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ABSTRACT 

The concept of rocket thrust stand simulation of space vehicle flight 
dynamics is developed. 

An electro-mechanical system is described wherein the space vehicle 
rocket motor attach point motion may be simulated. The physical dimen
sions of the system are small such that it m,ay be used in conjunction with 
current environmental test cells.. ' 

The degree of space vehicle simulation is a consequence of the limita
tions on the excursions of the active strut thrust stand. The resulting 
motion is shown to be vibratory with respect to the center of mass 'of the 
space vehicle system. 

The main emphasis of this work is placed on the development of the 
analog simulator differential equations which ultimately serve as inputs 
to the mechanical system. These equations produce the vehicle motion 
as a function of the physically measurable thrust stand quantities, indi
cated thrust, and motor acceleration. The development of these equations 
consists of elimination of the steady- state component of vehicle motion 
and obtaining analog stability without interfering with the motor simulation. 
r:r:'he ,resulting equations are presented in a general form so th,at simula
tion may be accomplished for any space vehicle whose dynamic modes may 
be described by time dependent, analog-solvable differential equations. 

An analog computer verification of the vehicle simulator concept and 
the r-elated equations are presented. A representative space vehicle con
figuration was chosen so that all of the ramifications of simulator develop
ment may be seen. 
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NOMENCLATURE 
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1.0 INTRODUCTION 

Rocket motor and space vehicle testing and evaluation facilities 
form no small portion of the space effort. It is here that designs are 
verified and the last decimal place affixed to the performance - the 
difference between success and failure in such a precision endeavor. 

Rocket motor testing in the beginning was comprised of rather 
simple firings in a test stand with the purpose of evaluating component 
reliability and determining thrust parameters. If high altitude data 
was required, it was extrapolated by approximate formulas. Today, 
considerations are made of altitude performance, radiation environ
ment, heat transfer, ,base heating, chuffing, and stage separation (to 
mention only a few), all of which are accommodated within a test cell. 

During the last few years, the precision requirements placed on 
thrust and specific impulse data have indicated a weakness in thrust 
stand capabilities. This ~s in the form of the problem of thrust stand 
dynamics. As motors achieve higher performance capabilities, such 
as pulsed fluid injection vector control and small short burst vernier 
rockets, the dynamics problem becomes increasingly severe. 

This report presents an objective. analysis of the thrust stand 
problem by considering the space mission requirements. This results 
in applying the same approach to dynamics as has been applied to 
other motor performance variables - simulation. 

The ignition and burning of a rocket motor induces steady-state 
and transient dynamic loads into the space vehicle with which it is 
associated. These loads may have a significant effect on the perform-' 
ance of the motor itself. Equally important, the thrust stand dynamic 
environment may have a. different effect on the motor performance. 
From the viewpoint of thrust measurement precision,· vehicle simu
lation resolves the thrust stand dynamics problem by eliminating the 

Manuscript received July 1964. 
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necessity of extracting thrust stand dynamics. Thus the thrust data 
is obtained in a more eloquent form of vehicle forCing. 

To accomplish the vehicle simulation, an active strut thrust stand 
was defined. This was operated by the output of a real time vehicle 
simulator analog. The analog was driven by the force in the strut and 
I?-0tor excursions, thus forming a closed loop simulator system. 

The heart of the simulation problem: and the major topic of this 
report is defining the degree of simulation to be accomplished, the 
conditions of vehicle analog stability, the accelerating reference frame~, 
and the analog vehicle stabilizer system. Simulator design equations 
are developed and presented in a very usable format. 

Finally, an analog computer verification of the simulation concept 
is conducted. It is shown that simulation is a very realistic method of 
rocket motor testing and that the equations presented herein are . 
adequate for space vehicle simulation. 

2.0 STATE OF THE ART 

The field of static testing of rocket motors has undergone consid
erable evolution since the early days of rocket motor development in 
Germany during World War II. Even at that time the thrust stand 
devices were similar in many ways to current ones. In general, full
scale V -2 rockets were tested in vertical stands to simulate flight 
conditions as closely as possible. Quite accurate measurements of 
thrust and systems functioning were possible under the conditions of 
the testing. The restrictions on the testing were, as they are today, 
based on mission requirements. At that time, the target was a few 
miles in diameter at a range of approximately two hundred miles. 
Today, the targets may be a few hundred yards in diameter at ranges 
of well beyond many thousands of miles. Needless to say, when the 
payload includes human passengers, assurance of mission success 
must be increased at least a thousand-fold above that of the V-2. 
Thus, the evolution in testing is concerned primarily with increased 
precision. 

':fhe high performance requirement in rocket motor design has 
imposed additional precision requirements on testing. Most motors 
currently being designed and tested have high altitude mission require
ments; therefore precision calls for accurate environmental simulation. 

2 
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Altitude simulation in rocket motor testing has provided'a great 
advance in rocket motor design and evaluation. For example, a 
particular fiberglass rocket motor nozzle which was designed for high 
altitude flight was tested and evaluated in a near standard atmospheric 
environment. The nozzle performed adequately and was subsequently 
tested in a high altitude simulation test cell. Figure 1 depicts the 
result of this latter test. The conclusions were that the rarefied 
atmospheric environment reduced the heat-transfer rate from the 
nozzle to the surrounding air mass and thus induced failure. 

Reference 2' defines some of the problems encountered in high 
altitude flight and space flight, which in many instances pose unique 
problems. These are 

1. Structural integrity and durability, 

2. Ignition and thrust termination of rocket propulsion systems, 

3. High altitude performance of rockets, 

4. Base heating, 

5. Thrust vector control, and 

6. Complete rocket system operation. 

To cope with these problems, facilities have been developed throughout 
the country to provide varying degrees of environmental simuiation. 
These facilities provide the following types of simulation: 

1. Radiation, 

2. Temperature, humidity, climatic, etc. , 

3: Vibration, 

4. Altitude, 

~ v. Free flight, 

6. Aerodynamic, and 

7. Varying degrees of mechanical functioning. 

Because of the wide range of mission requirements, many facilities 
with varying degrees of these capabilities have been established 
throughout the country. In general, the first three of the above envi
ronments are pre-fire conditioning or merely system check-outs. 
Thus they mayor may not appear within the confines of a particular 
test cell which also performs the hot firing. 

Some of the rocket motor test cells, of significant capabilities 
which are located at the Arnold Engineering Development Center are 

3 
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1. Rocket Altitude Test Cell (J -2): The thrust stand compart
ment of this cell is shown in Fig. 2 being readied for an 
altitude check-out test of a third-stage Minuteman motor. 
This cell is capable of sustaining thrust loads of up to 
60, 000 lb. Altitude simulation can be brought up to an 
equivalent altitude of 140, 000 ft with no motor load and 
between 105,000 and 135, 000 ft with motor operation, 
dependent upon the particular motor exhaust load. 

. . 
2. Vertical Rocket Test Cell (J-4): This is an altitude cell 

(l00, 000 ft pre-fire) for the testing of large rocket motors. 
It contains a 100-ft-diam chamber which extends 250 ft below 
the surface of the ground. It has an ultimate thrust capacity 
of 1.5 million pounds. Figure 3 is a schematic of the cur
rent 500, OOO-Ib axial, 5, OOO-Ib side, . and 150, ODD-in. -lb roll 
force thrust stand which is capable of measuring five
component vector forces. The thrust measurement system 
is mounted to the thrust butt, independent of the motor 
geometry. 

3. Rocket Altitude Test Cell (J -5): The J -5 test cell was designed 
for altitude simulation to 120, 000 ft and thrust resolution of 
vector control motors. The ultimate thrust rating is 200, OOO-Ib 
axial, 75, OOO-Ib vertical, and 22, OOO-Ib side torce. Figure 4 
is a schematic of the three-component thrust stand ·configura
tion. Since the thrust stand is mounted horizontally, only 
side vector measurements are made. This indicates the 

. present uncertainty of motor weight and center of gravity 
location during burning. 

Regardless of the degree of simulation sustained during a rocket 
motor test, the dependability of the performance data can never exceed 
the validity of the reduced data. Consequently, a great effort has been 
expended toward increasing data measurement, recording, reduction, 
and interpretation accuracy. Current measurement accuracies seem 
to' be in the vicinity of ±O. 1-percent error in the limit. Of course, 
the facilities which expect to obtain this level have extremely precise 
calibration systems. The thrust stands must be linear (or at least 
accurately defined) and retain the calibration throughout the test within 
prescribed limits. . 

After the data has been monitored, it must be recorded, reduced, 
and interpreted. Each phase introduces error. Probably the largest 

. single component of the t()tal error encountered in thrust measurement 
may' be attributed to interpretation. For example, the thrust curve in 
.Fig. 5 may have been measured, recorded, and reduced with extreme 

5 
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accuracy, but what does the curve mean? What is the true thrust 
force at any instant of time? How much of this indicated force level is 
a function of the first order dynamic effects; and worse, of the higher 
order dynamic effects? 

Some effort has been expended toward removal of the first order 
dynamic effects by introduction of various electronic components into 
the data reduction process. Nevertheless, very little information is 
available on the precision expected by this process. However, it is 
felt that this will not be completely satisfactory since it entails mathe
matical definition and/ or electronic simulation of the thrust stand and 
motor assembly. 

Hence, the future effort concerning development of thrust stands>:c 
must be concerl1ed with resolution of the dynamics problem internally. 
This report proposes three methods for dealing with this problem. 
These are 

1. Accurate description of thrust stand dynamics (see Refs. 3 
and 4). 

2. Development of high precision mass measurement and 
accelerometer systems so that the inertial load may be 
measured and applied to the motor as a free body. This load 
in conjunction with force transducer readout will yield the 
true thrust. 

3. Development of an adequate simulation scheme so that the 
indicated thrust may be interpreted as the true thrust, that is, 
the net force of the motor (including its dynamics) on the 
vehicle .. 

The third of these methods states a more advanced concept of thrust 
measurement since it internally includes the higher order dynamic 
effects on the motor itself. 

Thus, it is the 'objective of this report to advance the state of the 
art by providing a step toward the development of accurate simulation 
in rocket motor thrust stands. 

The reader is referred to Refs. 5 and 6 for a more complete 
discussion of the present state of the art in the field of ground and 
flight testing. 

~c Section 3.0 goes more deeply into the effect of mission 
requirements on thrust stand design. 

9 
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3.0 THRUST STAND DESIGN CRITERIA 

Because of the rapid advances in rocket motor technology and the 
increasingly complex space mission requirements as well, it becomes 
more difficult to provide adequate design criteria for test stands. 
Some of the more recent problems introduced in thrust stand design 
i!1clude a high degree of versatility to keep pace with rocket motor 
design evolution; broad range, precise thrust lueasurements; and 
-various forms of environmental simulation. Sim.ultaneously, rocket 
motors are compounding the difficulty of the problem by their peculiar 
geometries, attachment restrictions, high thrust levels, geometry ~ 
changes during firing, vector control capabilit~es, and sensitivity to 
environment. 

Early altitude thrust stands -developed in this country were designed 
for testing propeller, gas turbine, and other aerodynamic propulsion 
devices. In general, the major objective of these stands was to 
restrain the motor while steady-state thrust measurements were being 
made. The only restriction placed on the system frequency response 
was due to throttle burst which would account for rise times in excess 
of several seconds. Of course, . designers were confronted with various 
types of environmental simulation schemes, motor attachment, multi
degree-of-freedom, and versatility problems which prepared them for 
rocket motor testing as it is conducted today. Needless to say, the 
change-over was not as simple as this, but the transition was made 
quite successfully. 

Other problems have been introduced by the transition which are 
significant. Some of these are hazardous testing conditions and 
extremism with respect to thrust levels and environmental simulation. 
However, none of the above problems has been so vividly introduced by 
rocket motor testing as the problem of thrust stand dynamics. 

Thrust stand dynamics result primarily from the rapid thrust 
build-up and/ or decay rates. For small vernier and attitude control 
motors which expend within a few hundredths of a second, these times 
may be only a few microseconds. Pulsed fluid injection motors used 
for vector control also introduce unique dynamics problems. Figure 5 
is some representative data recorded from a small rocket motor test 
at the Arnold Engineering Development Genter (Ref. 7) wherein the 
rapid rise time induces considerable dynamic overshoot and ensuing 
oscillations. The dashed line is included to suggest the possible true 
thrust level attained by the motor. Thus, the problem of providing 

. adequate thrust stand design criteria must be slanted quite heavily 
toward system dynamics. 

10 
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Fig. 5 Small Rocket Motor Indicated Thrust 

By inspection of past thrust stand designs, it becomes quite appar-
ent that the design criteria used was influenced by the following; 

1. Mission requirements (including accuracy), 

2. Strength (safety)" 

3. Stiffness, 

4. Versatility, and 

5. Simplicity. 

The consideration of dynamics is implicit in the stiffness requirement. 
This results from the response equation 

(Ref. 8, p. 180) 

for a single-degree-of-freedom system acted upon by a constant slope 
ramp function similar to a thrust curve. In the above equation, 

11 
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Xm/Xs = ratio of maximum dynamic response to static deflection 
under peak load, 

T = natural period of stand, and 

r = force rise time of thrust. 

As long as T « T, the thrust stand will follow the thrust curve with no 
tran~ient overshoot. Section 9.1 shows the upper limit required to 
define "stiff" stands as a function of the thrust curve. 

More 'recently, data reduction and thrust stand design criteria 
pUblications (for example, . Refs, 3 and 4) have been somewhat concerned 
with the desire to accurately define the thrust stand dynamica'lly. This 
concern indicates a desire to be able to accurately extract the thrust 
stand dynamic effects from t4e recorded data. The thrust stand design 
criteria then would become somewhat different, since the prime cori-

. cern would then be a design around systemllinearity. Actually, some' 
linearity requirements have been in existence since the beginning of 
testing so that thrust stands could be calibrated and yet retain the' 
calibration during the test period. However, the linearity discussed 
here would impose a considerably more rigid restriction on motion 
and on the degrees of freedom such that the thrust stand motion could 
be described quite accurately by a mathematical model. By this 
reasoning, the ideal thrust stand then might be one which could be 
described by a single, second order, linear differential equation. 

Before concurring with the linearity goal of thrust stand design, 
consider the objectives of rocket motor testing. For the present 
space effort, a particul::tr test should fall into one of the following 
categories. 

1. Basic motor research (burning, stability, etc.), 

2. Motor evaluation and rating (repeatability and levels of thrust 
and impulse), 

3. Systems checkouts, and 

4. Environmental simulation. 

The first two categories indicate a need for a testing platform that 
gives accurate data under known testing conditions. The thrust stand 
must proyide an unbiased reference for the r,neasurements made to be 
meaningful. On the other hand, the latter two categories indicate an 
entirely d~fferent concept from the previous thrust stands, for such 
uses w\,uld fall into the category of simulators. In the past, simulator 
test devices were usually 110ne shot" harnesses or vehicle compon~nts 
used to examine mechanical functions and possibly not thrust levels at 
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all. Here, simulator thrust stands will be understood to be somewhat 
versatile thrust stands capable of measuring rocket motor thrust under 
the environmental conditions of attachment to the vehicle with which it 
is to be associated. 

Even with the vast differences in mission requirements, most 
testing facilities are attempting to utilize the evaluation type thrust 
stand to cover the entire spectrum of testing. However, the increasing 
precision requirements are continually wid,ening the gap between . 
desirable and available test data. 

Consider the cycle that experimental thrust data must traverse to 
appear within a final vehicle/motor utilization program. The thrust 
must be produced by the motor under various degrees of environmental 
simulation, reacted by a thrust stand of peculia'r dynamic environment, 
monitored by a transducer, and recorded on some type of magnetic 
tape. Next, the thrust data must be played back and an attempt made 
at removing the thrust stand dynamics. The data is then corrected for 
various experimental errors and published. The final data is used for 
design and performance input to analytical models. Practically every 
step introduces a finite amount of error. 

Next, consider the reduction in data handling (and subsequent 
~rrors) if the above dynamical model could be simulated by the thrust 
stand. Neither would extraneous thrust stand dynamics be introduced 
nor would it be necessary to remove any type of dynamics. The thrust 
transduc~r output would then be recorded, played back, '0 corrected for 
experimental error, and published. The true static thrust wpuld 
never appear; only the force developed at the attach point to the vehicle 
would appear. The motor vibratory dynamiCs would be implicit in this 
data. Truly, this is the effect of the motor that the vehicle senses. 

With this, the design criteria for rocket motor thrust measurement 
stands is split into two distinct areas: simulation and evaluation. A 
generalized design criteria for the evaluation phase is covered quite 
adequately in Ref. 4. The purpose of this report is to advance the 
capabilities of the simulation concept. 

