
UNCLASSIFIED

AD NUMBER

AD449828

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; AUG 1984.
Other requests shall be referred to Air
Flight Dynamics Lab., AFSC,
Wright-Patterson AFB, OH 45433.

AUTHORITY

AFFDL ltr, 24 Jan 1973

THIS PAGE IS UNCLASSIFIED



U.CLASS FIHED

449828

ýE DOCUMENTATION CENTER
FOR

'IFIC AND TECHNICAL INFORMATION

ERON 'STATION AlEXANDRIA. VIRGINIA

NCLASSIFIED



" "=2E 9.engoenj~ent or Other dzsvizgs, speci-tieations Or Other Cata are LJ'4 fur srq p-rp
otaer than in connection vith a deflonCp,,rlae
soV~re`0Unt prooux-eent o3.cvAtiOn, the U. S.
Ciorernne.-c thereby lzcursO no rerpoosibilit:-, nor azj,
utlif-Otiom vhatsoever; and the fact that the Cov-em-meet' =Y hare fozna~late4, funished, )r in an,) wrayacppPlied the vtid drawinga, speetfications, or otbe:data Is not to ~e regsunded by implication or other-"tese an ton any earner licensing the holder or anyOtbhyr person or corporation, or eo--ev'efe any flib-or emt.sginn to sanufaeture, use or Kell anypatented invjention tist m~y In any v!y be related
there'



0 DL- DR.-34,

SM-DfmEORMOF4-eHIOM I¶4014 PAIX STUDY
OBINEALIZ COMPUTM FWM~AV'

JPAUr 3, VOLM& 2 - O"TftJRAL LOAN "XWOATI]N

u~ T Wf.VIL DOUMh-ARY BZPOLT6 I ID99

C)"

AUGUST 1964

F~No. 1431. Tha No. 14M3~

"rmW Cobl No AFS~Mb



Best
Avaiolable

Copy



NOTICES

Wthen Gorer.=&A~. drawIN;,, spec ifiaticr..;. or other dat,. ere u-1 f~r
any purpooo doter than~ in connection wilth a definitely related Gover-uneut
praourtmont operation. the tlre2%d Statas Govrerv-ewnt uiawet7 hncra no
responsibiility nor azW caigattn whatsoewrr; wWu tv: " k th& Goe=r-
=eat may baye for Int-ed, furniinhed, or -n at, %waf sup.- the Wad draw-
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eqcuctlowo of motioc appi~cab~e to the UY~-R 6ec-of-Yeedvx
Strsc.r '-~ds Program (Z1 re derived in this r-3vrt. -ieoe eque-

tito' o.. ..TIttea for the deterzination of vzbhcle 4tr~ctams. -)a~ds cnd
reaoo"* ion to arodyrAnic 1oad3, .oad3 due control u
tionz, 6za o-virmonmctft di~turbaom es. tAbit--try elasotic eipfte of fr~~coz
(vi',g trrei-i-, wing torsion, body pending. ct-) 1 ad rue3 0 hn ae~timoac
&re inc( .yorated into tno overon1 momly%4.

Nevt4ýiim flov theory I* used for ebtalo-Ing idealized. 4--ýInaxdc
pressure distrib.itiins slace It is the simplest aerodymn'.ic tl'-ry --at
offers sufficient geoerAlty. AeCe erotjoms, deflectiuom,ý sbý)r ferces;
sod btr42-ig ==aet& at arbitrary stations can be cosputed.

This technical documentary report has been revicued and Is approved.
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A tatie nrrsovovic -r-~. St, quzation (195,

^-%4 given mno;i 07 'It~rnetor In degret ý,C frve~dc, g.

inertia terms. See "qei

the dyneninally imlnr.cir-3 roZtntinn rete vith rcspect o qaof ton vehicle relative to the vchicle axes.

cc~ponemt3 of In ttle y cnordinat,. -Vt-n

jK aeroiynaaic danpieg ternma. Vee Equation (197).

Ct-je lynaica'ly balancing tronslio~na rate wIth respect to
q- of the vehicle relative to the vehl-le axee.

Ct co'nponent: of In the y cnordinate iysten.

S pernjtatI-n 'o-bol. See text p~ecedilng Equation ('19).

£numbner of thruct vectorirg notniec (or "engio-ep,.

components in the 
2

r *vt ne the 31ento. a.

Fthe sun of' the external forces exerte-d or, the .ehi~le.

Fm the external force on the h-th plsr~icle of the i-ta tention.

T.-LA. t- ternal forze e0actedi on the h-th pnrttlcl of the i-til
seotion by the I-th ;artizle of the k-th section.

the nasntude Of kihk,.

v I



products of th i ý.s about th.e orign f -- e iehlc, xe
dueto. the external forces.

Sthe force prunil. za due to gravl--..

the poefficri •nt in 'sructural" damping with espe t o the cn
J-th t*ree o: frc~dcc.

G VS producf s of .nertio n f 5L ucrueti end foe, -e t vic icle axes.

V4' the sent. cod the negatives of pro t of Inertia of
sectiow I atout its mi axes. See Equ~t~ou 1" 38).

ul. InertiaOt iCOUP 9 ter s. See EZustion (173).

MOUL uo•••vm l1UCP.. See :%UattCD (150).

seuscript used to denote a particle of t section.

the p rtial linear velocity with respect to q of the center
of mA:s of section I relative to the vehicle axes - valuea
obtaeied prter dynamic b elancing.

conponenta of Fj L the y coord.icto system.

::MeMr7 3'rA DeAtlyel of products of Inertia of structure end
- fuel about vehicle axes. Bee rEution (145).

. subscrfit used to denote a section of t.he vedo. le.

S thr"•. uniat vector% poititng reesttiwely in the directione

o f the three vehicle atfes yrten See. 2 and Fig. 2.

S three unit vectors pointing respfttively it the directions cf

the th~r,.e e• &"-. of section 1. See See. 2 an 3• arzd PIS. 2.

M .e par-tial linear velocity vith respect to q k 0": the center

of a&** of sectio I relative to the veh'.1le axes - arbitrary
"vloss 91Mn prior to dynamic balancin.

s• uffix used to denote a degree of i're-dom,

n vS(



S zuf!cx j el to denote i degree of frfCCoC

o • odes trertia ter.s. ;>c •,ystion k15',
p -4

L ouffl u~ed to dencte -t~reu of fre-dce.

corponerns of tt.i'oi terse- See Sc;-.ti1,n (32)

the bendingý .ozr; it a specified iomation.

M, coaponer-ts of A in the > coordi•.•. 'yntez.

h tonl &as of vehicle and fuel at an. ienrann.

mass of section 1.

j cmasn of the h-th particle of section i.

the nunber of aections and tanks.

the geoeralicze forces associeted witn Inert!a forces. See
Equatlon (46).
sodal inertia terms. See rquation (1721.

. n•ber of elastic degrees of freedom.

a unit vector located at a certain point on the surface,
perpendicular to the surfece at that point, and poiting
ou"vsrd.

coeponeots of 9 in theLJ Ooordinate ,yaten.

the Meneraslzed forces associated vith conservaoi. internali forces.

i • positionvector loc:ti. the origin of thUCt coordinte2.

syston with respect to the y coordinate syst=. See Fig. 2.

V coveoants of 0 in the y coordinate systemn and coordinates
of the ,eoter Of mass of section i.

L • the amber of particles in the i-th section or tank of fuel.

Tilil

S . . . . . ... . . . .. . .



P the generslized torcess ssO, ijted wit. di si,,.tlve intcr-sl

p nodel moments and negatives of prodo-t, ot inertia o! 1,.,
vehicle. See quat!,,lC~. (53

•J, wedbl oc-sents 4M negatives of products of irertia Of .• ,

I- Set Equation (179).

NJ uatjon (47).

generalized coordinate assocjatci 4Ith thr -h degree of
freedom.

I suffix denoting the r-th coordinate axis in elu.r the y a-
the -%j syste-.

the otface of the I-th section.

suffix dtnoting the s-th coordinate axis in either the y or
the -if y3ytem.

T the kinetic energy of the vehicle and fuel.

Sthe nmatidue of the thrust force at the i-th nozzle.

time. Also used sometimes as a suffix in the sa-e sense as

r or a.

U potential energy due to elastic deformation.

Y energy diseipated thru Jampina.

V linear velocity of the veoicle at the origin of the volicle

cpeponent of V in the y coordinate aystea.

.Ik vclocity of ths b-th particle of 0,e i-th jection.

W the cork done b) the extern•l forces..

o p the 'piston speed (or dwealsh) at a point on the surface.

position vector of the vehicle in relation to a space-fixed
frame of reference.

• position vector of the h-th particle of the i-th section In
relation to the vehicle a.:es.

Ix

NMI



rPeO-ota of yhy ýordiust"s if Voe b-tzi prtIc'.e of

pcsition ov-tO! of tý -tor of casý of the vvý Ice.

OOaPc0entS Of jC L tbs y COo.-AiDate Syotec.

Ut.h partial s0gu)Ar velocity v4t.' respect w o of the-u!
4 ~ coordinates reletive t, the I syst-c - values obtained

after dy-jaic a.L.

. Components of & 31 4m the -A coordinate ty-A.

the partial an~pi2*r v-locity vith respect to q4of the 'u,
t OoordM6-A* relative to the y syste %rt"- *- vallues

givert r;ior to 13meml: balancing.

componeatt of84 in the -V'coordit

p roCtas of inertia of sect..o 1 referrL. tI.- sectional

th. distance from partiele kj to particle lb. See

the 1op.~tbaic decreeent associat*4 vith the 3-th dagme of
freedom.



the eangle or rot. -ion Of jý so4A j.o Se. ^tec. n.

ioc-ls copiling -,er.s. See ius2t.or '173).

in-,ertl c"•olJ •, to.-". Sce 7.. stio (169,.

nodal product, of inertia or stetn i. Se-. F-ution (142).

>1 a•,.le ofs vivel of .ozzle (or te3 "n ave-0r4-'x..tsnxis
pe)rpendic~ular to 1,1 and t.4k : 'iz, ene. Iq Vi' "3."

eeSec.- 9.

In Lertia coupling teres. See Equation (167).

Sratio of circoufoience 4o dijamter of O circle.

e tr atmospherie density.

the partial linear velocity w1i-h respect to Q of particle
n relatiý- to aiction I.

u4. ccmponents 0 in the-% ,icoord Inte sySteW.

\J{4 position vector of the h-th particle of the i-th section
relative to the origin of .ueU(:oordinate aylteM.

.cnronent, ofU. in toe-,•.,y.ten.

angle of rotation of tht Axis and plane of sv--iel about the
cu ex (G,). see sec. 9.

angular velocity of the 7ehtcle axes.

fit component* OfA in the y coordinate sycto=.

Uji vibration frequency associated 'ith the i-th degree of
freedom. See Equation (91).

Inertia "s-bols¶ See Sjoticz x 59).

Xi



2. 1______1___

Tit! report Zlarodet the derivation of the squat.ox to be used !n tAo,
St-suct'.*al4Lals ProSata (MYP). This program is t4 Oaesd in '-ziiQ".o
'-it- L%.- -- c 8IX-Degree-of-Freedom Yliiht Pe-- Coquter Program (SDl), am
a amean to detors.ne the nablele atructirsl 1tý Soda respose -tae to ae-o-
dyrmadc I ooada &A to idmtXl surface eeflectlass, sod
dlotuirbauLse (i.e., vind profiles = e=L"scua disc-o..c uiýenco W0ctlles).
The program peredUc the isclusira of -; =r elatic degretw J fr.,do. and
40 fuel aloat woms. Ithe ssawtic degreca uf ?recfm '*-tOry and the
User My ISCorporat any Membe of ande such. as W4od ban&.*, vi". beALA&
wing toraion, ate..* so se to total W7. The fuel Slosh. W~ w..porserte 2
longitudinal and 2 ltateml weoas o each tnar and tho progrpam aLlows am to
laclude up to 10 tanks. It Is recuizedA tbat the .Vross vahi~s ationt
(lerl:0 motlsý) Iaftfuemees tn *sell antions (elastic &dafcw;crutla d fuil
hloahing) of the vehicle, birt It Is aesumed that the"semailler antime hars
a negligible affect an the larger motions of the vehicle. O'her basic
"aaiptinse used In thi smlyaie wce:

1. Undamped free vibration mod*@ are ueed to ap"Cl~fy the *"~,tic
6.foratInse sod Peal slosh.

2. fther Is no elastic or darpiog coupling betweec the daegew of

3. The asrodyadeal foree" can be obtained by Newtonian flow theory.

It. The fuel surfae (maye ýor the sloshing) Is considered to be
perpendcular to -Ie re .tec acceleration at th3 caster of the

5. Th fuel abac) sodes of a tack that Is not vertcal or 1-.riscmtel
-Am be rayprees~ated by those of sons bypothetical teak -bwt is
verileal or hozIzw.sL. I-- MUitIo, lowalgtidial fcca .. oshimg
In a horizontal ey1adical. teak Is reprssanted by an analogy zo
a rectacgalar teank.

6. /ne effect of a rocket aijne can 'he repcervated by. a , reast rector,
iftl-b Is a aisqUitiAtii that eemae tho center of size nc-r
throup tke woes0 to be metly gained with the geometric sxie

S of the mou~le.

certain crorentiass of the Use=s notationwe Incorporated In the subsequ-rt
*deveicyeset in order to ahottes the witiad of the equetora. Thee. opers-

tiMS are explicitly eaipisami as they wce latrodoce. ?I* analysis of the

structural loads Is loglasly developed in the following segsw in

Ylsousript rtleassed by mztbw, 1 Jeansary 1964, for riblicaticn as is MD
Tecnica DtxuM%&tatia Pfeget.

-I-



".*-e .--hicip kinetatic= are dcrived.

a. Th.- force and m)muent relations are found using ':ewtonian mechanics.

T; The e-.uetions of motion of thc e! wtic defortatior are derivoA (work
'-i -nergy concepts are used t.o check the bazi= loraLatione of Itemr,
c ,Ai 3).

4. -hbe. "wain equations to be ".-A to determine tde &Ian•te deformations
are put into terta stilt.1tle for computation.

