

2 7.04800931-05

FO-1-I C-0-4098

51081S 0F ILI W ITH ALL 08868 COMPONENTS3 RIGI0

COLL. 117 NOW 2143 MCOE 380 MODE8 435 808 5TH NO08 61" A008 TTH 9008 875 MO00E
D01NT 0 CPS 0 CPS 16,.67 CPS 70.92 cs Z 714.38 Cp S 58L9. 59 CI S 0a81.54 CPS 1276 CPS

t 1.00011008 CI -2.-00000108 00 4.235295SE-07 -. 102480 -8.02862358-03 -6.4647484E-03 6.4418731E-03 -3.1809066"-4
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5 1.03240002E 00 -4.02650011, *1 4.3249546E-02 2.355L196E-02 1.600093S8-Ol 7.6535Z08-01 -1.01160908-01 -1.92651278-01

6 1.03CO07 00 -5.56Ca11 91 4.03378-02 3.67108018-02 7.07307148-01 7.2359038-01 3.4415722E-02 -1.8239142-01

1 1070"003E Go -5.01669998 05 3.8-475152E-02 4.971156518-02 7.29888438-01 1.41798418-Ol 1.329206E-01 -4.81905&18-01

4 %.01207021 10 -6.9S30018 01 3-.437133E-OZ 6.15316511-02 7.391016Z8-01 2.4504056E-02 2.85774928-01 1.4329112E-01

I 1.QCZ01O08 0o -7.952999&8 01 2.5S3213-4LZ 7.1404417E-02 7.20384590-01 -9.33210218-07 1.55715108-01 2.099483AE-01

10 1.02111 C4 -8.9210218 01 19l4lt 7.8S0317E-02 1.96376148-01 -1.4389522-E-01 5.60832051-C06 1.1710501E-01

it1 1.0111 L= 00 LEC -9.59119918 01 1.76609Ilf-42 Lk.2335412E-OZ 1-54354528-01 -7.149S1108-01 -1.407735SE-01 7.41413124-03

12 1.042 0It 00 -1.06603C!8 OZ 5.32S'66'--" a.28.15118-02 9.96396108-02 -1.83816588-01 -2.103150N8-01 -1.94130951-O

13 1.O0CC11101 C3 -1.18294C108 CZ -2.34.'OtSE-03 7.96961,138-02 1.9191322-02 -1.11131008-01 -1.&906330E-01 -2.2693394E-01

1.CO22ZQZZ1 CI -0.21936201 2 -1.QI372331-2 7.SO76619E-02 -2.37196118-02 4.1452276-C. -1.267799&E-02 -1.9673689%E-0

II .C12201 CC -1.7373201 CZ -1.9Ol376*-C2 3.633E-02 -2.10003668-02 1.365.3618-00 9.263317AE-03 1.2126091E-02
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TABLE 33
FREQUENCIES OF THE VEHICLE WITHOUT OUTER LOX TANKS

ANALYSIS OF THIS VIBRATION TEST* RESULTS
REPORT (WITH OUTER LOX TANKS)

(C.p.s.) (c.p.s.)ist mode 12.3L,  13.4

2nd mode 45.29 44.7

3r d mode 71.13

4th mode 80.09

5 t h mode 80.59

6 th mode 82.97

7 t h mode 93.31

8th mode 166.07

*Taken from NASA TN D 1593, Investigation of the Lateral Vibration

Characteristics of a 1/5-scale Model of Saturn SA-1 by John S. Mixson,
John J. Catherine, and Ali Arman, January, 1963.
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The modal influence coefficient matrix, CGB], was then formed from the modal
stiffness matrix by the method presented in Section 2.2.3.4 of this report,
such that the "modal-mode shapes" and modal frequencies of the Center Lox Tank
Vehicle were determined through the iteration of the expression,

[G][M.]tirI = x-ik (I1-73)

such that [Trc] , the "modal-mode shapes" of the Center Lox Tank Vehicle, was a
26 x 10 matrix containing two rigid body modes and eight elastic modes.

It is somewhat disconcerting to find that the "modal-mode shape" matrix,
[ITJ] has little or no direct physical interpretation. However, gratification
is obtained through the use of an expression such as 11-74. The deflections
of the component structures may be determined in this manner and plotted to
yield a picture of the complete vehicle in a particular bendin mode. However,
it should not be forgotten that the primary purpose of [lTc] is the reduction
of the number of degrees-of-freedom in the final coupling analysis.

{~JJ= ITi~)Q~ ~(11-74)

or

{ } -[ c{% c}(11-75)

where

It should also be noted here that,

where {j0c was the final modal
generalized coordinates of the

Center Lox Tank Vehicle.

638



3.3 Coupling of Outer Lox Tanks With the Rest of the Vehicle

3.3.1 Analysis of Outer Lox Tanks

3.3.1.1 Outer Lox Tank Geometry and Basic Data

A schematic of one of the four outer lox tanks is shown in Figure 135.
0M 1.

TT

I 0- .91 .-

x + M 1 .9 4 x 3 5 0 -7

FIGURE 135 GEOMETRY OF OUTER LOX TANK

The inertia properties of the ends of the tank are:

MT = mass = 6.0202 ibM

T IT = moment of inertia about T.

= 490.51505 ibM -in- - X-r- XT = 46.010303
6.0202 inches

MB = mass = 7.141 ibM ?(s-A&-- = 67.12528
7.141

IB = moment of inertia about B
= 869.57078 lbM4-in

2  S

The shell has the following material properties

E = 10.6 x 106 lbF/in2  (11-78)

V = 0.3 (11-79)

G = 4.0769 x 106 ibF/in2  (II-80)

* p = 0.1 lbM/in3  (11-81)

The total mass of the shell is then

2 7rb TLp = 10.0577 iby (11-82)
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and the total mass of one outer lox tank is 23.2189 ibM

3.3.1.2 Outer Lox Tank Collocation Point Geometry and
Generalized Coordinates

Fifteen points at equal intervals along the shell are shown in Figure 136.

L 2 -3 A 15

FIGURE 136 COLLOCATION POINTS

Each point is allowed 3 degrees-of-freedom qi ?7i and i describing bending in
two planes and longitudinal deformation.

In addition each end has five degrees-of-freedom as shown in Figure 137.
These are

- 8-,
Lf

FIGURE 137 GENERALIZED COORDINATES FOR THE ENDS

Compatibility at the ends requires

IT (11-83)

SIST
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The complete set of generalized coordinates for the outer lox tank is
then

LJ

3.3.1.3 Outer Lox Tank Influence Coefficients and. Modes

The influence coefficients for the structure cantilevered at x = 333.857
were first calculated by complementary energy techniques

Z2

FIGURE 138 CANTILEVERED OUTER LOX TANK

These influence coefficients were then transformed to influence coeffi-
cients on on simple supports as shown in Figure 139.

FIGURE 139 OUTER LOX TANK ON SIMPLE SUPPORTS
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The modes in bending were then obtained from

.... 7 (11-85)
[E["'= k (iterate for first 3 modes)

where [AT(S)] includes inertia properties of the ends of the tank and it is
assumed that the modes are the same in both planes.

The longitudinal modes were obtained from

1 , ' (II-86)
[E1][At]jyj= k - (iterate for first 2 modes)

where [ET(L)] is the longitudinal influence coefficient for the tank constrained

at x = 350.717.

3.3.1.4 Outer Lox Tank Modal Transformation Matrix

The complete set of modes for the lox tank are associated with the follow-
ing generalized coordinates:

1 1' longitudinal modes constrained at X = 350.717

1 igid body rotation mode about x = 350.717
the x-z plane

1.3 lateral "pin-pin" modes in x-z plane

3 lateral "pin-pin" modes in x-y plane

The complete modal transformation is

(11-87)

LI
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which defines the 49 x 9 matrix Iq T1"

The outer lox tanks are numbered as in Figure 140.

1 ( )(1

0

FIGURE 140 ARRANGEMENT OF FOUR OUTER LOX TANKS

The total displacements of the outer lox tanks are

Ly'l , I IT < ]{H (11-89)

motion of motion of rigid
outer lox outer lox tanks
tanks relative due to motion of
to center lox center lox tank
tank

Due to symmetry:

r (11-90)

(11-91)

The geometric transformations can be considered as

- -(1 -92)
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where the displacements are first transformed to outrigger and then from
outrigger to center lox tank.

3.3.2 Geometric Transformation Relating Motion of Rigid
Outer Lox Tank to Outrigger

In deriving the geometric relations the tanks are assumed rigid and can-
tilivered to the outrigger

I

X-=39o. 717

3= 33.8.57
x= X7 3b. t5,

FIGURE 141 GEOMETRY OF OUTER LOX TANK - OUTRIGGER

At the joint the following is true (for the rigid tank with rigid joint)

11- (I-93)

or

-" (11-94)
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Also for the rigid tank

(11-95)

{ ] {0
T -0

All * kLOI

0

or

0 0 t " 
(ii-96)

0 0 1

o o} o~-0 41
00 0

0 0 00 0

(II-97)
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3.3-3 Spider-uter Lox Tank Constraints

. (3 - - (, ... .

X- T

FIGURE 142 SPIDER BEAM - OUTER LOX TANK COMPATIBILITY

The compatibility relations at the joint can be written as

(XT~ -X0 (11-98)

S+ =(XT -o-) G , (11-99)

T + 61 Z"').( 11-100)
+ -, ,t6
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+ 9T-ii
4 2. + 9,~, -ZS +

or in matrix form

LT" [L"'M (11-102)

"L~ (11-103)

The total displacement of the spider beam is assumed to be

where the spider beam "modes" are

(11-105)

00 0

0 0
0 0

0 0

o0 o oj
o 0 c

which describe a symmetric deformation defined by

(11-106)
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and

(11-107)

3.3.4 Modal Coupling for Natural Modes of Complete Vehicle

Rigid tanks - geometric transformation:

= [Tl']{bL (11-108)

1.r ~*= tITLJ{LJ~ (11-109)

Snider beam-outer lox end constraints:

LLA9 
{'pTgj "-- [Ls lips~ (i-llO)

Moftal coordinate transformations:

T[ rh - [T/ j{i ,} (11-122)

= + T{ (11-13)

Introduce
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T1hen ve can write

(11-117)

t~ ~ ~ ?111I o

(11-122)

or!



Le t

-9 ,,'T =4!- x i (I1-123)

where } coordinates to be eliminated by use
U of constraint conditions

4, 1 (1 -1 4

(11-125)

I

fJ[To}3.}A + [-][TvII} - 4o1 (11-126)

- ( [LJLTo])'L] ], (11-127)

Ty(~ LTO( Lu[jLjf[TJ) 'VI (11-128)

compatibility matrix (11-129)
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3.3.4.2 Kinetic Energy

T = ' , ' l ( 1 1 -1 3 0 )

+ L'4 f1'
two tanks per side

- 8(1I-131)

[MT] - ] (11-132)

I~NT1j ljk:31'fl j]

T [ (11-133)

[M,= [T]t[MC] EM,] j[T] (I-134)

L01

3.3.4.3 Strain Energy

f I +" (I -1r
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F<J=c 0 (11-136)

(11-137)

%~ longitudinal

0 flapping stiffness

Slateral

lateral

(11-138)

[&S] IV Iv (L'[41e 1i)lv II' (11-139)

u F,=i1o

[Fv] =Tj 1' ([T (11-141)

EFS I
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[ -] [r's(s]F ][ ] Is] [w] (I'-1 .)

(II-143)

0 (11-145)
[LTgJ 10 1

00

001
3.3.4.4 Vibration Modes and Frequencies

Natural vibration modes and frequencies are obtained by iteration of

L6yJLMY}irI 
(I-146)
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Mode shapes:

(11-147 )

~~ ~~~L\Y][TTr4~~

= [ T j[TUTIJq~ [Y(t ,jj{ $

- [i T=llwljTcTl{V =

[£""Lc]TtIri =TJ$ (FLT$T

4' 0 =[~t ]LTC KTriI~i -
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APPENDIX III

COMPUTATIONAL PROCEDURES
FOR FINITE DEGREE-OF-FREEDOM

EIGENVAUJE PROBLFR4S
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1. 0 INTRODUCTION

In this appendix we shall consider some numerical methods for solving the
general eigenvalue problem. We shall consider the equations

where [N (X)] is a function of the parameter X such that [Nwo] is real when X is
real. Important special cases are

(i) . j [ K]>, < (11-2)

(2) = - - 1 (111-3)

(3) "(111-4) + \  -- ] 6[

The first example is the eigenvalue problem of the general theory of vibrations.
In the case of restrained systems, where [Kj-exists, it can be put in the same
form as (2). It is shown in Section 2.2.3.4 that it can be put in the same form
as (2) even when [K]- does not exist. Case (2) represents, then, an important
sub-case of the general problem:

)(II-5)

When a real eigenvalue exists and it is the largest then the eigenvalue and
eigenvector may be obtained from Equation 111-5 by iteration.

