
UNCLASSIFIED

AD NUMBER

AD434731

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; MAR 1964.
Other requests shall be referred to Office
of Naval Research, Arlington, VA 22203.

AUTHORITY

ONR ltr dtd 28 Jul 1977

THIS PAGE IS UNCLASSIFIED



UNCLASSIFIED

434731AD

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

0S

UNCLASSIFI[ED



flULAiM NO IC

THIS DOCUMENT IS BEST

QUALITY AVAILABLE. THE COPY

FURNISHED TO DTIC CONTAINED

A SIGNIFICANT NUMBER OF

PAGES WHICH DO NOT

REPRODUCE LEGIBLY.



NOTICE: When goverment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation hatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related

" thereto.



I . I- I , - - , I I - 1 1 I , - -
, - , - -, - " - I - - ,%: , - - - - -, -- -- - - - - , - . I -1 : - , - ,l - , -- . . 1. - 11 , . - - -- , . - , - , 1, 1, I - :- " , F - -- - - " , ;, . . .- :- - - , , , , ,

, ,-, , - , - - , , ', , ',, 4 *.- ", ,:, ,,r -- - ; ..- ., !,-, . -- , ;.- I l I 1- - -4 -- I , - -" , - , ", , , " I -, , , -- , - , -
,- .I2 I -,_- , '-,,-',,'---, ,- :.,---,-- - ", . . , -- , , .- , , 1 :, - , -* 4-'; -"-? .' - ",-', ' ,-.' ;,: ', .,--:"*, " , . ,; '. .... .. , , i - - - , - - , , -, - -

,T , ', - ' ,- ', ', j- , 1 - -,' -,", i , ,"Z,- , ,
" i -Z. -T, - -, ",- , t. ,, ,-,, ' , , 'z,-%-- -- ,

,, h; -,gl, --, - ,g, 4,1-, h , k ,-,.5",-l - -. - Z., " -t ,-,-, ,' "," , 1,1 ,,, ' , --,-.*" ,?,.,;; ,'!,'-,, : ,-,' ' ',.- f-"-- -,, -I :., , .- , -, ,; .- ,,-'-, -,:!,: ,,i ",:: ,_.- ,-:,- -,, - I
- -;',L' ', , , ,- ,",--

4 ,MA , i
- 11 , , , ,g, .111W1-1- 11 ,%- ,!,: ,M ,g, - 5 , , '! - - .-: A - -,-U,--- ',- -,'-'

mm = ,k5* ,mrA?.,etk , s , , , .k ,",

1. -- " ? k , i - , ,%I u -44 -Ill - i 11,0 1- , - P, - , , - ,- ,-- - . - -V - " - , .
- . , - O 

, , _-, - '. -- , - - %
- , w , I I

, , ,,, -KOU 1 --- P I O, - -. ! 4-.,-, 4;, , N , ,
, 

-

-- 
,-

, - , -
1;4i- f v 4, , -- - 4 .- ; - "I-- ---, " agm. W I ,k -, pl- -41 .Il

I - , - -- ,itl , ,A.'$ FM M - 'le, -
I 

I - '. I I 

, I . .. ....

,,-i_-

-- p . I 
,11

, I I , I I ,F;IT7-1- - , ,,l
Z-g-l'. I 1-

_--3 --4r, - :' , :,
em -om - a ,., %n -- -- P R 0 ,'

ARU , , 'IV KII-irlIVA- 65 . IZ, Z,'- .I 1".
1, - - N,, ,q-l-'l;l 11-1-11- , '- xpt"2, ! , .,,,n2,,s ".,gT , I

I I , k, -'.
'. , ,-, W E w ki , &--- - ,,;- v,, -,,,-i t,,,,, t "" ,,,', ,., ,, - -,-t,-!;i4 ,,, " -. I 1. . . 1 , I-, I I 1 -1

I I - I -&F, C6 . - I W ', ..... , -..
11al*7ftg.g -, ,% -5,Z , rl , ; 1, , ,, ; ,, M lia'M N%

- 1. ;Ot ; of 
,-

; , , ,.,; io'k , , -- l 1, I 
N,, , k- -, ? - , - - ,, - , 4 --l I

.- ", -1 .. 1-. I ..... I RP 6,., , -;P! -1 ,, , 4, N f-', I - ,f l u ,,,.-- - 'J. :,Ill,* 'i 'R " , - ... .
-'V-fi---- - , d' , , r, i,

I, 'SI, 
"r , , - 211i ,

' . 2, - , w , I - - "". ,-,, ---- ,,r, I
I . , 

lq , ;---,, ,, :W- l
1 , , , ; ,11, "m P,, , -,Z* ,,, - - -- --- ,

- , - pl-Ital - 1, , I , a , f
. - - 'e; Ilr k g 

I .

, _ , - .- 1 '- -- -,v-,- - , 1 'P K ,--' o-'44L;", ;, ;n- - , , . .; " " , qf,,-!, ,.- - -,. - ,. ,, -,. "k . . ,rm 7,3-Ajt,,M.-g h--- , ,!,pe ',, ! ,, -I, - W ,-M,, , - : -- ----------------- . - ",,'I'll , -S Ap 'i . I .I- I ....... - -1- - , -,-.- 1..1 -11. .... , "I , -

, 
!-,

_ -.-. 40 , ,A -'-' ' f-, - -
, * - , .-. , . . ,, ..,,,, , ',,,? M Pq A - IM -i-y'- , 4, , -'5, , : ',-.I- -I r - - I I - , -11

,:. I , ,-, ,- , , T -9,' ,', , ' I ,
I 

11 ;, 
, . - - , i 

. _" 
- - _ , N - , Q , 

I 
"'" , .. 11 

I 

, 

, -, , ". - -- - ,,-- , -Z

- ; , I " --V ffl i," I ..l. - I- - 115 -- , A, - I'll, .
1 , I , , " - -. .- ,'. - IN I ", "' ... . 1PI-1- ,--l- 11- - , -, ---,- - -,

, ,:, 

. , I Qr", 
- --- 1. N 

, 

- - - - I-' .l 
- -

, - " ...... l 11
- I - . ., ,, " v I ,ci-,t--. ,-, ;, ,-"-UV l -- Z A,

I , , i m %
1, I - I 1, -,,, . - -7 p -'I , I - I - I t

] , . 4 -M .- T ,-* - ,f l e , - - , ', , --- ", ,-" ,.- m,.,. /, _ ,,- --,a "-' , , , ' lI , 1 . ,, ;, " ,: --, -T- N

; , , ,, -,,,-, - --,, - - ,, , , - . , 'J4
'Z- .. '- - A , - , , , ,, , , ,:, , 'i ,,- ", 4-1 Fj , . I , " , . .- , '%"Ir; 4,-

' l -e- -1 ,, ; 11 , 

, 

, 
- - - - ,',6 

-
, -

, -
,

,pj ,o * - .P:-kj , -EF, , IIIK
l ,., , " 

-, - 1-1- 
.

I I 

, 

M -, 
s.' 

- -q,- 
, -

- , -4

'1 1 - - , I ,, -px- I p 11 - -':,6g' jj, , "' T . , .

. -,- N s' R ffi l, ,4,t- .'t . I '1 J , , ", , ,I J-,41rk-l" _,; Z'?A----' -, - , : "I", ii ;w- , ?--44 , ,, ,OA- g, -, r, -q -- ,'--- '-- - !' i, --,,!, ""' ' ' -, !- , ,-'- - ,,,-1 
, . --' ", f- 'V %TW,, - ... -. 1,U-0 -ii ,'T-. _ ,,, _ Z", , -A ..- = ,I-V-. -, . , -,-T -',. , ,_ - , 'i

" ,:, ,,--, , -, "o , = -_ . " .... . .

,%,, l " , .. " , , - - - I ', " 1-% . .,i, ;, 1; , t" , -,,- ,-,'vj5 ... ,, ': - - l -1 1. -

, - - "t - - 'a, -, 'r ; , -- , -- - " , - - y, ,,,,, -- , ---. ,, It, -- ,-
11 ; -_,,,,- - - - - W ii, - ", -% ,-!Hqb ,vl .j? -,gj ,, , - , 4 , p- 

. - , . , - , I., , t,

,".1 - -- , % , "" , - , , , ., .1-1 4 1. l -11 -- ' , -, - ;, , . , -Q , AF , -- ,-- I, "I , -- I - -, -
.. 111-1-1,11-- ,- !- N, t, . " , " 4, ,, ,, ,., ;,J, -',kf - - , ., - -

- - ,.,i 
' I I , " 

7-? 1 
lq,,,, ". -- ",WI 

-. , . -, , -
- -- 

Y,- 
- T,

-. 1- 1-1 11 - I - 11 '. - , , , 1, , -4 " * ; " -.
W T I-t, 

'_13 

- , 

-1 'I .

_,.Z I , .,4 

, 
. -

- -i - ,&, -, 5 % i .

W -, A""PA- - , -- ! , ", - ,L -- - I I
.r 

, . - ,
.1 -1 - -l-,,-- - - - ,"", , - I , 11,

,,' , ,1 , -m ,q , - , " , - l tA -1 t , ,
-- - - -,- . Z -IS51--,.- , , q , -44--, - ,,"'. -- ,- ; .::- %,- '.. .: - -I - -11-. I A% - ... A- - : '-- -'-, e- - ,

11 , 
, , ,.,-, ,- - 1 

71 .' " -,' ," 

- - - , N, ,

-.