5. The aerodyaalc forces (using Newtonian fLt;v theory) -re found.

6. The analysts of the fu-l 'c,!1h problem- . t.! ludtd.

7. The thrust forces are introdue~d.

8. The acelerations at all location* are found.

9. The *hear forces and bending moments are calculated.

The generalized forces to be used in the rrogras are inertia forces N,, exter-
nal forces Q G, conservative internal forces Oj am. dissipative intewrval
for-es P3 . These rorces are represented by Equations (46) - (0).

To clarify to some degree the -iubsequnnt analysia, the representation of
t ,* coordinate systeIn il Mpsented in rigure 1. The origin of tht orthogonal
reference frame (~ ~.f)is repr"wsnte~d by &A arbitrir. point that vould
be fixed in the vehicle if 1. -emained .i.d during the motion along Its
flight path. In cor~unetiin vith this f-ame of referene, are located relative
cocrdinate system (-U 'J , ,J ) positioned at vrious joints on the body
to define the elaat, dqformations and fuel slosh motio% An absolute rexfo-
rence fram (V , ( Y.' ) is shown for gmarnlity vith Y. the position vector
connecting the origins of the rwference tfrme. As a physical Insight Into
the relative relations of these coordinate systems, co.m. Aaer thb -w.e when
the vehicle center of gravity (C.O.) Is the wiigin of the , ,' triad;
then, the velocity of this point Is represented b
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KI1N24A-¶1 O, TIM VEHICLE AND BASIC ,.5S~lMONS

In ar.YZ-= t-e mutton of 4 vehicle I'd filiht, It -'. . zve-elent (pcrL.pe
oecessar- to unx in term of the foLlo-Ing types of Uatio": (1) the notlor,
of the v•i-r as % whole, vhich cAracte;.a& Its 'flsett' and in referred to
here u -o. . o. notice of the vehile. (2) large motions of .r-ln parts,
s.ch " cmtxvl curfacos-. r tive to t.4i reat of the vehicle And large dl6-
-1c,tcottt of 1)0 fuel _M lth tawsr, as i; %J, o... -!.",eue.ttZ0~
.t.:l -o-olh•g. Typ" of notion (1) and (21, are i retermiDel i the basic Six-
Legre-cf Freedom Fli•ht Path Study Oenrallte. Computer 1'ro&rev @1,7 and
tbe '.hlcle 1bysical Characteristies 84orograe (VPCS'. The. (31 is to bhe
determined in the Structural Load. Program (WL), ehito, as ltv tot lailcates.
is also to dzterwiorae .n Lllutural 10446e.

It Is ateumed here that the relatively emll. ehlatic datoraOinna and fuel
& )oghlng ,tione have a negliSgible effect on tha other (large) notions of the
vehicle. Some consideratlion "sociated with this aasumptiln are Investlgated
in followins pargraphs.) It to not assamed that the large nations of the
vehicle htve •a oligible effect on the smal aot•iOe. Comeequently, the large
aotIcas - types (1) and (2) - vIU be replaoed as prt of the input to the
Structural Loas Program,

An orthogonal r eht-hnnded tried or unit vectora ,. . that would
be fixed in the vehicle if it were perfectly rigid Is introduced to provide a
fram of refoereco (a) to represent the gross nation of the vehicle and (b)
to zacilltate the deocriptioD of the o*ss natio or the vebicle - types (2)
ansý (3). 1tectonguaroir~codinat= mv~' x associated reepectively with
the unit vectore j. J Ja js AS oon In Thegurs 2. ftee coordinate are -

seer, to be the compents of the poati•nevector .' which equals J. ,5 *OJ.J'
The axzc of these coordinates are called vehicls . axes.

that wuld be fixed in th various P s of the vehicle we In te fuel In
tbw various tanks If they vero rigid amintroduced a freeme of reference
(a) to represent the not-ow of the part. add the ditplacemente of t1. fuel
relative to the vehicle " (b) to facilitate Ule description of the ela•tic
deforestlcaseand the sloahing of the fuel. Recta&&a*Legcoordinates U-'U 'Uii
ae aaoctated respective!y with the usit vector& J, , 4 , j and the$*
coordinates are the conzanenta of the vector ., , *Ich 1s the Position
v•ctor in tbe J coordinftte eYOtem. The axes of theae coordln.eas are
celled " sctioa, axes. "Me vector 0 locates the origin ot the J, coordi -
nate system with respect to the J espetea. h ctceqteoly, then, ,

Ahe rsLoeneartio of the vehicle Is that of the _ Lv. Ilo3) triad,
wheb has a iUnear velocity V at it. origin end sn angular velocity A
Thoee velocities are functions of the tim t a and, together with their
derivatives, completely describe the groes motion of the vehicle.

Oeneralized coodi"tee are employed to specify the coVjgcration of the
vehicle end fuel relative to thi fame of reference - the Jr triad. In st,



a

�1 I
C

S



doeng, hcvc'eo-, - istinction is Mdc betwecn the arsxe cotir-.. of type (2)
and the -1~l motions - type (3). Lrso-,.h 6. the larg- m.•ot ore flrernown
in the 3!-Ž .hey can be specified by cew.s of a. 3ingl, r coordir.ate.
for wsict tae symbol is c$hosen here, sod wp2ih is .ý ho equated to the
ti' I -T,. use of for this purpose rather than ý , even thizaud. dn
tv. r-,tro-caslly equivalent zer,. tc Alstiogu s, tht notions ot tope (W

t••v.s.-s notIon, type (I1, the groes aotion belin r•r ser.ted a

•.-=c-. • but not as a 8 unctlon of q0.

Untazpad free viaration mod.-os -o uaed &a eegrees of froedon for oae-ify-
i& elasti; deformatiors ^nd fuel sloshing, inotiot of type (3): sn4 ar-
referred to as elastic deg.e-s of freedon. (G~oJ resul•. eu reasonably be
expected if a ufficiene nu-cer of the lover fr;q,--ey =Z-s• t.e *s-d.) ",ese
sn',ll notions ere specif'od Ly the ;'eneralized~ cnordinateb
being the nuober of elastic degrees of freedoz).

At this polnt, it Is convenient to -opt the rage a-d sumtation conven-
tIons of the tensor analysis as follows:

(1) Range Convention - A coordinate suffix that occurs Jur- once In
a tern is understood to represn.t &I- the inStegral val•s appro-
prIat4eto its range.

(2) Bumattn Couvention - A Coordinate suffix ttat occurs just twice
in, a tore 1wplies sumation with respect to t ct s&-ffix over Its
renge.

Ihes" omiuttons enable us to write

-ýU .50 -° (= (, 2),J.'

J , Jr e,• 4' -". "e I "

Te Or" In equation (31 are the coor"tnts in tbh4 r coordinate ystlts of
the origin of the Jl. system. The e- in (i4) arn the cowponenta io the
a y of the Jr vectors; for any particular bholce cf r nd I I
ejrxjrJS , which is the cosine of the angle betwatn .J. ndj5
oquations (1), (2), and (3) illustt-at the uae of the ••ation convention;

equation Ai) Il-lustrates both cons-sotions.

Unless otherwise noted, the fangs of the suffix of a =It vector (j.
ov" r ) orofa retanguar coordinate ( Y', r. or or) is l, 2, 3-
?be rang of the auffix of a generalized crdlnale ( j ) will be understood
tobe 1' 2....?. Zeoo(as nq

0
) Isspectfica•lyanddeliberatelyv'.

eluded In the use of the range ad summation coventions. Thus, in speclfying
basic funetlonal relations, we wrlte

J.a ( (5)

es S ''7)
(8)

-6.



* cfllw by substiltatioz, fro- (1) th: t',atv'

The vooPones - of the po31tiOO vector arm the cor~ltt*o of
vrtlcle,Lt the vei~lx~e,aOln their m-"i..tt a. t-~ korticle wovec with retpect
to the '), fraoe of' rerer~ence i s a tufw o I f ý Y' c toae o'. cince the
oaogoar vel'xi.y of the .J, triad i, sos .0.since the 71. ar Ne fostons o,
the -ire t only, their cerivatives are

It 3s clear fro, (10) that 4L: C therefore, froz (1),

= -Vz (13)

since '3 11t)

-7.



= ed is unkmcmr .- t. leter~ined in t~e so* ',Ion ,,f the

moet~o tion, VhIch are to igollow. VAen~ig use c; j aýdd the 1'iOt Qth
tlhe IiMs.ili ýC'O of the origin of the j,. traeo Is V yefind that trn.
veitieity nr m article of the vehicle It

The ecceleratlun of a Dmrtiele ran hie fou.n~i nofci r

A 1 J,~yI ~/t16)

ilie(17e

The acceleration Is noV round by diffarentlation i-f (15) and substitution
free (13), szIi') (18), vith the result

ý-8



c :T • r -

J" ° 7) 7 .

bea' j 1Y -'Y17

T.e fY - then, eec the components of the anguar aecelerat'.. The linear
eceleritio-. \t the origin Is

V' P• v• ., " v'_ ' )
S.- ('2P,, 'V,- n V') ••

T ý , 1 1(1

The coefficients of the unit vectors arz tae cozponents of the linear accel-
erat Ion.



". MPM, MMNlTI. ANDL - DY.A;KC BAM"CIX-r.

la tý p_2catiom of 4tvtos's second lav of moti-. w the emuc-,
t1 nc•-• "- have a •eaS of iden'tlfrnn the particle4. But the. --• e
.I .:•-d into varboo. parto (or s,.eti*cnst and var!.,s fuel t•as, wLi.c
aso r.,- - ne identifIed. Because of Ltz shifty and tl.hy net~ro, on,
.X.el -. t• 15e regarded as par% of the tank that Ceonairz it. The tank It-
self Is tre,.ted Las o or more otrictursai st- m4- . .hseri~ts trc I= N-"to af) asae3 or mix zrtirles s=d their rectangular ccordlrnte,, a

_ SI thsrj:- ,r -)- r'rnt -f t'Sr %Pb~.:5,t~1 te sectIo or the
fuel contained In a certain tuok, and the secedd subscript O.-otlng the
particle of the section cr fý.ll. The abbence of "-n &,c Ij.'s denotes a
quantity pertaining to the entire vehicle.

Tbuj the mxz of the hbth partlcle of the 1-tn ctioa !C: , and its
coordinates r:A re., an'd v', . The nsaz of the I-th section is m, and lto
"coordnatW" a0e,' . The mass of the entire vehicle is m I tbout a sub-
script). Let P be the number of pfrtIcles in the I-th section or tank of
fuel arn N be the numer of sectionos sd tanks,

then trn (22)
h.I

and r ,,~ (23)

Let the dtrl•d of the i-tb sac Ion or tank of fuel be designated as the Jl.
triad and let Itz origin be at the center of oss of the I-th system of
particles. Then the o&arc the coordica.es of the center of mas of tbh i-th
section. and

(24,

Also, let y be tke coordinates of the center of as us '$e v MIle. Then,
vith the aid of (10), (22), and (24) It is found thut

:~~ e ',.,
N P5

-10



21 js- 1ition vector fthe center 'If `a" ,ecltl

---- , - -

U-.-r - ;.Id of Neurtootl'I !- 1., of -- tos i. W _ hfl Q!
re, . , es c xrted on ell the ;articlen eý te o-t•cle equa s th

o, or the trns 
t

ye ̀ on-y Tot thin t. lenignted ,y 1L. t'L

Li~tet 3 e, the sum of the moe•ent a about the orili,ý of the j, triad due to
all the forces Is equal to the sum• of the zo~cnts due to the external. fnrces
ely, Let this ve designaed by G, then, by Newton's sezond law of r-otion
an 5i1±),

'-I -. S
4 ~ p4 s.< t 9t

1.~X 4~2

and (19).26

! - 11-'

I g-.qj(8



nr.,,smuch as the- Jr triad provides a fraae of rdference t. -,present the
,rozs n',tlon of tA-t vehicie, itu linear and anmar "'ca 1cit-ies ,nd acceler'iticn

V,O, (-.7/d1, &;id a1./dt are those of the ;ehicle as a whole. it ww,-1d be
etrtcttv prc;,-c- to require these velmcities and azcclraiOnZ to Sati3fy (2r7;
and (a); ht it, has been aseumed that •he elastlr rfo---ations and f.1.L
aloshing, r.tlons of type .3), have A negllgiloe crfec•. on the large -
of th .-.. -iv, therefore, 'ýXi, dV/dt, and 4d/dt are 'teerded as not beinc:
fui.-. of the apn•:•rl.ized I'.ordi6 i or Uteir derivatives "and T
S.!ý f- - t,-. F and d -Ay b.. co.Lf Icantly affected by the elastic defcrma-
tiot, oi rnreodynamic sirfaces is arbltrtrily dimregarded here, and the TA)rtiori;

or (27) and '28) invol-iAng ar ia " are saiwr ignored In tb : ,-ocelle Cf
determin:lng the gross motion of the vChlirL. Thi lel- ", for the determi-
nah'ou of the gross wotio,•

Ald-f

,'I hh )\ X"

(30/

with none of the- e terms being regarded as functions of the

Equation (21.) contains the sucuations = zt

and 4 • If the terms of (29) are not to be functions of

the , •, the partir-1 derivti~ves of these summations with respect to the el
shouid be equal to zero. Furthermore, if these same partial der&* Atves are
equal to zero, the terw' of (27) involving .ue q and the ',will vanish,
because they contain tiese partial derivative. as factors. In fact, it in
sufficient for thic pu.Wpsa for .

to be zero, 6ecause 4, .*

A '

if . .'*.

~04-

FPeference to EqWAtion (26) sheds a little more light nn thts problem:

' , r (31)



Froe tz.e h.'sIc4l viewpoint it is clear teat q. will not bhange _cn O d
res3ýt of e.s:al. d•for-rtion, but tha&. fct •oes not preclu e the W, .ibxoity
of I•. -.,glng ra R.id, therefore, it Is rash to er-uýe P:botrarily tkat (3)
wll eqaol zre. Rather. It is deolrable to ilpose its brang zero as on-
tlon to ,z sultisled by the etotic degree& of free"os.

Th, :om:ýnootv -if ýhe iuerria tensor (or elements of t,. Inertia 'ýtrix)
Slie are given by the formula (Peference 7, Zqiation 2-12)

W I.

1(32)

It i3.s noen that Nl *be rtentv J-. Csoruve oi eedea Is a tor- of n otion l.
which the rtIeic)- -. t ri.,! ty, Iaving e tr =hatIon rese C and a
rotation rats b~ relative to the Sr triad) and the k-th dzgree of freedom 21
a _,ormal free-free Ade of v.b-atito. '(hen such Is the case,

and from (32)

0' 4 "")

:0 ( ' J)

(34)

Now e, and 'T , being 2U tranelutico and rotatL-m rates of the vehicle, arj
arbit.-oy; therefore,

sod (35)
17 .A -~

(36)

vwlin the k-th degree of freedor. is a normeal free-free zodi cf vibmtion.

