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THE AERODYNAMIC DESIGN OE AXISYMMETRTC 
NOZZLES FOR HIGH-TEMPERATURE AIR 

K. R. Enkenhas and E. F. Matter, 

ABSTRACT: A method is given for designing contoured axi- 
symmetric nozzles for a shock tunnel or an arc-heated wind 
tunnel, in which the supply air temperature is high enough to 
produce real-gas effects. The formulation is based on the 
assumption that the air undergoes an isentropic expansion 
while remaining in thermodynamic equilibrium. 

The isentropic core contour is determined by solving the 
inviscid flow equations by the method of characteristics. The 
turbulent boundary-layer growth and the convective heat-transfer 
rate to the nozzle wall are found from a numerical integration 
of the momentum integral equation, together with the application 
of Reynolds analogy. The properties of high-temperature air 
are introduced in the form of empirical formulas based on the 
therm vn mic data of the National Bureau of Standards, and 
the tra. .>ort properties of Hansen (NACA TN 4150). The design 
mi thod h, » been coded on an IBM 704 computer and has been used 
to investigate the performance characteristics of a family of 
hypervelocity nozzles having exit Mach numbers from 11 to 19 
for supply pressures from 50 to 500 atmospheres and supply 
temperatures up to 7500°K. 

Examples are given of nozzle contours, and charts are 
supplied for the determination of the principal dimensions 
(throat size, length, etc.) of high-temperature nozzles having 
a selected maximum flow expansion angle. Information is also 
given for establishing the nozzle supply conditions, weight 
flow and air heating power required to sustain the desired test- 
section conditions. From the boundary-layer calculations, simple 
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expressions were obtained which correlate, over a wide range 
of conditions, the nozzle exit turbulent boundary-layer dis¬ 
placement thickness, and the peak convective heat-transfer 
ra e occurring in the vicinity of the throat. It was found 
that the values of the boundary-layer roomer.turn thicknet s 
Reynolds number were high enough to make the assumption of a 
turbulent boundary layer reasonable under most operating 
conditions of interest. 

11 
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A necessary part of the development program for high-speed 
vehicles consists of the testing of models in ground facilities 
in order to obtain basic aerodynamic design data. Example® of 
these ground facilities are the shock tunnel and the arc-heated 
wind tunnel. In both types of facilities, the high temperature 
of the flow causes the air to depart markedly from the behavior 
of a perfect gas due to chemical reactions such as the dissoci¬ 
ation of oxygen and nitrogen, and the formation of nitric oxide. 
The need has therefore arisen to develop a method of designing 
nozzles which is not limited to the case of » pej feet gas. The 
present report describes a method developed at tut# Laboratory 
for aerodynamicall y designing axisymmetric nozzles ou a high¬ 
speed computer employing the thermodynamic and transport 
properties of high-temperature equilibrium air. 

This work i* one phase of a comprehensive program investi¬ 
gating the problems associated with high-speed flight and its 
simulation. The investigation wa« supported by the Bureau of 
Naval Weapons under Task No, PR-10, 

The authors wish to acknowledge the contribution of 
Mr. J, R, Power*, who performed the analysis in Appendix C. 
They also extend their thank« to Dr. M. Grabau of the Arnold 
Engineering Development Center for his co-operation in 
supplying refined coefficients for the curve fit formulas for 
the thermodynamic properties of air. 
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CP 
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hD 
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L« 
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N 

P 

Pr 

q 

qH 

Q 

r 

R 

Rc 

Rex 

sound speed 

area 

skin-friction coefficient - 2-^/00,^002 

heat capacity at constant pressure 

enthalpy 

dissociation enthalpy per unit mass in the free stream 

nozzle throat-to-exit length 

Levis number 

Mach number 

exponent in velocity profile law (equation (25)) 

pressure 

Prandtl number 

total velocity 

convective heat-transfer rate per unit area 

power required to heat air per unit test-section area 

radial co-ordinate 

gas constant for air 

nozzle throat radius of curvature 

Reynolds number based on length x - L22—22— 

ReCrit Reynolds number of laminar instability 

R®mln minimum Reynolds number at which turbulent flow can 

exist 

s distance along isentropic core boundary 

S entropy 
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St Stanton nuabnr 

T taapnrature 

u axial velocity (in characteristics equations) or 
velocity coaponent parallel to wall (in boundary- 
layer equations) 

uT friction velocity 

V velocity coaponent noraal to u coaponent 

w weight flow rate per unit test-section area 

X axial co-ordinate 

xt distance froa nosale throat to start of test cone 

y distance froa origin of radial source flow (or, distance 
noraal to wall) 

Z coapressibility 

Y ratio of specific heats 

Ó boundary-layer velocity thickness 

6* boundary-layer displacement thickness 

6 boundary-layer aoaentum thickness 

(§) Prandtl-Meyer angle 

u viscosity 

jT Mach angle 

" kinematic viscosity 

parameters which influence the skin-friction coefficient 

f density 

t shear stress 

' velocity potential 

cu nozzle expansion half-angle (see Figure 30) 

Subscripts 

ad adiabatic wall value 

viil 
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c 

e 

o 

ref 

w 

oo 

* 

condensation threshold value 

nozzle exit condition 

supply condition 

value at reference enthalpy 

wall value 

free-strean value 

nozzle throat condition 

Superscript 

+ denotes length nade dimensionless by dividing by 
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THE AERODYNAMIC DESIGN OF AX I SYMMETRIC 
NOZZLES FOR HIGH-TEMPERATURE A.«H 

INTRODUCTION 

A computar program for the design of perfect-pas no?.*les 
was developed at the U, s. Naval Ordnance Laboratory several 
years ago. The inviscid core vas calculated by the method of 
characteristics (reference (a)} and then a turbulent boundary- 
layer correction aaa added to obtain the tInal noaal« contour 
( reference (b)). The program has been very satisfactory for 
perfect-gas ruwatias. However, when Interest is focused on 
hypervelocity nótales with elevated stagna"Ion temperatures 
the assumption of perfect-gas behavior is not even approxi¬ 
mately valid. The objective of the present work 1» to take 
into account the real-gas effects in such flows. Basically, 
the method is an extension of the work described in reference» 
(a) and (b) where now the properties of high-temperature air 
replace the perfect-gas relations, both in calculating the 
l»entropie core and the turbulent boundary.layer correction. 

ANALYSIS 

Asmimpt ions 

The method derived here a»«u®«s the air undergoes an 
1 sentropic expansion In the core while remaining in local 
thermodynamic equilibrium in both the core and I ton mi ary layer. 
Although the assumption of equilibrium flow I» » valid api'roxT- 
n.fttion for » wide range of conditions of inierest in hyper- 
velocity noKclee, the extent to which this approxiiiiat ion I« 
just I,fiat:»le should be determined for each cat»*. 

when high-temperature air it expanded to tu* amblen' 
temperatures occurring in the atmosphere, the finite r*» 
combinat ion rate of the atom«« leads to non.equilibrium flow. 
Inis ie due to the fact that the recombination rate, which 
in strongly dependent, on the local température and pressure, 
falls by »«veraI order» of magnitude during thr expansion 
procesa. At ««*1»« point in the nor r le the recombination i at« 
invariably becomes no low that the chemical const Motion of 
the flow ' f reerea'" In a mixture with a. higher cuneen t rat ion 
of atomic species than would occur If the flow had expanded 

I.d nqu 1 i Ihr 1 urn, 

khile in general both oxygen and nitrogen recombination 
rate» must be taken into account, the degree of dissocial Ion 
of nitrogen la negligible If the supply tempeí ature i» lesa 
than S0OOoK (reference (ci) The effect of « 1'trille oxygen 

1 
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recombination rate on the one-dimensional flow of a gas 
approximating air has been theoretically studied (reference 
(d)). As an example of the results, the fraction of oxygen 
by weight which free*«! in a representative conical hyper- 
velocity nozzle (test-section Mach number - 15, length 6 ft) 
1» shown as a function of supply temperature and pressure la 
Figuro 1, The effect is mo«t serious at low air supply 
densities, i.e,, high supply temperatures and low pressures. 
The resulta of Figure 1 may be used a* a guide for estimating 
the seriousness of non-equilibrium flow effects for any hyper- 
velocity nozzle, since it was found that the fraction of oxygen 
which freezes in atomic form is governed primarily by the 
supply condition«, and is only weakly dependent on the exit 
Mach number and the nozzle length and geometry. 

The study further indicated that when the amount of oxygen 
which freezes is les», than a few percent, the resulting de¬ 
parture of the flow parameters fro* their equilibrium values 
is small enough to make the assumption of equilibrium flow 
justifiable. 

Non-equilibrium flow »ay also result from the finite vi¬ 
brational relaxation time of molecule». However, the energy 
associated with this mod© Is relatively «small compared with 
the energy in dissociation, so that vibrational relaxation 
effect« may be expected to be small in comparison to the effects 
resulting from a finite recombination rate. 