, ,",-j - -' ' ,' -:,

, , 1-1 -- -1 -- -,K-31, _ -- - , - , -- ,-, -A; , , !, , , '.
;,.,.,. -', -;, -, '. , " , ' -,-. 4 ,- , ,4-'* -'-. -'X ', -- , :,',', ' --',, F. ,--- ' ,- '- 'r,:ql , lv--4,-,-; , , , 2 1. I - - , , z- - -'z - -, , --:; , --- !.-, - W 1. - , - - _ _ - .- - - 7, i " q"W'O'., I

, - " - ". - " " :- " - , , -, ': , ' ;ti7,,, , ,. ,,I , "-,Y ,- - - , , ,' - --, 1 -, - - , - , , - , , - - - I V,-V , t, ," ;,,, - , , ,
-, -, !J-, t,., ,-,tc - - -- ,- , , " , - .- - - - *

,:,, -',-'- q.,. ! , , 5, --
, ', -, 'r, , -- ,- ,','7- ,- -, -"- - , -, , - ----. - , , -, 'j i' ":, - ,- , , , - -, - - -, " -- " " - " """" , -,."--',..,,;,', - ". I I "I , , , k ,

- ' " -1, , -,_,_,, , -,, " , -, - , , - , -- - , , , -, ., -, - - , ' ", , ; ,
": A'E '-, ',-,, :, ' , :, -. , .- ! -;, 'i , "" , . - , ,-, -. ,,, , , , '.., -

, f '' , ! ',i-,-l'--,,,, ' ',: , ,, , , , . ,p5'11-,' -," , .-.. _-, , _,J'-, , "i-li --Z, . - , , , _ ,,, ia -
.1-11.-- - -- - -, '-:, - '',-', 4- " " -. - - , -. , -, -. ? -,",- - , -- -,

-, , - . "'; I- "I'. , , ----- ,:-, , - -,., "-, ; -,-.-,; -- :; j , _', , . - :;l I 1, -1 --- -- 4- ,
1. i - -, - , -, 11 . - .. , ,

- -. I , 
" 

- 1, ' , -l , ,,, -

I 
, , , 

- ,-

- li , - .,, ,',,,i :!, -;& ",- ', , 7 - : t ---.--- - - - , "; , , . - .- , , ,; , - - -- , -,,,A- , .
, , 1,11;, ; , - , - , ! ; , k - - I - -, - - I , - ,-,- - - - , , ,- -- - , - , , -- -- -: ',p, , , - - ,

, - r7., _-, - - , ,;,' -- p . ", Ll'--:: : - - , ,' ", .. c 7 " I
- ,z - - - - 'IAVF , - ' t i-- ','l-- ---- , --- ; - - , -- . ,

I -- ,,, - , - , . - ' ',' 4 Z _ - e , -- 0'- -- ' - , -- , . I O
" 

,4 ,-"- ,' ,'-!,x _f,

,-,.- , , - - , , ..'J.' , - I . - - I
, - - - -* .%, -;-',I;- ,., ,4 1 1 I' - - - _ ;;-'A',.",; , ,' -', , - ' 

_ - - T ,-,,Ye 
- . . - , , - "KV, . ,

- - ",- t ,- -, , ., -
, i ;, - -t ,_,, r- 

. - V;, -- , - - - -- -,", . - I - - -. -.- 
L -,!M, " 4 .', -- 4 1, - 1 , , 

,,

1, ',,', 
'- ,-. ,,, , 

,, ; -

-

, -,.-" -_ 

- - - -1 . , j 
- -

0 1:

... l 1. % ; " : z ,'-,- _- I , - - - . : i: , , - .1 -:111 :

,':., -,.. - I , '. I " I . 1-1 , I - ; 1-101", - ,
W -; , ,- f-q,, S' q , . , ,.' ".I'., 2., , ,,5 , , ,- , -,I i 2,1,- -, -,4_ ,%- -k , ,:, ;I , z ,,, : : : :' ,' -,- " :, -: - . I 1; - , - 1. . 11 . - . , . - . ,

v jl, -- ( .- , .-. , " ,,,- , . , -, , i 1. I - , I , " , - ,, ;-, .
, 

-

1 7, 

. 11 , .. , -- " 7 , - - - - , ;f, -V,

^ S , -,: '4, ", , -- - - - - I -, -. _'I "; , , -I- -. ,,

;., V, . , ,-' :,- ,-, ;, --, - - 5 " - , , - , - -"-;, 4 - :._ . - : - . -j - ; . ,

, ,,,,,;,,, , , si , -:Z, z -- , ,, ---."., _- : -"- -;,:, "7, - ,,.,-, ! '- Z ,- -1- ,,,-4 -, '---, .I .; -- "", , ,?.
- -,, - _;- 3 - 1 -' o -- -, - - 4 ,- l , - -,,-, ,:--,"? , , *-' ; , , , _ --a, ,',: . ' - - . - I - ---'.-- , ,- , , ,, ". .,:t l". , , l, . w. -,, , ., ,f , I , 1 1 - "'k -1 - "

11 - - - -- ,,- - - , ,- I -1 -: - - I , .- - -- ,-,; --7,4" j - , ,
-f -,-,,,-, ,, . ;. , ,-- ; -, l -l ;102'. ,.- 1. , - - -- - _--, ','- 11 - ', ll.---.,-.-- -- .- , - - --, .- - - - : , -1 '- , ,? li e, , -, 11 2 - ,, .. - - , ', 11 ,A_

I-, I. .7 " 1-11'...- - - ,, -; -- '., "I 111- "'., , ', -,, ,- -, -, ,' : , , ', , - - - " ,,, , . , I - ,11 1,
;l - ,- ,'4,S' :" -1,1 '- -,,-Z , " *-l - , -,,-,,i , Y: V,, - - --. , -,,;- , p- ;l, I . . - . I I , 11, , ,,7 - " ,

- , 

, , - - , 
-

.- 
, -

-

' 

, .,

T, I - . - , - - "', . -,, , ,2 , , - , " - - - ,", , - _,.- ,,, !, , " , ,

1 "'. , , -. - ,,, ,- , - ,- 4 p 'I ", ,, , " -, r-,.-,, - _, .. , ,- ,%- , " , '- ,, , , , , . "; - . - - I . : , . . I I , ; , I , - , ,
1. - , r--. - --- J-I X I',',,:, . , - , 1-_ ---- :, .,- -, -__ , , - - - - , aT-

,- -- _ ",* :"-:',," , . - " - ., - . -1 , I . ; I- , - 4,2 ,, : , :l -: ,

'1'1, , ' * : ,; , : -, ,'; , - -- i '; -, - - - . . , 1,
- , - I I , , 'i -. ,

--- , -- - , , -L;, ' ; , , , - ,-- ",". - - -, ; ,, , - , , I I - I , , , -;: :: - , --- -',, ,, ,i-vc --, -' - mi ,, ,4 - , , Z , t- -- ' ,,, -A',a,,, - ,, , , -, , , --2--", ,--,-, -, , - - A-,- -, - , -- , : ,I'' ! 

-'- -
, 

- -,, 't ,

.- , "I -,, " I . - , --, - , , , , - L- : 1 01:-,; , ,,-Z- f; , , ,,,
' ,', I., , -

, 1-. , I -1 I "I,-. -- ,- , -o :: , - -r

-I , ,, ,, ,;- st!, - I - ! j. . , i ,",,' . , ,,, 1: ' :- , - 1- , ",

, I , -- , '-, - - , ql , ; , -"-" , -',- ! , -Qi--R, ,, , , ,, , -- ,;','. ,t, .'-,,, ,,- ,, , ,:',- t,- -, ,,,- ,:"- _, - -,, i,',,,' ,- j-,H- .' - , ',', _- ; J- , 1 ',- - ...... ,,' !, - - :, -- - ", , : - -, I - . .

., - I , - t-'-! I 
I -,- -I,.-,, . - - , ,, ,

., i -:l 11 ', - -1 , - I-"- ,, , f- 
- , - ,,- . .", , '- - , -.- '-4; , , .