-13



Th •. if the elastic dc•ar-3 of freedom zatisfy the ýbra-n tt thev
are..,r0l01 =fr- - _= Df vibrationa, Eq.~ation (35) is stlu-.rd, tý. c
in (Z7) Invovirng q'a; "--:i- ý'ia~nnt. the differ. e bet-een •.,
and (2;;), and the terms on the right side of (29, are nt f-uetlons of tne

c. However, th2. use of normal free-free modes .vipi.s$s •ore than thIs.

)3l. Iectlv eliminates ome term of (28), eP-. dIffertntiat'--_
(36i_ t te climrInatim of other ter= , as ol1- -.

? pi

01

(38)

beeasa Interchaning the superscripts k and 1 does not affect the left side
of (3•) vhereas it reverses the sign of the rl6bt side, and only -ero equals
its o,0;oste. P,-rtberaore, the superscrlpt L could be replaced by 0 In the two
,uations above; thus, (28) is reduced to

, 1 -(39)

vhich zould be used for whatever value It sdght have in solving for the ýX¶ it
being recoplzed that the tess of this equatica are funet•osm of the y', in
contreat to the use of equtin (29) and (31).

The results thus accomplished by the use of norwal frie-freoo-..e of
vibration can also be br-ught about b. a Pdyuaadc balnclnjý of each degree
of freedom individually. In order to do thbI, let

-b"S+-

-14., 0 40



the £ . being given (nnt neceseariy free-free) modes of vibratxin, and the
B. and" X:f l.eing as defined in connecti nn vith (33) except that, .actaid of

•,Ang arb~trary, they are nov unknowns to be deteruined in such a way that
().( and (•6) will be satisfied. Substit.itirwi from (4ON 1nt:, (35) results in

.. .> -

, , h IcLih + •L

r+ m

anil cubstitution into (36) resulta in

x " -E'

-0
(k2)

Now let us eliimnate by forming the vector yro&et of with (41) and

subtracting it from (k2). Niia results in

M ,,ij h ti 01~

which can be solved for the . Once the B an, otat md, 1 can be used
to Obtain the E.K, When the and C, are obtalmd In thWs .,Aer, the use
or (ho) results in taat satisty (35) ',A (36). Thee sy b called

"deynamiallr balanceed md They hve the practical e dvantags of being
such more easily obtained ttI-n the normal free-free modes.



4. EJATIOWS OF WoT'ION RE ZM ThET.2IC MECSr•-4"T`,dS

L. the nreceding section, the influenee of the interna.L forces and the
dIrtri',uttcn of the aerodynamic pressures over the surfaie of the vehicle vere
Ilr•t Z d.".rogarded. In this section, it will be necessary to give theb
full cuni::i-Itlon, -ecause their effect on the elastic Oeformtione carrot be
dj; .- d and because the pur••se of this section is to detfce equaticnas of
m•t-io, fn- *%e determination of the elastic deforiLtions i. tho various degrele.
of f ,.. For "he sake of suit6..le notatil-, let ? denote Lbs exte.-al
force on th-! h-th particle of tia i-th secti,, and letFj,- .rep-resnt lie
internal rf,-re exerted on the h-th particle of the i-th sention y the 3-It
particle of th., k-th section. T* Newton's secend lpm of mt:on, then, the
total force exerted against tse h-tb particle of tae 1-th section Is

The equations of motion in terms of neral• ed /=en are obtained fro
NO1i 1Ir foroing the scaler product of A.~ with eukch term and suiing ovc
had i. Tbus

PEt,

For convenience, the generallied forces are sepa-ated into four tnpes and
designated as follows:

1. Those associated vith inertia forces are

= -. (46)

2. Those associated with external forces are

Q AIL (147)

3. Those associated with conservative internal forces are Oj

41. Those associrt•d with dissipative internal frces are P j

Since the T, denote the internal forces, ve =W let

" ~-16-



p ; . uP, . ., )

5u•st l '.i Z--'.,19) ln-,o !.) tzult. In

,j •q *a, +']
+2 -K L 4 -- Kj) (0

If ve =%e use of (32), (351, (36), (38), and so= Dev symbols In an examinat'.w
of the Individual terms of '50), ve obtaxn a simpler aed mre pr•.ctlil en-
prese-on f'r Hy3, as foflovs:

uP, P.

t,,,: 17v I a-...

-,here

dt (5i)

-17-



Fo" (57)

9eibotjtiztjo fr,.- (51) tbM149zgi (60) Into (M) -evults in

- ý- -- m "(61)

It is #-'.S pC~S*blo to u.~ tbe taiiardl*6r ijagor~ eAP.RoSion for ,fiA tcrm3 Of tl"e klbetlc *=ray T. TO Nbog, that this it go, ve note fromJ(15) that

(62)

-AM fro= (15) and (A8) tbat

(63)

'be kinetic omor,ý is givcgL by the ye1l knoyn foru.1

a E ,,, Flu. f,4,(64)

10vc~, with the al1 of (62) aind. (63),

*44



T. E YI m" I L ý,r4?-

an-,(

V Aj~)cZe.*j~4 ) (67)

s.Itracticon of (67) free (6V2realta in the taprsct.-g sm o p-,3O

S(68)

by the defining eqostino (46). b use of this expreasioa to obtain (61)
leads to tri- inter-etln discovery that

S
1 

p. j L I" (69)

t Al.. .- s- (70)
.-bar - 1.

- • ,and wegatives or pro *-s or inertia of

structure and fuel about vehicle axeF.

It is also interesting and L&Cefu to obsenrv from (60), (o2$j (65),
and tte font ttlt it not a function of the 4K that

(72)

This Is espocially useful In treating the inertia effects of fuel sloSh.

Recs.zrg the der iloatc of Ku e Xnov by mevios's thlrd lan of
motion that

de3)

F -•



SulaatltotIoc f-= (13) to (48) rev-'to in

(45) 1. t?ýIad to (75) and the sa- &ýd~ae4 t7 2, the result Is

LetA(T

which to the distanc, IVRo PartIcIe4. to peartickt&4; and

poittiyew bom It tend& to innce"M andeetie be i tn
todecreease A A1 ij.ntv v t ed

a Then, sine.T sjL is parallel i It cam be abown that (N6O In
equava±ast to-

bete nrgy dissipated thoghdmping. Maobt ersn okdr

-2D-



1tCwm~ of (15). 7rý term

tt•, ; ther-fore, because of (76),

(u = + oo Po 8(oj;P- )N

here 0+ + -

F4~1  '~ ~ 83)

Since the 0. are associamted "ith eonservtive internm forems srd the
afe aesociated vith dissipýtIve internal forces, it is clear frcm the

fiaiticas c: U and V and from (82) that

A = . +j~i(84)

r-v U Is- functicn of 97A the 94 bt wr. of their tim derisatIves; therefore,

d~ •reor

)-m (84) MAi (86), we see that

0.t U Cih4OjO~ (87)

This can be extremely balpful In the co•putation of the 0.

if the F(&iams only the dissipatirs Internal forcer, equation (79)
MY be dfroctiy ATRu for te cmloULtJon of the P I. In usLm e.Vation (,7)
to CWAt the Q, it to not n"seeary to mlwd. t oroerdo to grfylty

-e. sucb c ;9;re can rerpresented as m i CIL CAe



,h- ý35) 1- satisfied.

- ~r~~certein asme-pt~ ic and .rocecl to s5ce furuz.c
c' te 0and Fist, 6t s suoe Ltt U al:z o

the 'c-l zero;jtbeo J

and, as a close a=d conernient appm-rm:ttioc (Reltence 7, E ation t -44)

ovhere IT, 3W VL evebosted for the Qý

T- ch as undasped free vibration nodes ase used as dagrees of freedmo
for _'ieci ng elastic deformtions and fuel sloshing, thre is & frequency
It associsted vith the J-th degmre ýf frcedc: for all te v&ene3 of J. For

first degree of freedom,

K,, (91)

or 1('- (wVIMa.. (Q2)

Like•ise,
Ki.t. =" (U)S M 2L 

(93

K33 e-(wj)&M33
erd so forth fce all the degrees of frcedow. It Is nov further aseoedp and
this zvet be caretUy roted, that the degrees of freedo s vill be so chosen
that there -i11 be no elstic coupling, that Is, so that

K



ý, ring tt, ýeert" of freelom in this ',Ahi on is a co-=, prn~tice In tfe

alyel o of I tt--- 3billty. I A grnerall expression fc'. the le~

S.... .., (95)

.h-,, .... • ln =to (90) yields

These eq~tine k,! tvru.;n (96) LMr based 0-ý the catheiatica.L relatlone
expressIng the vib.atoy r.3tton of the eyst4= •I S • ,"-e given degre-s
of freed= at a ti=e. A further pursuit of thid line of !~.'t ink*ed vith
the association of a coefficient of structural d•.ing g ,. t.h each degree
of f'-eedor. lesdz to a simple fornela, &ialcgous to (~~,fo'r r'4. This is

,ne a't~in- vfr.m the logarith.ic decremnet 6, simple, a.
follow

261 (198)

voen is wooll.

-Ž3



hi-e it adds omtbng 40,le pr~ezet fr~iu tl~n ýf equationso f
otien, it s -1able check: on the basic formultlon U, Invstigate t'.

t~ U•

V= t!U N+ j (99)

foresn are given by (84) and (85), and, If W Is wor`X don- by the externalI

',se hbncdg been "..de of (4•7).

By bsutituting tihe auffix 0 for j in Eoystioes (45) thin (49), ,ce find
that

k0 +o P. (o.)

- .(



ýi ,i kE t al

T +u + V w4- CCJSI AWT,(o~
wh'ich Edryly stateaI the fact that the 'ork don, by tI.. exxtirsil Vores oust

'eeither stored ic. the fore of Cemetic or potential ene:rgy or olnoipated.



6. FRACTICAL EXPRFSS IO!, OIF THE INERTIAL FORPIUI.-,

Not all -f .he foregoing equations are needed in the -omputational phase
of investig•itins the elastic deformations of a veh.icle in fliht, but those
that are es=enitiai for this purpose (in Sections 3 and h 1, so far havi'n b1-'
only raths- -hs'-ractly expressed, need to be presented in terms that are
suii=L' - :io-r riactical use. Among thc-c czsential e(iutiorn are (51), (,;),
(.5q). ('•. !-t (CO), and they are full of rartial derivativtLs of •4 (or
its vor euh.) with respect to the gentralized coordinates. For tke purpose
of computation, these partial derivatives n'ed to be expresseO in detvI. For
convenrena. the subscript,: ý and A are temoirarily drorpei. and the basic
notluns of equations (1, thru (10) wrc developed and -xtendet1.

Let us introduce the vecters -- , ; , ZR , asm • havý.nu ;,o do with the
linear and angular velocities of the-wc0oordfnate system relai -e to the r
system and defined as follovs:

+ 2 (108)
= = T i)J~Rk +,(a (109•)

• + J=Z , Nor•

T%,andT are the partial. linear ocitie with respect to ' and q of the
origin of the J~coordinate system relative to the 74 system. aZ and

are the partial aafar $eoiis t epoect to ef nd cjIo? the
coordinate tystem rulative to the f,.system.

There should be no particular difficulty in regard to the linear val,'-
cities, but some diu.jussion of the angular veiccities ts definitely needed.
First, let us note that

s 6rs wke% 'r is

=0 Who%% r-Vi

Then

+4.Tc



A-o, 1e r.... not.e the componentj in the! Jr zyste= o'-" respec-
a:3~l -I jn.1 k :c= (i0W) and (110), 0

x/a Tj W11.1)
= ý. = J,- ti

ofor

and likewise, from (109),

K a• 3 -- J•

These equations enable us to •rrite
01

and to• show that

CA' Ku'.)

In further anticipation of terms to aritte in the equations of motion, we
derive from (111), (112), (113), and (':L4) the following relations:

P3 2n5

By symmetry, this can be extended amd generalited to

.- 7
•: -27-



P'rom '113) and (114), it is rualily 'ouncl that

i~r r

01 V.+ -~x 0  
(117)

O~lfl of • K between (116) and (117) results in

Likewise, a (119)

and substitution from (118) a&M (i19) into (116) rasult3 in
S-- -- •(120)

The deriv&tilon of (115) Vru (120) was of sunh generality that, in any

of .them, the suffix zero could be replaced iiy a latter. In the physical

realm, this means that the rel.atiows exprerced by thiese equations are appll-

w~ble between degrees of freet~om Involving only u"1a1 motions (type (3.ias

weli as between the large mot:Lon of type (2) en thme motions of tpe 3).
A-u" t my- or may not. be

in accordance with (8,,but~5 a rmyztb

zero. let us introduce

(121)

Then, since -, ,

Z~.*' 
(122)

r- Ir 1

-28-



-?2'.oi3) fa.c1itt -i~~tlng of' the 'A11owl.-

.5, 0Y

8; +-R X- (125)

Introduce the two assump'tions

u.d findI eo-res.1 In, '~v~' ;Tr-j~t '1 jatives of F-1 with rcspe~t
to the P'eralzed coordinates. It can be fodnd vithout tC =ch trouble
tht under these assuoptionu,

The firgt immp~ctant questio-. that rrio-a now Is, bow do we equat-
,,'Ih (125)? In answerp 149t u3 obStrl~t toat (125) is th.e general. form-o
expression for a,~I/b,6K that th~j~ tre Sives as ,o0AaiIDt or tent-
tie ie or./,K t that therefo:. thesAU4 '111 be given
In the same forn 7s(2) hus, ltthe giveo .:ner ~'*so ity

othe center of ness of section L tOCK, ,and- lea Is SICvrn evogilsr vejo-
city be 74 Then

andA substi*;ptlcn iron this Into '. 40) rv-,ults In

-29-



S c-- onsider the practical problem of z ai.,ng (43) or ,= heue of &..bo o • n or Eq, _.On (1%3, tef".rs

terc I L-1) becomes ']

-'ron (2), (24), and (121), the lollownrg results are obta)ned

f AJA 0 1 (135)

This -Alim-ates u~ree ter. of (134), and !t fin.1 torn to trwwformed as

r PO~
p.I



-9. -V

Tait. arc easily sCen to ';e the !r!:.Cnts ariu týe .. I,,tle7 of e
products of inertia of ne,-Ac., . about its owl. uxt--

For- convenience in treating the remaining tezis of 'II.,,• we introduce
the rermutaticn symbol j C if t'.:o suffixes rc t&ie ba-.v

I if (rst) is a8r even pernvut.tomi of (123)
17i, (raht is an odd pernutatioa. of (123),

the even permmtatiorns of (12-) being (123), (2'1), and (312), and the odd
permutations being , (213), and (i32). Thus

y, er (1,4)

c..,.'[ = T., / (..39)

and 'U A ý .'- (141)

wbere A(142)

Substitution from (135) thru (141) into (131)
results in

,.-9"S - 8, -JrV-tst &LA'4'
t, (C IV K

lo+ et (143)

-,3

•ii -31-



* * f (L9 is

-, ** . .