When the problem indicates that complex eigenvalues may be present, the
general case, Equation III-1, must be considered. The case of interest in this
report, is expressed in Equation 111-4 which has, in general, complex eigen-
values. Further examples are

(4) -
= \3[A] [BI +[K] + (61'= [61 (111-6)

which arises in the general theory of damped vibrations (see Section 2.2.3.5)
and

(5) A = + k[G] + [k] ; [G]'=-[G] (111-7)

which arises in the general theory of vibrations about a point of steady motion
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(examples are afforded by the vibrations of wings having large rotating machin-
ery, vibrations of helicopter blades, perturbations of rotating space stations,
perturbations of the 3-body problem, etc, etc.).

2.0 SOLUTIONS BY MATRIX ITERATION

When this method applies, the equation

[NKTh = kjTJ (111-8)

is solved by assuming a trial { }, say f }o and computing

TIT, =[ (111-9)

and

= {(} 2j~},(111-10)

is normalized, for example by dividing by JTJ so that

Then

and the procedure is repeated. Proof of the convergence of the process in the
case of a dominant real eigernalue is given by Frazer, Duncan. and Collar1 .

3.0 SOLUTIONS TO THE GENERAL PROBLIE4 BY THE TAYLOR'S SERIES METHOD
OF WIELANDT

3.1 Computational Procedure

The 'method to be described depends on having an estimate of the eigenvalue
and eigenvectors of the problem

!Frazer, Duncan, and Collar, Elementary Matrices, Cambridge.
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The methods to obtain these estimates will be considered in Section 3.2
of this appendix. Let us denote the estimate of the eigenvalue by Xi and the
estimate of the eigenvector by J.I. Then, if X is an eigenvalue of 111-13,
let

X k+ (111-14)

where L is a correction which is to be made zero.

Expand N(X) in a Taylor's series about the point X=

LN(M] +Nxjf d pL] (X-ki + t(0 (>-N'1  (111-15)

or

6D,* (111-16)

... terms of
order of L2

Let

IT,= } 0} (111-17)

(First element is uncorrected)

where{(J is an eigenvector of 111-13

Then

(111-18)
[N (xi)JIT?}t

+

+ [.NRaj][o ]

This term is second order

Since X and{}lare solutions to 111-13 we have

[iN(X]{(}3+t f n X}%{ [ +w 0 ][Fo {o} (111-19)
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Irij ( 111-20)

then we can write

[N(XW}H { +[ )]{ A -+ [N(Ao [THA = {0}-

These equations may be solved for the corrections

(111-22)

Then compute

{ -. - fy} + [T]{AJ (III-24)

t- ki + (111-25)

and iterate the procedure. For most problems the process converges satisfactori-
ly in five to ten iterations. The process is repeated for the problem

[N (x1 ]t} = } (111-26)

starting with a "trial" i which is the converged value for the iteration for
TT)i" The solutions can be normalized by the condition

= I (111-27)

The above process fails for a repeated root.

3.2 Iethods to Obtain Estimates for Use in Wielandt's Procedure

The common method for obtaining the eigenvalues from the solution of a
polynominal is available when the problem is in the special form

= , _ [,4] (111-28)
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Most problems can be reduced to this "canonical" form by increasing the number
of equations. For example, the third case (Equation III-4) can be reduced by
taking [N] as

-'c _[M] + -29)

[o1
= - - -- -

In the canonical form, the determinant

A(= Irlj -[II (111-30)

can be expanded into a polynominal by the method of Danielewski, and the re-
sulting polynominal solved by Newton's method for the i, i = 1,2.. .N.

Approximate eigenvectors may be obtained, when the eigenvalues are known,
by the following procedure

then

-I

- (111-32)

and

-T (111-33)

This procedure is not generally very accurate1 , but it suffices to obtain es-
timates for Weilandt's method.

1This is true because of Rayleigh's theorem which says that eigenvalues are
insensitive to errors in the eigenvectors they are calculated from. Conversely,
the eigenvectors are poorly determined from the eigenvalues.
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A routine incorporating Danielewski expansion and Wielandt's method has
been used with considerable success at LTV Astronautics. The choice of this
combination over other possible methods was largely based on a survey article
by Paul A. White1 and suggestions by Mario Rheinfurth of the NASA Mrshall
Space Flight Center 2 .

1 See White, Paul A. The Computation of Eigenvalues and Eigen Vectors of a
Matrix Journal of the Society of Industrial and Applied Mthematics, Vol. 6,
No. 4 December, 1958.
2Rheinfurth, Mario Control-Feedback Stability Analysis ABMA Report No.
DA-TR-2-bO January 1960.
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PiUPEUDTX IV

ITERPOLATIOII AM D fUEGRATTOIN
COEEFICIENTS FOR

DIM:FABOLIC TNTUTPOTATION
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TABLE 35
TWO-DIMENSIONAL DIPARABOLIC INTEGRATION MATRICES

TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1 2 3 .4

I 1.O000000E 00 5.0000000E-O1 3.3333333E-01 5.0000000E-01

2 5.OOOOOOOE-01 3.3333333E-01 2.5000000E-01 2.5000000E-01

3 3.3333333E-01 2.5000000E-01 2.OOOOOOOE-01 1.6666667E-O1

4 5.OOOOOOE-01 2.5000000E-01 1.6666667E-01 3.3333333E-01

5 2.5000000E-01 1.6666667E-01 1.2500000E-0 1.6666667E-01

6 1.6666667E-01 1.2500000E-O1 9.9999999E-02 1.111111E-O

7 3.3333333E-01 1.6666667E-01 1.1l1l111E-O1 2.5000000E-01

8 1.6666667E-01 I.I1II1IE-O1 8.3333333E-02 1.2500000E-O1

9 1.I1111IIE-O1 8.3333333E-02 6.6666666E-02 8.3333333E-02

10 2.5000000E-01 1.2500000E-01 8.3333333E-02 2.OOOOOOOE-O1

11 1.2500000E-01 8.3333333E-02 6.2500000E-02 9.9999999E-02

12 8.3333333E-02 6.2500GOOE-02 4.9999999E-02 6.6666666E-02

13 2.5000000E-01 2.OOOOOOOE-01 1.6666667E-01 1.2500000E-01

14 1.2500000E-01 9.9999999E-02 8.3333333E-02 8.3333333E-02

15 8.3333333E-02 6.6666666E-02 5.5555555E-02 6.2500000E-02.

16 6.2500000E-02 4.9999999E-02 4.1666666E-02 4.9999999E-02
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ROW 
COLUMN

5 6 7 8

1 2.5000000E-01 1.6666667E-01 3.3333333E-01 1.6666667E-01

2 1.6666667E-01 1.2500000E-01 1.6666667E-01 i.II111E-O

3 1.2500000E-
0 1  9.9999999E-02 I.II1I LE-01 8 .3333333E-02

4 1.6666667E-01 I.111IIIIE-OI 2 .50oOO00E-01 
1.2500000E-01

5 I.11111IIE-O1 8.3333333E-02 1.2500000E-01 8.3333333E-02

6 8.3333333E-02 6 .6666666E-02 8 .3333333E-02 
6.2500000E-02

7 1.2500000E-O1 8 .3333333E-02 
2.O000000E-01 9.9999999E-02

8 8.3333333E-02 6.2500000E-02 9 .9999999E-02 6 .6 666666E-02

9 6 .2500000E-02 4 .9999999E-02 6 .6666666E-02 4 .9999999E-02

10 9.9999999E-02 6 .6666666E-02 
1.6666667E-01 8.3333333E-02

I1 6.6666666E-02 4 .9999999E-02 8 .3333333E-02 
5.5555555E-02

12 4 .9999999E-02 
3.9999999E-02 5.5555555E-02 4.1666666E-02

13 9.9999999E-02 8.3333333E-02 8 .3333333E-02 
6.6666666E-02

14 6 .6666666E-02 5 .5555555E-02 
6.2500000E-02 4 .9999999E-02

15 4 .9999999E-02 
4.1666666E-02 4,9999999E-02 3.9999999E-02

16 3 .9999999E-02 
3.3333333E-02 4.1666666E-02 3.3333333E-02
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ROW COLUMN

9 10 11 12

I I.111111E-O1 2.5000000E-01 1.2500000E-01 8.3333333E-02

2 8.3333333E-02 1.2500000E-01 8.3333333E-02 6.2500000E-02

3 6.6666666E-02 8.3333333E-02 6.2500000E-02 4.9999999E-02

4 8.3333333E-02 2.OOOOOOOE-01 9.9999999E-02 6.6666666E-02

5 6.2500000E-02 9.9999999E-02 6.6666666E-02 4.9999999E-02

6 4.9999999E-02 6.6666666E-02 4.9999999E-02 3.9999999E-02

7 6.6666666E-02 1.6666667E-01 8.3333333E-02 5.5555555E-02

8 4.9999999E-02 8.3333333E-02 5.5555555E-02 4.1666666E-02

9 3.9999999E-02 5.5555555E-02 4.1666666E-02 3.3333333E-02

10 5.5555555E-02 1.4285714E-01 7.1428571E-02 4.7619047E-02

11 4.1666666E-02 7.1428571E-02 4.7619047E-02 3.5714285E-02

12 3.3333333E-02 4.7619047E-02 3.5714285E-02 2.8571428E-02

13 5.5555555E-02 6.2500000E-02 4.9999999E-02 4.1666666E-02

14 4.1666666E-02 4.9999999E-02 3.9999999E-02 3.3333333E-02

15 3.3333333E-02 4.1666666E-02 3.3333333E-02 2.7777778E-02

16 2.7777778E-02 3.5714285E-02 2.8571428E-02 2.3809524E-02
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ROW COLUMN

13 14 15 16

1 2.5000000E-01 1.2500000E-01 8.3333333E-02 6.2500000E-02

2 2.OOOOOOOE-O1 9.9999999E-02 6.6666666E-02 4.9999999E-02

3 1.6666667E-01 8.3333333E-02 5.5555555E-02 4.1666666E-02

4 1.2500000E-01 8.3333333E-02 6.2500000E-02 4.9999999E-02

5 9.9999999E-02 6.6666666E-02 4.9999999E-02 3.9999999E-02

6 8.3333333E-02 5.5555555E-02 4.1666666E-02 3.3333333E-02

7 8.3333333E-02 6.2500000E-02 4.9999999E-02 4.1666666E-02

8 6.6666666E-02 4.9999999E-02 3.9999999E-02 3.3333333E-02

9 5.5555555E-02 4.1666666E-02 3.3333333E-02 2.7777778E-02

10 6.2500000E-02 4.9999999E-02 4.1666666E-02 3.5714285E-02

11 4.9999999E-02 3.9999999E-02 3.3333333E-02 2.8571428E-02

'12 4.1666666E-02 3.3333333E-02 2.7777778E-02 2.3809524E-02

13 1.4285714E-01 7.1428571E-02 4.7619047E-02 3.5714285E-02

14 7.1428571E-02 4.7619047E-02 3.5714285E-02 2.8571428E-02

15 4.7619047E-02 3.5714285E-02 2.8571428E-02 2.3809524E-02

16 3.5714285E-02 2.8571428E-02 2.3809524E-02 2.0408163E-02
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TWO-DIMENSIONAL DIPARABOLIC

INTEGRATION COEFFICIENTS FOR
USE IN PLATE AND SHELL ANALYSES

[I2]

ROW COLUMN

2 3 4

3 0. 0. 4.0000000E 00 0.

6 0. 0. 2.OOOOOOOE 00 0.

9 0. 0. 1.3333333E 00 0.

12 0. 0. 1.O000000E 00 0.

13 0. 0. 6.OOOOOOOE 00 0.

14 0. 0. 3.OOOOOOOE 00 0.

15 0. 0. 2.0000000E 00 0.

16 0. 0. 1.5000000E 00 0.

ROW COLUMN

6 7 8

3 0. 2.OOOOOOOE 00 0. 0.

6 0. 1.3333333E 00 0. 0.

9 0. 1.O000000E 00 0. 0.

12 0. 7.9999999E-01 0. 0.

13 0. 3.OOOOOOOE 00 0. 0.

14 0. 2.OOOOOOOE 00 0. 0.

15 0. 1.5000000E 00 0. 0.