-

-

, -
" "".4 p ,- , , ,I-, -, ,,,,, _

!" , . - )k-, , -,l. ,-: DA*- - - - - . w, ;*,!' V 'f" , :p . " . - , ,'. - -- , , ' , ,yjL r I:- , , , I - Y-r- ,

M , ,i7,,--- 7,4, L , , - . _ - -, , -* -7,' ,;, , ll -, - - -". § - , - - I 'a' 't
, 

i- 7- : ,:,i - ,, , ., -, ,- " , , !111 'I,

. 4, .1 - , MA. , I , , '. _f, e , . ;r -:41", .,,n,' ,- -4, , 
, - , " , 

,' , , - ;- - -, - " , - '- - - , - ,-, ', ,;,

- ,. ,,- - - ,11,,!"F - -. , , - .1' , -,: , -; ;1-1 ,,, , 
, ,', " ,

1 -1 11 ,,., ,' , : , , 7 , . , , - - -: . - , : , 'j, _ I " IV;,;- 'I" ,;: ,-, e ,,,x4, , 17-,v" a 
, , , , , .1 I- 1: 11

11 -. , -l - - I - - -1 ,-, " - ". - . 4 .:!, 4,C4, 7 - - . - -

.1 ," 
, - , !-V, ,jr"'-, ,;_ i

;1' 10 t Vl't A -. . I , - -1 l 11 . - - - , '.N1,4, , M m i 'I- llkq.31zl - - , , -

R ., ", - - -,l 
--.-- - - -:, O W - ,,- !' -,; , , ., , '- , ,2

I l , - . , I - - - - , I., 
-",E - -,. , - - -

. - , - - , :

, 

-
," -

"" 
--

.. f , -Tw , , ,-,, .-, 
I ; - - - - Qj, ,- ,kr 

IMP R W , , g ,. 
. , I - , I ,- . :

V , ,-% - , , - :L -7L-1 -- -l - -1I - ,7 ,%W, , ,,-,7;Z ,-, - l - ,I , ", - i i'-' f - - , , ,L - -

. - - - .- I . 4 z V, - - -- ; ,- i , . .,, ,',-',',, ':

!z -- - , .- ,X431 J - - ,.. - -- --- ,-,,-, ,.;, , J,-. ,,, -- - -- ,-- t,, :, - , - -

,! 

I -1 
g 

? 

I .. ' '- 

, 

'T 
1 -

, ,

11 , wt 
- ,.- ,

I . ZA ,' MZZ ,e,. ,-,,;, * , - - - . " F

, I - I 1-11, -1 61- *15,V-mg ,.n t , - " . -7-,, ,,,M. -, , .- -, gt,, ,% . ,- - . I I , - r ," -, ,,,, - ., ., -

l I , ,- - - ", - I I I- A, 
Z, 'M - 1 " , 4 '.1 I , I ,,, I % Y-- , , - ". , - - -

," 

- ,!k -a 1 " 1 ' " , I , lr- -

M ., -" , , Ir 1, , _ , - .,:" :: , ,R ,,,,,

.1 ... I 41,--e .- M - - , 1 7 1 - "I 
, , - " , - - , - - . I , - I , I

. ",--,,,_, ,. ,, A, __

- , , ; 
-, , - ,nx , , - .

,: - I - 11 "AlIv, , It - , , - ,', - . . .1 - ,
?W$ 

w 

,'.,,, 
.i4 

I 

-
, , 

-
- , , ,,

1:1 , - - , 1- ,4-
, 4- - , ,, ,", I 2'j--K'Al , , - -

Q, , ,. - m ; -- - -; ,t , Ir-,, ,Z- - ;- . - , . --

-1 , , -, ,,,Sy . ft-j I 
, - - -: " ,'. ,,,-, - %

, ': Q , ,- , , , - . '.. :-,
-- r. - - , ', ? , 'R --. 3 ,W , --, '-' k,',,, . , ', ;j! - IIWI- i

-U-l -1 ,, -, _ 0 - -- -, , , P t ,, ', - I - I - -- ,
I - v I , .v.Z,; -"

v-c I , - -
- - -,& ,,, 7?4,W M 3 , :,W. - , - - - -: ;A -_ : " 4 , ,

lll-D4gP"-- 

,- ., ,,A ,--.-_',, 
.,,,;,. 

.,. I 
, - , 

" , 

i ': , 
-,Z ,' 

, 
-,*, 

-- 

, 
,', ,-, 

-, 1,

, 4 , , ... , -1 , - ,",-', , , & , 
I , , .. , I

-, 401 1 , '4 , :.- sm , , - -,, ' n - -,-' _. ' t - ,- -, ;' ,:, -"- .'' - I

-:, ! , 4N- l, , o 7 i nt-V'Mwew M l. - ,, , - - . - N t , ' 
,tA , If : , 17 -W - , tk;R&ft,,;4 , ,, - 'I f6 F , - -- , ., - - :" , -, 4 1"- 

, - , ;F X "'k ,, z, 
- , - , , 44,F) ." ,,"', - t", - _. - - ;

-- ,,- , ,---m ; ;,,W , ',-." 1 - - l - . " : ,, , , ".,,., ", ,o': r
", ,"j" , , , , vw , , ': o; , "',

- ,-, -g !.K-2 , 
- - , - --

I 
, i7',' I-g,!:-- i i A, .Z' T ,,--,C, ,I ' ,r , n - I - - -, 

-,., , ,

- -1 
- i i - , , - I - , , ,- - ,. - , , - - -, ,

, - " t , f,-, g "n o ", , ll -- _f, , , , - - , , " -. - -- , 1 ti7

, m - - 5_, ,_ _ :,

- .) I -f, k - -, - - - - , , , , - . "

I- N,-- tt A, . , , , . -, ,", , .. : -- -, , i- ,:., L,,,'!'R' - - , - " , :

'it, I , . : , ffi , -% -,-^ --. ,, ;-P, , -,, - -,-,- , , , ,*" ,, f-""" ' , , i-- , j ': ,, P , - Q,,,- z , L 4 - , , - -, "

r ,, ,. 1, , -, - ,,, "-, , , A , - , , -,- z , - -. 1 - , - 11 I -11 I 1. -- 
, , ,,, .1 " .!

"I - "s ;r. V- , w - h J, j - - - - , ' , , , ,,- , , --,Ii,,-:,", v,',- f-;; ,. -zV T "I'll -1 -, , 11- 

.. ', , 

. -

I.. , , '-V.,?, j;, ,-.----M Q , -,: .,.- - ,I, , ,l - -, L _z , --

w 

, i. 
I 

- y 

-

, 
-

, 

, -
-

-
."',

j?:,, , - . I 
, ,' ,' ,, .' -",r .,* 4, ' , , I, q - N 1.

, I ',"R * ' -
,, - , -- l 

W , yv 
, , , , , ,

.l 

-.-
i 

" -
I., 

.,, . j -

; 

-, I 

- , r, 
-

- ,- 

...... 
f" ,

, - ', - -
, - , - , I - k - "-,. , 11 ,'q'

-L , -,' - - , ,,, i-,-,; R; ,,'4-,, , s l -,- - , .-, -- - , , - Nl ,-Z - ll-tl: ' Il ', ! ?, -" , -, -:,--- , a

, 4, - -. ev " , r ; , - - , 
---- I - - ff -11 -W nl- , , , - -, - t , 

, - - - . 1. -, .1 -iw." , "':

, , 

'W 

-
i ,--', 

- Q t 
-

-
-

4,c 

, 

-
, 

-
-

-. 
. -1 

, 
1, 

r ..... 
.

-, 
:-, " 

,,, 
,, 

,,-,-- 

1, .
,',; 

I " 

-

:,- 
I -

, 

, - - -:. , , - ,- 4 -11 ,,,,- "-.?,

110 , -, ,,5 , 
, Z. : -1 llll ., lll ,-, -,-l , l , ,'; Fl 

, 
,

-, , 'g,'t- .,:, I - , Xgi -- ,W;, -- , , . - , - l ", , r, - , , . ., I - ,

-it; , A , _ i, -R 4 - - , , - - , -,, ----- " - , - - - -- ;" '" I - - ,*! ., - .

, ;- - ,7 ,, 

, - -f, i-, -, 
,, -- ,- :

, r 

- .,,, ,11, 
- ,7R -7 ,

-,-,- ,, " 'UO' ,, ,m , I ,,- ,-_ , -
- - - - 7---- - - -- -- ' -- --- -,'- gl ;, _ ,_ ',

, 

.. 11 I , , ---- -,-,,,-4 
-- f- z .; , ,. '.

-, S , ', , ', .-' -, ,, t-q, -, 11 - , o I'll = ;, - ;1,4 - -, - '- , 
. - ,

- M . i , -'. - - .. . 11 I l:,-,-, -- Nl ",-;, -, "I ,, .- i

- , , - -r""A - ",V. -- - - 11 I -
-

-

- -- , ', , - , - , , ,,,-- , - -,,,','- , . , , 
' - -. , , , -- , 

.4,1, , , . -- - - ,- ,- ,f) , , - - . , _ _ 4- . . -- , .

kw - - -A" A " , ,,, - z . - , ' - , - -M r --:':', ,---- I . - , ,,-- , - - ,,,--

4A 1 I , ' - ,.-I l'-p- -- - , , 

. -, , - If 1-

. ., , ' 
, ,, 

i ,; 

,- , y 
, , 

- l

,-, §f ?J .' I ; - ...... . 11, 
, , - ; I , - , .

, o , , ,,-'-,;-,.. -. :,-,,., , -,-,.,----i,:, .: , ,-,- --- - - ,- ,, I- - I - ,

, 4 - , - -- ,-',, 
- , , , - "'. "' ,

,.. 
, - ,., ,,, , , -. 11 1, " 

. . - , - _,-S '- .

5 -;I, . & ,I,- -, ,-, - - - I , -,, ", - - ,-,-,.jp- - e,,-, -! - -. ,': - -" , , 
-- - -

-, ,,.; 

,. " , , ., -

'.-

"T ,, 

, 
, 

, 
, - 'ir, - 1 , I -- 

, 
, 

.; , 
-

, --;, , .

'j 1. 
-" - , , ', -- " , 

I -

, -
, -

, , 
. .

.

.
,

Y,7,. 
-,

-, ,. 