= J~4.*1rs ~(14..
"where

to, e i- -l\(tk~ -u -,ý)- (a L - Q

l~+ e$ It•

Te ere am ae r ets and thse negatiyes of Uwe proslcts of Irnertia of
th•e vehicle about Ita axes.

"7ne thi-d tern of (4.3) contal.n.

-32-



V m (147)

.u-':it1t! on frO,, (143) thb, (147) inu, (43) resul.t In

C-3. q ,•)K

-c.,': : " " " "

4-|-

wNidg 
(15 b) solve ue t &be in

thes ( )y seenhs

Si XI +- (152)

5 t

.'hich cun be (solved fOz the t~by fsezilia, techni.unes. Wi1th the aid of(41), (146), (i5o), and toe fact vt L ' a J.tt iS e' I it
Is easily seen that

-33-



Sivi2arly (40o) is ,rwr.foroed to

or

We~ now torn oir itzetions Wo -he evaluation of thef

J.. 4 ia V ;' ý) (156)



c!YI (i,

44,

e~es (161)

C.16

Setý c ý

zt~ et esc E w Y a\-U

t L(12



+ ~ e e Z. e ýA'~ + C~eL e,, ji~r pt

Frce U Is 5~tý eq,.1 o (and su,=-1ng over p-

- r + -J i (165)

itSj r nob tained t)> subs~t..tion fro% (164.) anaA (165) int (b)



-'4..IL~ • r .tt

P .t &,c . t• m, 0 x.., t• Yý mi.t, c

C t -

- Le +.,e;, .. Jý: - A-t1)

-C1,.~. e~~f.I1 (66)

jIc t -j~' -d,. ", (167)

-nd substitu•l• o r (155) into (60).

T1 =, arter a . .. =king use of (22), (23), (25), (135), (136),
(138), (142), (145), (150), (151), ard (159), tle rSuilt Is obtained tAý

""- 

'
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11j .. (X)is;r'Fhe by L ar4d tlL re,'. It eop1U'd6 to
~ ~ ~r- tr&tedthat 'Interc.hýng.ing K and L dov-s rot olra,'.e thc

valtvp cf (129', whi'i: 1r, as it should be. Phir, "syi~rnftri" cf (129) dcpends
-nth~ etet r%" tne last term; but.~, .hic)- 4, itactor in

th~e 2ant tzrm, I &fV'Ieult to obtain'rind efib~iy +0 be" 3178111; tnervf'ore, A'

rmetnn of dro,-',na;~ without destvoyinL the syr-.-ietryv of t1-' juatiori Is
!,ouupht. Th. is nccornpliohe~i by Oa Sirple as fTý--.own:;

K A X -t6L - , + :.ý *'j

Employing (125) and (175) :kn (59) results in

AlPi

-KT ýj (cki + Fjkt -k Ckp, +i-L p- 4c Kt&(116

Tf this Is now expanded, the result is

+OLAPLLS O

whr S
wher WS- ~U1W~. ~jiA 3*~ ,(178)

t t -S

it

A (179)
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li we note that 0 vh--n j nt-d/c~r K -,er,) 8flf th'at0

when 0) then it fo1licis frcm (177) tl*-atV

and (182)

*lo~:ýLa)

.. 4



7. •ACwTICAL gmRSSICN or TuE AfOQDYNAMIC 111ULAS

The aervdynawic forces, being extcrnal. are accounted !civ by the use of
Equation (47). In this uoe of (47), however, only t,'ose ".' rticles lying on
th+- =urf-icr •. tihe vehicle will be Involved. I. the pr, Z•t £or=.Aation, we
h'tve rctt, .te the viiq2lest availabi•t• .- y..ic tb.:ory �iat offers sufli-
cit.vt cz-... " ±.- , namely, Newtonian flow theory. Let Vj be c• unit vector le.ated
at a certa.rl point on the aurface, perpendicular to the suri!ace at that pmlnt,
iknd pninting citward. Th: velocity of that point Is V: , wi giver, in (15).
Lutting R b- the atmospheric density, thon. according to Nrt",.-ln flow theory,
thc aerodynamic force per-'init area (T) at the gi'een, IInt .M tt surface of
thu vehicle is a,' fcllows:

1. When OA - =V -!O. (183)

2. When fh. - > 0, (

The scalar v F may be called the "piston 6peede of the given point (or
the downwash at that point) and is symbolized by%*/ý thus, vien uP-70.

- (185)

For the purpose of evaluating4V, it is noted that the first and last tervs of
Sas given in (15) are, under normal conditions, much more sigtifleant than
the two middle terms. Dropping these less ignibicant terwi results in

A considerable practical advantage can be realized if<lj.Min (185) is replaced
by a linear approximation (or expansion) about the elastically undetfored
configuration. Rerding up as a function of caid ýK for this purpose, and
using the subscript 0 to denote the undeformed confi'raftion, we obtain

WA 0 - (1-87)

Nov V

(188)

and, therefore,

9V (+l- (189)

00



in applying ý47) to the calculation of the generoutZed ant lpau.c o0cc,
an Grn impeuueu to replaee tr0 su?.oe'±o: -cnr4, with aw kr 2,;",ti-A over to.
sirfew- if Ion 1-th sectiot by virtue of ttt ftact -hat o0.y p~intt :n tie
surface aec io•,vt ed. Let C be the surtfc -thý i-ti z.tlon thec

_•,. Y1•

wk-ere o jt(91

The toflowvag develoveont of forulas serves to oCer this core practical

for nuanriesi coputatlon&

i(192)

YqV

(c, .(13



rert .flg tniz, into , antn trw.: firminl it in other ways leads -- t

- tCVV e=

T) c VV K- -

2- v etc (C"(1"

--Q(vrvs Ar" ÷v"'vs r' s + 2( -V C. (19.)

Substtutio S)o (196)t (9)reutsi

t ji
" LLe



t1.tl"LA al.ch nozzle-d~ wiJti
*- .Cxia (or lire) of ~uA. ~ri4 ."ell t~lrut rect-i"

t, iie t)]Ac V,.crcin a tria(l oi linit vector.Jo, viitb ' ,'oi -t ~Ll "he
. -ti. t .L thrll3t Uflu COilUCikliIt. Wit-.II tCe li ar ~

z;f the syvjm.:tr, of th'e nozzl2e, its cý,Act -, -t e'~s ujil. lie -. I1,Ie thr~ust xxis
and -;he us~a]. conditica that the ur:iL~tjvo -te '1.t-,1a0, '.e at the cc,,,t.-r 0Z-f

;mnss of the sectio 'n* ý-t - -i-lel-t'

At the center of nas4 of a ct~oa.,

R~epresentaition of the thru~st iorce at tha i-th nozzlC 31 0.1 substitu-
iAon into (4.7) results in the fu":'lii-it. exprea ;Ion xor the ;eriz, force"r

associated -uit~i the thrust forces:

E beine the number of thrust vectorine nov~les (or 'beng~ines").

k As hasi~ coreact been indicated in ,M,) the c' r ne functions of and tbe

e1'** cretInclusioni of the d¶eire.'tenee of Leroth9Itvudbte
best proced~ure and would enable the 'proCraas to rre;e.1%i interaction betueen,
thrust anid elastic deforamtion even to t1he point of detectinr 5 nste-bill.tiei R 4'
snm' existeC. - 1owever, doine th$.s wouild2 Impose coasidersble sAditional
diffimalty and go beyo-.rA the scope of the piroaram; thctrefore,, thi3 flepcndencc
of the er1 on thell vr in be disrega:!ded he,-- On tee other hand, theirIde-iendence on mist be &Ad Is included as shown in the follawinG section.

_'44-



D77- CTION COCv' L; CICVA T ... . S I

In additit.,n to thlust vectoring nozzles, there axe SUL.h imovabie stinictural
ectio: 86as conti'cl surfaces of various types. For the ý.ake of 3implicity it

is assunerd that. the large motions of all control ourface. cox~sist of nothing
more than a rztixtion about a fixed axis. It is con.rnient to place LF•e i
ver'.-, ol such e. section parallel to, but not necesso.-.aly on, thi-i axlsi
of r07o ion. Doing this makes it possible to emlo$ Luler' .n angles to define
trb. ky 1 - n of both thrust vectoring nozzles and control surfacen.

"•Thc- :,.les are tbewn in rigurie I gal defined ac folicss.

- anel o! -otatic:, of the plant ani wA.is of sr.ve:. about the
y' axis (TL).

angle -f swive! of noz%..le (or the 5' vect..r) a).•ut -= axis
P pc-Pnicular t .t nd naking anl gleo_ with JT".

6Lu. angle of rotation of 061 and J1 abosut 31'0

Py familiar processes of vector analysis and classical mechanics, it is knowvi
that the directi-on cosines relating the .' vectors to the T. ventors are the

ririfolloving rei :

S- coo

L- -sink coo

e &- u s co exi C cosSj - ain L~a.- (20)

.e;r-coOB# cos• ,sin& - -air cosgj

sine 5i0l 3 c j cob&k+ co inE

pilot or flight propwmmr counands.
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,. FMULAS FOR THE STRUCTURAL LOADN

The 2hear force S at a specified locttion or. the velticle is ý.he naro-
,i'e of the gum o!' the internal forces exerted by all tn.' particles of
thc "•r:hiýýe on the particles located on one side of Ihe chosen shear n
For ',.Lt istm.o of economy, the side of the shear plane - -iected for this
purp,'.-. .lIi I.- the side on which the smaLler numbs- of prwrticles is fuuid.
nL -.i -" ':tU.1ly be the sidt away from (or lying outbar4i of) the center

of cass. Let the absenc•e of sepcific desiegnt 4 r as to which particles
tend section=r are included in a summation be vaderstood to me.n summation
neor the -A,:rticlei on the c,.•sen r-dte of thc shear plsni. .'un, with the
aid o: (44),

)i Pe"

Except for the number of particles included in the summation, the last
term of (201) in the same as the right side of (27). A practical sy.vuaet-
ric expression for a is given in (175). This can be used in

(27), which in turn is to be used in (201).

The bending moment NJ at the specified location is the negative of
the sum of the moments about a point; in the shear plane due to the
internal forces exerted by all the patticles of the vehicle on the
particles located on one side of the shear plans. In like mtmner to
that employed in determining • , it Is found that

(202)

-47-
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•>- . :'cr t'. tent o!' ths, urr I n, the 1(-ixt to the 1,164 Lerr. Zf
I :.,. " -ý ( - , Whl ,ch n b.- used d ' i X a' thi1s

ThL c nzmerical 4unntitles to be co7,puted are che components S.
of K ana Mr of V. 1t is fa r th. urposes of thi!; p"• Xr-
thnt %.ne. selected shear plene will be perpendicular to o.,e of the •
":ectoru. The choice of th-e rP'ir wene vill meffz'r! th': muternretattonk
of the results S, ani . rv ana if the shear
plane is perpenAlcular tV " , then S Is t .m . of tba.shear
force in the direction oi t ý3 t•ti,3 S, i the shtMe "orce in the
direction of the .' axis, S 'As the normal 4force (bei-ag oerrendcular
to the shear plane Ma iv the bending mosqnt a'iot an a.ds parallel
to 'ý; , VAI is t~hp heonding moment about Pn akis pr~ra!lel tu P! ,
and tis the torque. C

It is a prerequisite to (27) that the sam of the internal forces exerted
by and on all the particles of the vehicle equals zero. It ip likewise
prerequisite to (28) that the sm of the moments about wa' polnt in
tbe vehicle due to the internal forces exerted tV and an aL the particles
of the vehicle equals zero. These facts are deduced froam Mo"to third
lav of motion; and it follows from these and the definitions of 9 and
Leading to '201) and (202), that determining 3 and M 1W anm ng over the
opposite side of the shear plane shi•ld change their signs but not their
magnitudes.

It has been noted in Section 3 that (27) and (28) are not satisfied in
the SLP becamse of the assumption that the elastic deforutions and fuel
sloehing motions have a negligible effect on the large motions of the
vehicle and on F and 0. Furthermore, the eerodynodc theory epl~ed
btre (Nevtonian flo) ti different from that emlp'ed in the SWr program.
This difference between the two prog s further .qpsrdeJies the agre-
ment between them as to F and I and, hence, the satisfaction or (2T)
and (28) in the STP; therefore, it caur-. be expeeted that mmmang over
the opposite side of the shear plas will satisfy the theoretical require-
ment of chaging on the sligs of I and L. This represente a fallure to
satisfy Newton's third law of motion and m prove to be a cerious defect
in the program.



L'lcISION OF FUZt Si H= EMfCMh

in asic for-uiationa fro fuel sloshl:U as ei.tulned foo= avaliable
literetwee .rze -,z~ted In Appendix( I. Here the toncern. is ý%w to I!e(,r-
ptorte the erf-"ts of f~el swsbing In the Structural. trrtogram.

each dlrsctinn, the heare for onbe t o dretoszofe dgesiour fe,, forctse

each t - They aust lofgitudna tank lateral.gosted by tae letter U n h
.ere of fzicvreeof iso dslshingn by l. Tetfou~oi f lor nin; bs.edto
deaterin , tedt: settn of- I , and laeaS I-~gbigldctdb

Foe fo ch sooing t duaionilsrect " there arelatons.x-i,ýý mds

each p~retons tloafr- ar fo~ur pofsi ten tank thegreoeso ftve fort
etsibh vaun.Te ruhe o fo te fuel i a oashignas e is i.the lestter atl the
elsicdgrees of fresddois for gstrubyX.Thoe dforoalc~n formula Isusfaedo
detterine ind sorm forfh strt I it Il, end S rced toa. 7

Thein aol n posbilaityof 17lust rates thegreestiofrens .