In addition to making an assumption about the thermodynamic 
state of the flow, it is necessary to reach some conclusion as 
to whether the boundary layer on the nozzle wall» will be 
laminar or turbulent. The usual situation is for « turbulent 
boundary layer to exist, except in low density wind-tunnel 
nozzles, which are operated with a supply pressure which is 
only a small fraction of an atmosphere. Since experimental 
data for high-temper ature nozzle» are not yet available, It 
is necessary to draw conclusions about the probable state 
of the boundary layer from theory and from the available 
experimental measurements. 'While moderate wall cooling tend« 
to stabilize the boundary layer (reference («)), the wall-to- 
free-stream temperature ratio» in hypervelocity nozzles are 
low enough to fall into the region of extrem« wall cooling 
for which rather low transition Reynolds numbers have been 
reported {reference» (I) and <g)). For exemple, It was found 
in reference (g) that transition took place on the cylindrical 
portion of a hemisphere cylinder at a momentum thickness 
Reynolds number, Peg, which varied from 400 to 625 a* the 
well-to-stagnation enthalpy ratio was decreased fro». 1/9 to 
1/30. 

2 
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The moaentua thickoess Reynolds numbers near the throat 
of the family of hypervelocity nozzles investigated in this 
report was computed to be generally auch larger than those 
for which transition was observed to occu^ on the cylindrical 
portion of a hemisphere-cylinder in the tests described in 
reference (g). Values of Ree from 430 to 16,000 were obtained 
for the turbulent boundary layer at the throat of nozzles 
designed for exit Mach numbers froa 11 to 19, with supply 
temperatures of 2500°K to 7500°K, and supply pressures from 
50 to 500 atmospheres. The existence of a turbulent boundary 
layer, at least at and downstream of the throat, is therefore 
highly probable in the majority of cases. For the sake of 
simplicity, and also to obtain an estimate of the maximum 
throat heat-transfer rate, it was assumed in the calculations 
that the boundary layer is fully turbulent everywhere. 

Nozzle Supply Parameters 

The first step in the design of a nozzle is the determination 
of the air supply temperature and pressure necessary to achieve 
the desired test-section conditions. The corresponding values 
of the weight flow and air heating power required to sustain 
operation must also be found. 

Although for sufficiently elevated supply conditions real- 
gas effects must be taken into account in the expansion process, 
for duplication of temperatures in the atmosphere, the final 
state of the air in the test section will always lie in the 
perfect-gas regime. For an adiabatic expansion the supply 
enthalpy is equal to the total enthalpy of the air in the 
test section, which for low enough test-section temperatures 
is given by the perfect-gas relation 

V>. • “> 

The entropy of the flowing air is assumed to be constant and 
is equal to the value in the test section. Its value, made 
dimensionless by dividing by the gas constant F, is 

S/R . (c./fOA, (T./T) - ♦ VR <»> 

v,here :>i K - 23.388 at ^ - :'/3.1b°K and Pl - one atmosphere. 

tor ¿riven test-section conditions, the suppl) enthalpy and 
ont ropy can be computed usint; equations (1) and (2). rítese 
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quantities in turn may be used to determine the supply tempera¬ 
ture and pressure through the use of a Mollier chart for nig:.~ 
temperature air (e.R., references (c) or (h)). 

The two extremes of test conditions bounding the operational 
range of interest are those of "true-température’- and "conden¬ 
sation-threshold" operation. The former refers to * t-*81 
environment temperature identical to that encountered in^tiee 
flight. Condensation-threshold conditions refer to a test- 
section temperature just sufficient to avoid Uquifaction of 
the air at the prevailing pressure. For true-temperature 
conditions the supply pressure is shown as a function of the 
nozzle exit Mach number in Figure 2, for a range of static 
pressures from 0.01 to 1 mm Hg. The curves are calculated for 
a test-section static temperature of 222°K (400 it), which is a 
me»n value for the ambient temperature in the upper atmosphere. 

From Figure 2 it can be seen that for true-temperature 
operation, the highest Mach number which can be obtained with 
a desirable test-section static pressure rapidly approaches 
a practical limit due to the excessive supply pressures re¬ 
quired. Considerably higher Mach, numbers can be obtained for 
the same supply and exit static pressure! by operating at the 
condensation threshold. The supply pressure required tor 
condensation-threshold operation is shown as *, function of 
test-section Mach number and static pressure in Figure 3. 

The condensation temperature used to obtain the results 
shown was calculated from the formula of reference (i), 

rc - m.u __ <3) 
' 4,995 .. !05,,1¾ 

which assumes no super-cooling. The units in equation (3) 
are degrees Kelvin and millimeters of mercury. The condensation 
temperature is plotted as a function of pressure in Figure 4. 

A direct comparison of the supply pressure requirements 
versus Mach number for true-temperature and c. ..dentation- 
threshold operation is shown in Figure 5. The test-sect ion 
static pressure is assumed to be O.i mm Hg. The dotted curve 
shows the supply pressure which would required if the 
behaved as a perfect gas with I - 1.4, It *U1 b* noted that 
at Mach 15 the supply pressure required for true-1 emperature 
operation is approximately seven Urne« greater than for con¬ 
densation-threshold operation. At high Mach number u.e supply 
pressure needed for condensation-free operation is »11”*® 
higher than that calculated by the perfect-gas formula, due 
to the fact that the supply temperatures are high enough to 
result in some real-gas effects. 

4 
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The supply temperatures necessary for true-tempcrature 
and condensation-threshold operation are shown in Figures 6 
and 7, respectively, A comparison of supply temperature re¬ 
quirements versus Mach number is shown in Figure 8 for true- 
temperature operation with a perfect gas and with equilibrium 
air, and for condensation-threshold operation with equilibrium 
air. The test-section static pressure is again taken to be 
0.1 mm Hg, For true-temperature operation, the supply tempera¬ 
ture calculated by the perfect-gas formula is, of course, much 
larger than the correct value because the storage of energy 
in the dissociative and vibrational modes Is not taken into 
account. The supply temperature for condensation-threshold 
operation is seen to be rather modest compared with the t.rue- 
temperature operating requirements. 

The weight flow rate in the nozzle per unit test-section 
area may be expressed in terms of test-section conditions by 
the perfect-gas formula 

(4) 

The air heating power required per unit test-sec lion area, 
(assuming that the air Is heated for an initial temperature 

Te) i» 

(5) 

The weight flow and air heating power for operation with 
a test-section static temperature of ?93<>K are shown in 
Figures 9 and 10, respectively. The corresponding values at 
any other exit temperature may be found by multiplying equation 
(4) or dividing equation (5) by the factor 

i'csign of the InvIsold Supersonic ("ore 

a. t’haraoteristic Equations 

The method employed in designing the iî vise id core 
is an extension to the rrnl-gas case of a procedure developed 
previously for perfect-gas nozzles (reference (a)). 

5 
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The axisymmetric, isentropic, irrotational flow of 

a fluid satisfies the potential equation 

where - ^ . a , nr • 

This equation is derivable from the laws of continuity and 
momentum and, therefore, is independent; of the equation of 
state of the fluid. Tt therefore holds for high-temperature 
air as well as for a perfect gas. For supersonic flow, the 
equation'is hyperbolic and can be solved by the method of 
characteristics. The Élop*» of the two families of character¬ 
istic lines (which correspond to the Mach waves in the ilow) 

are given by 

where the plus sign refers to the right-running family of 
characteristic lines and the minus sign refers to the left¬ 
running family (see Figure 11a). The variations of the 
axial and radial velocity components along the characteristic 

lines are given by the expressions 

The particular method employed here to solve the characteristic 
equations is a lattice-point technique described by Cronvich 
(reference (j)). By this method, given the flow conditions 
at the neighboring points 1 and 2 (Figure 11a), the location 
and flow variables of another point 3 can be determined. Such 
a point; lies at the intersection of the two characteristic 
lines (of different famille») passing through points 1 and 2. 
This is accomplished by use of the characteristic equations 
(7) and (8) in finite-difference form. These finite-difference 
forms comprise four equations in the five unknowns a, y, u, 
V, and a at point 3. The fifth equation needed to determine 
a’unique solution is provided by an expression for the speed 
of sound in air as a, function of the local flow velocity, to 

be described later. 

(ï 
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b„ The Characteristics Solution 

To begin the calculation, the flow conditions must be 
known along some bounding curve. In this case (see Figure lib), 
the boundary is chosen as the nozzle axis AC and the terminal 
Mach line CD which forms the upstream limit of the test cone. 
For the assumed equilibrium isentropic expansion of air from 
given supply conditions the flow variables can be considered 
as unique functions of Nach number. If these functions are 
known then the flow can be completely specified by » knowledge 
of the Mach number distribution. In the present method, in 

order to obtain the required initial data along the boundary 
a Mach number distribution it assigned along the axis and the 
other flow variables are obtained by appropriate real-«as 

relation«. 

The construction of the characteristic net begins at a 
point B on the axis downstream of the throat #.t which the Mach 
number is slightly greater than one, but not too do« to one, 

since convergence difficulties may be encountered due to the 
steep slope of the Mach lines in this region. Knowledge of 
the flow conditions along the boundary BCD is sufficient to 
determine the characteristic net in the region above the 
boundary enclosed by the left characteristic passing through 
B and the right characteristic through D. Thus, the construction 
proceeds along and outward from the axis toward the wall position, 
which is yet to be determined. To locate the wall streamline 
the equation for continuity of weight flow is numerically inte¬ 
grated along a characteristic line. In order to do this, the 
density must be known as a function of the local flow velocity. 
The construction of a characteristic is continued until the 
total weight flow exceeds that through the exit. At the exit, 
where by design the flow is uniform, the total weight flow is 
w « gp qeAB. The wall is then located by interpolation between 

the last mesh points on the characteristic line such as to 

satisfy the continuity of mass flow. 