1 

- -- , " a

, - , , -
1-4 , Z-. -,.,:. , , , , - , ,, ,. -,- -- _ l - , -- " ,1 I - - I ,

" ,, - ., - ,, ,; --. .- , _., * ,41. f7e 
E 's - e ,I 1, 4 - - " 

-

, -,

. , - " , , q - IC:I , , , ,k 
, 

I - . , I , - I I .

, j - 4- , , , 4 - , Il 4- - , , I ,- . - A -, , A - I i - ,

-',' - 2 , ':- - -. ,r , .l* , "," - - - , - , I - , ,:: ,-,;- *, --. '-Ze,- - -'!.., i,'- ,,- -- _- -- ,-" , -- ,_- , , , I -. - ILI lv , I - :

- - _ . - -,t I -1 I I - .
.

, ,I, - T - ,--.4 :- ,y ' : I- - -- ,- , , - 7. - ", I - - - , , ,- - -- I , : , , "I - ", , , - .

I 
1 

1 
, 

, 

, 51- 
,I 

I -
- - - , ---- 

, -

) ft -'** - , . : -2L , - -,
. 1. , - , *i

%" - "I., III.IF- 111111111- --I-, , i .
-- ,-- ,-; -. ,3 - ,- , , - -- .- I I , --:

,* 'I . , , Z- ,- l-l -1 , z -, -i-,41rl--.-&:,--- I 1- -- .12. - -- -- . ; , - - , 7- I I I I

-- i : 4 
, - -1. , - -- ', , , ,j .

- I - ... .' , , .

F R,' 
"" 

" 
""W 

,' i"; 
.s ,,-. 

"T 
,, I -

,- M 

' : 
, 11;11 

'- - ,-

, , - - -- 
- ; 

,

, - 1'4 ,; I - ',F-- , - --' % , --",', , - S - - , i' " - : I . s - , 11 I I .

, ,' li -- , - , - ---- Il 
- , , 17? - -"- 4,- --

,,, ,' , j, , .-- I ." 11 r, -! ' :_, , - , :- , , -,. , I - -

,i , . -- 1 , " 
-, ,]"-,- , - - -' - . - - _ , -1

'm - - : - -
- I I- . I "I '

, , - :;. , " -r -, - ,,, - -1'r,'- -, -,' - ,;- , - y -- , - , r , , , : , z .. - - - -K -------r -U 
I - , 

.

, - ,z,-, 1 , , - , , k , , ", -
- , m - ,

., 
, . f - , "I 

_-

,: ,- - , 2 4 , -:, -- - , 
- Mil

" 
-.

. - - I - M, - - - , - ,: -1 -- - - , -, - - - , . , - . , I 1 - - .- , . ,',L I; , , , , ;,-,, T-, --"" - - -'n , ,W-, , . , - -2-;i, , , - , - I - . - I , -, !, ,--f , , , '! , , :

-1 , ,, ,21, - ; lt2 'L , ," , !,; , , - , - - : , , ,,, , ., I I I -1, . l ,'_1 I I- .

v- * 

Im" il- 
1 Il:i.- 

f 
-_,j 

, 
, 

, , , 

-1

. -A - - , , - , ,,.; , :-,L:'z, - " - " , - I I -.- , . ,, . , ; ,, - ,, ; , , .: 
r, -- I . . 0 -: .

, , , - , . , , , - ,- , , I ,- 
, 

- -,-,' n - ,

".7, ,:, 
v 

. - -, ,, - l - - - , -

-I- - 5, --

1' - , ., '-% 2 -1. - , - - , - I -1. . 1 1 I -, ,V- , I I , ' -,.l , -- , ,,,',, O-., c _. , -;, ,- . I -- : I i --- - ,; I - - - , -,;
I n 

- ,,,v,,-lW,-,',ucv& )., - " - --, " -. - - -;, - , , 11 - I 
,

- - ,, , - - . - . . I . . I V
"'. -, , "'t. , , , , ,-- - - " . -,, - , I.' r, -- , , .---.-I,,, , . I - I I - , '- , - 7 - .

, , - . , -'- - - , -- -'',- .-,, - - , ,--,- - - , . 1. , - ..i - , , --- . ; , w -- '-- , - - - - , - , , - - , , I , - - -"rv- .. _,_ -,,... -1, . - . - ir- ,z . --n , , , --- M ,, : ,; ,,, , -', , 1,57_ _ - , "

,, - , ., : % I .,e , " ., ',-; ,*r- , 7 , "; ", , , *-- - , " . . , "I I - , , , , .
-', - - - , '. -:, ; : - ,-; -.-, '74 , !,: , ,, ! ;---, ,,- ,-, , - '., 2" " , , , - - ,- - - - L -" , -- -.,,, i., . ;.,- .", - , %, ' - , ,,L ,-Wt-, -*"j, 1 " ". --, ,- , - : -,-, 

, - . , ,' , I- - , '. " , " - - I - 6, 1'0

- - , ,i: ,- - -- , , " - ;- -,,,, " - ,- :47;zc-Kr , ! -1 -r,
, I -- - "j-, A -;--', ': - l :, , - - - I - , - - --', --- - , , .

. . , - -_ ---- --. -. - - .,---, ' ;.', '- ,'--,--l- - - . I - I I I - I -I -C .
- ,,, -,--r , , ", - r - , , ,- - -,- -5v ,V-- ,, , ,i-,. -, , !- : -- , . - , I :, - I - -- -- - : . - - , -, .,i--,A-, , i:, , -3 1 - - '- , - , - i - , , T" ,-

; - ;,- , - , -, 

'i " I . I I I , '. - -,

-', -. , - - , I - - - , ;,I, --I - , 1 "I - ----- ---- -ml-, , ,,,. --,,,.- , - , , , ' ,, . , " -1, I -1
, :- -. ,'411 " - -, , - ; "I -1 . , - - , - -- - - - --A - : I -

.,,' : , - - -1 . , - - I , j , ,
- -- , ,, . - ,' -- , - -- , . 11 , r i z . - - 1, -- -

. - , . 11 3 - 1' l , " , - - , .
4 ,-. - - , - - , I - . .- 1-1 -. 1. ;

, - :. 1 - I 
:'r

rt . - -- 1, . , - , , ,
, ,--, 'I ,,,,, - r -.- I . -.. I , , - -

t , - - , -- 4-.' - - - - I : --- I - l - - -- , _: e-- -- , ,.. ,I - - - - -I,-- - :
11 I . , ., - I 4li- 11. - I I - -. : 1 ,-11, Z,- , , , .

, ;,;, -. , . ,, , , I , , - I v-- .:: ... I ,,. ,- j , 11 - 1 , : -, '-- , - -, :: - ,,l -1
- -1 . -, Im- I , . i r - I , - : , - I I I -, ., .-,,, , , el A 71 , , - . , ; *. I , ---,,)?,n,. , - - -.

-- 
, I - I I r - - 1. - - 2 , I 1, - , . , . - :. V , -,,,, ;f." A'-', Y.-. l I - , . :z ::: , : ., , , -

.,p - - , -- A I . --. , ,, 4 v -,-- ,,, -- - I - -
a-, ... - '- ..-- - n , -:- , , , 1-- - -- ,- :,",_ '.:,' - I . . I - . ,,, 7, -

., " , 

.- ,-_ -
, 11 

1, 
. I I 1 

- - ,,.

-
-

11 

, ,, , 

. o':

I-, 4 - ,,, -- - I - - - - ::- ;, --,, ,: ,- ! -,_ I " -m-- ,-- 1 1!3 ,:,- I, - lm -1 n, l , _ , ". 7. 1 , - I ,.;- , ,-.- , a ", .." Y C:-k , : -I -- , - , - , , - - - - , - , - , - --- -,'--, 1 "
I-- , i--'-: , , - : . --: - -,3, 4 - ,

ll , - - 1 r - , , .1. - - , - :" ,- .i, ,
-,I-,, I - - I , , ,,; - - , -,- l--,A: 411 -- -- . -- 1 -. ,- - - _,,,,. ; I ., , - - -.- I,'-'e, -- k, -:, ,'. ,'Vf 'e - - -, t 7 -, , " , -:, -

, ,,- ill- ,- I - Z, -F- - "- .
"I - -, t,,", ,,,, , _- -:, , '': , , : -

I , --:-- ,i Z - - 11-1 .
-1 I :1

ll' cl 7. I - R k" - - ,--' ' , ': I", - I:, l I 1-1111 ... , " ,
-- - _F" - , - , - - - I - - ,,41 li -; , .-,-- , - I - ... , -- _ - . - "I I I - T l '. I I- I I 

I 
- , -; , :I. 

-

-! -Z, -,, ;,-, ,,-, t, . , -,-, , - , - , - - t ,! 4 , I-. . - ,',

'j, - . A -, -, ", t ,,- ", ,,.,, .
- - , ,

,! , - Y, . , , , - . , - , z I I ,- . I I , - , ,' ,"ll, " . I -- '
- - -I- -, Tt , , ;--T.': ,-, . %- , - , - -; --- -- : I 1114

j." . ',-- - - , l - , V. , , A . - 1, ,,,, I ,. - 11 , . -, .- -, , ", .", ,
11 I " Y , , '.; ; 

I " 
, ."',

0 - 1 1;4. 1 1 71,j.-.- . ) " , , -t,%,.l' - rt , - ,--,;A- , . , , , - - 1 .I'-- lz , V - - , , ,c.?, ,,,4., , ,-, ;
.