The greatest ---obl"2 thr~t arises In connection with tbe effects of
fuel closhrr in the 8t.ructurs.! Loads P~ge is the corr-.tation .;f theters H,.. (U38), AT.!lW2, and Sj51 (i8ý.

In Appendix 1, fcrwugs a"e given for the effective moeents of
inrijftef~ -u tank alsu re~tangular and cylindrical
tasks. The .quiv~lmeo between thee, Gnd the He1j is as follows, the
afbenrlpt denoting fuel:



yI ndrc,, tank.

J 11 M4 Ir fo r a vertical

hhv r 3. 2D7,

All~~~ ~ mo aW 0hfrr sheica'tnk:(8

Hn rett~u~ tan* n Lo cy09 tuincrlosing tank. riona

cyZlIdrlc&1 -amxa, a spring-maso mechuntce• ^r~ACoy I: use•d. Uch ness

therefore, It can be id0ntified by the subssJpt K , I jccoldace vlth

X .y. ,and x .. IMM• thle O at longitudina otelaticas X . • < - and
-. o ;for lateral mscillationXs, =d I n •-q n either case,i J.i s ,'l- yi c conatant.

,he, cs,.37

AU or the or af evriluatlng th ý, . the It Is neceusay
to r ecat a t4n uase and foordnto i just udln.l oc winth thore appeuLng

in this2 and.oc ha 17)rAnIsetion i of, end 4 quiy ckly deirccofs that'th;

particular is parn e Idetfi eh by tank su bs identifii ay

Vtt this relat rl b stvea the iubscrspts o an and k ;in estl thedr st
so ..er that

- i.. (2±')

* t, 9 wev 1~ (212)
., 1)I tC 5



L•

v (21,5)

Making ;rope. appiv•.cjon n 9 re3UJtS In t.h

c X- ,/dg I

% t a (217)

S=uIzimgn (212) thru (21.81 .. ailto in

",,- when r- u r,
o whelw r.u (219)

- WI~e'A r 1 (220,

C, owve'.at~v. (221)

2~ai~uionro:(211), (219), (220), am,ý (2-21) inte (112) ýd
letting the q' -.c for this purpose reSWuts in

0 o~verw~t~e~ 2

Sizilar substitution into (178) resul-s In

* o os.•ey~'se. (2'23)

The reader Is rInlnded tlao (2) and (223) are splicable only to
rect•.gular tanks *no to longitu'insl sloashing in horliontal cylindrical
tanks. For o.lur tanks, the A',' are sased to be non-esttent*, and
tbo 5".j. are more or less cirmwernted by arriving at thA U.ju (awiieJb

equa by *notheoQ c tc

I_51-



The N--Ia.1p esetentd Io ApPendiAt I for lateral o iUlation in
horolot& cylizexica) tans, for vertical cyllndrical ;otýho, and ýor
sph-,'-l tar-ka lead .o e~p-reseions for the kinetic '..id otontio1 e-..gies
of foe-1 6los.uog ratier than a sprir.-oAss ceecomic~la' nolcy. Once Itest

ex.-i,-for the kiL.tle P..rgy are, exteaded to e esnt for the otter
n of the vet.icle as weel is'n sloshing 0' the fuel, they ceo h

as., a- -. (%72.) to obtain expresoicos for the cnotribezioo of the fvu-I

7- ltorel e-asning In a bu torl.. cy2Iu~lrical trfl, 'e aff ix he
:uosocipt .toT, M,, e? , and - 4nd one the f 'Loyhok vtbstitvtion3
in the final equAtion gic.. In Appendix :for tor kinetic .,ntrg3

theditonAO toti, ltmu- a tranofvýtIon fcoordinates. Let

end te let

Thin results in

Differentiation of t.:sults in

~ ' a 229)

c", i.ý



o•..•¥. • =ae R, A.R , , 1A •

a oenoý.r o "structural. (that ia, non-tuel sianr Qe,ýxe of freedo,
ad9 being de xustrably equ.l to b1 y (2

r--ognit2,,u that here I,. -ni- U) eq,,. :-c.

From (230), for the case in which j =na 'e a - ''z slos•nn
in a horizontal cylindrical tank, ye dtfine

e, c.a to., R o A 6,,A

- v'evl j , K (Z-32)

Pro '24,L), for the case in which % denotes lateral sloshing in a czri-
zonta]. cylindrical, tank, we derine

Ft.. sloshing in a spherical tank, we affix the subscript ' to
T , M., e , a , and R andmake the following substitutions in th, final
equation given in Appendix I for the kinetic energy:

cj' v- I-a

D - ,(234)

In addition to this, we use (225) and (226) again and intr.oduce the
following Lransfor--ation of coordinatbc:

C P * t, (235)

"itis results in
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DiM'entatILu. of results in

6Ti .... • 3 C. , ý -t ,1.- )

IT A (237

_____ T;___ _--_4 (239)

Sdenoting; a Btructurel degree of friecom.

From Z t'.. c case in which band k denote eloushinp in a
spherical tank, we define

LLb. - /?Los -% .. ,/ ,
w wi•ev.j 3f k (20)

From (239), for the -t.se in whi'h k denotes sloshing in a spherical
tank, we define

Making uce of the M ", from either (233) or (24-1), we compute for
a spherical tank or for lateral sloashing in a horizontal cylindrical tana

- ~ (ht ,(24+2)

The equivalence of this to (231) or (239) should be noted.

Pcr eiwshLig in a vertical cylindrical twnk, we note from tue
given equation for T in Appendix I that

6a T -

M. (24+3)

Now ct and V need to be related to the coordinates for measurement of
the str.Aeturml deflections and the sloshing of the fluid in order to
determine expressions for the M j#c. For this purpose, ve employ Equation
(2-16) from R3ference (7). Putting this equation into the terms that
are appropriate to the present purpose results in
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Sti ttr part•a• derivatives cf (244). -dist ugush
Soet- , c•trucural an- "fuel llslh" degrees of free' ", as before.

in 1the~ ple.(.

L' Ly -V, (245)

For fuel sloclng dogrees ot freedom

I?(24t)

The folloving substitutions are also made*

'A r. Sa 1 - .. ' 3

V4- 13- U fLaC1 ', tL (-a ) ( -0247)

F!-&Xly, substitutio-- from (ý45). (246), es4 (24?) into (2,"') refiadts in+ ,T" A LAa:'$

I .,A .A a (248)

(S + AA t a (s.1- I +,|a t)
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'ns~oabL- In sper! -1 and ,erttcml cylitl-aI. tanks, and
i~tri. .,fldg n LrIWtn. tnks LI?5±5 n tanc 3ti&nclzg.



NA 1 oy PR?~CW AnD DY~k'CAICU
CERAfIN -4T)OPit~T SHLTCE

-Mýtt A-ery xecottor is . eoion 1% (vitki seciooon. po~jtion ý.!-*
-ý- voihicl.e position voctor ii sep:Lwa or =sy ýCoin-!do vith Vic

CC-t- of ZeoS of the section. SiMCU Ois the vwal, V '•Ition v.e2,
0O n+. "oer tf mass of section

X ~(2Ai)
Mte poiit, is fixed i' the bysonl c •ateria ul 0 .t' od son, o

vihit o~badS. It woes.. Thug, It muy cnrrs spond virtt), particle of
tee section.

If ta. wct Is•it i 2 nl, that is. ha.n otion of tqer Z), then
faa point - rotAtIon of the sevcion - . point In t asct--= the t

'ies not m ove relotive to the .hiclo but stout vices the levtioz rei9vn
in a type (2) matton. if t-A C.Ctios rotates 41bo.ut -k fixed axis, s
lie cevsý oth•• ti a "xis.

As fcrcwotions of o t.i (41, the • a•b•.aozd notion ,ft f relative to
ttt vehicle coo-Astes is given pror to that of ay other point In %be
socton. if the degree of freet .T deform* the stctixnd If the section

moa ble, f.does, not mo-I relativ to the vehicle I, that deg-ee of
freedna. Cn the other bind, if the sectio isL "flixed% or If the Ciegrot
of ftrsaedoes n* ot deform the nelcico, ILI LAY move relative to the yeshi'
coordinetee in that degree of Zroedne.

(1.0)) (135), (136), en (W),

37

* Here the a. ousiked ths 6w are given arbitrarily, and, the - .. and .,

amdatera..nd Iron tbem. This ise neceszary for the ltofsIacto
of(36 hen th degree of freedom Ek) deforms the section U*).

and ye Introducem9
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When the Cegge of 'reedow (i,1 does not 6-ton the s-ttIon0 -d,'eon
C .. o, ~ .(136) is stilt satisfied, rod 5C .i

wbeac toe neSiOn is nestcle lt indI deformed oy the 't~gree ef fn:eedyn,
de.nrot!!a . and the . (The aý art anmttry.) £oc.

ell rAite -n sunsit

- ~ VUZ(257l

The c, LA~ i this case. This fact effects tQ4, Ic0ertin ! of a , the
point of rutation. If the section Is finad sod Getrved, IL. - -a be
srhit~trily located and the fe'w aer unin-rtant.

When the section is move~t s&0 Is dAfle-td but not dot taqd by
the eegree o; freedom , deterMire -rA s~ant -A. end $~. (WjttIaot priMes).

The sp~bots, data to be "u-'sted, cosqA~sttnns snd equiationst used
Vn the SIJP are Siven ir Appendix n,
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BASIC YCP0(ULAIICNS "1j 7TEL M05AINGP

?or siafficlently seazl iisplit.ulc of wot,... the dynamic effect.. of ý$i
.obt ,r -. I4 In a PartiallY filled talk bare been anslyled in terms qf

the raural &%~Ac ýAn Zr.,uenclez of the small, 1res-r.;rfan. ,s-iluttions of
tb* fual. 7ormsilatlons for the solution of tkhie proolem azz- paeeeted for
rectangular, cylindriceai, and spherical tanks. In f

t
-' - f Itote Appendix,

natural modes$ and firvpiinnlas an re osented for recb.sagular tie cylin~drical
twAos In tither a Yitical or a borizontal poeition. In fu~rt 11. so aplproxi-
sate procedure So estabsbalbd for dealing with ritctsana;2 and cylindrical
tan"s that eam ueiatbr vertical nor hoc tzoatal. Part III has to Cio with the
treatment of the bending rode shape of an aquialeant vertieftl tt..t. Part WV
of thls AvppndLx cocrerns the iseluslon of fuel. dnaning in the STP..

PART I

Mws forumilas prsented Iz this part for rectangular end cylindrical tanks
apply only 'a verticel me borivzoctal positIcos. ftose presented for syberical
tank do nut assi4 to be quali1fied as to position.

In order to satplify the proble to a ,point %teres convenient, explicit
sol~rctos could be obtatImed in sost csamse a ouzider of assumptions were made
concerning the nature of the fuel, the motion& of the fuel. &nd the &Ushapeo
the tank&. The fuel wan "mussed to be son-Niecacs and Incompressible and all
tank nations, except those normal 2o the meas froe surface of the fuel, wers
restricted to small accelerations med. perturbations. Althoughi the non-viscouis
asoumptio has besis aside, a damping factor will be included in the finel SD?
Struatoral Loads `EzoroU to account for %Mo fuel viscosity cad the use of
baffles. It should also be noted thast, In the final program, provisions are
mado for su-ag say combination of rectangular, cylindrical or sphericsl
ttacs for msultioie teml veilelas.

1. -In tes csame of a rectangular teax, a spring mass

below ara for a systee consisting of a fined mass X and m. set of
*uodamsed apim a me a, so ocactrainid. as to move only parallel to the

bottom --f the ta.-k nod,, Is thse case of the horisomital ractangular tsnk,
parallel to the %Z-plsma. Mhe orlg.e of the ease is located at the center
of gravity of the am~ttuftmed fuel with the fined me" X located Z. and the

*apriag-misamee at Es eoasitratsmil by sizings ulib stUffaes K. for the sth
ends. Shoam belmw Is the horizontal, reatimagala tyk undaraing longitudinal,
oscilluatiee Or osoUI.atsman in Use n-plAN. 2ba SMtOG In the Z-Plans Is
asisamed. to "e the see nefardleasato the 7 locativa. The following equations
kave been. davotloWs by Ozahes in eferimpes (1).
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DefinItions:

a tank length Paralel to X-&xI$
b - tea width parallel to Y-azis
c - tank belght parallel to Z-Es

- fuel hetght prafle3 to vertical enis
A- abQ total NeI =s3

S - fuel •ode index . 1, 2, 3, --- 4r. ,denotes the rnJuber of ,der
selected for use.

- fuel density
C - acrcel.ration ef tamk nor-al to wwi *ree su.ao cc of fuel

- &17-- total fuel veight
at-•. -'•ct r--tio

-sy =eO t of lertIa about v-so•i if the fuel were solidified
I effective w ent of Inertia about the Y-axio

we freequency of the a
t
"' mode of free surf.ce 0scil-ai0".

Equations'

SJ#Jrf(4.ffS WTAW h*f2-S-Or )-Z~

i

ASO



IAI -
- ~AIK (2. IL4- )~r _

_ _L _

~ 0  nTMAljq

In the case of a "erizontal m'ctnnfular tanic oac:-ý n.--zs
In ti. 'f-plane th~e definition, ard v~mtlons sre aactuaigd exccpt the.',
nomentS of Ie-er.ie "re Nc- =. s lax erA the- tan~k scect ratio noO becomes
r2 - h/. 'I4t

Wsn,(s~){ TAUKLUS-W.dr r., ))r Man F~~L5

Ifthe tnx4% is nowa rotted1 so .the X-axis is verticsl vi toe fuel
oscl iatinc Parallel to tho )M-, .3ml, the valu.e of 11, -cPbh an-I the t&-:K
aspe ý ratio beo(eoe r, . h/c. 'h -tc menzs of lzertls sae st523 taken abount
the Y-aXL3 sad t'4e eqoatlons for Za sod Z are the noon except they becom

\3 Ld X distance. and ýt r 3 instnod of r-. lx 4~uatlons for(Os Cr I

41th the X.-,cis vert-1-1 but with thi3 .3:!L-b'nor parallel to the XY-plsn,
..v ý70cbb, the tank aspect ratio rý w V.1, t: omen~ts of incr.tia see IFZ ann

I5Z and the cqntot~nA forW5 5:.! an! s teoeC:

This ecomolstea the specifieation of the equation.t for the spring-mss aseloao
ffor rectonC41ar tAnks in a horizontal! or vertical orientmtIon. -he'efc-e,
the onCls the X-axis noakcs with the borizoatal detcrnine3 vjhit~ set of
.qnotions momr accuorately a~rcci~te5 the situation.