4.0 STATEMENT OF THE PHYSICAL PROBLEM 

The present day rocket thrust stand consists of three major com-
o ponents. These are the rocket motor cradle support, the force trans
ducer, and the thrust butt'. The multi-axis thrust stand, 'depicted in 
Fig. 6, contains an additional component, a zero moment transfer pivot. 
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In general, a pivot is located at both ends of each strut. Figure 7 shows 
an actual thrust stand design schematic with all of the pertinent compon
ents included. Each component contributes to the overall test system 
flexibility. For example, an Arnold Engineering Development Center 
60, OOO-Ib thrust stand is housed in a 20-ft-diam, 1-in. -thick cylindrical 
chamber. Large steel beams forming a four-legged pyramidal truss 
form the vehicle thrust butt attach point. Heavy webs are used to take 
the fore and aft shear loads. Considerable internal and external 
bracing is used to transfer the thrust butt loads to the large cylindrical. 
chamber. Finally, i8-in. "H" beams carry the loads 70 ft into the 
ground to bedrock. The resulting static spring stiffness is 106 lb / in. 
Next, assuming a 20, OOO-Ib thrust rocket motor is to be tested, the 
flexure pivot would be chosen with the maximum rotational flexibility. 
Such a pivot would have a stiffness of approximately 4 x 106 lb/in. 
Fjnally, a thrust transducer with a high stiffness would be chosen. 
Most transducers have a full scale deflection of approximately 0.010 in. 
Thus, for a 20, OOO-Ib peak thrust level, the stiffness would be 
2 x 106 lb lin. Summarizing, 

Kthrust butt :0: 1 x 10 6 lb/in. 

Knexure pivot :0: 4 x 106 lb/in. 

Kthrust transducer :0: 2 x 106 lb/in . 

. ~--- Force Transducer 

Cradle 

Pivot 

L 
--------------------------------~~----------------------~ 

Fig- 6 Slx·Component Thrust Stand 
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1, 2: 
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4: 
5: 
6: 
7: 
8: 
9: 

10: 
11: 
12 : 
13: 
14: 

8 10 

axial strut flexure pivots 
axial strut torsional flexure 
axial strut load cell 
three strut terminal block 
vertical strut 
horizontal strut 
vertibal strut flexure pivot 
horizontal strut flexure pivot 
horizontal strut load cell 
thrust butt 
calibration rod 
motor cradle 
rocket motor 

Fig.7 Components of Q Rocket Motor Thrust Stond 
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Since the three stiffness coefficients represent series springs restraining 
the rocket motor, their resultant value becomes 

Kresultant "" 0.5714 x 106 lb/in. 

This shows that the thrust butt comprises over one half of the total 
system flexibility. 

Improvements are continually being made to increase the thrust 
stand rigidity by moving to stiffen the three major contributors to 
flexibility mentioned above. Fr:om the viewpoint of thrust butt stiffness, 
there is a practical limit based upon cost. The prospect of doubling 
the current stiffness level is certainly not out of the question, but little 
is gained by this since the natural frequency (which is usually more 
important than stiffness) of the motor in combination with the stand is 
a function of the square root of the stiffness coefficient. Flexure pivots 
and thrust transducers also have reached design levels where little can 
be done to improve their performance without significant technological 
advancements. Therefore, attempting to increase the current thrust 
stand natural frequencies (which are around 30 cps for large motors) 
by a significant amount does not app~ar to be the most gratifying 
approach to the rocket motor testing problems. 

This report is concerned with advancing the state of the art in 
rocket motor thrust stand simulation of in-flight dynamics. Implicit in 
the accompanying discussions is an approach to the solution of the 
thrust stand problem just discussed. The flexibilities inherent in the 
thrust butt, flexures, and force transducer are not removed. In fact, 
they may be shown to benefit the simulation process. An energy 
source is included in the strut of the thrust stand which may be said to 
compensate for the differences between the thrust stand dynamics and 
space vehicle dynamics. 

5.0 PRESENTATION OF THE SIMULATION APPROACH 

Large thrust stands have been and are being constructed at various 
test facilities (for example, NA.SA, HOllston, and the Marshall Space 
Flight Center) for the purpose of testing full-scale space vehicles. One 
of the primary objectives is to provide a closely simulated flight environ
ment for the rocket motor and associated systems. The requirement 
for simulation of this environment is unquestionably justified. Precise 
though the theory may be, it is not and for some time to come will not 
be able to hold the tolerances imposed by space mission requirements. 
The chemical processes of exotic fuels and even the often tested fuels 
undergo nonlinear variation of characteristics within environments 0'£ 
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acoustics, vibration, temperature, and.pressure, to mention only a 
few. Equally if not more important in affecting theoretical estimation 
of performance, reliability, and repeatability is the mechanical design 
(valving, piping, plumbing, etc.). Therefore, simulation must bridge 
the widening gap between theoretical motor performance precision and 
mission requirements. 

Having established the need for precise simulation, the advantages 
and disadvantages of the full-scal~ vehicle simulation tests will be 
considered. 

The advantage gained by full- scale vehicle and motor flight simu
latlon lies primarily in the observation of all vehicle systems functioning 
during motor operation. This serves to uncover unsuspected system 
coupling and failures caused by miscalculated dynamic effects. A 
unique advantage of this type of testing is that count-down procedures 
and timing may be obtained for well-coordinated actual firings. How
ever, this lies outside of the field of motor evaluation and should not 
be considered in this comparison. 

The disadvantages of these facilities in motor evaluation is that 
they are large, expensive,. and make additional simulation, such as 
aerospace environmental simulation, quite difficult. Othe.r problems 
facing these facilities are techniques of vehicle constraint that allow 
small motion yet have high flexibility, versatility with respect to 
vehicle size, and utilization during the development stage when the 
motor is available for testing yet the vehicle proper is not complete. 

\ 

It may therefore be conc~uded that a requirement exists somewhere 
between the present high rigidity thrust stand testing and full-scale 
vehicle and motor assembly flight simulation. The development of 
vector control motors utilizing high frequency, pulsed-fluid injection is 
also causing re-evaluation of thrust stand testing. 

5.1 THE ACTIVE THRUST STAND CONCEPT 

Simulation is a facet of rocket motor and space flight systems 
evaluation which is not new to testing. For example, very exotic test 
schemes have been used at the Arnold Engineering Development Center 
to simulate stage separation characteristics of terminated rocket 
motors under temperature, radiation, and vacuum environments. Also, 
full-scale captive vehicle testing falls into the simulation category . 

. J:'he space vehicle simulation by a rocket motor thrust stand which 
is to be introduced here presents an original development. There is 

17 



AEDC·TDR·64·163 

no new equipment introduced nor is the scheme by which the motor is 
attached to the thrust stand unique. However, the utilization of the 
properties of a particular type of thrust stand in conjunction with a 
real time analog computer yields the desired simulation. 

The use of the terminology "active thrust stand" will be construed 
to mean the classical thrust stand with an additional component in one 
(or more) of the strut members which 'is capable of introducing or 
extracting energy from the system. Figure 8 shows such a ~hrust 
stand., This particular stand shows only one degree of potential activity. 
Now, the utilization of the energy source may be argued to constitute 
some' form of simulation. For example, if it were desired to hold the 
nose of the motor fixed in inertial space, the active strut would have to 
compensate for sev~ral component flexibilities. Such activity might be 
terme d simulation of infinite stand rigidity. Exactly how this is accom
plished is immaterial at this point. Another possible use might be to 
request the active strut to extract energy from the system at a rate 
proportional to some characteristic velocity. This would be tfrmed 
damping simulation. Both of the above schemes have oeen employed 
with some degree of success (Refs. 9 and 10), although no generalizations 
were made concerning the simulator concept. 

Thrust 
butt 
(not 

rigid) 
Energy 

Flexure 
pivot 

transducer 

1------- Active strut ---------...j 

Fig. 8 Active Thrust Stand 
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5.2 SPACE VEHICLE FLIGHT SIMULATION 

Next, consider the possibility of the simulation of the motion of 
the attach point of a rocket motor to a space vehicle by the active 
strut(s). The advantages of such a system are considerable in that 
the bulk of the space vehicle is removed from the test area. Also, 
systems which are sensitive to particular vibration environments 
and which must be tested on a thrust stand may receive a more 
desirable evaluation. This simulation is seen to quite adequately fill 
the gap between full-scale flight vehicle testing and high stiffness 
thrust stand testing. 

5.2.1 Degree of Simulation 

The term simulation implies that certain trade-offs must be made 
between the advantages gained by captive testing and the disadvantages 

. of not performing duplication of the environmental and physical con
ditions of flight. The simulation of space vehicle dynamics is 
limited for obvious reasons. Neither can the test cell contain full
scale launchings, nor can the recovery from the resulting high speeds 
be expected to be satisfactqry. There are two types of simulation 
tests which have been used to evaluate motor performance in which 
'various amounts of motion were allowed. These are rocket 'sled 
motor evaluation (Ref. 11) and space vehicle (Gemini) abort system 
tests (Ref. 12) . 

. The simulation to be applied here concerns only the vibratory 
portion of the dynamic motion, that is, only the motion of the various 
components, including the motor, about the center of gravity of the 
entire system. Since an actuator system with a small travel of the 
moving element will be used, the integral of the motion of the point 
of attachment of the thrust stand must vanish. Since this is compatible 
w~th the definition of vibration, the degree of dynamic simulation 
will be restricted to vibration environment simulation. 

5.2.2 The Simulator System 

Figure 9 depicts a simplified system for space vehicle simula
tion. A force transducer, an accelerometer, and an inertial reference 
will be the linkage between the phys ical motor-thrust stand system 

. and the space vehicle analog simulator. Additional vehicle loads may 
be imposed on the vehicle simulator analog if the situation warrants. 
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Inertial Reference 
Force Transducer 

Thrust Butt // ) 

Active Member/ 

Active Vehicle 

Member Simulator 

Energizer Analog 

Fig.9 Simulator Diagram 

5.3 ACCELERATING REFERENCE 

Next, consider a typical input thrust 
force to the case of a rocket motor. 
Figure 10 is such a thrust-time curve for a 
solid-propellant motor, where 

a is the thrust build-up with the 
erosive burning peak, 

b ia the design thrust area, and 

c is the tail-off. 

Depending on the thrust build -up time, 
the tail-off time, the design burning time, 
and the fundamental natural frequency of the 
system to which the motor is attached, ,the 
thrust curve could appear to the system as 
a step function, a pulse function, or varying 
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degrees of ramp functions. Thus, different levels of transients could 
be excited by its application. In addition, unstable burning may result 
in oscillatory forces superimposed on the thrust curve of Fig. 10 
(Ref. 13). 

Now, consider the motion of a space vehicle in free flight under 
the action of a thrust curve as just described. Since the area under 
the thrust-time curve (the total impulse) is a finite quantity, the 
vehicle will undergo translation accordingly. The resulting motion is 
a vibration (about the center of mass) plus a steady-state acceleration 
proportional to the thrust per unit of total vehicle mass at all instances 
of time. At first glance then, 'it appears that by extracting the thrust 
per unit of total vehicle mass (or accelerating reference) from each 
equation of motion governing the acceleration of the particle concerned, 
the remaining motion would be vibratory . 

. If the accelerating reference is next observed from the viewpoint of 
setting up D'Alembert forces throughout the vehicle, an interesting 
point may be made. By the D'Alembert reasoning, the extraction of 
the accelerating reference from the acceleration equations is identical 
to extracting body forces equal to th,e individual masses times the 
reference acceleration from the force equations of motion. This 
operation is very easily performed within the vehicle analog computer 
depicted in Fig. 9. 

The rocket motor is an integral portion of the space vehicle as 
described above. However, in the simulator it is a physical quantity 
as opposed to the motorless vehicle represented in the electrical 
al'lalog. Thus, application of the body forces to the motor is impossible 
without the benefit of an absolute acceleration. For this reason, the 
accelerating references must be modified to accommodate this deficit 
of the motor. 

5.4 SIMULATOR STABILITY 

A third equivalent concept will now be introduce·d to visualize the 
stability of the system just described. 

The vehicle-motor system is assumed to be moving through space 
and vibrating because of the thrust function. The same accelerating 
reference as described for the vehicle in space will be assumed to be 
moving along s ide of the vehicle. This is shown in Fig. 1 L 

If the reference mass Mr is equal to the sum of the individual 
vehicle-motor system masses. IMi, both systems should have the 
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same net acceleration since they are acted upon by the same thrust, 
T(t). The vibration modes of the vehicle-motor system are then the 
excursions of the vehicle components relative to the reference axes. 

. $" -$--\ .~)--
J ./ . 

" ./ Vehicle-Motor 

r-~ 
M r 

System Axes 
Sets 

T(t) ~ 
..-- \ J 

Reference Axes 
Set 

... ~ 

Fig. 11 Vehicle Coordinate Systems 

Suppose that within the analog, some minute variation existed 
between the reference acceleration and the net vehicle-motor system 
acceleration. This might be due simply to a stray voltage in a circuit. 
This would allow the vehicle-motor system to drift away from the 
reference and the resulting modal amplitudes would increase accord
ingly. Neutral stability may then be seen to exist between the two 
systems. 

To provide stability between the vehicle-motor system and the 
accelerating reference, the following steps will be taken. The acce.1-
erating reference will be defined as ground. Then a stabilizer system 

. will be used to attach' the vehicle -motor system to the accelerating 
reference. This may be done in many ways. However, the method 
chosen must provide small spring stiffness so that the vehicle-motor 
vibratory modes will not be disturbed. Also damping must be provided 
that will be ineffective to vehicle modes yet will damp out the stabilizer
induced modes quickly. In this manner, stability will be attained. 

5.5 EXPERIMENTAL PROGRAM 

The preceding discussion presents the major areas reqmrmg 
theoretical development. These developments will not only be 
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presented as a proof of the., simulation concept but will contain generali
zations for extension to any thrust stand vehicle simulator. 

To complement the theoretical developments, analog computer 
studies will be made. Each major portion 'of the development will 
contain a computer proof. The computer studies will also be useful 
in examining parameters which affect the performance of the stabilizer. 
For example, the ratio of the accelerating reference motion to the 
motion of the vehicle center of mass may be varied to investigate the 
ease of "tuning" and thus of balancing the simulator. 

Finally, a complete experimental study will be made with the aid 
of an EAI Pace 231R Analog Computer. A particular space vehicle 
and rocket motor will be assumed for the study. All of the significant 
thrust stand components will be considered and a complete simulator 

. prograI? developed. 

5.6 ADDITIONAL STUDIES 

The definition, proof, and development of the thrust stand space 
vehicle simulator concept completes the scope of this study. However, 
its usefulness depends upon the equipment and instrumentation that 
comprises it. For the simulator to be successful, the energy source 
in the active strut must be highly accurate with a flat frequency re
sponse in the operating range. The accelerometers and the position 
and force transducers must be accurate and present small time con
stants. Finally, the analog simulator must quickly and accurately 
compute the vehicle modes. ,'All of these problems have been and are 
being studied for other engineering applications. For the most part, 
high quality instruments are available. Section 8. 3 contains a 
discussion of readily obtainable instrumentation and the resulting 
expectations. 

Another study was conducted in an attempt to yield thrust curves 
more meaningful from the standpoint of their effect on'vehicles and 
thrust stands. This study results from the dynamics induced in the 
thrust transducer readout because of thrust stand dynamics. This 
discussion is presented in section 10.0 and Ref. 14. 

6.0 THEORETICAL DERIVATIOHS 

, .This section contains the derivations of the equations and condi
tions discussed in section 5.0. 
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6.1 MOTOR SIMULATION 

To properly analyze a space vehicle being simulated by an active
type thrust stand, an analog computer approach was chosen. The 
equations of motion governing each component were put in a transfer
function-type format. For example, the rocket motor equations were 
uncoupled from other equations, with input and output variables being 
left open-ended to be expressed by other equations. This has a 
necessary function in the operational problem. since the motor will be 
a physical system while the vehicle will be represented electrically. 

Thrust 
Butt __ "'1 

Active Piston' 

Motor 

Fig. 12 Motor Clnd Thrust Butt 

A spring will be assumed to be existent between the motor and 
active portion of the thrust butt, as shown in Fig. 12. Also, related 
springs will be assumed to comprise the linkage between the vehicle 
and the motor, as shown below in Fig. 13. Notice that the motor 
attachment is broken at point 0 in Fig. 13. The active piston will 

CehiCle 

Fig. 13 Motor and Vehicle 
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represent the dynamic characteristics of the vehicle from tliis point 
forward. Thus, the open-ended equations of motion representing the 
analog of the motor are~:C 

T(t} (1) 

and 

(2) 

where F(t) is th~ force exerted on the point 0 as a consequence of the 
motor and vehicle dynamics. 

With these equations, the motion of Xo may be used as the input 
and the resulting F(t) will be the output. . 

6.2 ACCELERATING REFERENCE 

To perform a simulation of any type, v~rious concessions are 
implicit. If this were not the case, simulation would be termed dupli
cation. In the case of test cell dynamic space flight simulation, only 
the vibratory portion of the motion, wherein 

. . 
is considered for obvious reasons. The remaining steady-state 
accelerati.ons as well as gravitational force variation are. simulation 
problems for which no near future solutions appear available. 

At this point dynamic motion will be divided into two distinct 
categories for purposes of simulation. These are steady-state and 
vibratory (or transient). Steady-state acceleration will be that which 
is proportional to the thrust force. That is to say, if the accelerating 
mass were a non-resonant (or solid) mass, it would undergo steady
stat.e motion. It is clear that the center of mass of a group of oscil
lating particles, by this definition, describes steady-state acceleration 
under any external excitation source. Any departure from steady
state motion, then, is vibratory. This may be put into vector form as 

... ..... ..... 
Vabsolute = V steady-state + V vibratory (3) 

~c See Appendix I for a discussion of the method used to write the 
differential equations of motion for a dynamic system. The method 
outlined in this Appendix is used hereafter in this report. 
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Thus. this definition of vibratory dynamics constitutes the test 
cell simulation of space vehicle flight dynamics. The theory of transi
tion from free flight to test cell is developed as follows. 