, 
,,,;-- 

,'i 
,' ' . l-l l"r.-j",. 

,', , -- , " .
',3,2 -

T, 
!,P -. , 

-

,W il 
-- 

I I 1- 
4-411 

- V , , g ,,,, -jigl& 
,-, 

- 4-- 
7 j-,. 

-
--- , --,-, ; , 

- ,IF- 
- ,, -:.---" 

' '., 
" 

I 
I , - i',' '. -v'.

-: , - Z; I . - -- - ,- --;, I -, - 11 - , " , -- t, r,X - - " . -_,- _-,-, rl' -r - -- - ,,,, , , , ,
__ _, - ,- _ -: 'T - I-1--- , _r , , , - I I , - :- - "'If ",

, , I, -, x - ;, , -- *n--, - ,; 'A. , -j -, , , , - :, - e--5 --, , , z ., ., . . , - , - ,',, ,, ,7, -- , . . -- e, -_, -- '- - o'-- - , - - -. , _ - , -- 
" - - : - -,: - , I , ,-

-;, I , I * ,,:,l l . , .,. 'l -11-1 ll . - lo, ,;k-r , _ -? -1- ,.l., " . , ', -, 9;1 ., ,,,, ., :'- , , , - :- ,,' j,: .- I -'e," f, ,; , , -
; I ;,--'&, - - - *, 1-1, t '- , I , ,, - , , v - , 

, - , : 
-, ,yr, . , , i:; " I - I-' - -

,; , 
- , , A -- , ;A -- ;

X, .1 .,, 1. , " , -, , ij 4 - """., ' , ---,,-,nr., &6'. , ,, , * _" -4 ,,:.-- rl 'IL, -!Z - , 11,, I , , 'I,
" - I , , , , - ;, , 'S'

, 1-39-v 

', 

,,l 

-

41 fl. 4.1 , 'A , -- - . -, I- 1 il , 11 - - , -;Ilj -' -. I w, ,,

-. ,,, , -- - ', , , ', , , ]Z, ,,4 ,,,-.,, -1. , -. - ', , O , , , - ", "- , , -v , "": :;
, , , , r,,,, , , , --',, , -.. .- - 4 1 , " -"-' - -Il 4,111 , I -, - M '-',',- -- "",:: -, ,-, - ' '; ' -: , , - - , , - 47, , , , , --

I , ,, , , , i,- A T. , ,' ' , '. ; f '. , - , .- .',, ', , , 7 ,.9, 
, .',n ,-" ,

I I ;I, I-r " V1, , a -- - - . - , rg q -,gl_5, I III_, -- , - . , - - , -,, -, ,Ir.'I w , . 'l- " -:%-I. - - . cw- ,;, ,,,, ,,Y I .1 I -- - ,lt Llll '- ,, , , , ", -:,,- -.Z,,,, ' : ,, , , ".. - -1 , , ;;, , , , - - - - f", -, ,,J.,;,., , . . I - , -"f , , - ,- - - §4,'50 i6 
, - 1, - , , ., , " ,,, . ,

,; .< 4 r# -- ,. "",-:. , , 1. I 11 - - -- :- ,-,-,,_- - 1 ,! - -- -
1. -- ,4 I , T (E ,- - - A - i, , 1' 'P'Q K-, j. ,- , - , - , - , -A -- -1 - -,4- , Ilr I I :""; , i. .- I . , ,t r l:,n -- k , 

, 6, - , - I.
,, . - I , 11 I K, Ml, T-O'NIM , i , F.', -,-, , , - I -- - - - -, - - ,

I? O -
, " , , -; ,



ACKNOWLEDGMENTS

The author would like to thank Professor R. F. Probstein of

M. I. T. for his interests in the problem and his critical readings

of the manuscript.

This work has been sponsored by the Advanced Research Projects

Agency (Ballistic Missile Defense Office) and technically administered

by the Fluid Dynamics Branch of the Office of Naval Research under

Contract Nonr-184l(93).

I



COMPRESSIBLE PLASMA FLOW OVER A BIASED BODY

I. Introduction.

Recently there has been a revival of interest in using Langmuir

probes as a measuring device in plasmas. However, the classical low

density theory cannot be applied to high density plasma flows, which

are encountered in devices such as shock tubes and plasma arcs. Ad-

ditlonal interest in the probe problem arises from its relation to the

hypersonic aerodynamic problem in which a plasma is generated behind

the bow shock formed in front of a blunt body flying at hypersonic

speeds. In the probe problem one is interested in the current-voltage
-6

characteristics from which one hopes to obtain some information regarding

the properties of the plasma. In the blunt body aerodynamic problem

the main interest is in the distribution of charged particles around

the body and any change in the heat transfer characteristics which may

occur due to the flux of charged particles to the body surface which,

in most practical situations, is at the floating potential.

A continuum theory of electrostatic probes in a static isothermal

plasma was given by Su and Lami for negative probe potentials above the

2floating potential, and by Cohen for moderate probe potentials (between

the nlasma and floating potential). In such analyses, the sheath was

not assumed, a priori; rather it turned out to be a consequence of a

careful asymptotic analysis. However, the structure of the sheath was

based on the collision-dominated diffusion equation. The limit of

validity of such a description is obtained by requiring that the electrical

energy gained by a char-ed particle during one free flight is much less
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than its thermal energy. It is relatively easy to show that such a

criterion implies:

A >>9 for a very negative probe,

D1

('D)2/3 poe
-- >> L-- for a moderately negative probe

r r
p p

where XD is the electron Debye length based on the undisturbed charged A

particle density, k is a typical mean free path between charged and

neutral particles, and r is the probe radius. These inequalities place
p

rather strong limitations on the results in Refs. 1 and 2. In general
4ilO-h)"

the ionization fraction has to be fairly low (say 10 .

These continuu, concepts were later extended by Lam3 to an incom-

pressible, isothermal flow of a weakly ionized gas for moderate surface

potentials. Because of his assumptions that the gas is weakly ionized,

incompressible, and isothermal, the diffusion of the charged particles

to the solid surface is decoupled from the mass motion of the neutral pas.

The existence of an electric field in the inviscid region was first pointed

out in this work. The current collected by the body is essentially de-

termined by the electron mobility (diffusion due to the electric field)

in the inviscid region. Chung has tackled the Couette flow and sta'na-

tion flow of weakly ionized gases numerically. The sheath structure he

obtained checked qualitatively with thpt piven in Refs. I and 2. This is :

not surprising since in the Couette flow there is no convective motion;

'This was pointed out to the present writer by J. Fay and H. F. Probstein

of t.L. .i- ... . : 1
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the governing diffusion equation is identical to the static case while

in the stagnation flow the sheath was assumed to be thin nd close to

the solid surface where convective motion is entirely negligible. The 2

analysis in the inviscid region was neglected even thouglh he seemed to

note that there was residual electric field intensity at the outer

edge of the viscous boundnry layer.

Previous to the work discussed above, Talbot
5 introduced the concept

of a "quasi-continuum" starnation probe analysis. The continuum equation

was used to describe the diffusion of mass, momentum, and energy in the

viscous boundary layer, while within the sheath, (which was assumed, a

priori, to occupy a distance of one mean free path from the surface) the

charred particles fall freely down the potential hill . The change in

potentiatl in the viscous layer was neglected. Tt was demonstrated in

kefs. I and 2 that within the continuum framework the potential drop for

a stsitic plasmo outside the sheatth can be of the same order of magnitude

eiv (or larfger than) that within the sheath. Talbot's assumption of no

change in potential within the viscous layer is therefore open to question.

Even though iltot's analysis is necessarily crude, the quasi-continuum

model is n more realistic one for plasmas or high ionization fraction. A

complete antalysis of this problem would, however, require a kinetic treat-

men t. .

mait.I a ' puctine- I collision-dorinated quasi-neutral solution and a I

c,-l i si n oti, ttn,-etner was first sugge.,sted in 19J6 by Davydov

S;r .. ,, . <. 8;ucban apnroxiriation can at best give gross results

-,ac.zh a:; tzh eart rnt -voitae cara)cteri stic .



In the present paper, we shall adopt a strict continuum description.

The restriction on such a continuum analysis which we have mentioned pre-

viously is the same for the present problem. It will be shown, however,

that for bodies at floating potential, the structure of the sheath does

not enter the calculation of the heat transfer and charged particle dis-

tribution. Therefore the limitation mentioned is not relevant to the

calculation of these quantities. Our analysis will first extend Lam's

results3 to a frozen non-isothermal plasma. The electric field in the

inviscid region will then be discussed for a general flow field. Since

the flow characteristics in the viscous boundary layer are well known,

the discussion concentrates on the diffusion of the charged particles and

the accompanying electric potential distribution. It will be shown that

within the viscous layer, the diffusion is ambi-polar in nature, even

though the electron current is not necessarily equal to that for the ions.

The potential distribution is decoupled from the system in the sense that

it is determined after one has obtained the solutions for the other flow

variables. The probe potential is assumed to be moderate, so that the sheath

is thin and static (though with diffusion, of course). Finally the stagna-

tion probe is discussed in more detail and an approximate analytic current-

voltage characteristic is derived under the assumption of a very thin sheath.