?. P~sldlrsrlal ^arl. - The forwlatlono for the eylln&rbcai tmnk% sre not
nearlyr on ntrulaht forwared as vs ro these for the restsnznlpa tonks. ThreeIdifferen fl =4 .oho tam l*een uoed to Cefioe the* fuzI nlotior. for the different
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tn&' orientatic-, Aa extensi-e litceatu- 3urvey indismted aa I~or the case
of lo'~ a.~ illatlo.~s in a biznotaA 3,'ro ch
ccsdd be Saze as in the case -f rectanCiar tanha Alt 558ab no de*,clcTsnt of
tiýequ vZ-. = co-Id be tcon~d. 7,ecrence (2) sugge3ted t!, s t-e raturea fre-
quencies fn. tse nor'.zanto'. fyitdrical tarnk &re:

Uc~pmring cbi , tlon v'th the corresponding i.cnyeacy equa*I- for
rcctaa.:Ur tzr~vks indiceteci that tta cylindrical tank asr-ct -tic is r - /I.-
lmk'Ing 1i1?e cccpariro=3 tic iz ,. eve~iooent is *sggnt-id

V_

BtflintlonG:

tan - ten!' tb paro.llel to X-axia
R tenk rclua

h futoe' height pArallel to certlial axis
L. -total, tue' mass

1, ~ 2, 3,--- Un
r h/l - ta.-Ž agtect, ratio

Mr~
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Zhe second method to be v.sed on the cyllndrlca) tan)r fo]lo ,s the formu-
lations of J. 'J. M!iles fotu.d in Icfercnce (3) for wi u -•ct.c " (tulmr cylinder.
In this analysis the potential wnd hinctic ener&( e-,resaiotx ore deri'ed
with ailo~nnccs Tw.de for tanil flexibility. First th, -notentiaj. eneri (U)
and the 1*inet.ie ener(, (T) expressions are stated and th;n the notential
cner&, coefficients (kij) and the inertia cuefficicnts (1ij are defined.

Definitions:

i -Jma--, 2,3, "'-P03qi(t) w gencralized coordinates
qlt) -I tresslation along e - o
q(!): ma rotation about the centroidal axis f 2

i -(x) = sipl. bending displacement along 0 o
'1q It~+3(r,GQ) w sloshing displacements
f(X) w bending mode shape of tan)f,(x) -dfCx)ldx
* 3(r) ghm•o utode shape of fuel
M4 21ryP Rb total m~ase of ftel
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3 .1-eex Indiicating~ fujel slosh de
0 One halt tl-sid b,1gh1

tmV.k re.11us
*c,-Ieration of to.'k along X..xis
st zero of the linst derivative of the Furthcor o.
the first order and the first kind.
(,81 - 1.6-119,B,& - 5.33144,Oj - e.-5ý63i,jF . 11-71,600

t;quatloan

Peference (3) define& the ljoterntial energy eoeffielentsx kj as shovt hýelv:

*~ ~ ~ ~~~a(- M{[") f(J)+ C(y

-65-



ftp ~ ~ ~ ~ ~ ~ -'p .'':Ž'-s r c"'s
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b- tMR 7-,

hl -Tn, AJ~~f% -'

+N,,,, 'flu543r +=b

ýb

-m,,~~g str (n M~fl'Cb)y b)] P'- i~-
e Pq fS $ P
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and I, are certain Besavi tunzttsona cc rtý,i± for,,,A functions
or name related kind.

Fb f(Y) Cosfr( fig Wa S>

The se equation have be-en used in the experinental vnalysir of Rfleerenoce()
in tide reprt, resonant bending frequencies and no<e shapes were d-rernncd
experinenta:.iy and wore shown to he- gýAeralllv on ocreenert with the. rcrtical
predictions. The differences v-re attributed pz=.urlly tco variations at
act=a uude shapes from those 'eaaumr1 in the th-ory.

'he tnrAd method to be used an cylindrical tank rs fon arOfated by
B. 'lInanshy as Rflefrence (5). T'hia is; elso the oathsod to he uae.4 or
apher Lea), tanks. In this report a., integrosequation ap~proach is xýscd and the
nothol of solution d'eveloped jaor the fl-st th.ree fuei sloo11TaP ,ed a'ch
as is.icated in the IlLertture is a Mnilcelen n-abc: of Vtalon far most
orastical prableas. The tank orientation wider coezideration is t horilont-al
..ýl~dricsl tan%. undergoing 1 itL'al "anillatlrns I- this ooze the u'ltrali-cJ
:oa0 -at I eo'. onttoo ai. tac Y-axis to a~ and sain the4 del oiachi:c;

tccicrilized oaord,nutet are -' diae-nssons of the q6+, , in this
1015 v-c ent, hozuver, are (lr&i

1
ratoer i .sn ler~ctt as In tie4 cise of the

re iace-orsieod coor-dinates. '¶ 31eloc he icht,f ,+3, at the side or the
tankta be exV,-esend -x a function of the 13* by the foltO.-inC relation,
_fs+3 - qs

t
C4j 9s+11C. It should '-e noted that in this a.~o tack' he!rii..c

Isa icaared xao that with ýhe .aos-viacous Rssu=ption root] ior, af this
cellnirioni. t-.k san' rutatin:i of the whflies tAnk "cod sat be considered.
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Stank raditjs
c - .~'e1 CAih. ,Oe =-.0 r crnzt:.' t--tt

-sill f 0 Ior half full taalV
-+1.0 f or Ai11 tanh

GL-~

a = nC08,8

'3+3 - 'trcqiicr.cy parc&.,,,:ter - ¾
s 1Ufl slosh viodc indeox , 2, 3, -U'r

-fuel denLity
-ta,,d acceleratioo alon.,
=toýi I!~ ofv-, 01 :'u,.1

Sal
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sz-~rnsiss rolPareeters A, 3ý ant'33 %g sog o'thfX7+3
r~r-c~din 'Itrs(4), (5), an~d 6C) respectively Lor the f'ts, thiree

stjnh codes ýo f'ott'tx o: th'. f%,l rtetgnt psroze'.. e. It should be
oted that. for values e5. to e - 1.0, tse turnes is Fmi-, es k6) and

(9cettsirIy asth'approach e -1.0.% -- ~d -is, type of
solution near I ý 0. tU, :rues havec beer r-tc -.- itttt,%,. I 2-10 to
Provide for &n spprotelnste Dut Liulle solution Let the Puit "asm. iSr
this reason th e solt-tson of the equations for the r-e ly "uI to Lull
cylindrical aad ajtericsl tanks -ast, be used with ca-anior.

3. Snh'-rical TaNks - tohlcving the saae wethod ^,On dfisnitiosusa
used above, the solutions for tlhe spherical tank moy be obtained.

hrjastions U= f(a3+3 4 ~ ~ (aas

5.1

T= 'Mj)+fSP 4 ft ~ Cst3(4~

+2C~sR)''Y W~,4, D.a "

+ wraVt t( V j

As befo~re, the Values of the ncdizslerl-onal, zodi2 paranetera"Cand et3
airesg with4fX7+sra plotted versus . is Figure. (1), (8 ). and(9
respectively. At dls-cuaee-i previously, the aolotlons of the em.AtionsS"
only r&ptroxcite sulatione us the full condition is a&tproscbed.
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Figure 7. Variation of CS 3 with Fue, Heiahl Parametv,e. Spheuical Tank
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F:,ura 8, V-3riation of Dý with F-jeI Height Parometor. .

Soherical Tank
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P;_RT II

re cCcntatlooS called for in hl prt axe -orrled cUt It th .,cle

ý f.z surface of the fuel is parall.e o the hnr•:" the boen 'he

%A"k has no lateral ot long-tudIna! acetieratien. i-t i as.clpctel, however,
that such wil. not uMn-aY ý' =Zn. The eomstption now bting nwde
eanctouing the tuel or-entation is that the tr-e =-.ttacc , &inways
pcrpee.lcular to the "resultant tank acceleratloc,* detied i the actual
acceleration at the tank center due to the gross cotioc of t?-- veLlcie ,inue
the force ;me unit asee de to gravity. The pertinmat angle. fc- tic- to<
orientation, therefore, are nt angle usually defied an the tank o-
vehicle pitch, roll, and yuw angles; they are the angles betwean the btly
axis system and the resultant accelvratiý-. Iis means that at any Insauta
of time tha resultant tank acceleration caast first he fount and then tWe
free surface of the fuel set perpendicalar to It. Since the fuel slosh
equations presented in Fart I are valid i- onl vertical or hIrrizortl ann,
the tank valls mast be set perpendicular ant parallel to the free surface.
As this is done, the real tech dimensions In the body axis system are replaced
by thoa of a dlfferent at "equivalent' tank of the sam volmue. Thz.e
equ.ivalent tank Is, therefore, a tank shoes dimensions end orientation are
a functlon of the angles the real tack makes vith t•e resultant teak
acceleration. As the real tank for en3=le pitches from 0 to 90%, the
equivalent tank concept provides a continuos transition to classifj the
tank as he!log either vertical or horizontal. Tbe tank geaetr-ical cerer
was chosen as beoing cc to both the real tech and the equivalent tank.

7= equli.lent tan concept is by no esans ean exact r.resentation but
does give an approimation of the real situation. Ow very significant
parameter to fuel sloshing Is the length of the frez surfacc. The eqpaielent
tank concept permits the frat surface length to Increase or dere-roFe as it
does In the real situationr, bt only apprt."eatss the =ctual frew surfaic
length. "bis cancept alro simplifies tih computation of the acmente and
products of inrtie and the C.G. of the fuel, as the fuel changes its gross
postion In the taoz" ae tc the gross notioa of the vehiclo.

Consider now the problem of obtaining the equivalent rectengalar tank
dimensi=on and then thn moments of i•c-rta ýd C.0. of the fuelAin the equivalent
tank as if tw fuel vere sollcafled. As sh en in Figure 10, A3 is the unit

I
h- -76-
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Figure 10. Real and Equivalent Rectcngular Tanks
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-cceleration vector of thp tnnk. Onu corner of the r,.-J. tznk is chouen as the

origin of n right handed triad having unit vcctora-,, ,-. andii, pointing a[luon
adjacent o'"1pes ,f the tank and chosen no that the .anzi1p "etveen ). and 4, is. nnt

less tz"-.n thc .ngle between ; and either -W or sf, . -jie - -rtex for the common
oricn. of these vectors is chosen co t-hat. tihese anzg>; art. not greater than '¼-
The unit ,,e.ter i i', defined as a unit vector perpc-ndicul',: to -!, lydnj; in tUse:

::I .. , and 5i , and making an acute angle with Th. 'Te v.ctora i,, a.

and Zare t:c vecturs deflaing Lha real tan'l. tze und orientq'tion. vs wc.T.tuis
of these vectors (not nxcce3sal'uy resp".nta ely) 12, ,tand 1','arL the !,?ngthl .4
tn-_ sides of the taik in the direction o; ti. aiit '•cto. ii, * Wand' respcc-
tively, as shown in Fig4rc lV). The unit vector ,E.nd the angles e9 , and
be defined as:

e,~ - .1Z

i~L ARC 6o50.S ,.3

= ARC 665

ARC Co5.S

where and 6P mast ba pos..tive acute angles.

The dimensions cf the equivalent rectc..;.Llar tank can now be obtained.

Referring to Figure 10, the equivalent tank may be thought of as the tank

obtained by taking the real tank, with 7 1 coincident with one of itm edges,

and then adjusting the real tank dimensions to the equivalent tank dUmension3

as the tank is rotated first through ,, and then through a. This then

replaces the real tank, which is actuelly in the position described by e,
and Ga but with its sides not perpendicular to the free surface, by an eqaiva-

lent tank with the same volume and- approximately, the same free surface length

with its sides perpendicular to the free surface. Defined below are the ecuiva-

lent tank dimensions C,, Cs, and CS in terms of the real tank dimensions A.,,
""'and .. -be intermediate tank dimension C is defined as the length of C 3

after the ta'nk has been rotates through a, but not through e..
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C"z TL 1 TA tv o, -&- 4 0
)~q TAR AP./.4

C, 1071G,' CC- +(I - j15) A__T AI 
27' 

*,r~

:, -": • cor/ e, +-( - AR) q,: 4,m, ,;y l

The init vectro Cltcr Wvln6 . ...., are.

jr. reZRIP

F -e 7, -i

Equatlon• fcr th. f.el •,e jcts uf inertia, c, , 1r and J, as if the fuel were
solldifid, taken abou, the r.el C.G., and the C.G. location ZF of the fuel,
cea~ured froo the euival¢ cnt tnk eenter alod 'the X4 s amre shi M below.
The totanL =as of fuel in t:ý t=k lasM, an the fue, heig)ht along.( is h.

,= -k M,[ +, (C.

An Approach rlvlilar t,• that used for the rectangula: tan is presented for
the cylindrical tank. Thare are two =oor differences between the equivalent
rectangular and cylindrical toks. Mhe craos se".nti of the eqUlvalent teac,
takerr parpendicular to tha resultent-aeceleratlon, Is always rectangular for
the equivalent rectsngular tans. This cr'o0 -.action for the equlvai•nt -ylln-
drical ta•k my be rectangular or circular decanding on the wle betvc- the
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res,~,.;a; arre-ertion and the reai oank length ",ctor If t•vs 'osa sestoon
is circular the cquimalent lana is c'nsideed as being ver:.cal, -na ir rec-
týgulas, the eq~ivalent tans is conside-ed as bcng horozontal ac econd
differec -e bet•s .n the eqaivalent recteaguar no.,' cyilnorlal t.'. rco.ncrns
t:. z-, c 6-zd to specify their orientation. For t•hc .qiveen r; ,
t--,-. wo angles erre needed. For t•,e etrlvalent cv-_nd:-icei. ana, the 02gb
ccet'. .che sesulctat acceleratlon and the tank le,igth vcror is tar only

* - t'n to specify the tank. orientation.

