UNCLASSIFIED

w 434782

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

UNCLASSIFIED




NOTICE: When government or other drawvings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner liceneing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
ratented invention that may in any way be related
thereto.




Gttt

Nk)TES ON OPERATIONS RESEARCH—2

e

(=

5
2
QA
=
= L
[

OPERATIONS RESEARCH CENTER

INSTITUTE OF ENGINEERING RESEARCH

N
QD
e . il'm} Z .
£ 434752
<H

ORC 63-23 (RN-4)
27 September 1963

DDC

Ir 2oz
| APR 14 104 m
COTOLIV &

TISIA E

UNIVERSITY OF CALIFORNIA-BERKELEY




ORC 63-23 (RN-4)
27 September 1963

GEOMETRIC INTERPRETATION OF DANTZIG'S CONVEX PROGRAMMING AILGORITHM

by

*
Pierre Huard
Operations Research Center
University of California, Berkeley

This research has been partially supported by the Office of Naval Research
under Contract Nonr-222(83) with the University of California. Reproduc-

tion in whole or in part is permitted flor any purpose of the United States
Government.

*
The author was a visiting research engineer from the Electricite de France,
Paris, France, in 1962.




GEOMETRIC INTERPRETATION OF DANTZIG'S CONVEX PROGRAMMING ALGORITHM

by Pierre Huard

I. Review of the Algorithm [1]

We consider the following program:

ind x € R such that ¢o(x) is maximum
(1) PI

ub ject to ¢i(x) 2 Ofor 1i=1,2,...,m .

where ¢O » ¢i are concave in x and R is compact and convex.

We replace PI by a linear program PII-K which gives a lower
approximate solution ¢o(x) for PI. This linear program is constructed
fram a firite number of points x = X‘j » J € K, which belong to R 1in

the following way:
/
Tind )\J. 20, J €K such that

Z;éo(x‘j)?\d is maximum
JeK

PII-K 4 subject to

J

(2) Zﬁi(x )xj >0 i=1,2,...,m .
JeK

(3) ij =1
JeK

let ¢ be a column vector whose components are ¢i ol Loy ol s

AE . [¢(x3) IJ € X) , matrix of columns ¢(x3)
- [¢O(XJ )' J € K} , row vector of components ¢O(X‘j)
eK = (l,l,...,l),‘ row vector of components e‘j = 0 el €K G

2.




The linear program PII-K and the corresponding Kuhn-Tucker conditions

in matrix notation read:

/
Find }‘KZ O and maximize fK)\K

PII-K]| subject to

(2) A >0
(3) | eKAK =1

(&) fn () > o

(5) maK 4 mCK 4 K < 0
Kuhn-

6 Tucker TIA = 0

©) conditions K7\K

(7 \[HAK + X 4 K] A = O

The dual variables II(vector) and ]Io(sca.le.r) ccrrespond respectively
to the relations (2) and (3).

The optimization of the linear program PII-K yields an optimal
solution iK , at finite distance, and corresponding dual variables I
and ﬁo as functions of K .

One solves then the following auxiliary program

Find x € R such that
PIII-K

Zﬁigdi(x) + ¢O(x) is maximum

1=1
Iet x = X° be the optimal solution of PIII-K . The index s is then added
to the set K of the indices which define the linear program PII-K .
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PII-K has then one more variable AS . If this new variable is a
candidate for entering the basis, then PII-(K+s) can be improved,

if not then PII-K yields the optimal solution X for PI , viz:
(8) % =ZxJXJ
JEK

or with obvious notations

(9) X = X%

If the algorithm is infinite, and with the restriction of a nondegenerate
solution to the initial PII, the solutions of PII-K converge to the

optimal solution of PI.

II. Geometric Interpretation of PII

If we consider the point x(%K) defined by

(10) x(h) = X

where XK has the same meaning that in (9), we have for sll feasible

solutions kK of PII:
(11) Blx(A)] 2 A% 2 0
(12) Bolx(A2 £

In fact, AK%K and fK%K represent barycentric interpolations
of concave functions. From relation (11) we know that to every feasible
solution kK of PII-K corresponds a feasible solution x(%K) to PI,
i.e., that the domain of the solution x(%K) obtained from feasible solu-
tions )K for PII is contained in the domain of feasible solutions of

PI. Moreover, relation (12) shows that the value of the objective function
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of PII-K 1is less than or equal to the value of the objective function PI
at every corresponding point of the domain on which fK is defined. These
remarks show that the linear program PII-K is a lower approximation to the

given problem and this for a pair of reasons.