It is seen that the first wall point that can be cal¬ 
culated downstream of the throat (point S, Figure lib) is 
determined by the curved Mach line passing through the initial 
axis point b‘. The throat wall point ¥ can be determined by 
the continuity of mass flow relation If it is assumed that the 

flow is one-dimensional here, 1 ,e,, 

r. # 

J 
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This leaves a gap EF along which the position of the wall 
contour is not determined. However, In the present work, it 
has been found that the gap thus created is quite small for 
exit Mach numbers greater than five. Therefore, the calculated 
contour is faired into the throat without resorting to a 
perturbation solution in the region of the throat a» was done, 
for example, by Owen and Sherman (reference (k)> for lower 
Mach number, perfect-gas nozzles. 

c. Inclusion of Real-Gas Properties 

In general, it would be most convenient to have ex¬ 
pressions for the sound speed and density in terms of the 
enthalpy and entropy, 1.#,, 

a - a(h,S) 

p - p(h,S). 

The reason for this is that for an isentroplc process S is 
constant, and h may be expressed in terms of velocity by 
the energy equation 

h V ■ K - constant ■ Ü0) 

The expressions for a and p can therefore be considered as 
functions of q alone for a given set of supply conditione. 
Thus, given a Mach number distribution along the axis, the 
equation M * q/a(q) can be iterated upon, to provide corre¬ 
sponding values of velocity and sound speed on the boundary. 
This value of q in turn determines the density needed in the 
weight flow calculation. For all off-axis points, the equations 
provide the necessary relations between a, and q to deter¬ 
mine the position of the characteristic lines and the weight, 
flow across them. 

However, existing expressions for the thermodynamic 
properties of air are not; m the above form and thus neces¬ 
sitate a different approach to the problem. In reference (1) 
there are given three empirical equations for the compressi¬ 
bility, entropy, and enthalpy of equilibrium air as functions 
of pressure and density, based on the thermodynamic properties 
oi air as calculated by the National Bureau of Siandardts 
(reference (>■)). These equations are of the form 

Z • (, (>,€) 

« 
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S/R * lL(},î) U2) 

'''e/l# « ()>te) (13) 

When the pressure, density, and compressibility are 
known, the temperature may be found from the equation of 
state 

p. ieRT (14) 

A fifth equation for the sound speed was obtained by differ¬ 
entiating equation (12), resulting in 

0. • (15) 

In the form given in reference (1), the accuracy of equations 
(12) and (13) was not sufficient for the present purpose. 
The differences between the values calculated using equations 
(12) and (13) and those tabulated in reference (m) were plotted 
and fitted locally by quadratics, ¡'he coefficients of these 
quadratics are supplied to the computer for an error correction 
to the original equations. The resulting expressions for the 
thermodynamic properties of air are extremely lengthy and 
therefore are not listed here. The average error of these 
expressions with respect to the tabulated values of reference 
(m) ranges from a fraction of a percent for entropy and 
compressibility to about two percent for enthalpy and sound 
speed. 

For a given supply temperature and pressure, the 
inviscid core flow field and its contour can be obtained by 
a solution of the characteristic equations (7) and (H) in 
conjunction with equations (10) to (15), This involves an 
iteration of the characteristic and thermodynamic equations at 
each boundary and mesh point. 

The necess11 > of obtaining a simultaneous solution of 
the lengthy thermodynamic prop"::> equations for each iteration 
at every mesh point was avoided by constructing an Isentroplc 
flow table of corresponding values of all the pert lent variables 
for the given ? tagnntIon conditions over the desired Mach number 
range. The table is constructed as follows: for a given 
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supply pressure and temperature the supply density is found by 
performing an iteration on equations (11) and (14). Once the 
density is obtained, the initial entropy and all the other 
supply conditions can be determined from the knowledge of p 
and p. Then the pressure, p, is decremented as the independent 
variable. For each value of p, an iteration for p is performed 
on equation (12) until the condition S - S0 is satisfied. Once 
again, knowing p and p, all the other thermodynamic properties 
car be calculated by equations (11) through (15), The Mach 
number can also be obtained by the use of equation (10). The 
table is complete when p has been decremented until the desired 
o*it Mach number is reached. The table is then stored on tape 
and read into the computer when needed. In the table are 
included corresponding values of the Mach number, sound speed, 
density, and enthalpy (or velocity from equation (10)) 
required for the characteristics solution and wall contour 
determination. Also included are the values of pressure, * 
compressibility, and the one-dimensional area ratio A/A,* ¢37 ' 

The latter quantities are required for the subsequent boundary- 
layer calculations and for determining the subsonic inlet flow. 

The isontropic table obtained in this maimer allows 
the determination of all of the flow parameters by interpolation, 
upon specifying any one of them. Thus specification of a Mach 
number distribution along the axis also defines the remaining 
flow variables along this boundary. The tables also supply the 
relation between velocity and sound speed needed as a fifth 
equation for the finite-difference solution to the characteristic 
equations. Likewise, density is defined as a function of velocity 
and can be supplied for the computation of the weight flow. 

d. Axial Mach Number Distribution 

In order to specify the flow condition«# along the 
boundary there are «any Mach number distribution functions, 
Mía), that can be chosen, A smooth function is required 
satisfying the conditions M(0) - 1, M(*t) * Me, and M'(xt) - 0. 

The number of constants in the function is determined by how 
many independent: parameter# the designer wishes to choose. 
A «satisfactory function (similar to that described In reference 

(lt>) is 

10 
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»h#r# C,| and C2 aro const&nts. Equation (16) automatically 
«atisf iid the condition« M(xt ) - «e and II (xt) - 0. The two 
constants Cj and C2 are detereined by impoiing two other 
boundary conditions. One, m mentioned above, is that 
8(0)-1. The second consists of the specification of the 
axial derivative of the Mach number at the throat l.e 
M’(0). 

e. Basic Hózale Dimensions 

Since the potential core may be scaled to any size, 
it 1« convenient to make all length* dimensionless by dividing 
by the exit radius , and to denote such quantities by a (+) 
sign. The values of , xt+ and (dM/dx+)Ä+ * 0 determine 
the maximum, half expansion anil# <.> of the nozzle and the 
throat-to-exit length L,+ . The valut of (dM/dx4). + 

further govern» the contour radius of curvature at the throat;, 

The value of 0 resulting from 11 particular choice of 
the initial parameter» is of importance due to the possibility 
of flow separation associated with too large a value of the 
expansion angle., In practice, it Is desirable to have a value 
of 0 of about; 10° to avoid any possibility of separation. 
Although larger values of w would appear desirable in helping 
to reduce the relatively great length of high Bach number 
nozzle*, Increasing the expansion angle is not an effective 
utethod for reducing nozzle length since at high «ach numbers 
the major portion of the nozzle i« taken up In straightening 
out: the I low after the initial exp«,nilón. (This is illustrated 
in Figure 16 which shows the nozzle contours and InvlscId cores 
for two representative hypervelocrty nozzlos.) Since the 
exact value of u can only be determined after the computation 
of the wall co-ordinates, approximate relationships between 
w, M<;. xt' and MM dv4 ) ^, _ i( are desirable so that a 

computation will not be invalidated due to separation problems 
resulting from a poor choice of the Initial parameters. To 
accomplish this, the perfect'gau nozzle design method of 
Foelsch (reference in)) may be applied to obtain the values 
of xt and (dM dx + )x+ 0 corresponding to some chosen value 

of u and „ The method is outlined In Appendix A where it 1» 
shown that »impie perfect-gas relations exist in the form 

(17) 

11 
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(dM/d *1 % =>C (18) 

Th* use of these values to ^termine the constants in the 

^^tiriLl^Iu^nî^rrearÎ^^re/ïL^ilutloA^th. 

ZHTy ïLC2;¡^^^;Íîo^an«l^^en's^ou;^«^ïphastzedl 

SHir íí:â*: 
so a» to generate this chosen distribution. It “^^t * 

Îi”ur:»S*î"'v.îS: TÀ'Z.ïl* “ <h. ..n 
CcuUt.on >. o, tb. 

order of Io. 

For guidance in the determination of the initial 
parameters, Jiote have been made free, the 
fîï“ i*»ny of nozzles with expansion »ngles o 50 10 , and 
15&. Figures 12 and 13 show values of xt4 and tdii dx » 0 

as functions o exit Mach number. Figure 14 gives the 
dimensionless nozzle length from throat to ex , 
1+ - X 4 4 COt/^. 

f . Throat Radius of curvature 

For the design of a subsonic inlet to match the super- 

„„„ic contour, th. r.dlun ot 1 

needed. For the P®rf®ct-«“® ^®eInat!r»s 5f r* and the axial 
^bT/r.i,. (SO. o.u.Uon ,B-T, 

isn;dni5 il is: 

a « liante analytic for» does not exist for the real- 
“i;;;;»? a numerical procedure can be used to 

jMairrva^e of ¿c from the i.entropic table di.cu.eed 

Pr:rOU,,í;ona¿íhrhf pÍHectC-Urndyr°ell-;« reUnSslor The ‘ ‘ A discus«ion of the perieci. ».nu . „ 
throat radius of curvature i« given in Appendix 1. 