16 0. 1.2000000E 00 0. 0.

672



ROW 
COLUMN

9 
10 

111

3 1.3333333E 00 0. 0. I.OooooooE 00

6 l.oOOOOOE 00 0. 0. 7 .9999999E-01

9 7.9999999E-01 0. 0. 6.6666666E-O1

12 6 .6666666E-01 
0. 0. 5. 7 142857E-01

13 2 .0000000E 00 0. 0. i.5000000E 00

14 1.5000000E 00 0. 0. 1.2000000E 00

15 1.2000000E 00 0. 0. q 9 99999L-O1

16 9 9 999999E-01 
0. 0. 8.5714284E-01

ROW 
COLUMN

13 14 15 16

3 6 .0000000E 
00 3 .OOOOOOOE 

00 2 .0000000E 
00 1.5000000E 00

6 3 .OOOOOOOE 
00 2 .0 000000E 

00 1.5000000E 00 1.2 000000E 00

9 2 .OOOOOOOE 
00 1.5000000E 00 1.2000000E 00 9.9999999E-01

1Z 1.5000000E 00 1.2000000E 00 9 .9999999E-01 
8.5714284E-01

13 1.2000000E 01 5 .9 999999E 
00 4 .OOOOOOOE 

00 3 .OOOOOOOE 
00

14 5 .9 999999E 
00 4 .OOOOOOOE 

00 3 .OOOOOOOE 
00 ?.4000000E 00

15 4 .O000000E 
00 3 .O000000E 

00 2 .4000000E 
00 2 .OOOOOOOE 

00

16 3 .OOOOOOOE 
00 2 .4 000000E 00 2 .O00000E 

00 1 .7142857E 
00
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[3]
ROW COLUMN

5 6 7 8

7 0. 0. 4.0000000E 00 2.0000000E 00

8 0. 0. 2.0000000E 00 1.3333333E 00

9 0. 0. 1.3333333E 00 1.0000000E 00

to 0. 0. 6.OOOOOOOE 00 3.OOOOOOOE 00

11 0. 0. 3.0000000E 00 2.0000000E 00

12 0. 0. 2.0000000E 00 1.5000000E 00

15 0. 0. 1.0000000E 00 7.9999999E-01

16 0. 0. 1.5000000E 00 1.2000000E 00

ROW COLUMN

9 10 11 12

7 1.3333333E 00 6.0000000E 00 3.OOOOOOOE 00 2.OOOOOOOE 00

8 1.0000000E 00 3.OOOOOOOE 00 2.OOOOOOOE 00 1.5000000E 00

9 7.9999999E-01 2.OOOOOOOE 00 1.5000000E 00 1.2000000E 00

10 2.OOOOOOOE 00 lz2000000E 01 5.9999999E 00 4.OOOOOOOE 00

11 1.5000000E 00 5.9999999E 00 4.OOOOOOOE 00 3.OOOOOOOE O0

12 1.2000000E 00 4.OOOOOOOE 00 3.OOOOOOOE 00 2.4000000E 00

15 6.6666666E-01 1.5000000E 00 1.2000000E 00 9.9999999E-O1

16 9.9999999E-01 3.OOOOOOOE 00 2.4000000E 00 2.OOOOOOOE 00

674



ROW 
COLUMN

13 14 15 16

7 0. 0. l.0000000E 00 1.5000000E 00

8 0. 0. 7.9999999E-01 1.2000000E 00

9 0. 0. 6.6666666E-01 9 .9999999E-0l

10 0. 0. 1.5000000E 00 3 .o000000E 00

11 0. 0. 1.2000000E 00 2.4000000E 00

12 0. 0. 9 .9999999E-01 
2.OOOOOOOE 00

15 0. 0. 5.7142857E-01 8.5714284E-01

16 0. 0. 8.5714284E-01 1.7142857E 00
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[I7~l
ROW COLUMN

12 3 4

7 0. 0. 2.OOOOOOOE 00 0.

8 0. 0. I.O000000E 00 0.

9 0. 0. 6.6666666E-01 0.

10 0. 0. 3.OOOOOOOE 00 0.

11 0. 0. 1.5000000E 00 0.

12 0. 0. 9.9999999E-01 0.

15 0. 0. 5.0000000E-O1 0.

16 0. 0. 7.5000000E-01 0.
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ROW COLUMN

5 6 7 8

3 0O. 2.0000000E 00 1.O000000E 00

6 0Q.1 .OOOOOOOE 00 5.OOOOOOOE-0

7 0. 1.OOOOOOOE 00 0. 0.

8 0. 5.OOOOOOOE-O1 0. 0.

9 0. 3.3333333E-01 6.6666666E-01 3.3333333E-01

10 0. 2.OOOOOOOE 00 0. 0.

11 0. 9.9999999E-01 0. 0.

12 0. 6.6666666E-01 5.OOOOOOOE-01 2.5000000E-01

13 0. 0. 3.OOOOOOOE 00 2.OOOOOOOE 00

14 0. 0. 1.5000000E 00 9.9999999E-01

0. 0. 2.5000000E-01 9.9999999E-01 6.6666666E-01

16 0. 4.9999999E-01 7.5000000E-01 4.9999999E-01
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ROW 
COLUMN

9 10 ii 12

3 6.6666666E-01 3 .O0ooo00E 00 
1.5000000E 00 9 .9999999E-01

6 3.3333333E-01 2.OOOOOOOE 00 9 .9999999E-O 
6.6666666E-O1

7 6.6666666E-01 0. 0. 5.00000001E-O

8 3.3333333E-01 0. 0. 2 .5000000E-01

9 4.4444444E-01 1.5000000E 00 7.5000000E-01 6.6666666E-01

10 1.5000000E 00 0. 0. 1.2000000E 00

ii 7.5000000E-01 0. 0. 5 .9999999E-O1

12 6 .6666666E-01 
1.2000000E 00 5 .9999999E-01 7 .9999999E-01

13 1.5000000E 00 4 .5000:000E 00 3.OOOO00
0 E 00 2 .2500000E 00

14 7.5000000E-01 3.OOOOOOOE 00 2.0000000E 00 1.5000000E 00

15 6.6666666E-01 2.2500000E 00 1 .5000000E 00 1.2500000E 00

16 7 .5000000E-01 
1.8000000E 00 1.2000000E 00 1.2000000E 00

ROW 
COLUMN

13 14 15 16

3 0. 0. 5.0000000E-01 7.5000000E-01

6 0. 0. 2.5000000E-01 4 .9999999E-OL

7 3 .OOOOOOOE 00 1 .5000000E 00 
9.9999999E-01 7.5000000E-01

8 2.OOOOOOOE 00 9.9999999E-01 6.6666666E-01 4.9999999E-01

9 1.5000000E 00 7.5000000E-01 6.6666666E-01 7.5000000E-01

10 4 .5000000E 00 
3°000000E 00 2.2500000E 00 1.8000000E 00

11 3.OOOOOOOE 00 2 .OOOOOOOE 00 
1.5000000E 00 1.2000000E 00

12 2 .2500000E 00 
1.5000000E 00 1.2500000E 00 1.2000000E 00

13 0." 0. 1.2000000E 00 1.8000000E 00

14 0. 0. 5.9999999E-01 1.2000000E 00

15 1.2000000E 00 5.9999999E-O 7.9999999E-01 1.2000000E 00

16 1.8000000E 00 1.2000000E 00 1.2000000E 00 1.4400000E 00
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

5 6 78

5 1.OOOOOOOE 00 1.0000000E 00 0. 1.0O00000E 00

6 I.0000000E 00 1.3333333E 00 0. 1.O000000E 00

8 1.0000000E 00 1.O0000OOE 00 0. 1.3333333E 00

9 1.0000000E 00 1.3333333E 00 0. 1.3333333E 00

1I 9.9999999E-01 9.9999999E-O 0. 1.5000000E 00

12 9.9999999E-01 1.3333333E 00 0. 1.5000000E 00

14 9.9999999E-01 1.5000000E 00 0. 9.9999999E-0

15 9.9999999E-01 1.5000000E 00 0. 1.3333333E 00

16 9.9999999E-01 1.5000000E 00 0. 1.5000000E 00

ROW COLUMN

9 10 11 12

5 1.O000000E 00 0. 9.9999999E-01 9.9999999E-01

6 1.3333333E 00 0. 9.9999999E-01 1.3333333E 00

18 1.3333333E 00 0. 1.5000000E 00 1.5000000E 00

9 1.7777778E 00 0. I.5000000E 00 2.0000000E 00

11 1.5000000E 00 0. I.8000000E 00 1.8000000E 00

12 2.OOOOOOOE 00 0. I.8000000E 00 2.4000000E'00

14 1.5000000E 00 0. 9.9999999E-01 1.5000000E 00

15 2.OOOOOOOE 00 0. 1.5000000E 00 2.2500000E 00

16 2.2500000E 00 0. 1.8000000E 00 2.7000000E 00
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ROW 
COLUMN

13 14 15 16

5 0. 9.9999999E-01 9 .9999999E-01 9 .9999999E-01

6 0. 1.5000000E 00 1.5000000E 00 l.5000000E 00

8 O. 9.9999999E-01 1.3333333E 00 1.5000000E 00

9 0. 1.5000000E 00 2.OOOOOOOE 00 2.2500000E 00

11 0. 9.9999999E-01 1.5000000E 00 1.8ooooo0E 00

12 0. 1.5000000E 00 2.2500000E 00 2.7000000E 00

14 0 1.8000000E 00 1.8000000E 00 1.8000000E 00

1.5 0. I.8000000E 00 2.4000000E 00 2.7000000E 00

16 0. 1.8000OOE 00 2 .7000000E 00 
3.2399999E 00
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[r ]
ROW COLUMN

2 3 4

1 0. 1.0000000E 00 1.OOOOOOOE 00 -0.

2 0. 5.0000000E-01 6.6666666E-o1 -0.

3 0. 3.3333333E-01 5.OOOOOOOE-01 -0.

4 0. 5.OOOOOOOE-01 5.OOOOOOOE-I -0.

5 0. 2.5000000E-01 3.3333333E-01 -0.

6 0. 1.6666667E-01 2.5000000E-01 -0.

7 0. 3.3333333E-01 3.3333333E-01 -0.

8 0. 1.6666667E-01 2.2222222E-01 -0.

9 0. 1.1111111E-01 1.6666667E-01 -0.

010 0. 2.5000000E-01 2.5000000E-01 -0.

011 0. 1.2500000E-01 1.6666667E-01 -0.

012 0. 8.3333333E-02 1.2500000E-01 -0.

013 0. 2.5000000E-01 4.0000000E-01 -0.

014 0. 1.2500000E-01 2.OOOOOOOE-01 -0.

015 0. 8,3333333E-02 1.3333333E-01 -0.

016 0. 6.2500000E-02 9.9999999E-02 -0.

68!