A- sha-a in Figure ii, T is the cylindilaIns tunt lenpt ventoa, % is the
-- strn' aoeinrstso-s usilt vector ar.d3 I. the ajn3c oeet-n them. D•l•fitsg

z the tank length arn! sectrr then

rf Pu[ is greater than //Tthe equivalent tank is vertical. Defining /-nd V
as tae retL) tank length and r-aius respectively, and 4-and 4R as the equiva-
lent tank length and radius respectively, then the relation between then i:

V4 2 R=rA

Equarlons for the conents or inertia of the fuel, as if the f..et ere o•oi -
fled, takesý %boUt the fuel C.G., J, , t j. . u.d the C.G. location X
of the fuel neasored along 4 from -be tank center are shown belo-.

Zf tkio 1.0, the cooponents of the unit vectors (and tr, giving the new dlrec -
tionz are:

4-to
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Figure ii. Resultant AeceI~ratiar. and Cyhndrical Tank

Figure 12. Harizaontal Cylindrical Tank and Spherical Tank
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-,'A . ', te -o~nn3ofTnTzr

If !..l Is l056 than or e ot . l to the equivalent cy uaArl.l tank is

horizontal. Dafir-Ing & - •A e eqal1nen. t-orizon=l tcrk length and
-adius reapaetively, anexpressing ttc% as functionr of the real took dlnýn-
alona, A and R gives

tAn,w d- 4o~~i~ A RC 7'-.4uVXw ,

In order to obtain the expreS1ons ^,or th, moments of inerta, nd C.Z. of the
orizota tanx, the magle 4 , nzovw in ?'igure V, =uut be found. The equa-

tion relatingg to the I 3e t %usspl is

Mr - 7AM), +~8 + S5IMk f;COSS)

Nov let CO - f((/, 1fPF ) , Newton' a method can the~a bG s.ad to find 8.ý
Defining fr(}) and f }) ai shown below:

L ( 66)= ae C048et ate C

Let b. t~e initial estimate of 4 and cluae,

P1 jC,~



The qui-"Ues; i a IA) i then be testcd to determine if tb;ey

are bith less than (i x l0-7), the erbitrarily chosen degree of accuracy. If
this is true then# - 8, . If the desired deir c. of accuracy h-a not bc-.
obtained, A9 is used as the next estimate oiA, and a m ia st be calcuiatei.
The t•est is made again to determine if the desired vv:iue cf.1 iuaa beeu oatained,
and if not, the Iteration mct be continued until the d•tiel edwidittona are
s-tisfiad. The fuel moments of inertia, C.G. and blh~t can •'-tn be obtained
as functions of A.

SI - a"Rc ZoS3 S

The qsberical tanx dCeensi•cs do not need adjustment because for any tank
orientation, the free surface length viii remain unchanged. The orientation
of the fr", surface vithin the tank vIll, hoeevor, chas poeitioas in the
tank. The anhle$ for the sperical tak in defined In Fpme 12, and the
rame iteration umthod as dascribed praevously must be used to solve for .
The following equations mst be ueed for this it-eretAc•.

Stu r- IN8- )
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f'(1)= Co05 '

p.C

Using the veine of 8 obt~tcd from the iterttion, the follovirs c-I cm
for the moment of inertia, fuel beight, and C.G. cn be- solved.

2 2

T cormsto and giving the nev - rections a•:

il--0



PART M~

InLw-swc as the :crgth of an *eutivalent* vertical cyndrical. tank Is
=ort liUly +Ao be difflent from that of the real tank, .ad sin=e the berding
=ode shape I Lk'a is given for the length of the real t,-k b-1. ,utst be applieý
along Lb le 6 t2h of tbc equivalent tank, it is necessary tc find sawe vm
of ad-'tm!. the use of ti) to a ci-'-vr. nk we•,.

'-'. : i:. n.hlsCh , pev argment X iis Introduced which does no+ re.._7
with the to length, and ? I igven as I :. Separate c=idr.t.-. •zt
be gi- Uo Us two cases %41 ' 7'4T an-d -4; - IIVX, wbere "I. equals
COS 0; and for a vertical "eqivallent tank jqIJp :/E-. Xt is defined
as dlstance along the axis mawre- from the center of cylindrical tank % ,
nondimnaionalized with reqpet to the tank UE.. in gus, Ath the rrAl tank,

X! 1- positive in the direction so cbnen In caometion vLtbý the swuiasion
of da.-a to the VP182. in use with a vertical eyaivaent twa. %'% is
positive in tbe dime'4cig of tie Imsultant scaocleatioe it "L i a-118 ,an
positive In .be dimetio cpposite to the "remataut aeftlerstim" if %;--t/V.

For the suamission of data, e note that

-r i s th l ength of the real tonk, tkat A.; KI is actual distance meanured
in feet from the center of the real tank, that -j x~d I& and that

we next consider the watheutical relg ms.on conected with the equivalent ta*k.

lihen U~ /~~ theme are as shown belowr:

X.,

41i i- I

" -(\Iv,-iY"1 L __ __

II
x X; ,_

U +r,, VI Vlo!ot~Whe X; h



a. -

,kev Xi-~s- ... : - A

*Pqivln gTj9X
..*X l l



tl l

. COS -S, I
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PI.R r-,;

As imd~cat~e-; in ec'xatioag (9T) &ad (98), provisions !;,v- been mae t.o
Incl,±de dm.L, In the SIP. Iaavledge of vbat nuwrical valu~es to utbe Cc..r

in is iportant to a careful. investi~gatict. of fuel sloshing in
a~ v"iicli' ,:a ' Xj&. An tmet&Ive literature wsesrc found t2.at very litt~le
:ua! a~;V..b. data exists5 exoept for upr-iht cylindrical tanks. R eference' (6)
did prewmnt ,the equation bel~m, vhich can be u-1 to obtain the 2o-r~t1-!
dccr-eznt b6I for an uzpright aylirnhical tenk as a function of the kinei~tic
vuisoityv ', the fuel heighth b, dhe mcmitrulion &me to ipma-ity g, and the
teak mfdtua R:

Uie equation is for a tuk* vith no UMfle. Mosat of the otber referwmae
foun vret for uWr~bt ce-.tdrical tmoks with various baffling cutilaurations.

Emue nat o the scarcity af 4eks on fuel 1AAgl, no eqinations smab as
the co just given (uWmich Is at limite6 mp±aity) ame emplioW in the
8IR. fther, it Is Istt to Uhe user to &~teriume In hi cs ownve ecostaut
vabies ct~ for rnabettta an Input to the IP mg, o As I.-m as the subaitted

vnusot 'j awe gremate them 3am, tbiW vini at 2@Ast pmrewe the Infinite
conttaaatios at *mtewer fuel slashu~ ane fxcited 1W' the ~m o fina the



APPEnIX II

SYMBOLS, DATA TO BE SUMMITEID,

im T iijci7 BRXRL WAm PRoGapm

:onponrcnt- in the y coordinate systnrm of the linear eccelernrinn
c; the vehicle at the origin of the vehicle axes.

SIARMT

A components in the y coordinate system of the l-xcar acceleration
E;• of the h-th particlf of Lhe i-th section due to e.a tic deformation.

Ar components in the y coordinate system of the linear acceleration
ApRil of the h-th particle of the i-th section due to rigid motion.

ADAM•

A static aerodynamic terms.

A Si nondimen•ional f4el slosh modal parameters for lateral motion of
S horizontal cylindrical tanks.

As! /a quantity used vith vertical cylindrical tanks.
r -AAPSC

sectional aerodynamic shear force terms for rigid vehicle, referrd ,
to vehicle axes.SAAMIM

AW. secttorAl "rodmynmac benditg moent terms for rigid vehicle,S'I referred to vehicle axes.

5_ SAARPK

C- A I Aa) comonents in the yccordbnate system
of the linear acceleration of the h-th

it I particle ef the i-tb mectiot2.

-- --9 -3

••a u-nnm5



CL inertia terms.
J, SFLAPS

ci4 'Vt 2-..te sysat, .1' the given mode of
Ki 1 -hbretion in degree of fretdom f' before balare,.£.

I.r

covponentsI - the k W; .ysten of the j'vpn I r-.37 velo,14-

Ki vwith respect to q of the voint of rvcte±oz 0' :,'v'rabl.e section
relative to the vehtcle before bal.cindg.

Oh S! modal functicns of cyilindrical tank aspect ratios,
TAAE

CLust oodul -=ct!.= of rectanaular tank aspect ratiob.

nondimensional fuel slosh modal paremetere for lateral motion of
horizonte.- cylindrical tanks.

aerodyneic stiffness terms.

B sectior•sl aerodynamic shear force terms, referred to vehicle axe ..

sectional serodyramic bending moment terms, referred to vehicle axe-.
Ki SABM?

I t
SA lengt,1 of egulvalent horizontal cylindrical tanks. Same as in

TABMrT

-90-
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2.-ngh- of eivnlent vcrtl~.Js cylkierical ismam as in

dyJnernica1ly balaxv'inL rotat! eat,! wJtI' ,epeecr
to of t-le .ehlrle relat~v-.t to the ve~hiz.e ayxfs.

iABMI A7AR

Ce. uondirens4Onrz-. toel sloh modal par&Lc*L.&i4 for -,:.eral rn~tion of
zpheriasl. ts~nks.

C.K nercdycemic damping tcrmz.

C sectional aerodynamic shiear for~ve terms referred to vehiol1e exes.
~" SAC!TT

C i ectlov,:l aerodynamle bending r-Aseant terra referred to vehl-cle ax-es.

) ce" lengthss of the "horizo~ntal" -:dges of the (equivalent)
rcctangular tanka. Same as 1A VPCMi.

TAZ.n

r Components of the dynamically balancing translation rate -Ath
5 resgpet to-t off the hii~rciativc t the Vehialtx axez.

8L'M - SWTXM R

7 nofwn os u Iel sls modal. prm~t's for latral motir ,'-

Iw



- ~5 "~2 -i-:ait azx-:! thru the vernLcle -:enter o" -io s ani Darpile- tc %!:e
*'r.le rxes .

D ~ ~ cF.sof the At -- h particzle of' the t ie-tion duC to
,t -'formation.

=(Ani~~-u~t of inert.'a ýe~rt t~~vchi&.Al.

A K ynr bis.cr

E rjus.ber of~ thr-.iu vectoring noLz~Ic- (or "2~nz)

e ba.z f ntrolw~

e cc-WonenLG in, ther J ý y~.crn of the J~i vs:ctor: Same ar. - 5C3
TAESRT

r mecments and ne~atives of produvts of inertlia -f fuel about irchicle

TAFR7S

F. aartaiz integ-ral. conxected :it') fuel alo!h ir. -,%rtlcal cylindrical

TOFPS
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'-1 pe; of bending•. pe fc.r cylI: cynzra!al -..ký.
F.TABL

;kits ' ki ý -" tl: .. v-.,,to mn of 'he f• l id it tnnk i

S T!LF?B

L I
at the top (or surface) o0 the fluia L- tar&. '.

T.AFIy

& r products of inertia of i:n.,zre ead fuel about vehicle axes.

w products or inertia for part of the vehize.

SIGLRS

-- ,- •-Plz one-ted with fuel .losh inkXZ , -" ,1 i ' X " v arti ca! cylindrical *,a nk•s.

TALI, TAGPI, TAGPP, TAG3P

the magn.itude of the Oresultent acceleration" at the :enter of
tank - Sime as in V'PCS.
TAGI'TT

'r components of force per unit mass due to gravity. Same as in

SG~GRAP

qj the coefficient cf "structurel' damping associated with the -th
S degree of freedom.

AEGPJ

I HJK winertim couplinvg terms.

.- 93 -
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H modal ,nbalaance.

h .:--l•-. of .•uel in "equivaleui&" tank 5 : =-e as in VPCS.
"A... 17

S7 components )f the partial !ie; vocity with l .,'t to q of
Ji the center of mass uf section reiative t. the vehicle exe., -- value,

obtainred aftdr cyca,ý Iancing.

TI MfKI
SFHKI-I

H F mcodal unbalances for fuel.
y• • TA•I•cnS

H F. inertia coupi±ng terms for fuo-l.TAHFJS

HS- inertia coupling cerms for structure.• e C

H 5 modal unbalances for structure.
K

mometts and negatives of products of Lnertla for pdrt of a section.
SIMHS

moments and negatires of product.: -.f i.arto aof itru-2t;u". w,

".l about vehicle axeS.
S~SFIPM

momente of inertia of fuel in 'equivslent" tanks ebbtt axes parallel, r to vehicle axes.

R rI okents and negative- of products of inertia for pe:t of the vehicle.S• S I I I R S

-.94-
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Jr; =orents of i.nertia secticn i abou .i.ctiton ixc, Same as -.

nmor.nnt5 of inertia of -ael as if it we--, Ia .i tankz
" C'" Cut tank axes. Same as in VPCS.

,T" effective zomentz )- inertia of nel ac-,:Ž ... i .
TAJFPS

r componcnts of the partial linear velocity 4ith respe.- ,o qI of
the center of mass of secti.n relative to the vehiclz axes --
arbitrary values given prior to dynamic balancing.
TAJTI - TANKS
S=-Kt - ST1UCTURE

K r products of inertia of section i referred to sectijnal axes. S=:
as in 7PCS.
TAKR7S

rS

L ncda1. inertia ter•.s.K SLSTIS

conponents of orthogona! unit+.vect-ors living directions of
acceleration oriented ales, 11; andta, being parallel to the
Ssurface of the flael in tank %, and I$ being perpend LcUJ.ar to the
surface of the fuel. Same as in VPCS.STAISRT

LF modal inertia tera for fuel.
*"K TALFrS

L5 modal inertia terms3 for stracture.L K SMs.LS

R t total rMasg3ee of fuel in tanks. Sane &s in V*CS.
TAMF7S

-95-
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I''bend-Ing mcrncntý; a-, *tqt_ u:ýinŽ f .2xibl. e;.~
.,ithout i~::,! (connonert: in tn e

M ~~bendir,4 77onc't- o-:'eAcIblc ve:ý.ý:Ic n ilou

Ir SP,'R'II

M ic~irm nnentj on r-lg~d vehicle -itlnout ,.,rd but with tlhrizs

Mbending moments on ri~id vehicle zith ind ana -4th thruat
RA force:;.

rA , ae-rodynazic bending morcuctz about the origin -2- to elas-tic

SA14AET

MJA R& aerodynamic bending noments nbout the origin due to rig;id

SAMART

fArM Ar aerodynamic bending moments about the origin due to eJlactizý
& u"deformation, with vind,

SAMEW

MA aerodynamic bending moments about the o-rigini due to rigid

SAKRBT

4 ..96..