Fig. 1




Fig. 2




III. Geometric Interpretation of PITT

PIII has the following form:

Find x € R such that T@(x) + ¢ (x) is maximum
0
PIII
where T > O 1is a given vector.

We have seen that PIII 1is used to determine the candidate variable of the
simplex method to enter the basis of PII (linear progrom in .
In the standard simplex method, each step corresponds to an extreme

point. To each edge leaving that vertex corresponds a non-basic variable

%j . We then determine an edge leaving that vertex which gives the greatest
increasing slope of the objective function. The slope being taken with
respect to the nonbasic variable kj corresponding to that slope. We can
also select any edge yielding a strictly positive slope (not necessarily
the largest).

Here the problem is different: we do not have these edges, but we
have to construct one, with positive slope (or the largest positive slope),
increasing the A-space by one dimension. The position of the new edge and
the position of the new gradient to the objective function are related and
are functions of the selection of a point Xx = x° of R . On the contrary,

the projections of the normals on the new faces of PII as well as that

of the new gradient in the o0ld A-space, remain constant.




Fig. 3

When PIII-K has generated a candidate As , the first iteration of

PII-(K+5) 1s the introduction of A, in the basis, because it is the only

candidate. But, once the basis is changed, there may exist other candidates.

namely slack variables. Note that PIII-K yields an additional variable and

candidate for entering the basis “o PII-K , the criterion of choice of

that candidate takes only into account the relative gain (or slope, as we

said above) of the first iteration of PII-(K+s) and not the total gain

of the following iterations necessary for the optimization of PII-(K+s) .
The optimization of PIII-K does not necessarily yield the 'best"

candidate for PII-(K+s), in the sense of improvement for the objective

function of PII-(K+s). Let us illustrate this by an elementary example.
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EXAMPLE let x be a scalar, M a very large scalar.

. Find x € [-M,M] such that §,(x) is maximum
PI
| subject to ¢l(x) >0

P! : - \
!.J;% cyele 0:xF = [xb, ¥
! ) the initial basis of PII-K has

two elements

Optimum PII-K

Point @ N > 0
o 20
slack = O
Cptimum PIII-K

% =x°

1. Change of basis of ‘PII—(K+s):
Cycle 1

®- @

%s enters the basis

By

xl leaves the basis

% >

slack = O
2, Change of basis of PII-(K+s):

cycle 2
o- @

)2 leaves the basis
the slack enters the basis

A =1

Fig. 4

The slope of increase of the objective function of PII-(K+s) when ve
go from D to @ (first iteration), is with respect to A, , we have (for

. notation, see Figure 4)

- d + bo
(13) W St o

8




We have also 4 = Hlbl (classical result of the parametrization of the con-

stant column of a linear program)

bo 7\s ]

1k — = ————= \ similar triangles

G ] 7‘5 ™ )\?_ 2 ( - )
bl 7\s

(15) = e N, (similar triangles) .
1 = s

It follows that the value of the slope is:

0
_=nlgl+go.

s

> O

a
(16) p=3\:+

This slope is a function, by a; and ag of x = X° glven by PIII-K .

letting X be the abscissa of the point @ :

bl _
§y(x) - = (x - %) 40

(1) a, (x) =
(18) L ey =) + S (x - F) s
It follows

(19)  p(x) =-T'a (x) + ay(x) = TP, (x) + #(¢ - HH(x - %)

=1 ¢l(x) + ¢o(x) o]

+

We see that for the objective function of PIII +the part Hl¢l(x) has
for origin the term d/7\s , 1.e., the increase of the optimal value of
the objective function of PII due to the enlargement of the domain of
feasible sclutions, whereas the part ¢o(x) has the term bo/)\s for
origin, corresponding to a better approximation of the function ¢o(x)
of PI for the new form of the objective function of PII.

These results can be reproduced for the n-dimensional case.
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Let:

>
o 1

>

We have:

More precisely:

(=

»1
[

=1
[}

be an optimal solution of PII-K

the solution obtained after the first
iteration of PII-(K+s)

the optimal basis of PII-K, with respect
to ik

the set of indices of the constraints (2)
of PII-K satisfied exactly (equality)

for K:XK

i
basic matrix of PII-K
I
e
x'&'K
K 5y —
(x5, xX7) A -

Variation in the objective function of PII from

X to x!

= Variation of the old objective function of PII

from X to x'

+ Variation at the point X' when we replace the

old objective function by the new one.

Variation of the old function from x to x' =

(20) ("%

I =
f AKI

I= _ %
(N 7\1)

F -1 AS '
oy (l)x
(n,n°)<ADX;

(ma® + 10)!