ROW COLUMN

5 6 7 8

1 5.O000000E-O1 5.0000000E-O 0. 3.3333333E-01

2 2.5000000E-01 3.3333333E-01 0. 1.6666667E-01

3 1.6666667E-01 2.5000000E-01 0. 1.III111E-O1

4 3.3333333E-01 3.3333333E-01 0. 2.5000000E-01

5 1.6666667E-01 2.2222222E-01 0. 1.2500000E-OL

6 I.11IIIE-O1 1.6666667E-01 0. 8.3333333E-02

7 2.5000000E-01 2.5000000E-01 0. 2.0000000E-01

8 1.2500000E-01 1.6666667E-01 0. 9.9999999E-02

9 8.3333333E-02 I.2500000E-01 0. 6.6666666E-02

10 2.0000000E-01 2.O000000E-O1 0. 1.6666667E-01

11 9.9999999E-02 1.3333333E-01 0. 8.3333333E-02

12 6.6666666E-02 9.9999999E-02 0. 5.5555555E-02

13 1.2500000E-01 2.0000000E-01 0. 8.3333333E-02

14 8.3333333E-02 1.3333333E-01 0. 6.2500000E-02

15 6.2500000E-02 9.9999999E-02 0. 4.9999999E-02

16 4.9999999E-02 7.9999999E-02 0. 4.1666666E-02

682



ROW COLUMN

9 10 11 12

1 3.3333333E-01 0. 2.5000000E-01 2.5000000E-01

2 2.2222222E-01 0. 1.2500000E-01 1.6666667E-01

3 1.6666667E-O1 -0. 8.3333333E-02 1.2500000E-O1

4 2.5000000E-01 0. 2.OOOOOOOE-01 2.OOOOOOOE-Ol

5 1.6666667E-01 -. 9.9999999E-02 1.3333333E-01

6 1.250CO00E-01 0. 6.6666666E-02 9.9999999E-02

17 2.OOOOOOOE-01 0. 1.6666667E-01 L.6666667E-0

8 1.3333333E-01 0. 8.3333333E-02 1.ILIIIIE-O

9 9.9999999E-02 0. 5.5555555E-02 8.3333333E-02

10 1.6666667E-01 0. 1.4285714E-01 1.4285714E-01

11 I.111I11E-O1 0. 7.1428571E-02 9.5238094E-02

12 8.3333333E-02 0. 4.7619047E-02 7.1428571E-02

13 1.3333333E-01 0. 6.2500000E-02 9.9999999E-02

14 9.9999999E-02 0. 4.9999999E-02 7.9999999E-02

15 7.9999999E-02 0. 4.1666666E-02 6.6666666E-02

16 6.6666666E-02 0. 3.5714285E-02 5.7142857E-02
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ROW 
COLUMN

13 14 15 16

1 9.9999999E-01 4.9999999E-01 3.3333333E-01 2.5000000E-01

2 7.5000000E-01 3.7500000E-01 2.5000000E-01 i.8750000E-01

3 5.9999999E-01 3.O000000E-01 2 .OOOOOOOE-01 
1.5000000E-01

4 4.9999999E-01 3.3333333E-01 2.5000000E-01 2.OOOOOOOE-01

5 3.7500000E-01 2.5000000E-01 1.8750000E-01 1.5000000E-01

6 3.0000000E-01 2.0000000E-O 1.5000000E-01 1.2000000E-01

7 3.3333333E-01 2.5000000E-01 2 .O000000E-01 
l.6666667E-01

8 2.5000000E-01 1.8750000E-01 1.5000000E-01 1.2500000E-01

9 2.0000000E-01 1.5000000E-01 1.2000000E-01 9.9999999E-02

10 2.5000000E-01 2.0000000E-01 1.6666667E-01 1.4285714E-01

11 1.8750000E-01 1.5000OOE-01 1.2500000E-01 1.0714286E-01

12 1.5000000E-01 1.2000000E-01 9.9999999E-02 8.5714284E-02

13 4.9999999E_01 2.5000000E-01 1.6666667E-01 1.2500000E-01

14 2.5000000E-01 1.6666667E-01 1.2500000E-01 9.9999999E-02

15 1.6666667E-01 1.2500000E-01 9.9999999E-02 8.3333333E-02

16 1.2500000E-01 9.9999999E-02 8.3333333E-02 7.1428571E-02
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TWO-DIMENSIONAL DIPARABOLIC

INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

2 3 4

2 0. i.OOOOOOOE D0 1.0000O00E 00 0.

3 0. I.O000000E 00 1.3333333E 00 0.

5 0. 5.0000000E-01 5.0000000E-01 0.

6 0. 5.0000000E-01 6.6666666E-01 0.

8 0. 3.3333333E-01 3.3333333E-01 0.

9 0. 3.3333333E-01 4.4444444E-01 0.

11 0. 2.5000000E-01 2.5000000E-01 0.

12 0. 2.5000000E-01 3.3333333E-01 0.

13 0. 1.O000000E O0 1.5000000E 00 0.

14 0. 5.0000000E-01 7.5000000E-01 0.

15 0. 3.3333333E-01 5.00000E-OL 0.

16 0. 2.5000000E-01 3.7500000E-01 0.
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ROW COLUMN

5 6 7 8

2 5.OOOOOOOE-O1 5.OOOOOOOE-O1 0. 3.3333333E-01

3 5.OOOOOOE-O1 6.6666666E-01 0. 3.3333333E-01

5 3.3333333E-01 3.3333333E-01 0. 2.5000000E-01

6 3.3333333E-01 4.4444444E-01 0. 2.5000000E-01

8 2.5000000E-01 2.5000000E-01 0. 2.O000000E-01

9 2.5000000E-01 3.3333333E-01 0. 2.OOOOOOOE-01

ii 2.000O00E-O 2.OOOOOOOE-O1 0. 1.6666667E-01

12 2.OOOOOOOE-01 2.6666667E-01 0. 1.6666667E-01

13 5.O000000E-01 7.5000000E-01 3. 3.3333333E-01

14 3.3333333E-01 5.0000000E-01 0. 2.5000000E-O

15 2.5000000E-01 3.75000OOE-01 0. 2.O000000E-O.

16 2.O000000E-01 3.OOOOOOOE-01 0. 1.6666667E-01
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ROW 
COLUMN

9 10 11 12

2 3.3333333E-01 0. 2.5000000E-01 2.5000000E-01

3 4.4444444E-01 0. 2.5000000E-01 3.3333333E-01

5 2.5000000E-01 0. 2.0000000E-01 2.0000000E-01

6 3.3333333E-01 0. 2.0000000E-01 2.6666667E-01

8 2.0000000E-01 O. 1.6666667E-01 1.6666667E-01

9 2.6666667E-01 0. 1.6666667E-01 2.2222222E-01

11 1.6666667E-01 0. 1.4285714E-01 1.4285714E-01

12 2.2222222E-01 0. 1.4285714E-01 1.9047619E-01

13 5.0000000E-01 0. 2.5000000E-01 3.7500000E-01

14 3.7500000E-01 0. 2.0000000E-01 3.0000000E-01

15 3.OOOOOOOE-01 0. 1.6666667E-01 2.5000000E-01

16 2.5000000E-01 0. 1.4285714E-01 2.1428571E-01
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ROW 
COLUMN

13 14 15 16

2 1.0000000E 00 5.0000000E-01 3.3333333E-01 2.5000000E-01

3 1.5000000E 00 7.5000000E-01 5.OOOOOOOE-O1 3.7500000E-01

5 5.0000000E-01 3.3333333E-01 2.5000000E-01 2 .0000000E-01

6 7.5000000E-01 5.0000000E-01 3.7500000E-01 3.O000000E01

8 3.3333333E01 2.5000000E-01 2.0000000E-01 1.6666667E-01

9 5.000OOC00E01 3.7500000E-01 3.000OO00E-01 2.5000000E-01

11 2.5000000E-01 2.0000000E-01 1.6666667E-01 1.4285714E-01

12 3.7500000E-01 3 .0000000E-01 
2.5000000E-01 2.1428571E-01

13 1.8000000E 00 8.9999999E-O1 5.9999999E-01 4.4999999E-01

14 8.9999999E-01 5.9999999E-01 4.4999999E-01 3.6000000E-01

15 5.9999999E-01 4.4999999E-01 3.6000000E-01 3.0000000E-01

16 4.4999999E-O 3 .6000000E-01 
3.O000O000E-1 2.5714286[-01
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1 2 3 4

4 0. 0. 0. I.O000000E 00

5 0. 0. 0. 5.OOOOOOOE-O1

6 0. 0. 0. 3.3333333E-0l

7 0. 0. 0. 1.O000000E 00

8 0. 0. 0. 5.OOOOOOOE-O1

9 0. 0. 0. 3.3333333E-01

10 0. 0. 0. 1.0000000E 00

11 0. 0. 0. 5.0000000E-O1

12 0. 0. 0. 3.3333333E-01

14 0. 0. 0. 2.50000OOE-01

15 0. 0. 0. 2.5000000E-01

16 0. .0. 0. 2.5000000E-01
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ROW COLUMN

5 6 7 8

4 5.0000000E-O1 3.3333333E-01 i.O000000E 00 5.0000000E-O1

5 3.3333333E-01 2.5000000E-01 5.0000000E-01 3.3333333E-01

6 2.5000000E-01 2.0000000E-O1 3.3333333E-01 2.5000000E-01

7 5.OOOOOOOE-O1 3.3333333E-01 1.3333333E 00 6.6666666E-01

8 3.3333333E-01 2.5000000E-01 6.6666666E-01 4.4444444E-01

9 2.,OOOOOOE-O1 2.OOOOOOOE-01 4.4444444E-01 3.3333333E-01

10 5.0000000E-01 3.3333333E-01 1.5000000E 00 7.5000000E-01

11 3.3333333E-01 2.5000000E-01 7.5000000E-01 5.0000000E-01

12 2.5000000E-01 2.0000000E-01 5.OOOOOOOE-GI 3.7500000E-01

14 2.OOOOOOOE-01 1.6666667E-01 2.5000000E-01 2.0000000E-0l

15 2.0000000E-01 1.6666667E-01 3.3333333E-01 2.6666667E-0I

16 2.OOOOOOOE-01 1.6666667E-01 3.7500000E-01 3.OOOOOOOE-0L
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ROW 
COLUMN

9 10 11 12

4 3.3333333E-01 j.OoooooOE 00 5.OOOOOOOE-01 3.3333333E-01

5 2.5000000E-01 5.OOOOO0OE0 3.3333333E-01 2.5000000E-Ol

6 2.000000OE0E1 3.3333333E-01 2.5000000E-01 2.OOOOOOOE-01

7 4.4444444E-01 1.5000000E 00 7.5000000E-01 5.OOOOO0OOE0

8 3 .3333333E-01. 
7.500000OE-01 5.0000000E-01 3.7500000E-01

9 2.6666667E-01 5 .OOOOOOOEOI1 
3.75000O0E-Oi 3.0000000E-01

10 5.0000000E-01 1.8000000E 00 8.9999999E01l 5.9999999E01l

11 3.7500000E-01 8.9999999E-Ol 5.9999999E-01 4.4999999E-01

12 3.0000000E-01 5 .9999999E01l 
4.4999999E01l 3.6000000E-01

14* 1.6666667E-01 2 .5000000E01l 2 .0000000E01l 
L.6666667E-0l

15 2.2222222E-01 3 .7500000E-Ol 
3.0000000E01l 2.5000000E-01

16 2.5000000E-01 4.4999999E-Ol 3.6000000E01l 3.0000000E-Ol
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ROW COLUMN

13 14 15 16

4 0. 2.5000000E-01 2.5000000E-01 2.5000000E-01

5 0. 2.OOOOOOOE-O 2.OOOOOOOE-O1 2.OOOOOOE-O1

6 0. 1.6666667E-01 1.6666667E-01 1.6666667E-01

7 0. 2.5000000E-01 3.3333333E-01 3.7500000E-01

8 0. 2.OOOOOOOE-O0 2.6666667E-01 3.OOOOOOOE-O1

9 0. 1.6666667E-01 2.2222222E-01 2.5000000E-0

10 0. 2.5000000E-01 3.7500000E-O1 4.4999999E-01

11 0. 2.0000000E-O1 3.0000000E-O1 3.6000000E-01

12 0. 1.6666667E-01 2.5000000E-01 3.OOOOOOOE-O1

14 0. 1.4285714E-01 1.4285714E-01 1.4285714E-01

15 0. 1.4285714E-01 1.9047619E-01 2.1428571E-01

16 0. 1.4285714E-01 2.1428571E-01 2.5714286E-01
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[1
ROW COLUMN

2 3 4

2 0. 0. 0. 5.OOOOOOOE-O0

3 0. 0. 0. 5.OOOOOOOE-Ol

4 0. 5.0000000E-O1 5.0000000E-01 0.

5 0. 2.5000000E-01 3.3333333E-O1 2.5000000E-01

6 0. 1.6666666E-01 2.5000000E-01 2.5000000E-01

7 0. 5.OOOOOOOE-O1 5.0000000E-O1 0.

8 0. 2.5000000E-01 3.3333333E-01 1.6666666E-01

9 0. 1.6666666E-O1 2.5000000E-01 1.6666666E-01

10 0. 5.OOOOOOOE-O1 5.OOOOOOOE-O1 0.

11 0. 2.5000000E-01 3.3333333E-01 1.2500000E-01

12 0. 1.6666666E-01 2.5000000E-01 1.2500000E-01

13 0. 0. 0. 5.OOOOOOOE-01

14 0. 1.2500000E-01 2.0000000E-01 2.5000000E-01

15 O. 1.2500000E-01 2.0000000E-O1 1.6666666E-01

16 0. 1.2500000E-01 2.0000000E-O1 1.2500000E-O1
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ROW COLUMN

5 6 7 8

2 2.5000000E-01 1.6666666E-01 5.0000000E-01 2.5000000E-01

3 3.3333333E-01 2.5000000E-O1 5.0000000E-01 3.3333333E-01

4 2.5000000E-01 2.50000OE-01 0. 1.6666666E-01'

.5 2.5000000E-01 2.5000000E-01 3.3333333E-01 2.5000000E-01

6 2.5000000E-01 2.5000000E-01 3.3333333E-01 2.7777777E-01

7 3.3333333E-01 3.3333333E-01 0. 2.5000000E-01

8 2.5000000E-OI 2.7777777E-01 2.5000000E0OL 2.5000000E-01

9 2.2222222E-01 2.5000000E0Ol 2.5000000E-01 2.5OOOOOOEO01

10 3.7500000E-O1 3.7500000E-O1 0. 3.OOOOOOOE-Ol

11 2.5000000E-01 2.9166666E-01. 2.O000000E-01 2.5000000E-01

12 2.0833333E-01 2.500000OE-01 2.QOOCOOOE-O1 2.3333333E-01

13 3.75000OOE-01 3.OOOOOOOE-O1 5.OOOOOOOE-O1 3.7500000E-01

14 2.5000000E-0l 2.5000000E-O1 3.3333333E-01 2.9166666E-01.