II. Formulation.

The governing continuum equations for the physical system to be dis-

cussed are as follows:
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TT + div (v) 0 (1)

nd!L(-2) + div (n w ) -0
Pdt p -

with

d art Tt + V •-

and

a= 1, 2, ... , (2)

dv + 2+ divdv 0 , (3)

d 1 v ) = _ _ (4,)
S! (h+ v2) + div tv. + J E ,

V2  =- we (n..-n) . (5)1 e

Eq. (1) is the overall continuity equation while Eq. (2) is the

continuity equation for each species. We shall consider a system with

three species: neutrals, ions, and electrons. The species equations

which need to be considered will therefore be for the ions and electrons

only. Eqs. (3), (4), and (5) are the momentum, energy, and Poisson

equations respectively. The subscripts i and e stand for ions and elec-

trons respectively and all other symbols have their usual meaning. The

dissipative fluxes (n , are given by 6
a, a
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ni e ni :

= ni = - Di [grad -- - grad ] , (6a)ri nP'igra kT pP .;

n n,c r ne we p ;De grade -S e 0e rad ,] ,(6b)

avi aVk av ave
i' = 60+ e , (6c)ik x e ik

3 .
K= - grad T + Ip w h (perfect gas) . (6d)

CL=i

The boundary conditions for p, v, T are well known. In addition, we

shall assume that the body is a perfect absorber of charged particles, so

that on the body surface

n
0 for a i and e.PA

The potential on the body is given as * with respect to the potential
p

far ahead of the body.

We shall assume in our subsequent analysis that the net current drawn

by the body is small such that the Joule heating "J • E" is negligible.

The enthalpy diffusion flux in the heat flux vector a can be
simplified by writing

w h (h - h ) p + (h " h ) w
ia. ii e L e, -e S

The ion and electron temperatures T are assumed to be equal.
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where the subscript g stands for the neutral gas and h is the thermal

enthalpy per unit mass. Since

h h and h >> hg e g

we have, jp wh. = heP = h'en w , where h' is the thermal enthalpy

-e e

per electron. We shall now assume that the flow is frozen and that elec-

trons and ions do not recombine except on the body surface. The enthalpy

h in (4) and (6d) is then taken to be thermal enthalpy only. However, in

our formula for the heat transfer to the wall, h will include both the

thermal enthalpy and the ionization enthalpy.

If we appropriately non-dimensionalize Eqs. (1) - (5), the order of

the magnitude of each term may be expressed as follows:

1) Overall Continuity Equation

1 : 1=0

2) Species Continuity Equation

1
1 : Fc-n R-= 0

3) Momentum Equation

1
Re

) Energy Equation



d 2 a V
2  2

dC ICV

p p

he ( grad C + P W
eC a-

p

u2 621 k T
l- : (l -L) 1-_6 . - (- -1)

H6  Pr Rel H Pr Be Le ScReHP

5) Poisson Equation

r
p

Here

Sc Schmidt number= pDa

D a Ambipolar diffusion coefficient

Re uReynolds number = (!dP~)

rp =Typical body dimension

H 6= Typical total enthalpy

U6 = Typical velocity

n 6 -Typical charged particle number density

2 kT6A =Debye length

pW a
Le Levis number =

K

Pr =Prandtl number
K

The reason for using the ambipolar diffusion coefficient-, 1D will be

made clear in the discusion of the viscous boundary layer.
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p cpa P

n m
e e

e P

All the quantities with subscript 6 will be identified later as the values

at the edge of the viscous boundary layer.

It is reasonable to assume that the non-dimensional parameters Sc,

Pr, Le, u2 6/H6, n 6kT6/0 6If 6 are all of order unity in comparison with the

two important parameters Re and A D/r p. In most cases of practical interest

the following inequalities are satisfied, i.e.,

(AD,2  1
(-) "< -"1, (7)
r e
p

Both of the above two parameters are associated with the relevant

highest order derivatives in our system of equations. It is therefore

expected that there will be two singular perturbations in the problem,

one for the viscous layer, associated with the Reynolds number lie (Prandtl

boundary layer) and another for the sheath, associated with the Debye

length parameter A D/rp (Laurmuirboundary layer). Because of the in-

equalities (7), we see that the sheath is imbedded within the viscous layer.

Qualitatively, we can now say that there are three distinct regions where

different physical mechanisms operate:
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1) Inviscid region: Diffusion of mass, momentum, and energy are

relatively unimportant compared with convection. Charge neutrality is

maintained.

2) Viscous layer: Convection and diffusion operate simultaneously.

Charge neutrality is also maintained in this region.

3) Sheath: Here charge separation can take place. Convection is

unimportant since the region is thin and adjacent to a solid surface.

Diffusion and mobility of the ions and electrons are the main features

of the sheath.

Because of the assumption that the sheath region adjacent to the

surface is thin, we shall automatically restrict ourselves to a moderate

probe potential. If the potential is strong enough, the sheath can be

thick and the problem of convection within the sheath has to be properly

taken into account.

III. Inviscid Hegion.

In this region, the system of equations becomes doubly degenerate.

First the Laplacian in the Poisson equation is neglected on the basis of

2the smallness of (A D/r D IbTis gives

+ n + (8)n ne  2
r

p /

which is the well known quasi-neutral solution. Next we drop all dissipa-

ton terms in Eqs. (1) to (4), i.e.,

< f



ap-+ div ( 0) 0

d p ez)

dv
t + a Re) (9)

d iL h v')  0 (0 i
dt 2 at e

To this order of accuracy, the density p, mass velocity v, and fluid

enthalpy h, as well as the charged particle density n = n = ne are de-

termined by this degenerate set of equations. However, any information

regarding the electric force is lost from the system. This lost informa-

tion can be recovered by subtracting the two species continuity equations

(annihilation of the dominant terms), i.e.,

div [ne  -ni ]=0 , (lOa)

or from the flux relations (Eqs. (6a) and (6b)

div p(D D grad + (D e + Di) n grad 1 = 0 , (10b)

With n, p, and T determined from Eq. (9), we can calculate the electric

potentinl in the inviscid region by means of Eq. (lOb). It is obvious that

the validity of (lOb) is independent of the large Reynolds number assumption.

JI,
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It is valid as long as quasi-neutrality is maintained . Moreover, within

the sheath, even though ni 0 ne, since the mass velocity is small (of the

order the ratio of the sheath thickness to the viscous layer thickness),

Eq. (lOb) is still approximately valid . Note after multiplying by e,

the quantity within the bracket in (lOb) is the conduction current. Thus

we conclude that the conduction current through a closed surface in the

flow field is zero. Within the viscous and sheath layers the flux through

a surface normal to the wall is negligible so that we have constancy of the

conduction current density throughout the layers, i.e.,

n n n e e ne

p D [- 1 -y ] pD -- ---- - - -]= -J/ei ayP kTyp 3y e yp kTp Dy

where J is an integration constnnt which is identified as the conduction

current density collected by the probe, i.e., J = J. - J = e(r - r.).
I e e 1

We have shown that the electric potential in the inviscid region is

Foverned by Eq. (lob) with n, p, and T obtained from Eqs. (9). One

boundary condition for Eq. (lOb) is obtained by evaluating Eq. (11) at the

outer edge of the viscous boundary layer, i.e.,

* 2We have assumed (X /r << l/Re.

Eq. (lOb) is approximately valid within the sheath if the convection

there is neligible. Since the convective velocity on the wall is

zero, the convection within the shenth is of the order of the thickness

of the sheath.

% '
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kT= 6 1 J (i.D ) n
D- p (D. D ) T I 1aI$ e(De + D) 1 16 (12a)

In addition, we require

* 0 at infinity . (12b)

In special cases such as stagnation point flow, flow over a flat

plate, and the end wall problem in a shock tube, the quantities n, p,

and T are approximately constant in the inviscid region. In this case

Eq. (lOb) and the boundary condition Eq. (12a) are greatly simplified

so that the equation for the potential and the boundary conditions

becomes

2 (3a)

kT= 6 1 J (i~b)
-- e(D e + D.) n e (YI6 e + 1 6

0 -P, 0 Ft infinity . (13c)

The conduction current density J collected by the body is still an

unknown constant which must be determined by the boundary conditions

specified on the body surface. In other words, J is determined only

Eq. (lOb) is an elliptic second order linear partial differential

equation. The boundary conditions we have specified uniquely define

a solution.

Eq. (13a) was first shown to be appropriate to the present problem by lam
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after one solves the sheath properly. However, at the floating potential,

J is by definition zero. It follows then from (13a) and (13b) that in

the inviscid region

*=0

It is seen that the reversal of the parity of the electric field in

the inviscid region occurs at the floating potential in contrast to the

plasma potential in the no flow case.

IV. Viscous Layer.

Within the viscous boundary layer, the dissipative terms (with the

gradient in the direction normal to the wall) are of the same order of

magnitude as the convective terms. However, quasi-neutrality is still a

good approximation. In this layer we have the following set of equations:

7t- + div (ov) 0

d n. n ni ni0-() {pD [- e-
dt p y i ay p kT p ay

d n 1 n n' :
d e a ()1e)

dt a y e ay p kT P ay

du 3p + 2 3u)
0 t a

1P 0
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Pd (h + u + +
p .(h+ -) = .' +L ( - ( ) +  a (h +

2 at ay Pray 2" 2

ac
h e +pw )}
e c P ay e eyp

X2
ni n

r
p

where C = pe/ and w is the electron diffusion velocity in the direc-

e e ey

tion normal to the wall.