=i




Variation at X' due to the change in functions

! =
K+s K fs

(21) s Mews - F g = -; 1

The total variation is

(22) v (a® . 1® 5 £°) XS' = [Mg(x) + 1° 4 ¢O(x)]7\é

and the slope, with respect to ké » 1s the well-known result

(23) ng(x) + HO + ¢O(x) .

The two first terms represent the effect of the enlargement of the

domain of PII-K, and the last one the improvement in the approximation of

the objective function of PI.
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THE PROBLEM OF THE MAXIMUM FLOW IN TRANSPORTATION

WITH CORRESPONDING CONSTRAINTS

A. Ghouila-Houri

(Member of the Operations Research Group of the S. N. C. F., France)

In a transportation network in which for each entry arc there corres-
ponds an exit arc and vice versa, corresponding pairs of entries and exits
‘are required to carry the same flow. Under these conditions, we can obtain
the maximum flow by applying the Ford-Fulkerson algorithm to a sequence of
networks, each of which is obtained from the labeling of the preceding net-

work. The final result is attained in a finite number of steps.

l. Introduction

The study of the problem of engine scheduling at the S. N. C. F. led
us to the following theoretical problem:
We consider a transportation network in which there is a two-way

correspondence between entry and exit arcs.

COLLECTION OF NODES
OTHER THAN SOURCE
AND SINK

FIG. 1
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To each arc u in the network is attached a capacity C(u). The
problem is to send flow in this network subject to the capacity con-
straints: @(u) ¢ C(u); the correspondemce constraints: flow through an
entry arc = flow through the corresponding exit arc, and such that the

flow is maximum.

2. The Problem of the Maximum Flow in a Transportation Network (To

review known notions)

We shall recall the principles of the Ford-Fulkerson algorithm
which allows us to solve the following simpler problem:

Given a transportation network; for example, the one shown in
Fig. 2, in which the numbers between parentheses represent arc capa-

cities, the problem is how to send meximum flow from source to sink.

FIG.2

The algorithm of Ford-Fulkerson consists of the following operations:

(1) Send an arbitrary flow: as illustrated in Figure 3.
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(2) Proceed with labeling nodes according to the following rules:
a) S must be labeled (with X)
b) For a non-saturated arc (x , y) if x is labeled, label y

¢) For a non-empty arc (y , x) if x 1is labeled, label Yy

(3) a) if S' is labeled, we can improve the flow by one unit. For
example, in Figure 3, S is labeled by rulea; C , F , and G
by rule b; E by rule ¢c; B by rule b; A by rule c¢c; D and
S by rule b. If we add one unit of flow to SC, CF, FG, sub-
tract one unit of the flow from EG, add one unit to EB, subtract
one from AB, add one unit to AD and DS' we obtain, as shown

in Figure 4, a one unit improvement over the previous flow.

=16~




F1G. 4

b) If it is not possible to label 8’ (for example in Figure 4,
only S can be labeled), then maximum flow is attained. To
prove this, consider the set of arcs U* such that the be-
ginning nodes are labeled and the end nodes are unlabeled,
and the set of arcs U  such that the end nodes are unlabeled
and the beginning nodes are labeled. The flow through the net-
work from S to S' is also the flow out of the set of labeled
nodes (containing §) to the set of unlabeled nodes (containing
S'). Accordingly, it is the sum of flow in arcs going from the
first set to the second minus the sum of flow going from the

second to the first set
) B - ) B
ueut uey”

3. Return to the Main Prcblem: Auxiliary Graph

et xl h x2 ’ ...X" be the nodes other than source and sink in

the network under consideration. We shall introduce a capacitated auxiliary

i

graph G with an unlimited number of nodes denoted by xp when
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i=1,2, ... m and where o p < »w. The arcs of this graph and

their capacities will be defined in the following manner:

b)

] u ¢
15T ENTRY ARG —. S B

e ,'-- L] i
£ ' 15T Exim aRe
b Ao AF1
g 3
(21 //j
2ndENTRV ARC/ \\__-:ln -
v & o V& T2 EXIT ARC

INITIAL NETWORK

AUXILIARY GRAPH

FIG. 5

2 m
y X ,..., X_ are con-
P P

nected by arcs exactly like the one in the initial network.

For each value of p , the nodes x;

———

For each entry or exit arc in the initial network say le

s

—— —-—i—i
st' » and for each p there corresponds an arc xgxp+1 with

-18-




a capacity equal to the smallest of the two capacities.

Figure 5 illustrates the construction of such an auxiliary graph.