•r

1MC - bending momentý about the or. gin due t- gra. .ty.

incriýAa bending moments about the origin due to elh.,ti• -
*eation.
SIMIET

i•j z- ', i .e ýt '- n. ''.-I; b-- r~t L a- -u-t t ",e :riFI-- r.'.' , = - , , -. • - ....,ý

I Re Sfl.R4

M T r bending m.ment3 about the origin due to the thruzt forcec of the
. R" engine3.

STYMI

m total mass of vehicle and fuel at any in.tnnt. Same as in VPC3.
AUASS

m " mass of structira!l section i. Somc a4 In YTCS.
TAM17S

irnt mess of the h -th particle of section s.
SEMIH

m i effective fuel slosh masses in tank .

Y" mass of part of the vehicle and fuel.
Si4P7S

M [ mass of part of section i.
SfIPIS

-97-



rrn f uc. iriertin coupl.ing t*- for cpherical arnd Lorizor".11

nd. -er of -ardynaa:z ;rt.. (cr surfaces ) in -,ezt-.on i

r
Nel sc!.a aeol.rAi Ledn nc-me.t term: resulting 'r-.nm eiiP3tic

N cir aerolýta.'.ic bcr'dinC momnet te, - r--cuting from rig~id
.S'.ttflng w,4iJthoutk4

SANRIP

zN EA scctionall a2rodyrmtidc bcnlJizj romc..t te=:razuJcinz fr-. :!Lzti-:

* SANEBP

r jectionai ae.'Oya.±.~i tolint: ;z;-. t:r, :c*.L.2.i.-' riýi

zo F lir2rtic tc- ~:o.- '~

r
N5 n c--al. incrtia fcri or :tructurc.

fl ný'.r of elucti:- dcvrcz3 of fr-loa

-98.



ri r :C-P-nntzin thell coc~d~nate L~yztem- c:' a uni- -:eutr att izd
ith on the surface of zc-t±ir. 'k perpenliu'lar to L-.ý u-frIace Fr
potnting out'jard.
AENFR1

HOPI

S products -if ivertia of' fuel in tarý: i refer-ed tc ayes parall~el
to vehicle nxeý.

modal roments and necgatives 3f products of Inertir of vehiclc
and fuel.
SEMJS - STIRUMM'UE
TA2J7S - TAM~K

'r 5&,tFJZnal e:,urd.irnatez of i~he point or ro.tiUon nf: mvo-bl-c

section. Same 3.. irn "RC
S!PPR

rsk

t SIPPKS

9f~ ~ ~~e r. 1' th"j - th lec;re-: rmoi
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-. 2~yai~1"~thorizontal cyli.ndric-I. tank
Same as in VPCS.
TAR47T

R ~jj ruiu... -.Z eq.dv~a~ent vertical cy3.izdt"'-4-1 toux
Sant as :.z MaC.

R K fP. )Ot.of !i,~rtia oi' [p!Irt al' th.z *ihic2.c reifcrred to

!MIKRS

...- ,.*....~.- ~i~i fundrr~ fo'.r/ tri:~ ±c veicle.~i~
SAR !PIT 3R2',S~3

rst

r~ ~ ;~ ~ rri~.--f .avi.-t" trk.-. ý;ame as in VPC3.
TATrL

a quoti~nt cf nvipoct ratio3 of reetmkiGUle.- tank;.
TARTL
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.TV.

3P'S77P

E sp!;rr

s hetar f',r.cc: cmr riZL!vi 2 , .iith ut. AnI' and *zithout thrust force.
RI SS11

R2 ih,-ar forceu Dn ri,,. hlzI .;ithout wrind but with thru3t force~l.ý
SPSR2P

r11



5 '-ectional aerclynamic stf'.fness -erms.

, aerodyramic sheer foeieA due to elhsti," *efo.mation, vithuuc -wind.

•A aerodynartic s-ear forces lue to rigid otion, 'J1.hout uind.

q .A aerodynamic shear forces due to elastic deforicati.-, with wimd.

Serodynamlic shear forces due to rigid motion, with wind.

"Sj elastic contribution of section I to the eernasic sherzforces, without wind.

SA-ABP

$A rigid contribution of section i to the aerodynazle, iear forces,Swithout wind.

SASARP

,. ela-tic contribution of section i to the aerodynamic snear forces,"••'with wind.

SASM-P

c- .gid contribution of section to the aerodynamic shear forces,SFr"a?'•Jith vind.
SASRBP

.X shear force due to gravity.E SGSGRP

=a

iI I
1e-- - -



ir.rtial shear forces due to elas1tic deformatt,•.
SISIEP

S _nertiai shear f£wees due to rigid motion.

3ISIRP

%-

S-TR shear forces due v., the thrust forces o' the eng':es.
SSTRPM

T number of tanks. Same as in PCS-.

0 oponents in the y coordinate system of the :binst force at the1• -t11 nozzle.4j ewponent. In the y coordinate system of the thrust force at t1he

T-th nozzle.

componcnts in the y coardinat- A;stesu of the thrust force at thei•-th nri~zle,

=-Z-P(3)

T- s" sectional aerodynamic damping terms.

T sectional aerodynamic shear force terms.S.~~SATPIT •-

sectional aerodynamic bending moment terms.

-103- I H
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t tire.

ierodynam.: terms.

n zectionai a-,rod-ya-mi_ shear Srrce ternz.

UJ zectIonal aerodynamic bending -o.zent teens.
K't SAUPIT, SAL.M2", SAUP3T

kL t, cosine of angle between resultant acceltration and axis of
cylindrical tonk i. Same as is. VP(S.
TAIS

I r components in the y coordinate system of the linear velocity ofr
the vehlole at the origiIn of t.he vehicle axes.
.AEr•7T

Vý components of the velocity of the wind.
A"VRAT

r
-V copcnents ,)f the vehicle velc,ity at the cez.-r of mass,

S~V dCc
r-A

= Joorents of t/m velocity of particle i of sect.on D relativc to

JMr

- II".I



'A' Iinertia coupling terms for part of the 'vehl;le " err- t I e

d r r

ormj t~Aerm fA J

X~distance along the axis measured froms thae center of cylindricalItank i, nood~aemsionalizedgjwth respect to Lhe tank lergj.-Ch
X/ us with nter oerl tank•o •i-s posetiv in.-eor oftrctiont sof c

e a tn Xo ,peed" sos ection ofhsae ru i se tan-t

cosF. 49 and" on.? the= cas ofavrtcl*euvlet an

coordinatanes aof gotherics•e f cente ftn r ofth pcyindriof

use Latio ortoae s'ecltion is aon-tme aIn ine 'WreCtSn.coe

r t '

TA=KC - TARKS
1-105-
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A Ir

ADk.DT

AKI"

static wnbslances of pnrt .he vehicle :cfe-r'.d to vehicle

S Vr7K' s yI

static unbalances of part of section i , referr-•d to vehicle
axe8
SIYRIS

r

S dynwilc un balsm-ces :-f part of the veh2ilee referred to vehicle axes.
s n. sn~

\1 inertia coupling terms for part of the vehicle referred to

KL. vhic.lo axes.t szyias

%/ f.ce~rtain sumations e.,wected with fluel slosh in vertical
Y'- c7liniricl tanks.

iA re . To"•. m,,,

eOCCOMMtUS of tahe h-th partlcle of the I -th section in

, SAYMT

P ouUof Inertia ofpart ofsection i referred patly to

I sectional axes and partly to vehicle axes.

=1oldel products of Inertia of pert of section I referred partlyY K;i to sectional axes mid partly to vehiclGeaxes.
I

*.-la'S-



Z ' dis t ance in tank I foro. fuel ccnt-?r -,' zmass to spring
mass, positive up.
TAZ 17r

distance from geometric center to center of fuel mass,
pc•itiVe upward, fur equalvalet -ink :. Sse a'. Ir VP.S•

r"
coordinates of the center of =a-.-- or jectio. . Same as in
V•.

SE WSI

-r coordinates )f renter of mass of fuel ir tan- &. Sase ao in

TAZURT

coordinstes of the centcrof masz of the vehicle. Same as in

VPCS.

r e.•onents of partAl angul*.r velocity with respt to q j

of th2e j r| coord!n=.es relmativ,± to the J system - valt*6
cbt-nin,•d after dynamic balancing.

"4 SFAPR
TAAPIi

fuel height angle for spherical and horizontal cylindrical tanks;
that is, the angle betveen the free surface and a lm from the
crnter of the tonk to the intersection of the free surface vith
the eall of the tank. Same aa in VPCS.

r
components in. the J r syrtem qf the partial angular velocity
wit% respect to 9 of the J ri coordinates relative to the Jr
syzte. -- arbitrary values given prior to dynamic balancing.

TABKI T-ATKS
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L~o-,.;,nents in the Jr cystem of the partiai. an~w,.ar velocity
with respect to 9i of the j~coardinates -elative to Tne
dr system -arbitrary values given prior t~o dynamic baltuicing.
TABTRK - TAIIJC3
SEW - S'RJCm*,iwS

Products of ifl'rtid of section 'i , ref. err - h"e rectic'r al
axes.-

Fr~i produatý of in-.rtia of~ part. of* ic'. 's red to the

~- ~ ~-cor-dAants obtained from Besse! functione and use'A with vert-',-2
a *'. cylindrical tanke.

~ ~ K irertia coupling, terms.

A F: inertIin rcnmlng , t.^r*,i~ for fuel.
-JK TAIT t3S-

A5JK inertia coupling terms for structure.

At time increment used it) the numerical intcrration.

r
£ modal inertia terms.

Siret culig ers

Vii

Inertia cuoning t~erms.

CN --



F Inertia counlir.g f'orot fuel.J- K TAT'ZFS

TATFJS

E)j. modal n ertia te•wr, for structur -.sr ~ s

KII
SETAT!JS

A F5 modal inertia terms for ftuelur.

sr S~

zodl K m i•/a! Iertia ter frs.

4zAz

;-modal pnrouts• ofieris ofo fuect.

K' TAC'•L1 P~

-- L, m odal orduts f nert iatem ofr petof csue. ton

frequency par-t teres f:r :IIral otion of horizont&,

cylindrical tanks.

/L ~ frequency parameters for lateral motion of spherical tenkc.

A 1I



'r.,,rtii couplin(! tei-,, for fuel and struct~~

SLNU73 - GRCITR

1'uel slosh inertip ter-ms for verti-I -.ýIindrical tiprik'
TATILS, TAU,??3, TAr,3F:, TA-,.P.;, T.A,'7S

aerouyrnernje nodal tenz.

ratio of circumference to diameter c~f a circla.
PI

the at"-ospheric density.

P dpnritv of fuel 4.n tank (N~ed w.-th nfhori.",O -- d horizontal
cylindrical ta.ans. bamc as in RC;
TAIU!00S

*components in the -U, sy~e .f '.he given pertaal linear
velocityj with r~spect to .~of the point of rotation of

'nvvable sFvýtion ',relative lo the section.

modal inertia tirms for fuel.
-J TA:CSFS

ZI5 modal inertia terms for structure.3 SECSSS

Y, r

SYSPS11, AM-S~

r 
n

A?? 37-t-
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I ;btatic unbalance of pa~t of a section, refer-;d to 4ectional

"coordinates in the J rj 3yst.zn' or pdrtticle Ai.
"'SVI.•P.RH-, A--VPRT, SITFGT

.P V fuel slosh izercia Ler-mc.
SEPJKS STR.UClRE
TPPJXS - TANKS

St kinematic orodal counling term such that

WnPKIfrADP10?T

YC a functton used ir connection with vertical cylindrical tanks.
TAPSI

4) dynamic unbslance of part of a cection, rcferre-d to sectional
Y", axes.

SIPSI3

components . .. y coordinate -aystem of the argular velocity
of the vehicle axes.

components in the y contrdingte system of the angular accelera-

tion of the v.:h!cie axes.

S0 fv uel slosh frequency in the k-th degree of freedom.S~TAW-KI

S•A vibration frequency associated with the j-th degree of frsedcm.

5 -Ul'-



iI~ J. inlertia 'symbols.'

WF



Dntp tu I- i

1. r (, ,-Ibnr c" elr.Jtic d ofc.: d

X.. . , % ~ - u • -

:. : 1.'" r'~U , inclaiin. t+_-n:; but not fuli,

rU
ifP th2 K'ý"d &l 'nre ,ivzr..

(M;Ilk I , re not ±vr'n).
rr

S= , Pi : I ; tc MIN, V 2,...). v,

i!f 04 0, ther, •; and P K; ore •ivei,.

5. Vor cerudynan i. parts of ,,truetural *ictionj,

6. For a' I dejreea, of freedom,

7. Yor ntructural vibration modes,W•-

.8. 'or the computation of structural loads, dezignations of points in the
utructure, and, .ith each point, azsociated sections, tanklaand enginej
(that iG, thrust vectoring nokzlet;). Pointc are j uinats •iVilng
thc numbcýt4 oA f .3ections and the sectional coordinataosV of the pointu.
.Jith each 'ectionr there _,c-t el!n be an indication of :rhi-l. particles
and ýrhich aerodynamic parts will be included in the sumtations. For
-omc sections, .all particles and aerodynamic part: will bi usedl for such
scctionz, the user should so indicate, beeiaue this rcoults in cimplifi-
cation of some formulas. Submit values of 7 .

9. For the computation of accelerations and deflections, deusigatiou cr
points in the vehicle. Points are designated by giving the MA64re s of
aections or tanks andA of particles within oectionfor whichpv !I. if
i designates a tank or a section for which - 1, Ais not g1iens

-1U3-



32tJ4:
2  tý.. rr.. nir Prograr-

£cr till tank3.

3E =nunber of enrtnes. Same '~ ~VPCS.)

TZhese aroe unCtionis of timec.



-1:C, 1nc2.udirg ~ak~tut not fu,.'-,

t*z c:.-t-re Jr. Kr:,e "z- '.--t , taks Iuel).

inform,?tion a- to c:e~e r not each equi~vulnt trr. recweamjular,
hoiz')ntal cy1in-driceJ., vertical cy!L-,drical, or o~e s.

*:rerctar.C.Oar tanks,
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