It was pointed out in the last section that Eq. (11) is valid within

the viscous boundary layer. Such an equation gives the relation between

the charged particle distribution and the electric potential within the

layer. As in the inviscid region it is a great simplification that the

solution for the density distribution of charged particles can be determined

at first independently of the electric potential. We shall see that this is

in general true, provided quasi-neutrality is valid. The second of Eqs.

(14) can be integrated to give

y

I P d dy L + n 8 (14a)

Similarly for the electron continuity equation A

A-

y .

ay(n (1J4b)

PD e t ay T p 3



From the above equations we obtain

d 2p pD

dt p ay l/D lDe + 1/ -)ay p Y a a P

a '-niiy] [ - (15)TV 7 =Y a - me ey

where D = 2/(- + --) is the anmbipolar diffusion coefficient.
a D. D

1 e

We conclude from Eq. (15) that

n.w. pD ) (16)iy a ay P

neWey - D -i()+B , (17)

where A and B are two arbitrary constants. It may be seen from (11) that

A - B = - J/e. It can also be seen from Eqs. (16) and (17) that the dif-

fusion in the viscous layer is essentially characterized by ambipolar

diffusion. However, we must emphasize that the ion and electron currents

are the same only when the body is at the floating potential. In view of

Eq. (15), we see that the Schmidt number introduced earlier should be based

on the ambipolar diffusion coefficient. Since the latter is of the same

Eq. (15) was first obtained by Chun for sta.pnation point flow. However,

he did not point out the simple relations (16) and (17), which show that

the ratio of the electron and ion currents cannot be a constant throughout

the viscous layer.
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order of magnitude as Dig we conclude that the thickness of the diffusion

layers (both for electrons and ions) are of the same order of magnitude
• Re-1/2.

as the viscous momentum layer, i.e., of order Re

The constants A and B can be determined at the outer edge of the

viscous layer. We find these

pD [ 2Di - (n) - E ] (18)

e D e + Di ay p kT p ay

In the special cases such as stagnation point flow, flat plate flow,

or the end wall of a shock tube, L n 0, then
'ay Pj

eD D
B e n 6 r
kT 6 n Y16  e De + Di

(with D -D
i

Similarly

j i jDi

A j--- (20)De + Di e De

These are essentially the currents due to the mobilities of electrons

and ions. It is seen that with D >> Di, the value of A is negligible corn-

pared with B, and thus eB is approximately the current density one draws

from the plasma. At the floating potential, we see from Eqs. (19) and

(20) that A B 0.
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The governing equations within the viscous layer can now be simpli-

fied as follows:

- .+ div (pv) 0at

C-P [pD -(nl)J~dt p ay aaDy P,

du=_ + a (u-u) 0
ax UT a X a ' ay

2 2, 2

d 2L Ch+L a (l i (L) uaL (h + 2L
d ( + at ay Pr 3y 2 Pr Dy 2

ce
a e a ee

The electric potential is obtained from Eq. (11) after this set of

equations is solved for p, n, v, and T.

Except for the addition of the last term in the energy equations,

Eqs. (21) are the usual boundary layer equations for a frozen dissociated

gas8 '9. For steady two-dimensional and axisymmetric flow (an analogous

treatment applies to one-dimensional unsteady flow), we apply the usual

similarity transformations used in compressible boundary layer thor
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dx

U(X) P J 1 r 2j dr x

0

p U y

6- 0-dy

Equations (21) then reduce to

*du 2
(f)I+ ffo" = 2 .- [ - -I2

u6 dp

Z, , fz =2Ef'z d(n/p) 6
Sc (/)6 d 2)

911+ fLZI 2 f'g :6j+ 6 [(1 1 Nf'f.'],
Pr If16 d& H 6 Pr

+~ (5/2) kT (n/p) 6  5Bk /2 3

H6  - 2

Eqs. (23) were first used by Talbot 5 for the present type of problem.

Since he restricted himself' to weakly ionized gases, the last two terms

in the enerry equation which arise from the enerry flux due to electron

diffusion did not appear in his formulation.Z
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whe re

y

p 6  * 6  f 1 6
0

2 2
2l 2

P 1!6(h + R) 6

pc- D
Le pa

and the prime indicates differentiation with respect to n~. Eqs. (23)

reduce to the ordinary differential equations if all the terms on the

right side of them are functions of ni alone. For more detailed discussion

on the conditions of similarity see Ref. 8.

For a weakly ionized gas only collisions between charged and neutral

particles are taken into account, so that

Sc (5n/32) fEc 54 10

For monatomic atoms

Le a ' (/2 5n 2 4 8 10 1

For a fully ionized Fas the charged particle collisions must be taken into

account when evatluating' the mixture trAmnort coefficients, in thisa case

one ma~y, for example, use the mixture rules given in R~ef. 11.
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We recall that Eqs. (23) are obtained under the assumption of quasi-

neutrality. Such an assumption will break down inside the sheath near the

wall where we expect a rapid variation in potential. Since we shall later

demonstrate that the sheath is thin, it is clear that the change in density,

velocity, and temperature across the sheath will be very small. If we re-

quire Eqs. (23) to satisfy the boundary conditions given on the wall, the

relative error introduced in the solutions for density, velocity, and tem-

perature will be of order of the sheath thickness. The difficulty, however,

arises when we try to calculate the potential distribution by means of Eq.

(11) based on a charged particle density distribution obtained in the

above fashion. In the first place, the current J cannot be determined.

Second, and more important, the electric field becomes infinite at the edge

of the sheath. This suggests that although the velocity and temperature

distributions are decoupled from the system within the sheath, the charged

1,2particle density and-potential distribution have to be solved simultaneously

However, in the problem of a blunt body at floating potential (J = 0), one

is interested only in the charged particle distribution around the body and

the charged particle fluxes to the wall. As long as the sheath is thin,

even though it may be collision dominated or collision free, the charged

particle distribution and the heat flux can be determined with an error of

order of sheath thickness by letting Eqs. (23) satisfy the boundary condi-

tions given on the wall. We give the heat transfer to a floating wall as

follows:
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k a2 ac a ( (0)ah(h-+-1L) + h pD - ) h
qWay 2 e Tay a Dy a ay P

P p

{gn(O) (0)

a {9()+2 6 L h + 1 1 Z()Ty 6 P6 H TLe

(24)

where h(O is the ionization energy per electron-ion pair. For the case

h (0 (5/2)kT

p

The zero arguments of g and z in. Eqs. (24) and (24a) are referred to the

edge of the sheath, which in the floating case can be identified as the

wall.

Near the solid surface, f %r 2, V nu n, z ".n, so that the second

equation in (23) is reduced to

Sc

Thus

z C1  constant ,(25)

or

C .C (25a)
dy,
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The corresponding electric potential is obtained from Eq. (ii) as

+ (D - D)C
d e e e 1 D (26)
dy kT w De + Di n

It is not surprising, although interesting, that the behavior of

the density and potential distributions is exactly the same as for the

quasi-neutral solution in the static no flow case 1 '2. The two constants

C and D are related to the number density fluxes in the following way:

1 r ric= - 2. (e +)
2 D D.

e 1

r i  (27)

2De Di

These constants as we have mentioned earlier have to be determined by

the boundary conditions at the wall through a careful analysis of the

sheath.

V. Charge Separation Sheath.

Since we shall consider the case of moderate potential, the charge
*

separation sheath can be assumed to be thin . The analysis within the

2sheath will then be similar to that given by Cohen The coordinate y

For a detailed discussion on this matter, see the section on "Probes

at arbitrary potentials" in Ref. 1.
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in Eqs. (25a) and (26),with (27) (as is in the viscous layer) is the

1/2
physical length multiplied by Re If we choose the probe radius rp

and the free stream charged particle density n to be the normalization6

quantities, Eqs. (25a) and (26) with (27) becore

dnP 1 e ri  r 1dn 1 ( + - 1(28)
u De i n e

d l(Ji " Je (29) .

dy 2 1 en

where

ri.e rp e

i,e Di, e n ' = kTw

The electric field outside the sheath is of order ReI/2 in contrast

to order unity in the static case. From Poisson's equation, (5), it can

be seen that the stretching factor for the sheath is proportional to

(X/rp) 2/3 ReI/3 instead of (XD/r) 2/3 in the static case. The electric
P ~/p)/ D p

field in the sheath is of order

A('D)-1 1ei3 e/2 (XD)-2/3 Rel/6

r 2/3 Rer/Re (30)
The pto

Pii;

: . :4 -
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Within the sheath, one works with the electric field instead of

2the potential. In the numerical solutions given by Cohen , the body

potential is not posed as the boundary condition; instead one chooses

a value of 1/2(je + Jl),and the corresponding value of l/2(j e- ii)

is found by satisfying the charged particle density boundary conditions

on the wall. The potential on the body is then found by integrating over

the solution for the electric field. In the present problem we can also

assign a value of 1/2(j + J in which case 1/2(J - ii) is determined

through the sheath solution which is required to go over into Eqs. (28)

and (29). With 1/2(je + Ji) and 1/2(je - Ji) known, the value of J can

be calculated and the electric field through the viscous and sheath

layers can then be determined. This gives the potential difference be-

tween the body and the edge of the viscous layer. The potential at the

latter point, taking the potential to be zero at infinity, is obtained

by solving Eq. (lob) subject to the boundary conditions (12).