In a network, send flow which assigns to every arc u a positive
integer flow n{u) < C(u) such that at every node other than source
and sink the conservation equations are satisfied; i.e., the sum of
the flows in entering arcs equals the sum of the flows in exit arcs.
We say likewise for the auxiliary graph G that we have sent a flow into
G if to each arc u 1s assigned a positive integer flow n(u) < C(u) so
that at each node the conservation equations are satisfied. We say that
the flow is periodic if the flow is the same in any two homologous arcs,
where homologous arcs are two arcs which correspond to the same arc or
pair of arcs in the initial network. Under these conditions, it turns
out to be the same to send flow in the initial network obeying the corres-

pondence constraints or sending periodic flow in the auxiliary graph G.

4, Expression for the Quantity to be Maximized

The quantity to be maximized, which in the initial network is the
sum of flows in entering arcs, is fourd in the graph G as the sum of
flows in the arcs connecting nodes with subscript p to the nodes with
subscript p + 1 . However, we can give it a more general expression.
Consider\a function p(i) which assigns to every value of the super-
script i a value of the subscript p . Bach function p(i) defines a
partition of nodes of graph G into two sets: the set E[p(i)] of x;
such that p < p(i) , and the complementery set. Calling U[p(i)] the
set of arcs for which only the origin node belongs to E[p(i)] , Wip(1)]
the set of arcs for which only the terminal node belongs to E[p(i)] and

finally, given a periodic flow passing through G , we call n(u) the

-19-




flow in arc u . If we take for the p(i) the constant function of
i, say p(i) = S then the quantity to be maximized according to

what we mentioned previously is

T s

uel[p(1)]

on the other hand for such a function constant in 1 , the set W([p(i)]
is empty since we did not have in the construction of G arcs with the
origin node having subscript p + 1 , and terminal node having subscript

P - Accordingly, we can put the quantity to be maximized in the form

z n(u) - z n{u)

uel{p(i)] ueW[p(i)]

vhere p(i) is & function constant in 1 . From the flow conservation

equations, we can easily deduce that the quantity

z n(u) - 2 n(u)

uel{p(1i)} ueW([p(1)]

does not depend on p(i) and we denote this quantity by F[n(u)] .

If we define C[p(1)] = Z c(u) the following theorem is obtained:
uel[p(1)]

THEOREM: For any function p(i) , Fln(u)] ¢ c[p(1)] . 1Indeed 0 ¢ n(u)

& €(u) and hence

fa@l= Y e - ) a@) ) o) = ol .
uel[p(1)] ueW[p(1)] ueu([p(1)]
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5. Transportation Network Associated with p(i)

With a function p(i) 1is associated the transportation network

Glp(i)] defined as follows:

The nodes of G[p(i)] are the elements of Alp(i)] =
E(p(1)] - E[p(1) - 1] to which are added four points T 351 Ty

I, J,

The arcs of G[p(i)] are the arcs of G after the following
transformation: (i) replace by I any node of E[p(i) - 1];
(i1) replace by J any node not in E[p(1)]; (iii) discard any
arc with both ends at the same node; (iv) add the arcs (I0 , I)
and (J , Jo) both with infinite capacity.

Three categories of arcs will be distinguished:

The set Ul of arcs which do not touch I or J ;

the set U2 of arcs whose origin is I or whose end is J ;

3

the set U of arcs whose end is I or whose origin is J .

3
Figure 6 shows a network G[p(i)] corresponding to the example of

Figure 5 taking p(l) = p(2) = p(3) = p(4) = 1, p(5) = p(6) = p(7) = G .

FIG 6

6. Properties of the Network Associated with p(i)

Let N[p(i)] ©be the value of the maximum flow in G[p(i)]. Then

-21-




N[p(i)] is nonnegative since a zero flow is always possible. In
addition, N[p(i)] < G[p(i)] where C[p(i)] is the capacity of the
arc consisting of the arcs other than J 0 JO having one end at J .
The Ford-Fulkerson algorithm applied to this network yields a
partition of the nodes of G[p(i)] into labeled nodes (including Io)
and unlebeled nodes (including Jo) . For p(i) 1let ¢p(i)(i) be a
corresponding function equal to p(i) if xip(i) is labeled, to
p(i) - 1 if x;(i) is not labeled. Then C[¢P(i)(i)] is precisely

the capacity of the cut indicated by the preceding partition, so then

T. Solution of the Given Problem

Suppose for the moment that p(i) is such that N[p(i)] =
Clp(i)] and the flow in G[p(i)] is maximum. Then the arcs of U,
are saturated, and those of U3 are empty.