Design of the Inviwcld Subsonic Core 

a, Contour Shape 

A smooth subsonic inlet shape r(x> is required which 
wlU posîeîr «ero elope at th* throat while matching the 
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radius of curvatur« ther« a« determined ln the supersonic 

calculations. The»« conditions «ay be expressed r(0) - r*. 

r1(0) - 0, r'(0) - 1/RC. 

The condition» given above are sufficient to define 

the i vrabola 

f SJ; t 

¿Rc 
( 19 ) 

The parabolic inlet was only used for a few exploratory 
calculation» since this contour is unnecessarily long. A 
cubic inlet was used for sost of the calculation«. In order 
to dotorwiiui this cubic anothsr coodition wust b# iuposoo 
beside« thoae listed above. This is provided by specifying 
an arbitrary contour point {xA, rA) upstream of the throat. 

Then the inlet contour is given by 

r i« 

b. Flow calculation 

(20} 

The flow parameters along the subsonic wall streas- 
line are needed for the subsequent boundary-layer calculatlcns. 
By assusing ths flow to toe one-dimens lona). all the necessary 
flow quantities say be obtained Iros the isentropic expansion 
table. For each of the area ratios tabulated the corresponding 

axial distance x is defined by equations (19) or (20). 

Turbulent Boundary-Layer Correction 

In order to obtain the final nozzle contour, a boundary- 

layer correction equal to the boundary-layer displacement 
thickness is added to the isentropic core co-ordinate«. It 
has been indicated that; the boundary layer will probably be 
turbulent for sont of the operating conditions of interest. 

In formulating a »ethoci for computing turbulent boundary- 
layer growth in a'high-tempera ture flow, there are three main 
factor« which must be taken Into account: the change in the 
<.hemodynamic and transport properties oí air which occurs at 
high temperatures, the diffusion of atomic species which 
recombine and relea»# additional, heat to the wall, and the 
effect on «kin friction and teat transfer of a highly cooled 
wail. At the present time, a fundamental theoretical approach 

to the problem l* not pomslbl* since the basic mechanism« of 
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the turbulent boundary layer are not understood even for low- 
temperature flow. It is necessary to extend the existing low- 
temperature, semi-empirical theories to high temperatures. 
Since very little data for high-temperature flows are available, 
the results must be treated with some reservations. 

The method employed here consists of integrating the 
von Karraan momentum integral equation 

along the nozzle contour to obtain the boundary-layer momentum 
thickness 9 . The shape parameter ó*/S appearing in the equation 
is found from 

(22) 

where, by definition 

(23) 

/ and 

(24) 

To evaluate these integrals, the variation of velocity 
and density in the boundary layer must be specified. A 
power-law velocity profile 

L 
(25) 

was assumed, with N given by the empirical formula 

Isl se t.05 1M -1.45 
J*o • 

(26) 

This formula is based on experimental measurements in 
supersonic turbulent boundary layers at low temperatures (see 

14 



NAWEPS REPORT 7305 

figure 3 of reference (o) ). Equation (26) a«re»a with avalable 
axparlnentai data at large value of R®0, and has th* desired 
property of malting N approach unity (i.»,, a lamina: .ype . -f>- 
flie) at low value» of Reg. Son* mor« recent, experimental 
data (reference (p)) seema to indicate, however, that th* value 
of N rise» rapidly downstream of the transition point to a 
value of 7' to 12, fall* » little, and then begins a monotonie 
Increase as described y equation (26). 

Although a power-)aw velocity profil* is valid only in the 
outer turbulent layer, the formula may be satisfactorily applied 
to the entire boundary layer when evaluating equations (23) 
and (24), under the assumption that the laminar sublayer Is 
th i n, 

In order to obtain the density in th* boundary layer, it 
1« first necessary to derive a relation tor the enthalpy. The 
Crocco relation was employed in th«» modified form 

(27) 
K» Vvj a- Ov-Kwl^- .Sj 

where 

(27a) 

The density in the boundary layer is then found from a relation 
for high-temperature air in thermodynamic equilibrium, 

(Ä«) 

obtained by an Iterative solution of equation (13). 

To complet* the specification of quantities appearing in 
the momentum integral equation, an empirical formula must be 
employed for the skin-friction coefficient, which in of the 
form 

(29) 

where Hep 1« the Reynolds number baited on the boundary-layer 
momentum'thickness, and the parameters Í |, ( i * 1, 2, .,,) may 
Include Iree-strenm condition*, wall temperature, and in some 
formulas, « factor allowing for the Influence of local 
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pressure gradient. The formulas which were employed iß the 
calculations are given in Appendices € and D, 

The convective heat-transfer rate* to the surface is 

(30) 

The Stanton number was computed using Colburn’s version of 
Reynolds analogy, multiplied by a. factor involving the Lewi* 
number to account approximately for the effect of diffusion 
in the boundary layer, as suggested in reference (r). 

(31) 
St *" 

The total energy in dissociation in the free stream in 
PTU/lb weight of mixture, was evaluated approximately assuming 
that high-temperature air consists only of oxygen and nitrogen 
molecules and atoms, and that the dissociation of oxygen is 
complete before that of nitrogen begins. Then 

(32) 

where the dissociation energy of oxygen and nitrogen, in BTU/lb 
weight of atomic products are D0 - 7313, !*^ - 14031. 

The compressibility of air is found from the curve fit 
formula Z - f(p,f), equation (11). Curve fit formulas for 
the viscosity and Lewis number as function* of pressure and 
enthalpy, based on the data of reference (*), were employed, 
ihe Prandtl number was taken to he 0.72. 

'S Tn addition to the convective heat transfer there will be 
a contribution due to radiation from the hot gas. The 
radiative heat-transfer rate was computed In reference (q) 
and found to be small compared with the convective heat- 
transfer rate in the supersonic portion of the nótale, for 
example, at suppl) conditions of 6000% and 500 atmosphere«, 
the radiative heat-transfer rate at the throat 1» about 
400 BTU/ft^, which is only one percent of the convective heat- 
transfer rate for these supply conditions. The radiative 
heat trR.rii.fer will be neglected here. 

16 
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RESULTS 

A, total of seven nozzles were designed by the Method of 
characteristics with a turbulent boundary-layer correction, 
A block diagram of the computer programs used is shown in 
Figure 15, The design conditions and principal dimensions 
of the nozzles are given in Table I. The throat region is 
of particular interest because the convective heat-transfer 
rate is very much higher there than in other parts of the 
nozzle. Therefore, the boundary-layer growth and heat- 
transfer rate were computed in the throat region for 27 
additional cases representing nozzles with a wide range of 
supply conditions and. test-section Mach number. The results 
of the above calculations have made It possible to derive 
formulas, presented below, which correlate the peak, throat, 
heat-transfer rate and nozzle exit boundary-layer growth 
over a wide range of exit Mach number and supply conditions. 

Nozzle Contours 

The contours of a Mach 15 nozzle designed for true-tempera¬ 
ture operation, and a, Mach 19 nozzle operating at: the con¬ 
densation-threshold are shown in Figure 16. The boundary- 
layer growth was computed using the Van Driest skin-friction 
law, based on the Prandt) mixing length hypothesis. 

The i,»entropie contour of the Mach 15 nozzle is compared 
in Figure 17 with that of a perfect-gas nozzle (with - 1.4) 
having the same axial Mach number distribution and exit area. 
The difference between the contours is found to be rather 
small except in the throat, region. This is due to the fact 
that at a relatively short, distance downstream of the throat, 
the temperature has decreased to a value for which real-gas 
effacts are Baal1. 

The effect of supply conditions on throat size 1* shown 
in Figure 18 where the dimensionless throat radius, r*/r€, 

is given for a nozzle with an exit Mach number of li. The 
figure shows that the throat size decreases by an order of 
magnitude fro» the perfect-gas value as the supply tempera¬ 
ture is increased to 10,OQOok. Lowering the supply pressure 
results in a greater departure from a perfect gas at. a given 
temperature, and further decrease the throat size. The 
tnroat size for a nozzle with a higher exit Mach number (and 
therefore lower exit temperature and pressure) »ay to# found 
by multiplying the result from Figure 18 by the factor 

17 
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(34} 

•valu«t*4 for » p*rf*ct (U. Th* r##ult» »« for 
a, Mack 11 »o**l« (vhlck will haw* ••••atlally P*rf*et-ga* 
cooMltlonn at tu* **lt for th® raa«® of aupçly coaMiUoa* 
ahowa) la orM*r to aal» it c®«w*iil*at to d®t*r»in* tii» threat 
• is« at lilfhar lach mmbmrm un la* th* sw* 