The probe potential can be written as follows:

66
a v

d--- d+ ( o) dY _ V*+
p =  ( dy 0  + drv 0 1

0 6+ 6+
a V

where yO is the physical length variable normal to the wall, and

1 ' 6+ >> 5 (6 = thickness of sheath)

i >> 6+ >> 6 (6 = thickness of viscous layer)

V v v{
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Here the subscript s represents the sheath solution; v the viscous layer

solution; and I the inviscid solution.

With a certain amount of manipulation, the potential formula can be

put into the following form:

1 1n 2/3 -1/6
"p 6 (Je ri n [(7-)

p

dys (d) sdy(32)

dv dys dv tS dy 6
0

where . is the matching between the sheath and the viscous layer

as given in Eq. (29). The logarithmic term in Eq. (32) is due to a first

order pole singularity of the electric field in the matching region be-

tween the sheath and viscous layer. We display this logarithmic behavior

explicitly, since it is the leading term in Eq. (32) for a very thin

sheath . In Eq. (32) @6 is the potential at the outer edge of the boundary

as obtained from the inviscid solution.

In the next section we shall apply this general procedure to a stag-

nation probe.

VI. Stnpnation Probe.

In the neighborhood of the stagnation point of a body, one can assume

that the quantities n, p, and T are approximately constant in the inviscid

region. The solution of the electric field is then governed by Eq. (13a)

subject to the boundary conditions (13b) and (13c). Under the conventional

The nrrument of the logarithm in Eq. (32) is the thickness of the sheath

( see Eq. (31)).
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approximation of stagnation flow, (flow impinging on an infinite plane)

there is no solution satisfied by Eq. (13a) subject to the boundary con-

ditions unless

1) J = 0, i.e., for a floating body, in which case the electric

field in the. inviscid region is identically zero.

2) The body is floating except for a small but finite current

element located at the stagnation point. Such an arrangement is of great

practiral interest. In what follows we shall consider this problem.

We shall make the current element mentioned above small enough such

that the usual stagnation flow assumptions can be applied to such an

element. However, the element is considered to be much wider than the

boundary layer thickness, so that the electric potential distribution is

essentially one-dimensional within the boundary layer. The solutions for

the ordinary flow properties are well known. From Eqs. (13) the electric

potential in the inviscid region is now given by the following equation

and boundary conditions:

V2= 0

kT6
do T6 1 J -for r a

dy e(D + Din e
y =0 "

* - 0 nt infinity

i 3
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where y = 0 is the outer edge of the viscous layer, and where the current

element is taken to be a circular disc of radius a. We are not very in-

terested in the detailed potential distribution in the half-space y , 0.

The only information required for the construction of the current-voltage

characteristic is the value of the electric potential on the element

y=O r.<a .

The solution for the potential is given simply by the potential dis-

tribution resulting from a charged disc of surface charge density

E JkT 2X
a Y 1 6 -- D
2w 2w 2 D +Di

N e (D + e i

Assuming the variation of the potential across the disc to be small,

which is reasonable provided the viscous layer is thin and much smaller

than the dimension of the current element, then we need only calculate

the potential at the origin. The potential distribution along the y-axis

is given by

0(y, r 0) a ds= De +  (y + -y) 
f D e +Di

over the (33) I
disc

and

2
4 )aJ

0(y , r 0 0) De+D

e i
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At the floating potential *f, J = 0, so that 6 0 and * 0 in

the inviscid region. For 0 < J = J Je > 0, and by Eq. (33) we

have < 0. The potential in the inviscid region is then negative.

For potentials slightly above f, we see that 0 > 0. The current in

the inviscid region is mainly due to the electron mobility. Since the

field is zero for the floating potential, the reversal of parity of the

eiectric field in the inviscid region occurs at the floating zotential

instead of the plasma potential as in the case of the static plasma.

Consequently, unlike the static case, y 0 is not a solution of the

problem, i.e., when a probe is at the plasma potential there is still an

electric field within the plasma.

Within the viscous layer, the flow field is governed by Eqs. (23)

with the following assumption9 :

2
f,2 Pd 0u * 0fo 0 0

Pi

dH (34)
d n 6 TZ

The last two terms in the energy equations of (23) are due to the

electron diffusion flux. Under the stagnation flow assumption, they have

a similarity property. The solutions for the velocity and temperature

are solved in the usual fashion, i.e., one ignores the existence of the

thin sheath by applying the wall conditions for the velocity and

For a discussion of this approximation, see Ref. 12.
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temperature to the first and third equations of (23). This procedure A'"'

is not possible for the second equation of (23) because of the divergence

of the electric field. For stagnation flow, Eq. (25) is valid through-

out the viscous layer. However as was mentioned before, the constants C

and D must be determined by an analysis of the sheath. Once the charged

particle distribution inside the viscous layer is solved, the electric

field is then calculated by the use of Eq. (11). Together with the

electric field in the sheath, the current-voltage characteristic is given

by Eq. (32). A complete solution can be obtained only through a detailed

numerical computation (both in the viscous and the sheath layer). How-

ever as indicated in Eq. (32), the leading behavior of the current-

voltage characteristic can be obtained analytically, i.e.,

-p : .2 e - ij) ln [( 213 Re-16 1 + 0(i) (35)

p

To give an idea of the accuracy of (35), we take AD/rp = 10 - ,

6D
Re = 10 . The relative error by neglecting the terms of order unity is

then about 10%.

The potential 0p is normalized by the thermal energy at the wall.
p

From Eqs. (26) to (29), we have

1 +D I (Je + Ii +
( J - e +i) De i

Jr
:I i ) for D >> DienD (e + Ji e
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Using this relationship in Eq. (35) we obtain the current-voltage

characteristic as follows:

en D/r e i p AD (36)

From Eq. (28) we see that the quantity - . (je + Ji) is the charged

particle density gradient near the solid surface given by the quasi-

neutral solution. To within a relative error of the order of the sheath

thickness, one can obtain this slope by forcing the density equation to

satisfy the boundary condition at the wall. For a complete determina-

tion of the density gradient, one has to solve Eqs. (23) simultaneously.

However, if we assume that N and Scare constant throughout the viscous

layer, together with the stagnation approximations given in Eq. (34),

one obtains from the first two equations in (23) that
9

z'(0) 0.47 sI/3(
Nl /2

where N and are evaluated at the wall (N = N).

Using Eq. (28) and the transformation (22) in Eq. (37), we find

that

2
p r (du /dx)I ~a 011/2 1/3 (8

(e + Ji) =0.663 w -1 (38)

In obtaining this, we have set u, x(du /dx)O.

0.i
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The current-voltape characteristic is then given explicitly as

2

= 0.663 w (duS/dX)O I/2sc/3 + ip/r In [(rP) 2/ 3 Rel/ 6 ]
en 6D e'c P W'6 Pww p AD

(39)

This formula differs from the corresponding one for the static

plasma first by the factor Be 1/6 in the argument of the logarithm.

Furthermore, it is not difficult to show for a spherical probe in the

static plasma that

1

(Je + ji) =

In the static plasma we see then that the current collected by a probe

at the plasma potential is the random current flux, while in the flowing

plasma, the current is given by the first term in Eq. (38). It should be

pointed out that Eqs. (35) and (38) become invalid when the probe

potential is much above the plasma potential such that j 0.

VII. Discussion.

Within the framework of the continuum assumptions, the flow of an

ionized gas over a biased body is analyzed. The strongest assumption in

the present work lies in the use of the continuum fluid equations for

the analysis of the sheath structure. For such a description to be mean-

ingful, one must satisfy the following condition:
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'D )2/3 ,e-1/6 £

r r
p p

where 9 is the typical mean free path in the system. However, since the

problem for a body at floatinp potential is independent of the detailed

structure of the sheath, the above mentioned restriction does not apply

to the results obtained for the heat flux to the surface and for the

charped particle distribution around a floating body.

We have also assumed that

D 1
r e

Under such an assumption, which is what one generally encounters in the

laboratory, the whole flow field is divided into three regions:

1) Inviscid quasi-neutral.

2) Viscous (transport of mass, momentum, and energy) quasi-neutral.

3) Charre separation sheath. The body potential is taken to be

moderate (between the plasma and floating potential) such that the sheath

Is thin and convection can be neglected.

The conduction current is found to vanish throuh any closed surface.

This is true in the outer two regions because of the quasi-neutrality

(even for unsteady flow). The statement is true in the sheath only if

the convection and the time variation inside the sheath can be neglected.

f
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As an example, the stagnation probe problem is worked out in detail.

An explicit expression for the current-voltage characteristic is given

(Eq. (33)) under the assumption that

2
r

ln [(_rZ)2 Re1/6] >> 1
D

As we have mentioned, an error of about 10% is expected in this formula.

The potential in the inviscid region is identically zero for the

probe at the floating potential. Consequently, in contrast to the static

plasma, the potential distribution is not necessarily monatomic through-

out the whole flow field. This fact was first pointed out by Lam3 .

Also, at the plasma potential, the current collected by the probe is, in

general, not the random flux current.
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