Furthermore, an arc of U?\ and an arc of Uu for A # pu or for
A= =1 cennot correspond to identical or homologous arcs of G ,
and any arc u of G is homologous to at least one arc corresponding
toanarc v of Glp(i)]l . If u e Uy 5 let n(u) be the flow in v .
Ifr vel, 5,le'cn(u)):O.
A periodic flow in G is obtained in this vay. The periodicity

» let n(u) the flowin v . If v e U

is trivial, and it is easily seen that the capacity constraints and

conservation equations are satisfied. This flow is maximum because

Pl = ) n() - ) n@) - ) e
ueU(p(i)] ueWfp(i)] ueUip(i)]
. Z 0 = clp(1)].
uew([p(i)]
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and a previous theorem shows that any flow in G satisfies F[n(u)] <<
cip(1)] .

Hence, we can obtain the answer to the given problem once a func-
tion p(i) is known such that N[p(1)] = C[p(i)] .

Thus, the following theorem is importent:
THEOREM: There exists p(i1) such that N[p(1i)] = Clp(i)] .

PROOF: Consider the sequence of functions po(i) , pl(i), .- .,pn(i), e
defined beginning with the arbitrary function po(i) by the recurrence

relation p_..(i) = ¢ (i)(i) . To it corresponds a sequence of posi-

n+l P,
tive integers C[po(i)] 5 C[pl(i)],..., C[pn(i)],... . This sequence
cannot be strictly decreasing. Hence, there is an integer n such that
Clp (1)1 = clp (1)1 . But Np (1)] = 0[¢Pn(i)(i)] = Clp,,, (1)1 .
Hence N[p (1)] = clp (1)] .

The preceding proof defines an algorithm which will be applied to
the network of Figure 5 as an example:

To begin, let us take po(i) =0, G[po(i)] is the initial network
(except for the modifications of the capacities of entry and exit arcs).
Figure 7(a) shows a maximum flow in this network (with the same flow in

corresponding entry and exit arcs).

-23-




FIG 7¢

FIG 7d
Then we obtain pl(l) =0, pl(2) = Pl(3) = Pl(h) = Pl(5)

= pl(6) = Pl(7) = -1 and the network of Figure 7(b) in which a
maximum flow is found. From it p2(6) = -2, p2(l) =0, p2(2)
= 92(5) = pe(h) = p2(5) = p2(7) = -1 , and the network of Figure
7(c) is obtained. In figure 7(c), N[pe(i)] = C[pe(i)] ;

Then we obtain the solution of the problem (Figure 7(d)).

2l







A TECHNIQUE FOR RESOLVING DEGENERACY IN LINEAR PROGRAMMING
by

Philip Wolfe
J. Soc. Indust. Appl. Math. 11 (1963}, 205-211

Prepared by George B. Dantzig

for
"Mathematical Reviews'

Geometrically, the simplex method for solving linear programs
passes iteratively from one extreme point to a selected neighbor in
a convex polyhedral set. If the set is defined by a system of m
linear equations in n non-negative variables then algebraically
an extreme point solution E is obtained if, setting n - m
variables equal to zero, there is a unique non-negative solution in
the remaining "basic" set of m-variables. I the same extreme point
E corresponds to more than one basic set, the solution is called
"degenerate." If so, the value of linear "objective" form (to ve
minimized) may not decrease from iteration to iteration. Several
special selection rules for successively choosing basic sets have
been proposed to guarantee, under degeneracy, termination in finite
number of steps.

According to the author, his paper "is closely related to the

material of Dantzig's Inductive proof of the simplex method. That

paper may be viewed as showing the existence of a class of choice
rules which prevent cycling in the simplex method and the present
paper viewed as exhibiting & member of that class." At any iteration
let R be the set of equations in the simplex tableau whose constant

terms are zero and from which the pivot term can be selected. These




LY

constant terms are each replaced by the polynomial O + € where € >0 .
(In selecting pivots, polyncmial expressions in ¢ and later €2,..

are compared using a lexicographic ordering of their leading coeffi-
cients). Degeneracy becomes less "deep' if a pivot term occurs outside
of R ; if so, there will be a positive decrease of the objective form.
However, degeneracy deepens if a proper subset of R' of the R equa-
tions should develop polynomial expressions in € with all zero coeffi-
cients. Fof these equations, the constants are replaced by 0 + Oe¢ + €2
and pivots are now selected from R' , etc.

The author's proof is essentially inductive (although not exactly
so stated). The number of pivots selected in the subset R will be
finite because, by induction, there can be cnly a finite number of steps
in R' which results in an optimum solution or & non-zero decrease in
the € term of the objective form. This implies nonrepetition in the
choice of basic sets of variables.

The paper concludes with some empirical observations on the number

of iterations required to solve some simple degenerate problems using,

unfortunately, a differeat pivot selection rule.
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