Bouadary-lA7«r Orowth aad Boat Hraaaf*r 

"ph,* h*at-traBSf*r rat* and th* growth of th® 
law#r total thlcha«** i, àt*plac*a*at thlcka«*« 6 , aad 
«owiawtua thlcha®** », froo th* throat to th* «ait of tb* 
Mutclk 15 aad 1* d**crlb«l in th* pr*c*dlat **ctlon, 
ar* ahotnt In rigur** 19 aad 20. IT.# bo«adary-lay*r growth 
and boat tran*f*r 1* th*a* two noaal**, « mil »• i» tb* 
oth«r «o»«!.*« which wor* dMigaod, haw* th# «a»® •>*"' 
hawlor. Th* accoloratlon of th* air la tb* «uhooaic contraction 
thin* th* bouadary lay*r and tb* coaw*ctlw* h*at-traa#f*r rai* 
ri*«M rapidly, Th* bouadary-Uy*r tblckn*** *oar th* throat 
m* f*uad to b#' aoarly iad*p**d*nt «f th* taltial walu* «aploy*d 
in atarilag th* calculatloaa at a l*w «ulwoalc Hacb auob*r. à 
abort dlataac* upstraaa of th* throat, tb* bouadary-lay*r 
tblckn*** ha* a ■Inlotin, and th® b*at traaafor r*acb«* it* poak 
irai«*.* A typical valu* of th* bouadary-lay*r thick**** at th* 
throat 1» a f«1 tb*oaaadth>. of an inch, with th* dl*plac*o*nt 
thlckn*** about oos-tonth til* valu*. Th* boat tranofor boro 
la of tb* ordor of thousand* of ITC/ft*»*<* Ai noaal* 
«ait, th* boat tranafor ha* fallón toy aoworal ordor* #f 
tud* . to th© ord*r of »»* BTU/f t W;, whll* tb* to*Mdary-l»f*r 
thick*«** bas lncr*an*d by a w*ry lar** facto», t® a walu* 
of tb* order of ■®v«ral inch**, Th« boundary lay*** ,(:r«1** 

MBTSay b* *o*n fr«, aquation (30), if th* Staat«» numlm* 
aad tb® r*cow«ry aad wall •ntbalpl** ar* c*a*taat, tb* naal- 
nun h*at~tran*f*r rat* will occur at tb* throat. *b*r* 6*% 
1* a Bax loua. Du* to, tb* fact that St 1« d*cr*aalsf as tb* 
throat Is approached. th* h*at-tra*sf*r rat*, Which Is a#ariy 
proportional to tb« product St, ha* Its ■aatou«» **!»• 
up*tr*an of th* throat at a Mach nuobsr of about 0,95. 

IS 
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roughly linearly with distance from the throat. In view of 
these considération«, it Is natural to divide the boundary- 
layer studies into two phases: the investigation of heat- 
transfer rates In the throat region; and tie determination of 
the boundary-layer thickness at the noazle exit, 

a. Throat Heating 

Exploratory throat beating calculation* were first 
made to determine the effect of the subsonic inlet geometry. 
The dependence of the result# on the akin-friction law employed 
was then investigated for a particular inlet. This was fallowed 
by calculation» to determine the variation of throat heating 
with teat-section inch number and supply condition« for a 
selected inlet geometry and skin-friction law. 

Figure 21 shows the heat-transfer distribution for 
three subsonic inlet geometries in a Mach 10,5 nóvale with 
a 2 ft* exit; area operating at a supply pressure of 100 atm 
and a supply temperature of 5000¾. The Blasius incompressible 
skin-friction law (Appendix D, equation ¢1)-1)) was employed 
with the heat transfer computed from Colburn's version of 
Reynolds analogy. 

Two of the curve# shown In figure 21 are for a para¬ 
bolic inlet as given by equation ( 19), with a throat; radius 
of curvature Rc of l ft and 4 ft, respectively. The third 
curve is for a cubic inlet, described by «quation (20), passing 
through a point x.A - -0.5 ft, rA - 0.5 ft, with a radius of 

curvature of 4 ft at the throat. The calculations were carried 
a short distance downstream of the throat using an approximate 
supersonic contour, consisting of a parabola (having the name 
throat radius of curvature as the subsonic Inlet) faired into 
a cone. The curves in Figure 21 also show that a larger throat 
radius of curvature results In high heat-transfer rates over 
a broader region upstream and downstream of the throat, but in 
a somewhat lower peak value. The two noantle contour* for Kc * 
4 ft have the sane supersonic geometry but different: subsonic 
geometries. The »erging of the corresponding heating curves 
downstream of the throat therefore indicate# that the beat- 
transfer rate (and boundary-layer growth) along the supersonic 
contour is determined almost; entirely by the local conditions, 
and is not appreciably influenced by the subsonic history of 
the boundary layer. This suggests the calculations to deter¬ 
mine the boundary-layer correction for a nozsrle could be #atla- 
f .tot or l ly Initiated at the throat, with a small Initial value 
of the momentum thickness. 

Next, the effect on the heat-transfer rates resulting 
from the use of different skln-frictlon law# was investigated 
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for the parabolic subsonic contour with. Rc - 4 
reBultB .r. shown in risnro 22. Th. ,«lon. .kln-flictlon 
laws referred to in th@ fleure are given in Appendices t 
and d! It can be seen that the peak heating rates vary all 
the wav fron 420« BTU/ft2»ec for the Winkler formula to 
12.300 BTU/ft?sec for the Ludwieg-Tiliman formula. Tl**' 
ble measurements of turbulent heating in a, partially dissociated 
boundary layar on a highly coolrd aurlac. r.fa«.nc. (r>) fall 
between these extremes. They agree best with the BUmius in 
compressible formula (Appendix I), equation (D-J)) u®«d »lth 
Revnolds analogy as given in equation (31) with te - 1,4. 
experimental measurements referred to above were »ade on the 
cylindrical part of a hemisphere cylinder model ■ounted. in a 
shock tube. 

As shown in reference (t). the Blasius incompressible 
formula -ay be used to predict: the skin friction on an adiabatic 
surface atyhyperson,lc Mach numbers provided the density and 
viscosity are evaluated at a reference enthalpy a« suggested 
by Eckert (reference (u)>. However, when applied to a 
«ociated flow with a highly cooled wall, reference (r) indica « 
2Tllt predicted Seat^trLsfer rate is about 20 percent too 
high It is interesting to note that the two versions ,f 
Van Driest formula straddle the result given by the Blasius 
law with the reference enthalpy concept. 

Figure 22 indicates that by far the greatest uncertainty 
in calculating throat heating lies in the choJce of the «kin- 
friction law. In subséquent heat-transfer calculations it the 
throat region, the Blasius incomprensible la* with the correction 
term for diffusion was employed, with the Justification that 
this formula gives the best agreement with the available exp«!- 
mental results, The effect of including the ter»« involving the 
Lewis number to allow for diffusion in the boundary layer la 

small. 

Calculations were made of the boundary-layer growth 
heat-transfer rate it the throat regio» of » family of ï« , 

ooczlaa. The nótales had an exit i«entropie core area of 2 ft . 
Th® calculation» were made for exit Mach numbers of 11, 15, and 
19 with supply pressure* of 30, 200, and 500 atmospheres, an 
suonlv temperatures of 2500<>it,„ 5000«,, and 7500«. Th* wall 
temperature wa» assumed to be #33¾ (1500¾). A c“bJ'® 
contour, as given by equation (19), passing through th* p in 
(-0.5 ft, 0.5 ft) was used. The supersonic contour *P~ 
próxima ted by a parabola faired into a 
curvature, Rr, at the throat, was computed using the pet feci 
gas formula (Appendix B, equation (B-7)). ^ 
(dM/dx+)Ä+ . 0 required in this formula were obtained from 

Figure 13; the throat radius r* was determined from Figure IB. 

20 
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!%• for th« auppljr tanparatura of 50000¾ ara 
ffltiowD in Pl.f«ra 33. Tb# appaaraaca of tb« curva* for aupply 
tMfWimturaa o* a500°K and 7500** ar* aiailar. In *11 cas** 
tl« coavactiva baat-traaafar rat* paalw « abort diataaca 
upatraaa of th* throat, at a Mach maibar of about 0,85» Tta* 
baat-trawi'far rat* fall* to on*-t*atb of tb* paak valuó la a 
diataaca of a f«* inch*« on altbar old* of tta* paak. 

lb* paak baat-traaafar rata i» plottad varau* aupply 
praaaura, with aupply t«ap*ratur* a* * paraa*t*r, la Figur* 
34. Th* paak baat-traaafar rata which caa Iw« baadlad by 
coavactiva vatar coollag of a coppar nasala la of tb* ordar 
of 10,000 BT0/ft^*ac. A« any to# naan fro* Figura 34, thin 
rata iai axcaadad by »«varal tlaas at th* blgb*r aupply t*ap*r*- 
tura* «ad prMPurMi, 

In practical application*, th* throat baatlug probl*a 
iw graatly r^atlucail toy th# vary »hört runa lag tia* prov idad 
in in tara li tant factlltiaa auch a* a »hock; tunaal. For 
cootlBUfMia oparatIon. fila coollag of th« throat ragion appaara 
to to# on# aatbod which will parait aonala oparatton at vary 
high throat baat-traaafar rata», il though th* cooling affact 
on, tba wall vaalahaa a ralatlvaly »hört din tanca dowa- 
ntraaM of tb* lajactioo point a* tba fila ab*orb* baat, tb* 
ragioa of high haut-trau»far rat*« In th* noaal* 1« ala* 
quit* abort. An aaalywl* of tb* thront hantln« problaa and 
It* *ff«ct on tb* oparatAag capabtlltla* of a coatiauou*, 
byp*rv*locity wlad taaa*l ha* toaai» d**crlba<l I» r*f*r*nc* 
(q). 