15 2.0833333E-01 2.3333333E-01 2.5000000E-01 2.5000000E-01

16 1.8750000E-01 2.25000O0E-01 2.0000000F-01 2.2500000E01l
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ROW CO LU MN

10 11 12

2 1.6666666E-01 5.OOOOOOOE-O1 2.5000000EQ01 1.6666666E-01~

3 2.5000000E--O1 5.OOOOOOOE-O1 3.3333333E-01 2.5000000E-01

4 1.6666666E-01 0. 1.2500000E-01 1.2500000E-01

5 2.2222222E-01 3.75000O0E-01 2.5000000E-01 2.0833333E-01

6 2.5000000E-01 3.7500000E-01 2.9166666E-01 2.5000000E-01

7 2.5000000E-O1 0. 2.OOOOOOOE-01 2.0000000E-01

8 2.5000000E-01 3.OOOOOOOE-O1 2.5000000E-O1 2.3333333E-01

9 2.5000000E-1 3.OOOOOOOE-01 2.6666666E-01 2.5000000E-01

0 3.OOOOOOOE-01 0. 2.5000000E-01 2.5000000E-01

11 2.6666666E-01 2.5000000E-01 2.5000000E-01 2.5000000E-01

12 2.5000000E-O1 2.5000000E-01 2.5000000E-01 2.5000000E-01

13 3.OOOOOOOE-01 5.OOOOOOOE-01 3.7500000E-01 3.O000000E-01

14 2.6666666E-01 3.7500000E-01 3.1250000E-01 2.7500000E-01

15 2.5000000E-01 3.OOOOOOOE-01 2.750000OE-01 2.6000000E-01

16 2.4000000E-01 2.5000000E-01 2.5000000E-01 2.5000000E-01
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ROW COLUMN

13 14 15 16

2 0. 1.2500000E-O1 1.2500000E-01 1.2500000E-01

3 0. 2.0000000E-01 2.0000000E-01 2.0000000E-01

4 5.0000000E-01 2.5000000E-01 1.6666666E-01 1.2500000E-01

5 3.7500000E-01 2.5000000E-01 2.0833333E-01 1.8750000E-01

6 3.0000000E-01 2.5000000E-01 2.3333333E-01 2.2500000E-01

7 5.0000000E-01 3.3333333E-01 2.5000000E-01 2.0000000L-01

8 3.7500000E-01 2.9166666E-01 2.5000000E-01 2.2500000E-01

9 3.0000000E-01 2.6666666E-01 2.5000000E-01 2.4000000E0OL

10 5.OO0O000E-01 3.7500000E-01 3.0000000E-01 2.5000000E-01

11 3.7500000E-01 3.1250000E-01 2.7500000E-01 2.5000000E-01

12 3.0000000E-01 2.7500000E-01 2.6000000E-01 2.5000000E-01

13 0. 2.5000000E-01 2.5000000E-01 2.5000000E-01

14 2.5000000E-01 2.5000000E-01 2.5000000E-01 2.5000000E-01

15 2.5000000E-01 2.5000000E-01 2.5000000E-01 2.5000000E-01

16 2.5000000E-01 2.5000000E-01 2.5000000E-01 2.5000000E-01

696



TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1 2 3 4

1 0. 0. 0. 1.OOOOOOOE 00

2 0. 0. 0. 5.OOOOOOOE-01

3 0. 0. 0. 3.3333333E-01

4 0. 0. 0. 5.OOOOOOOE-0

5 0. 0. 0. 2.5000000E-01.

6 0. 0. 0. 1.6666667E-01

7 0. 0. 0. 3.3333333E-01

8 0. 0. 0. 1.6666667E-01

9 0. 0. 0. 1.IlII[ILE-O

LO 0. 0. 0. 2.5000000E-01

11 0. 0. 0. 1.2500000E-0l

12 0. 0. 0. 8.3333329E-02

13 0. 0. 0. 2.5000000E-01

14 0. 0. 0. 1.2500000E-01

15 0. 0. 0. 8.3333329E-02

16 0. 0. 0. 6.2500000E-02
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ROW 
COLUMN

5 6 7 8

1 5.O00000OOOE- 3 .3333333E-01 
i.0000000E 00 5 .oo0000E-01

2 3 .3333333E-01 2 .5000000E-01 
5.0000000E-01 3.3333333E-01

3 2.50000E-01 2.0000000E-01 3 .3333333E-01 
2.5000000E-01

4 2.5000000E-01 l.6666667E-01 6.6666666E-01 3 .3333333E-01

5 1.6666667E-01 1.2500000E-O1 3 .3 333333E-C0 2 .2222222E-Ol

6 1.2500000E-G1 9.9999999E-02 2.222?22?F-01 L.6666667E-01

7 1.6666667E-0l 1. 1 1111IIE-0 
5.OOOUOOqE-O 2 .5000000E-01

8 1.I1IIIE-01 8.3333329E-02 2 .5o,G0OL-CL 
L.6666667L-01

9 8 .3333329E-02 
6.6666669E-02 1.6666667F-01 1.25CO0000-OL

10 1.2500000E-OL 8 .3333329E-02 
4.OOGLOOOLO1 2.0000000-u1

11 8 .3333329E-02 6 .2500000E-02 
2.ococooOE-O1 1 .3333333E-0l

12 6.2500000E-02 4.9999999E-02 1.3333333L-Ul 9.9999999L-02

13 z.000CO00E-01 1 .6666667E-01 
2.5000000E-01 2.00(000E-OL

14 9.9999999E-02 8.3333329E-02 1.6666667E-O1 1 .31333>E-01

15 6.6666669E-02 5 .5555559E-02 
1.2500000C-O1 9.P)99999E-C2

16 4 .9999999E-02 
4.1666669E-O2 9.999999E-02 7 .9999999E-0/
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TWO-DIMENSIONAL DIPARABOLIC

INTEGRATION COEFFICIENTS FOR

USE IN OLATE AND SHELL ANALYSES

ROW COLUMN

9 10 11 12

1 3.3333333E-01 1.O000000E 00 5.OOOOOOOE-O1 3.3333333E-01

2 2.5000000E-01 5.OOOOOOOE-OI 3.3333333E-01 2.5000000E-01

3 2.OOOOOOOE-0 3.3333333E-01 2.5000000E-01 2.0000000E-O!.

4 2.2222222E-01 7.5000000E-01 3.7500000E-01 2.5000000E-O1

5 1.6666667E-01 3.7500000E-01 2.5000000E-01 1.8750000E-01

6 1.3333333E-01 2.5000000E-01 1.8750000E-01 1.5000000E-OI

7 1.6666667E-01 5.9999999E-01 3.OOOOOOOE-O1 2.OOOOOOOE-O1

8 1.2500000E-01 3.OOOOOOOE-O1 2.OOOCOOOE-01 1.5000000E-O1

9 9.9999999E-02 Z.OOOOOOOE-01 I.500000E-O1 1.2000000E-O1

10 1.3333333E-01 5.OOOOOOOE-O 2.5000000E-01 1.6666667E-01

11 9.9999999E-02 2.5000000E-01 1.6666667E-01 1.2500000E-01

12 7.9999999E-02 1.6666667E-01 1.2500000E-01 9.9999999E-02

13 1.6666667E-01 2.5000000E-01 2.OOOOOOOE-01 1.6666667E-01

14 1.11111I1E-01 1.8750000E-01 1.5000000E-O1 1.2500000E-01

15 803333329E-02 1.5000000E-01 1.2000000E-O1 9.9999999E-02

16 6.6666669E-02 1.2500000E-01 9.9999999E-02 8.3333329E-02
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ROW COLUMN

13 14 15 16

1 0. 2.5000000E-01 2.5000000E-01 2.5000000E-01

2 0. 2.OOOOOOOE-O1 2.OOOOOOOE-O1 2.OOOOOOOE-O1

3 0. 1.6666667E-01 1.6666667E-01 1.6666667E-01

4 0. 1.2500000E-O1 1.6666667E-01 1.8750000E-01

5 0. 9.9999999E-02 1.3333333E-01 1.5000000E-O1

16 0. 8.3333329E-02 1.II1111E-O1 1.2500000E-O1

.7 0. 8.3333329E-02 1.2500000E-O1 1.5000000E-O1

8 0. 6.6666669E-02 9.9999999E-02 1.2000000E-O1

9 0. 5.5555559E-02 8.3333329E-02 9.9999999E-02

10 0. 6.2500000E-02 9.9999999E-02 1.2500000E-01

11 0. 4.9999999E-02 7.9999999E-02 9.9999999E-02

12 0. 4.1666669E-02 6.6666669E-02 8.3333329E-02

13 0. 1.4285714E-01 1.4285714E-01 1.4285714E-01

14 0. 7.1428570E-02 9.5238099E-02 1.0714286E-01

15 0. 4.7619050E-02 7.1428570E-02 8.5714289E-02

16 0. 3.5714290E-02 5.7142860E-02 7.1428570E-02
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1 2 3 4

2 0. 0. 0. 1.O000000E 00

3 0. 0. 0. 1.O000000E 00

5 0. 0. 0. 5.OOOOOOOE-0

6 0. 0. 0. 5.000000OE-01

8 O. 0. 0. 3.3333333E-01

9 0. 0. 0. 3.3333333E-01

11 0. 0. 0. 2.5000000E-01

12 0. 0. 0. 2.5000000E-01

13 0. 0. 0. 1.O000000E 00

14 0. 0. 0. 5.OOOOOOOE-0

15 0. 0. 0. 3.3333333E-01

16 0. 0. 0. 2.5000000E-01
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ROW COLUMN

5 6 7 8

2 5.OOOOOOOE-O1 3.3333333E-01 1.O000000E 00 5.OOOOOOOE-O1

3 6.6666666E-01 5.OOOOOOOE-O 1.O0000000E 00 6.6666666E-01

5 2.5000000E-01 1.6666667E-01 6.6666666E-01 3.3333333E-01

6 3.3333333E-01 2.5000000E-01 6.6666666E-01 4.4444444E-01

8 1.6666667E-01 1.1U11IIE-O01 5.OOOOOOOE-01 2.5000000E-01

9 2,2222222E-01 1.6666667E-01 5.000000E-0 3.3333333E-01

11 1.2500000E-01 8.3333329E-02 4.0000000E-01 2.0000000E-O

12 1.6666667E-01 1.2500000E-0 4.OOOOOOOE-I 2.6666667E-0i

13 7.50000OOE-01 5.9999999E-01 1.OOOOOOOE 00 7.5000000E-01

14 3.7500000E-01 3.OOOOOOOE-01 6.6666666E-01 5.OOOOOOOE-0

15 2.5000000E-01 2.OOOOOOOE-01 5.OOOOOOOE-01 3.7500000E-01

16 1.8750000E-01 1.5000000E-01 4.OOOOOO0E-01 3.OOOOOOOE-O1
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ROW COLUMN

9 10 11 1.2

2 3.3333333E-01 1.0000000E 00 5.OOOOOOOE-01 3.3333333E-01

3 5.OOOOOOOE-01 I.OOOOOOOE 00 6.6666666E-01 5.OOOOOOOE-01

5 2.2222222E-01 7.5000000E-O1 3.75000O0E-01 2.5000000E-1

6 3.3333333E-01 7.5000000E-01 5.OO00000E-O1 3.7500000E-01

8 1.6666667E-01 5.9999999E-01~ 3.O0OOOOOE-01 2.OOOOOOOE-Q1

9 2.5000000E-I. 5.9999999E-01 4.OOOOOOOE-0I 3.OOOOOOOE-01

11. 1.3333333E-01 5.OOOOOOOE-1 2.5000000E-I. 1.6666667E-01

12 2.OOOOOOOE-01 5.0000000E-01 3.3333333E-01 2.5000000E-01

13 5.9999999E-01 1.OOOOOOOE 00 7.5000000E-01 5.9999999E-01

14 4.OOOOOOOE-01 7.5000000E-0l 5.6250000E-01 4.4999999E-01

15 3.OOOOOOOE-01 5.9999999E-01 4.4999999E-01 3.6000000E-0l

16 2.4000000E-01 5.OOOOOOOE-0. 3.7500000E-01 3.OOOOOOOE-01
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ROW 
COLUMN