The equations of motion will first be written in terms of absolute 
values of the time-dependent variables. For example. in Eq. (1). 
xm • xm • and Xo are absolute quantities. 

If a lumped parameter system is considered. the system masses 
may be given by 

Let the motor be defined as the lattermost mass Mm and the 
vehicle by the remaining masses. The development of a: steady-state 
acceleration reference for these masses constitutes the problem of 
this section .. With this value. the absolute accelerations may be 
reduced to vibratory accelerations for the purpose of simulation. 

There remains one more consideration to be discussed before 
evaluatin.g the steady-state acceleration .. During simulation, no steady
state D'Alembert forces act on the motor. Such forces may be elec
trically removed from vehicle analog members only. Thus the motor:' 
will attempt to advance in the simulator an excessive amount under 
thrust if a direct transformation is made from space to the thrust 
stand. 

Consider the following set of free body diagrams (Figs. 14 and 15). 

I Mv I· F(t) F(t) -I Mm I~ T(t) 

I 

"---1 "s---l "-1 Xv Xs xm 

Fig. 14 Vehicle Gnd Motor ill Space 

T(t) -I Mv ~ F(t) F(t) ~I Mm ~ """--T(t) 

Xr--1 xss--i .. ~ Xm 

Fig. 15 Vehicle and Motor in Thrust Stand 
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In these diagrams, Mv constitutes the vehicle mass given by 
m - 1 

Mv = ~ Mi 
i = 1 

and F(t) is the reaction force of Mv on Mm' 

( 4) 

Figure 14 shows the lumped components of the vehicle in flight. 
The motion of the center of mass is indicated by 'xs s. Figure 15 

- shows the vehicle in the thrust stand configuration. The thrust force 
shown counteracting the motor thrust vector is actually distributed 
among the vehicle masses, proportional to their magnitude, within the 
analog. It appears at first that an unbalance exists on the mass Mv in 
Fig. 15. However, since xss must be set to zero in the thrust stand, 

tb tb f -T (t) dt ,+.r F (t) dt = 0 

where tb represents the time to burn-out of the rocket motor. Let the 
vibratory accele,ration of the center of mass of Mv in Fig. 15 be given 
~ . 

• Xv v ib Xr (5) 

where xr is the reference acceleration which must be extracted from 
the absolute quantity to allow the value of 'xss in the thrust stand to 
vanish. This constitutes duplication of 'xm 'b t . Summing forces 

VI ra ory 
on Mv in Fig. 15 results in . 

F(d -.T(t) Mv (xVabs - xr) 

Solving the above for 'xr produces 

Xr = xVaba + 

From Fig. 14, 

Xv F (t) /Mv 

From Fig. 15, 

T(t) - F(t) 
Mv 

T(t) - F(t) = xmMm 

Substituting Eqs. (7) and (8) into Eq. (6b) produces 

F(t) Mm" 
Xr. '" -- + -- Xm 

Mv Mv 
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m-l 
where My :$ Mi, which is the desired result. Now, if the quantity 

i = 1 

Xy XYvih + Xr 

is substituted wherever xabsolute occurs in the equations of motion 
concerning the vehicle analog, the desired simulation is obtained. 

·At first this work may appear to be trivial since by merely 
ext racting . 

( 10) 

(11) 

from each Xv the same effect is gained. However, T(t) is an unknown 
quantity, and F(t) and 'xm are physically measured thrust stand 
quantities. . 

To provide a check on the accelerating reference concept, a 
simple vehicle-motor problem was solved with the aid of the analog 
computer. This problem and its discussion both are contained in 
Appendix III. 

6.3 SYSTEM STABILITY 

Simulation of rocket dynamic flight presents the problem of system 
stability. This may be seen by referring to Fig. 16. 

If it is assumed that the vehicle'is internally stable, that is, that 
K and C are positive, then the system stability is a function of the 
external properties. This is to say that Sk, as well as Sc, must have 
values such that the characteristic equation is satisfied for stability. 

Inertial 
Ref. 
Plane 

Fig. 16 Motor-Vehicle Stability Model 
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The stabilizer system in Fig. 16 is attached to an inertial reference 
plane as shown. In the simulator concept, the reference frame is, of 
course, accelerating with the vehicle. On the other hand, the accel
erating reference may be construed as the inertial reference and the 
ensuing D'Alembert forces acting to. constrain the vehicle motion. With 
the last concept, the stabilizer system may be easily adapted. 

The equations of motion for the complete assemblage of Fig. 16 
may be written as: 

and 

Mlxl +(Sk - 1) KXl + (Xl - x2 ) K + (So - 1) CX l 

+ (Xl - X 2) C = 0 

Dividing through by Mi and simplifying, 

Now, if an accelerating reference is defined by 

then Xl and 'x2 may be reduced to vibratory motion. Subtracting 
Eq. (14) from the right-hand sides of Eqs. (12) and (13) produces 

where Xl and x2 are now vibratory modes. 

. (12) 

( 13) 

(14) 

(15) 

. (16) 

The stability of these equations may be checked by removing the 
source of excitation and assuming a complementary solution of the 

. form 

Xi 
rt 

Xi e 
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Next, assuming: Mi, C, and K are all real and positive, 
define 

Substituting the above into Eqs. (15) and (16) yi~lds 

and 

By eliminating the displ.acements from these equations, the following 
quartic equation in the roots of the complementary function of the 
fourth-order system is obtained: 

+ 2ab[C2a(Sk - 1) + Clb(SC - 1)]r + a 2b2 (Sk - 1) = 0 (18) 

For Eq. (18) to be stable, all four roots must be negative or complex.' 
The real portion of the complex conjugate pairs must also be negative. 
These conditions are assured upon satisfying the stability criteria as 
per Refs. 15 and 16. 

Routh's Stability Criteria is stated as follows. * Given the quartic 

>'~See Appendix II for a general discussion of Routh's Stability 
, Criteria. 
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Stability exists when the first column of the following array contains 
the same numerical sign. Consider the array 

1 n2 n4 
n, n3 o· 
mt ml 0 
m3 0 0 
m4 0 0 

where 
m, == n2 - .nin, 
ffi2 == n4 
ma == n3 - n1n4/m1 
m4 = n4 

Since the first coefficient in the first column is positive, the stability 
criteria reduce to the requirements that 

(19) 

(20) 

(21 ) 

(22) 

where 

(23) 

As previously stated, the coefficients a, b, (1, and (2 are positive. 
Also, for all problems pertinent to this analysis, Sk and Sc will be 
equal to or greater than unity. The system stability will be analyzed 
using these values. 

By relating Eqs. (19) through (22) to the coefficients in Eq: (18), 
the following conclusions may be drawn. (fJ. is defined a~ M1/M2)' 

1. Eq. (19) is satisfied since Sc >- fJ.. 

2. Eq. (20) is satisfied since Sc 2: 1.0. 

3. Eq. (21) is satisfied since fJ. >·0. 

4. Eq. (22) is satisfied if Sk > 1. O. 
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Therefore, the conditions of Eqs. (19) through (22) are satisfied 
in view of the assumptions made as to Sc' Sk, and ~ (providing 
Sk > 1. 0 and not equal to 1. 0, as assumed previously). 

Thus, the stability check is completed for the areas under consid
eration. However, it is interesting to observe that even though Sk 
must always be greater than unity for stability, under certain circum
stances, conceivably Sc could go below this value . 

. The stability concept discussed here has been investigated, for a 
simple vehicle-motor configuration. The values of Sc and Sk were 
varied over a considerable range. This investigation was made in 
conjunction with the accelerating reference concept and is included in 
Appendix III. 

The results of Appendix,III are interesting in that an accelerating 
reference tuning requirement is brought out. Figures III-5 and III-6 
show that the reference frame tuning parameter given by 

e = xranalog !Xrtheoretic 81 (24) 

must be utilized since perfect system balance will not exist because of 
slight variations in simulator component output. If this tuning is not 
accomplished, the analog model will drift toward the equilibrium 
pOElition and excite stabilizer-vehicle oscillations. This is undesirable 
since such motion utilizes thrust stand actuator travel. 

Finally, with reference to Fig. III-7, the wide variation in inter
section of the e axis with Sk may be attributed to stabilizer static 
deflection-induced bias. This effeCt is of small consequence since 
this bias force will be quite small in the simulator model. In fact, if 
the stabilizer spring is attached to a mass which is coincident with the 
center of mass, this force will vanish. It is therefore desirable to 
attempt such a design. 

6.4 LOW FREQUENCY ENERGY DISSIPATIOt~ 

The previous two sections discuss means 'of obtaining stability of a 
simulated vehicle being accelerated by a thrust force. This stability is 
obtained by affixing a spring and dashpot between one of the vehicle 
masses and the accelerating reference frame. However, the damping 
used to reduce the oscillatory motion at low frequencies also had an 
effect on the high frequency dynamics. It is the objective of this 
section to ,devise a scheme for damping at low frequencies only and 
still provide a low frequency restoring force. Figure 17 shows a 
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scheme to be used for this objective. Reference 17 contains·a discus
sion of energy dissipation systems in general. The system chosen 
here is discussed in more detail in this reference. Note that at low 
frequencies, that is, for Sk near unity, the vehicle proper may be 
assumed to be a non-resonant mass. By letting subscript vm indicate 
vehicle plus motor properties, 

(Sk-1)K c~ 
K 

~vm 

Fig. 17 Energy Dissipation Model 

Msxs + Kxs - KXvm 

+ CXs = 0 
(~5) 

and 

Mvmxvm - Kxs + (Sk - '1) KXvm 

+ KXvm = F (26) 

However, an adequate 
definition of the us efulne s s 
of this system may be 
made by observing only 
the first equation, sinus
oidally varying xvm at a 
constant amplitude 
throughout the frequency 
range, and calculating the 
effective spring and 

damping coefficient of the point xvm as if Mvm were not present. Thus, 

Ms" C. 
Xvm = K Xs + K Xs + Xs (27) 

and 

F= K (Skxvm - xs) 
(28) 

If the dynamics of Eqs. (27) and (28) were defined by a set of effective 
coefficients, such as by those of a system which is used to discuss 
system stability, the ;resulting forces would yield frequency dependent 
coefficients. Thus 

F (29) 

Now asstlme that. 

X e icut Xvm = vm , ( 30) 

where Xvm, Xs ' and F may be complex constants reflecting the ampli
tude 'and the phase shift n~cessary. Considering a unit displacement 
for Xvm and substituting the values of xvm, xs, and F from Eq. (30) 
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into Eq. (28), there results 

F '" K (Sk - Xs) 

But from equatjon (27), 

(31) 

(32) 

2 
where K/Ms = wn . Solving for Xs (remembering that Xvm = 1) yields 

Substituting this into Eq. (31) yields 

f '" K [Sk - 1/ [1 - (CU/CUn)2 + i (2'cu/cun)]] 

Substitution of xvm = Xvmeiwt = e iwt and F = Fe iwt 

into Eq. (29) yields 

.f '" Ke ff + icuCe ff 

Equations (33) and (34) combine to yield 

Keff . cu C [Sk [1 - (CU/ CU n)2 + i(2'cu/cu n )] - 1 J + 1- eff = 
. K. K [1 .:.. (CU/CU n )2 + i (2'cu/cu n )] 

Comparing the real and imaginary portions of the above. produces 

Kef{ . Sk I [1 - (CU/CU n )2)1 + 4 ,2 (CU/CUn)2} - [1 - (CU/CUn)2] 
--K- = [1 - (CU/CU n )2)2 + 4,2 (CU/ CU n)2 

where, in Eq. (32) on the relationships 

C2 
:= 4C KM and K/M = cu~ 

are used. Furthermore, 

C cu/K 

Now Eq. (37) may be written in two forms, either 

34 
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(35) 

( 36) 

(37) 

(38) 

(39) 
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Equations (36) and (39) are easy to visualize. Equation (36) is the ratio 
of the effE?ctive spring constant Keff to the K value as shown in Fig. 17. 
That is, it is the ratio of the value of K felt at point Xvm to the value 
shown. Similarly, Ceff/C is a measure of the damping felt to that given, 
that is, that amount of damping passed through the system. Ideally, 
it is desirable that Keff /K be equal to near unity for all frequency 
ratios, w/wn ' and Ceff/C be equal to near unity for low frequency ratios 
and zero for high frequency ratios, where the difference between a low 

and a high frequency are set by the problem. ~ Ceff can be considered 

to be an energy dissipation force per unit spring constant just as 
KefrlI( can be visualized as a'restoring force per unit spring constant. 

Equations (36), (38), and (39) were solved by the use of an IBlVI 7074 
digital computer for values of the dimensionless springs and dampers 
over a wide frequency range. The computer output is determined where
by w/wn is the independent variable, with Sk and' as parameters. 

. . 
The choice of a system to be used was made after comparing the 

plots and cross -plots of the tabulated results. These plots are shown 
in Figs. 18 and 19 . The restoring ,spring stiffness denoted by 
(Sk - 1) K for Sk in the vicinity of 1. 5 or greater is satisfactory. Thus, 
an acceptable stabilizer spring system stiffness may be chosen.which 
will not disturb the vehicle system dynamics at high frequencies yet 
will provide adequate stability and energy dissipation at low frequencies. 

The system chosen from the various data plots to adapt to the 
vehicle for reference stabilization is given by Sk == 1. 5 and, = 1.0 for 
tl~e system described by Eq. (35). 

Needless to say, Eq. (35) does not represent all possible energy, 
dissipation-stabilizer systems nor even the best for all uses.)!< How
ever, as will be shown, the chosen system present's a very adequate 
solution. 

Even with the values of Sk, " and lVIvm known, the stabilizer 
system is not completely described. Two additional relationships 
are necessary to define it. 

In the development of Eq. (35), it was tacitly assumed that Xvm 
was sinusoidally disturbed with an amplitude of unity since the pres
ence of lVIvm considerably complicates the motion. Thus, the plots of 

. ~(See Ref. 17 for an investigation into this and other possible 
systems. This reference, in part, determined the justification for 
using the system chosen. 
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this equation does not completely describe the energy dissipation and 
stabilization rates of a multi-degree-of-freedom system. The analysis 
must then continue for such a system. 

First the frequency ratio, f3 = w/wn ' must be found which allows 
the maximum energy dissipation for the system of Fig. 17 with Sk = 1. 5 
and'; = 1. O. This frequency ratio is of importance because if the 
system fundamental resonance occurred at this point, stabilization 
would occur with the minimum number of oscillations. By substituting 
the known values of Sk and'; into Eq. (35), the following equation in (3 
exists: 

£«(3)= 1.5 (l + if3)2 - 1 
(1 + i(3)2 

Multiplying the numerator and denominator by (1 - i(3)2 clears the 
imaginary portion out of the denominator and yields 

{«(3) = 1.5 (l + W)2 - 1 + W + 2i 8 
. (1 + W? 

• 
. Since the objective is to find the maximum value of the energy dissi-
pation coefficient, only the imaginary portion of this equation will be 
considered, which is 

£«(3) imag = 2(3/0 + WP 

If the first derivative is set equal to zero, a maximum then exists 
which is (32 =,j: Thus, for maximum energy dissipation, 

(3 = l/~ (40) 

where f3 = w/wn, Sk' = 1. 5, , = 1. O. The value of (3 = 1/{3 ~ 0.5774 
may be verified by inspection of Figs. 18 and 19. 

Next, the fundamental natural frequency of the system will be 
found. Since it would be of great advantage to have this frequency 
occur at (3 = 1/...[3, it's value will be set and the resulting design rela-
tionships found. This is accomplished as follows. . ' 

If Eqs. (25) and (26) are divided by the coefficients of their 
respective accelerations the following equations result: 

Xs + : s (xs - xvm) +. ~: Xs = 0 

and' 

1.5 K (x 2 x ) Xvm + -- vm - -- fj 
Mvrn 3 

o 
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The force F is deleted since only the complementary functio!:! will be 
analyzed for the natural frequencies. By making the substitutions 

Cc == 2 Ms a, a2 = K/Ms. and b2 == 1.5 K/Mvm ( 41) 

the equations of motion reduce to 

(42) 

and 

Xvm + b2 (xvm - + xs) == 0 ( 43) 

Next, let the solution be assumed of the general form 

Making this substitution into Eqs. (42) and (43) produces the following 
two equations: 

and 

By dividing out e [rt] , solving the second equation for Xvm, substituting 
this into ~he first, and dividing out X s , the following charact~ristic 
equation representing the roots of the fourth-order dynamic system is 
obtained: 

( 44) 

A Routh stability check performed on Eq. (44) showed that there were 
no positive roots (see Ref. 15, p. 134). Since the possible roots of a 
quartic are real pairs and/ or complex conjugate pairs, the roots may 
be 'assumed tO,be 

r1==-p+iq 

. r 2 == - P - i q 

r3 == - u + ia/va 

ia/ V3 
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Note that the imaginary or oscillatory parts of r3 and r4 are assumed 
to be Wn = a/V. This in effect is forcing the natural frequency to 
occur at the frequency of maximum energy dissipation. Thus, b 
becomes the dependent variable whose solution will yield the final 
defining equation for the design of the stabilizer system. 