It waw fouod that th* paak I»**t-trau»far rata* could 
b* corralatad la tara* of tb* four paraaatar* p r, vm, and 
H . Th* r«aulta nr* wall rapraaaatad toy tba faraul* 

.,3 A74, 
V 4,3*10 _ 

f^r3 

¢33) 

which 1* plot tad la 'Figura 3ft. Tbls fonmla coatalaa tb* 
■aaa paraaatara u**d toy Slbulkla (r*faraa«a <w>), who obtalaad 
an mpraaalo* for tba throat baat-traaafar rat* to a quadratic 
throat contour a»«ualng am lacoapraaaltol* turbulaat 'boundary 
layar with » aaar-adtabatic wail. Th* dilfaraacae batwaaa 
th* praaant foraui* for tba 11*11,1.-trau«far coaffieiaat and 
that of Slbulkla*« caa ba tracad to tba fact that tba praaaat 
corral»tloa waa obtalaad for hlgb-taaparatura air with a highly 
cootad '«rail and aaplayad * cubic ralbar tbaa a quadratic throat 
contour. 
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The values of lie^ at the throat of the 27 nozzles for 
which heat-transfer calculations were made are plotted in 
Figure 26, It Is seen that Reg falls in the range 430 to 
16,000, These values are high enough so that turbulent flow 
reicht be expected in most cases, a# stated earlier. 

b. Boundary-Layer Growth 

The boundary-layer growth was computed for the seven 
contoured nozzles listed in Table ï. The computations were 
started a short distance downstream of the throat, using as 
the initial momentum thickness the value obtained from tue 
throat heating calculations. The Van Driest turbulent skln- 
frlction formula with the Prandtl mixing length hypothesis 
was used (Appendix C, equation (09) ). The Blasius incom¬ 
pressible skin-friction law used for the throat heating 
calculations is not suitable for the supersonic contour since 
such a formula does not take into account the decrease in 
friction coefficient with teach number. Before the Van Driest 
formula was adopted, four preliminary runs were made in the 
first nozzle (Me *> 11, p0 » 50 atm, T0 * 4000%) comparing 
this formula with the Blasius formula modified by the refer¬ 
ence enthalpy concept. The latter formula is known to accu¬ 
rately predict the skin-frlet Ion coefficient on an insulated 
flat plate in supersonic flow (see reference it)). The re¬ 
sults obtained with the two formulas at wall temperatures of 
324% (583%) and 833% (1500%) are compared in Figure 27. 
The boundary-layer displacement thickness at the nozzle exit 
a« obtained by the two method« differs only by four percent 
at the lower wall temperature, and by about 13 percent at the 
higher temperature. The use of some of the other friction 
laws given in Appendix: C would lead to much larger differences 
in the boundary-layer thickness. The Van Driest formula was 
used in making final calculations of the boundary-layer growth 
in nozzles. 

It was found possible to correlate the turbulent 
boundary-1 ayer displacement thickness at the nozzle exit by 
a formula involving the nozzle exit Mach number He, the 
throat to exit length I., and supply conditions. The result 
is 

b f 
-fe 

1,45 k 10 T. c (36) 

6fi* will be given In feet when the temperature 1» in degrees 
Kelvin, the length in feet, and pressure in atmosphères. 
This correlation is plotted In Figure 28 for the »even nozzle* 
Hated In Table I. 

22 
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The variation of momentum thickness Reynolds number, 
Re0 in the Mach 15 and Much 19 nozzles is shown in Figure 29. 
It is seen that Reg peaks a short distance downstream of the 
throat and decreases markedly towards the exit, ihe low value 
of Res near the exit makes it necessary to examine the as¬ 
sumption made in the turbulent boundary-layer analysis that 
the laminar sublayer is thin. The laminar sublayer thickness 
in an Incompressible flow may be computed from 

^ (37) 

where uT - (Tw/pw)1/2 is the friction velocity and C is a 

constant. When this equation is applied to compressible 
experimental results indicate that. C varies from 11. at M - H.J 
to 14 at M ■* 10 (reference (w)). Using C » 14, the ratio of 
the laminar sublayer thickness to the total boundary-layer 
thickness at the nozzle exit, was found to be 0.07 and 0.13 
for the Much number 15 and 19 nozzles, respectively. Therefore, 
the laminar sublayer is thin unless the value of C increases 
markedly at higher Mach numbers, or at very low Reynolds 

numbers. 

At a sufficiently low value of Rereference (x) 

indicates that a turbulent boundary layer cannot exist. The 
minimum, Reynold*? number for turbulent flow given there is 

Re - ■ (3ti> 

This value of Reömin Is 184 and 620 for the Mach 15 and 19 

nozzles, respectively, as compared with nozzle exit value of 
491 and 1811. Hence, reversion to laminar flow Is not expected 

to occur. 

Limitations of the Method 

The design method that has been described 1b subject to 
a number of sources of error. Basically, the limiting as¬ 
sumption of equilibrium flow' is an approximation for hlgh- 
temperature air flows since at some point In the nozzle the 
gas will freeze into a mixture rich in atoms (see reference 
(d)). However, for sufficiently high nozzle supply densities 
the equilibrium assumption is a good one, because the amount 
of oxygen which freezes is very small, as shown in figure l. 

The thermodynamic data lor air (reference («#)) presently 
available involves significant error at the higher pressures 
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due to the omission of a Van der Waals correction in the com¬ 
putation. Added to this is the error in the curve-fit formulas 
used to conveniently express the tabulated thermodynamic proper 
ties. 

Insofar as the calculation of the boundary-layer growth 
and heat-transfer rates are concerned, the uncertainty in the 
skin-friction law far outweighs the sources of error inherent 
in the momentum integral method and in the use of Reynolds 
analogy. Also in the boundary-layer calculation, while the 
curve fits to the transport properties are accurate to within 
one percent, the transport coefficients were originally cal¬ 
culated in reference (s) by an approximate theory. 

The computational procedure itself is only limited in 
accuracy by size of the discrete steps employed in the nu¬ 
merical procedure. Therefore, there is no inherent difficulty 
here. 

In summary, besides the question of the validity of the 
equilibrium flow assumption, limitations are posed by the 
available data for the thermodynamic and transport properties 
of high-temperature air coupled with the lack of an appropri¬ 
ate skin-friction law. It is not possible to obtain a nu¬ 
merical estimate for the overall accuracy of the resultant 
nozzle contour at the present time. 

CONCLUSIONS 

A method has been described for designing axisymmetric 
nozzles for high-temperature equilibrium air with a turbulent 
boundary-layer correction. The assumption of equilibrium is 
approximately valid for many nozzle flows. The accuracy of 
the method is limited by the uncertainties in the data availa¬ 
ble for high-temperature air and in the friction law with a 
highly cooled wall. 

For a given test-section size and Mach numbers the nozzle 
Isentropic core contours were found to be quite similar' to 
perfect-gas contours except in the vicinity of the throat, 
where the temperatures are high enough to cause large de¬ 
partures from the perfect-gas case, elevated supply 
conditions, the throat size is an o; ¡ of magnitude smaller 
than in a periect-gas nozzle. Koai-gas effects also result 
in a lower supply temperature and a much higher supply pres¬ 
sure than in a perfect-gas nozzle designed to achieve the 
same test-section conditions. 

The calculations were made assuming a turbulent boundary 
layer. The boundary-layer momentum thickness Reynolds numbers 
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uvero found to be high enough so that the assumption of a 
turbulent boundary layer is reasonable under most operating 

conditions. 

The convective heat-transfer rate peaks a. short distance 

ahead of the nozzle throat. The peak heat-transfer rate may 
be very large at elevated supply conditions; for example, it 
Is of the order of 40,000 BTU/ft2sec for a nozzle operating 
with supply conditions of 5000QK and 500 at». The radiative 
heat-transfer rate to the nozzle throat is negligible compared 

with the convective flux, being of the order of one percent of 

the latter under the above conditions. 

A comparison of the calculated convective turbulent heat- 
transfer rate in the throat; region using various friction 
laws showed that the results obtained differ by as much as 
a factor of three between the laws at Ereate.it variance with 
each other. The increase In heat transfer caused by diffusion 
of atoms in the boundary layer is difficult: to predict accu¬ 
rately, but it Is only of the order of ten percent. It was 
found that the peak throat heat-transfer rate could be cor¬ 

related in terms of supply pressure, temperature, throat 

radius, and radius of curvature alone. 

The boundary-layer thickness at the nozzle exit is also 
sensitive to the «kin-friction law employed. The Van Driest 
formula, and the Blasius incompressible law evaluated at. the 
reference enthalpy, gave results which differed by about 
three percent at a, wall température of 324aK and 15 percent 
at 833°K for a typical nozzle. Since the boundary layer in 
hypervelocity nozzles Is quite thick, the possible error in 
predicting the boundary-layer correction to the core co-ordi¬ 
nates may.lead to a rather large departure from the desired 
exit Mach number. The nozzle exit displacement thickness as 
calculated using the Van Driest turbulent skin-friction law 
could be correlated for a wide range of conditions by a simple 
.formula Involving nozzle length, supply pressure, and tempera¬ 

ture, and exit Mach number. 