13 14 15 16

2 0. 2.5000000E-01 2.5000000E-01 2.5000000E-01

3 0. 4.OO00000E-01 4.OOOOO00E-01 4.0000000E-01

5 0. 1.2500000E-01 1.6666667E-01 1.8750000E-01

6 0. 2.0000000E-01 2.6666667E-01 3.O000000E-01

8 0. 8.3333329E-02 1.25000OOE-01 1.5000000E-01

9 0. 1.3333333E-01 2 0 0000000E-01 
2.4000000E-01

11 0. b.2500000E-02 9.9999999E-02 1.2500000E-01

12 0. 9.9999999E-02 1.6000000E-0L 2.0000000E-01

13 0. 5.0000000E-01 5.0000000E-01 5.O000000E-O1

14 0. 2.5000000E-01 3.3333333E-01 3.7500000E-01

15 0. 1.6666667E-01 2.5000000E-01 3.0000000E-01

16 0. 1.2500000L-C1 2.00060.00E-01 2 .5000000E-01



TWO-DIMENSIONAL'DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[112
ROW COLUMN

2 3 4

7 0. 0. 0. 2.0000000E 00

8 0. 0. 0. 1.0000000E 00

9 0. 0. 0. 6.6666666E-01

10 0. 0. 0. 3.OOOOOOOE 00

11 0. 0. 0. 1.5000000E 00

12 0. 0. 0. 1.O000000E 00

15 0. 0. 0. 5.OOOOOOOE-01

16 0. 0. 0. 7.5000000E-01

ROW COLUMN

5 6 7 8

7 1.0000000E 00 6.6666666E-01 2.OOOOOOOE 00 1.0000000E 00

8 6.6666666E-01 5.0000000E-01 1.O000000E 00 6.6666666E-01

9 5.0000000E-01 4.OOOOOOOE-01 6.6666666E-01 5.OOOOOOOE-01

10 1.5000000E 00 1.0000000E 00 4.OOOOOOOE 00 2.0000000E 00

11 1.O000000E 00 7.5000000E-01 2.OOOOOOOE 00 1.3333333E 00"

12 7.5000000E-01 5.9999999E-01 1.3333333E 00 1.O00000OF 00

15 4.OOOOOOOE-01 3.3333333E-01 5.OOOOOOOE-01 4.OOOOOOE-0O

16 5.9999999E-01 5.OOOOOOOE-01 i.0000000E 00 7.9999999E-01
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ROW COLUMN

9 10 11 12

7 6.6666666E-01 2.OOOOOOOE 00 1.O000000E 00 6.6666666E-01

8 5.OOOOOOOE-01 1.O000000E 00 6.6666666E-01 5.OOOOOOOE-O1

9 4.OOOOOOOE-O1 6.6666666E-01 5.OOOOOOOE-O1 4.0000000E-O1

10 1.3333333E 00 4.5000000E 00 2.2500000E 00 1.5000000E 00

11 I.OOO0E 00 2.2500000E 00 1.5000000E 00 1.1250000E 00

12 7.9999999E-O1 1.5000000E 00 1.1250000E 00 8.9999999E-01

15 3.3333333E-01 5.OOOOOOOE-01 4.OOOOOOOE-01 3.3333333E-01

16 6.6666666E-01 1-1250000E 00 8.9999999E-01 7.5000000E-01

ROW COLUMN

13 14 15 16

7 0. 5.OOOOOOOE-01 5.OOOOOOE-01 5.OOOOOOOE-01

8 0. 4.OOOOOOOE-O1 4.OOOOOOOE-01 4.OOOOOOOE-01

9 0. 3.3333333E-01 3.3333333E-01 3.3333333E-01

0. 7.5000000E-Q1 1.O000000E 00 1.1250000E 00

11 0. 5.9999999E-01 7.9999999E-01 8.9999999E-01

12 0. 5.OOOOOOOE-01 6.6666666E-01 7.5000000E-01

15 0. 2.8571429E-01 2.8571429E-01 2.8571428E-01

16 0. 4.2857143E-01 5.7142857E-01 6.4285713E-01
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

[173]
ROW COLUMN

2 3 4

3 0. 0. 0. 2.0000000E 00

6 0. 0. 0. I.0000000E 00

9 0. 0. 0. 6.6666666E-01

12 0. 0. 0. 5.OOOOOOOE-01

13 0. 0. 0. 3.OOOOOOOE 00

14 0. 0. 0. 1.5000000E 00

15 0. 0. 0. 1.OOO0000E 00

16 0. 0. 0. 7.5000000E-01

ROW COLUMN

5 6 7 8

3 1.OOOOOOOE 00 6.6666666E-01 2.OOOOOOOE 00 1.OOOOOOOE 00

6 5.OOOOOOOE-01 3.3333333E-01 1.3333333E 00 6.6666666E-01

9 3.3333333E-01 2.2222222E-01 1.0000000E 00 5.OOOOOOOE-01

12 2.5000000E-01 1.6666667E-01 7.9999999E-01 4.0000000E-01

13 2,OOOOOOOE 00 1.5000000E 00 3.OOOOOOOE 00 2.000000nE 00

14 1.OOOOOOOE 00 7.5000000E-01 2.0000000E 00 1.3333333E 00

15 6.6666666E-01 5.OOOOOOOE-01 1.5000000E 00 1.OOOOOOOE 00

16 5.OOOOOOOE-01 3.7500000E-01 1.2000000E 00 7.9999999E-01
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ROW COLUMN

9 10 11 12

3 6.6666666E-01 2.0000000E 00 1.O000000E 00 6.6666666E-01

6 4.4444444E-01 1.5000000E 00 7.5000000E-01 5.OOOOOOOE-O1

;9 3.3333333E-01 1.2000000E 00 5.9999999E-01 4.0000000E-01

12 2.6666667E-01 1.0000000E 00 5.0000000E-01 3.3333333E-01

13 1.5000000E 00 3.0000000E 00 2.0000000E 00 1.5000000E 00

14 1.O000000E 00 2.2500000E 00 1.5000000E 00 1.1250000E 00

15 7.5000000E-01 1.8000000E 00 1.2000000E 00 8.9999999E-01

16 5.9999999E-01 1.5000000E 00 1.OOOOOOOE 00 7.5000000E-01

ROW COLUMN

13 14 15 16

3 0. 5.OOOOOOOE-01 5.OOOOOOOE-01 5.OOOOOOOE-01

6 0. 2.5000000E-01 3.3333333E-01 3.7500000E-01

9 0. 1.6666667E-01 2.5000000E-01 3.OOOOOOOE-0

12 0. I.Z50OOOE-01 2.OOOCOOOE-01 2.5000000E-01

13 0. 1.2000000E 00 1.2000000E 00 1.2000000E 00

14 O 5.9999999E-0I 7.9999999E-01 8.9999999E-01

15 0. 4.OOOOOOOE-01 5.9999999E-01 7.2000000E-01

'16 0. 3.OOOOOOOE-01 4.800COOE-01 5.9999999E-01
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TWO-DIMENSIONAL DIPARABOLIC

INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1 2 3 4

5 0. 1.O000000E 00 1.0000000E 00 0.

6 0. 1.O000000E 00 1.3333333E 00 0.

8 0. 1.OOOOOOOE 00 1.0000000E 00 0.

9 0. 1.OOOOOOOE 00 1.3333333E 00 0.

11 0. 1.0000000E 00 1.O000000E 00 0.

12 0. 1.O000000E 00 1.3333333E 00 0.

14 0. 1.O000000E 00 1.5000000E 00 0.

15 0. 1.0000000E 00 1.5000000E 00 0.

16 0. I.0000000E 00 1.5000000E 00 0.

ROW COLUMN

5 6 7 8

5 5.0000000E-01 5.0000000E-0 0. 3.3333333E-01

6 5.OOOOOOE-01 6.6666666E-01 0. 3.3333333E-01

8 6.6666666E-01 6.6666666E-01 0. 5.0000000E-01

9 6.6666666E-01 8.8888887E-01 0. 5.0000000E-01

11 7.5000000E-01 7.5000000E-01 0. 5.9999999E-01

12 7:5000000E-01 1.O000000E 00 0. 5.9999999E-01

14 5.0000000E-01 7.5000000E-01 0. 3.3333333E-01

15 6.6666666E-01 1.OooooooE 00 0. 5.0000000E-01

16 7.5000000E-01 1.1250000E 00 0. 5.9999999E-01
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ROW COLUMN

9 10 11 12

5 3.3333333E-01 0. 2.50OOOOE-01 2.5000000E-01

6 4.4444444E-01 0. 2.5000000E-01 3.3333333E-01

8 5.000000E-01 0. 4.0000000E-01 4.0000000E-01

9 6.6666666E-01 0. 4.0000000E-01 5.3333332E-01

11 5.9999999E-01 0. 5.OOOOOOOE-O1 5.OOOOOOOE-01

12 7.9999999E-O1 0. 5.OOOOOOOE-01 6.6666666E-01

14 5.0000000E-01 0. 2.5000000E-01 3.7500000E-01

15 7.5000000E-O1 0. 4.0000000E-01 5.9999999E-01

16 8.9999999E-0I 0. 5.OOOOOOOE-0O 7.5000000E-01

ROW COLUMN

13 14 15 16

5 1.O000000E 00 5.0000000E-01 3.3333333E-01 2.5000000E-01

6 1.5000000E 00 7.5000000E-01 5.OOOOOOOE-01 3.7500000E-01

8 1.0000000E 00 6.6666666E-01 5.0000000E-01 4.OOOOOOOE-01

9 1.5000000E 00 I.O000000E 00 7.5000000E-01 5.9999999E-01

11 1.0000000E 00 7.5000000E-01 5.9999999E-01 5.OOOOOOOE-01

12 1.5000000E 00 1.1250000E 00 8.9999999E-01 7.5000000E-01

14 1.8000000E 00 8.9999999E-01 5.9999999E-01 4.4999999E-01

15 1.8000000E 00 1.2000000E 00 8.9999999E-01 7.200000E-01

16 1.8000000E 00 1.3500000E 00 1.0800000E 00 8.9999999E-01
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

2 3 4

1 0. 0. 0. 5.OOOOOOOE-0

2 0. 0. 0. 2.5000000E-01

3 0. 0. 0. 1.6666666E-01

4 -5.OOOOOOOE-01 -2.5000000E-01 -1.6666666E-01 0.

5 -2.5000000E-01 -1.6666666E-01 -1.2500000E-0 0.

6 -1.6666666E-01 -1.2500000E-01 -9.9999999E-02 0.

7 -5.OOOOOOOE-O -2.5000000E-0i -1.6666666E-01 -1.6666667E-01

3 -2.5000000E-01 -1.6666666E-01 -1.2500000E-01 -8.3333329E-02

9 -1.6666666E-O1 -l.2500000E-01 -9.9999999E-02 -5.5555554E-02

10 -5.0000000E-OC -2.5000000E-01 -1.6666666E-01 -2.5000000E-01

11 -2.500OOOE-0 -1.6666666E-01 -1.2500000E-O1 -1.2500000E-01

12 -1.6666666E-01 -1.2500000E-01 -9.9999999E-02 -8.3333334E-02

13 0. 0. 0. 1.2500000E-01

14 -14.500000E-01 -9.9999999E-02 -8.3333334E-02 0.

15 -1.2500000E-01 -9.9999999E-02 -8.3333334E-02 -4.1666670E-02

16 -1.2500000E-01 -9.9999999E-02 -8.3333334E-02 -6.2500000E-02
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ROW COLUMN

5 6 7 8

1 2.5000000E-01 1.6666666E-01 5.OOOOOOOE-O1 2.5000000E-01

2 1.6666666E-01 1.2500000E-01 2.5000000E-01 1.6666666E-01

3 1.2500000E-O1 9.9999999E-02 1.6666666E-01 1.2500000E-0

4 0. 0. 1.6666667E-J1 8.3333329E-02

5 0. 0. 8.3333329E-02 5.5555554E-02

6 0. 0. 5.5555554E-02 4.1666670E-02

7 -8.3333329E-02 -5.5555554E-02 0. 0.

8 -5.5555554E-02 -4.1666670E-02 0. 0.

9 -4.1666670E-02 -3.3333330E-02 0. 0.