If r3 and r 4 are roots of Eq. (44), then r3r 4 should divide into it 
with zero remainder. Forming the product r3 r 4 yields 

and dividing Eq. (45) into Eq. (44) yields the quotient 

along with the remainder 

(2 [ab2 _ (a _ u) (a2/3 + u2)] - [2u (2a2/3 + b2 - 4au + 3u
2
)]) r 

+ a2b2/3 _ (2a 2 /3 + b 2 
_ 4au + 3u 2

) (a 2 /3 + u 2
) 

If the remainder must vanish for all values of r, then 

and 

where u. a, and b are real and positive. Expanding Eq. (47) and 
collecting terms results in 

o 

Similarly, expansion of Eq. (48) produces 

o 

Solving the above for 3b 2 yields 

(45) 

(46)' 

(48) 

(49) 

(50) 

3b2 = (- 27u~ + 36au 3 
- 15a2 u2 + 12a3 u - 2a~) /3u 2 (51) 

which, when substituted into Eq. (49) produces 
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This expression may be multiplied through by 3u2, expanded, and the 
terms collected to yield 

(52) 

From Ref. 18, it can be seen that a quintic must contain at least one 
real root, and since there are five changes in sign, all of the roots 
may be real. Several roots of u were found by plotting. However, a 
restriction placed on the acceptable root by Eq. (51) necessarily being 
positive eliminated all but 

u = 0.2107,4 a . (53) 

Finally, u is eliminated by substituting Eq. (53) into Eq. (51) to 
express b in terms of a as follows: 

b2 = 0.36625 a2
, or b = 0.6052 a (54) 

This result appears reasonable for the following reason. Equation (54) 
states that 

. y 1.5K/Mvrn 0.6052 -j K/Ms (55) 

Had Ms been fixed to ground,. then, by definition, 

Y 1.5 K/\1vrn = (1/ fi) -j K/Ms = 0.5774 -j K/Ms 

Since Ms is not fixed rigidly to ground, Mvm must experience a slightly 
stiffer spring system. 

The next step is to check for the existence of the remammg 
natural frequency. This is important since the uppermost natural 
frequency is the prime criteria for the design of the system from the 
viewpoint of performance. 

Since two of the roots have been established as 

r3 = -u + ia/ V3 and r .. = -u - ia/ ,f3 

indicating' the natu~al frequencies to be ± a/V, 1'3 times r4 must divide 
the characteristic equation with no reniaincler. Thus, the quotient 
given by ~q. (46) must contain the remaining roots, r1 and r2' It has 
been shown that to make the remainder vanish, u = O. 2107 4a and 
b 2 

== 0.36625 a 2 . If these values are substituted into Eq. (46), this 
equation simplifies to 

r2 + 1.57852 ar + 0.32319 a 2 0 (56) 
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The roots of this, equation are 

r l = -0.24177 a, and r2 = -1.33675 a 

This result is quite enlightening since it shows that only one natural 
frequency need be dealt with throughout the frequency spectrum. 

The utility of the foregoing 
analysis may be described by 
referring to the adjacent sketch. 
Thus, if a vehicle requires sta
bilization, Eqs. (28), (42), and 
(55) may be combined to define a 
desirable transfer function. 

r 
I

I 
I 

-.. --------- .. ·---·------l 
Stabilizer- Fout 

Damper 1-----

Let it be assumed that the 
operating natural frequency U of 
the stabilizer damper is the pre
requisite for the design and is 
known. Then, by definition, 

I I . 

I _____ s_t_a_:_:_:_~_:_-e_~~-~D_-_a_m~p~e~r~ __ JI _ Transfer Function 

U = a/ va (57) 

By substituting Eq. (57) into (42), there results 

where xin has replaced xvm for obvious reasons. Next, from Eq. (28), 

Foul = 1.5K(Xin - +xs) (59)' 

for Sk = 1. 5. Also, Fout has replaced F. By definition 

b2 = 1.5 K/Mvrn 

and solving for K produces 

Substitution of Eq. (57) into Eq. (54). yields· 

b2 = 3 (0.36625) U2 

Finally, Eq. (60) becomes 

K = 0.73250U 2 Mvm 

and Eq. (59) expands to 

FOUl = 1.09874U 2 Mvm (xin - -}-xs) 
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~ummarizing: 

K 0.73250n2Mvm • Ms = 0.24417 \1vm. and C 

which form the transfer function relationships 

and 

where 

Foul + 1.09874n2~1vm·(+ Xs - xin) 

xin = input displacement 

F out:; output force 

n = design natural frequency 

Mvrri = vehicle plus motor mass 

AEDC-TDR·64-163 

2V3n 

o (62) 

o ( 63) 

Xs = stabilizer-damper mass displacement. 

Figure 20 presents an analog computer summary plot of Eqs. (62) 
and (63) for various values of the coefficient of a 2 in Eq. (54). It can 
be seen that an optimum configuration does exist somewhere between 
0.30 and 0.40 in this figure. This verifies the value of 0.36625 pre
dicted by Eq. (54). 

Figure 21 shows the effect of various inputs on the response of 
the stabilizer system described in Eqs. (62) and (63). No appreciable 
change can be seen between the thrust curve and the step function 
response. 

6.5 FLIGHT FORCES 

In addition to motor-induced dynamic forces, space vehicles 
experience body forces, external forces, and inertial forces. So far, 
only those inertial forces caused by acceleration under motor thrust 
have been considered. In addition to these, forces may exist from 
sources such as aerodynamic loads, gravitational loads, internal 
systems dynamics, and stage separation. 

Vehicle dynamics may be generalized into two major categories as 
disc~ssed in the section concerning the accelerating reference. These 
are steady-state and vibratory. The steady-state modes may not be 
simulated; however, the transients induced by a steady-state force 
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.Fig.20 Analog Response Plots of Eqs. (62) and (63) to the Thrust Curve of Fig. 21 
for Various Values of the Coefficient of 0 2 in Eq. (54) 

44 



• -x x 

F(t) 

Note: 

= 

AEDC-TDR-64-163 

~V:~ - -t=:; -: ~ - I::'-~ 1::'-=:-- -- -:::- -- _ _,= -- -- _ f= 

:_=.- t=: ___ =---= --==f:=== _ ~ _c ___ ~ ~- --F - f== --- -= __ 

time 

1:::-_ - __ r==--'.::I _~==-_c=== 
___ ~=- _= =t::: • :-::-~_~.::= == -- _ F--':;':" :-:e=- ~E::=::F= 

-Fff:: 
-
_:L-= c:t: E-~ - - -=-:+---:: _:,:- :-:-_ ::.-~ __ -_-F=·=-~ --.-

F ~ =1=:::: :- =--= -_- __ F-~:::~_ ~--~=-===:- • = -=-= == --F 
-;o.;c .. 

time 
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Fig.21 Response of Stabilizer-L>amper to Various Input Functions 
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Fig. 22 Space Vehicle Flight Loads. 

may be simulated. In the case of steady-state forces, the accelerating 
reference must be manipulated to yield the integral of the net travel 
null. Vibratory loads may be applied at the location of their origin 
directly since they satisfy the null integral concept .. 

The final source of vehicle loading to be discussed is the body 
force loading caused by gravitation. Figure 22 shows a space vehicle 
component. under the various flight loads. In this figure, 

Mig = weight force 

Ft = axial internal forces 

F r = other resisting forces 

In Fig. 22,Ft and Fr may represent steady-state or vibratory loadings. 
By summing the forces on Mi in the axial direction, 

(64) 

The gravitational force, for small oscillations, can be seen to introduce 
no variation of internal stresses. Also, because of the linear nature 
of Eq. (64L the presence 9f Migsin1> may be seen to contribute nothing 
to the oscillatory characteristics of xi' This may be argued (see 
Ref. 19) by presentation of the fact that for small oscillations, the 
change' in p<?tential with respect to xi is infinitesimal. 

The previous discussion of neglecting the gravitational loading 
assumes the presence of no constraints. However, if the desired 
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simulation consists of a vehicle sitting in a launch platform with the 
thru§~t being applied, the gravitational forces would be a necessary 
part vi the program and should be considered. 

The remaining forces, Ft and Frcosa' from Eq. (64), should be 
included by separating the steady-state and forced vibratory components 
and applying them accordingly. The steady-state component should 
modify the accelerating reference equation, Eq. (9), by an amount 
givE!n by 

F t - Frcosa 

Mv 
( 65) 

Finally, the forces Ft and F rCosa' should be applied to the vehicle 
equations with which they are connected. 

7.0 ANALOG COMPUTER VERIFICATION OF THE SIMULATOR CONCEPT 

An analog computer study was conducted as a means of verifying 
the concept of space vehicle simulation within an active member 
rocket thrust stand. The test was conducted using a particular vehicle 
and motor system. 

The analog method of proof was chosen since the theoretical 
developments made in this report are concerned only with the activity 
of the analog simulator component of the thrust stand. Other com
ponents of the simulator thrust stand were adequately considered for 
their effect on the performance of the simulator. 

No attempt was made at evaluating any particular equipment or 
instrumentation since this is outside of the scope of this work. How
ever, the results of the theoretical investigation imply regions of 
varying sensitivity to instrumentation precision that will be discussed 
in section 8. 2. 

An EAr Pace 231R Electronic Analog Computer (shown in Fig. 23) 
was used" to study the simulation concept being applied to an assumed 
space vehicle and motor configuration "in an active strut, single-degree
of-freedom thrust stand. 

7.1 EXPERIMENTAL MODEL 

Figure 24 depicts the space vehicle-motor system for which the 
simulation is to be accomplished. Only the axial dynamics will be 
considered since this will be sufficient to verify the concept." 
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Space Vehicle Motor 

Fig. 24 Spl;1ce Vehicle-Motor System for SimulQtor Check.out 

The space vehicle and motor analyzed here are strictly hypothetical 
models. However, the physical characteristics of the assumed configu
ration are not unreasonable. They were conceived without' regard to 
simplifying the study other than the assumption of coefficient linearities. 

The lumped-parameter model of Fig. 24 is shown in Fig. 25. The 
M'S represent masses, the K's springs, and the CiS dashpots. T(t) -
and Mm(t) are time-dependent thrust and mass, respectively. 

I 
I 

I 

(M~ - 1.554 Ib-sec 2/in.), 
(M 2 = 1.295 Ib-sec 2 /in.I, 
(M. - 1.036 Ib-sec 2 /in.I, 
(M. - 0.777 Ib-sec 2 /in.), 
(Ms - 0.518 Ib-sec 2/in.I, 

. ' Tdt 
and Wm = 200 - ~200 Ibm 

(Mm = 0.518 - 1.036 X 10- s 

fTdt Ib-sec 2/in., 

where fT(t)dt/250 - fT(tldt/Isp is the propellant burned at a sp~cific 
impulse of 250 Ib-sec/lb. 

i K12 = 2 X 10 5 Ib/in. 

L
23 - 3 X 10 5 1b/in. 

K3 • = 4 X 10 5 1b/in. 
K45 ~ 5 X 10 5 Ib/in. 
Ks - 5 X 10 5 Ib/in. 

C12 = 15 Ib/scc 
C23 - 15 Ib/Ecc 
C3. - 15 Ib/sec 
C,s = 15 1b/scc 
CSm = '15 Ib/scc m . 

Fig. 25 Lumped'PQrQmeter Space Vehicle-Motor Model 
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. 
The motor mass Mm is seen to present a simple nonlinearity in 

the system. The integral is added to promote mass variation; however, 
this is a quite simplified approach. Section 9.0 presents a more 
adequate discussion of thrust curves and mass rates. 

Several thrust curves were used in this study. These were a pulse, 
a step, and varying degrees of ramp functions. Figure 26 is a generali

'za.tion of these thrust-time functions. 'The rise times for the step and 
pulse functions are very nearly zero. The ramp function rise times 
were 0.001, 0.010, and O. 100 sec. The full duration thrust curves 
(composed of positive ramp, constant thrust, and negative ramp 
functions) were all set at a total impulse of 2800 lb-sec. 

total burn' t'ime 

rise 
time 

tail 
off 

Fig.26 Typical Thrust Curve 
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7.2 THRUST STAND PROPERTIES 

The properties of the thrust stand by which the vehicle space 
flight simulation is to be accomplished will now be presented. Figure 27 
is a simplified sketch of the simulator thrust stand. 

Section 8.3 discusses some particular instruments that are used 
in rocket motor testing. Similar characteristics will be assumed for 
the components of the stand shown in Fig. 27. 

r-Linear 
Differential 

r--- Live Aetua tor 

,---- Force Transducer 

,.--- Accelerometer 

-------, T(t) 

tr~: f---Motor 

Strut 
-------1 

/7/ 7 ~ 

Fig. 27 Simulator Thrust Stand 

The thrust transducer will be assumed to have a capacity of 
6000 lb with a rated load deflection of 0.006 in. This instrument is a 
standard strain-gage, balanced-bridge load cell. The resulting 
effective spring stiffness for this unit may be seen to be 106 lb lin. 
The differential transformer is used to continuously monitor the 
position of the thrust butt with respect to inertial space. Since there 
will always be flexibility in any thrust butt, the live actuator must 
extend to compensate for any induced deflection. The output of the 
differential transformer and the vehicle simulator analog will then be 
summed and be the input to the live actuator to position it. However, 
this step is practically trivial, and it is thus felt that including thrust 
butt flexibility in the analysis would add nothing to the proof of the 
simulator theory. Therefore, it will be deleted by assuming infinite 
rigidity of the thrust butt. 
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The active member of the thrust stand will be an electrohydraulic 
exciter. The choice of an exciter is an MB Model 30-15-1/2>:<. This 
model appears somewhat small in light of the 2800-lb thrust generated 
by the motor. However, it represents a lower limit to the flexibility 
that would be encountered for such a motor. This will more vividly 
bring out its effect on the overall simulation problem. 

A reasonable working fluid pressure for the' exciter is 2500 psi. 
Line losses and bac~ pressures may account for approximately 500 psi 
(see Ref. 21). Hence, the area of the actuator stage piston is given by 

1\ = ___ 30,,-,0,-0_I_h_ = 1.5 in~ 
2000 lb / in~ 

From Ref. 22, p. 316, the fluid compressibility may be given by 

~= ..E.. 
dY Y ( 66) 

where p is the fluid pressure, V is the volume, ,and E is the compres
sive elastic modulus. By definition, 

dp = dF / A ( 67) 

where dF / A is the differential force per unit area. For a constant 
area cylinder, 

dV=Ady (68) 

where y.is the piston stroke. Substitution of Eqs. (67) and (68) into 
Eq. (66) yields 

..AL = EA2 
dy -Y-

But dF / dy is the resistance per unit deflection or the stiffness. Since 
the MB 30-15-1/2 contains a double acting piston, the stiffness is 
given by 

K ( 69) 

>:<MB Model 30-15-1/2 Electrohydraulic Shaker derives its power 
from hydraulic pumps, but the motion is signaled by an electric voice 
coil:-armature arrangement which acts as the pilot stage of a three
stage servo system. It has a' vector force output of 3000 lb, a velocity 
limit of 15 in. / sec, and a peak-to-peak amplitude of 1/2 in. (see 
Ref. 20). 
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If the volume of the working fluid in the lines is neglected, 

v = AL/2 (70) 

where L is the total (or double amplitude) piston stroke. Thus, upon 
combination of Eqs. (69) and (70), 

4EA K = -L- (71) 

A good value for the elasticity of the working fluid is 200,000 psi~l:. 
By substituting the known quantities into Eq. (71), the actuator spring 
constant becomes 

K = 4 X 200,000 x 1.5 
0.5 

= 24 x lOs Ib/in. 

All of the sources of major flexibilities have now been discussed. 
Figure 28 summarizes the system and introduces the remote analog. 
The value of Ma will be assumed negligible since its value is small; 
say twenty pounds since the exciter head is approximately ten pounds. 
With this, an additional degree of freedom is averted. 

F(t) 

A M5 
N 
A M4 
L 
0 
G Ms 

Ma 

Ml 

10 x ~o;:; 7 ------ -\\.- T(t) 

. ! J-L.-
\ _I I . 

----- _/ . 

Keff 

K45 

K34 

K23 

K12 

M = 0.518 

1.036 x 10-5 j'Tdt 

M represents the 
a 

actuator and strut 
mass and Keff is 
the spring constant 
which must be supplied 
so that 

K5 = 5 X 10 5 1b/in. m 

Fig. 28 Simulator Schematic 

*See, for example, Refs. 23 or 24. 
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The effective spring constant, Keff' will now be calculated. Since 
series spring constants add reciprocally to yield the reciprocal of the 
resultant spring constant (see, for example, Ref. 25), 

1/5 X 105 = 1/10 X 105 + 1/24 X 105 + l/Ke rr 

Solving for Keff yields 

Kef{ = 17.142 x 105 Ib/in. 

The concept of separation of the motor' at the particular point ··0" was 
discussed in section 6. 1. This point occurs at the hydraulic actuator 
within the actuating fluid. Therefore, the physical thrust stand strut 
has an effective stiffness of 

Kom = 10 x 24 X 105 

(10 + 24) 
= 7.06 X 105 Ib/in. 