NA VW EPS REPORT 7395 

REFERENCES 

(a) Thickstun, W, R., Schroth, R,, and Lee, R., "The Develop¬ 
ment of an Ax1symmetric Nozzle for Mach 8," Paper No, 34, 
Proceedings of the Fourth l). S. Navy Symposium on Aero- 
ballistics, D&hlgren, Virginia, NAVORD Report 5904, 
1 May 1958 

(b) Persh, J, and Lee, R., ''A Method for Calculating Turbulent 
Boundary Layer Development in Supersonic and Hypersonic 
Nozzles Including the Effects of Heat Transfer,'1 NAVORD 
Report 4200, June 1956 

(c) Moeckel, W. E. and Weston, K. C., "Composition and Thermo¬ 
dynamic Properties of Air in Chemical Equilibrium," NACA 
IN 4265, April 1958 

(d) Glowackl, W, J,, "Effect of Finite Oxygen Recombination 
Rate on the Plow Conditions in Hypersonic Nozzles," 
NOLTR 61-23 (to be published) 

(a) Van Driest, E. R., "Calculation of the Stability of the 
Laminar Boundary Layer in a Compressible Fluid on a Flat 
Plate with Heat Transfer," JAS, Vol. 19, No, 12, pp. «01- 
812, December 1952 

(f) Jack, J. R., Wisniewski, R. J,, and Placotus, NI, S., 
"Effects of Extreme Surface Cooling on Boundary Layer 
Transition," NACA TN 4094, October 1957 

(g) Stetson, K, F., "Boundary Layer Transition on Blunt Bodies 
with Highly Cooled Boundary Layers,” IAS Report No, 59-36, 
presented at the 27th Annual Meeting, New York, 
26-29 January 1959 

(h) Korobkin, 1, and Hastings, S, M., "Mollier Charts for Air 

in Dissociated Equilibrium at Temperatures of 2000¾ to 
15,000¾. " NAVORD Report Î146, May 1957 

(1) Wegener, P,, Stollenwerk, Reed, S., and Lundqulst, G., 
"H0L Hyperballistics Tunnel No, 4 Result 1: Air 

Liquefaction," NAVORD Report 1742, January 1951 

(j) Cronvich, L. L., "A Numerical Graphical Method of Charac¬ 
teristics for Axially Symmetric Isentropic Flow," JAS 
Vol, 15, Mo, 3, p. 155, March 1958 

(k) Owen, J. M. and Sherman, F, S,, "Design and Testing of 
a Mach 4 Axially Symmetric Nozzle for Rarefied Gas Flows," 
University of California Report No. HE-150-104, July 1952 

26 



NAVWEPS REPORT 7395 

(l) Grabau, H., "A Method of Forming Continuous Empirical 
Equations for the Thermodynamic Properties of Air From 
Ambient Temperatures to 15,000°K with Applications," 
AEDC TN 59-102, August 1959 

(m) Hilsenrath, J. and Beckett, C. w., "Tables of Thermo¬ 
dynamic Properties of Argon-Free Air to 15,000°K," 
AEDC TN 52-12, September 1956 

(n) Foelsch, K., "The Analytical Design of an Axially Symmetric 
Laval Nosaie for a Parallel and Uniform Jet," JAS, Vol. 16, 
No. 3, March 1949 

(o) Persh, J., "A Theoretical Investigation of Turbulent 
Boundary Layer Flow with Heat Transfer at Supersonic 
and Hypersonic Speeds," NAVORD Report 3854, May 1955 

(p) Winkler, E. M. and Cha, M. H., "Investigation of Flat 
Plate Hypersonic, Turbulent Boundary Layers with Heat 
Transfer at a Mach Number of 5.2," NAVORD Report 6631, 
September 1959 

(q) Enkenhus, K. R., Harris, E. L., Glowacki, W. J., 
Maher, E. F., and Ceretta, P. A., "The Simulation of 
Re-entry Conditions in the kind Tunnel," paper presented 
at the Institute of Environmental Sciences Meeting, 
Washington, D. C., 9 April 1961 

(r) Rose, P. H., Probstein, R. F., and Adams, M. C., "Tur¬ 
bulent Heat Transfer Through a Highly Cooled Partially 
Dissociated Boundary Layer," AVCO Research Report No. 14, 
January 1958 

(s) Hansen, C. F., "Approximations for the Thermodynamic 
and Transport Properties of High Temperature Air," 
NACA TN 4150, March 1958 

(t) Hayes, W. D. and Probstein, R. F., "Hypersonic Flow 
Theory," Academic Press, New York, p. 329, 1959 

(u) Eckert, E. H. G., "Engineering Relations for Friction 
and Heat Transfer to Surfaces in High Velocity Flo«, 
JAS, Vol. 22, pp. 585-587, 1955 

(v) Slbulkin, M., "Heat Transfer to an Incompressible Tur¬ 
bulent Boundary Layer and "stimation of Heat- "ransfer 
Coefficients at Supersonic Vorrle throats,' JPl. Report 
20-78, July 1954 

27 



NAVWEPS REPORT 7395 

(w) Hill, F. K., "Turbulent Boundary Layer Measurements at 
Mach Numbers from 8 to 10," Physics of Fluids, Vol. 2, 
No. 6, pp. 668-680, November-December 1959 

(x) Tetervin, N., "An Estimate of the Minimum Reynolds Number 
for Transition from Laminar to I'm bulent Boundary-Layer 
Flow by Means of Energy Considerations," NAVOHL Report 
6854, November 1960 

(y) Enkenhus, k. l;. and Tucker, N. B., Design and resting 
of an Axisymmetric Flow Nozzle for Mach Number 7,” 
UTIA Technical Note No. 4, January 1955 

(z) Van Driest, L. K., "Turbulent Boundary Layer in Com¬ 
pressible Fluids," JAS, March 1951 

(aa) Hidalgo, 11., "On the Application of Van Priest's Method 
to a Highly Cooled, Partially Ussociated Turbulent 
Boundary Layer," Jet Propulsion, Vol. 28, No. 7, pp. 437- 
489, July 1958 

(bb) Heshotko, 1. and Tuckei, M., "Approximate Calculation 
oí the Compressible Turbulent Boundary Layer with Heat 
Transfer and Arbitrary Pressure Gradient,' NAPA fN 4154, 
December 1957 

28 



NAVWEPS REPORT 7395 

APPENDIX A 

Determination of Basic Nozzle Geometry 

The basic geometry of an axisyrametric perfect-gas Foelsch 
nozzle is shown in Figure 30, Radial source flow is assumed 
to exist in the region BCD, bounded by the Mach lines BC and 
CD through the inflection point C, The apparent source of 
the radial flow is at 0. The test-section Mach number is 
reached at I), so that x* equals AD, The tangent of the maximum 
half-expansion angle m is equal to the slope at C. The Mach 
number is assumed to vary linearly along AB, from the threat 
to the beginning of the radial flow region, with a gradient 
equal to (dM/dx)g. 

For radial flow through a spherical cap a distance y 
from the source (point 0) the one-dimensional relationship 
between area ratio and Mach number is valid. Therefore 

(A- ! ) 

where y* is the radial distance at which sonic velocity would 
exist, A second property of source flow is that; along a Mach 
line (such as BC or CD, Figure 30) the change in flow direction 
necessary to produce a given change in Mach number from the 
value one is exactly half the Prandt 1-Meyer angle (Jjp(M) tabu¬ 

lated for two-dimensional flow (reference (n)). From these 
properties, the following relations may be derived for the 
nozzle geometry shown in Figure 30 (see reference (y) for 
details) ; 

€XtV/ * 0( ^e) - iuJ i' A-2) 

» ®(Me) -4m \ A-3 ) 

( A-4 ) 

A-5) 
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The dimensionless distance to the beginning of the test cone 
maj be found by summing components as follows: 

___, 
.. mui» 

A6/rt 

Mg-1 

• c'/r# 

-f* ♦ 
Tt> Tt 

The overall length of the nozzle is 

dlf % 

U * +■ cot■ 

c'D/r. 
(A-6) 

(A-7) 

By means of equations (A-l) through (A-6), the parameters 
x|.+ and (dM/dx4')x* . () needed to determine the Mach number 

distribution may be found by prescribing the desired exit 
Mach number Me and a suitable maximum angle œ for the contour. 
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APPENDIX B 

Throat Radius of Curvature 

By definition, the radius of curvature of the throat is 

*t - ffí) (B-l) 

Noting that (dr/dx)x . 0 - 0 and rewriting equation (R-l) in 

terms of the area A - tr2, the expression for Rc becomes 

«C 

Assume the existence of the two functions 

(B-2) 

H >• WO.) (B-3) 

(B-4) 

where A/A* is the one-dimensional area ratio. Now, rewriting 
equation <B-2) in terms of these functions, and noting that 

i.o,, the area passes through a minimum, there results the 
desired expression for Rct 

(B-5) 

The throat height r* is known by computation. Equation 
(B-3) is provided by the prescribed axial Mach number distri¬ 
bution. Therefore, only equation (B-4) need be supplied for 
computation of Rc by equation (B-5). 

a. Perfect-Gas Case 

Equation <i-4) is given by 
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b* * 
(B-6) 

Therefor«» Rc 1» e*slly computed by «quetioi» (B-5) »nd 1» 

b, R«ml~G>» Cese 

There is no analytical «prMslan for «quation (B-4) 
in this case. However, an approximate *xpre»Blon can bei formed 
by fitting a curve to the area-ratio values tabulated in th« 
isentropic expansion tables as a function of Mach number. 
This nee ) only be done in the region near Mach number one. 
The fit A/At(M) obtained may be used to^ evaluate Rfl by means 
of equation (B-5), Of course, the accuracy of the second 
derivative of any curve fit may be poor. Therefore, the 
resultant value of Rc obtained by this method Must be treated 
with reservation. 