10 -1.2500000E-01 -8.3333334E-02 -9.9999998E-02 -4.9999999E-02

11 -8.3333334E-02 -6.2500000E-02 -4.9999999E-02 -3.3333335E-02

12 -6.2500000E-02 -4.9999999E-02 -3.3333335E-02 -2.4999999E-02

13 9.9999999E-02 8.3333334E-02 1.2500000E-01 9.9999999E-02

14 0. 0. 4.1666670E-02 3.3333330E-02

15 -3.3333330E-02 -2.7777775E-02 0. 0.

16 -4.9999999E-02 -4.1666665E-02 -2.4999999E-02 -2.OOOOOOOE-02
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ROW 
COLUMN

9 10 11 12

I 1.6666666E-01 5.0000000E-01 2.5000000E-01 1.6666666E-01

2 1.2500000E-01 2 .5000000E-01 
1.6666666E-01 1.2500000E-01

3 9.9999999E-02 I.6666666E-01 1.2500000E-01 9.9999999E-02

4 5.5555554E-02 2 .5000000E-01 
1.2500000E-01 8 .3333334E-02

5 4.1666670E-02 1.2500000E-01 8 .3333334E-02 
6.2500000E-02

6 3 .3333330E-02 
8.3333334E-02 6.2500000E-02 4 .9999999E-02

7 0. 9.9999998E-02 4 .9999999E-02 3 .3333335E-02

8 0. 4 .9999999E-02 
3.3333335E-02 2 .4999999E-02

9 0. 3 .3333335E-02 2 .4999999E-02 
2.0000000E-02

10 -3.3333335E-02 0. 0. 0.

11 -2.4999999E-02 0.. 0. 0.

12 - 2 .0000000E-02 
0. 0. 0.

13 8.3333334E-02 I.2500000E-OI 9. 9 999999E-02 
8.3333334E-02

14 2.7777775E-02 6.2500000E-02 4 .9999999E-02 
4.1666665E-02

15 0. 2 .4999999E-02 
2.0000000E-02 1.6666665E-02

16 -1.*6666665E-02 0. 0. 0.
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ROW COLUMN

13 14 15 16

1 0. 1.2500000E-O1 1.2500000E-01 1.2500000E-01

2 0. 9.9999999E-02 9.9999999E-02 9.9999999E-02

3 0. 8.3333334E-02 8.3333334E-02 8.3333334E-02

4 -1.2500000E-01 0. 4.1666670E-02 6.2500000E-02

5 -9.9999999E-02 0. 3.3333330E-02 4.9999999E-02

6 -8.3333334E-02 0. 2.7777775E-02 4.1666665E-02

7 -1.2500000E-01 -4.1666670E-02 0. 2.4999999E-02

8 -9.9999999E-02 -3.3333330E-02 0. 2.0000000E-02

9 -8.3333334E-02 -2.7777775E-02 0. 1.6666665E-02

10 -I.250CO00E-01 -6.2500000E-02 -2.4999999E-02 0.

11 -9.9999999E-02 -4.9999999E-02 -2.OOOOOOOE-02 0.

12 -8.3333334E-02 -4.1666665E-02 -1.666665E-02 0.

13 0. 7.1428570E-02 7.1428570E-02 7.1428570E-02

14 -7.1428570E-02 0. 2.3809525E-02 3.5714284E-02

15 -7.1428570E-02 -2.3809525E-02 0. 1.4285715E-02

16 -7.1428570E-02 -3.5714284E-02 -1.4285715E-02 0.
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TWO-DIMENSIONAL DIPARABOLIC

INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

ROW COLUMN

1.2 3 4

1 0. 5.OOOOOOOE-O1 5.OOOOOOOE-OI 0.

2 -5.OOOOOOOE-OI 0. 1.6666667E-01 -2.5000000E-OI

3 -5.OOOOOOOE-01 -1.6666667E-01 0. -2.5000000E-I.

4 0. 2.5000000E-O1 2.5000000E-0I 0.

5 -2.5000000E-O1 0. 8.3333333E-02 -1.6666667E-01

6 -2.5000000E-01 -8.3333333E-02 0. -1.6666667E-01

7 0. 1.6666667E-01 1.6666667E-01~ 0.

8 -1.6666667E-01 0. 5.5555555E-02 -1.2500000E-Ol

9 -1.6666667E-01 -5.5555555E-02 0. -1.2500000E-I.

10 0. 1.2500000E-01 1.2500000E-0l C.

11 -1.2500000E-I. 0. 4.1666666E-02 -9.9999999E-02

12 -l.2500000E-01 -4.1666666E-02 C. -9.9999999E-C2

13 -4.9999999E-01 -2.5000000E-Ol -9.9999998E-02 -2.5000000E-I.

14 -2.5000000E-01 -1.2500000E-01 -4.9999999E-02 -1.6666667E-01

15 -1.6666667E-01 -8.3333331E-02 -3.3333333E-02 -1.25000O0E-CI

16 -1.25000OOE-01 -6.250QCCCE-0O2 -2.4999999E-02 -9.9999999E-02
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ROW COLUMN

5 6 7 8

I 2.5000000E-01 2.5000000E-O O. 1.6666667E-01

2 0. 8.3333333E-02 -1.6666667E-01 0.

3 -8.3333333E-02 0. -1.6666667E-01 -5.5555555E-02

4 1.6666667E-01 1.6666667E-01 0. 1.2500000E-O1

5 0. 5.5555555E-02 -1.2500000E-01 0.

6 -5.5555555E-02 0. -1.2500000E-01 -4..1666666E-02

7 1.2500000E-OI 1.2500000E-01 0. 9.9999999E-02

8 0. 4.1666666E-02 -9.9999999E-02 0.

9 -4.1666666E-02 0. -9.9999999E-02 -3.3333333E-02

10 9.9999999E-02 9.9999999E-02 0. 8.3333333E-02

13 0. 3.3333333E-02 -8.3333333E-02 0.

12 -3.3333333E-02 0. -8.3333333E-02 -2.7777778E-02

13 -1.2500000E-01 -4.9999999E-02 -1.6666667E-01 -8.3333331E-02

14 -8.3333331E-02 -3.3333333E-02 -1.2500000E-01 -6.2500000E-02

15 -6.250000OE-02 -2.4999999E-02 -9.9999999E-02 -4.9999999E-02

16 -4.9999999E-02 -2.0000000E-02 -8.3333333E-02 -4.1666666E-02
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ROW 
COLUMN

9 10 I 12

i 1.6666667E-01 0. 1.2500000E-01 1.2500000E-01

2 5.5555555E-02 -1.2500000E-O1 0. 4.1666666E-02

3 0. -l.2500000E-01 -4.1666666E-02 0.

4 1.2500000E-01 0. 9.9999999E-02 9.9999999E-02

5 4.1666666E-02 -9.9999999E-02 0. 3.3333333E-02

6 0. -9.9999999E-02 -3.3333333E-02 0.

7 9.9999999E-02 0. 8.3333333E-02 8.3333333E-02

8 3.3333333E-02 -8.3333333E-02 0. 2.7777778E-02

9 0. -8.3333333E-02 -2.7777778E-02 0.

10 8.3333333E-02 0. 7.1428571E-02 7.1428571E-02

11 2.7777778E-02 -7.1428571E-02 0. 2.3809524E-02

12 0. -7.1428571E-02 -2.3809524E-02 0.

13 -3.3333333E-02 -1,2500000E-01 -6.2500000E-02 -2.4999999E-02

14 -2.4999999E-02 -9.9999999E-02 -4.9999999E-02 -2.0000000E-02

15 -2.0000000E-02 -8.3333333E-02 -4.1666666E-02 -I.6666667E-02

16 -1.6666667E-02 -7.1428571E-02 -3.5714285E-02 -!.4285714E-02
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ROW COLUMN

13 14 15 16

1 4.9999999E-01 2.5000000E-01 1.6666667E-01 1.2500000E-Ol

2 2.5000000E-OI l.2500000E-O1 8.3333331E-02 6.2500000E-02

3 9.9999998E-02 4.9999999E-02 3.3333333E-02 2.4999999E-02

4 2.5000000E-0.1 1.6666667E-01 1.2500000E-O1 9.9999999E-02

5 1.2500000E-O1 8.3333331E-02 6.2500000E-02 4.9999999E-02

6 4.9999999E-02 3.3333333E-02 2.4999999E-02 2.OQOOOO.OE-02

7 1.6666667E-01 1.2500000E-01 9.9999999E-02 8.3333333E-02

8 8.3333331E-02 6.2500000E-02 4.9999999E-02 4.1666666E-02

9 3.3333333E-02 2.4999999E'-02 2.OOOOOOOE-02 1.6666667E-02

10 1.2500000E-O1 9.9999999E-02 8.3333333E-02 7.1428571E-02

11 6.2500000E-02 4.9999999E-02 4.1666666E-02 3.5714285E-02

12 2.4999999E-02 2.0000000E-02 1.6666667E-02 1.4285714E-02
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TWO-DIMENSIONAL DIPARABOLIC
INTEGRATION COEFFICIENTS FOR

USE IN PLATE AND SHELL ANALYSES

['17
ROW COLUMN

2 3 4

4 0. 1.O000000E 00 I.0000000E 00 0.

5 0. 5.OOOOOOOE-01 6.6666666E-01 0.

6 0. 3.3333333E-01 5.0000000E-01 0.

7 0. 1.OOOOOOOE 00 1.OOOOOOOE 00 0.

8 0. 5.0000000E-01 6.6666666E-01 0.

9 0. 3.3333333E-01 5.OOOOOOOE-01 0.

10 0. I.O000000E 00 I.OOOOOOOE 00 0.

11 0. 5.OOOOOOOE-01 6.6666666E-O 0.

12 0. 3.3333333E-01 5.0000000E-01 0.

14 0. 2.5000000E-01 4.OOOOOOOE-01 0.

15 0. 2.5000000E-01 4.OOOOOOOE-0I 0.

16 0. 2.5000000E-01 4.OOOOOOOE-O1 0.
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ROW COLUMN

5 6 78

4 5.OOOOOOOE-O1 5.OOOOOOOE-01 0. 3.3333333E-01

5 2.5000000E-01 3.3333333E-01 0. 1.6666667E-O0

6 1.6666667E-01 2.5000000E-01 0. 1.11111lIE-01

7 6.6666666E-01 6.6666666E-01 0. 5.0000000E-O1

8 3.3333333E-01 4.4444444E-01 0. 2.5000000E-01

9 2.2222222E-01 3.3333333E-01 0. 1.6666667E-01

10 7.5000000E-01 7.5000000E-01 0. 5.9999999E-01

11 3.7500000E-01 5.OOOOOOOE-0O 0. 3.0000000E-OL

12 2.5000000E-01 3.7500000E-01 0. 2.0000000E-01

14 1.2500000E-01 2.0000000E-01 0. 8.3333329E-02

15 1.6666667E-01 2.6666667E-01 0. 1.2500000E-01

16 1.8750000E-01 3.0000000E-01 0. 1.5000000E-OL
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ROW COLUMN

9 10 II 12

4 3.3333333E-01 0. 2.5000000E-01 2.5000000E-01

5 2.2222222E-01 0. 1.2500000E-01 1.6666667E-01

6 1.6666667E-01 0. 8.3333329E-02 1.2'0000E-O1

7 5.OOOOOOOE-01 0. 4.OOOOOOOE-O1 4.OOOOOOOE-01

8 3.3333333E-01 0. 2.OOOOOOOE-O1 2.6666667E-01

9 2.5000000E-01 0. 1.3333333E-01 2.0000000E-Ol

10 5.9999999E-01 0. 5.0000000E-01 5.0000000E-O1

11 4.0000000E-01 0. 2.5000000E-01 3.3333333E-01

12 3.0000000E-01 0. 1.6666667E-01 2.5000000E-01

14 1.3333333E-01 0. 6.2500000E-02 9.9999999E-02

15 2.0000000E-01 0. 9.9999999E-02 1.6000000E-01

16 2.4000000E-01 0. 1.2500000E-01 2.0000000E-Ol
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ROW COLUMN