Thus, the equivalent spring system has been defined for adaptation 
of the motor to the thrust stand. However, the same equivalent 
coefficient must be computed for the damping term. This will be 
accomplished by developing a damping coefficient which produces the 
same energy dissipation over the span from the analog M5 to the point 
"0" as from the vehicle M5 to Mm (see Figs. 25 -and 28). 

Force is generated by viscous damping between two bodies by the 
relative motion between them. This force is given by 

Energy is dissipated between these same two bodies at the rate 

Now, if the vehicle and simulator energy dissipation rates are equated! 
there results 

Solving for the desired coefficient C50: 

However, 

Xs - Xm 

Xs - Xo 

Kso 
Ksm 

("5 - xm)l 

(x s - XO)l 
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for any loading. It may als9 be shown by the time differentiation of 
the XIS that· 

Xs - xm Kso 
Xs - Xo Ks m 

Thus, 

Cso =Csm _s_o_ [ K J2 
Ksm 

Substitution of the known values yields 

Cso = 15 [17.142 x 10
5 J2 

5 X 105 

7.3 EQUATIONS OF MOTION 

176.3 Ib/in./ sec (72) 

The differential equations of motion governing the dynamics of the 
simulated SPace flight may now be developed. 

First, the vehicle equations are written and normalized by dividing 
through by the coefficient of the acceleration term, Mi' This results in 

xr + X4 + 11.583 X 105 x4 - 5.148 X 105 x3 - 6.435 X lO!xs 

+ 38.61 x4 - 19.305 (x 3 + xs ) = 0 

+ 369.3 Xs - 28.958 x4 - 340.35 xo = ~ . 

17.142 X 105 (xo - X s ) + 176.3 (x~ - xs) F(t) 

The accelerating reference equation will now be calculated. 
From Eq. (9): . 

F(t) Mm" 
~+ ~-xm 
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where 

MOl = 0.518 - 1.036 x 10- 5 J T(t) dt 

Again, this is not the best method of estimating the mass variation 
-from the viewpoint of the physical system; however, it will suffice 
here. Substituting the above mass variation relationship into the 
accelerating reference equation, the simulator reference becomes 

Xr = 0.193044F(t) + 0.193044 [0.5180 - 1.036 x 10- 5 J T(t) dt] xm (79) 

Next, the differential equation governing the motion of the motor 
and the equilibrium equation of the point of attachment will be written. 
Thus, 

[0.5180 - 1.036 x 105 J T (t) dt ] xm. + F (t) T(t) 

and 

Finally, the stabilizer equations will be written directly fr~m 
their development in section 6.4. The value of the design natural 
frequency n will be set at 20 radians per second. The remaining 
requirement, the vehicle-motor assembly mass, is given by 

Mvm = 5.180 + [0.518 - 1.036 x lOs J T (t) dt ] 

(80) 

(81) 

However, it is easily shown that a: small variation in Mvm will not 
appreciably affect the performance of the stabilizer damper (for 
e:xample, see Fig. III-l1). Thus, Mvm will be set at the initial value 
of 

Mvm= 5.698 Ib-sec 2/in. 

Substituting this value and the design natural frequency into' Eqs. (62) 
and (63) produces 

Xs 1200 (Xl - Xs) - 69.282 Xs - (82) 

and 

F out- = 2276.7 Xl - 1571.8 Xs (83) 

Equations (73) and (83) state that the attachment of the vehicle to the 
stabilizer-damper is through vehicle mass Ml. This attachment is 
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quite simply changed by annexing Fout to any vehicle mass and replacing 
xl in Eqs. (82) and (83) by the corresponding displacement. 

Figure 29 shows the simplified schematic of the system. Table 1 
presents the summary chart of the complete system equations of 
motion. 

7.4 ANALOG COMPUTER SOLUTIONS 

By inspection of Table 1 it is easily seen that several equations 
may be combined to eliminate variables without increasing the order 
of the equations involved. However, it must be remembered that in the 
physical simulation these variables are measured quantities and, in 
fact, drive the simulator analog. For example, F(t) and 'xm are 
physically measured quantities and therefore must appear in the equa
tions. Thus, Table 1 represents four separate and interdependent 
sUbsystems. The analog comp\lter program will hence be composed of 
four separate dependent programs. These programs represent the 
vehicle, motor, accelerating reference, and stabilizer system. 

Vehicle 

-

xl. 
, 

X5 ,xJ:: Xo 
Stabi- Vehicle Point 
lizer 

Motor 
T(t) Proper . 0 

F(t) Fout xo,xc 

I , 

" xr 
, 

--==--
F(t) 

'--- Accelerating 

Reference .f 

xm 

Fig. 29 Schematic of Simulator Scheme 
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Xr + Xl + 1.287 X 105 (Xl - X2 ) + 9.6525 (Xl - X2 ) 

+ 0.6435 F out = 0 

Xr + x2 + 3.861 X 105x2 - 1.5444 X 105
X 1 - 2.3"166 X 105

x 3 

+ 23.166 lt2 - 11.583 (Xl + Xl) = 0 

. Xr + Xl + 6.7568 X 105x l - 2.8958 X 105X2 - 3.861 X 105x 4 

+ 28.958 lt3 - 14.479 (x2 + x4 ) = 0 

Xr + X4 + <11.583 X 105x 4 - 5.148 X 105X3 - 6.435 X 105xs 

+ 38.6"1 lI\ - 19.305 (x3 - xs) = 0 

Xr + X5 + 42.745 X 105xs - 9.653 X <105x4 - 33.093 x105xo 

+ 369.3 Xs - 28.958 x4 - 340.35 Xo = 0 

Vehicle Equations 

Xr = 0.193044F(t) + 0.193044 (0.5180 - 1.0360 X 1O-5x 

fT( 1) dt) xm 

Accelerating Reference Equation 

T (d = F ( t) + (0.5180 - 1.0360 x <10- S fT (t) dt} xm 

Motor Equations 

F out = 2276.7 Xl - 1571.8 Xs 

Stabilizer Equations 

(V-i) 

(V-2) 

(V-3) 

(V-4) 

< (V-5) . 

(V-6) 

(A-l) 

(M-l) 

(M-2) 

(S-1) 

(S-2) 

r------------~--.~--------------------.--------------------------~ 
TABLE 1 SIMULATOR EQUATIONS OF MOTION 
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Because of the wide ran,ge of coefficients in all of the simulator 
equations, time was scaled down by r = lOOt, but the amplitudes were 
scaled individually. >!< Using the coefficients given in Table 2, the 
stabilizer equations become 

a = 1. 287 x 105 m= 14.479 WI = 340.35 
b = 9.6525 n = 11. 583 x 105 -x = O. 1"93044 
c = O. 6435 0 = 5. 148 x 105 Q' = 0.97231 x 10 4 

d = 3.861 x 105 P = 6.435 x 105 fJ = 7.06 x 10 5 

e = 1. 5444 x 105 = 38.61 r = 0.5180 q 
f = 2.3166 x 105 r = 19.305 ¢ = 1. 0360 x 10- 5 

g = 23. 166 s = 42.745 x 105 () = 7. 06 x 105 

h = 11. 583 . t = 9.653 x 105 , =2276.7· 
i = 6. 7568 x 10 5 u = 33.093 xl05 p = 1517.8 
j = 2.8958 x 105 v = 369.3 u = 1200 
k = 3.861 x 105 w = 28.958 'Y = 69.282 
1 = 28.958 

TABLE 2 SIMULATOR EQUATION COEFFICIENTS 

(8-1) 

and 

(8-2) 

The reference equation becomes 

~ [2 x l03 xr J = _ 2 X 104x [F(t)/lO] _ x [4 x l03M*xm ) 
4 x 104 2 (A-1) 

The motor equations become 

)6 x 10: [T(t)/40] + 4 X 10
4 

[F(t)/lO] 
4 x 10 4 X 104 

. *The designations of the equations following correspond to 
those appearing in Table 1. 
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and 

[200M*] = 200r _ 200 x 3200 x rk t _1_ [T(t)/40] dr 
200 0 80 

and the vehicle equations become 

and 

[2 x 103 x1 ] = - [2 X 103xr ] __ b_ [2 x 103"1] - ..1!L [104x 1] 
20,0 lOs 

+ 

_ [2 X 104 X ~' ] = _ 2 x 10
5 

200 x 176.3 

+ 2a [ 105 x ] _ 2a 
2000 0 2000 
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[ F out] 

_--=..0 __ [2 X 104 X3 ] 

4 x lOs 

(V-i) 

(V-2) 

(V-3) 

(V-4) 

(V-5) 

<V-6) 
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These equations may now be programmed directly for the analog com
puter by letting the bracketed terms appear. Figures 30, 31, and 32 
show t!Ie resulting wiring diagrams. 

7.5, DISCUSSION OF RESU L TS 

The simulation of the space vehicle of Fig. 24 was seen to be quite 
successful. Several variables were conside.red, ·and their effects a're 
shown in Figs. 33 through 39. These variables are: 

1. Position of the stabilizer damper, 

2. Mass ratio parameter "f", 

3. Accelerating reference tuning parameter "e", and 

4. Thrust curve build-up time. 

In each run, all or part of the vehicle mode is shown. However, 
the most significant fact to be observed throughout these tests is the 
excursion of xo' This is the motion which must be netted by the 
actuation of the active member of the simulator thrust stand to produce 
simulation. It is interesting to note that the excursion of Xo was 
never greater than 0.04 in. peak to peak. 

A pulse was used to compare the effect of moving the stabilizer 
from position Xl to x2' This comparison is made in Figs. 33' and 34. 
No appar,ent change is made in the mode of vehicle oscillati~n by 
moving the reference. The pulse serves to bring out the worst vehicle 
transient conditions since it is the sum of an instantaneous step-up 
a~d step-down. 

The effect of varying the mass ratio coefficient f is shown in 
Fig. 35. The indicated thrust, T(t)ind, vividly displays the result. 
Hence, if the indicated thrust is desired within a certain precision, f 
may be used as the variable for setting the accuracy requirements on 
the system components. 

It is also interesting to note the effect of f on the positioning 
variabl~ xO' The fifty percent change in f caused only approximately 
a five percent change in the Xo amplitude. 

The usual method of measuring thrust is by a force transducer 
.output only. Figure 35 shows the comparison of thrust transducer 
output (F(t») and the method which used not only a thrust transducer 
but also ar.. accelerometer [T(t) indicat.ed]. 
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10 

Fig. 32 Vehicle Analog Wiring Diagram 
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Figure 36 presents the analog data concerning the effect of the 
accelerating reference balance parameter e on the analog simulator 
performance. The time scale was contracted so that the low 
frequency mode could be observed. A step input (wlth no step-down) 
was used as a limiting condition of a thrust curve build-up time. The 
values of F(t) and T(thnd were not affected noticeably by this param
eter. However, the vehicle is seen to "drift up" or "drift down" 
dependent upon the value of e. The maximum excursion is an important 
quantity since it determines the active strut actuator travel. The 
optimum setting of e is seen to be in the vicinity of 0.998 to 1. 000 to 
minimize this maximum excursion and hence the actuator travel. The 
only reason for e to be other than unity is that the large number of 
components required to produce the vehicle simulation results in a 
composite drift error.. The high sensitivity to tuning is caused by 
the low order stability of the stabilizer system. 

Finally, the response of the simulator to several thrust curves 
of the type shown in Fig. 26 was observed. The rise times cons.idered 
were 0.001, 0.010, and O. 100 sec, respectively, and Figs. 37, 38, 
and 39 present the results obtained from each of these rise times, 
respectively. The stability of the system remained consistent for 
all thrust curves with the maximum excursion of Xo observed as 
0.,035 in. (from Fig. 37). 

This completes the analog computer analysis and ve'rification of 
a particular space vehicle simulated within an active rocket test 
stand. 
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8.0 INSTRUMENTATION, PRECISION, AND SIMULATOR STABILITY 

Regardless of the care taken in attempting to simulate the theo
retical dynamics of a space vehicle, the final success depends upon 
the quality and proper use of the electrical components used in the 
simulator. Although the general solution of the electrical problem 
is beyond the scope of this investigation, a simplified analysis will 
be presented as a means of indicati;ng the potential problem areas. 

8.1 SERVO LOOP STABILITY 

Assume that the active strut of a rocket motor thrust stand con
tains a closed loop servo actuator, loop 1, as shown in Fig. 40. The 
objective of this servo loop is to drive the error function, denoted by 
1;, to zero such that Xo = xb. Thus, the loop may be denoted by a 
transfer function G(s), 'which will be interpreted as the ratio of the 
output xc> to the input xo' 

servo actuator 
't-......... --. xc, --1 force. transducer 

1 2 F 

SPACE 
VEHICLE 

ANALOG 

Fig.·40 Simulator Schematic Diagram 

Next, consider the rocket motor which is driven by 'xb and T. 
Since the thrust need not be included for the stability check, the 
response may be denoted by the transfer function H(s), which is the 
ratio of xm to xh . 

T 

. Finally, the analog computer may be represented by the transfer 
function 1(s), which is the ratio of Xo to F. This closes the· loop. One 
problem still remains in completely defining the servo loop. This is 
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that F is not compatible with the output of H(s). However the known 
relation 

(where K is the strut spring stiffness) will satisfy the objective. 
Figure 41 depicts the resulting servo loop. By elimination of Xo from 
Fig. 41 by the definition of the transfer function, there results Fig. 42. 
The transfer function for the feedback system may now be calculated. 

Xt xm + 
G(s) H(s) 

~ 
Xo 

K[l(s)] 
xm - xc!, 

• 

Fig.41 Simulator Servo Loop 

1 I + X6 Xm -- f"; K[I (5) ][ G(S) ] H(s) I -

Fig. 42 Reduced Simulator Servo Loop 

Let J(s) be the desired transfer function defined by 

82 



A E DC.TDR.U.163 

Since 

there results 

, 
Xo K[I(s)] [G(s)] 1/ [(xm/xo') - 1 ] 

j(s) = K(I(s)] (G{s)] 
K(I(s)] (G{s)] - 1 

( 84) 

The remaining rocket motor component H(s) may now be combined with 
Eq. (84) to yield the stability equation such that now the excursions of 
xm may be monitored. Thus, 

(J(s)] [H(s)] = K[H(s)] (I(s)] [G(s)] 
K[I(s)] [G(s)] + 1 

( 85) 

Equation (85) is the transfer function associated with the stability of 
the simulator. Since the input and output are both xm ' the stability 
criteria for the system as discussed in this section (since l(s) and 
G(s) are stable) are satisfied when Eq. (85) sustains a value of less 
than unity. Since the quantity will be complex, other limiting stability 
criteria may be needed (see Ref. 15). From Ref. 15, the transfer 
function of a spring mass system under excitation, such as that 
produced by the action of the exciter on the motor, is given by 

H (s) = 
~ S2 + ~ s + 1 

where K, M, and D are the spring, mass, and dashpot coefficients 
associated with the strut. The symbol S is defined as the frequency 
times a unit vector in the complex plane. Thus, the simulator stability 
is seen to exist at low frequencies regardless of K, I(s), and G(s), 
although at higher frequencies these quantities are all of importance. 

Therefore, depending on the transfer functions within a particular 
closed loop simulator, the spectral stability may be obtained as 
discussed here. This stability can be calculated by the solution of the 
roots of the resulting equation (derived as in Eq. (85» by computer 
techniques or by other methods (for example, see the stability criteria 
methods in Refs. 15, 16, and 26). 

8.2 PRECISION 

The previous discussion concerning the servo loop stability of 
the thrust stand vehicle simulator was simplified to some degree. 
Nevertheless, it shows the importance of the individual components 
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by means of Eq. (·85). In terms of instrumentation, this means 
precision, stability, and small phase lags in the desired operating 
range. Section 8.3 presents a discussion of the major components of 
the system and includes specific manufacturers' products and their 
properties. Included are discussions of force transducers, flexure 
pivots, accelerometers, and electrohydraulic shakers . 

. Section 2.0 was concerned with the accuracy levels of current 
thrust measurements. This status has been attained by continual 
improvement in thrust stands, force t.ransducers, recorders, and 
related instrumentation. However, to improve the accuracy at a rate 
demanded by the space effort, the dynamics problem introduced by 
rapid thrust build-up rates, sharp tail-offs, and unsteady burning in 
general must be solved. This means either removing the emphasis 
placed on acceleration data or increasing the measurement precision 
thereof. For example, Fig. 5 shows the peak indicated thrust to be 
nearly two hundred percent of the true thrust. Hence, to keep the 
desired accuracy level, inertial force components must be measured 
(and in some instances decoupled from other force measurements) 
within the same precision range as that of the force transducer. 
However, instantaneous measurement of inertial data is not near this 
precision level at the present time. 