NAVMPS REPORT 7395 

APPENDIX C 

Extension of the V»n Driest Turbulent Skln-F"rlet:lon 
Formula to Calculations in Dissociated 

Flows with Pressure Gradient 

This appendix: presents the derivation of an expression for 
applying the Van Driest turbulent skin-friction formula to 
dissociated flows with pressure gradient. The fundamental 
assumption is that the local skin friction on a curved body 
is the same as that on a flat plate having the same local ex¬ 
ternal flow conditions and value of Reg. 

The Van Driest formula (see refenmce (as) ) was derived for 
a turbulent boundary layer in a compressible fluid with aero 
pressure gradient. This formula was revised for application 
to a highly cooled, partially dissociated boundary layer by 
1. Hidalgo (reference (aa)), Hidalgo has shown that, under 
certain assumptions, the Van Driest relation may be applied 
to a dissociated flow merely by replacing the temperature in 
the formula by the corresponding value of the enthalpy. These 
assumptions are: 

a. The turbulent and laminar Lewis number» are unity, 

b. The turbulent and laminar Prandtl numbers are unity, 

c. The density fluctuations in the boundary layer are 
nog 1igible. 

d. The product of density and enthalpy 1» constant: across 
the boundary layer. (This statement is essentially true except 
in a thin region near the waM.) The skin-friction formula 
obtaltaed Is then 

0-^_ (5'f- ¿ + $ir P) M 0 41 + He [Rf* C1Î ßz 11:“1 > 
0 

where 

(cl +'4 ft1)* 
(ck+'4 6*)‘ 

3:1 
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or 

E * (^/O ^ 
(*»#iu»es Pri.mdt.1 «ixlaf ienfith) 

E * 1 
(HBBUIH68 von K aman al»ll*i*ity) 

In making computations on blunt bodlss, or vh®**® * prsssmre 

”-5P;r9S:rrrf:;:^ô^r;rr> : 
use of the relation 

d^.1 . « * ■ 

îiSi.) * 
Thus, 

' ít>2) 
For any poeStlon on the surface» a value of Cf 
uniquely determined by the value» of uoo» h», 
Re0, 

'will then he 
hw, Pm, »nd 

For brevity, equation (C-I) may be written as 

c.//i7 • fi * s c< 
(C-3) 

where 
J ,. "I 

C, « 0.2.1 i<o. d., *" lift (¢) ( <t ^v) ' 

“e"w 

¢. • -ifsE O'E 
0 I'l 

,/--1 
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it is noted ln referene® (aa) that CI2 Is a weak function of 
I); 0,41 * C2 * 0.45 for 1.0 * D i 2,5; thus, a mcu-e nearly 
correct value of €2 would be: 

Ct • 0.41+ 0 027( O'O 

Mow, solving eguatlon (C-3) for Rex In terms of Cf letting 
t - 1/ ( Cf )l72 

Re, - 6 t'.Ht (i'-D 

where 

and 

-lJ0SCr 

0» "i.c 
Cl 

H * I Jo5C. 

<05«) 

(C-5b) 

Differentiating : 

<4Ct'J t G(11 /1 + ) 

Inserting this in equation and Integrating from a point 
near (but not at) the leading edge where Cr - Cf0 and 
Reit - Re^0 there -esults, 

t 
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From equation (03), Cf .<*) as Rex 0, so that t0 -*► 0 at 
the leading edge. The nature of the Van Driest trietion 
formula leads to a singularity at the leading edge, i.e., 

Hi») • '— » 

If, however, the Integration is begun a short: distance 
from the leading edge where Hag <.<. Reg, it can be shown that: 
1 <t0) <£.< f(t). On this basis, we obtain 

{(>9) 

Equation (C~9) is the desired final relationship between 
Cf and Reg. It Is an Implicit: formula ano is solved for Cf 
by an iterative scheme, based on an initial guess for Cf 
obtained from some other turbulent skin-friction formula. 



Ai'PKK'tjiITt 11 

1:,15111:-1 i r I, c a 1. S k I î. - ? r 1 < *■ t'ti *■•*>'fi 

Other turbulent: friction formula» from ’«hi.'h ca'll cii.Ift t iorss 
wer« mad«* wer# the fol lowing ; 

a. The Blitsiun i.ncowprtassibie «k:n:i*::fr:if: 1 ion law, uih<*cI 
for the majority of! the throat: heat let« calculât ioins, In 

C( - O024b( • 

The constant Is chosen to agree with the esperitnoHt:til i-hsoIib 
for Incompressible flow as ctwnpiled by klni! lf!‘i amt i Jm f refer¬ 
ence (p)). 

b. The Blasius incouipresstble la'»', witlt value» of míscosií t,y 
and density cor respond! »if to a reference enthalpy,, as proposed 
by Eckert (reference (u)). This la*1 is 

The reference enthalpy Is 

hr€{ * I I H*+ K.) +' íT^I. ” '^4 

where 'ha,:i is given by equatiori ilî'.'a!1. 

e. The Ludwlott-Tillnin» skin :f r tm t: Í, wi law,     lod to 
Inc lodo the reference entha.lpy í.-roteircnce (Mi)) 

. i,sil (4),, ; i jift 

Cp » o.EAte . / ^S.!!i , 
\ ,/tTffl f \ ÍÍ*» i 

Hue ,.i,x'j:H:vr(en.t::t9!l te rr‘ * lT¡,o‘* m for tfo» ■ > :t I-iü c * r-(! c :,oc#t '¡ore'SMmr« 
H, r i*<:¡ te n t cuit skin f n: te: Ui.cmt Üi ?"0<o¡.:!t "ohr :10:11::-011:0:00-001:^ I'oto 
(art,or oo/fOj, ytvon 't:i¡i' 
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where iWÖ) i fp is th« i,ncompv«>ß«ible fort» factor on r 

n.al plate, which »ay tae t'tken equal to 1,236,. Th,t* eqtift't: 
is given, In reference (t>b) In terms of temperature ratio«! 
It is as«u»e<:J that for high temperature» the correapoetting 
enthalpy ratios may be used, 

d. The Winkler «skin-friction formula 

This empirical formula (in which the correspondi ni» enthalpy 
ratios have been substituted for the temperature ratio# of 
the original formula) was derived from an examination of a 
large amount of compressible turbulent «kln-frlct.lon data, 
with cooled walls; it is valid for low air temperature» 
(reference (p>). 
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FIG 2 SUPPLY PRESSURE REQUIRED FOR 

TRUE-TEMPERATURE OPERATION 
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riß..« SUPPLY TEMPERATURE REQUIRED 
FOR TRUE-TEMPERATURE OPERATION 
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N02ZLE EXIT MACH NUMBER M, 

FIG 7 SUPPLY TEMPERATURE REQUIRED FOR 

CONDENSATION - THRESHOLD OPERATION 
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FIG. fl COMPARISON OF SUPPLY T |; MPC R AT uRI! 
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r 16 13 fOElSCM NOZZLE, DIMENSIONLESS THROAT 

MACH NUMBER GRADIENT 
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HO 18 EFFECT Of SUPPLY CONDITIONS 
ON THROAT SUE OF **ACM II NOIZLE 
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HG 21 EFFECT OF NO? 7 LE INLET GEOMETRY 

ONLONVECiiYt HEAT-TRANSFER RATE 
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FRICTION LAWS 

LUOWIEG-TILLMAN (eq d-4) 

VAN DRIEST (EQ C-9) WITH 

VON KARMAN SIMILARITY 

BLASIUS LAW + REF ENTH (EQ 

0-2) 

VAN DRIEST (EQ C-9) WITH 

PR AN DT L MIXING LENGTH 

BLASIUS LAW ( EQ. 0- I) 

/BLASIUS LAW (EQ. 0-1),WITH 

WINKLER(EQ D- 

WINKLER (EQ. D- 

6) WITH--" • I 

6) To<1 

NOTE : 

HEAT TRANSFER COMPUT¬ 

ED FROM FRICTION LAW 

USING EOS (30) ft (31). 

06 0 8 
Distance from throat x jfti 

FIG 22 EFFECT Of FRICTION LAW ON 
CONVECTIVE THROAT HEATING 
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FIB E3 VARIATION OF HEAT-TRANSFER RATI IN 

THE THROAT RM10N FOR A FAMILY OF 

MOZ ILES 
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SUPPLY PRESSURE P0 (ATM' 

FIO 24 PEAK NOZZLE THROAT CONVECTIVE HE AT - TRANSFER RATE 
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FIG ? 5 CORRELATION OF PEAK CONVECTIVE HEAT - TRANSFER RATI 
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FIG 28 CORRELATION OF NOZ7LE EXIT BOUNDARY- 

LAYER DISPLACEMENT THICKNESS 
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FIO 29 VARIATION OP MOMENTUM THICKNESS REYNOLDS NUMBER 

ALONO NOZZLE CONTOURS 
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