13 14 15 16

4 1.OOOOOOOE 00 5.OOOOOOOE-01 3.3333333E-01 2.5000000E-01

5 7.5000000E-01 3.7500000E-O01 2.5000000E-01 1.8750000E-01

6 5.9999999E-01 3.OOOOOOOE-O1 2.oOOOOOE-01 1.5000000E-Ol

7 1.0000000E 00 6.6666666E-01 5.OO00000E-01 4.OOOOOOOE-01

8 7.5000000E-01 5.OOOOOOOE-01 3.7500000E-01 3.OOOOOOOE-Ol

9 5.9999999E-01 4.OOOOOOQE-01 3.OOOOOOOE-O1 2.4000000E-O1

10 1.0000000E 00 7.5000000E-O1 5.9999999E-01 5.OO00000E-01

11 7.5000000E-01 5.6250000E-I. 4.4999999E-01 3.7500000E-01

12 5.9999999E-01 4.4999999E-O1 3.6000000E-O1 3.OOOOOOOE-01

14 5.OOOOOOOE-I. 2.5000000E-01 1.6666667E-01 1.2500000E-O1

15 5.OOOOOOOE-0I 3.3333333E-01 2.5000000E-O1 2.OOOOOOOE-O1

16 5.OOOOOOOE-01 3.7500000E-Ol 3.OOOOOOOE-O1 2.5000000E-01
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APPENDIX V

GLOSSARY OF TERMS
USED IN THE TEXCT
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MATRIX NOTATIONS

[ I rectangular or square matrix

t } column matrix

t } row matrix

r
j diagonal matrix

L 1' matrix transpose

E ]' matrix inverse

101,101 null matrix

r~j unity matrix

DEF2ITITION OF TER4S TIENTT

(1, ,T<) inertial set of riht-handed, orthogonal, unit vectors

(X,'j,-) Lagrangian particle variables

(r, , ) Eulerian variables for a particle

i position vector for the x-y-z particle at time, t

bt particle velocity

particle acceleration

C density

1P body force

K stress dyadic

T,'- various notations for stress canponents

1.4 specific internal energv

/V specific internal dissipation function

U total internal energy

R Rayliegh's dissipation function

-T total kinetic energy

p otential of body forces
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V total potential of body forces

X Lagrange's undetermined multipliers

i j: I,...N , [P generalized coordinates

[A] inertia matrix referred to i

[C.i stiffness matrix referred to

R generalized forces corresponding to

[El influence matrix referred to

damping matrix corresponding to j

vibration mode

[ ] modal matrix

W0* vibration frequency

Xi vibration eigenvalue

[LI generic notation for coefficients in linear constrants
expressed in imlicit form

[5I transformation matrix which constrains rigid body motion

NO rigid body modal ratrix

[r I rigid body "sweeping" matrix

[r I[L7 [h free body influence coefficients

[&(t)] Green's function

$ generic notation for more srecialized generalized coordinates,
modal coordinates or internal coordinates (Section 5.1.1)

[M] inertia matrix referred to q

[Fl stiffness matrix referred to

Qi generalized forces corresponding to C

[G-]. influence matrix referred to Q
[RI dampinS matrix corresponding to

7r{ vibration mode in ters of a set of s
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[T] modal matrix for Is

modal damnping factor

Sdisplacement vector for x-y-z particle

Zi =  I generalized Rayliegh-Ritz functions,
S = =.. o sometimes called "generalized displace-

ments" corresponding to the generalized
coordinates.

(C ),) local, non-dimensional, particle coordinates used in inter-

polat ion methods

interpolation coefficients for the t th region

[A J aerodynamic influence coefficients corresponding to

strea-wise "differentiation" matrix

rigid body longitudinal translation coordinate

rigid body lateral translation coordinate

rigid body pitich coordinate

f control coordinate

[RI generic notation for transformation froc external loads to
internal loads

[N a axial load coefficient matrix referred to Pi

I],[I ],L o o uasi-steady aerodynamic matrices referred to

t-rust force ntrices referred to ;

[CRO, IC: 2J k°- quasi-steady aerodynamic iatrices referred to

}{f4~i~~rAI?~3unit, orthogonal, rigid body modes.

[C g } c eneral unsteady, aerodynamic matrix referred to

[N- generic notation for coefficient --tri:ix in the "standard"
eigen-alue problem

position Nector for the center of mnass

,Lt - velocitiy of center of mass

3L generic notation for internal loads, stress resultants,
stresses, or "member" loa'is
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( J~ D) body set of right-handed, orthogonal, unit vectors

.IR angular velocity of ( VJA() reference system

F total force

G total moment of forces

[H total angular momentum

CT"I generic form of geometric transformations used in the method

of modal coupling

WI modal matrix in terms of system generalized coordinates

C , , $2', e, , A, r,) rigid body generalized coordinates

(,Y, S) inertial coordinates of center of mass

( ,, (?) Euler angles for ( reference

system

VI, I ) primary control displacements

GEIMRAL MATHEMATICAL NCTATIONS

I( ) 4V volume integration

cO ) closed surface integral

C ) virtual change or variation

4 , wt C at Laplace transform

(t) Dirac's "delta" function

) (t) Heaviside's unit step function

t= (w) e 1a
Fourier transform pair
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APPENDIX VI

THE GIIURUNGEK~rA SCHa1E OF

INURICAL INTEGXRAT ION
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1.0 COMPUTER SUBROUTINE FOR NJMERICAL INTEGRATION

The method for the numerical integration of ordinary differential equations
described here is the method of Runge-Kutta which has been adapted for use on a
digital computer by Stanley Gill.

The numerical integration of equations of the type

(VI-I)

is accomplished by the Runge-Kutta method as follows.

Let the interval be of length h so that the range of x is divided by the points
Xo;Xl,... where

(vI-2)

Each increment Ay of y is calculated as follows

(VI-3)

where

A weighted average of the four k's affords a good estiiate of Ay and the error

is of the order of h5 , for a given interval*.

If Equation VI-! is of the form

Z (VI-5)

the Runge-Kutta method reduces to Simpson's rule. In this case Ay is accurately
given by

(vi-6)

*The derivation of the above formulas is given in Ince, E. L., Ordinary Dif-
ferential Equations, Dover, 1944, pp. 540 to 547. See also lery, H. and Baggott,
E. A., Numerical Solutions to Differential Equations, Watts and Co. (London)
1934, pp. 96 to 110.
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The Runge-Kutta formulas give

-~ ~Xv+4ftx~f + Rfc,+ ))

which is seen to be the Simpson rule approximation for the integral in VI-6.

The computation form displayed below is probably the most suitable if a
hand calculator is being used for solution. The calculation of Ay is broken
up into the following steps:

, (v-8)

+ k1.

'11,3 4-3,(VI-lo)
°.

Finally I. "IN (VI-I!)

(VI-l2)

If it is assumed that a differential equation can be solved for the derivative
of highest order in the dependent variable, it is seen that the Runge-Kutta
Equations VI-3 are applicable to higher order equations since these my be
reduced to a system of first order equations.

The Runge-Kutta method of integration has several desirable features which
may be summarized as follows.

1) This method is generally considered to have good convergence qualities.
Forward integration and iteration procedures can sometimes be unstable so that
a calculated solution oscillates with rapidly increasing amplitude about The
true solution. The Runge-Kutta method does not seem to be so susceptible to
this difficulty.
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2) The Runge-Kutta method allows the use of fairly large intervals com-

pared to other methods of numerical integration.

3) Each integration interval is complete within itself, i.e., the only
quantities necessary to proceed from one step to the next are those which would
also be supplied as initial conditions to start the integration procedure.
This feature allows a change of the interval size at any point. The integra-
tion may also be re-started at any point with ease.

The Gill modification to the Runge-Kutta process produces identical results
but simplifies the labor involved when a system of simultaneous differential
equations are to be integrated on a digital computer*. The Gill-Runge-Kutta
process is defined by the following equations. In these relations each equa-
tion contains terms defined by preceding equations.

Equivalent Fortran

Statement Number
(See Table 36)

~ 70

L-. qr k " go"" 2
120

= -140

- H-) k., 150

' *' -160

= 4k(,%.,.) ~190

' 0" N,-- 210

1 3 N, 4141 220

1'3 t"13 230

- 11 (k , 2bi0

290

- # ' -,300

*Wheeler, D. J., and Gill, S., The Preparation of Programs for an Electronic
Digital Computer Addison-Wesley, 1951.
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The coefficient w appearing in the expression for fl1 is not critical.
The best value is actually 1, as it simplifies the program.

Table 36 is an IBM 7090 Fortran II listing of the integration scheme
used in the results documented in this report. It is called Subroutine RK
(Runge-Kutta). The definitions below will be helpful in its interpretation.

Subroutine DYDXS - Forms an expression for derivatives

Subroutine INPUT - reads data in

Subroutine OUTPUT - outputs results of integration

Y(I) = dependent variables

DYDX(I) = time derivatives of dependent variables

Y(l) = independent variable

DYDX(l) = 1.0

P(l) = integration step size

2.0 INTEGRATION OF THE GENERAL LINEAR TRANSIENT RESPONSE EQUATIONS

The Runge-Kutta integration can be used to obtain time-histories of tran-
sient stresses and displacements by solving a very general set of equations
which arise when the assumption of small displacements is made. The form of
the differential equation is:

[M J+ [H + LFfQ7 ={ol 4- [D-]tjFtWd (VI-l3).

with the stresses and/or internal loads given by the general expression:

{L} = {L[}!+[L${ + Lh1 1 + •L 1j L[RFct) (vI-14)

and the displacements and accelerations given by

= [Y] $l (vI-15)

ly=]{ (vi-16)

In these expressions, the following coefficient matrices are assumed to be in-
dependent of time and are supplied as input to the numerical integration scheme:
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[M , the mass matrix

[R]I, dissipation matrix for the structure and the damping

of quasi-steady aerodynamic forces

[F], structural stiffness matrix and quasi-steady aerodynamic

stiffness

Q}, [ -Q] constant coefficients in time dependent generalized forces

constant coefficients relating stresses to time dependent

quantities

relation of displacements to modal generalized coordinates

Also supplied as input, is a table of functions of time, Fi(t), used to des-

cribe the transient generalized forces.
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TABLE 36
FORTRAN SOURCE PROGRAM LISTING OF RUNGE-KUTTA SUBROUTINE

* LIST
* SYMBOL TABLE
CRK

SUBROUTINE RK
COMMON VAR
DIMENSION VAR(24000),DYDX(75),Y(75)gQ(T

5
),D

7 51
'

I NTEGER1225),PI23400)
EQUIVALENCE (VAR(I)PylI)),IVAR(76)oDYDX{I})1

I (VAR(151)tQ(1I)I(VAR(301),0(1}),(VAR(376) NTEGER(III.

2 (VAR(601)qP(1)),(NTEGER(6),N)
C LOAD INPUT DATA INTO MACHINE.

10 CALL INPUT
C CALCULATE THE DELTAY(J) AT Y{I) - 0.O.

20 CALL OYDXS
30 DO 40 1 - ION
40 D(1) = DYDX(I)*P(1)

C DETERMINE THE OUTPUT OF THE INTEGRATION.
50 CALL OUTPUT

C CALCULATE THE YIJ) AT Y(1) = 0.0.
60 DO 90 J , IN
70 R = .5*(D(J) - O(J))
80 Y(J) = Y(J) + R

90 0(J) = Q(J) + 3.0*R - .5*DCJ)

C CALCULATE THE DELTAY(J) AT Y({) HALF STEP SIZE.

100 CALL DYDXS
110 DO 120 1 = IN
120 Dil = DYDX(I)*P(l)

C CALCULATE THE Y(J) AT Y{I) = HALF STEP SIZE.

130 00 160 J = 1,N
140 R = .292893219*(D(J) - O(J))
150 Y(J) = YIJ) + R
160 0(J) = O(J) + 3.0*R - .292893219*D(J)

C CALCULATE THE DELTAY(J) AT Y(1) = HALF STEP SIZE AGAIN.

170 CALL DYDXS
180 DO 190 1 = 1,N
190 DII) = DYDX{I)*P(1)

C CALCULATE THE YIJ) AT YI!) = HALF STEP SIZE AGAIN.

200 DO 230 J = 1N

210 R 1.70710678*(D(J) - 0(J))
220 YIJ) = Y(J) + R

230 O(J) = 0(J) + 3.O*R - 1.7071067$*D(J)

C CALCULATE THE DELTAYIJ) AT Y(I) : STEP SIZE.

240 CALL DYDXS
250 DO 260 1 = IN

260 D(I = DYDX(I)*P(1)
C CALCULATE THE YIJ) AT Y(1) = STEP SIZE.
270 DO 300 J = 1,N
280 R = .1666666667*(D(J) - 2.0*0(J))

290 Y(J) = YIJ) + R

300 0(J) = OJi + 3.0*R - .5*DIJ)
C PROCEED TO THE NEXT INTEGRATION STEP.

310 NGO - 1

320 GO TO t20,330)#NGO
330 RETURN

END
0055
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