Under the most desirable circumstances, that is, a rigid motor 
system, the inertial loading may be defined by 

(86) 

where the subscript m refers to the properties of the moving mass on 
the motor side of the force transducer. If it is assumed that a small 
percentage measurement error, < m' is known to exist in the estimation 
of the propellant mass (see section 9.2) and an error, <a, is also 
known to exist in the acceleration measurement, then the largest 
possible error in inertial force measurement is given in the equation' 

. 
Fj 0 .+ d = MrnO ~ IHrn) xm(l + <a) (87) 

where IJ. is the ratio of propellant mass to moving mass and Fi < is the 
net error in inertial load measurement. Now, by expanding Eq. (87) 
and dropping small quantities, the error may be given by 

( = <a + Il<m (88) 

for small errors (for example, around 0.05 or less). 
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Section 9.2 gives the best estimation of instantaneous mass 
measurements to be near two percent. The most optimistic estimation 
in acceleration measurement precision is in the vicinity of one percent 
(see section 8.3.1). Thus, inertial force levels for high f.1 systems 
cannot be measured closer than approximat'ely three percent (this is 
not including recording, data reduction, and other existent errors), 

The foregoing argument has sbown that if thrust data is to be 
measured within a small part of one percent, one of the four subsequent 
procedures must be followed: 

1. Improve bounds of mass and acceleration measurement 
errors such that € in Eq. (88) comes within the accuracy 
limitations of the thrust transducer; 

2. Reduce, excursions to zero, thereby eliminating the dynamic 
loads; 

3. Use ,the best obtainable combinations of 1 and 2 (including 
optimization of f.l'in Eq. (88»; and 

4. Redefine the objective in thrust measurement and by proper 
dynamic simulatiGn eliminate the need for the removal of 
the dynamic loads. 

Needless to say, items 1 and 2 are beyond comprehension for the 
present. Item 3 has some significant possibilities. Suppose the 
thrust stand was designed at a particular value of TSTI (see section 9. 1). 
The maximum error could then be given by 

( 89) 

where €f is the maximum thrust transducer error. Equation (89) is 
the general statement of the thrust measurement requirement. It 
shows that minimizing TSTI has a pronounced effect on the maximum 
error. However the mass ratio f.,t has coupling effects on TSTI and 
should be investigated fc,r the particular problem. 

Finally, the simulation concept requires a completely different 
type of error analysis. Under conditions of perfect simulation, the 
accuracy of the thrust force measurement would not be limited by 
test stand motor dynamics. Also, the value of forcing function data 
(instead of thrust data) in terms of overall space mission requirements 
is hard to place a value on. ' . 

. Appendix III shows the relatively small effect of varying the ratio 
of the motor mass to the vehicle mass on the value of the position xo 
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in the simulator. This is to say that the effect of small errors in 
inertial force measurements concerning the motion of the vehicle is 
relatively insignificant in the simulation. For example, the system 
in Fig. Ill-ll shows that a one hundred percent error in motor mass 
estimation causes around a seven percent error ·in Xo position. Hence, 
a five percent error in mass measurement would decrease the 
resulting error in Xo to within the force transducer range. Therefore, 
an analog computer function generator may be used to generate the 
motor mass. This may be accomplished within approximately five 
percent by an assumed straight line mass expenditure rate (see Ref. 27). 

The problem that remains to be solved in the simulator error 
analysis concerns the degree to which errors in simulation affect the 
actual space vehicle performance. This will entail rather lengthy 
analyses and will not be considered here. 

8.3 TEST STAND INSTRUMENTATION 

This section is a compilation of various components of insttumen
tation and support equipment which comprise the major elements of a 
rocket thrust stand. Specific information is included on each instru
ment. The instrumentation chosen for this discussion does not, 
necessarily represent the best choice for all applications but does de
pict the state of the art since it is used successfully in current rocket 
motor testing. 

8.3.1 Accelerometers 

Several types of accelerometers are widely used for various 
measurements. The principal ones include strain gage, piezoelectric, 
piezoresistive (Ref. 28), and the servo-accelerometer (Ref. 29). 
Because of the rapid rise and long dwell time of rocket motors, an 
accelerometer must not only be accurate but must possess a rather 
high frequency response and as important, d-c re!ldability. Thus, the 
charge-type accelerome'ters have a difficulty in meeting th~ stability 
requirements of rocket motor test measurements. 

A rather old concept in accelerometers, yet one which sustains the 
highest resolution (into the d-c range), is the Donner servo-type linear 
accelerometer. One of the present disadvantages of this instrument is 
its low frequency response; however, there. should soon be a solution to 
this problem sufficient to satisfy thrust stand precision requir,emE;nt p .. 
Table 3'lists the characteristics of one of thes'Ej instrumentsfrom'" . 
Ref. 29. Figure 43 is a block diagram showing the principle of opera
tion of this accelerometer. 
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The operation of the Donner accelerometer is based on the servo
loop feedback energizing a coil which nulls the displacement that the 
seismic mass attempts to undergo during acceleration. The output is 
proportional to the force required to null the motion. 

ranges available 
maximum output 

resolution 

linearity 
repeatability 
hysteresis 
zero output 

natural frequency 
damping ratio 
cross-axis sensitivity 
temperature sensitivity 
ambient temperature 
range 
ambient pressure range 
humidity 
magnetic shielding 
accelerometer input 

dimensions 

±0.05 g to +50 g 
±7.5 v; ±l. 5 rna .full scale into 
load resistanCes to 5K ohms 
better than 0.0002 -percent full 
scale 
within O. 05-percent full scale 
O. 01-percent full scale 
less than 0.02 -percent full scale 
less than ±O. 05-percent full 
scale 
50 to 500 cps 
O. 4 critical 
0.002 g per g at full scale 
less than 0.01 %/oF rise 
-40°F to +212°F 

o to 5 atm 
hermetically sealed 
yes 
6 rna at +15 v d-c and 6 rna at 
-15 v d-c ±15-percent 
regulation 
approximately 1.7 x 1.5 x 3.0 
(oil filled) 

TABLE 3 DONNER 4310 ACCELEROMETER SPECIFICATIONS 

One of the greatest problems facing acceleration measurements 
is the lack of high precision calibration techniques. For example~ 
the best precision expected from any calibration technique is in the 
range of ±1. 0 percent. This is accomplished by the use of optical 
direct viewing (microscope) and interferometric methDds. Table 4 
presents the estimated range of errors encountered in calibration by 
the use of current, widely known techniques (Ref. 30). 
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I 

Method 

Input 

Amplitude 

Frequency 

Pulse 
Duration 

Maximu~ 

Pick Up 
Weight 

Estimated 
Errors of 
Input 

~--~-.- .. -

Tilting 
Support 

Constant 
Acceleration 

-g to +g 

0 

-

10 lb 

±0.0003 g 

TABLE 4 

Rectilinear 
Physical 

Centrifuge Electrodynamic 
Calibrator 

Pendulum 

Sinusoidal Transient 
Constant Displacement, . Displacement, 
Acceleration Velocity, or Velocity, or 

Acceleration Acceleration 
I o - 25 g 

0- 60,000g o - 50 in. /sec 
o - 10 g 

o - 0.5 in.' 
o - 100 in. /sec 

0 8 - 2000 cps 0.5 - 5 cps 

- - -
100 lb at 
100 g to 2 lb 2 lb 
1. 0 lb at 
60,000 g 

±1 percent (8-900 cps) 
±l. 0 percent ±2 percent (900- ±2 percent 

2000 cps) 
. 

ESTIMATED RANGE OF ERRORS IN ACCELEROMETER CALIBRATION 

Ballistic 
Pendulum 

Transient 
Velocity or 
Acceleration 

2500 g 

-
0.00035 to 
0.001 sec 

1 lb 

±5 percent 
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detector 
sensitive 

axis 

8.3.2 Force Transducers 
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- -- - -4----H---

o 

seismic 
mass 

restoring 

amplifier 

coil 
~,--------~ 

~--~ resistor~ 

Fig. 43 Schematic Donner Accelerometer 

The fundamental element in a rocket motor thrust stand is the 
force (thrust) transducer or load cell. Load cells may contain crystal 
(piezoelectric) sensing elements or strain gages mounted on -a stressed 
element. In general, the strain-gage transducers, are more popular 
because of their stable bridge circuit and temperature and bending 
compens'ation. Charge type instruments drain at low frequencies. 

Figure 44 shows calibration curves for two high performance 
force transducers (Ref. 31) obtained by dead-weight force calibration, 

Table 5 shows the axial deflection at rated capacity and weight 
data for the Ormond Series 25 Load Cells. 

The electrical sensitivity of force transducers usually falls near 
0.003 mv per pound force. 

8.3.3 Flexure Pivots 

A significant component which appears at the terminals of prac
tically every thrust stand strut is the flexure pivot. The objective of 
this member is to remove static indeterminacy and hence coupling 

. of fprces between the load-carrying members .. Thus, the ideal pivot 
has zero resisting moment to lateral motion about all axes yet 
sustains no compliance in axial translation. 
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Calibration Curve for a Blue Line Series 25 Load Cell - 10,000-lb capacity 
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Rated Capacity 
Deflection, in. Weight, lb 

From To 
30lb 50lb 0.005 - 0.007 1.5 

100lb 5K 0.003 - 0.005 1.5 
6K 11 K 0.004 - 0.005 3.5 

12 K 25 K 0.005 - 0.007 5 
30 K 60 K 0.010 - 0.012 12 
70 K 100 K 0.012 - 0.014 20 

125 K 300 K 0.014 - 0.017 50 
500 K 0.023 160 
1 M 0.034 425 
1.5M 0.038 800 
3 M 0.046 1250 
4.5 M 0.050 1650 
6 M, 0.069 2800 

10 M 0.090 8100 

TABLE 5 ORMOND FORCE TRANSDUCER CHARACTERISTICS. 

Flexure pivots are sup,erior to knife edges, ball and socket joints, 
and bearings for use in thrust stands since they are free from friction 
and chatter. They also are relatively quite rigid and highly reliable. 

There are two types of flexure pivots which are commonly used: 
the universal flexure and the modular pivot. The first is a higher 
performance unit than the second since it has a common center of 
universal rotation. The latteF, although not possessing the universal 
property, is less expensive and more easily installed. Also, not all 
installations require the universal property. Stacking may be used to 
allow universal action of modular units. However, the center of 
motion becomes a three-dimensionally varying position. 

Figure 45 depicts the two types of flexures and some typical loading 
characteristics. The geometry of the pivots' shown in this figure, as 
well as the performance, is not universal, although it'is quite repre
sentative of high performance units. 

8.3.4 Electrohydraul ic Shakers 

This discussion is concerned with the performance data of a device 
which may be used as the active member in a simulator thrust stand. 
The electrohydraulic shaker is not the only unit which may be employed 
for 'this use, In fact, active member experimentation conducted in the 
past primarily considered the electrodynamic shaker device because 
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of its high frequ~ncy response. Adversely, the high level d-c type 
thrust produced by the rocket motor has consistently caused failure 
of attempts to employ the electrodynamic shaker for the use stated. 
The failure usually appeared in the fo.rm of a power supply (verload. 

The main argument in the past concerning the use of electro
hydraulic exciters has been the low frequency response. However, 
as will be shown, the fairly wide frequency range attainable by these 
devices has apparently been overlooked. In fact, very high force, low 
stroke exciters seem to be approaching the frequency response 
characteristics of electrodynamic devices of equal force output. No 
doubt, for highly specialized use, the characteristics of electrohy
draulic exciters could attain even higher performance. 

Figure 46 shows an operational schematic of an electrohydraulic 
exciter system from Ref. 32. Figure 47 shows the perfor~ance data 
for a particular electrohydraulic exciter. 

Because of the somewhat nonlinear characteristics of this type of 
exciter, some auxiliary equipment would be necessary for wide band 
frequency operation. Also, because of the various transfer functions 
within the thrust stand servo loop, there will be some extraneous 
amplification and attenuation. For this reason~ spectrum equilization
will be necessary. Reference 32 describes a spectrum equilizer 
which may be used with an electrohydraulic vibration exciter. The 
unit described is an ME Model ME 80/25 Manual Spectrum Equilizer. 
Some of its characteristics are as follows: 

Range: 

Number of frequency 
band controls: 

Unit band width: 

Calibration: 
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15 cps - 2 KC 

80 

25 cps 

-20 db to +20 db 
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driver 

p: pressure. 
r: return 
rd: return 

drain 

pilot valve power valve 
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Fig. 46 Operational Schematic of MB Electrohydraulic Exciter 
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Maximum dynantic force: 10.000 Ib 

Maximum velocity: 85 in./sec.. 

Maximum o.."tput power. 35 HP to 300 cps 

Response to step-function inputs: 2.5 millisecond free table 
velocity rise time 

Response to random in~ 0 to 200 cps free table velocity 
bandwidth 

Distortion: 5% displacement-tree'table 
Actuator rod diameter: 3~ in. 

Attachment to actuator table: 7 alloy steel attachment points •• 

Mounting provisions: vertical or horizontal position" 

Supply pressure range: 500 to 3500 psi 

Output transducers: Displacement-standard-(Unear Variable 
Differential Transformer} Velocity & Acceleration-optional 
-(MB Pickup) 

Electril;al .:onnections: All cables provided. 25 ft. standard 
length. Special lengths up to 1000 ft. 

Hydraulic connections: All hydraulic lines·· provided. 25' ft. 
standard length. Special lengths up to 200 ft. 
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9.0 THRUST CURVE DEFINITION AND MASS RATES 

9.1 THRUST CURVE DEFINITION 

The design of thrust measurement systems is continually plagued 
with the problem of rapid rise times of motors (Ref. 34). Needless to 
say, the same dynamics problems arise in space vehicle system design. 
Sudden thrust build-ups produce "overshoot" of the structural compon
ents beyond the statically deflected position and then, dependent on the 
damping present, oscillate about some steady-state deflection position. 
This transient excursion also 'produces the maximum stresses and 
thus determines the design stress levels of the system under the 
particular thrust condition. 

Thrust stand design presents an additional and unique problem. 
This is the problem of the selection of the force transducers to monitor 
motor thrust levels. It may be summed up as follov/s: transducer 
resolution is inversely proportional to transducer stiffness. This is to 
say, a trade-off must be made when a transducer is chosen for a 
particular test between the resolution and the design force rating. 
Hence, a knowledge of the maximum force levels a transducer will 
experience under the influence of a given rocket motor thrust curve 
is required for system optimization. In general, design manuals call 
for a factor of two for the ratio of peak stresses under sudden loading 
to the stresses under static loading. However, a sudden loading (step 
input) is a hypothetical one and the actual external loading may produce 
internal loading much less than this. Therefore, the purpose of the 
following study is to define the thrust curve spectrally as a source of 
transient excitation. Then, with a minimal knowledge of the thrust 
stand and the expected thrust function, an optimal transducer selection 
may be made. 

Various methods exist for mathematical representation or definition 
'of a particular function. For example, a thrust-time curve may be 
defined by a Fourier or an exponential series. Such representations 
are useful in describing the function, yet they lend no physical signifi
cance to the transients which might b.e excited by the function. This is 
primarily because a thrust curve is neither harmonic not periodic. 
Also the. period, or burning time, is often quite difficult to define. 

The method described herein removes the thrust curve from the 
time domain and places it in the frequency domain. This considerably 
inc.reases its usefulness, since frequencies may be more simply defined 
by known physical quantities. 
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Assume the thrust is to act on 
the single-degree-of-freedom 
thrust stand shown in Figure 48. 
For this configuration, the dy
namic equation of motion may be 
written as 

'Mi + ex + Kx = T 

.. 
K 

T 

In terms of thrust per unit mass, 
this equation becomes 

Fig. 48 Simplified Thrust Stand Model 

x + ...£.... x + (i)~X -I-
M M 

where 

(i)~ = KIM 

By substitution of the relationships 

2M (i)n 

Eq. (90) becomes 

x + 2'(i)nx + (i)~X = TIM (91) 

Thus far, the amplitudes discus sed have been absolute quantities. 
The scope'of Eq. (91) would be mO.re extensive if a dimensionless 
amplitude were employed. By using the static deflection of M under 
the rated thrust level of T, defined by 

Xstatic = Trated /K 

this may be accomplished. First, with the relationship w~ = KIM, 
Eq. (92) may be written, as 

Xstatic = T rated /M (i)~ 

Next, if Eq. (93) is divided into Eq. (92) and the substitution 

y = Xdynamic /xstatic 

is made, there results 

(t)~ T /Trated 
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The solution of this equation for the maximum value of y will yield the 
desired design deflections and thus the structural loads. Equation (94) 
is thus completely generalized from the viewpoint of thrust stand 
properties. 

The first question which might arise will concern the use of 
Eq. (94) when the thrust stand contains more than a single degree of 
freedom and thus additional natural frequencies. It can be shown that 
any additional natural frequency could feasibly give rise to unsuspected 
amplitudes. However, experience has shown that the fundamental 
natural frequency, which is uoually low because of the transducer 
flexibility, is the only significant frequency in the stand system. Also, 
the higher natural frequencies may not be excited to any extent by the 
thrust function. This can be checked by the use of Eq. (94). If the 
higher natural frequencies are excited, the technique fails and a 
higher order dynamics approach should be employed for the particular 
system. 

Equation (94) is not yet in a very useful form. Its integration is 
not particularly simple (with reference to the complex thrust function). 
A designer employing many trials to determine the best transducer 
could feasibly spend most of his time integrating this equation. Hence 
a more simplified formulation will be sought. 

Since only dimensionless quantities occur on the left-hand side of 
Eq. (94), it would be quite simple to computerize the solution, substi
tute various values for wn and" and solve it throughout the appro
priate frequency range. Since only the peak amplitudes would be of 
significance, only these values should be retained. If a plot of these 
peaks were made for a particular motor, its performance could be 
predicted on any thrust stand of known wn and ,. Such a plot might be 
termed the "Thrust Spectral Transient Intensity" (TSTI) and would be 
a property of the thrust curve only. 

Considerable work has been done in the field of transient analysis 
of simple oscillators. For example, Ref. 8 has closed-form integrals 
available which satisfy Eq. (94) for simple forcing functions. Some of 
these are portrayed by the following equations and sketches of the 
forcing functions: 

1. Step function: 
T ~--------------

(95) 

Ymax 2.0 
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2. Ramp function: 
-4 T t-

T 

Ymax 1 + [~2_ sin wnTJ 
WnT 2 

t 

3. Versed-sine front: -I- T t 
T 

1 + [ TT2 
cos W;T ] Ymax 

W~T2 _ TT2 

t 

However, thrust curves are much more complex functions than 
these and require a much more rigorous analysis. For example, a 
thrust curve similar to the one shown in Fig. 49 produces a super
imposed oscillation which occurs during the amplitude build-up at 
particular values of wn . Such an amplitude-time plot is shown in 

(96) 

(97) 

Fig. 50. Equations (95) through (97) yield solutions for first maxi
mums only. However, Fig. 50 shows that there are many relative 
maximums occurring. Such will be the general case for thrust curves 
where high ~irst, second, and higher rates of change of force with 
respect to time occur within the same functions. 

Many methods exist for constructing TSTI curves for thrust 
functions. For the present, because of the generally small magnitude 
of damping within thrust stands (' '" O. 03), the velocity term will be 
dropped from Eq. (94)'~. This induces only a small amount of con
servatism in the solution. The thrust function will then be assumed 
to be. a continuous function defined by a series of segmented cubics. 
No limit will be set on the number of intervals required to define it. 
Thus, the solution at any instant of time becomes (Ref. 33): 

ydt} = fiT(t) = fi(ait3 + bit2 + Cit + dj} 

(ti < t < ti + 1) 
(98) 

>:<See Ref. 14, wherein damping is considered.. Reference 14 is 
the result of investigating the TSTI concept, as formulated in Ref. 1, 
more thoroughly. 
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Fig.49 Thrust Curve 
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Fig. 50 Time Response to Thrust Curve of Fig_ 49 at (Un 76 cps 
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However, this presents only a particular solution to Eq. (94) and will 
not completely represent the transient phenomena. The well-known 
complementary function (ref. 33) 

(99) 

which covers the same interval should complete the general solution. 

Therefore, Eqs. (98)- and (99) will yield the time-dependent 
solution of Eq. (94) if care is taken in carrying the boundary conditions 
from the (i - 1) Ith solution into the ilth solution. 

Next, an iterative scheme will be used to find the maximum peaks 
which occur in the motion at a particular frequency wn . All of the 
relative maximums will be compared over the largest interval wherein 
they may ppssibly occur. This need not be the entire thrust curve. 
For example, if it is known that the thrust curve of Fig. 49 reached a 
steady-state value at 2800 lb and leveled off, the longest time required 
to ensure the occurrence of a maximum would be 

t ymax = t2800 + l/f' 

or, in general, 

where 

and 

t tT* + 1/£ Ymax (100) 

tT* = the tim e beyond which there is no doubt of additional 
increase of excursion because of thrust (this corresponds 
to r in Eq. (97)) 

Of course, evaluation of tT):< is not very scientific. However, this 
value is usually quite obvious on.a given thrust curve. If any doubt 
should exist, the entire thrust curve should be examined. 

Having,the largest relative maximum at a particular frequency, 
additional frequencies should be investigated until y increases from a 
monotonous value of 1. 0 to a monotonous value of 2. O. The TSTI curve 
will then be completed. 

Figure 51 shows several TSTI curves for thrust curves used 
throughout this report. An additional spiked thrust curve has been 
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included. Section 9. 1. 1 contains the development equations and flow 
chart used in computing these curves. The input contains time incre
ments, frequency range and increment, and the t~rust curve. The 
output contains frequency, maximum amplitude, and time to maximum 
amplitude . 

. It may be seen by inspection of Fig.' 51 that for simple curves 
(such as the upper two curves), the frequency range wherein TSTI 
values vary from very near unity to very near the value of 2.0 may be 
approximated by: 

lower limit: 
Tmax/IO ( ddT ) 

t max· (101) 

upper limit: ( 
dT ). 
dt max 

(102) 

where 

T maxi ( ddT) = T 
t max 

for the ramp function in Eq. (96). The frequency range equations are 
conservative on the upper limit, since Eq. (102) assumes that the most 
rapid rise rate is sustained up to the maximum thrust level. However, 
the lower limit could require modification for unusual functions. 

Finally, the time increment used to examine the function must be 
sufficiently small so that no peaks will be overlooked. In general, 

L\ t = rr / 5 Wn (103) 

that is, one tenth of the natural period will define the response very 
well. 

In conclusion, the TSTI curves will yield an accurate-value of the 
ratio of peak dynamic overshoot to static deflection, dependent upon 
the thrust curve representation and the knowledge of the thrust stand 
properties. By entry into the pertinent TSTI curve at the stand funda
mental frequency, significant design values and suggestive trends may 
be established. Thus, if such plots were provided for all motors, 
force transducer selection and/ or thrust stand design could become 
much TIlore exact.' 
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9.1.1 Computer Procedures for Thrust Curve Definition 

Section 9. 1 discussed the integration of the equation 

(94) 

This section is concerned with the appropriate computer solution. 
Since the velocity term was deleted from Eq. (94) during its discussion 
in section 9.1, this equation may be written as 

(104) 

where 

(105) 

That is, the thrust curve is a continuous segmented group of cubics. 
Thus, for the i'th interval, Ref. 33 gives the particular solution as 

( 106) 

(the dropping of the subscript i here should cause no confusion) and the 
complementary solution 

y C =: A sin 0n t + B cos 0n t (107) 

Thus the general solution is known. All that remains is to evaluate 
the coefficients A and B. For this, the boundary values will.be used. 
Firs.t, the velocity expression is found by differentiation of the general 
solution and is: 

(108) 

The corresponding boundary conditions are: 

when t = tl' then y = y 1 and y = Y 1 (109) 

With these equations, the coefficients A and B may be computed at any 
time t = t1' By substituting the boundary conditions into the equations 
of displacement and velocity and solving simultaneously, A and Bare 
found to be . . 

A (110) 

":<The coefficients of Eq. (105) should not be associated with the 
coefficients used in Eq. (98). 
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and 

B (111) 

where 

and 

An IBM 7074 Digital Computer was used to solve for the maximum 
value of the displacement by a zero velocity iteration process. This 
was accomplished by first establishing the velocity equation, Eq. (lOS), 
by means of Eqs. (110) and (111). Then an incrementally increased 
time was used to examine the velocity equation for sign changes. An 
iteration on the time at zero velocity was then accomplished. This 
time was then used to compute the maximum displacements. These 
maximums were compared and the peak excursion chosen. A plot of 

. these then yields the desired TSTI diagram for a particular motor. 

In general, several intervals were required to describe the thrust 
curve. The only complication that resulted was that of retaining the 
appropriate boundary conditions for calculation of th,e constants A and 
B. 

The flow chart for the above operation is given in Fig. 52. 
Appendix D of Ref. 1 gives the input data to the computer program and 
the FORTRAN compiler statements used with the IBM 7074 Digital 
Computer. See also Ref. 14 for a more comprehensive study with the 
damping term included. 

9.1.2 Typical Thrust Curves 

Throughout the text of this report, reference has been made to 
various thrust curve characteristics which make rocket motor testing 
and evaluation quite difficult to perform. Figures 53 through 55 show 
the results of actual rocket motor tests where various types of these 
problems introduced by the thrust curve characteristics were encoun-

,tered. For example: 

,Figure 53 depicts the effect of rapid rise time on the thrust 
stand dynamics where the 2S-cps ringing accounts for a 600-lb 
peak-to-peak (approximately) thrust stand ringing. 
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Fig. 52 Thrust Spactral Transient Intensity Computer Flow Chart 
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Figure 54 depicts the effect of thrust termination. The motor 
thrust drops from an indicated +13,500 lb to -24,500 lb in a 
fraction of a second. Of course, since stand dynamics cannot 
be' completely separated from the thrust force at the present 
time, the extremes may not be exact. 

Figure 55 shows an expansion of the thrust after termination. 
Chuffing is shown (which was not present in sea-level tests of 
this motor). Also, a comparison is shown of the high sensitivit.y 
and high force level read-out devices. . 

9.2 ROCKET MOTOR MASS MEASUREMENT 

Several references have been made throughout the report con
cerning the importance of mass measurement on simulation accuracy. 
Present-day rocket motor testing is placing an accelerated emphasis 
on mass measurement. Not only is mass data important to space 
mission requirements but also the results of test stand data may be 
jeopardized if a significant (and virtually unknown) gravitational load 
acts along an axis of measurement. Also, the effect of center of 
gravity movement is to change the thrust stand apparent calibration 
as well as vary the distribution of the gravitational loads. 

Several methods are available for estimating the instantapeous 
propellant mass of a solid rocket motor, such as that given in Ref. 27. 
Some of these are: . 

1. Direct weighing; 

2. Internal ballistics (pressure method); 

3. Continuous external excitation; and 

4. Theoretical estimation based on propellant geometry. 

It is very difficult to estimate the accuracy of these methods since they 
are so much a function of the particular motor. Direct weighing is 
severely hampered by thrust misalignment. The internal ballistics 
method uses pressure measurements and by use of motor geometric 
properties predicts the mass rate of change. Rough estimates have 
placed these methods in the accuracy range of approx~mately five per
cent. Considerable effort has recently been spent on the investigation 
of the external excitation method. This method employs a vibration 

. shaker to excite a sprung rocket motor at its resonant frequency. By 
the use of the frequency variation required to sustain resonance, the 
mass may be calculated .. Reference 27 estimates the accuracy of the 
external excitation method to be at leas.t within two percent and predicts 
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accuracies within one percent. However, the basis of the two percent 
reading was a considerably simplified computer analysis. The results 
of the actual rocket motor test conducted with the computer analysis 
showed errors in the vicinity of five percent before firing and in the 
vicinity of fifteen percent (based on sharp drop-offs followed by rises 
which would indicate mass gain) during firing. Excellent accuracy 
was attained toward the end of the test. 

The above discussions indicate that the state of the art in mass 
measurement still leaves something to be desired from the viewpoint 
of force measurements and dynamics calculati:ons. On the other hand, 
it is felt that present precision is sufficient for adequate functioning o~ 
the space vehicle simulator within the desired accuracy limits. 

10.0 COMPARISON OF RESULTS AND CONCLUSIONS 

10.1 DISCUSSION OF RESULTS 

It has been shown that space vehicle simulation is a logical approach 
to t,he thrust stand dynamics problem. This type of simulation not only 
produces the desired vibration environment but also diminishes.the 
data reduction processes necessary to transform the results into a 
usable format. This is possible since thrust stand dynamics is no 
longer considered extraneous information but now assumes the. posi-
tion as an important component of the vehicle forcing. 

Section 9. 1. 2 presents typical rocket motor thrust data as obtained 
from one of the most accurate large motor test cells in existence. 
Within the precision ranges desirable, the instantaneous thrust level 
is, admittedly, an unknown quantity (primarily because of the effects 
of th~ stand dynamics). However, to remove the resulting superim
posed stand dynamics from the transducer readings presupposes the 
knowledge of the motor propellant mass and the effective motor accel
eration. The accuracy of the measurements associated with these 
quantities leads to doubts concerning not only the present accuracy 
levels possible but also any adequate future solutions which might be 
formulated. 

Since this report is primarily concerned with the analog component 
of the ,simUlator, any comparison of the results between present motor 
testing and simulation testing must be a qualitative comparison. Addi
tional studies will be necessary to establish the ranges of utility of 
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either method. The success of simulation depends upon the proper 
vehicle synthesis as well as upon the simulator accuracy. Thus, the 
precision to be expected will be mainly a function of the particular 
system tested. 

With reference to Fig. 35, it is apparent that the performance of 
the simulated vehicle of section 7.3 is somewhat dependent upon the 
value of the mass ratio parameter f. This parameter may be inter
preted as the precision of the measurement of the inertial component 
of force, Mmxm. For example, at f = 0.95, a maximum error of five 
percent may be seen to exist between the values of T(t) and T(t)ind. 
This data is analogous to present thrust stand corrected data, whereas 
the data obtained by simulation, which is sufficient for vehicle analysis, 
is the quantity F(t). It can be seen that the variations in F(t) peaks are 
of smaller magnitude than the T(t)ind variations. 

It has been shown that forcing function data is of higher order use. 
and accuracy under the conditions of simulation than that obtained from 
present testing methods. Nevertheless, the ultimate proof of the 
superiority of the simulation method depends upon the evaluation of the 
following possible sources of errors.. With respect to the present 
testing methods, these are: 

1. The possible errors resulting from a lack of knowledge" 
concerning thrust stand dynamics; 

2. The possible (and probable) errors caused by inaccuracies 
inherent in the data reduction system employed; 

3. The possible errors resulting from the additional degree(s) 
of freedom required when using T(t) data instead of F(t) data; 
and 

4. The possible errors induced by subjecting the motor to an 
erroneous vibration environment. 

Finally, with respect to the simulator technique, 

5. The possible error introduced by a known amount of error in 
simUlation. 

The above comparisons can" be seen to be a function of the mission 
requireme.nts of the motor. A careful analysis of the error build-up 
must be made, throughout the data handling process, from the thrust 
stand to the final performance or design use. It is believed that only 
by such an analysis can the simulation concept prove to be advantageous. 
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10.2 CONCLUSIONS· 

In conclusion, it has been shown that space vehicle simulation is 
a practical approach to the thrust stand dynamics problem. This 
approach also allows the rocket motor to be tested in a simulated 
vibration environment without the presence of massive vehicle com
ponents, thus allowing the use of standard, readily available test cells. 
These properties, coupled with the advantages of reduced data manipu
lation, yield a potentially useful rocket motor test and evaluation system. 

This report has been concerned primarily with the development of 
the space vehicle analog portion of the dynamics simulator. It was 
shown that the desired simulation could be accomplished under the 
conditions set by the particular definition of "simulation". Here, the 
definition would imply only the vibratory component of the dynamics. 

The concept of an accelerating reference was used to remove the 
d-c component of the vehicle motion, leaving only that portion defined 
as vibratory. The results of an analog computer verification yielded 
the sensitivity of the simulator to the reference. In conjunction with 
the ability to bias the analog with an error in reference motion, the 
concept of a tuning parameter was introduced. In the physical thrust 
cell use of the analog simUlator, this will allow the operator to perform 
a pre-firing balance such that the servo actuator may be placed in an 
optimum initial position. 

Even though the accelerating reference provided a means of 
positioning the vehicle (setting the balanced d-c level) within the 
analog, neutral stability existed and any resulting stray voltages would 
activate the integrators and establish drift. In the test cell, this would 
cause the servo actuator to extend to the stops. This p.roblem called 
for a stabilizer system, and a quite efficient stabilizer damper was 
developed. In effect, it stabilized the vehicle to the accelerating 
reference such that any displacements from the zero point would be 
quickly damped. One of the impo:J;'tant properties of the stabilizer 
damper is that it will neither damp nor add spring stiffness to dist.ort 
free-free vehicle modes if the desired design format is followed. 

All of the theoretical developments and design relations are pre
sented in such a form that the design of any vehicle analog simulation 
may be accomplished if the differential equations can be solved on an 
analog computer. Of course, the servo loop stability of the simulator 
should always be checked, as this defines the frequency limitations of 

.the system. 
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The development of the technique of space vehicle simulation in a 
rocket motor thrust stand is thus concluded. This presents only the 
first of many efforts which must be expended to make test cell flight 
dynamics Simulation a reality. Therefore, it is recommended that a 
program be initiated, such as the following, to meet this end. 

First. a study should be conducted to determine where the need for 
the type of data obtainable by this method lies. This will establish the 
rocket motor thrust levels. 

Next, the frequency range of the simulator should be studied to see 
if it can be extended to the range required for adequate use. This- may 
be done by employing an analog computer. The primary variables .. 
should include: 

1. Vehicle model transfer function; 

2. Thrust butt fundamental frequency; and 

3. Rocket motor and strut system fundamental frequency. 

These studies should be made with the highest performance commer
cially available dynamic exciter. 

A space vehicle will usually require a complex formulation to 
describe its motion. In many instances, synthesis may be used to 
reduce the complexity required for simulation; hence, a study should 
be made to determine the limitations of synthesizing. 

Finally, a system should be designed, based on the above analyses, 
and this system tested with a live rocket motor. The data should be 
compared with in-flight data of the simulated vehicle. A final com
parison of the performance attained by this method with the perform
ance attained in the classical fashion should establish the value of the 
method. However, care must be taken since it is possible that a poor 
selection of a test specimen could result in erroneous conclusions. 

This report has presented a method for testing rocket motors in a 
simulated dynamic environment. The method requires no bulky test 
equipment, thus allowing the use of current facilities without major 
modifications. It is believed that an approach such as this is the only 
economically feasible means of solving the thrust stand dynamics 
problem and simultaneously keeping step with the rapid technological 
advances of the space industry. 
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APPENDIX I 

DIFFERENTIAL EQUATIONS OF MOTION 

There are various methods available for defining the motion of an 
element of a dynamic system. 
Lagrangian, and Newtonian 
formulations. For the sys
tems concerned herein, 
the Newtonian approach is 
the most straightforward. 
This is partly because of 
the continual reference of 
the D'Alembert ~oncept to 
. visualize a particular . 
dynamic principle. In 
general, for the systems 
concerned, forces are 
significantly more easily 
conceived than, for in
stance, momenta or 
energy. 
. . .. 

Newton's Second Law 
of Motion states that 

Force = Mass x Acceleration (1-1) 

Thus, if a dynamic system 
such as that shown in 
Fig. I -1 is set in motion, 
the Newtonian relationship 
may yield the differential 
equations of motion.. The 
K 1 S in this figure are 
generalized force coeffic
ients. Here they will be 
construed to represent 
spring constants (as they 
are used in the text~<). 

Several such methods are the Hamiltonian, 

Kn,i 

1 

Kn,n-l 

xn 

l 

K' 0 1, 

Fig. 1-1 Genera I Dynamic System 

Kn,o 

'*Only the spring forces are considered here although damping may 
be treated in the same manner with identical conclusions and format. 
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By assuming a displacement of each mass and applying Eq. (I-I) 
to the i'th mass in Fig. 1-1, its equation of motion becomes 

By expanding this relation and removing the displacement terms to the 
left side of the equation, there results, 

or, in general, 

Mi Xi + (Kio + Kh + ... + Kin) Xi - Khxl - Ki2X~ 

- ... - KinXn = Fi 

n n 
Mixi +. ~ KijXi -.!' KijXj = Fi. f. 

)=;0 )=1 

This arrays very, nicely in matrix format as 

Xi + 

n 

!, Klj"- K 1j"-Kill 
j = 0 n : 

!... Kit·· !, Kij' - Kjn 
. j = 0 n 

- Knl •• - Knj •• !, Knj 
j=o 

~1 

Xi 

Xn 

(I-2) 

(I-3) 

Hence, the choice of subscripts in Fig. I-I has led to an extremely 
simplifying conclusion. It may be summarized as follows: to write 
the matrix differential equations of motion for a lumped-mass param
eter system, 

1. Write the mass matrix as a diagonal matrix; 

2. Multiply by the corresponding acceleration vector; 

3. Write the stiffness (damping) matrix by 

a. Summing all stiffness (damping) coefficients which have 
the subscript corresponding to the 'row wherein the 
related mass occurs and placing this value on the main 
diagonal, and by 

b. Placing the negative of the stiffness (damping) coefficient 
in the off-diagonal locations corresponding to the subscripts, 
remembering that Kij ::: Kji; 

4. Multiply the stiffness (damping) matrix by the displacement 
(velocity) vector; and 

5. Finally the above, when summed, are equal to the external 
force vector. This is to say 

[M] [x] + (e] [x] + [K] [x] [F] 
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The above procedure was used throughout this report since it 
provided a simple bookkeeping method of writing (and checking) some 
of the rather lengthy sets of differential equations of motion. 

121 



AEDC.TDR·64·163 

APPENDIX II 

ROUTH'S STABILITY CRITERIA 

The Routh Stability Criteria is a technique which affords not only 
the necessary conditions but the sufficient conditions for proof of the 
stability of a system. 

Consider a system which has a characteristic equation given by 

where the a's represent constant coefficients, the r's roots of the 
characteristic equation, and n the order of the system. 

First, the coefficients in the above equation are arrayed in the 
following order: 

From this the following array is calculated for a sixth-order system: 

6 0 6 2 6" 6 6 

6 1 6 3 6 5 0 

bl b3 bs 0 

Cl C3 0 0 (II-I) 

dl d3 0 0 

e 1 0 0 0 

where 

a O><a2 
b1 :;= 

a l a3 =(a l a 2 6 0 a3)/a1 
al 

b3 (61 a 4 - 6 0 a s )/61 

c 1 '(b l a 3 - 6 1b3)/b 1 

d 1 (c l b3 - b1 c 3)/C l 

e 1 = (d l c 3 Cl d3)/d l , etc, 

Stq.bility is said to exist if the entire first column (ao, aI' b l , cl' 
dl, and e l ) have the same algebraic sign" 
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The Routh Stability Criteria was used in conjunction with the 
cevelopment of the stabilizer-damper used in the space vehicle 
sllnulator. 
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APPENDIX III 

ANALOG COMPUTER ANALYSES 

STABILITY AND ACCELERATING REFERENCE 

The concept of stability of a space vehicle-motor system with 
re'spect to a simulated vehicle reference was derived in section 6. 3. 
Also, the development of the accelerating reference frame was made 
in section 6. 2. 

The variables to be analyzed in this section which affect the vibra
tory motion of the motor are Sc, Sk, and ·xr . To keep this investigation 
from being too lengthy, an analog computer solution was used wherein 
the variation of the magnitudes of the above parameters was kept 
simple. For the analog analysis, the particular configuration assumed 
was a simplified version of the vehicle-motor system of section 7. 1. 
The following physical properties represent a system such as that 
shown in Fig. 16 (and reproduced in Fig. III-1 for convenience). For 
this case, assume the following properties: 

Ml = 1800/386 Ib-sec 2/in. 

M2 .200/386 Ib-sec 2/in. 

K 5 x lOs lb/in. 

C 15 Ib/(in.-sec) 

and the following dimensionless quantities (initial values): 

Inertial 
·Ref. 
Plane 

Sk = 1.0 and Sc = 1.0 

VehicleK ~I 

. _~r-.-- P(t) 

X2 ---i 

Fig. 111·1 Motor·Vehicle Stability Model 
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First, the combined stabilizer and accelerating reference concepts will 
be analyzed in conjunction with this system. 

For simplicity, let the acceleration of the center of mass be 
defined by 

.. 
Xg = e (III-1) 

This equation will be used to describe the motion of the accelerating 
reference frame. The ccefficient e is included to indicate the potential 
variation of this equation about the theoretical value of e of unity. For 
example, if e is set at a value of less than unity, the reference frame 
will initially move from some inertial reference point at a lesser rate 
than the system to which it is connected through a stabilizer. This 

. motion will induce oscillation about the steady-state (static) deflection 
position. 

The equations of motion may be written with reference to Fig. III-l 
as follows: 

and 

Simplifying, 

1.072 X 105 (SkX1 - X ) + 3 216 (S x' x· ) 2 • Cl- 2 

X~ - 9.65 X 105 
(Xl - x 2 ) - 28.95(x 1 - x2 ) 

- 0.lQ3 ~ (t) 

386 pet) 
2000 

~P(t} 
200 

-0.193P(t} 

1.93 P (t) 

386 P (t) 
2000 

To apply these equations to the analog computer, the amplitudes were 
scaled by letting 104x appear. Time wa:s reduced by a factor of 1/100, 
and the thrust was scaled by P(t) = 2800/40, allowing 70 volts to appear. 
The resulting equations are: 

O.lxl = -0.772 [P(t)/40] ,- 1.072 (SkX1 - x
2

) 

- 0.003217 (Scx 1 - xi) 
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0.lx2 9.65 (Xl - x2) + .02895 (Xl - x2) 

+ 7.72 [P(t)!40] - 0.772 [P(t)!401 

Figure 1II-2 shows the analog wiring diagram for these equations. 
The program was designed around ease of manipulation of the three 
potentiometers governing the values of SbSc' and e. An experimental 
study of the variation of these coefficients was mad.e. 

The effect of variation of Sc on the decay of the low frequency 
oscillation is merely the exponential decay given by 

for the non-resonant vehicle stabilizer system, where' is given by 

and 

Figure III':'3 is the analog computer output showing the effect of 
various types of excitation: the five-millisecond rise time similar to 
thrust build-up of a solid rocket motor, a square wave, and a pulse. 
The step function excites the higher vehicle mode which is undesirable 
for analysis of the low frequency stabilizer mode. Thus, only the 
thrust curve is used throughout the remaining data. 

Figure III-4 shows the variation in system dynamics with Sc' In 
both this figure and in Fig. III-3, e and Sk were held constant at values 
of 1.0026 and 1.012, respectively. This value of e was chosen to 
intentionally unbalance the system. In Figs. 1II-4 through III-6, the 
thrust curve terminations are not step-downs but computer resets. 

Figure III-5 shows the effect of varying the reference control 
parameter e with Sk and Sc held constant. Also, Fig. III-6 shows how 
changing Sk to 1. 030 affects the variation of performance with e. It 
may'be s.een that for e less than unity, the vehicle "overshoots tl and 
gives rise to a low frequency oscillation. As e is increased, the 
oscillation amplitudes decrease to zero (at the tuned reference condi
tion) and finally reverse sense. Figure III-7 shows the reduced 
performance data from plots concerning variation of e. 
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Fig. 111·7 Effect of Stabilizer and Accelerating Reference on 
Simulator Induced Dynamics 

, 
Five additional sets of data wer~ taken similar to those shown in 

Figs. III-5 and III-6, They were made to cover the expected range of 
Sk values. Figure III-7 shows the results of combined variation of e 
and Sk. 

It is interesting to note that the lines for various Sk values inter
sect at a particular point which is not at the zero amplitude ordinate. 
This may .be attributed to the stabilizer-induced bias which occurs 
when the mass to which it is attached deflects under the thrust loading, 
Note also in Fig. III-4 that this mass (Ml) moves aft (toward the cE!nter 
of mas s) upon thrust ons et, 
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THRUST STAND STABILIZER AND ACCELERATING REFERENCE CHECK 

The previous section of this appendix dealt with the development of 
concepts of system stability and accelerating reference frames in 
general. However, to adapt a motor to a rocket thrust stand, a more 
sophisticated set of parameters is necessary. This Eq. (III-l) must 
be replaced by Eq. (9). This equation may be written as 

.. F(t) f Mm .. 
Xr = -M- + Xm 

, v Mv 
(III-2) 

where f is the variation paral1).eter devised to investigate the effect of 
Mm'xm/Mv on the accelerating reference. 

Also, the stabilizer damper designed for low frequency energy 
dissipation will be used here. 

Figure III - 8 shows the configuration to be analyzed. With 
reference to Fig. III-8, 

Mm 200/386 Ib·sec 2/in. 

~1 1800/386 Ib·sec 2/in. 

Mz - 200/386 Ib-sec 2/in. 

K12 5 x 105 lb/in. 

K20 17.15 x 105 Ib/in. 

Kmo = 7.06 x 105 lb/in. 

Cu 15 Ib/in./sec 

C20 = 15 Ib/in./sec 

and 

x.-J 
2 -:' -1 

Fig. 111·8 Stabilizer.Damper Model 
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. . 
F(t) is the force exerted by the force transducer onboth'systems. 

It is shown positive (in compression) reacting at the attach rings. 

Since there are five unknown quantities in the above equations, 
namely xl, x2, xo ' x m ' and F(t), five equations of motion may be 
written. There are: 

200 
386 

(III-3) 

(III - 4) 

(III-5) 

(III-6) 

(III -7) 

The motion of the vehicle relative to an accelerating reference 
frame is obtained by annexing Eq. (III-2) to Eqs. (III-5) an<:l (III-6). 
Thus: 

200 x + 7.06 X 105 (xm - xo) T( t) , for motor 
386 m 

(III-8) 

(III -tl J 

1800" [F (t) x386 + f 386 Xl + 386 
200 ] x (1800 ) + lSx l 

2000 In 386 

(III -10) 

. 200 x + r F (t ) x 386 
386 2 [ 386 

f . 200 .. ] 
+ 2000 xm 

(III - 11) 

(III-12) 
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where all displacements now appear in the vibratory (transient) modes. 
Solving fdr the desired unknown in each equation yields 

Xin = - 13.61 X 105 (xm - xo) + 1.93T(t) 

Xl [~.193 F (t) + O.lfxm] 3.215 (Xl - x2 ) 

- 1.072 (Xl - x2 ) + F out · 

[0.193F(t) + O.lfxm] - 28.95 (2x2 - Xl - '(0) 

+ 9.65 x lOs (Xl - 4.43x2 + 3.43xo) 

where Fout is the stabilizer output force. 

(III -13) 

(III -15) 

(I11-16) 

(III -17) 

The above equations are adapted to an analog computer by making 
the following mathematical substitutions: 

Let 103x, O.lX, T (t )/40, and F (t )/40 appear; 
arid let T = lOOt; this slows down the solution. - (III-18) 

Substitution of the assumptions expressed by Eq. (III-18) into the five 
equations of motion produces the analog equations 

O.lxm == - 13.61 (xm - xo) + 0.772 [T(t)/40] 

0.1 [F(t)/40] = 1.765 (xm - xo) 

O.lxl (0.0772 [F(t)/40] + O::n£xm) - 0.003'215 (Xl - x2 ) 

- 1.072 .(X l - x2 ) + 0.01 F out 

0.lx2 = - (0.0772[F(.t)/40] +o.oi£xm) - 0.2895 (2x2 

- xo) + 9.65 (Xl - 4.43x2 + 3.43xo) 

(III -19) 

(III-20) 

(III-21) 

(III-22) 

(III- 2 3) 

The value of the stabilizer force, F out, has been inserted in Eq. (III-21) 
so that it will receive scaling with the other equations. 
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Next, the equations of motion governing the stabilizer system for 
the thrust stand space vehicle simulator will be formed by referring to 
the theory of section 6. O. From Eqs. (62) and (63) with the design 
natural frequency set at 20 radians per second. there is obtained 

Xs . = 1200 (Xin - xs) - 69.308 Xs 

and 

Scaling by the use of Eq. (III-IS) as before, 

Xs = 0.12 (Xin - xs) - 0.69308xs (III - 2 4) 

and 

F out = 2.5043 Xin - i .6695 Xs (III-25) 

Table III-l is a summary of the analog computer equations. The 
analog diagrams (representing the equations of Table III-I) are shown 
in Fig s. III - 9 and 111-10. The stabilizer is shown separate from the 
vehicle-motor analog diagram for clarity. The input and output 
junctions are clearly shown. 

An EAI Pace 231R Electronic Analog Computer was used to solve 
the set of equations shown in Table 111-1. Several options were made 
possible by the versatility of this machine. The excitation source was 
governed by the three position switch CO 1, shown in Fig. 111-9. 
Either the thrust curve from the function generator, a pulse, or a 
$tep up or down was possible. Switch C02 made the cut-in and cut-out 
of the stabilizer system of Fig. III-I0 quite simple. Variation of the 
parameter f in Eq. (III-2) was accomplished by manipulation of 
potentiometer 05. The accelerating reference frame was tllned by the 
proper setting of potentiometer OS. The theoretical setting was 0.1765 
(e = 1. 0000), but balance was attained at 0.1769 (e = 1. 0023). 

Figures III-lland III-12 are the :result of this study. A step input 
was used to excite the system. 

The effect o~ the variation of the motor mass ratio parameter f 
was quite apparent. The vehicle motion was not affected to a high 
degree. However, the motor motion and the indicated thrust, given by 

(111-26) 
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O.lxm = -13.61 (xm - xo) + 0.772 [T(t)/40] 

0.1 [F(d/40] = 17.65 ~xm - xo) 

Motor equations 

0~1 Xl = - (0.0772 (F (t) /40] + O.Olxm) - 0.003215 (Xl - X2) 

-1.072 (Xl - x2) + O.OlF out 

0.lx2 = -(0.0772[F(t)/40] + 0.01 xm) - 0.02895 (2"2 - Xl 

-Xo) + 9.65 (Xl - 4.43X2 + 3.43xo) 

0.1 Xo = 0.lx2 - 114.3 (xo - x2 ) + 2.667[F (t) / 40] • 

Vehicle Equations 

O.lxs = 0.012 (Xin - xs) .- 0.69308 xs 

F out = 2.5043 Xin - 1.6695 xs 

Xjn = Xl 

Stabilizer equations 

" 

Amplitude scale: X = lO3x Time scale: T = Ion t. 

-
TABLE "'·1 SUMMARY CHART OF ANALOG EQUATIONS 
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was considerably modified (see Fig. III-ll). This series of runs 
indicates the desirability of the use of Eq. (III-26) for monitoring 
thrust, namely with an accelerometer and a thrust transducer combi
nation. 

Figure III-12 shows the effect of the accelerating reference frame. 
The vehicle drifts away from the initial condition with the reference 
unbalanced. Phase 2 shows the effect of switching the stabilizer in 
after the vehicle was allowed to drift away from the neutral position 
for approximately two time markers .. Phase 4 shows the vehicle and 
motor mode with both the accelerating reference tuned and the 
stabilizer in at all times. It may be seen by comparing phases 3 and 4 
that the stabilizer does not affect the high frequency mode. 
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Fig. 111·11 Effect of Variation of f in Eq. (111·2) for Sample Problem with Step Input 
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Fig. 111·12 System Response to Step Input 
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3' Bal. Ref., Stab. Out 
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